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Abstract

We investigate the existence of non-constant uniformly-bounded minimal solutions of the Allen—Cahn equation on a Gromov-
hyperbolic group. We show that whenever the Laplace term in the Allen—Cahn equation is small enough, there exist minimal
solutions satisfying a large class of prescribed asymptotic behaviours. For a phase field model on a hyperbolic group, such so-
lutions describe phase transitions that asymptotically converge towards prescribed phases, given by asymptotic directions. In the
spirit of de Giorgi’s conjecture, we then fix an asymptotic behaviour and let the Laplace term go to zero. In the limit we obtain
a solution to a corresponding asymptotic Plateau problem by I"-convergence.
© 2017 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

Consider a group G with a fixed finite symmetric set of generators S. The Cayley graph C(G, S) of G with
respect to S with the word metric is a complete metric space. We assume that G is word hyperbolic, i.e. there exists a
8 > 0, such that C(G, S) is a 6-hyperbolic metric space in the sense of Gromov. There is a natural way of defining the
boundary at infinity of G, denoted by dG, such that the space G U dG metrized by the so-called visual metric becomes
a compact metric space. This is explained more precisely in section 2, where we also present some basic properties of
these objects, together with some references to the relevant literature. We study the Allen—Cahn equation on G.

The Allen—Cahn equation is defined as follows. Let V : R — R be a Morse function with two absolute minima
co, ¢1 € R, with value bounded away from all other critical values, and let us denote for every function x : G — R the
discrete Laplace operator by
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(Ax)g = Z(xgs —Xg) .

seS

The Allen—Cahn equation for any p > 0 is then given by

p(Ax)g — V'(xg) =0, forall geG. (1.1)
The equation (1.1) comes with a variational structure given by the formal action functional
I
W =3"Y (Z(xgs —xe)? + V(xg)) , (1.2)
g€G ses§

which has a well defined gradient VoW (x) = p(Ax), — 4 (x¢) (see also section 3). In the literature, one often takes

the potential to be V (y) := 4_1( 1-— y2)2. As is usual in the calculus of variation, we call an entire solution x : G — R

of (1.1) a global minimiser, if it minimises the action (1.2) globally, i.e., if for every finitely supported variation
v:G—>Rofx

Wx+v)>W(kx)

(this is explained more precisely in Definition 3.1).

The first goal of this paper is to construct a large class of uniformly bounded global minimisers of the Allen—Cahn
equation (1.1), which have prescribed asymptotic behaviour, tending to either ¢y or c¢; along infinite geodesic rays
inG.

For technical reasons, we only consider the equation (1.1) when the constant p is sufficiently small. In this case, as
explained in section 3.2, solutions of (1.1) can be obtained as continuations from the so-called anti-continuum limit
by an implicit-function-type argument. They are in the supremum norm close to a function x° : G — R, such that for
every g € G, xg = ¢ for some critical point ¢ of V which may depend on g. It follows from the results in section 3 that
if p is sufficiently small and x is a global minimiser such that x, is contained in the interval [co, c1], then for every
g € G the value x; is uniformly close to either ¢q or ¢;. This observation simplifies our analysis of global minimisers.

Our main result, given in Theorem 4.11, is to construct global minimisers of the Allen—Cahn equation (1.1) with
such small constant p, which have prescribed asymptotics. More precisely, we solve the minimal Dirichlet problem at
infinity, defined as follows.

Definition 1.1. Given a set Dy C G with D°0 = Dy, let D| := 0G\ Dg. We say that a global minimiser x solves the
minimal Dirichlet problem at infinity for (1.1) on Dg and Dy, if the following holds. For every & € D  where j € {0, 1}
and for every € > 0, there exists a neighbourhood O C G U 3G of £ in the topology given by the visual metric, such
that |x, —cj| < e forall g e Os NG.

The solutions that we obtain by solving the minimal Dirichlet problem at infinity, can be used to solve a version of
the asymptotic Plateau problem. This is the content of section 5. We show that given two sets Dy, D1 C dG, which
are as in Definition 1.1, there exist corresponding sets Dy C G and D; C G with Dy N Dy = & and Dy U D) = G,
which asymptotically converge to Do and Dy, respectively, and such that they satisfy a particular minimality property.
More precisely, the number of edges in the Cayley graph C(G, §), which connect Dy to D; is minimal with respect
to finite perturbations. See Definition 5.1 and Theorem 5.2 for the exact statement.

1.1. Motivation

The Allen—Cahn equation first appeared in the study of the phase field models on the Euclidean space and gained
its popularity in geometry due to the work on de Giorgi’s conjecture, which connects it to the study of minimal
hyperplanes. In both cases one is interested in minimal solutions of (1.1) with small constants p.

In general, two obvious global minimisers of the Allen—-Cahn equation exist, namely, x = ¢p and x = c¢;. In the
study of entire solutions, the interesting research questions revolve around describing the set of global minimisers
that are (due to the ellipticity of the differential operator) trapped between the graphs of ¢y and ¢; and asymptotically
connect them. When one considers the Allen—Cahn equation on hyperbolic spaces, one expects to have many more
such global minimisers than in the Euclidean setting.
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This is specifically motivated by the Laplace equation, the prototypical case of a variational elliptic problem. In
this case it is well known that all harmonic functions are global minimisers. In the hyperbolic setting, one approach
to obtain non-constant entire solutions is the extensively studied Dirichlet problem at infinity for harmonic functions.
Contrary to the Euclidean case, where all entire harmonic functions are constant, the solutions to the Dirichlet problem
at infinity on hyperbolic metric spaces give us a wealth of harmonic functions with asymptotic behaviour prescribed
by a function on the boundary at infinity. On manifolds with pinched negative sectional curvature such solutions have
first been constructed by Choi in [14] and by Anderson in [4], by the method of barriers. They solved the Dirichlet
problem at infinity given by any continuous function on the boundary at infinity. Further solutions were obtained by
Sullivan in [36,37] for more general boundary conditions using a probabilistic approach. In the context of hyperbolic
groups, this problem was first studied by Ancona in [2]. There are numerous generalisations of these results, on
one hand focusing on more general operators which have all constant functions as solutions, and on the other hand
focusing on more general underlying spaces. For a recent state of the art result see e.g. [26]. An important observation
for us is that neither the approach of barriers, which uses the foliation by constants in a crucial way, nor a probabilistic
approach using random walks, are applicable to solving the Allen—Cahn equation.

The focus on finding minimal solutions and not general solutions is on one hand driven by physical motivation,
where one searches for energy-minimising states in the phase field models, and on the other hand by the work on
de Giorgi’s conjecture, relating minimal solutions to minimal hypersurfaces. Another reason to focus on global min-
imisers and not general solutions is the observation, explained in detail in section 3.2, that for small enough constants
p > 0 in the Allen—Cahn equation (1.1) on hyperbolic groups, one can easily find a wealth of solutions via a version
of the implicit function theorem. Thus the only difficult question is whether non-constant global minimisers exist.

For hyperbolic manifolds with constant sectional curvature similar results to those presented in this paper have been
obtained by Pisante and Ponsiglione in [35], by Birindelli and Mazzeo in [10], and by Mazzeo and Saez in [32]. In
their proofs the symmetry of the hyperbolic space plays a crucial role and allows them to reduce the PDE to an ODE.
Other existence results about minimisers for more general nonlinear variational elliptic operators on quite general
groups have been discussed in [12,29], but they discuss minimisers on the abelianisation of the group, which are not
necessarily global minimisers of the group itself. For hyperbolic groups we thus had to develop a new approach, which
is based on the variational structure of the equation and is in the spirit of de Giorgi’s conjecture.

To solve the minimal Dirichlet problem at infinity we construct global minimisers with prescribed asymptotic
behaviour as limits of functions x” for n € N, where for every n, x" is a minimal solution of a Dirichlet problem on a
ball of radius n, with boundary values given by a function with values in cp and ¢;. The main problem is then to show
that the functions x” do not converge to one of the constant solutions cq or c¢;. We conjecture that this happens in the
case that the group G is amenable and the interior of Dy is quite small compared to the interior of D1, with respect to
the Patterson—Sullivan measure (see section 2.3.2). Note that the choice of a small constant p is not necessary for the
existence of minimisers x", which in general follows from the coercivity of the equation (1.1), as noted in Lemma 3.5.
The condition that p is small, however, gives us very precise control of the behaviour of minimisers. It might be
possible to obtain similar results for general constants p, but such results are not yet within our reach.

Using the solutions obtained by solving the minimal Dirichlet problem at infinity, we solve a corresponding asymp-
totic Plateau problem using a simple version of I"'-convergence for vanishing p. In the setting of riemannian manifolds,
the asymptotic Plateau problem poses the question of finding area-minimising submanifolds with prescribed asymp-
totic behaviour. In the Euclidean case, such solutions are fairly restricted, as showed by the work on de Giorgi’s
conjecture. Indeed, in dimension smaller than nine, all such solutions are affine hyperplanes (see [21] for an overview
of related results). For hyperbolic manifolds, on the other hand, the class of solutions is vastly greater. The first results
in this direction were obtained by Anderson for the hyperbolic space H" in [3]. For Gromov-hyperbolic rieman-
nian manifolds the existence of solutions to the asymptotic Plateau problem was proved by Lang in [30], based on a
Morse-type lemma for quasi-minimal hypersurfaces given by Bangert and Lang in [9].

In the special case of codimension one, absolutely minimal submanifolds are closely related to globally minimal
solutions of the Allen—Cahn equation. It was conjectured by de Giorgi that such submanifolds may be obtained as
level sets of minimal solutions (see [23] for a proof of this statement on Riemannian surfaces). Another approach to
obtain minimal hypersurfaces from minimal solutions is I'-convergence with the parameter p — 0, which was first
developed in the Euclidean setting by Modica in [33] (see also [20]). The same approach was taken for the hyperbolic
space in [35]. We extend these results to hyperbolic groups, by replacing the concept of minimal hypersurfaces of
codimension one by an appropriate notion of minimality of the boundaries of sets.
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1.2. Outline

Our paper and proofs are structured as follows. Section 2 is focused on hyperbolic groups. We review some ba-
sics about their boundary and growth, and define geometric objects called cones, which generate a “cone topology”
equivalent to the visual metric topology, and which is similar to the cone topology used in the study of the Dirichlet
problem at infinity in [14]. In section 3 we discuss the variational structure of the Allen—Cahn equation, the notion
of minimality, and the existence of solutions via the so-called anti-continuum limit the proof of which is contained
in the appendix. In section 4, this allows us to split the group G in two subsets, one where the global minimiser is
approximately cg, and the other where it is approximately c;. The set of points of G, which are at most distance one to
both of these sets is called the transition set and is in a particular sense quasi-minimal. We use growth estimates and an
isoperimetric profile estimate for the hyperbolic group to show that this transition set extends uniformly towards the
identity. The bounds on the distance from the set to the identity depend in principle only on the hyperbolicity constant
d and the largest radius of a ball at infinity which is fully contained in Dg or D;. This allows us to prove the existence
of minimisers with prescribed asymptotics. Moreover, the fact that the bound is independent of the constant p lets us
take the limit p — 0 and use a I"-convergence type of argument to solve the asymptotic Plateau problem in section 5.
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This paper was written during the author’s stay at the Freiburg Institute for Advance Sciences in the scope of the
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2. Hyperbolic groups

In this section we gather some basic facts about hyperbolic groups. The general framework of hyperbolic groups
was first introduced by Gromov in [24] and further developed in [25]. There exists an extensive literature on the
subject. For more thorough overviews, we refer the reader to [1,16,19]. Typical examples are fundamental groups of
manifolds with strictly negative sectional curvature and free groups.

Let £ = C(G, S) denote the Cayley graph of a group G, which has a finite symmetric set of generators S. Setting
the length of the edges to one, the word metric d(:, -) is defined as follows: for every two points g, g € G, d(g, &) is
the least length of a path in KC connecting g and g. A curve y, ; from g to g of length I(y, ;) = d(g, g) is called a
geodesic and needs not to be unique (the analogous concept is a minimal geodesic in the riemannian case). With the
word metric, the space (IC, d) becomes a complete geodesic metric space, i.e. geodesics between any two points exist.
We denote for every g € G its word length by |g| :=d(id, g).

We assume that G is word-hyperbolic, that is, we assume that (IC, d) is a §-hyperbolic metric space, for some
constant § > 0. One way to describe such spaces is to say that every geodesic triangle (i.e. a collection of three points
81, 82, &3 € G together with three geodesics Vg, ¢y, Vgr. 935 Ve3.1 C K) is 8-slim (i.e. every geodesic “side” is in the
§-neighbourhood of the other two geodesic sides). Furthermore, we assume that G is non-elementary, i.e. G is not
finite and does not contain an infinite cyclic subgroup of finite index.

Hyperbolicity is independent of the generating set, but the topology of K is not. For this paper we thus choose a
fixed symmetric generating set S, i.e. S = S~!. The distance d on the Cayley graph K restricts to a distance on the
group G C K, which we also call d(-, -).

It is well known that non-elementary word-hyperbolic groups exhibit exponential growth and that they are non-
amenable. The precise statements about their behaviour which we need in our proofs, together with some references
to the relevant literature, are collected below.

2.1. Boundaries of sets and the isoperimetric profile

Let us define for a set B C G its “outer” and its “inner” set

B:={g ek |gseBforsomeseS} and B":={geB|gseBforallseS)}.
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Furthermore, we define the outer and the inner boundaries of 55 by 9B := BU\B and 9B := B\B™ and the
“full” boundary by 8’8 := 9°"'BU §""B. Since d(g, h) = 1 if and only if & = gs for some s € S (then obviously also
g =hs~1), an equivalent definition for the set B°% is B = {g € K |d(g, B) < 1}, from which it easily follows that

U (BN D) = (3°"B N DY U (B N 9oUD) (2.3)

for any two set B, D C G.
The following almost linear isoperimetric inequality holds. It was first proved by Coulhon in [ 18], where the author
investigates the behaviour of random walks on hyperbolic groups.

Lemma 2.1. There exists a constant ko such that for every finite set B C G we have
#B
<ko-#(0°"B) ,
log#B) — 0-# )

where #BB denotes the number of points contained in the set B.

2.2. The boundary at infinity
Nice overviews of results on the boundary at infinity can be found in [27] and [11].

2.2.1. Definition of the boundary at infinity

A geodesic ray is given by an isometry y : [0, co) — K, where [0, 0o) is equipped with the standard metric. On
8-hyperbolic spaces, one may define an equivalence relation on the set of geodesic rays, by y; ~ y», if there exists
a C € R such that d(y;(¢), y2(t)) < C for all t € R.. One then defines the boundary at infinity 4/ as the set of
such equivalence classes of rays. Defining K := K U d/C, we may for every point £ € K, extend any ray y € &
to y : [0, 00] — K, by defining y (00) = £. It then holds that for every g € KC,& € 9K there exists a geodesic ray
Ve,g C K, such that vg.£(0) = g and y, £ (00) = &. Moreover, for any two points &, ;1 € 9K there exists an (infinite)
geodesic yg , C IC, connecting these two points at infinity, i.e. the ray Ve, 1ul[0,—oc) belongs to the equivalence class &
and ye ;1 1[0,00) to n. With these definitions, geodesic triangles in K are also & slim for a uniform constant & (see [27]).
For G, S as above, we define the boundary dG of the group G by 0G := dK.

2.2.2. The visual metric -
The so-called visual metric makes K into a compact geodesic metric space. It is defined for every y, y € K by

I(Py,j')

Py.y
0
where p, 5 C K is a path from y to y. Let &, u € 3K and let y € y; where [y1] =& and j € y» where [y2] = u.
It follows from §-hyperbolicity that there exists an g9 > 0, such that for all 0 < & < &g, the limit of d.(y, y) for
|y],|y] = oo is uniformly bounded and that it depends only on the equivalence classes & and w. This gives us for
every 0 < & < g9 a metric on K, for which there exists a constant A > 0, such that for all £, u € 9/ and every infinite
geodesic yg

3 M) < dy (5, ) < hem o008, (2.4)

Obviously, the restriction of d. to G U dG, gives us also a compact metric space. We shall use the following
notations for balls in G, G, orin GUAJG. Forevery n € N and r > 0, and forevery go € G, &) € 0G and yp € GUIG
define

By :={geG|lgl <n}, Bu(go):=1{g€G|d(go,g) <n}andS,:={geG||g|=n}
B/ (§0) :=1{§ € 3G | ds (80, &) <1}, (2.5)
By (y0) :={y € GUG | de(y0,y) <r}.
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2.3. Growth of the group and the topology of the boundary

The following section describes some results on the growth and the entropy of (G, S). Furthermore, it introduces
the so called Patterson—Sullivan measure, a doubling measure with respect to the visual metric, which is supported
on the boundary at infinity, and a concept of dimension of the boundary at infinity. These results are mostly due to
Coornaert, based on results of Cannon, see e.g. [22] or [11] for nice overviews.

2.3.1. Entropy and Cannon’s theory
Let (G, S) be as above. The entropy of the group G with the generating set S is then defined by

h(G, S) :=limsup l log(#(B,)).
n—oo N
An estimate for the entropy can be obtained by analysing the formal growth function for (G, S), which is defined
by s(t) := ), (#S,)t". Cannon’s methods from [13], where the word problem for discrete co-compact hyperbolic
space groups is solved, show that general hyperbolic groups may be viewed as finite state automata, which implies
that s(¢) is rational. As a consequence, a non-elementary word-hyperbolic group G with the generating set S grows
uniformly exponentially, i.e. there exists a C > 0, an integer k > 0, and an /& > 0, such that

C e nk <#(B,) < Ce""n*. (2.6)

In particular we obtain that #(G, S) =h > 0.

2.3.2. The Patterson—Sullivan measure

Using the entropy of the group and the methods that Sullivan and Patterson developed in [36] and [34], Coornaert
investigated in [ 15] the topological properties of dG. He defined a probability measure v, supported on dG, as follows.
Define for every s > h = h(G, S) a probability measure v, supported on G, as a sum of Dirac measures at every g € G
with weights

e—sl8l
deG e—slgl’

Using the uniform estimate (2.6) for the growth rate of the size of BB, and by compactness of the space of probability
measures on G U G, he argued that there exists a limit measure v for s — &, which is supported on dG. This is re-
ferred to as the Patterson—Sullivan measure. The boundary at infinity with the visual metric and the Patterson—Sullivan
measure is a metric measure space. Coornaert showed furthermore that for all g € G the pullback g, v is absolutely
continuous with respect to v and that the Radon—Nikodym derivative d(g,v)/dv is uniformly bounded. For this, he
developed in [17] a theory about horospheres in hyperbolic groups and their correspondence to the boundary at infin-
ity. Roughly put, the bound behaves like e ~"*¢(8-7)  where H is a horosphere corresponding to the appropriate point
at infinity. This uniform bound can be used to analyse the correspondence between the measure and the metric.

2.3.3. Metric properties of the Patterson—Sullivan measure
Still following Coornaert in [15], the behaviour of the measure v with respect to the e-metric on G can be further
analysed via the concept of a shadow, originally due to Sullivan.

Definition 2.2. For every R > 0 and g € G we define the R-shadow of g from id by
S(g,R):={£€0G |Vy €& withy(0)=id,d(y, g) < R} C 9G.

In the next section, we shall use shadows to define cones, which one may view as generalisations of the cones in the
definition of the topology for the Dirichlet problem at infinity in riemannian manifolds (see [4,5,14]). The following
proposition explains that shadows with a large enough R turn out to be “almost-round” and can be used to show that
0G with the measure v and the visual metric is a doubling metric measure space. In fact, even more is true, v is a
so-called D-measure, with D = h/e.
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Let us define for every & € 3G the set &g C G as the union of all the points g € y, where y C K is any ray such
that ¥ (0) =id and y (c0) = §. That is,

ga= |J no. @.7)

Y=Vid,&

Recall the definition of the hyperbolicity constant & for the space K.

Proposition 2.3. There exists an integer R > 28, which we now fix for the rest of this text, such that the following
assertions are true:

(1) There exists a constant C1 > 0 such that for all g € G the measure of the shadow S(g, R) is bounded by
Crle el < u(S(g, R = Cre el

(2) Forevery& €3G, r > 0and g1, g2 € &d C G there exists a constant Cy > 0 such that
BE(§) C S(g1. R) if Cae 1911 > r and
S(g2, R) C BE(E) if Cy'e~e182l <

This implies that there exists a constant C3 such that for every & € dG and for every r > 0 the measure of the ball
BE (&) is bounded by

C3'rP < v(BE(#) < CarP,

where D := h/e. (In particular, v is a doubling measure.)
(3) Forevery g € G and & € S(g, R) there exists a constant C4 > 0 such that

S(g, R) C BL(€) if r> Cae™I8l.

Proof. We present only proofs of (2) and (3), as they are slightly more precisely phrased than in the references. For a
proof of (1) we refer the reader to [11].

(2) Letnow &, 7€ dG,r > 0andletd. (£, n) <r. Denote by y¢ , a geodesic that connects & to n in K. Then by (2.4)
2l el < g, (&, ) <.

Let g1 € &4 with A2~ lemel811+d) > 1 Since geodesic triangles in K are §-slim it follows that d(g1,nid) < 5.
Because Ry > 28 , it follows that n € S(g1, R) for all R > Ry so the first inclusion follows.

The proof of the second inclusion is very similar and we only sketch the idea. If g5 € &g with |g2| small, then
d(yep,id) = |g2| + 8 as soon as dy (£, 1) <r.

To prove the estimate for the measure of metric balls, let £, 7, g1, g» be as above and assume that g; € &4 is such
that |g1| is the largest integer satisfying the inequality r < Cre 081D Let N € N be such that ¢V > C;z. Then

r > Cret081HHD 5 O 1meN e+ 5 o1 g=elail+14N),

Choosing g7 € &gq such that |g2] = |g1]| + 1 + N, we get v(S(g2, R)) < v(B:(£)) <v(S(g1, R)) by inclusion.
Together with (1) this implies that

C'CyPeNFD,D < o rlemhlsl < (B2 (£)) < Cre 81l < € CPrP.
(3) Let&,n e S(g, R) and choose points gz € Br(g) N&iq and g, € Br(g) N niq. By the triangle inequality

de(§,m) <de(§, 8¢) + de (8t 8n) +de(gn, M)-
Since d(gg, ;) < 2R and g¢, g, € Br(g), it follows that d(id, Vgsﬁgn) < |g| — 2R and by (2.4) that

de(E, 1) < e —Elsel + re—eUgI=2R) _i_)\efe\gnl < 3re2Re—elgl O
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Remark 2.4. As a corollary of statement (1) in the proposition it is not difficult to obtain a better estimate than (2.6)
for the size of n-balls in G, namely, there exists a uniform constant C > 0, such that

C e <#(B,) < Ce™. (2.8)

Moreover, by taking coverings of sets, it is possible to extend the measure estimate for the balls to general measurable
sets. Indeed, there exists a constant Cyp, such that for all v-measurable sets A € 0G,

Cy ' HP (4) <v(A) < CoHP (A),

where HP denotes the D-dimensional Hausdorff measure. For proofs see [11].
Note also that by Proposition 2.3, there are no isolated points in dG. Moreover, because the action of G on 9G is
quasi-conformal it follows that dG is either a sphere or a Cantor set (see [11] for details).

2.4. Cones in Cayley graphs

This section is devoted to the definition and analysis of cones. These are specific subsets of the group, useful for
constructing a topology equivalent to the visual metric in analogy to the cone topology used on riemannian man-
ifolds of negative sectional curvature, such as in [14]. We define them using the boundary at infinity and develop
estimates about their growth and their boundaries. The main lemma of this section shows that cones grow uniformly
exponentially.

Definition 2.5. Let U C 9G be a set and let R be as in Proposition 2.3. Define the U-cone by
Cu={geG|S(g, R CU}.

Note that by Proposition 2.3, Cy = @ when U = @. The cone Cy foraset U C 9G is a natural choice of a geometric
object, because we can analyse its growth properties by the known properties of a shadow obtained in Proposition 2.3.
For the remainder of this section, we shall focus on U-cones, where U is a metric ball at infinity.

2.4.1. Truncated cones and the visual metric

With the minimal Dirichlet problem in mind, we are interested in the behaviour of functions x : G — R close to
d0G. Let x" : G — R be a sequence of functions, for which we would like to analyse convergence near U C dG. The
following lemma shows that uniform convergence on truncated cones C e (&) \ B, corresponds to uniform convergence

with respect to (half-)balls £ (£0) C G.

Lemma 2.6. For all r > 0 small enough, there exists a constant ¢ > 0, such that for every metric ball at infinity
BZ (&) C 3G, there is an n € N with

(BE_1,(60) N G) C (Crre\By) C (BE, (50) N G).

In addition, n — oo withr — 0.

Proof. First we show the second inclusion. Let g € Cpe (g, and observe that it follows by statement (2) of Proposi-
tion 2.3 and the definition of a cone that Cgﬁ g) N B, = @ whenever Coe™*" > r, and hence Cpe ) \Bn = Che(gy)- Let
n be the largest integer that satisfies this inequality. For small enough » we may obviously assume that Coe ™" <2r
and it follows by the definition of the visual metric for every g € Cpes () that

de(g,50) <de(g, BE(£0)) +r<e le™™ 4+ r <2Cy e 4+ D

For the first inclusion, let g € B:(&)) N G. Then e le~?8l < 7, so it makes sense to define n to be the small-

est integer, such that s~ 'e™®" < 7. Let 7 := (1 + C;ls)f. Then it follows by statement (3) of Proposition 2.3 that
S(g,R) C Bé”g; (&) C B (%) for every g € B (§0) N G and any & € S(g, R). This implies that g € Cheg)\Bn. O
4
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2.4.2. Growth of cones

In this section we prove that cones grow exponentially, which can be seen as a refinement of (2.8). In fact, apart
from the proof of Corollary 4.7, we do not use the results from this section in the rest of this paper. Nevertheless,
we find them informative and important for the intuition. Furthermore, with Proposition 2.3 it is not difficult to see
that exponential growth of cones implies exponential growth of shadows, which was first proved by Arzhantseva and
Lysenok in [6] by a different approach.

In Definition 2.5 we associate to every g € C Bt () the set of points S(g, R) C BE (&0). On the other hand, we shall
find it useful to associate to every & € Bf (&) the set

Us :={g € G |d(g,&a) <R},
i.e. the set of such points g € G that are close to &jq.

Lemma 2.7. Let Cy4 be as in statement (3) of Proposition 2.3. If g € Ug for some & € Bf (&) with dg(§,%)) <r —
C4€7£|g‘, then g € CBf(EO)'

Proof. By statement (3) in Proposition 2.3 S(g, R) C Baeﬂlgl (§) for every & € S(g, R). So if g € U for a & with
de (£, &) <r — Cse 18! then

S(g.R) C B, .1 (8) C B (6o)
andso g € Cgf(go). O

The next simple fact about coverings will turn out to be helpful when discussing the growth rates of cones. In the
following discussion we denote by I a finite index set.

Lemma 2.8. Let B C 3G be a setand r > 0. Let {§'};c; C B denote a maximal set of points, such that dy (&', £7) > 2r
foralli# j. Then B C | J;¢; B3, (§").

Proof. If not, there exists an n € B such that d.(n, & i ) > 2r for all i € I, which contradicts the maximality
of {§'}ies. O

The following proposition shows that cones grow exponentially.

Proposition 2.9 (Growth of cones). There exists a constant Cs, such that for every & € G, r > 0 and n € N satisfying
e > Cy4/r the following estimate holds

Cs—eresnD < #(CBE(SO) ns,) < C5rDesnD.

Proof. Let s, := C4e™*" and Ny € N be such that 4sy, < r. For all n > Ny, let {&}ie; C B(sr—zx,,)(‘SO) be a maximal
collection of points such that d.(&;, &) > 2s, for every i # j. By Lemma 2.8,

|| B ) C B, (&) and B, (o) | BS, &)

iel iel

It then easily follows from statement (2) of Proposition 2.3 that
r\D
C2 (L) 5P <#1 = C3Ps, 0. 09)

On one hand, #I is the number of s,-balls that fit into Bfrﬂ,n) without intersecting and can be used to estimate
#(Cpe(5) N Sy) from below. Indeed, for & JEe Bfr—zsn)(g()) with d, (£, &) > 2s,, there are points g € &q and g € &q
with g, g € (Cpe (&) NSn), which define shadows such that & € S(g, R) and & € S(g, R). By Lemma 2.7, these shadows

are contained in B? )(“g‘o) and by Proposition 2.3 S(g, R)NS(g, R) = @. In particular, g # g. Hence, for all &/ with

(r—sn
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i €l thereexistsa g; € Siid NS, such that g; # g; fori # j, so
—2(M\P _
c;? <Z> 57D <#I < #(Chr ey NSn)-

On the other hand, we can use the fact that balls B;Sn (€") cover Bfr—Zs,,) (&0), which gives an upper bound on the

number of points in S, ,, for a large enough N;. To prove this, let N; be such that N > 2C, ! C4 and choose for
every i € [ apoint g; € éfd N S,—n, . It follows by statement (2) of Proposition 2.3 that

B3, (§') C By, cnp(E) C S(8i. R),

which implies that the shadows S(g;, R) also cover Bfr_zsn)(éo). The set (CB;@O) N S,—n,) is covered by Brr(gi),
because every point g € (Cpe(gy) N Sp—n,) is at most within distance R of a geodesic ray. So, using (2.9), it follows
that

#(Cpe

(r—sn)

E) N Sn—ny) < #Bor(id) - #1 <#Bog(id) - €3 2rPs, P,

Since n was chosen large enough so that r > s,, and by the definition of Ny, it follows that
#(Cpe (g N Sn) < #Bag(id) - €522 PeMPs P O

2.4.3. Boundaries of cones

We prove a somewhat technical statement about estimating the boundaries of cones with annuli at infinity. Let
r > 0 be small enough, so that dG\ B (§p) # @.

Definition 2.10. For 0 < r <7 we call a set A C G\B,, a separating set for Cps s, and G\CB; (&) outside By, if the
following conditions are met. For every point g € A and all s € S it holds that gs ¢ Cpe(g,) U (G\C BE (5))- Moreover,
every path p, ; C K\B, with g € Cpe (g, and g € G\Cp (g,) intersects A.

Separating sets may be constructed from annuli A’.(£0) := (B, (£0)\Br—(§0)) C 9G.

Lemma 2.11. Let us define for every n € N and t, := min{e®Cy, et 2R+5) Ca} - e " the set
Ary, ={g €Us\By | £ € ATy, (£0))-
Then A1, is a separating set for Cpg () and G\Cpe,, (&) outside By.

Proof. Note that if £ ¢ BZ (&) and g € U, then S(g, R) 52 By (%0), so g & Cpe(g,) and similarly for G\CBf+4, (&)

Moreover, if & € Ai" "o, (&p) it follows by the choice of the constant #, and by statement (3) of Proposition 2.3 that

8s & Cpe(g) U (G\Cpe(gy)) forany s € S.

Next, we need to show that the set 4, ; separates path-connected sets. Since for every g € G with |g| > n and
s € S the shadows S(g, R) and S(gs, R) are nonempty, there exist rays &, n € G with g € Ug and gs € U,). Because
d(g, gs) = 1, it follows by hyperbolicity that d(6 N S,,n N S,;) < 2R + § and, furthermore, that d(§ NS, _,p5_5.
nNS, sp_5) < 8, so there exists a g€ G with |g|>n —2R — Sand&,n € S(g, R). It follows from statement (2) of
Proposition 2.3 that d¢ (£, n) < ¢fQR+D) Cre™¢n,

Now since A, (&) separates 3G into disjoint sets BZ (&p) and dG\B?_ ,, (&) and because ¢° R+5) Cre " <21y,

42ty r4-4t,
all paths p, ; C K\B, from g € Cpe (5 t0 § € G\Cpe(gy), have to intersect A, O

This completes the assembly of tools from geometric group theory that we need.
3. The variational problem

As explained in the introduction, we are interested in solutions x : G — R of the discrete Allen—Cahn equation
p(Ax)g — V'(xg) =0, forall geG,
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where V : R — R is a double-well potential and p > 0 is a small constant. More precisely, we assume that V is a
Morse function with two absolute minima cg and ¢y, i.e. V(cg) = V(c1) < V(s) for all s € R. Moreover, we assume
that ¢ and c; are the only absolute minima of V in the interval [co, c1].

The equation (1.1) comes with a variational structure, which we explain below. It follows from Theorem 3.6 that
the equation (1.1) has many solutions, but we are interested only in solutions that minimise the action globally.

3.1. Minimal solutions

The variational structure that the problem (1.1) carries is the following. For any compact (i.e. finite) set B C G and
function x : G — R, we define the “action functional”

WE(x) = ZZ(%(xgs — 5%+ V(xp)) (3.10)

geB ses
It is easy to see that for every p > 0 the function ng (x) is a function of variables x, where g € 5°" and that x is a
solution of (1.1), if for every compact B C G and every perturbation v supported on B,
d
— Wg (x+sv)=0
ds |,—o

This motivates the following definition.

Definition 3.1. For any set B C G, a function x : G — R is called a minimiser on B, if
W +v) = Wg(x) =0
for all v: G — R with compact support in Bi".
This definition makes sense also for infinite sets B, because the support of v is compact, and one may evaluate the

difference above by truncating the actions to a bounded set containing the support of v in its interior. The function x
is called a global minimiser, if x is a minimiser on G.

Observe that with this definition, a minimiser x on a compact set 53 is a solution to the Dirichlet problem given
by (1.1) on B, with given boundary values x |43 on 3'/8 = 3°U'/BU 81" B = B\ Bin,

Remark 3.2. It is easy to see that the constant function x° = ¢ and x“! = ¢ are global minimisers of (3.10).

Obviously, all global minimisers are solutions and it is clear that one may construct global minimisers as limits of
minimisers on compact domains that exhaust G. More precisely, if B” is a sequence of compact subsets exhausting G
and x" a sequence of minimisers on B" which converges to a function x*°, then x*° is a global minimiser.

The following statements are standard for elliptic difference operators and we provide them for the sake of com-
pleteness (see also [12] or [29]).

Lemma 3.3. For functions x, y, their point-wise minimum and maximum m := min{x, y} and M = max{x, y}, and
for any compact domain B C G it holds that

WEX) + WE(y) = WE(M) + Wi(m).
Proof. Write @ := M — x and B := m — x and observe that « > 0, 8 < 0, while supp(«) N supp(f) =¥ and y =
M +m —x=a+m=a+ B+ x. Rewriting the inequality above as

WEx +a+B) — Wi(x +a) — Wg(x + B) + WE(x) =0,

we can write its left-hand side in an integral form

11 82 o 1 1 2
//—8 g(x+at+,3t)dtdt=// Z g8~ B(x+oet+ﬂt)ag,3gdtdz
00 00

8,8€G

o
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Since supp(ar) N supp(B) = ¥, we have that g 8, = 0 for all g, and hence only mixed derivatives with g = gs remain.
Since

2

Og O

0
W[;(X) = )
forall g € B and agBgs <0, the claim follows. O

Lemma 3.4. Let x, y be two minimisers on B with x, <y, for all g € o'B. Then either Xg < yg forall g € B, or
x|g=yls.

In particular, any two global minimisers x,y with x, <y, for all g € G and such that x # y, are totally ordered:
Xg <ygforall g € G.

Proof. Define the minimum m and maximum M of x and y and note that x|y = m|yg and that y|yi = M|yg.
It follows by definition of a minimiser and by Lemma 3.3 that m and M are also minimisers on 5. Assume that
g € B™ such that Xg = yg. Then Ag(M) = Ag(m) and by the maximum principle Mg; — mgs =0 for all s € S.
Inductively it then follows that x|g = y|z. O

Existence of minimisers for compact domains is a well known fact that follows from coercivity of the action (3.10).
However, we shall construct global minimisers as solutions from the so-called anti-integrable limit in the next section,
so we leave out the proof of the following informative lemma.

Lemma 3.5. Let B C G be a compact set and let f : "B — R be given. Then there exists a minimiser x of (3.10)
on B, with boundary values given by f, that is x|y = f.

3.2. The anti-continuum limit

In this section we explain that for small enough constants p in the equation (1.1), a wealth of solutions may
be obtained by a version of the implicit function theorem. This very useful method has been used extensively in
Aubry—Mather theory, see e.g. [7,8,28,31].

In the case that p = 0, the equation (1.1) reads

V/(xg) =0, forall geG, @3.11)

which is solved by requiring that for every g € G, x, is a critical point of V. A proof based on Newton iteration
shows that it is possible to find solutions of (1.1) for small constants p, as continuations of the known solutions of the
problem (3.11). This is the content of the following theorem, the proof of which is very similar to those in [28,31].
We provide a proof for the reader’s convenience in the appendix.

Theorem 3.6. For every solution x of the anti-continuum limit problem (3.11) with x4 € [co, c1] for all g € G, there
exist constants oy > 0 and pg > 0, independent of x, such that for every p with 0 < p < pg and every set B C G, there
exists a unique function x” : G — R with ||x — x||so < 00 which solves (1.1) on B™ and coincides with x on G\B™.
Moreover, || xP — x|looc — 0 as p — 0, so that we may write x = x°.

Next, we show that for small enough p all uniformly bounded solutions with values in [co — 09, ¢1 + 0¢] can be
found as continuations from the anti-continuum limit and that minimisers are continuations of solutions which have
values in absolute minima of V.

Theorem 3.7. Let py and oy be as obtained in Theorem 3.6. Then there exists a py with 0 < p1 < po, such that for
all 0 < p < py the following holds. For any function ¥ : G — R that solves (1.1) with such a p on some set B™ C G
and satisfies X, € {co, c1} for all g € G\B™, there exists a solution x of the anti-continuum problem (3.11), such that
lx — %|loo < 00. In other words, with the notation from Theorem 3.6 we may write X = x° for a solutions x = x° of
the anti-continuum limit (3.11).

Furthermore, for a small enough constant p, xg € {co, c1} for all g € G, whenever X = x” is a minimiser on B.
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Proof. Because V is Morse, there exists for any o > 0 a p > 0 such that if |V'(X)| < p then |X — c| < o for some
critical point ¢ of V. Now suppose that X is a solution to (1.1) as stated in the theorem. By the proof of Theorem 3.7,
00 < (1/2)(c1 — cp), and so for all g € G and s € § it follows that |[X, — Xgs| < 2(c1 — cp). This implies that

IV/()Eg)| =|1gn(pAg (X)) <2p(ct — co)(#S) uniformly for g € G,

where 13 denotes the indicator function on the set B C G. Thus, there is a 0 < p; < pg so that if 0 < p < p1, then for
any g € G there is a critical point ¢ € [co, 1] of V, such that |X, — c| < op for all g. In other words, for all such p
there exists a solution x of (3.11), such that ||Xx — x| < 0¢. Because x” is the unique solution to (1.1) on B with
|x? — x|loo < 00, this implies that x” = X.

To prove the second part of the theorem observe that, since cg and c; are the only absolute minima of V in the
interval [cq, c¢1] and V is Morse, there is a constant d such that Vc) — Vi(co) > d for every critical point ¢ € (co, c1).
Assume that xgo = ¢, for some critical point ¢ € (cg, ¢1) and some gg € G. Taking p; small enough, it follows from

the continuity of V that V(xﬁo) > % + V(cp) for all p < py. Furthermore, by taking p; even smaller if necessary,
we may assume that (#S5)(c; — c0)2p1 <2d. Defining a variation X of x” by X, = xg for all g # go and Xg, = co,
it follows that

d _
Wil &) = D (e = x0)” + V() = 5+ V(@) = (#9) £ e1 = c0)? 4+ Vco) = Wiy (),

seS

so x” is not a global minimiser. O

The following corollary is a direct consequence of Theorem 3.7 together with Lemma 3.4, applied to the global
minimisers of (3.10) that are constant with values either ¢ or ¢; (see Remark 3.2).

Corollary 3.8. Let p < p; and x = x” be, as in the second part of Theorem 3.7, a minimiser on B C G. Then, for all
g €G, x§ €lco, co+0a0) U(ci — g, c1l.

To analyse the behaviour of a minimiser, we may now analyse the set of points g € G where x(g) — xgs # 0. This
gives us an estimate on the action of the x”, because such points give an action contribution of size p and the rest of

the terms have a positive action contribution.
4. Minimal Dirichlet problem at infinity

We wish to construct global minimisers that solve the Dirichlet problem at infinity as given in Definition 1.1.
In other words, we are looking for global minimisers which are on neighbourhoods near the boundary at infinity
uniformly close to either ¢ or c¢;. We shall construct them as limits of minimisers on balls with growing radii, using
the concept of the cone from Definition 2.5.

Proposition 4.1. Let co < ¢y be the two distinct absolute minima of V and let Dy, D1 C 0G be as in Definition 1.1.
Define a solution X of the anti-continuum limit (3.11) by

- |eo ifge@€py™,
Xg =
c1 else.

For every N € N, let xN . G = R be a minimiser on By, such that xNI((BN)m)f = )ZI((BN)m)c. Then, as N — oo,

xN converge along a subsequence to a global minimiser % of (1.1).

N <
¢ =
w.r.t. pointwise convergence, so xV has a convergent subsequence xV¢ — ¥, which is then a global minimiser. O

Proof. By Lemma 3.4 co <x ci forall N e Nand all g € G. By Tychonov’s theorem [co, c1]%isa compact space
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4.1. Transition sets

Let xV be as in Proposition 4.1. By Corollary 3.8 the domain of the function x" in By can be split in the
following two sets

BY :=1{g € Bny1 | X4 € [co,co+00)} and By :={g € By41 | X € (c1 — 00, c11}.
We define the “transition set”, as
Tw @) :i={g € Byy1 | 1x) — x| =200} =0"BY = 3'By.

We shall show that, as a consequence of minimality, the set 7y (x”") in some sense cannot be too large, and so the
sets Bf\? and Bf\} behave somewhat nicely. The first statement in this direction is about connectedness of the sets Bf\?

and B/CV‘ , where a set D C G is connected if the corresponding set of points together with the edges connecting them
is connected in the Cayley graph K. The following lemma states that every connected component of the sets Bf\? and
By needs to touch the boundary of the ball By .

Lemma 4.2. For every connected component D° of Blc\? and D' of BR},

DY'NIMBy # @ and D' NI By # & .

Proof. Assume that there is a connected component D° C By which does not intersect the boundary 3°*By. Then

x € ler — 00, c1]on 3°D0 = (DY)*"\D? and x} € [co, co + 00] on D. Let

o
Sp =3 (5 res = x0)” + V(w0
seS
and define the variation ¥ of xV supported on D° by ¥V = ¢; on D? and by ¥V = x" on G\D. Obviously
(8§ (EN) — S5 (xV)) <0 forall g € (D) and it is easy to see that for all g € "D,

SEEY) = SP(eM) < §<<#S)a§ — (c1 = co — 200)%).

If necessary, we further reduce p; defined as in section 3.2, so that og < (c1 — ¢p)/3. By the inequality in theorem
(3.6) it then follows that

Wepoyou (BY) = WepoouxM) < D (S6GEN) = S2GM) + D (SEEY) — s2aM))
gE(DO)in geafDO

< 2(#8)07 — (1 = co — 200) #(2'D") <.
which is a contradiction to the fact that xV is a minimiser. O

The next lemma is about estimating the size of the boundary 30“‘85\} within a domain D by the size of the boundary
of D which is within BIC\}. The estimate we obtain can be seen as a weak quasi-minimality-type condition on the
transition set Ty (x”), in the spirit of the Morse lemma for quasi-geodesics.

Lemma 4.3. For every finite set D C G and every x" defined as in Proposition 4.1,

#((9OBS N D) < 6(#S)#(O™D N BY).

Proof. Define a variation ¥V of x" with support in By} N (D™"):

=1.N

N co  forall g e BY N (DM
X else.
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Look at the outer set C := (BIC\} N (D™))°" and the inner set Z := (Bf\} N (D)1, such that Z°% = CI", We will estimate
the action functional W5 (") — W (x™). In view of that, we first split the set C°"* into disjoint subsets by
COM =TU(C™I)U(C\CM U C™M\C) =ZUd™Iua"CcuI™C
and note that by the definition of ¥V

wr2GEY) — w2y <o.

Next, we estimate W, (") — W5, .(x"). Obviously %’ = x, for every g € 8""C and so
P
Wi oG = Whea™ = 3 3 L (@ —xi)? - o —x)?). (4.12)
gedinC seS
gseCin

We would like to split the sum in (4.12) into sums over ainC N BIC\} and 3""C N B;}’. We recall from definition of C and
equation (2.3) that

9"C =" (By ND™) = (8™ By ND) U (B Nd"D).
It thus follows by disjointness of B;‘; and B]CV‘ that
IMCNBY =3By ND and 3"CN By =By NI"D.

By Corollary 3.8 ()Egs — xé,v)2 < (c1 — cp)?* for all g € 9™C N B;}. Furthermore, it holds for all g € 8C N B%’ that

(ig —xM2 < 002 and (xé,\g — xg,v)2 > (c1 — ¢ — 200)? and by the inequality in Theorem 3.6 it follows that
— _ 2 _ 2
(c1 —co —200) < S and —(Cl 460) — 002 > 7(61 660) ,

1
=N _ N2 N _ _Ny2 2
SO (Xgy — X5 )" — (xgg —xy') 56(61 —cp)”.

Thus we obtain

C IO( ) ul C p
Wi G = Wh o) < #(By 00" D) == (co — e)* = #(™ By N D) (co — e1)”.

To estimate W, (X") — oulI(xN ), we observe that V()Eg,v ) < V(xé,v ) for every g € C™™. Moreover, if gs € C
then (£}, — %)) =0and if gs ¢ C'™, then X2, = x\. This implies that

P
Wrg G = Wi oM = 30 3 S (el —E -l =), (4.13)
gedinT seS
gs¢clﬂ

By symmetry the sum in (4.12) is equal to the sum (4.13), so

p()

0<WEGEY) —wixN) <2 (#(B” N"D)——(co — c)* —#(@™"By N D)z%(co - 01)2) ,

which finishes the proof. O
4.2. Main lemma

In this section we prove the main technical result about how the transition sets 7 (x"V) behave when N goes to
infinity. It roughly shows that if the transition set for some large enough N is locally too big, than it grows much faster

than 3,. This will be used in section 4.3 to show that uniformly in N the transition sets Ty (x") extend towards the
identity.
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Definition 4.4. Let us define for r > 0 and &y € 0G the following objects:
e the sequence r; — r by rp :=0 and

6r

gy Pralizl, (4.14)

6r <~ 1
ri = = Z ]_2 and denote d; :=rj41 —r; =
j=1

e for a given natural number n; the increasing sequence of real numbers

D+1/2 D+1/2\' 7!
niyy = (212, 2 (P2 4.15)
D+1/4 D+1/4

e for r; and n; as above
Vii=Cg, &) \CB:, ) \Bini) (4.16)

where | -] denotes the floor function.

Remark 4.5. Let r;, n; and V; be as in the definition above. Recall the definition of the constant #,, from Lemma 2.11
and rewrite it for every n € N as

-1
1 —en

Iy = Te where kl_l :=4min{e®Cy, 68(2R+’§)C2}. 4.17)

Moreover, recall from section 2.4.3 the notion of a separating set A, ;, for Cpe(g,) and G\Cpe (g, outside B, which
i”_mn (&0). Using definitions (4.16) and (4.17) we may, for every
i € N, write the set V; as a disjoint union V; = |_| e, fl,- It where the sets /L- i satisfy Arij Mgy © fl,- i and are thus also

separating sets. It follows from definitions of r; and ¢, that

is, by Lemma 2.11, given by the annulus at infinity A

kyd;
#1; z{ 1% J—lzkldiefemf _2. (4.18)

e—¢lnil

The size of I; measures the number of separating sets outsize a ball of radius [n;| contained in V; and grows
exponentially with n;. This is an essential part to the proof of the following lemma, which gives us a powerful estimate
about the growth of the set Cpe (5, N B} . The idea behind the proof is the following. From Lemma 4.3 we deduce that
it C B (50) d°"BY is large, then for all j € ;, the set aincB;ij (&) N By can be at most by a factor smaller. By fitting

ainC B (&) Into separating sets A; ; and by using the isoperimetric inequality, the size of /; implies that V; N Bf\} is
ij :

exponentially larger than Cge (5,) N B;}. In particular, also C Bf,, | (&0) N Bf\} is exponentially larger and the strategy can
be repeated by induction.

Lemma 4.6 (Main lemma). Let r > 0 and &y € G be given and define a constant k by

4D+1

4D

k= (48(#S)k06)( : (4.19)

where the definition of the constants C and ko comes from (2.8) and from the isoparametric inequality given in
Lemma 2.1, respectively. We define L as the smallest natural number such that (log(Lo))4D 1 < Lo and let ki be as
in(4.17).

Let ri, nj and V; be as in Definition 4.4, whereby ny is a real number satisfying

4 Lo 2 (k +2C)4r?
>max{ ——log| — ) ,4@D+ 1), —log| —————— . 4.20
"= X[e(4D+1> () aupene S g( 3 ke )} 420
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Then, whenever there exist an n; as in (4.15) satisfying
#(Cay e N BY)) = ket P 421
for some i such that n; < N, then it holds for all integers > i with n, < N that
#OV, N BY) > ket PF DM,
Proof. By inclusion and by conditions (4.20) and (4.21),
#(Che (&) N BYY) > ket PHIM > fofP+Dm > [
j

By definition of Ly it follows for every L > L that

L > L<%)
log(L)

and by the isoperimetric inequality (Lemma 2.1), for any set D with #D > Ly,

ko#(3°"D) > (#D)(%). (4.22)

It follows from the first condition in (4.20) and assumption (4.21) that
(%)
ko#(3°" (Cpe (g0) N BY)) = k\TPFT/ P
i

for all j € I; where J; is as in Remark 4.5 the index set that gives r;; and flij such that V; = |_| jel; Ai ;- Since
(B,c\} )t =By N 80“115’5\} , the following estimates hold:

#(0" (Chy, (6 NBy)) =
j
5#(80“‘CBrsij &) N B + #((CBfij &)™ NIMBY) (4.23)
<#O™Chy ) N BY) +2(Cry @)™ NI BY).
and we may consider two possible cases for any index j € I;.
Case 1: In the case that
Ko Cp; e NBY) 2 %k(ﬁ%)ewm

holds, we first observe that 3°%tC Bt (&) C A Y Bn;) by Lemma 2.11 and thus by (2.8)
ij E

_4D
4D+

- k -
#(A;, NBY) = 27}{0680’“ — Ce®Pi, (4.24)
Case 2: Otherwise
1 (42
ko#(a(’mCBrs. ) N BICVI) < Ek(“D‘“)eSDn" ,
i
so it follows from (4.23) that
(%) eDn; out out €1
k e P < 4](0#((63'%_ . (50)) No BN)
J

and by Lemma 4.3 that

_4D
i (751) e, < Q4HES) kW™ Ci: 5 N BY).
J
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Again, since by Lemma 2.11 BO“tCBrsA &) C flij U By, |, it follows by (2.8) that
i

(i)

) > 766Dn,~ _ 6€€Dni. (4.25)
24(#S)ko

#(Ai ;N B;Vl
Since Cpe (5,) CCpe () it follows for all j either from (4.24) or from (4.25) by the definition of constant k that
1 lj
#(A;; NBY) = CePri
and so because V; = |_| jel; fi,- i and by (4.18) it holds that

6r€’kle_s
———¢
2@ +1)2

n;

#O N B = (Cet Py (kydie e — 2) = ( 1 _ 2ée—57> s

By the definition of ;41 in (4.15) we may write (D + 1/4)n;+1 = (D + 1/2)n; and restate the inequality above as

6rCkie=® oni(D+12)"! . iy
#Vi N B]C\}) > (mea 2 (D+1/4) _ 2C> P+ it (4.26)
Let o :=(1+4D)~! > 0, so that (gi}ﬁ) = 1 + « and estimate
-1
1 88"71(1+a)i_1 > 68"71 ef7 (=D )
(i+1)2 - (i +1)2

By condition (4.20), we chose n; large enough that
3rCkie¢
472

Observe that the function (1 + x)_zeﬂ(x —D is monotone increasing for all x > 0, whenever 8 > 2. In particular, since
n1 > 4@D + e, it follows that aen > 4, so for all j=>1

7 —2C >k

o L(-De
(j+1)?
Hence, by (4.26) and by condition (4.20)

1
> -,
=4

_ w3 i—Da _ . .
#(V, NBY) > 3rr2Ckie ¥ 2 [ ————— | —=2C | " Pt > gt PHmis
B (i +1)? B

Thus we have proved the lemma for ¢ =i + 1. Since #(C Bf, | (&) N Bf\}) >#V;iN Bf\}), we obtain the full statement
of the lemma by induction. O

4.3. The Dirichlet problem at infinity

The main lemma from the previous section has the following corollary. It states that, depending on the radius of
the largest ball contained in Dy, there is a bound on the distance of Bf\}’ to the identity independent of N. Note that the
results from this corollary are in a sense a softer version of Lemma 4.10 and as such not essential for the rest of the

paper.

Corollary 4.7. Let Bf (§y) C Dy be a ball at infinity and let xN denote any sequence of minimisers solving the problem
defined in Proposition 4.1. Then there exist uniform constants m € N and Ny € N, such that for all N > Ny

By N By # 2.
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Proof. Let ng be the smallest natural number satisfying the condition (4.20) from Lemma 4.6 and define m as the
smallest natural number such that

D+1/2 1 n*Pk
m>(———=— |14+ -—=)log| =——— | no.
D+1/4 4D Cs(6r)P
Let N € N be such that By} N By, = By, so that by Proposition 2.9
#(CBrel o) N BIC\}) > #(Clgf1 &) NBu) = #(CBrsl &) N Sm) > C5r1DeSDm.

By the definition of m and because r| = 6rm 2, it follows for all such N that
D+1/2 1
. Cl gril/e e(D+1yng
#(CB,](E())HBN)E <D+1/4)ke 7)no
By Lemma 4.6, it holds for every N > m and for all i with n; < N and n; such that
D+1)2
D+1/4

Moreover, it is easy to see that for any N > m there exists a real number n1 as in 4.27 such that n; = N — 1 for some i,
so it follows that

no<np < ( ) no, that #(Cpe &) N B > ket PHani, (4.27)

H(Che (5) N BS) > ket PHDN=D), (4.28)
On the other hand, by Proposition 2.9 or by (2.8), there exists a uniform constant K such that
#(Che(sy) N Br41) < Ke PV,

which contradicts inequality (4.28) for large N. More precisely, we may choose No > m to be the smallest natural
number satisfying keiN > Ref@P+D . g

The next step towards the proof of the minimal Dirichlet problem is to show that there exists a neighbourhood
O C (G UAG) of the set Dy C G, such that for all N large enough (ONG) C Bf\?. Let us thus define the sets that
shall act as such neighbourhoods.

Definition 4.8. Let Bf (§;) be a ball at infinity, and let r; and n; be as in Definition 4.4, given n| € N. Define for every
i > 1 the set

D+1)2

Upe &) =18 € G 1d(g, (Chy &))" U By) = (D +1/4

>k68(D+%)ni + 1}

and the union Upe &)) = ngg@o).

i>1

The following lemma states that asymptotically the boundary of Upe &) converges to the boundary of Cpe (), S0 it
defines a neighbourhood of BZ (&) in the visual metric.

Lemma 4.9. Let BZ (&) be a ball at infinity, let r; and n; be as in Definition 4.4, with ny the smallest natural number
satisfying (4.20), and let ngg(so) be as defined above. Then there exists an ig € N, such that for all i > iy there is a
natural number M;, with

i+1
Ci 60 \Bu, C Ul C U eo)-

Proof. Similarly as at the end of the proof of Lemma 4.6, we may choose i so large, that for all i > ip,
N+l T2C 4
>
Gi+D%2~ 2r

For any such fixed i > ig let m be an integer such that m > n; .
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It follows by the definition of cones that if g € CBa (&) \Bm, then S(g, R) C Bfi (&). Let & € S(g,R)andlet g € &,
such that |g| = n;4+1. Then, by Proposition 2.3, S(g, R) C B8+C —en 1 (§0). Let now h € (CBf,.H(Eo))C U By, We
will show that d(g, h) > m —n;4+1.In case that h € ZS’,ZI.+1 , by the triangle inequality d(g, h) > m — n;4+1. Assume now
that h € (CBﬁm (g0) Y Bn;y )< Then || > n; 41 and there exists a & € S(h, R) such that & ¢ Bfm (&0). Let he &q be

such that || = nj41. It holds that d¢ (&, &) > d; — C4e~¢"+1 and it follows by assumption on iy that

i+1

1
E(dl. _ C4e*€"i+1) > C4e*€"i+1

and by Proposition 2.3 that S(g, R) N S(fz, R) = @. In particular, (U ﬂZx{g)\B,, =gsod(g, ﬁ) > 2R. Since R > 2§

it easily follows by §-hyperbolicity that

i+1

d(g,h) >m—n;y1.
Defining the number M; as the smallest integer that satisfies

D+1/2

e(D+pnitt 4 g 4.29
D+1/4)e e (4.29)

M, >n;j41+k (
it follows that d(g, h) > k <D+1/2> e(D+nit + 1, which implies that g € L{?;(lg ) This finishes the proof of the

lemma.
For later reference we note that it now easily follows from Definition 4.8 that for all m > M;,

d U ) \Brs Ut e, )) Z2m = Mi. D (4.30)

The next statement, which is also a rather direct consequence of the main lemma from the previous section, implies
that the values of minimisers x on / Bs (&) are uniformly close to the boundary conditions.

Lemma 4.10. Let B (&y) C Do, where Dy C G is as in Proposition 4.1. Let r; and n; be as in Definition 4.4, with
n satisfying (4.20). Then there exists an integer Ny, such that for all N > Ny and for all i

i Cl __
Upe ¢y N By = 2.

Proof. Let ng be the smallest number satisfying condition (4.20) and let n; be a sequence as in Definition 4.4 where

ni1 = ng. Assume that the lemma is not true, i.e. for some i > 1 and some N > n; + (gﬂ/z) kes(PH1/Hni 4 1 there

exists a g € Ués(éo) N By . By Lemma 4.2, there exists a point g € 0°"(8}} N Sy+1) and a path p, ; C K from g
to g, with (pg g N G) C By . Since 3°'(By N Sn+1) = ((Cpy)™° N Sy41 and because B (£9) C Dy, the path Do
intersects 31" (C Bt (£9) \Bn;)- By the definition of Upe ) it then follows that

D + 1/2 kes(D+%)n,‘.
D+1/4

#(By NCae ) = #(pg.z NCa: ) = (

D+1/2
D+1/4

Similarly as in the proof of Corollary 4.7, we may choose a sequence 7, with n; <n; < ( )ni such that N =

n,+ 1. By Lemma 4.6 it follows for all « > i with i, < N that #(Cgrs[ (&0) ﬂB;}) > keE(D*‘%)ﬁ‘ , which, as in Corollary 4.7,
drives us to a contradiction about the size of C Bt (£9) N By when N > Ny and Ny is the smallest natural number with

keiN > RefP+D) . [
Now we are ready to prove our main theorem. The final step of the proof follows ideas from [28].

Theorem 4.11. Let j € {0,1} and &; € D, be a point at infinity. Let r > 0 be such that By (£;) C D; and let n;
and r; be as in (4.4), such that ny is the smallest number satisfying (4.20). Let furthermore iy and Ng be as given
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in Lemmas 4.9 and 4.10, respectively, and let M; be given by (4.29). Then for all n > M;,11, all N > Ny and all
g€ CB?}O &) \Bn

|x£,v —cj|<o0p- K" Mig+1
In particular, the global minimiser X = limy_, oo x™ constructed in Proposition 4.1 solves the minimal Cauchy

problem at infinity given by Dy and D1 (see Definition 1.1).

Proof. We prove the theorem for j = 0 only, since the other case follows analogously. For any &, € Do and r > 0 as
in the statement of the theorem let Z/{gg ) correspond to n; and r;, which are again as stated in the theorem. Since
i >ip, Lemma 4.9 holds and it follows for all n > M, that

i+1 j+2
CB;SI_ (&) \Bn C ull?_;i_(éo)\B" C CBfi+l (&—())\BMI-Jrl C ug,g(éo)’
and by (4.30) it follows that

d(Ch (60 \Bns Upte,))) =1 — M.

Furthermore, |x}’ — co| < o for any g € L[i;géo) and any N > N by Lemma 4.10.

Recall from Theorem 3.7 that for each N, xV = x” for some solution x := x° of the anti-continuum limit (3.11),
for which x € {cp, c1} for all g € G. The solution x is obtained in Theorem 3.6 as a fixed point of a quasi-Newton
contraction operator

V' (Xg) + 1y (pAg(X))
V”(Xg)

Kpx(X)g=Xg—

with contraction constant k£ < 1 on the og-ball around x in the supremum norm so it follows that
6” = K ()loo < 00k™.

Since Ag(x) has range at most one, it follows that K7’ (x)g = co if d(g, {xg = ¢1}) > m. By Lemma 4.10 it holds
that x, = co for all g € Ups(g,) and by the inequalities above and the discussion in Lemma 4.10 it follows that

lxg' —col <ook" M+t forall g € Chy e\ By

In particular, for every € > 0 there exists a n € N, such that |x£,v —co| <eforall N € N and for all g € Cpe (&) \Bi»
io

so by definition of x the same holds for such a global minimiser.
Finally, it is clear by Lemma 2.6 that convergence with respect to truncated cones Cpe (5)\B; is equivalent to
o

uniform convergence with respect to the visual metric, which finishes the proof. O
5. The asymptotic Plateau problem

In this section we prove a version of the asymptotic Plateau problem for the group G. In view of that, let us quantify
the size of a boundary of a set B C G by counting all pairs of points g, gs such that g € 5 and gs ¢ B, restricted to a
finite subset of G. More precisely, we define for every set B C G and every finite set 2 C G the function

bo(B) :=#{(g,85) €2 x Q| ge B, gs ¢ B}
One can view b(3) as the number of edges in the Cayley graph C(G, S) which connect B to its complement.
Definition 5.1. Let Dy C dG and denote Dy := (Dg)¢. Assume that go = Dy (so that also 51 =Djand 0Dy =0D;).

We say that a nonempty set 7p, C G solves the asymptotic Plateau problem with respect to Dy if there exist sets
Dy C G and D; C G such that Dy N D =&, Dy UD; =G and Tp, = 3°""Dy U 9°"'D; has the following properties.
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e Every path ps , C C(G, §) with & € D°0 andn € D°1 intersects Tp,.
e For every two finite set 2 C G and B C G with BN (Q")¢ =Dy N (QM)C,

ba (Do) < ba(B) and bo (D)) < ba(B).

We use the solutions to the minimal Dirichlet problem for the Allen—Cahn equation to prove the following.

Theorem 5.2. For every set Dy C 0G such that 50 = Dy there exists a set Tp, C G solving the asymptotic Plateau
problem with respect to Dy.

Proof. Let p < p; as in section 3.2 and let x* solve the minimal Dirichlet problem at infinity for the sets Dy and Dy,
as obtained in Theorem 4.11. For every p < p; define the set

D) :={geG | xf € [co, co + 00)} and Dy :={geG| xf € (c1 — oo, c1l}

and note for later reference that for every finite set 2 C G, bQ(Dg ) =bg (Df ) by Theorem 3.7. According to Theo-
rem 3.6, for every p < p, a corresponding constant o < oy exists, such that ||x” — x||cc < o, and such that ¢ — 0

with p — 0. Hence, we may fix a decreasing sequence p; > p, — 0 such that the corresponding sequence of positive

reals oy, is decreasing and such that
Cehn
— < (1-20,)%, (5.31)
Cehn 4+ 1

where C := #S) - C and C is as in (2.8). Letting n — oo and with that p, — 0, we obtain a sequence of solutions
xPn to equations given by (1.1) and constants p = p,,. By Tychonoff’s theorem the set [co, c1]¢ is a compact set in the
product topology, so there exists a subsequence of x, converging point-wise to a function x : G — [co, c1]. Since
on — 0, it follows for every g € G, that X, € {co, c1}. This allows us to define the sets

Dy:={geG |5, =co} and D :={ge G |%, =c1)

such that Dy N Dy = & and Dy U D; = G. Let Tp, := 3°"'Dy U 8°"'D;..

In fact, since for any m € N the sequence of functions x*» converges uniformly to x on the ball B,, C G, there exists
for any m € N an integer m € N such that the sets Dg” N B,, stabilise for n > m. More precisely, Dg” 1B,, = Dols,, for
all n > m. By taking a subsequence of p,, we may thus assume that

D}, = Dolp, forall n € N and for all 7i > n. (5.32)
This obviously implies that also Dfﬁ |B, = D1lp, for all n and that
Tp, = lim (aoutD{)’” U BO”th”) .
n— o0

To confirm that Tp, # @ and that it satisfies the first condition in Definition 5.1, we first note that all of the
constants that appear in section 4.3 are independent of p. For any & € Do and n € D; we can choose an r > 0 such
that BZ(£) C Do and BZ(n) C D;. By Theorem 4.11, there exist independently of the constant p neighbourhoods
Ug, Uy C G such that xg € [co, co+ o) for all g € Ug and x? € (co — o, c] forall g € U,,. For any such set Ue, Uy C G
and for all n € N, we have Uz C Dy" and U, C Df“. Let pg , C C(G, S) be any path connecting & to 7. Then there
exists an n € N such that outside of if; and U the path pg , is contained in the ball of size n, i.e. (pg,; N G)\
U, VU™ C B,. By condition 5.32 it then holds that Tp,|g, = (3°"'Dy" U 3°"D{")|g, and so clearly pg , N Tp, N
B, # 2.

To investigate the second condition, let 2 C B,, C G be a fixed finite set and observe that for any positive p < p1,

2 2
WEx) = % D g —x0)° > %(cl —c0)*(1 = 20)*bo(DY). (5.33)
ge ses

Let now B be such that BN (Q")¢ = Dg N (Q™)¢ and define the function ¥ by Vg :i=coif g€ B and Ve :=crif g ¢ B.
For every positive p < pj it then easily follows
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W5(3) = %2@1 — c0)*ba(B).
Since x” is a minimiser with respect to compact variations, Wé x) < ng (), and it follows from estimate (5.33) that
(1 —20)*bo (DY) < ba(B). (5.34)
Since Q C B, #Q2 < Ce by (2.8) and it follows for every set B that bQ(B) < Cehm. Assume now that l’g’, BcG

are sets such that BN (Q")¢ = BN (QiM)e = Dg N (Q1")¢ and assume that bg (B) is minimal among all sets with such

boundary behaviour with respect to 2. In case bg (B) < bg (l’;’) it follows since n”? is a monotone increasing function
for n € N that

ba(B) - ba(B) - Cen
ba(B) " baB)+1 7~ Celn 41
Inequality (5.34) and condition (5.31) then imply that

2 ~ L hn
2B (g

ba(DY") Celn 11
and it thus follows by the discussion leading to (5.35) that bg (l’;’) > bg (Dg" ). Moreover, since Q C B,,, it follows from

condition (5.32) that bQ(Dg”) =bq(Dy), so also bg (l’;’) > bq (Do), which implies that Tp, satisfies also the second
condition of Definition 5.1 and finishes the proof. 0O

(5.35)

Remark 5.3. If 7p, C G solves the asymptotic Plateau problem with respect to Dy, then every path pg , C C(G, )
with & € l°)0 andn e ﬁl intersects 7p, and, moreover, this intersection is finite.

Remark 5.4. If Tp, C G solves the asymptotic Plateau problem with respect to Dy, then all connected components
of Dy and D are infinite. If not, there would be a finite connected component contained in a finite ball 3, given by
the transition set of the minimal solution x*» as in the proof of Theorem 5.2, which contradicts Lemma 4.2.
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Appendix A. Proof of Theorem 3.6

Proof. Observe that a function X : G — R is a solution to (1.1) on B™ with given boundary data if and only if
F(X, p) =0, where the function F : [,o(G) X R — I (G) is defined by

F(X,p)g:=V'(Xg)+ Lgn(pAg(X)).

In particular, F(x,0) = 0 for any x that solves (3.11). One now wants to apply the implicit function theorem to
conclude the existence of a family x” near x with F(x?, p) =0.
Let v € [o(G) and observe that the Fréchet derivative Dy F (x, 0) : [ooc — [ at x is given by

d
DxF(x,0)-v), := —
( X (X ) )g dt —o
Because V is a Morse function and x, € [co, ¢1], |V"(xg)| > ¢ for some constant ¢ > 0 and for all g € G. It follows
that Dx F(x, 0) : loo — o has a bounded inverse and we may define the quasi-Newton operator K, , by
V(Xg) 4+ 1gin(pAg(X))

V”(Xg) :

Obviously, K, , maps [ into itself and it is clear that K, ,(X) = X if and only if F(X, p) = 0. Restricted to an

appropriately chosen small /o, ball {X | || X — x||oc < 0} around x, the operator K, , moreover acts as a very strong
contraction that sends this ball into itself.

F(x+1v,0),=V"(xg) - vg.

Ky x(X):=X —DxF(x,0)”" - F(X, p), i.e. Ky (X)g =X, —
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This can for example be seen from the following standard argument. Let us choose any desired contraction
constant 0 < k < 1 and, accordingly, a 0 < o¢ < % with the property that [V"(X,) — V" (x,)| < k" uniformly for
X €{X | |X — x|loo < o00}. Such oy exists because V" is assumed continuous and because V only has finitely many

statlonary points. For example, when V" is Lipschitz continuous with Lipschitz constant L, then it suffices to choose
op = 2 7. For later reference, let us remark that it holds automatically that the intervals

(xg — 00, xg +00) N (xz — 00, x5 + 00) = J if xg # x5 are critical points of V. (A.36)
We now have for g € B™ and X, ¥ with || X — x|lec <00 and ||Y — x|loc < 00, that

V/(X,) — ‘pAg(}o — pAg(Y)
V”(xg) V”(xg)

|Kp,x(X)g_Kp,x(Y)g|§‘Xg—yg— (A.37)

To estimate the first term in (A.37) we write

V/(Xg) = V') _ X =Y,
V”(xg) V”(xg)

1
Xo— Y, — /v”(xg) — V"X, + (1= 0)Yp)drt |,
0

which shows that the first term in (A.37) is bounded from above by %HX — Y||oo. To estimate the second part of the
sum in (A.37), we note that since || X — x|loo < 09 and because x; € [co, c1] for all g, it holds that [Xg; — X,| <

c1 — ¢o + 209, and similarly for Y. It then follows by linearity of A that
[Ag(X) — Ag(Y)| = (c1 —co+200)2(#S)X — ¥ [l oo-
By defining ¢ := (¢ — co + 200)2(#S), we found that it holds for X, Y as above that

k p-c
K px(X) = Kp x(¥)]loo = R X = Ylloo -

To investigate whether K, , maps the oyp-ball around x to itself, let || X — x||oc < 0 and observe that it follows that

k p-c p-C
|Kp,x(X)g_xg|f|Kp,x(X)g_Kp,x(x)g|+|Kp,x(x)g_xgl<0'0 E‘f‘ 2 + 2 s

where the final estimate holds because V'(xg) =0 and |A,(x)| <#S(c; — co) < €.
This proves that K, , is a contraction with constant £ which maps the o-ball around x to itself if 0 < p < pg :=

k¢ (1— k)ooc

min { 26> = } Clearly then limg,\ 000 =0. O
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