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Abstract

Consider a three-dimensional fluid in a rectangular tank, bounded by a flat bottom, vertical walls and a free surface evolving
under the influence of gravity. We prove that one can estimate its energy by looking only at the motion of the points of contact
between the free surface and the vertical walls. The proof relies on the multiplier technique, the Craig—Sulem—Zakharov formulation
of the water-wave problem, a Pohozaev identity for the Dirichlet to Neumann operator, previous results about the Cauchy problem
and computations inspired by the analysis done by Benjamin and Olver of the conservation laws for water waves.
© 2017 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.

Keywords: Boundary observability; Water-wave equations; Cauchy problem; Pohozaev identity

1. Introduction

Consider surface waves over an incompressible liquid, evolving under the influence of gravity, in the case where
the fluid is located inside a fixed rectangular tank Z of the form Z = Q x [—h, +00) where Q = [0, L] x [0, L;]
and £ is a positive constant. At time 7, the fluid domain €2(¢) is given by

Q(f)z{(LY):erv —hf)’fﬂ(t’x)}s (l)

where x = (x1, x2) (resp. y) is the horizontal (resp. vertical) space variable. The equations which dictate the motion are
the incompressible Euler equations with free surface. This is a system of two nonlinear equations: the incompressible
Euler equation for the velocity potential ¢: €2 () — R (so that the velocity is v = V, y¢) and a kinematic equation
for n which states that the free surface moves with the fluid. The energy, which is the sum of the potential energy and
the kinetic energy, is conserved:

M _ 0 with H:%/nz(t,x)dwr%//|Vx,y¢(r,x,y)|2dxdy, @)

dt
0] Q)
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where g is the acceleration of gravity. This paper is devoted to the analysis of the following question: is it possible to
estimate the energy H of gravity water waves by looking only at the motion of some of the curves of contact between
the free surface and the vertical walls? From the point of view of control theory, this is the question of boundary
observability of gravity water waves.

1.1. The water-wave equations

Hereafter we use the notations V = (dy,, 0x,), Vx,y = (Vy,9y) and Ay y = Ay + 8}2,. As already mentioned, the
velocity field v: Q(7) — R is given by v =V, y¢ for some velocity potential ¢: € — R satisfying

1 2
Acyd =0, %o+ |Viy¢| 4+ P+gy=0, 3)

where P is the pressure term. The water-wave equations are then given by several boundary conditions. Firstly, the
velocity satisfies the solid wall boundary condition, so that d,¢ = 0 on the boundary of the tank 0% N 92; where 9,
denotes the outward normal derivative. This implies that

0y,¢=0 for x;=0o0rx; =Ly, @

0,9 =0 for xp=0o0rx; =Ly, ©)

d0y¢p=0 for y=—h. ©
The problem is then given by two boundary conditions on the free surface {y = n}:

0 =1+ 1V0P 0ublymy = 0,6 (1., 1) — V1, ) - V1, X, ), @

Ply—y =0. ®)

The equation (7) implies that the free surface moves with the fluid. The condition P (¢, x, n) = 0 is a dynamic condition
that expresses a balance of forces across the free surface.
We also assume that the free surface must intersect the vertical walls orthogonally:

0yn=0 for x;=0o0rx; =1Ly,

)
d,n=0 for xp=0o0rx;=0Lj.
It is proved in [2] that (9) always holds for smooth enough solutions (we elaborate on that fact in Section 2.4).
Eventually we assume that

h

0z-5. [ndx=o. (10)
0

One can always assume that the mean value vanishes since it is a conserved quantity.

1.2. Boundary observability of water waves

There are very few articles about the possible applications of control theory to the study of the incompressible
Euler equation with free surface. The first results are due to Reid and Russell [20] and Reid [18,19] who studied
the linearized equations at the origin. Alazard, Baldi and Han-Kwan initiated in [1] the study of the control of the
nonlinear equations. The analysis in [1] and the one in this paper rely on completely different tools. This is because
of the following differences: the article [1] addresses the internal control problem for the two-dimensional equations
with surface tension, while here we consider the boundary observability for the 2D and 3D problems without surface
tension. In [1], the analysis used in an essential way the infinite speed of propagation of gravity-capillary waves,
which is the property that a harmonic with frequency |£| travels at a speed proportional to 1/[€]. By contrast, for grav-
ity waves, a harmonic with frequency || travels at a speed proportional to 1//]&]. Loosely speaking, in this paper
we study the observability problem for low and medium frequency gravity waves, while in [1] the controllability of
gravity-capillary waves is deduced from an observation of high frequencies. With regards to the proofs, the paper [1]
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relies on microlocal analysis while here the proof will rely on the study of global quantities. More precisely, in [1] the
analysis combines Ingham type inequalities, paradifferential calculus and other techniques used to study quasi-linear
problems. By contrast, in this paper, the analysis will be based on the multiplier method and on various exact identities
which are studied as conservations laws. In this direction, let us mention the recent article by Biccari [8] which intro-
duced the use of the multiplier method to analyze the interior controllability problem for the fractional Schrodinger
equation id;u + (—A)*u =0 with s > 1/2 in a C':! bounded domain Q with Dirichlet boundary condition.'

We do not assume that the reader is familiar with control theory and begin by recalling what is the multiplier
method in the simplest case. Consider the one dimensional linear wave equation with Dirichlet boundary condition:

3u—032u=0, u(t,0)=u(,1)=0. (11)

Multiply the equation by xd,u and integrate by parts, to obtain

1 / 2 / T 1 2 2
5/(8xu(t, 1)) dt:/(atu)(xaxu)dx‘o +§//[(atu) + (3u)?] dxdt (12)
0 0 S

where § = (0, T) x (0, 1). Since

1 1

/(8,u)(x8xu)dx 58::%/[(8;u)2+(8xu)2]dx, (13)
0 0

by using the conservation of energy (d€/dt = 0), we deduce

T 1
/(E)xu(t, 1))2dtz(T—2)/[(a,u)2+(axu)2](o,x)dx. (14)
0 0

This inequality implies that, for T > 2, one can bound the energy by means of an observation at the boundary.

There are inequalities analogous to (14) which hold in multi-dimensional domains. In this direction, let us also
mention the celebrated result by Bardos—Lebeau—Rauch [6] which is devoted to the boundary observability of solu-
tions of second-order hyperbolic equations in the general case when the region of observability meets every ray of
geometric optics.

The inequality (14) is a central result in the study of the control of the wave equation—extensions and applications
of (14) are discussed in the first part of the SIAM Review article by Lions [16]; see also [11,23,17,22]. In particular,
(an extension of) (14) allows to prove that in multi-dimensional domains, one can drive a solution of the wave equation
from the rest position to a desired state, in finite time, by acting only on part of the boundary. Our intention in this
paper is to start the study the analogous problem for the water-wave equations. This is a very natural question since it
corresponds to the wavemaker problem: the aim is to determine which waves can be produced by, say, the motion of
a plate immersed in a fluid.

In this paper, our goal is to obtain a boundary observability result similar to (14) for gravity waves. By contrast
with the wave equation, the water-wave equations are fully nonlinear and contain nonlocal terms. However, we will
prove that a similar observability inequality holds.

Definition 1.1. Introduce (¢, x) = ¢ (¢, x, (¢, x)) (evaluation of the potential at the free surface) and
8 2
O:=-ndy —-n".
2
' One cannot apply this result to study the observability of gravity water waves. Indeed, i) we are concerned with a nonlinear problem and i7)
even the linearized problem involves a different setting since it can be written under the form id;u + (—A)%u = 0 with s = 1/4 (and hence the

assumption s > 1/2 does not hold). The key point is that, if s < 1/2, then high frequency waves propagate at a speed which goes to 0 when |£|
goes to +00.
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Set
T ! Ly | Ly
@(T):L]Lz/ L—/@(t,L1,xz)dX2+L—/@(t,xl,Lz)dxl dt.
2 1
0 0 0

(It is convenient to use the factor L{L; to derive some identities.)

Notice that Z(T) depends only on the boundary values of the unknowns. Our main result asserts that Z(T) is
larger than the energy #H (cf. (2)) when T is large enough.

Theorem 1.2. Let B > 1/2 and x be either a C(°(Q) function or x = 1. There exist three positive constants Ko, k, ¢
such that, for any N in N, the following result holds. Assume that the initial data no and o are of the form

nxi mx; . _
X (x) Z anmcos(nL—>cos<nL—> with  |apm| <cN~*, (15)

nl+lm|<N ! 2

and such that ng satisfies (10). Then there exists a unique smooth solution (1, ¢) of the water-wave equations (3)—(10)
such that n(0, x) = no(x) and ¥ (0, x) = Yo(x). This solution exists on the time interval [0, Ty] with Ty = Ko +
KoN# and satisfies

B(Ty)>H.

If, in addition, n and ¢ are independent of x, (this means that we consider a two-dimensional wave), then one has the
stronger conclusion

Ty
L /@(I,Ll,O)dl‘ >H.
0

We refer to Section 2 for an explanation of what we call a smooth solution of the water-wave equations. Several
other remarks are in order.

(i) One can consider more general initial data, see Remark 5.3.

(ii) The second point to be made is a clarification of how one passes from a true observation at the boundary
to a control of #(T) or fOTN O(t, L1,0)dt. Let us explain why these two quantities can be expressed as quantities
depending only the restrictions to d Q of  and 9,7 (notice that 5, 9,1 are quantities which can be measured by a camera
by contrast with ). To see this, consider firstly the case of a two-dimensional wave and set m(¢) = (¢, L1, 0). Then
one has

1
O, L1,0)= E[gmm2 —m(tym' (1)?],

as can be verified by a simple calculation (see Remark 4.6). For a three-dimensional wave, this is not so simple.
However, one can determine i from (n, d;n) by using the equation (7) and considering the Neumann to Dirichlet
operator (as in Appendix A.3 in Lannes’ book [15]).

(iif) Theorem 1.2 will be deduced from an observability estimate which holds without smallness assumptions.
Namely, we will prove that for all smooth enough solution defined on the time interval [0, T'], one has (cf. (51))

T 5+2d 3 V2H
B(T) > 22t e Y= (a4 2 max{L, Ly}——A
2 4 2 NG
where
B:= sup [[Vn®)llpo, A:= sup [[V¥®)l2,
tel0,7T] te[0,T]

and where d is the space dimension. The assumption (15) will be used only to prove that one can bound A in terms
of +/# on large time intervals. Then, when 7 is large enough, the right-hand side of the above inequality is larger
than H.
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Fig. 1. Three-dimensional and two-dimensional waves in a rectangular tank.

(iv) Theorem 1.2 gives an observability inequality in time N# for 8 > 1/2. The important think to note is that,
except for the fact that we preclude 8 = 1/2, this result is sharp. Indeed, a harmonic with frequency N travels at a
speed proportional to 1/+/N (the dispersion relationship for the linearized equations is (k)2 = g|k|). So it might
take a time +/N to reach the boundary and hence for the observation to be possible. Now we can explain why we need
a smallness assumption on the initial data, namely the assumption |ay,,| < ¢N~*. This is because one needs such a
smallness assumption to guarantee that the solutions exist on large time intervals of size N# (the link between « and
B will be made through an interpolation argument in the proof).

(v) Another point should be added: as indicated on Fig. 1, we are making an observation on part of the boundary
only (satisfying the so-called geometric control condition). Indeed, to determine fOTN ®(t, L1,0)dt it is sufficient to
look at the motion of the point of contact #(t) = (L1, 0, n(t, L1,0)) between the free surface and only one wall,
namely {x; = L;}. Similarly, for a three-dimensional wave, to determine Z(T), it is sufficient to observe the motion
of the curves of contact between the free surface and the walls {x; = L1} and {x, = L»}:

G1(t) ={(L1,x2,y) : x2€[0,Lz], y=n(t, L1, x2)},
G (t) ={(x1, Ly, y) : x1 €[0,L1], y=n(t,x1, L2)}.

1.3. Strategy of the proof and main identity

In the rest of this introduction, for the sake of simplicity, we consider two-dimensional waves (these are solutions
independent of x;, and we write simply n(¢, x;) and ¢ (¢, x1, y)). We refer to the next sections for the corresponding
statements for three-dimensional waves.

Theorem 1.2 will be deduced from an exact identity, similar to (12), where, quite surprisingly, the terms coming
from the nonlinear part of the equations have a very simple and compact form.

Theorem 1.3. Consider a smooth enough solution of the water waves equations (3)—(10) defined on the time interval
[0, T'] and independent of x. Introduce

m(t) =n(t, Ly).
Then ©(t, L) = 1[gm(t)2 — m(tym' (1)?] and
T

T
L1/@(t,L1)dt=5/H
0
m(t)

T
L
! / / (By$)2(¢, L1, y)dydt

—h

0
T
+%//(h+1n) (:)2(t, x, —h) dxdt (16)
0 0
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Ly L
T =T
- /xnaxw dx
t=0

1 =
‘zf”thzo

0 0

T
7
_4_1// (0x1)(0x¢) (0y¢) dxdydt,

0 Q@)

where M is given by (2) and [ f dx|'=} stands for [ f(T,x)dx — [ f(0,x)dx.

Theorem 1.3 is proved in Section 4. The proof uses Zakharov’s formulation of the water-wave problem as a Hamil-
tonian system (see [24]) and the observation by Craig and Sulem [12] that the equations and the Hamiltonian are
most naturally expressed in terms of the Dirichlet to Neumann operator G (). The main ingredients of the proof
of Theorem 1.3 are then: i) a Pohozaev identity for the Dirichlet to Neumann operator (that is a computation of
J(G(m)¥)xdyyr dx) which shows that the contributions due to the boundary conditions are positive and ii) some
computations inspired by the analysis of Benjamin and Olver [7] of the conservation laws for water waves. Let us
mention that, in the appendix, we give another proof of (16) which exploits the Hamiltonian structure of the water-
wave equations. The idea is to compute

A= // [(@m) (xdx¥) — B, ¥) (xdym)] dxdr.
[0,T]x[0,L1]
We compute A in two different ways, and the wanted identity (16) is obtained by comparing the two results. The

first computation is simply an integration by parts. The second computation relies on the fact that the equation is
Hamiltonian (see Zakharov [24], Craig—Sulem [12]), which means that

SH 0H
o = W’ oy = —E.
Therefore
T L
. OH
A:/a(t)dt with a: /[x(a 1//) +x(8xn)3—] dx.
n
0 0

Then we compute a by writing

a= llm [7'1(77 ¥ +ex(0xy)) — Hn, llf)]—i— l1m [7-[(77—1—8)6(3x'7) ¥) —Hm, )],

and using a shape derivative formula due to Lannes [14]. This allows to avoid the use of the Pohozaev identity.
However, the proof still requires to prove some identities for quantities which are analyzed as conservation laws.

We now indicate how to infer from Theorem 1.3 a boundary observability result. This will require to make an
additional assumption. Indeed, in sharp contrast with the example of the wave equation (11) discussed above, even
for the linearized water-wave equations at the origin, there is no observability inequality in finite time which applies
to all initial data (see Reid and Russell [20] or Biccari [8] for related results). However, we will prove a boundary
observability result, for the full nonlinear problem, for initial data whose Fourier transforms are compactly supported.
To do so, we begin with the following corollary of Theorem 1.3.

Corollary 1.4. Consider a smooth enough solution of the water waves equations (3)—(10) defined on the time interval
[0, T']. Assume that there exist two positive constants A, B such that

2 4 5L,
B<-, T=> 1+7—A (17)
7 2-17B NG

and

sup [10xn (@)l =(0,,) < B, sup [[0x¥ (D)l 2¢0.1,) < AV2 (13)
tel0,T] t€l0,T]
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Then
T

L1/®(t,L1)dtZ7-l
0

m(t)

T
71 / / (0,6)%(t, L1, y) dydt (19)
0 —h
T
/

L
% /(8x¢>)2(t,x, —h)dxdt.
0

Proof. The proof is straightforward: directly from (18), the definition of #, the Cauchy—Schwarz inequality and the
assumption fOLl ndx =0, we get

Ly Ly Ly
/m/fdx - /n w—/wdx dx| < Ly Inll 2 10012 < QL1 /YA,
0 0 0
T
7 7B
: / / (e (3:9) 2y 8) dxdydi | < TOTH,
0 Q0
Ly
/xnaxwdx < Lyl 18602 < L1/ VRAH,
0

where we used the Poincaré inequality in the first line. Now, since n > —h /2 by assumption, using the identity (16)
we see that the left hand side of (19) is larger than the sum of the last two terms in the right hand side of (19) and of

(1 5L, 7B )
Ly A T
2" Sz 4

which, by assumption (17), is larger than H. O

Remark 1.5. i) One controls not only the energy H but also the traces of the velocities on the wall {x = L1} and on
the bottom.

it) (Unique continuation) If m = 0 then (19) implies that # = 0 and hence n =0 and V, ¢ =0.

iii) The assumption |71 (¢, x)| < 2/7 is physically realistic. Indeed, one expects a steepness-induced blow-up in
finite time when the wave height is large compared to the wavelength (there are no mathematical proofs of this claim
but it is known that blow-up occurs in finite time for some large enough initial data, see [10]). Moreover, the threshold
2/7 is in good agreement with the sharp experimental studies of steep irregular wave events reported in [ 13].

To conclude this introduction, we explain how we deduce Theorem 1.2 from Corollary 1.4. The reason why we need
the assumption for i in (18) is the following: we do not have an estimate analogous to (13) for the term fol xnox Y dx
which appears in the right-hand side of (16). Indeed, the fact that /27 is larger than the L2(Q(¢))-norm of Vi y@ ()

gives only a bound of the Hx1 /?_norm of the trace . Hence +/#H does not control the L2-norm of 3,y and this why
we need the assumption for i in (18). Now, notice that this assumption for 9, holds at r =0 with A = K A/N if the
Fourier transform of ¥ (0) is supported in [—N, N] (as in (15)). Since the equations are nonlinear, we cannot assume
that the Fourier transform of the solution will be supported in [—N, N] for all time. However, we shall see that, for
small data, one can propagate the estimate ||3, ¥ (0)[|;2 S K VN I (0) | 7172 on large time intervals and hence deduce
and observability result. To do so, we shall combine an interpolation argument and the fact that the Cauchy problem
is well-posed on H* (with s large enough) on large time intervals for small initial data.
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Organization of the paper. In Section 2 we recall various results about the well-posedness of the Cauchy problem.
This will allow us to clarify what we call a smooth enough solution. In Section 3, we prove a Pohozaev identity
for the Dirichlet to Neumann operator and we use this identity in Section 4 to prove Theorem 1.3. Then we prove
Theorem 1.2 in Section 5. In the appendix we give a proof of Theorem 1.3 which exploits the Hamiltonian structure
of the equations.

Acknowledgments
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tial equations.
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2. About the Cauchy problem in a rectangular tank
We recall here various results about the well-posedness of the Cauchy problem.
2.1. The Craig—Sulem—Zakharov system

To study the Cauchy problem for the water-wave equations, there are at least two difficulties. Firstly, one has to
reduce the analysis to a time independent domain. In the case where the space variable x belongs to the torus instead
of Q, several approaches have been used. In this paper, we use the Eulerian approach, following Zakharov [24],
Craig—Sulem [12], Lannes [14,15] and Alazard—-Burq—Zuily [4,2]. In this approach, one works with the trace of the
potential ¢ at the free surface and the Dirichlet to Neumann operator G (7).

Hereafter we consider either the 2D problem or the 3D problem (see Fig. 1) and denote by d € {1, 2} the dimension
of the free surface. For a three-dimensional fluid one has d =2 and we use the notation V = (9y,, dy,) (and we also
use the notation V = 9, whend = 1).

We set

Y, x) =, x,n(t, x)),
and introduce the Dirichlet to Neumann operator G () defined by

Gy =/ 1+ VN2 3:¢ly=y = 3yp — V1 - VP)|y=y

(see the next paragraph for a precise definition of G(7)). Then the Craig—Sulem—Zakharov formulation of the water-
wave equations reads

n =G,

L (20)
o+ gn+ 5 VU P -

2
E——¢ Vi - Vy)® =0.
2(H_sz)( (MY + V- V)

Moreover, the energy H satisfies

1 1
’H=§/772dx+5//|vx,y¢|2 dydx:i/[gnz—i-llfG(ﬂ)‘!/]dl

We refer the reader to the original article by Craig—Sulem [12] for the derivation of this system from the water-wave
equations (3)—(8) as well as to [3] for the proof that, conversely, given a solution of (20), one can define a solution of

(3)-(8).
2.2. Definition of the Dirichlet to Neumann operator
We have already written the water waves equations under the form of the Craig—Sulem—Zakharov system (20).

We give here the precise definition of the Dirichlet to Neumann operator that is used in that system in the context of
periodic functions.
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For s € [0, 4+00), we denote by H*(T¢) the Sobolev space of periodic functions:

H T ={u=Y" aneax) : Y (1 + ) lanl? < +o0o},
nez4 nezd

. X\ . . (N1X1  n2xp .

where e, (x) = exp (mL—) if d =1, e;,(x) =exp (m(L— + L—)) when d =2 (we fix the periods equal to
1 1 2

2L, 2L, for reasons that will be clear below).

Fix h > 0 and consider n € H* (T9) with sg > d/2 + 1 such that n(x) > —h/2. Set
Q={(, ) eT' xR: —h <y <n)} e2))
Since 7 is Lipschitz, by the usual variational method, one obtains that, for any v € H 1/ 2(']I‘d), the problem
Acy$=0 inQ, ¢ly=y=v, doly=1=0, (22)

has a unique variational solution. Moreover, even if V, ,¢ belongs only to L2(£2), one can prove that

Gy = (0yp —Vn-Vo)ly—y,
is well-defined and belongs to H~'/2(T%). More generally, one has the following result (see [4,15]).

Proposition 2.1. Let so > d /2 + 1 and assume that 1 is in H* (T?). Then G () is a bounded operator from H° (T9)
into H°~Y(T%) for any o € [1/2, s0].

Later we shall perform various integrations by parts and apply repeatedly the Green’s identity. The fact that all the
computations are meaningful relies on the following regularity result.

Proposition 2.2. Let d > 1, s > d /2 + 2 and assume that (, ') € H*(T%) x H*(T%). Then
Ve e Cl).
Proof. We explain how to deduce this result from the results in Lannes’s book [15].

It is convenient to flatten the free surface. To do so, consider a diffeomorphism from T¢ x [—#, 0] to €, of the form
(x,2) > (x, p(x, 2)). The simplest choice would be to set

p(x,z)=<l+%)n(x)+z. (23)

However, since we only assume that s > d /2 + 2 (the analysis is simpler for s > d/2 + 5/2), following Lannes [15,
§2.2.2], we need to consider a regularized version of (23). Introduce

(w=cy e M, 0, = /en(y)n(y) dy,

nezd Td

where ¢ and § are positive constants (with § small enough), chosen so that

h 1
(lo=n. 10:¢0c 0l <min{ 2 ook ¢ e BT x [—h,0). 4
Then set
ple. )= (141 )s.2) +2. 25)

Notice that p(x,0) = n(x) and p(x, —h) = —h. Recall that n > —h /2 by assumption. In view of the bound for 9,¢ in
(24), we deduce that ¢ > —3h /4 and 9, p > 1/5, which proves that (x, z) — (x, p(x,z)) is a C2-diffeom0rphism. The
problem thus reduces to establishing that the function ¢(x, z) = ¢ (x, p(x, z)) satisfies V, ;¢ € CHT? x [—h,0]). To
obtain this result, we view ¢ as a function of z with values in functional spaces. Since s > d/2 + 2 and since we chose
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a special change of variables where p is given by (25), we are in position to apply Corollary 2.40 in Lannes’ book
[15] (with s replaced by s — 1/2). We deduce that

Viop € LA(1—h, 01 H'3 (1) N H ([~ 0]; H* =3 (T)).
As aresult

2 L pys—% md 2 . pys—3 omd

Vip € L7([—h,01; H°"2(T%)) and 08;Vip € L7 ([—h,0]; H*2(T%)),

d.p € L2(—h. 0 H"3(T%) and  d.0:0 € LA(1—h,0]; H*~3(T%),
and hence

Vi9 € CO(1—h, 01; H*~1(T%)). (26)

Then, using the second order equation satisfied by ¢ one can express 8?(,0 in terms of (9,¢, 3, Ve, Vf(p) and in terms
of p and hence, using the standard nonlinear estimates in Sobolev spaces, one deduces that

329 € CX([—h,01; H2(T?)). (27)

The wanted result V, . € C L(T9 x [—h, 0]) then follows from (26)—(27) and the Sobolev embeddings H s=lemdy ¢
CH(T9) and H*~2(T?) c c%(T9). O

2.3. The Cauchy problem for periodic functions

We recall here a well-posedness result for the Cauchy problem for periodic functions. There are now quite a lot of
papers on this subject and we quote below only two results which are related to our problem. The main difficulty in
the analysis of System (20) is that writing energy estimates on the function (7, ¥) makes appear an apparent loss of
half a derivative. A way to circumvent that difficulty is to bound the energy not of (1, ¥) but (n, B, V') where
Gy +Vn-Vy

1+[Vn|?
If initially no and o belong to H‘Y0+%(Td) for some so > (d + 1)/2, then G(n9)yo belongs to HSO_%(']I‘”I) (cf.
Proposition 2.1). On the other hand, H SO_%(Td) is an algebra for any so > (d + 1)/2. It thus follows from usual
nonlinear estimates in Sobolev spaces that
_ G(Mmo)¥o + Vo - Vo
1+ Viol?

The following result shows that one can propagate the fact that By and Vy are in H* (T9) for sg > d /2 + 1 (and this
is the key point to circumvent the apparent loss of half of derivative in the study of the Cauchy problem).

B =0dy¢ly=n=

. V=Vély—,=Vy — BVn. (28)

Bo e HO"2(T9), Vo= Vo — BoVio € HO ™2 (T%). (29)

Theorem 2.3 (from Alazard—Burg—Zuily [4]). Let d > 1, so > d /2 + 1 and consider an initial data (no, Vo) such that

(N0, %0, Vo, Bo) € X*0 := HF 2 (T%) x HOF2 (T x HO(T?) x H(T%). (30)

Then there exists a time T > 0 such that the Cauchy problem for (20) with initial data (ng, Vo) has a unique solution
(1, ) such that (1, V, B) € C°([0, T]; X*).

2.4. Extension to periodic functions

We recall here from Alazard—Burq—Zuily [2] how to solve the Cauchy problem for the water-wave equations in
a rectangular tank. Let d € {1,2}, Q =[0, L] if d =1 and Q = [0, L] x [0, L;] if d = 2. One denotes by v the
outward unit normalto dQ (v =(1,0) if x; =L1,v=(0,—-1) if x =0, ...).

As recalled in the introduction, the key observation is the following: for smooth enough solutions, the angle between
the free surface and the vertical boundary of the tank is a right angle (see Section 6 in [2]). This means that 9,7 =0
on 3 Q. Now observe that Vi = (V¢)|y—, + (3y¢)|y=,Vn. Since 3,¢ = 0 on the boundary of the tank Z = Q x
[—h, +00), we conclude that 9,y (-, y) =0on 0 Q.
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Definition 2.4. Given d € {1, 2} and o > 3/2, one denotes by HJ (Q) the space
HI(Q)={ve H°(Q):3,vy=00n3Q}.
Consider the Cauchy problem for initial data ng, ¥o: Q — R in HJ(Q) for some o large enough. Following
Boussinesq (see [9, p. 37]), the idea is that, in a general setting, one can extend these initial data to periodic func-

tions defined for x € R?, solve the Cauchy problem for these extended initial data and then obtain a solution to the
water-wave equations in a canal by considering the restrictions of these solutions.

Definition 2.5. Let v: Q — R.If d =2, we define 7: R? — R as the unique extension of v satisfying

T(x)=v(x) VxeQ, (31)

V(—x1,x2) =0(x1, x2) =0(x1, —x2) Vx € R?, (32)

V(x4 2L1, x2) =T(x1, x2) =V(x1, x2 +2Ly) Vx € R%, (33)
Similarly, when d =1, v: R — R is defined by

V(x)=v(x) VxeQ, (34)

V(—x)=v(x) VxeR, (35)

UV(x +2L))=7(x) VxeR. (36)

Definition 2.6. Given o € R, denote by HJ (T?) the Sobolev space of those periodic functions which are even (satis-
fying (32)—(33) when d = 2 and (35)—(36) for d = 1).

Now consider the case d =1 (to fix notations) and u € HJ (T) with o0 > d/2 4+ 1 =3/2. Then, d,u(x) is CY and
odd which implies that d,u(0) = 0. Moreover, one has u(L| + &) =u(—L1 + ¢) =u(L1 — ¢) and hence one has also
dxu(L1) =0 (then d,u(nL1) =0 for any n € Z). We have a similar result when d = 2. This proves that

d
Vo > 2+ 1, Yve HJ(T),  vlg e HI(Q). G7

Conversely, the following result shows that any function v in HZ (Q), with o € (3/2,7/2), is the restriction to Q of a
function belonging to HY (T%).

Proposition 2.7 (from Prop. 6.5 in [2]). Let d € {1,2} and % <0 < % Then the map v — v is continuous from
H°(Q)=1{ve H°(Q):d,v=00ndQ} to H? (T¢).

We are now in position to define G(n)¥ when 7 and ¥ belong to some space H¢ (Q). To do so, let 7, w be as
given by Definition 2.5. If 3/2 < o < 7/2, it follows from Proposition 2.7 that 7, w belong to H"(Td) If one further

assumes that o > d /2 4 1, as recalled in §2.2, there exists a unique periodic variational solution to
Avyd=0 inf{(x,y) €T xR:~h<y<Tx)} .
S0, Mly=iic) =V ), 3yPly=—n =0.

Definition 2.8. Consider n and ¢ in HZ (Q) with d/2 4+ 1 <o < 7/2. We define G()y (resp. ¢) by taking the
restriction to Q (resp. 2):

p=¢la, GmY =GmMVlo, (39)
where Q ={(x,y) e O xR : —h <y <nx)}.

Proposition 2.9. Assume that (n, ¥) € H (Q) x HZ (Q) witho € (d/2+2,7/2) where d =1, 2. Then
Vx’yqﬁeCl(Q), 0 =00ndZ NI, (40)
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and

Gy e HZ1(Q). (41)

Proof. Let us prove (40). The fact that Vy y¢ € Cc!(Q) follows from Proposition 2.2. It remains only to prove that
dp¢ =0 on 0% N 9. By definition of ¢, we have to prove that 9, cb(x y) =0 for any (x, y) € Q with x € 00. To
simplify notations, assume that d = 1. Then, as already mentioned after the statement of Definition 2.6, notice that
n(x) =7%(—x) and (L1 — x) =7 (L1 + x) since 7 is 2L~ per10d1c and even. Srnce o >3/2, one has 7 e HJ(T) C
CY(T) and one deduces that 9,17(0) = 0 = 0,7(Ly1). Similarly lp(x) W( x), w(Ll — x) W(Lr + x) and, by
uniqueness of the harmonic extension, ¢ satisfies the same symmetries in x. Consequently, 9 qb is odd in x and, since
8x¢~> is continuous, we infer that

0:$(0.) =0 Vye[—h.nO)], 8¢(Li.y)=0 ¥yel[—h n(Lp].

This completes the proof of (40).

It remains to prove (41). It follows from Proposmon 2.1 and Proposition 2.7 that G(N)lz € H°~1(T%). Therefore, in
view of (37), 1t remains only to prove that G(N)I/I is even (see Definition 2.6). This in turn follows from the definition
G(N)Iﬂ = 8y¢> vy - V¢‘ = and the symmetries of ¢ that we already used. O

2.5. The Cauchy problem in a rectangular tank

In this paper we consider only classical solutions of the water-wave equations. More precisely, we consider solu-
tions
(n,¥) € C([0, T1; H}(Q) x HJ(Q)) with s>d/2+2andd €{1,2}.

Notice that (n, ¥) is a sglution of the Craig—Sulem—Zakharov system (20) with initial data (19, ¥9) if and only if the
extended functions (7, ¥) satisfy

97 =GV,

~ . 1 _~
00+ 8T+ IV -
G7, ¥)li=0 = (o, Vo).

We are now in position to state a result about the existence and uniqueness of such solutions.

~ T ~ N2

Proposition 2.10. Let d € {1,2} and s € (d/2+2,7/2). Consider initial data ng, Vo in H (Q) and denote by T, 1’/70
the extensions as given by Definition 2.5. If
5. _ GGio)vo+ Vil - Vo
14 |Vipl?

then there exists T > 0 and a unique solution (7], 1;) e ([0, Tl H} (T9) x H} (']I‘d)) to the Cauchy problem (42)
such that

e H 3T, Vo= Vi — BoViig € H*3(T%), 43)

(B, V) e CO(10, T1; H~2(T) x H*~2(T%)),
where

GG +Vi-V¥

- VY J - Bvi
L+ Vil e

Proof. In view of Theorem 2.3 it remains only to prove that 77 and J are even in x; for 1 <k <d (satisfying
(32)-(33) when d =2 and (35)—(36) for d = 1). To do so, assume that d =2 and k = 1. Set nﬁ(t x) =17(t, —x1, x2),
Wﬁ(l xX) = 1//(t —Xx1, x2). Since the equatrons are invariant by the symmetry X1 > —xi, we get that (ntt 1/fﬁ) satisfies
the same equatrons Moreover one has n Yoo = 50, Y¥|i—0 = wg since 7o and lﬂo are even in x;. By uniqueness, we
deduce that n? =7 and y% = w which is the desired property. O
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Remark 2.11. Let us give three cases where the assumptions are satisfied. i) 1o, Yo are finite linear combinations of
terms of the form (15).

ii) Consider the case where {9 = 0. Then IZ() vanishes and hence Eo =0 and Vo = 0 so Assumption (43) holds
whenever 7y € H* (T%) (and hence for any no € H; (Q)).

iif) Assume that d =1 and ng, Yo € HJ (Q) for some o € (3,7/2). Proposition 2.7 implies that 779 and WO belong
to HZ (T)2. Since o > 3, it follows from Proposition 2.1 and the usual nonlinear estimates in Sobolev spaces that Bo
and Vp are in H°~!(T9). So we may apply the assumptions of Corollary 2.10 with s =0 — 1/2.

3. Pohozaev identity

In this section the time is seen as a parameter and we skip it. As above, we denote by d € {1, 2} the dimension of
the free surface. For a 3D (resp. 2D) fluid one has d = 2 (resp. d = 1) and we use the notation V = (9y,, dx,) (resp.
V = 9y). Our goal is to prove a Pohozaev type identity for G (1), that is, we want to compute

/(G(U)I/f)(x Vi) dx.

Recall from the previous section that G (n)y is defined by taking the restrictions to Q of a periodic function G(ﬁ)@
(see Definition 2.8). Consequently, even if we are working in a bounded domain, we are essentially handling periodic
functions defined on R?. Recall also that one has ,¢ = 0 on 3.2 N 9S2 (see Proposition 2.9).

Proposition 3.1 (Pohozaeyv identity). Assume that (n, ¥) belongs to H? (Q) x HJ (Q) for some o > d /2 + 2. Denote
by R the solid part of 092

R:=0Z N0,
(Z = Q x [—h, +00)) and denote by n the unit outward normal to dS2. Then,

/(G(n)lﬁ)(x Vi) dx

1 d—1
= §/|Vx,y¢|2 (f}) ndS— T//|Vx,y¢|2 dxdy (44)
R Q

1
+3 /(n —x- V[V + B> —=2BG(n)y]dx
0
where ¢ is given by (39), B = (3yP)|y=yx) and V = (Vx@)|y=y(x) (Proposition 2.9 implies that Vy y¢ € Cl(Q) and
hence all the terms are well-defined).
Remark 3.2. i) If d =1 then the second term in the right-hand side of (44) vanishes and, since n - V, ,¢ =0 on R,

the first one simplifies to

n(Ly)
1
5/|Vx,y¢|2<;c)-n == /(av¢(L1,y>)2dy+ /(zw(x —h))?dx.
R

Consider now the case d = 2. Then one has also (x, y) - n > 0. Indeed,
on{x;=L;} onehasn=(1,0,0) and (x,y) -n=Lj,
on{x, =Ly} onehasn=(0,1,0) and (x,y) -n= Ly,
on{y=—h} onehasn=1(0,0,—1) and (x,y)-n=nh

and moreover, (x, y) - n =0 on the two other faces {x; = 0} and {x; = 0}.
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ii) Another Pohozaev identity for the fractional Laplacian has been proved by Ros-Oton and Serra [21]. Moreover,
Biccari [8] deduced from the Pohozaev identity in [21] a Pohozaev identity for solutions to fractional Schrodinger
equations. Namely, it is proved in [21] that, if Q is any C!! domain of R, s € (0, 1) and u € H*(R%) vanishes in
R?\ Q, then

_ 2 2
/(x-Vu)(—A)‘Yudxzy/u(—A)sudx— rd+s) /( " ) (x -v)dS. (45)
) ) ]

2 dist(x, 90)*

To compare both results the important think to note is that, in the case without boundary, one has G(0) = (=A)1/2,

However, (44) and (45) involve functions satisfying different boundary conditions. Another essential difference for
our purpose is that (44) applies in the variable coefficients case where 1 % 0. Also the proofs of (44) and (45) are
different. The proof of (44) given below is in fact guided by the study of the commutator [x 0y, G (1)] in Alazard—Delort
[5, Chapter 4]. However, one cannot apply the results of [5] because of the boundary conditions on R (and also because
we consider the case d > 1 while the analysis in [5] is restricted to d = 1). Compared to [5, Chapter 4], the main new
result here is the observation that the contribution of these boundary conditions is given by a positive term (namely
the first term in the right-hand side of (44)).

Proof. The proof of this proposition relies on the divergence theorem applied to a well chosen vector field. Introduce
the scalar function

0:=x-Vip+yoyo
and the vector field
X =60V, 0.

We are going to compute the integral of div, , X by two different ways. The wanted identity (44) will be deduced by
comparing the two results.

Proposition 2.9 implies that V, ,¢ € C!(Q) and 9,¢ = 0 on 3% N 3. This will allow us to justify all the compu-
tations done below.

First computation. We want to exploit the fact that, since d,¢p =0 on R, one has X - n =0 on R. To do so we begin
by writing

//divx,dexdyz/X-ndS: / X -ndS.

Q a0 Q\R
Since 2\ R={(x,y) : x € O, y = n(x)}, by definition of G (1), the previous identity simplifies to
//divx)y Xdxdy = / 00,0dS

Q IQ\R

:/O(x,n)m8n¢|y=ndx
0

=/e<x,n>G<n)wdx.
9]
Now, write
Vi = Vi(¢(x, n(x))) = (Vi) (x, n(x)) + (3y@) (x, n(x)) Vin.
Since B = dy¢ (x, n), we get that (Vi) (x, n(x)) = V¥ — BV,n. By definition of 6, we deduce that
O(x,n)=x-(Vxy = BVin)+nB=x Vi + (1 —x-Vyin)B.
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We thus end up with
[ dives xaxay= [ G- vwax+ [ -z vpBGawax. (46)
Q 0 0
Second computation. Set
2
W=V | .
As can be verified by a direct computation, one has
1 1
diVx’y X=W + Ex . VXW+ EyByW,

and hence

d—1
diVx’yX = div, <¥x> + ay <¥y) - W.

Introduce the vector field

-2(0)

Then the previous identity reads divy y X =divy y ¥ — %W. Consequently

d—1
//divadxdy:/Y-ndS—T//dedy.
Q

Q 082

Now observe that,

1 2(x
/Y-nds=§/|vx,y¢| (y>-nds,
R R
1 X —Vr] 1
/ YondS:E/WU:n(n)o( ) )dx:i/(n—x-Vn)WU:ndx.

IQ\R 0 0

Therefore

1
//divx,dexdy: 5/\vx,y¢|2 (;‘) -ndS
Q

R
1 d—1
+§/(n—x-Vn)W|y:ndx—T//dedy.
0 Q

By combining this identity with (46) we obtain the wanted result (44). O
4. The main identity

Theorem 4.1. Consider a solution (n, ¥) € C°([0, T1; H;(Q) x H}(Q)) of the Craig—Sulem—Zakharov system (20)
withT >0,s>d/2+2,de{l,2}. Set

© = —noy — S,
and
T Ly Ly
%(T):L]Lz/ i/@(l‘,L],xz)dxg—i-Lll/@(t,xl,l,z)dxl dt.
0 0 0
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Then the following identity holds

T
%(T):E’H+P+11+12+13,

where H is the energy

1
H=3 / [V Gy + gn’]dx,
Q

P is a positive integral (see Remark 3.2) given by

T
1
P::E/ / |vx,y¢|2<’y‘>.nd5dt

0 92N

and Iy are integrals denoting remainder terms:

5+2d
11:+T // ’7|Vx¢|2(t,x,_h)dth’

0x[0.T]

T
542d
12:_+T///(ay¢)(vxn.qus)dydxdt,

1)

I d_1 ax|” vyydx|

3——<§—Z)/7ﬂ” XLZO—/TI(X' V) xt:O-
0 0

Before proving this result, let us deduce the following corollary.

(47)

Corollary 4.2. Consider a solution (n, ¥) € C°([0, T1; H} (Q) x H}(Q)) of the Craig—Sulem—Zakharov system (20)

forsome T >0ands >d/2+ 2 withd € {1, 2}. Assume that

4h
> A d = 07
nz 9 /77 X
o

and that there exist two positive constants A, B such that

B« 2 T (2d+3)max{L1,L2}A ’

5424 2—(5+2d)B JEg

(where max{L, Lo} = L1 ifd =1) and

sup [Vn(®)lipe <B, sup VY (@) 2 < AV2H.
tel0,T] tel0,T]

Then
B(T)>H.

Proof. The proof is similar to the proof of Corollary 1.4. Firstly, notice that

h
Pz // IV p|>(t, x, —h) dxdt.

0x[0,T]

Therefore P + I > 0 provided that 4/2 4 ((5 4+ 2d)/8)n > 0, which holds true if n > —4h/9 and d =1, 2.

(48)

(49)

(50)
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On the other hand,
T
1= 22 sup 19t )l [ [ o,0]19.1 avaxar < 222 g
0 Q)
Using the Cauchy—Schwarz and Poincaré inequalities, one has
/nl//dx <max{Ly, Lo} Inll 2 Vet liz2,
0
/nx -Virdx| <max{Ly, Lo} Inllp2 Vel 2
0
Since ||n]l;2 < ~/2H/g, we deduce from the assumption (50) that
|I3] < (d + E) max{L, Lz}iA”H.
2 N
Therefore it follows from (47) that
B(T) > (g_ SzdeT— <d+%> maX{Ll,Lg}%A) , (51)

and hence Z(T) > H by assumptionon 7. O

Notation. We write simply

[ax [av. [a

as shorthand notations for, respectively,

n(t,x) T
/dx, / dy, /dt.
0 Zh 0

The proof of Theorem 4.1 will be made in three steps. First, we exploit the Pohozaev identity obtained in the
previous section.

Lemma 4.3. There holds
d—1
//(Bm)(x V) drdt =P — —— // IV, yo|* dydxdi

(52)
+ / (x-Vn—n)©Oy + gn)dxdt.

Proof. Since d;n = G(n)y, it follows from Proposition 3.1 that
d—1
//(am)(x V) dxdi = P~ —— // V. 0| dydxdt

1
+ 5/ (n—x-V)(V|?+ B> =2BG()¥) dxdt.

To prove (52), it is thus sufficient to prove that

1
§(|V|2+Bz—ZBG(n)W)=—3zlﬁ—gn. (53)
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To obtain this identity, we use the fact that
Gy +Vn-Vy
1+(Vnyl?
Consequently, G(n)Yy =B — V - Vi and
1(Vn Vy+Gmy)? 1o 1o,
VI“+ BV -Vnp— =B~-, 54
T 51Vl n-3 (54)
so (53) follows from the second equation of (20). O

, V=Vy —BVy.

|vw|2

Next we integrate by parts and use the equations for (1, ¥) to simplify the expressions.

Notation4.4. Let f: O x[0,T]—> Randd =1, 2. If d =2 then we set

I = ([0, L1] x {L2}) U ({L1} x [0, L2]),
and use the notation

Ly

T L,
1 1
dedf:Lle/ L—/f(l‘,xl,Lz)dxl+L—/f(t,L1,x2)dx2 dt.
1 2
0 0 0

'x[0,T]
Similarly, when d =1 and f: [0, L] x [0, T] — R, we write

// fdSsdt = L1/f(t Ly)dt.

'x[0,T]

With this notation, one has

B(T) = // @dSdt.
I'x[0,7T]

Lemma 4.5. There holds

// ©dSdi =P — ? // V. 0| dydxd:
I'x[0,T]
—(1 -I—d)//na,l//dxdt— —// n? dxdt (55)

/ (x-Vy) dx

Proof. Notice that for any scalar function f, one has

//divx(fx)dxdt: // fdsdz.

I'x[0,T]

Then, integrating by parts, we find that

1 2+d
/(x~Vn—n)(3;1ﬁ+gn)dxdt=§ // gnzdet—%//gnzdxdt

'x[0,T]

// UaszSdf—(l+d)//n8,¢dxdt

I'x[0,T]
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t=T

+/ (a,n)<x-w)dxdr—/n<x-w)dx -

We obtain the wanted result by combining the previous identity with (52). O

Remark 4.6. Consider the case when d = 1 and set m(¢) = n (¢, L1). Then, since d,n(t, L1) =0 and o,y (¢, L) =0,
it follows from (20) that

1
Up(t, Ly) = —gn(t. L) + 5 (Gm¥)(, L)

Since G (n)yr = 9,;n, we conclude that
1
0y (t, L) = —gm() + om'(1)?. (56)
This shows that © = $[gm(t)? — m()m’(1)?].

The next step consists in computing the right-hand side of (55). The wanted result (47) will be a direct consequence
of the previous results and the following lemma.

Lemma 4.7. Set

2+d d—1
A= (1—|—d)//natlpdxdt—i—%//gnzdxdt—f—T// IVx,y¢|2 dydxdt.

There holds
A=—Z/[1//G(n)lﬂ+gn2]dX+ 4_1 /de
2 4 t=0
5+2d//n|v SI2(t.x. —h)dxdr 57)

5+2d // (3y6) (Vi - Vo) dydoxdt.

Proof. Let o be a parameter to be determined. We split A as A = A; + A, where

d—1
Alza//nalwdxdt—i—T// |Vx’y¢}2 dyd.xdt,
2+d
A2:(1+d—a)//n8,1pdxdt+%//gnzdxdt.

Integrate by parts and use the equation 9, = G (1) to obtain

t=T

t=T

a//n&lwdxdtz—a/ 1//G(n)1/fdxdt+a/m//dx 0

%// V. yo|” dydxdt = d—;l//wc(n)wdxdt,

so that

3

and

d—1 =T
Al = (T —a)//lﬁG(n)dedt—f-a/m/fdx o

On the other hand, directly from the equation for ¥ (see (20)) and the definition of B (see (28)), one has

Ay — _d 2 dxd _ 1 2 1 2\ p2
1=|a > gn-dxdt+ (1+d—a) n 2|V1p| +2(1+|Vn| )B~ | dxdt. 59)

(58)
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In addition, it is easily verified (see (54) and (28)) that

—1|w|2+1(1+|v g2t 2_\VeP? -2 :

: 3+ 1V B” = 5[ 0,0)° = IV —20,0)(Ve) - V]| _ . (60)
The next calculations rely in a crucial way on the analysis done by Benjamin and Olver ([7]) of the conservation

laws for water waves. This means that, to compute A;, we will use two elementary identities. Consider a scalar

function u = u(x, y) and a vector field f = f(x, y) with values in R? (the time is seen as a parameter and we skip it).

Firstly, one has

n(x)
/u(x,n(x))dx:/ / Byu(x,y)dydx—l—/u(x,—h)dx. 61)
0 0 —h 0
Similarly,
n
/f(x,n)-Vndx—i—//divxfdydx: / f-vdsS. (62)
Q 0 —h (80 x[~h,+00))NIQ
Then

/u(x,n(x)>dx+/f(x,n>~Vndx

=/ (dyu — divy f)dydx+/u(x,—h)dx+ / f-vdS. (63)
(00 x[—h,+00))NIL

Recall that A, ¢ = 0 and that d,¢ vanishes on 0% N 9S2 (see Proposition 2.9). Therefore, by applying (63) with

u=20,0)=3IVP. f=—-y0,4)V¢,

we deduce from (60) that

1 1 1 h
/n <—§|le2 +50+ |Vn|2)32) dx=> //[(a)«;b)2 — |Vo|*]dydx + > / VoI (x, —h) dx.
(@)

Then, it follows from (59) and (58) that

A= (% —a)/ VG ()Y dxdr + <a - %) //gnzdxdt
T
+a/mpdx‘0
prtrose /// [(0,6)* — [VoI?] dydxdr
+W/ IV, x, —h) dxdt.
We now choose
d 1

a=——-.

2 4

Then the coefficients in front of [ %G () dxdt and [[ gn* dxdt coincide. On the other hand, notice that, since the
energy H is conserved (d# /dt = 0), one has

// [W Gy + gn*]dxdt = T/[wc(nw + gn?]dx.
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We thus find that

T
A=—7 / [W Gy + gn*]dx

d 1 I
+<§‘z>/’“” oy

5+2d
++T /// [@y)? — IVo|*] dydxdt
+@/ IVo|%(t, x, —h) dxdt.

Consequently, to obtain the wanted result (57), we need only to transform further the sum of last two terms in the
right-hand side of (64). To do so, we use again (61) applied with (for some fixed t)

u(x,y) = —(y —n(t, x)) @y, x, y)*.

Then u(x, n(t, x)) = 0 and u(x, —h) = 0 and hence ["\"* 3,u dy = 0. On the other hand

(64)

dyt = —2(y — Mydyy — (hy)?,

so integrating on y € [—h, n(x)] and then on x € [0, L] we obtain, remembering that ¢y, = —A,¢,

0= [[uyarax == [[ @avar+2 [[ o - 6,018 dar

Since V¢ - v=0o0n (00 x [—h, +00)) N €2, by integrating by parts we infer that

0= [ giavar -2 [[ 6= 0@,%0)- Veodvar +2 [[ 9,90 V.pdyax,
SO

o= [ i~ [[a(-wivioP)+ [[ 9,08 +2 [ 0,99,
= [[avior = b~ [+ inviol e -max+2 [ 9,9.0-9.0.

This proves that

[ @ = 1worravar + [nv.sPe-nax == [ni9.0Pe ~mar+2 [[ 6,90 Vipdydx. 65

Plugging this identity in (64), we complete the proof of the lemma. O
By combining (55) and (57), we obtain the wanted result (47). This completes the proof of Theorem 4.1.
5. Proof of Theorem 1.2

In this section we prove Theorem 1.2. Let x € C;°(Q) be even in x; and in x,. Consider an initial data (1o, Vo)
such that

no(x) := x (x) Z a,llm cos (n%) cos <erL—);2> ,

[n|+Im|<N

— 2 nxyp mxz
Yo(x) := x(x) Z ay,, COS <]T 7 >cos <n L ) .
[n|+|m|<N

We furthermore assume that the mean value of g is 0, which in turn implies that the mean value of 7(z, -) is O for all
time. As explained below in Remark 5.3, one can consider more general initial data.
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Since these initial data are C*° and periodic functions defined for x € R¢, we can directly solve the Cauchy problem
in R? by means of Theorem 2.3. Let (5, %) € C*([0, T'] x T%) be the unique solution of the system (20) with initial
data (no, Yo) (the fact that n, ¥ are C*° follows from the fact that on can propagate the regularity). As explained in
Section 2, since the initial data are even in x1, x3, one then obtains solutions of the equations in the tank by restricting

m, ¥).

In view of Corollary 4.2, to prove Theorem 1.2 it remains only to prove the following result.

Lemma 5.1. For any 8 > 1/2, there exist positive constants Ky, ¢, k such that, for any N € N*, if

1

anm

2

a

—K
nm S CN ’

+

then the following properties hold with
A= KoNP.
Firstly, the solution exists on [0, T (A)] with
(2d 4+ 3) max{L, L2}A] ’

NG
and secondly one has n(t,x) > —h/2 for all (t,x) € [0, T(A)] x Q and

T(A)=4|:l+

sup  IVn(H)llpe < ey sup  [IVY(®)llz2 < AV2H.
1€[0,T(A)] + 1€[0,T(A)]

To prove this lemma, we shall use an interpolation argument and the following result about the Cauchy problem on
large time intervals.

Theorem 5.2 (from Lannes [15]). Let s1 > 4. For all integer s > s there exist three positive constants cy, 8o, C1,
depending only on s such that, if

g0 = llGno, VYOIl 8o, (66)

1 1 <
SH2(Td)x H* 2 (T9)

then the solution (n, V) given by Theorem 2.3 exists on a time interval [0, T for some T > ¢y /g9 and

1 (n(2), VW(t))llHS(’]I‘d)xHX—I(Td) < Ciéop.

Proof. Let us explain how to obtain this result from Theorem 4.16 in [15].
Set e = Meg where M is some large enough real number to be determined later. Let (1, ) be the solution given
by Theorem 2.3 and introduce

1 1
UE(I,X)ZE??(LX), W(I,X)ZEW(I,X)- (67)
Then
dn® =G(en’)y*,

£ 68
00+ g’ + SIVHP - ©"

————(Gen )Y +eVn® - Vy©) =0
A0+ jeway TV VT YY)
The proof is based on two facts. Firstly, introduce the energy
2 2 2
e =V ol + X (Joer ol + | v(omv —esan) o ).
lee|<s

where

_ Gen)Y* + eV - VYt

Bé‘
1+ eVye)?
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Then the first fact we need to know is a consequence of Theorem 4.16 in [15]. This result asserts that, if s > 51 and
if £2(0) is small enough, say smaller than 81, then there is a constant C, independent of ¢ and such that the solution
exists on a time interval [0, T¢] with T¢ > C, /e and satisfies
sup E°(r) <1.
1€[0,T¢]
To introduce the second fact we need to know, we begin by recalling the following technical ingredient: since 3 >
d/2 4+ 1, one has (see [15, Theorem 3.15])

|G 42 = Clllen® [ 4o [VY 1 42 (69)
Then, by combining this estimate with the usual nonlinear estimates in Sobolev spaces one obtains that, if
| GrF ), V)| oo < 1, (70)

then || B®(¢)|| ;2 is bounded uniformly in € € (0, 1]. Then, using the triangle inequality and the product rule in Sobolev
spaces, it is easily seen that

[0 @ VYO e < EO | O, VYD ey

for some absolute constants ¢y, Cs.

We are now in position to prove the wanted result. Fix M = C, /8. Then
ca_1_ o
e M G
We can always assume that §1/C> < 1, so that the condition (70) is satisfied at time ¢ = 0. This allows us to use (71)
which implies that

, (71)

1
2

|r°©), Vi )| u

st 1 1
A+2 XH_S 7

)
- Czc—2 =41
As explained above, this implies that the solution exists on a time interval [0, 7¢] with T¢ > C,/e = (C81/C2) /&0
and satisfies sup, (o 7¢;£°(f) < 1. Now observe that, by definition of £ (), if £°(r) <1 then the condition (70) is
satisfied. This allows us to use the bound (71) to deduce that

1) VY g gt = || F @, VIO | o o

C (72)
< —e=—Mg = PN £0.

C1 C1 €101

ﬁ«»sCAmewi%me

IA

1
S+§ x Hx

This gives the desired result where the parameters cy, 8p, C1 in the statement of Theorem 5.2 are given by ¢, =
Ci81/C2, 80 =141/C2 and C; = C2/(B1c1). O
We are now in position to prove Lemma 5.1. For some reason that will be clear below, we then fix s such that
N A 1/2.
—28—-1
Once s is so fixed, we consider c,, §p, C as given by the statement of Theorem 5.2. Recall that we consider initial
data (19, ¥o) such that

. 1 nxi mxs
no(x) := x(x) Z Ay COS <JTL—> cos <7rL—2> ,

|n|4+|m|<N 1

W= 3 adeos(n oo (7).

[n|+|m|<N 1

seN, s>4,

(73)

Directly from the Leibniz’ rule, we see that for any smooth functions uy, uy, there holds |ujus || gs < |lutllws.co ||z gs.
Then, with

Ho := (o, Vo)l 1214y x -1 (14 -
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one has

for some constant C, depending only on s and on || x [|yys+1.00. Set

1
< CoN* T2 Hy,

21 1
2 () x H* 2 (T9)

€y = CzHoNS+%.
Let a € (0, 1] be a small positive number to be determined and assume that
8
Hp< — @0
CZN.Y+7+/3

Then €g < ady/NP. Consequently, €y < 8 and one can apply Theorem 5.2 to infer that the solution (77, /) of system
(20) with initial data (19, ¥o) exists on a time interval [0, T,] with

(74)

T, > <> S NF, (75)
€0 (15()
and
1
sup (|7, V) ()|l s (pdy x grs—1 (1ay < C1€0 = C1C2 HoN**2. (76)
t€[0,Ty]

Now we use an interpolation inequality in Sobolev spaces: If 0 = Ao1 + (1 — A)op with A € [0, 1], then

lutll 7o < C(o1,02) luell oy el 05 -
This yields
s . s—1
IVY )2 < C(=1/2.5 = DIVE OIS, 1V @)1, with a(s) = :
H™2 s—1/2

Consequently, it follows from (76) that

. A _ Is+1/2
IVY@®)ll2 < CONPOH T Ivy '™, with  B(s) = = ,
H2 2s—1/2

and C(s) = C(—1/2,s — 1)(C1C2)' >,
To conclude the proof if remains to estimate ||V1”||H, 1 and Hp in terms of the Hamiltonian H := % I [8’7 +

wG(n)l//] dx. We claim that there exists an absolute constant K such that

IVl -

Let us assume this claim and conclude the proof. Set

<KvH, Hy<KVH. (78)

1
2

Ko:=KC(s)/v2, A:=KoNP.
It follows from (77) and (78) that

VY (0)ll2 < KCONPOVH  with ﬂ(s)zéjig_

By definition of s, one has B(s) < B. Therefore, by definition of A,
IV ()2 < KC(s)NPVH = AV2H.
Eventually, we chose a so small that the lifespan T, (see (75)) satisfies
(2d + 3) max{L1, Ly}
+
Vg

On the other hand, if the initial data are of the form (73) with |aj,,| < cN™*, then

Ho<cy/LiL;(2N +1)N7¥,

T, > NP >4 [1
adoy

A} =T(A).
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so that the condition (74) holds for k > s + % + B and ¢ small enough. This completes the proof of Lemma 5.1 and
hence the proof of Theorem 1.2.

Therefore, to complete the proof of Theorem 1.2, it remains only to prove the claim (78). Notice that, by definition
of Hyp and H, one has

2H
Ho < lInollz2 + IV¥ollg—12. linollz2 </ .
| <K+/Hattimer =0 (with a different

so Hy<K VH will be a straightforward consequence of the claim ||V || 1

constant K). It is thus sufficient to prove the first inequality in (78). To do so, remember that (see the explanation
given after Remark 1.5) +/2H is larger than the L?(2(t))-norm of Vi,y®(t) (by definition (2)). Then, one infers
a control of the H, 1/2_horm of the trace Vi (t,-) (see [15, Prop. 3.12]) where the implicit constant depends on
In(@)|l ;3. Now notice that one has a uniform control of ||n(¢)|| 53, namely one has ||[7(#)|| 3 < 1 as a consequence of
(76), the assumption s > 4 and the fact that one can assume without loss of generality that C1ep < 1. Therefore the

H,C1 /2_norm of the trace  is uniformly bounded by K +/H for some absolute constant K, which implies the desired
result [ V[l ) < KVH.

Remark 5.3. Let 8 > 1/2 and denote by s the smallest integer satisfying

S>’3+1/2.
=281

Given N e Nand A, ¢ > 0, we denote by Xy (A, c) the set of functions (10, o) € H:+1(T9) x HS*!(T¢) such that

s >4,

h
nz =5 /nodx =0,
Q
and satisfying

. s+l _
1000, VYO ooy < min fANTT3 G0, VYO 21, eN TP},
Then the previous proof shows that, for any A > 0, there exists ¢ > 0 such that, for any N € N, if (5, ¥() belongs to
Xn (A, ¢) then the conclusion of Theorem 1.2 holds.

Conflict of interest statement

There is no conflict of interest.
Appendix A. Hamiltonian proof

The proof of Theorem 4.1, which was given in the previous sections, relies on several cancellations. To understand
these cancellations, we will give in this appendix a (formal) proof of (16) which exploits directly the Hamiltonian
structure of the water-wave equations.” To simplify notations we consider the case d = 1 and assume that L; = 1
(then T =R/(2Z) and we denote by H*(T) the Sobolev space of 2-periodic functions).

Consider a solution (1, ¥) € C°([0, T1; HJ(T) x H;(T)) of the Craig—Sulem—Zakharov system (20) for some
T > 0and s > 5/2 (remember that the subscript e indicates that we consider even functions). Set

T 1
a:= [ [ [@mx@ - @] dsar.
0 0

2 This proof could seem shorter than the one given in Sections 3—4 but this is not the case: indeed, it uses some computations done in Section 4,
it is not self-contained (we use a shape derivative formula due to Lannes) and also we do not try to justify rigorously the computations.



776 T. Alazard / Ann. I. H. Poincaré — AN 35 (2018) 751-779

We are going to compute A in two different ways, and the wanted identity (16) will be deduced by comparing the two
results.

First computation. Here is the main new ingredient. In this step we compute A using the Hamiltonian structure of the
water waves equation. This computation relies on the works by Zakharov [24], Craig—Sulem [12] and Lannes [14].

Following Zakharov [24] and Craig—Sulem [12], we begin by using the fact that the water-wave system (20) can
be written as

SH 67—[
on=—, oY= (719)
Sy o
where’
1
1 2
=3 [ [en" +vGmy]dx
0
The key point is the following: we have
T 1 5%
A= /a(t)dt with a:= / [xl//x +xnx8—j| dx,
n
0 0

which means that

= lim - [H(T} v+ exi) — Hn, Iﬂ)]+ lim — [H(n+8xnx,1ﬁ) Hn, )]

Since G (n) is self-adjoint, one has immediately

1
eligg)g [H, ¥ + exy) = H, ¥) ] = /(G(n)W)(xwx)dX-

On the other hand

1
lim — / [(17 +8xnx)2 — nz] dx =/nxnx dx
e—0 2¢

so the only difficulty is to compute
1
tim = [ [ G+ ey~ pGa] da

To do so, we use a formula due to Lannes (see [14,15]) which allows us to compute the derivative of G(n)y with
respect to n. This formula gives

GOy +exn)y = Gy — G (Bxny) — edx(Vany) + O(e?),
where, as above, B = dy¢|,—, and V = 09, ¢|,—,. Using again the fact that G(n) is self-adjoint, we obtain

1 1
lim —— / (WG +exn)y —y Gy ] dx = ) / (G ) (Bxny) +¥de (V)] dx

e—02¢

By combining the previous results, we get

1
a= g/nxnx dx +/(G(n)1/f)(x1/fx)dx - 5/[(G(n)¢)(3xnx) + Yo (Vany)] dx

3 By assumption, n and  are 2-periodic and even in x. This is why it is sufficient to consider integrals over [0, 1]. In particular, the bilinear
mapping (u, v) — fol u(x)v(x)dx is a scalar product on Lg(]R/ (27Z)). In (79), the derivatives of H are understood for this scalar product (instead
of f _11 u(x)v(x)dx), and this is why (79) holds even if H is only one half of the energy.
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Since V (¢, x) =0 for x = 1 (by assumption) one has

—%/wax(Vxnx)dX= %/(xtlfx)an dx.

Then, gathering the terms in a different way, we find that

1 1
a= g/nxnx dx + 3 /(G(n)lﬁ)X(% — Bny)dx + 3 / (G + Vi) (xy)] dx.
Remembering that
Ve —Bne=V, Gy +Vne =B,
we get
a :g/r;xr/x dx + % /(G(n)Iﬁ)dex + %/wax dx.

Recalling that m(¢) = n(z, 1) and computing the first term, we conclude that

A= %/m(r)zdt— %//nzdxdwré/ [(G(n)W)xVJerwx]dxdt- (80)

Second computation. We now compute A using integration by parts and the equations for  and . This second
computation is not new. However, since it does not appear explicitly in the previous section, for the sake of readability,
we redo the analysis.

Directly from the definition of A, by integration by parts, one has

=T
+ // Ny dxdt.
t=0
It is convenient to split the last term as

//nalwdxdtz%//natwdxdt—l—%//nan/fdxdt.

To handle the first term in the right-hand side, we integrate by parts in time and replace 9,1 by G (n)y . For the second
term, we use the equation for ¢ written under the form (see (54))

A:—/n(t, Dy, 1)dt+/nx1ﬁxdx

1 2 1 2
d=—gn— 3V~ BVau+ B

Then one gets

t=T

1 1 =
//na,wdxdr:—z/ v Gy dxdt + Z/mpdx Y

3 3
— Zg//nzdxdt— g//n<v2+219vam—32) dxdt.

Recalling that o,y (¢, 1) = —gm(t) + %m’(t)2 (see (56)), we end up with

A= / [gm(1)* — lm(t)m’(z)z]dt

——//WG(n)wdxdt——//n dxdt
/m//dx‘ 0 +/xn8 wdx‘ o
‘g//’? v2+2Bvaxn—32) dxdt.

(81)
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Conclusion. By combining (80) and (81) we obtain that

%/[gm(t)z—m(t)m/(t)z]dtz%//wG(n)wdxdt-l-%//nzdxdt

1 t=T t=T (82)
— - d ‘ — [ xnoyd
4/77th=0 /xnxthzo
YR
with
3/, N1 1
Ri= [ 50 (v +2BVan—B ) + 3 (GWIXV + SB(xyy) | dxdr.
Since

B=0y¢ly=p, V=0:0ly=p, GV = (0y¢ — 1x0:®)|y=y,

and since ¥y = (0x¢ + 1nxdy¢)|y=y, one can write R as

R://u(t,x,n(t,x))dxdt+/ ft, x,n, x))ny(t, x)dxdt

where
3 3
u(x,y) = §y<ax¢>2 ~ §y<ay¢)2 + x(3:4) (y ),
3 1 , 1 )
FG3) = 77 B:p)0y9) = Sx(0:0) + Sx(0,9)”.

Then one has

7
dyu — s f = 2 ((0:9)° = (3,0)°).

Consequently, it follows from the boundary conditions and the identities (63) and (65) that

R= // <g + %U) (3x¢)(t,x, —h)2 dxdt — %// (8Xn)(ax¢)(8y¢) dydxdt

1
+§/ (3y¢)*(t, 1, y) dydt.

The wanted identity (16) thus follows from (82).

References

[1] Thomas Alazard, Pietro Baldi, Daniel Han-Kwan, Control of water waves, arXiv:1501.06366.
[2] Thomas Alazard, Nicolas Burq, Claude Zuily, Cauchy theory for the gravity water waves system with non localized initial data, Ann. Inst.
Henri Poincaré, Anal. Non Linéaire 33 (2) (March—April 2016) 337-395.
[3] Thomas Alazard, Nicolas Burq, Claude Zuily, The water-wave equations: from Zakharov to Euler, in: Studies in Phase Space Analysis with
Applications to PDEs, in: Prog. Nonlinear Differ. Equ. Appl., vol. 84, Birkhduser/Springer, New York, 2013, pp. 1-20.
[4] Thomas Alazard, Nicolas Burq, Claude Zuily, On the Cauchy problem for gravity water waves, Invent. Math. 198 (1) (2014) 71-163.
[5] Thomas Alazard, Jean-Marc Delort, Sobolev estimates for two dimensional gravity water waves, Astérisque 374 (2015), viii+241 pp.
[6] Claude Bardos, Gilles Lebeau, Jeffrey Rauch, Sharp sufficient conditions for the observation, control, and stabilization of waves from the
boundary, SIAM J. Control Optim. 30 (5) (1992) 1024-1065.
[7] T. Brooke Benjamin, Peter J. Olver, Hamiltonian structure, symmetries and conservation laws for water waves, J. Fluid Mech. 125 (1982)
137-185.
[8] Umberto Biccari, Internal control for non-local Schrédinger and wave equations involving the fractional Laplace operator, arXiv:1411.7800.
[9] Joseph Boussinesq, Sur une importante simplification de la théorie des ondes que produisent, a la surface d’un liquide, I’emersion d’un solide
ou I’impulsion d’un coup de vent, Ann. Sci. Ec. Norm. Supér. (3) 27 (1910) 9-42.
[10] Angel Castro, Diego Cérdoba, Charles Fefferman, Francisco Gancedo, Javier Gomez-Serrano, Finite time singularities for the free boundary
incompressible Euler equations, Ann. Math. (2) 178 (3) (2013) 1061-1134.
[11] Jean-Michel Coron, Control and Nonlinearity, Math. Surv. Monogr., vol. 136, American Mathematical Society, Providence, RI, 2007.
[12] Walter Craig, Catherine Sulem, Numerical simulation of gravity waves, J. Comput. Phys. 108 (1) (1993) 73-83.


http://refhub.elsevier.com/S0294-1449(17)30097-5/bib4142484Bs1
http://refhub.elsevier.com/S0294-1449(17)30097-5/bib41425A34s1
http://refhub.elsevier.com/S0294-1449(17)30097-5/bib41425A34s1
http://refhub.elsevier.com/S0294-1449(17)30097-5/bib42657274696E6F726Fs1
http://refhub.elsevier.com/S0294-1449(17)30097-5/bib42657274696E6F726Fs1
http://refhub.elsevier.com/S0294-1449(17)30097-5/bib41425A33s1
http://refhub.elsevier.com/S0294-1449(17)30097-5/bib416C44652D536F62s1
http://refhub.elsevier.com/S0294-1449(17)30097-5/bib424C52s1
http://refhub.elsevier.com/S0294-1449(17)30097-5/bib424C52s1
http://refhub.elsevier.com/S0294-1449(17)30097-5/bib424Fs1
http://refhub.elsevier.com/S0294-1449(17)30097-5/bib424Fs1
http://refhub.elsevier.com/S0294-1449(17)30097-5/bib42696363617269s1
http://refhub.elsevier.com/S0294-1449(17)30097-5/bib426F757373696E657371s1
http://refhub.elsevier.com/S0294-1449(17)30097-5/bib426F757373696E657371s1
http://refhub.elsevier.com/S0294-1449(17)30097-5/bib434346474753s1
http://refhub.elsevier.com/S0294-1449(17)30097-5/bib434346474753s1
http://refhub.elsevier.com/S0294-1449(17)30097-5/bib436F726F6Es1
http://refhub.elsevier.com/S0294-1449(17)30097-5/bib43725375s1

T. Alazard / Ann. I. H. Poincaré — AN 35 (2018) 751-779 779

[13] Atle Jensen, Didier Clamond, Morten Huseby, John Grue, On local and convective accelerations in steep wave events, Ocean Eng. 34 (3)
(2007) 426-435.

[14] David Lannes, Well-posedness of the water-waves equations, J. Am. Math. Soc. 18 (3) (2005) 605-654 (electronic).

[15] David Lannes, Water Waves: Mathematical Analysis and Asymptotics, Math. Surv. Monogr., vol. 188, American Mathematical Society,
Providence, RI, 2013.

[16] Jacques-Louis Lions, Exact controllability, stabilization and perturbations for distributed systems, SIAM Rev. 30 (1) (1988) 1-68.

[17] Sorin Micu, Enrique Zuazua, An introduction to the controllability of partial differential equations, in: T. Sari (Ed.), Quelques questions de
théorie du contrdle, in: Collection Travaux en Cours Hermann, 2005.

[18] Russell M. Reid, Open loop control of water waves in an irregular domain, SIAM J. Control Optim. 24 (4) (1986) 789-796.

[19] Russell M. Reid, Control time for gravity-capillary waves on water, SIAM J. Control Optim. 33 (5) (1995) 1577-1586.

[20] Russell M. Reid, David L. Russell, Boundary control and stability of linear water waves, STAM J. Control Optim. 23 (1) (1985) 111-121.

[21] Xavier Ros-Oton, Joaquim Serra, The Pohozaev identity for the fractional Laplacian, Arch. Ration. Mech. Anal. 213 (2) (2014) 587-628.

[22] Lionel Rosier, Exact boundary controllability for the Korteweg—de Vries equation on a bounded domain, ESAIM Control Optim. Calc. Var. 2
(1997) 33-55 (electronic).

[23] Marius Tucsnak, George Weiss, Observation and Control for Operator Semigroups, Birkhduser Adv. Texts, Basl. Lehrb. (Birkhduser Adv.
Texts, Basel Textb.), Birkhéduser Verlag, Basel, 2009.

[24] Vladimir E. Zakharov, Stability of periodic waves of finite amplitude on the surface of a deep fluid, J. Appl. Mech. Tech. Phys. 9 (2) (1968)
190-194.


http://refhub.elsevier.com/S0294-1449(17)30097-5/bib4A434847s1
http://refhub.elsevier.com/S0294-1449(17)30097-5/bib4A434847s1
http://refhub.elsevier.com/S0294-1449(17)30097-5/bib4C616E6E65734A414D53s1
http://refhub.elsevier.com/S0294-1449(17)30097-5/bib4C616E6E65734C69767265s1
http://refhub.elsevier.com/S0294-1449(17)30097-5/bib4C616E6E65734C69767265s1
http://refhub.elsevier.com/S0294-1449(17)30097-5/bib4C696F6E7331393838s1
http://refhub.elsevier.com/S0294-1449(17)30097-5/bib4D6963755A75617A7561s1
http://refhub.elsevier.com/S0294-1449(17)30097-5/bib4D6963755A75617A7561s1
http://refhub.elsevier.com/S0294-1449(17)30097-5/bib5265696431393836s1
http://refhub.elsevier.com/S0294-1449(17)30097-5/bib5265696431393935s1
http://refhub.elsevier.com/S0294-1449(17)30097-5/bib5265696452757373656C6C31393835s1
http://refhub.elsevier.com/S0294-1449(17)30097-5/bib526F732D4F746F6E2D5365727261s1
http://refhub.elsevier.com/S0294-1449(17)30097-5/bib526F7369657231393937s1
http://refhub.elsevier.com/S0294-1449(17)30097-5/bib526F7369657231393937s1
http://refhub.elsevier.com/S0294-1449(17)30097-5/bib545732303039s1
http://refhub.elsevier.com/S0294-1449(17)30097-5/bib545732303039s1
http://refhub.elsevier.com/S0294-1449(17)30097-5/bib5A616B6861726F7631393638s1
http://refhub.elsevier.com/S0294-1449(17)30097-5/bib5A616B6861726F7631393638s1

	Boundary observability of gravity water waves
	1 Introduction
	1.1 The water-wave equations
	1.2 Boundary observability of water waves
	1.3 Strategy of the proof and main identity

	Acknowledgments
	2 About the Cauchy problem in a rectangular tank
	2.1 The Craig-Sulem-Zakharov system
	2.2 Deﬁnition of the Dirichlet to Neumann operator
	2.3 The Cauchy problem for periodic functions
	2.4 Extension to periodic functions
	2.5 The Cauchy problem in a rectangular tank

	3 Pohozaev identity
	4 The main identity
	5 Proof of Theorem 1.2
	Conﬂict of interest statement
	Appendix A Hamiltonian proof
	References


