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Abstract

Entire solutions of the n-Laplace Liouville equation in R” with finite mass are completely classified.
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1. Introduction

We are concerned with the following Liouville equation

—AU=¢eV inR"
Jgn €V < +o0

(1.1)

involving the n-Laplace operator A, (-) = diV(|V(-)|”_2V(~)), n > 2. Here, a solution U of (1.1) stands for a function
U e C1*(R") which satisfies

/ VU |""2(VU,V®) = / Vo VoeH={deW,"(Q):QCR"bounded}. (1.2)
R R”
As we will see, the regularity assumption on U is not restrictive since a solution in Wllé (R™) is automatically in

n
c
cle(RrR"), for some « € (0, 1).
Problem (1.1) has the explicit solution
U((x) =log7nL, x eRY,
(14 [x |71y

where ¢, = n(n”j)”_l. Due to scaling and translation invariance, a (n + 1)-dimensional family of explicit solutions
U,.,p to (1.1) is built as
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cp A

U)L,[I(-x)ZU()‘(x_p))-’_nlog)“:lOg n n
(14 AT |x — plaT )yt

(1.3)

for all A > 0 and p € R”". Notice that

erx.p Zer — 0, (14)

R~ R~

where w,, = | B1(0)|. Our aim is the following classification result:

Theorem 1.1. Let U be a solution of (1.1). Then
cp At

(1+ AT |x — p|a=T)n

for some X > 0 and p € R".

U(x)=Ilog , xeR" (1.5)

In a radial setting Theorem 1.1 has been already proved, among other things, in [19]. For the semilinear case n =2
such a classification result is known since a long ago. The first proof goes back to J. Liouville [29] who found a
formula — the so-called Liouville formula — to represent a solution U on a simply-connected domain in terms of a
suitable meromorphic function. On the whole R? the finite-mass condition fRZ eV < 400 completely determines such
meromorphic function.

A PDE proof has been found several years later by W. Chen and C. Li [9]. The fundamental point is to represent
a solution U of (1.1) in an integral form in terms of the fundamental solution and then deduce the precise asymptotic
behavior of U at infinity to start the moving plane technique. Such idea has revealed very powerful and has been
also applied [7,27,30,40,41] to the higher-order version of (1.1) involving the operator (—A)%. Overall, the integral
equation satisfied by U can be used to derive asymptotic properties of U at infinity or can be directly studied through
the method of moving planes/spheres. Since these methods are very well suited for integral equations, a research line
has flourished about qualitative properties of integral equations, see [10,18,24,42.43] to quote a few.

The quasi-linear case n > 2 is more difficult. Very recently, the classification of positive D! (R¥)-solutions to

—-AU=U %71, a PDE with critical Sobolev polynomial nonlinearity, has been achieved [13,34,39] forn < N, see
also some previous somehow related results [14,15,37]. The strategy is always based on the moving plane method and
the analytical difficulty comes from the lack of comparison/maximum principles on thin strips. Moreover for n < N
it is not available any Kelvin type transform, a useful tool to “gain” decay properties on a solution.

When n = N the classical approach [7,9,27,30,40,41] breaks down since an integral representation formula for a
solution U of (1.1) is not available, due to the quasi-linear nature of A,. It becomes a delicate issue to determine the
asymptotic behavior of U at infinity and overall it is not clear how to carry out the method of moving planes/spheres.
However, when n = N there are some special features we aim to exploit to devise a new approach which does not
make use of moving planes/spheres, providing in two dimensions an alternative proof of the result in [9]. During the
completion of this work, we have discovered that such an approach has been already used in [8] for Liouville systems,
where the maximum principle can possibly fail. See also [20,28] for a related approach to symmetry questions in a
ball.

The case n = N is usually referred to as the conformal situation, since A, is invariant under Kelvin transform:
Ux) = U(ﬁ) formally satisfies

N 1 X
AU =—(AU))(—),
WU =0 () (5

so that

A

AU =F(x) = % in R" \ {0}

0
Jro 7 < o0

The equation has to be interpreted in the weak sense
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~ ~ eU ~ ~
/ VO™ 2(VU, V) = / ch VoeH={d: deH).
X
R” R

Due to the nonlinearity of A, we cannot re-absorb the factor ﬁ and so (1.1) still does not possess any induced
invariance property of Kelvin type. The behavior near an isolated singularity has been thoroughly discussed by J. Ser-
rin [35,36] for very general quasi-linear equations. The case F € L'(R") is very delicate as it represents a limiting
situation where Serrin’s results do not apply. Using some ideas from [1,4,5], in Section 2 we first show that U is

bounded from above and satisfies the following weighted Sobolev estimates at infinity:

VU1
|x|2(—9)
R™\ B (0)

< 400 forall 1 <g <n. (1.6)

According to Remark 3.2, estimates (1.6) seem crucial to carry out in Section 3 an isoperimetric argument, which has
been originally developed in [9] thanks to the logarithmic behavior of U at infinity, to show that

/ eV = cpoom, (1.7)
Ril
see also [22]. Moreover, according to [19], the Pohozaev identity leads to show that the equality in (1.7) is valid just
for solutions U of the form (1.5).
Thanks to (1.7), in Section 4 we can improve the previous estimates and use Serrin’s type results, see [35,36], to
show that U has a logarithmic behavior at infinity and satisfies

AU =6V —ys in R", y:[eU
Rn
according to the following sense:

/|VU|”_2(VU,V<I>)=/eUd>—y lim ®(x)
xX—>+00
R~ Rz

for any ® € C'(R") with decC! (R™). Going back to an idea of Y.-Y. Li and N. Wolanski for n = 2, the Pohozaev
identity has revealed to be a fundamental tool to derive information on the mass of a singularity when n = N (see for
example [3,17,31,32]): applied near oo, it finally gives in Section 5 that y = fR" el = cpwy . Notice that in Sections 2
and 4 we reproduce some estimates by emphasizing the dependence of the constants. As we will explain precisely in
Remark 2.4, in our argument it is crucial that all the estimates do not really depend on the structural assumption (2.1).

Problems with exponential nonlinearity on a bounded domain can exhibit non-compact solution-sequences, whose
shape near a blow-up point is asymptotically described by (1.1). A concentration-compactness principle has been
established [6] for n =2 and [1] for n > 2. In the non-compact situation the nonlinearity concentrates at the blow-up
points as a sum of Dirac measures, whose masses likely belong to ¢,w, N thanks to (1.4). Such a quantization for the
concentration masses has been proved [25] for n = 2 and extended [17] to n > 2 by requiring an additional boundary
assumption. Very refined asymptotic properties have been later established [2,11,23]. The classification result for (1.1)
is the starting point in all these issues, which might be now investigated also for n > 2 thanks to Theorem 1.1.

2. Some estimates

Let Q2 C R” be a bounded domain and a: 2 x R" — R” be a Carathéodory function so that
la(x, p)l <cla@x)+|pI"") VpeR", ae.xeQ 2.1)
(a(x,p)—a(x,q),p—q)>dlp—q|" Vp,qeR", ae.xeQ (2.2)

for some ¢,d >0 and a € LT (2). Given f € LY(), let u € W () be a weak solution of
—diva(x,Vu)=f in Q. (2.3)
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Thanks to (2.1) equation (2.3) is interpreted in the following sense:

/(a(x, Vu), Vo) = / fo Vo € WOI’"(Q) N L>(Q). 24)
Q

Q

Since u € WL7(Q) let us consider the weak solution & € W1 (Q) of

diva(x,VhA)=0 inQ
{h:u on 092. 23)
Introduce the truncation operator Ty, k > 0, as
u if |u| <k
Tk(“)—{k%| if || > k. (2.6)

According to [1,4,5] we have the following estimates.
Proposition 2.1. Let f € L'(Q) and assume (2.1)—(2.2). Let u be a weak solution of (2.3) in the sense (2.4), and set

Sid
1l

where S, is the Sobolev constant for the embedding DL4(R?) — = (R™), 1 < g <n. Then, for every 0 < X < A
there hold

Yokt

Ay =(

q

Q 25 2‘1("”*1) E n—
/eM”—h‘ s — 'M'\,I, /IV(u—h)l"S ey (1+—1> 21 @7
& — 1 o Aq n (}’l — 1)”’1 Aq

Proof. Fix k > 0,a > 0. Since Ty4q(u —h) — Tp(u — h) € W(}’”(Q) N L*®°(2), by (2.4)—(2.5) we get that

/(a(x, Vu) —a(x, Vh), V [Tiya(u —h) — Ti(u — h)]) = / flTkeva(u —h) — Ti(u — h)], (2.8)
Q Q
yielding to
l / IV(u—h)|" < w 2.9)
a d
{k<|lu—h|<k+a}

in view of (2.2). By (2.9) and the following Lemma we deduce the validity of (2.7) and the proof of Proposition 2.1 is
complete. O

Lemma 2.2. Let w be a measurable function with Ty (w) € W(}’”(Q) so that for allk >0, a > 0

1 n
- IVul" < Co (2.10)
{k<lw]<k+a}

for some Cy > 0. Then there hold

Q l 23C n—
/e““" < T |M|\_1, /|Vu)|q <2cy (14—t | e (2.1
A S (n—158,

n 1
foreveryQ <A < A= (%)m and 1 < q < n, where ko is given in (2.15).
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Proof. Let ® (k) = |{x € Q:|w(x)| > k}| be the distribution function of |w|. We have that

n—1
n

n—1 1 n l
Slk+a) i < /|Tk+a(w> _nw)it | < —f IV Tega (W) — VT (w)]
a as|
Q

1
=— [Vw]
as

{k<|w|<k+a}

where S is the Sobolev constant of the embedding D! (R") < L = (R™). By the Holder’s inequality and (2.10) we
deduce that

D) — Dk +a)

O (k <
(k+a)= al

and, as a — 0%,
1
(k) < —X@D’(k) (2.12)

for a.e. kK > 0. Since @ is a monotone decreasing function, an integration of (2.12)

0] /
"0 =

provides that

D (k) < Qe
for all k > 0, and then
[w(x)] 00
/e)‘lwl = |Q|~|—A/dx / Mk = |S2|+A/e”‘<l>(k)dk
Q Q 0 0
< |sz|+x|sz|/e—“\—”’<dk= %

forall 0 < A < A. Given ko € N introduce the sets
={xeQ: [w)| <ko}, Q={xeQ: k—1<|wx)| <k} (k> ko),

and by the Holder’s inequality write for 1 <g <n

Vwl|? < (Cok Qn, V‘I<C"§2
[ vuir < €ovtiars [ v < cio < /|

Qg Qi

thanks to (2.10). For N € N let us sum up to get by the Holder’s inequality

k0+N g [ kotN | " ko+N v "
[ Wt = 3 [vur < comtiarF i | Y o] | X [
5 k=ko gy, k=ko+1 k=koH1g,
q n—q
ko+N 1 n n

4 n—q -
< (Cokp)"|Q1 ™ +C5 | D
k=ko+1

*— 1) /|Tko+N(w)|% . (2.13)
Q
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Letting

20C
ko =1+ (——0 )i, (2.14)
(n—1)8¢

we have that

Z / (ko—l) =1 I(Sq
k"~ —1 Co 2

k>ko

Q=

)a. (2.15)

By using the Sobolev embedding DL4(R") — L% (R™) on the L.H.S. of (2.13) and by (2.15) we deduce that

n—q
n

nq_ 4 n=d
Sq /ITk0+N(w)|"“’ = 2(Coko) " |2,
Q

which inserted into (2.13) gives in turn

q n—q
/|VTk0+N(w)|q = 2(Coko) €2 .

Letting N — 400 we finally deduce that
q
n— q 24 C n—
f|Vw|‘1 <2(Coko) QT =2 [ 14+ (2 | (e
(n—1)8]

in view of (2.14) and the proof is complete. O
As a first by-product of Proposition 2.1 we have that

Theorem 2.3. Let U € Wll(;’é(R”) be a weak solution of (1.1). Then supU < 400 and U € C*(R"), a € (0, 1).
Rn

Proof. Assume thatfor0 <e <1

S'd
U 1
/e < o (2.16)

Be(x)

Thanks to Proposition 2.1 by (2.16) we deduce that

AUVHI <34, (2.17)
Be(x)

where H is a n-harmonic function in B¢(x) with H = U on 0B¢(x). Since H < U on B.(x) by the comparison
principle, we have that

/H”s / Uisn!fe’f (2.18)

Be(x) Be(x) R”

where u, denotes the positive part of u. Since Theorem 2 in [35] is easily seen to be valid for H* too (simply by
replacing |H| with H in the proof), by (2.18) we have that

sup Hy < Cy(e) (2.19)
B%(X)



P. Esposito /Ann. I. H. Poincaré — AN 35 (2018) 781-801 787

for some Cp(¢) > 0 independent on x. By (2.17) and (2.19) we deduce that
/ V= / AU—HI2H < 3,2C0€) (2.20)
B% (x) B% (x)

Still thanks to the elliptic estimates in [35] on U™, by (2.18) and (2.20) we have that

sup Uy <Ci(e) (2.21)
B;‘(X)

for some C1(€) > 0 independent on x. To complete the proof, we argue as follows. Since fRn eV < 400 we can find
R > 0 so that

n
eV < ;[dl (2.22)
R™"\Br(0)
Given |x| > R + 1, by (2.22) we have the validity of (2.16) with € = 1. For all |[x|] < R 4+ 1 we can find €, > 0 small
so that (2.16) holds. By the compactness of the set {|x| < R + 1} we can find points x1, ..., xy so that
L
{lx| <R+ 1} | Bey (). (2.23)
3

i=1
Therefore, by (2.21) we deduce that

SupU = max{Cl(l), Ci (€x1)7 cees CI(EXL)} < +00
R~

in view of (2.23). Since eV € L®(R") and U € Li’OC (R™), we can use the elliptic estimates in [16,35,38] to show that
U e CH*(R"), for some € (0,1). O

We aim now to establish some bounds on U at infinity. Let us recall that the Kelvin transform U x)=U (#) of
U satisfies

— AU = % in R" \ {0}

U (2.24)
fR" W < +00,
where the equation is meant in the weak sense
A~ A~ 60 A A
/|VU|”_2(VU,VCI>)=/W® YVoe H={d: decH} (2.25)
X
R R~

with H given in (1.2). By Theorem 2.3 we know that UeClR" \ {0}). Here and in the sequel, o € (0, 1) will
denote an Holder exponent which can varies from line to line.
In order to understand the behavior of U at 0, we fix r > 0 small and, forall 0 < e < r, let H. € W1 (A,) satisfy

ApH. =0 in A¢:= B,(0)\ B:(0)
H =U on 0Ac.

Regularity issues for quasi-linear PDEs involving A, are well established since the works of DiBenedetto, Evans,
Lewis, Serrin, Tolksdorf, Uhlenbeck, Uraltseva. For example, local Holder estimates on H, can be found in [35] and
then it follows by [16,38] that H. € C'**(A,). Thanks to [26] such regularity can be pushed up to the boundary to
deduce that H, € C'*(A,). By (2.26) the function U, = U — H, € C'*(A,) satisfies

AU —-U)=0 in A,
U=0 on dAc.

We aim to derive estimates on H, and U, on the whole A, by using Proposition 2.1 with

a(x, p) = VU@ 2VU (x) — VU (x) — p|" (VU (x) — p). (2.28)

(2.26)

(2.27)
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Remark 2.4. Let us notice that a(x, p) in (2.28) satisfies (2.1) with a = |Vl7|”_1. Since U is expected to be singular
at 0, it is likely true that ||a|| A~ tooas e — 0. In order to get uniform estimates in €, it is crucial that the

estimates in Propositions 2.1 do not depend on ||a||LnnTl @ Assumption (2.1) is just necessary to make meaningful

the notion of W1"_weak solution for (2.3). The same remark is in order for Proposition 4.1, when we will use it in
Section 4 to show the logarithmic behavior of U at 0.

As a second by-product of Proposition 2.1 we have that

Theorem 2.5. There holds
2 Lg mn
Ue WlOC(R ) (2.29)

forall1 <q <n.

Proof. Since (2.24) does hold in A¢, (2.27) can be re-written as

0 gl
A, (U—-Ueo) — AU = L in A (2.30)
Us=0 on 0Ac.
Since
n—=2, _ n—2 _
d= inf PV T w vz w) (2.31)
VAW [v —w|"
we can apply Proposition 2.1 to a(x, p) in (2.28). Since |A¢| < w,r" and a(x, 0) = 0, we deduce that
/IVUslq +/e"”‘ <C (2.32)
Ac Ac
forall 1 <g <n andall p > 1 if r is sufficiently small, where C is uniform in €. Notice that
U
/ —e = / eU -0
|x|2"
B (0) R"\B% )
as r — 0. By the Sobolev embedding D3 (R™) — L"(R") estimate (2.32) yields that
f |Uel" < C (2.33)
Ac

for some C uniform in €. Since H, = U — U, with Ueche (R™\ {0}), by (2.33) we deduce that

| Hellzncay < C(A) vV A CC B,(0)\ {0}
for all € sufficiently small. Arguing as before, by [16,26,35,38] it follows that

[Hellcraay =<C(A)  VACCB(0)\{0}

for € small. By the Ascoli-Arzeld’s Theorem and a diagonal process, we can find a sequence € — 0 so that H, — Hy
in Clloc(B’ (0) \ {0}), where Hj satisfies

A~

AyHy=0 in B;(0) \ {0}
Hy=U on dB,(0).

Since H, < U in A¢ by the comparison principle, we have that U, — Uy := U — H in Clloc(Br (0)\ {0}), where Uy
satisfies

Up>0in B,(0)\ {0},  8,Uy <0 on dB,(0).
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Moreover, by (2.32) we get that

Uoe Wy ' (B, (0),  eY e LP(B,(0) (2.34)

forall 1 <g <n andall p> 1 if r is sufficiently small.
Since Hy is a continuous n-harmonic function in B,(0) \ {0} with

Ho< sup U=supU < o0
R\ {0} Rn
in view of Theorem 2.3, we can apply the result in [35] about isolated singularities: either Hyp has a removable
singularity at O or
1 - Hp(x) <C

C 7 Inlx|] —

near O for some C > 1. According to [36], in both situations we have that

Hy € Wh4(B,(0)) (2.35)
for all 1 < g < n. The combination of (2.34) and (2.35) establishes the validity of (2.29) for U= Up+ Hy. O

In terms of U, Theorem 2.5 simply gives that

Corollary 2.6. There holds

MK

R™M\B1(0)

orall 1 <g <n.
J q

Proof. Since

1
decn 2= L
[x[21 |x|?n
and
A X
vU =—|VU|(—),
[VU|(x) |x|2| I(|x|2)

we have that

VU = IVUIr
IVUIT = |x|2(1=a)

B,(0) R™\B 10

By Theorems 2.3 and 2.5 we then deduce that

VU1
|x|2(—) <+

R™\B1(0)

forall 1 <g <n,asdesired. O
3. An isoperimetric argument

The aim is to classify all the solutions U of (1.1) with small “mass”. The following isoperimetric approach leads
to:

Theorem 3.1. Let U be a solution of (1.1) with fR” eV < cpwp. Then U is given by (1.3).
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Proof. Since U € C1*(R"), we can use Theorem 3.1 in [33] to get that Z; = {x € Bx(0) : VU (x) = 0} is a null set
for all k € N. By the Lipschitz continuity of U on By (0), we deduce that

teR:IxeR"st U =1, VUX) =0}= | JU(Z)

keN
is a null set in R. Therefore 2, = {U > ¢} is a smooth set for a.e. t < 1y, fop = sup U, and has bounded Lebesgue
RVL
measure in view of f eV < 4o0.
R}l
Lett <tp and r > 0. Given 8, n > 0, let us define the following functions:
0 ifs <t
xs() =4 5t ifr<s<t+6
1 ifs>tr+9$§
and
1 if x € B, (0)
Ko ()= { L if x € By (0)\ B (0)
0 if x ¢ Br4,.
We can use xs(U)x,(x) as a test function in (1.2) to get
U 1 n 1 n—2 X
e Xa(U)Xn(X)=g xn VU] ~ xs(U)IVU]| (VU,|X—|>~ (3.1

R” Qt\QIJrrS BH—n (O)\Br (0)

By the Lebesgue’s monotone convergence theorem for the first term in the R.H.S. of (3.1) we have that

1
/ x| VU|" — 3 / VU |"
Qe A\ 45 (€2:\2+8)NB;(0)

ST

as n — 0. Since by the co-area formula we can write

146

|VU|”=/ds / VU " 'do,

(Q:\Q+5)NB; (0) ! 082;N B, (0)

it results that the function r — f 99,1B, (0) IVU|"'do is in Lioc (R), and as § — 0 by the Lebesgue’s differentiation
Theorem we conclude that for a.e. t <1y

/XW|VU|”—> / VU " 'do (3.2)
QAR5 32N B, (0)

| =

as 71— 0 and 6 — 0. The second term in the R.H.S. of (3.1) writes in radial coordinates as

r+n
1 1
- f XS(U)|VU|"_2(VU,IX—|>=—/dS / Xa<U>|VU|"—2<vu,|"—|>da,
n X n X
B4, (0)\B,(0) r 9B5(0)

and by the fundamental Theorem of calculus we get that for all » > 0

I
" / XWIVUIHVU, ) = / XWIVUIHVU, )do
n X .
By (O\B, (0) ho

as n — 0. By the Lebesgue’s monotone convergence theorem we deduce that for all » > 0
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1
- f X (U)IVU"2(VU, |x—|> = / VU 2(VU, |x—|>da (3.3)
n X X

By (0)\ B (0) ©,N3B,(0)

asn— 0and § — 0. Letting  — O and 6 — O in (3.1), by (3.2)—(3.3) we finally get that

X

eV = / VU |" 'do — / IVU""2(VU, —)do (3.4)

Q:NB,(0) 3N B, (0) Q,N3B,(0)

|x|

for all » > 0 and a.e. ¢ <ty (possibly depending on r) in view of the Lebesgue’s monotone convergence theorem.
Remark 3.2. We aim to let r — 400 in (3.4). In [9] no special care is required since for n =2 U has a logarithmic
behavior at infinity and then €2, is a bounded set. When n > 2 we still don’t know that U behaves logarithmically at
infinity and the validity of Theorem 3.1 is crucial in the next Section to establish such a property. Our argument relies

instead on (2.36) and on the finite measure property of €2;, compare with [22].

In radial coordinates we can write

o0 o0
Ql=[d d VU _ [ _dr vU|9d 35
1] = ' 7o |x|2i=a) | p2(n—q) | fdo < Fo0 (3-5)
0 ©,N3B0) R™M\ By (0) 1 3B, (0)

in view of (2.36). We claim that for all M > 1 there exists » > M so that

r
Q,NdB,(0) 9B, (0)

1 1 1
do<- and ——— [ |VU[%do <-.
r (ﬂ—lI) r

Indeed, if the claim were not true, we would find M > 1 so that for all » > M there holds either

do > % 3.6)
Q,N3 B, (0)
or
1 1
pTrm) / VU |%do > - 3.7
9B:(0)

Setting I ={r > M : (3.6) holds} and 1] =[M, c0) \ I, we have that

0
dr
f—</dr f do < || (3.8)
r
I

M .N3B,0)

oo
dr dr VUl do < VU1 1.9
T ) pema | IVUPRdoS PG G2

11 M 9B, (0) R"\B1(0)

and

since (3.7) does hold for all » € I1. Summing up (3.8)—(3.9) we get that

o
dr VU4
= — < [ —
o= [ [ s
M R\ B (0)

in contradiction with (3.5), and the claim is established.
Thanks to the claim we can construct a sequence ry — +00 so that

1 1 1

/ do < —, =g / VU |%do < —. (3.10)
Ik - rk

QN3 By, (0) a0
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By (3.10) and the Holder’s inequality we deduce the crucial estimate

n—1 g—(n—1)

q q

1

IVU|" 'do < / VU |?do / do < — e 0 (3.11)
q

QN By, (0) QN3 By, (0) /N3 By, (0) T

by choosing g € (n — 1, n) sufficiently close to n.
Choosing r = r¢ in (3.4) and letting k — 400 we get that

/eU= / VU " 'do (3.12)

Q Ay

for a.e. t <ty in view of (3.11). Arguing as previously, by the co-area formula and the Lebesgue’s differentiation
theorem we have that

0 o0
. . do do

2] = lim |2, NB(0)]= lim ds —— = [ ds —,

r—+o0 r—+00 VU | VU |

t Q2N B, (0) t EIoR
and then
d do
—— || = (3.13)

dt IVU|
082

for a.e. t <ty. Thanks to (3.12)—(3.13), by the Holder’s and the isoperimetric inequalities we can now compute

T T
d d
- /ede =" /ede e — ||
dt n—1 dt
] 2
1
n—1
d
- /|VU|"—1do e’/—o
n—1 VU
VI 082
> ! 99,17 = (cu0n) 7T €' (3.14)
p—

fora.e. t <ty. Since t — er eVUdx is a monotone decreasing function, we get that

ﬁ Ty "nT‘
d
(R/ede > f - /ede dtz(cnw,,)ﬁ/el’dx. (3.15)

—00 Q R~

Since by assumption fR,, eYdx < c,wy, we get that

/ede =y,

Rn
and the inequalities in (3.14)—(3.15) are actually equalities. We have that for a.e. t <19

o Q; = Bg(;)(x(t)) for some R(z) > 0 and x(¢) € R", since €, in an extremal of the isoperimetric inequality
o [VU|" lisa multiple of ﬁ on 082,
e the function M (t) = th eV dx is absolutely continuous in (—oo, fg) with

1 1 , 1d _n_ LWy 4,
——MT ()M (t) = —— M T1(t) = —(chw,) T —=e' R"(1). (3.16)
n—1 ndt n
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The aim now is to derive an equation for M(#) by means of some Pohozaev identity. Let us emphasize that
U e C12(R") and the classical Pohozaev identities usually require more regularity. In [12] a self-contained proof
is provided in the quasilinear case, which reads in our case as

Lemma 3.3. Let Q@ C R", n > 2, be a smooth bounded domain and f be a locally Lipschitz continuous function. Then,
there holds

o |VU|"
n/F(U):/[F(U)(x—y,v)—i—IVUl (x —y,VU)0,U — . (x—y,v):|
o0

t
for all y € R" and all weak solution U € cle Q) of =AU = f(U) in Q, where F(t) = / f(s)ds and v is the unit
0
outward normal vector at 0€2.

Let us re-write (3.12) as
M(t) =nw,|VU|" 'R (1) (3.17)

and use Lemma 3.3 on ©; = Br()(x(#)) with y = x(¢) to deduce

M(t) = wpe' R"(t) + nn;la),,IVUl"R"(t) (3.18)
in view of U =t and |VU| = —9,U constant on 9<2;. By (3.17)—(3.18) we have that

wpe' R"(t) = M(t) — (cna)n)_ﬁM%(t), (3.19)

which, inserted into (3.16), gives rise to

n—1

n

M (t) = —

1 =2 n—1
(chwn) =T Mn=1(t) + —— M (1) (3.20)
n

for a.e. t <ty. Since M is absolutely continuous in R and

1 dM 1 1
/ =In|M"T — (chwp) T,

1 n=2
n—1 M — (chw,) =T M =1

we can integrate (3.20) to get

1—1gqn—1
M(t) = cooon [1 _ eT] (3.21)
for all ¢ < 1, in view of M (f9) = 0. Inserting (3.21) into (3.19) we deduce that
—tyqn—1 n—
R (1) =c, [1 —e%] e (3.22)

for a.e. t <1y. Since R(¢) is monotone, notice that (3.22) is valid for all ¢ <y and can be re-written as
cp A

(L AETRET ()Y

et

(3.23)

1 . . . .
where A = (ii)%. To conclude, we just need to show that x(#) = x¢. First notice that a.e. t, f; < f¢ either x(#;) =

x(t2) or, assuming for example #; < t1, BR(;)(x(t1)) CC BRr,)(x(t2)) and x(12) — R(tz)% € 0BR(1p) (x(12))
implies
x(t2) — x(11)

R(1p) — |x (1) — x()] = ||x(12) — x(t))| = R(12)| = |x(12) — R(t2) —————— — x(t1)| > R(1y).
|x(22) — x(t1)]
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In both cases, we have that |x(#p) — x(¢1)| < |R(t2) — R(t1)]| for a.e. t1, t» < tg. Since R € C(—00, o] N Cl(—o0, 1),
x(t) can be uniquely extended as a map x(¢) which is continuous in (—o0, fy] and locally Lipschitz in (—oo, fy).
Given ¢ < fo we can alway find ¢, | ¢ so that Q; = Bg(,)(x(t,)), x(t,) = X(t,), and then there holds

= U §, = U BRr(1,) (x(t2)) = Bra) (X (1))

neN neN

by the continuity of R(¢) and x(¢). Identifying x and X, we can assume that x € C(—00, fp] N Lipjyc(—00, o) and
Q; = Bp()(x(¢)) for all # < 1y. Use now the property t = U (x(t) + R(t)w), w € S", to deduce

h=Ux(t+h)+Rt+hw)—Ux@)+ Rt)w)=(VUx(#) + Rt)w), x(t +h) —x(t))
+[R(# +h) = ROKVU (x (1) + R(H)w), w) +o(|x(t + h) — x(1)| + |R(t + h) — R(1)])

as h — 0, uniformly in w € S”. Since |VU| is a non-zero constant on 9€2; for a.e. t <ty and ©; = Br(;)(x(1)), we
have that

VUx(1) + R(Dw) = —|VU|o,
and then, applied to —w and w, it yields that
h=|VU[{(x(t+h) —x(@),w) —[R(t+h) — ROIIVU|+o(|lx(t +h) —x ()| + |R(E +h) — R(?)|)
h=—|VU|(x(t +h) —x(1),w) = [R(t + h) = ROIIVU[ +o(lx(t + h) — x(O)[ + |R(r + h) = R(D)]).
Since |VU| # 0, the difference then gives
(x(@4+h)—x@),w)=o0(xt +h)—x@)|+ R+ h) — R(®)|)

as h — 0, uniformly in @ € S". If x (¢ + h) # x(1), the choice = FyHI=2: Teads to

x(t+h)—x() R(t 4+ h) — R(t)
| Y [ <o . D—0
t+h)—x(
as h — 0. So we have shown that x'(¢) = }}in}) w =0 for a.e. t <19. Since x € Lipjyc(—00, 1), by
—

integration we deduce that x () is constant for all t < £, say x () = xg.
Given x € R" \ {xo}, by (3.22) we can find a unique ¢ < fg so that R(¢) = |[x — xo| and then

A"

U —
(142777 |x — xo[ 7Ty

in view of (3.23) and U =t on 0 Bg()(xp). The proof is complete since we have shown that U = U,, y, for some A > 0
and xo e R". O

4. Behavior of U at infinity

The estimates in Proposition 2.1 are not sufficient to establish the logarithmic behavior of U at infinity but are
essentially optimal in the limiting case f € L!(2). According to [35,36], a bit more regularity on f gives L>°-bounds
as stated in

Proposition 4.1. Let f € LP(2), p > 1, and assume (2.1)—(2.2). Let u € Wé’"(Q) be a weak solution of
—diva(x,Vu) = f. Then

Il ;
=2 1)+ DPOfu)|9,

=C
lulloe = O

for some constants C, «g, Po, q > 0 just depending on n, p and g1 > 1.
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Proof. Given g > 1 and k > O set

if0<s <k

59
Fs)= {qkql —(g—DK! ifs>k

and G(s) = F(s)[F'(s)]"~". Notice that G is a piecewise C'-function with a corner just at s = k so that

n(g—1+1

[F'()]" < G'(s), Gs)<q"'F 7 (s). (4.1)

Since G(Ju|) € Wé’"(Q) for G is linear at infinity, use sign(u)G (|u|) as a test function in the equation of u to get

1 1
/IVF(IMI)I" < E/G’(Iul)(a(x,Vu),Vu)= E/fsign(u)G(lul) (4.2)

Q Q Q

in view of (2.2) and (4.1). Setting m = p =7 in view of p > I, by (4.1) and the Holder’s inequality we deduce that

n(g—1+1
mnq

—+

|/fs1gn(u)G(|u|)|<q” ‘/|f|F ST Qul) < g0 /F’”"<|u|> . (4.3)

Q
The Sobolev embedding Theorem applied on F(|u|) € W(} " (£2) now implies that

n(g—1)+1
2m mngq

C

/Fz’""(lul) <C/|VF(|u|>|" 3"*1|9|%||f||p /Fm"(|u|>
Q Q

for some C > 1 in view of (4.2)—(4.3). Since F(s) — s9 in a monotone way as k — +00, we have that

1 1
Tng g 1=

e ~ e 1

/|u|2’""q < exp [—m 1Ay y = DIl +(n—1)—nq] f|u|m"‘1 . 4.4)
q q

Q Q

d mnq

Assume now that u € L™"91(€2) for some g; > 1. Setting g; = 2/=141, j € N, by iterating (4.4) we deduce that

_n—1
nq
mq] E

mq/_H
1. C — D In|Q Ing;
/|u|mnq/+1 <exp | L1n LAy )121| |+(n_1)ﬂ f|u|’”"‘h
qj d mng; qj

J mj—1

n—1)n|Q a1
<exp ”f”p Z ak ) In |€2] Z ak +(—1) Z ak ngi /|M|mnqj,1
mn

- k
kjl k=j1k k]]q_ Q

CllfI aj —1)In|Q 7 al Ingx
- <exp |In ”Z £y 7’1 Z (n—l)Z—qu /|u|'"”‘ﬂ
k=1

Qk
k=1 qk 5

-2y x..x[1-21] ifo<k<]

nqk+1 ng;

1 ifk=j.

J_
a, =

Since a,{ <l1forallk=0,..., j, we have that
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D e O ) D O

jENk 1 /eNk 1
n—1 /af 4(n - 1) 1
£ <
T N
-1 ! a/1n -1 k—DIn2+1
yo=" sup % qchzn Z( )nk+nq1<+oo’
n jeNk:l 9k n k=1 q12
and then it follows that
1 "j
17 "
/|u|’”"‘4/“ <exp [ao InC(—=—=L +1) + BoIn(|2] + 1) + yoj| /Iul’”"‘fl . 4.5)

Since

g = hrna_ l—— < 00,
q ]4>+OOO /!—[1( I’le)

letting j — 400 in (4.5) we finally deduce that
LA 7
lulloo = €M 4 1H(L]+ D luling,
and the proof is complete. O

Thanks to Theorem 3.1 we are just concerned with the range

/eU > Crp. (4.6)
Rﬂ

By Proposition 4.1 we can improve the estimates in Section 2 to get

Theorem 4.2. Let U be a solution of (1.1) which satisfies (4.6). Then [7()() = U(ﬁ) satisfies

U(x )—( )n 11n|x|eL°° (R™) 4.7)

and

sup |x||V(U<x)—(

|x|=r

)n T ln|x|> |—>0 4.8)
for a sequence r — 0, where yg = fRn eV

Proof. We adopt the same notations as in Theorem 2.5, and we try to push more the analysis thanks to (4.6). Given
r > 0, recall that U has been decomposed in B,(0) as U= Uy + Hy, Uy, Hy € Cl (B (0) \ {0}), where Hy is a

n-harmonic function in B, (0) \ {0} with sup Hp < 400 and Uy > 0 satisfies (2. 34) w1th
B, (0)\{0}

Uy=0, 0,Up <0on 0B, (0).

The description of the behavior of Hy at 0, as established in [35,36], has been later improved in [21] to show that there
exists y > 0 with

Ho(x) — (nz) )T In|x| € L°(B,(0)),  AnHy =y in D'(B,(0)). 4.9)
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Since U € wln—1 (B, (0)) according to Theorem 2.5, we can extend (2.24) at 0 as

U
—apU = W — v0d0 (4.10)
in the sense
0
/|VU|"_2(VU,V®):/—|e|2n®—y0<1>(0) .11
X
R~ R~

for all ® € C'(R") so that d € Wll(;'é (R™). Indeed, let us consider a smooth function 7 so that n =0 for |x| <§,n =1
for |[x| > 26 and | V| < % Use n[® — ®(0)] € H as a test function in (2.25) to provide

U
/n|VU|"*2<VU, Vo) + 0(/ VO |Vl — @ (0)]) = / 7 |j|2,, (@ — ®(0)). (4.12)
Rn

R” R®

Since

/|v0|"—1|vm|<1>—cb<0>|sc / VO =0
R~ By5(0)

as § — 0, we can let § — 0 in (4.12) and get the validity of (4.11) in view of yp = [pu % = [pneV.

Since Uy > 0, the singularity of U= Uy + Hp at 0 should be weaker than that of Hy. Via an approximation
procedure, it is easily seen that equations (4.9)—(4.10) can be re-written as

y®(0) = f |V Ho|" 23, Ho® — / |V Ho|""*(VHy, VO) (4.13)
9B,(0) B, (0)
60 A A A A
Yo®(0) = / W(b + f VO " 28,0 — / VO " 2(VU, Vo) (4.14)
X
B, (0) 9B, (0) B,(0)
for all ® € C!(B,(0)). We claim that
|V Hol" 23,Hy > |VU|"28,U  on dB,(0) (4.15)
and then, by taking ® =1 in (4.13)—(4.14), we deduce that
A A~ eﬁ
y= [ wHl sz [ vorad—n- [ o (4.16)
X

9B, (0) 9B,(0) B, (0)

To establish the claim (4.15), we write Hy = U-— Up and recall that VU = (0,,Up)v with 9,Up < 0 on 90 B, (0). Since
n—2
IVHo" 2 =IO + 0,U0)* = 20,00, | *

when Bvﬁ > (0 we have that
IVHo[" = |VO|"2, 9,Hy=3,U =0

and then (4.15) does hold. When 9,Ugy < 8,,0 < 0 there holds 0, Hy > 0 and then
|V Ho|" 23,Hy > 0> |[VU|"%3,0.

When BVU < 0,Up we have that

A~

IVHo[" > < [VU|"™%, 0> d,Hy>d,U
and then (4.15) does hold.
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Since (;; VO )n > 1 in view of (4.6), by (4.9) and (4.16) we have that
Hyp

|x |2
forall 1 <¢g < % if r is sufficiently small. By (2.34) and (4.17) it follows that

€ LY(B,(0)) 4.17)

U Ho

e e
R eYo |x|2n € L9(B,(0)) (4.18)

forall 1 <gq <= 1f r > 0 is sufficiently small. Thanks to (4.18) we can apply Proposition 4.1 to U on A, (see
(2.26)—(2.27)) W1th a(x, p) given by (2.28) to get

Uelloo,a. <C
for some uniform C > 0. We have used that

sup |Uell p,a, <400
€

for all p > 1 in view of (2.32) and the Sobolev embedding Theorem. Letting € — 0 we get that ||Ug|loo, B, (0) < +00
and then

(7=U0+H0=(ny )y T Infx| + H(x),  H e LS (R") (4.19)

Wn

in view of (4.9). Notice that now y does not depend on r and then satisfies
Y = Chwy

in view of (4.6) and (4.16). Given r > 0 small, let us define the function

V,(3) =0 ry) Y )& In|y| + H(ry).

nwp
Since
Uy rﬁw H(ry)
ApVy=——r—s = 1)
Pyl y|
1
in view of (4.19) with o = (nl’un - % > (0, we have that V,. and A, V, are bounded in Li’gc (R™\ {0}), uniformly

in r. By [16,35,38] we deduce that V, is bounded in Cll(')‘é (R™\ {0}), uniformly in . By the Ascoli—Arzeld’s Theorem
and a diagonal process we can find a sequence r — 0 so that V, — Vj in Clloc (R" \ {0}), where Vj is a n-harmonic
function in R” \ {0}. Setting H, (y) = H(ry), we deduce that H, — Hj in Cl1 (R"\ {0}), where Hy € L>*(R") in

view of (4.19). Since Vy = ( )n TIn|y| 4+ Ho with Hy € L®°@®R") N C'(R" \ {0}), we can apply Lemma 4.3 below
to show that Hj is a constant functlon In particular we get that

sup |x| V(U(x) —(

|x|=r

)" llnl)c|> = sup |[VH,(y)| — sup [VHo(y)| =0 (4.20)
lyl=1 lyl=1

along the sequence » — 0. The proof of (4.7)—(4.8) now follows by (4.19)—(4.20) once we show that y = yy. Indeed,
by (4.14) we have that

U
e N N y
yo= / T / VO30 = o(1) + -2 / (o) >y
B, (0) 9B,(0) " 3B, (0)

where r — 0 is any sequence with property (4.20). The proof is complete. O
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We have used the following simple result:

Lemma 4.3. Let y In|x| + H be a n-harmonic function in R" \ {0} with H € C'(R" \ {0}). If H € L®(R"), then H
is a constant function.

Proof. Let 1 be a cut-off function with compact support in R” \ {0}. Since

—Ap(yInlx|+ H) = =Ap(yInlx|+ H) + Ay(y In|x) =0 inR"\ {0},

we can use " H as a test function to get

df PIVH < / IV Inlx| + ED™2V(y Infx| + H) — [V ( In [xDI" 2V (y In [x]), VH)
R» R»
- —n/n"—lHuwy x|+ B)["2V (y In|x| + H) — [V(y In|x) "2V (y Inx]), V)
Rn
in view of (2.31). Since H € L*°(R"), by the Young’s inequality we get that
VH d V|t
a [wivar <cniti [ [WHVH + VA } var<$ [anvar+c| [roars [ FRD
|

|x|n_2 2 |_x n—1I
Rn R® R® n Rn

in view of n <1 and
o+ w2 (v +w) — [w|"2w| < C(v"" + |v][w]" ).

Hence, we have found that

V|t
/ PIVH] < C / o+ [ (421)
R n Rn |X| n=1

Given § € (0, 1), we make the following choice for 7:

0 if |x] <82
_ln\x1|n—821n8 if82§|x|§8
n(x)=11 if 8 < x| <3
lnlxl\rTSZInB 1f%<|x|§5%
0 if |x] > 5.
Since
/|V77|"= 2 / ! :—2(1),,_1 -0
|Ins|" x|~ |Ingn—1
R" {82 <|x| <8}
and
ValiT 2 L 2o
|x|"51":12) | Ins|aeT lx|” |1n8|n+1
R" {82 <|x|<8}

as § — 0, we deduce that

/ IVH|" =0
R}‘l

by letting § — 0 in (4.21). Then H is a constant function. O
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5. Pohozaev identity

Thanks to Theorem 4.2, we aim to apply the Pohozaev identity of Lemma 3.3 to show that (4.6) automatically
implies fR" eV = c,w,. Combined with Theorem 3.1, it completes the proof of the classification result in Theorem 1.1.
To this aim, we show the following:

Theorem 5.1. Let U be a solution of (1.1) which satisfies (4.6). Then, there holds

/eU =cChwy.

Rn

Proof. Since

n
1 Xi Xk A X
W)=Yy P (m —2n ) @) ().
k=1

we have that
1 AX X A X
IVU|(x) = —VU|(:=3), (x, VU(x)) = —(+—, VU (-—))-
x| x| X

We can apply Theorem 4.2 and deduce by (4.8) that

1
IVU|(x) = — (L) T o)), (x, VU@)) = —(2)mT +o(1) 5.1)
x| no, nwy

uniformly for x € d Bg(0), for a sequence R = } — +o0 and Yy = fRn ev. By (5.1) we have that

VU

n—2 1 Yo | -n
IVUI"“(x, VU3 U — (x, )| = wp—1(1 = =)(=——) 1 (5.2)
n n’ nwp
dBR(0)
as R — +o0. Since by (4.7)
N —
lx|Mren”™ e” € L™(R™\ B1(0))
with (n);())n )n_ll > ,,nTz] in view of (4.6), we also get that
eU(x, V) —>0 (5.3)
dBr(0)

as R — +o0o. We apply Lemma 3.3 to U on Bg(0) with y =0 and let R — +o0 to get

Y0
nwy

nyy = wa(n — 1) (=)

in view of (5.2)—(5.3). It results that

yozerzcnwn. O
Rﬂ
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