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Abstract
For a competition-diffusion system involving the fractional Laplacian of the form
—(=A)’u= w2, —(=A)v= v, u,v>0inRY,

with s € (0, 1), we prove that the maximal asymptotic growth rate for its entire solutions is 2s. Moreover, since we are able to
construct symmetric solutions to the problem, when N = 2 with prescribed growth arbitrarily close to the critical one, we can
conclude that the asymptotic bound found is optimal. Finally, we prove existence of genuinely higher dimensional solutions, when
N > 3. Such problems arise, for example, as blow-ups of fractional reaction-diffusion systems when the interspecific competition
rate tends to infinity.
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1. Introduction and main results

This paper deals with the existence and classification of positive entire solutions to polynomial systems involving
the (possibly) s-fractional Laplacian of the following form:

—(=N'u=uv?, —(=A)’v=vu? u,v>0inRN.

Such systems arise, for example, as blow-ups of fractional reaction-diffusion systems when the interspecific competi-
tion rate tends to infinity. In this framework, the existence and classification of entire solutions plays a key role in the
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asymptotic analysis (see, for instance, [15,17]). The case of standard diffusion (s = 1) has been intensively treated in
the recent literature, also in connection with a De Giorgi-like conjecture about monotone solutions being one dimen-
sional. In particular, a complete classification of solutions having linear growth (the lowest possible growth rate) has
been given in [1,2,7-9,16,20]. On the other hand, when s = 1, positive solutions having arbitrarily large polynomial
growth were discovered in [2] and with exponential growth in [14].

Competition-diffusion nonlinear systems with k-components involving the fractional Laplacian have been the ob-
ject of a recent literature, starting with [18,19], where the authors provided asymptotic estimates for solutions to
systems of the form

(=B)'u; = fipui) — Bui 34 aijui, i=1,..k,

(1.1)
u; € HS(RN),

where N > 2, a;; = aj; > 0, when 8 > 0 (the competition parameter) goes to +00. Moreover we consider f; g as
continuous functions which are uniformly bounded on bounded sets with respect to 8 (see [18,19] for details). The
fractional Laplacian is defined for every s € (0, 1) as

(—AYu() = c(N.s) Py [ LX) —40)

I — @
RN

y|N+2s

In order to state our results, we adopt the approach of Caffarelli-Silvestre [5], and we see the fractional Laplacian as
a Dirichlet-to-Neumann operator; that is, we consider the extension problem for (1.1). In other words, we study an
auxiliary problem in the upper half space in one more dimension'; that is, letting a := 1 — 2s, for any i = 1, ..., k the

localized version of (1.1),
LauiZOa in B?_CRerl,
(1.2)
0tui = frpui) — Bui 3y aijud,  in "B CORYT =R x {0},

where the degenerate/singular elliptic operator L, is defined as
—Lau :=div(y*Vu),

and the linear operator 9y is defined as

The new problem (1.2) is equivalent to the original one when we deal with solutions in the energy space associated
with the two operators. In fact a solution U to the extension problem is the extension of the correspondent solution u
of the original nonlocal problem in the sense that U (x, 0) = u(x). Let us remark that if s = %, then ¢ = 0 and hence
Lo = —A and the boundary operator —38 becomes the usual normal derivative d,. Moreover we remark that the
extension problem has a variational nature in some weighted Sobolev spaces related to the Muckenhoupt A,-weights
(see for instance [10]). Hence, given 2 C Rﬁ“, we can introduce the Hilbert spaces

H5(Q) = u:Q—)R:/y“(|u|2+|Vu|2)<+oo ,
Q

and

Hba (M“) - {u RV SR V> 0,uly € Hl?“(B;F)},

loc

1 Throughout this paper we assume the following notations: z = (x, y) denotes a point in Rﬁ *1 with x € BR{X +1.=RN and y € Ry. Moreover,
B} (z) := Br(z0) NRY T is the half ball, and its boundary is divided in the hemisphere 3 B, (z0) := 8B, (z0) "RY ™! and in the flat part
39B; (z0) := 3B; (z9) \ 81 B (20). When the center of balls and spheres is omitted, then zo = 0.
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where the functions # = u(z) are functions of the variables z = (x, y) € Rﬁ“. In the quoted papers [18,19], the
authors make use of Almgren’s and Alt—Caffarelli-Friedman’s type monotonicity formula in order to obtain uniform
Holder bounds with small exponent @ = « (N, s) for bounded energy solutions of the Gross—Pitaevskii system. Passing
to the limit as the competition parameter 8 —> +o00 and using suitably rescaled dependent and independent variables
in (1.2), a main step consists in classifying the entire solutions to the limiting system solved by blow-up solutions.
In particular, we are interested in studying some qualitative properties related to the asymptotic growth for positive
entire solutions of this elliptic system in case of two components. In our setting, the resulting system is the following

Lot = Lav =0, in R
u,v>0, in RY T, (1.3)
—8;‘u=uv2, —Bifv:vuz, in BRIH,
which is equivalent to
—(=AN'u=uv’>, —(=A)’v=vu?® u,v>0inRV. (1.4)

We focus our attention on positive solutions since this condition follows requiring that the original Gross—Pitaevskii
solutions do not change sign in RY. Some relevant qualitative properties of positive solutions to system (1.4) have
been recently investigated by Wang and Wei in [21]. In particular, they proved uniqueness for the one-dimensional
solutions when s > 1/4, up to translation and scaling. Moreover, they highlighted a universal polynomial bound at
infinity for positive subsolutions. Their result shows a striking contrast between the cases of the fractional and the
local diffusion; indeed, in the latter case, there are solutions having arbitrarily large polynomial and even exponential
growth [2,14]. As the polynomial bound in [21] is restricted to positive solutions and there are sign-changing solutions
to the equation L,u = 0 having arbitrarily large growth rate, we suggest that the picture may change also considering
sign-changing solutions to the Gross—Pitaevskii system.
Following [13], we give the following definition.

Definition 1.1. Let (4, v) be a solution to (1.3). We say that (u, v) has algebraic growth if there exist two constants
¢, d > 0 such that

dj2 —_—
u,y) +oe ) e (1+1xP+5?) Vi, y) e Ry (1.5)

Moreover we say that (u, v) has growth rate d > 0 if

1.
rotoo  pNtat2d 0 ifd>d. (1.9

o fyrpr Y@ 07 {+oo ifd <d
lim : =

It can be shown that the threshold exponent d appearing in (1.6) is exactly the extremal one for which (1.5) holds
(see Proposition 2.1).

The aim of our work is to find the maximal asymptotic growth for positive solutions to (1.4); to this aim, we shall
construct a family of solutions possessing some natural symmetry, this extending the results of [2] to the case of
fractional diffusions.

In what follows, we will study an eigenvalue problem for the spherical part of the operator L,. We can think to
such a operator as a Laplace—Beltrami-type operator on the superior hemisphere S j\_/ of the unit sphere SV ¢ RN+,
Our aim is to deal with some Gg-equivariant optimal partitions, in the case N = 2, where the symmetry group Gy acts
cyclically with order k. In particular, we will construct a sequence of optimal partition first-eigenvalues {A] (k)},'::o‘f
and related nonnegative eigenfunctions {uk};’;xl’, where k is the order of the symmetry group imposed on the boundary
condition region.

Hence we will prove the following asymptotic bound.

Theorem 1.2. Let s € (0, 1) and N > 2. Let (u, v) be a positive solution to (1.3). Then, there exists a constant ¢ > 0
such that
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u(x,y)-l—v(x,y)EC(l+|x|2+y2)s. (1.7)

Hence, we will use the sequence of eigenfunctions previously seen, in order to construct a sequence of positive
solutions to (1.3) possessing some symmetries and having an asymptotic growth rate arbitrarily close to the critical
one; that is, we will prove

Theorem 1.3. When N =2 and s € (0, 1) there exists a sequence of positive solutions (uy, vy) to the system (1.3)
having growth rate d(k) € [s, 2s), where d(k) converges monotonically to 2s.

These prescribed growth solutions for (1.3) in space dimension N = 2 are also solutions with the same properties
for the same problem in any higher dimension.

Eventually, in the last section, we will show the existence of entire solutions to (1.3) which are truly N-dimensional,
in the sense that they can not be obtained by adding coordinates in a constant way starting from a 2-dimensional
solution.

2. Bound on the growth rate of positive solutions

Our first general purpose is to study the asymptotic behavior of entire nonnegative solutions to the cubic system
—(=AN)'u=uv’>, —(=A)’v=vu?®, u,v>0inRN.

In particular we prove that solutions can not grow faster than 2s at infinity. Furthermore, as we will are able to
construct solutions to this problem with prescribed growth rate arbitrarily close to the critical one, we can conclude
that this asymptotic bound is optimal. As said in the introduction, we will deal with the equivalent Caffarelli-Silvestre
extension problem defined in (1.3).

First we will introduce the Almgren frequency function and its monotonicity formula which are the main instru-
ments that we need to prove Theorem 1.2 and Theorem 1.3.

2.1. Almgren monotonicity formula

Now, we are going to summarize some results proved in [18,19,21], involving the Almgren monotonicity formula
for solutions to (1.3). First, solutions of (1.3) satisfy a Pohozaev identity; that is, for any xg € RN and r > 0,

(N —1+a) / Y (IVul? + |Vu?) =r / Y (IVul> + |Vol?) = 2y*(18,ul + [8,v]%)

B, (x0.0) 3t B (x0,0)
+r / wv?— N / u*v?. 2.1
S (x0,0) 3B, (x0,0)

Moreover, let us recall the following definitions

. . 1 a 2 2 2.2
E(r, xo;u,v) = Noita / y(AVul®+ Vo9 + u-v- |, (2.2)
B} (x0,0) 3B (x0,0)

and

. ._; ac. .2 2 2
H(r, xo;u,v) = 5 Yy +v9). (23)
9+ B (x0,0)

_ E(rxoiu,v)
= H(r,xo;u,v)’

frequency N(r, xo; u, v) is non decreasing in r > 0. Moreover, if (u, v) is a solution to (1.3) and N(R) > d then for

Hence, defining the frequency as N (r, xo; u, v) : the Almgren monotonicity formula holds; that is, the
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r > R it holds that H(r)/ r24 is non decreasing in 7. Hence, if we consider (u, v) a solution of (1.3) on a bounded half
ball B}' and if N(R) <d, then for every 0 < r; <rp; < R it holds that

H() _ o
Hey =5

(2.4)

2.2. Eigenvalue problem for a Laplace—Beltrami-type operator with mixed boundary conditions

As the authors of [18,19,21] have pointed out, the regularity and the asymptotic growth of solutions to competition
problems are related to an optimal partition problem on the superior hemisphere Siv C Ri’“. Likewise the case of
the Laplacian, we wish to express the extension operator L, in spherical coordinates, in order to write it as the sum of
a radial part and a Laplace—Beltrami-type operator defined on the superior hemisphere (see [11]). Let us consider in
Rﬁ“ the spherical coordinates (r, 6, ¢) such that y =r sinf, with 6 € [0, /2] and ¢ = (¢1, ..., PN —1) parametrizing
the position over S¥~! ¢ RV, Hence,

1
~Lau =Y -y Vu = (sin0)" ~ 9, Nty +ra 205", 2.5)
where the Laplace—Beltrami-type operator is defined as

LS 4= Vn - (sin0)*Venvu = Vn - y*Vnu, (2.6)

a

and Vg is the tangential gradient on Sf . For every open w ¢ SV~! := 8Si\' , we define the first s-eigenvalue associ-
ated to w as

Jsy y 1 Vsnul?

fSi’ yau2

25 (w) ::inf{ rue HH(SY)\ {0}, u=0in SN—l\w}. (2.7

So, such a minimization problem has a natural variational structure on the weighted Sobolev space H':%(S _’X )=
[u SV >R fsiv Y4 Vevul? + fsﬁ:’ yu? < —i—oo}; which is an Hilbert space. In fact, defining H**(SY) := {u €

H““(Siv) : u=0in S¥N1\ w)} for every fixed w C S¥~!, we get in this space the existence of a nontrivial and
nonnegative minimizer of the Rayleigh quotient

L L\l
Js ¥ yay2
which is also an eigenfunction related to A] (@) since it is a weak solution to the following mixed Dirichlet-to-Neumann
boundary eigenvalue problem for the spherical part of the L, operator
—LgNu =y‘A{(w)u in Sf,
u=0 in SN\ w, (2.8)
u=0 in wcSVL
Moreover, for every w C SV~ it holds that
Hy“(sY) c HEa(sY) c Hba(sh).
Hence by definition, for any w ¢ SV—1,
N <1 (@) <21®). (2.9)

Let us now define the characteristic exponent

<N—2s)2 N —2s
d(r) := T . (2.10)

2 2
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The characteristic exponent is defined in such a way that u is a nonnegative eigenfunction of A{(w) if and only if its
d (1] (w))-homogeneous extension to Rﬁ“ is L,-harmonic.

Let us define by ¢ = SV =1\ @, with @ ¢ SV~ open. Obviously wNw® =@ and ®Uw’ = SV~!. From now on, we
suppose that y =@ N ¢ is a (N — 2)-dimensional smooth submanifold. Analogously with the case of the Laplacian
in [6], one can consider two nonnegative eigenfunctions u1, up of (2.8) with eigenvalues A{(w) and A} (w2). In our
setting, if there exists « € (0, 1) such that uy, u; € CO;“(Sf), HY N wi) > HV N (wy) and ws C w1, then it holds
that

A (1) < A (@2). 2.11)

In fact, integrating by parts with respect to both the eigenfunctions the quantity |, sy y*VenvuiVgnuy, we find

Ai(wl)fy“umﬁ / (3;'u1)uz=’\sl(w2)/yauluz+ / @%u)un, @.12)

Sj‘_’ N 5_?_’ @$Nw)

and since wy C wi, then a)f Nwy =@ and a)g N w1 = w3 open. Hence, (2.11) holds using the Hopf lemma

(@ (o) [y = [ @uaun <o @.13)

sy @3
2.3. Blow-down analysis and the maximal growth rate

Now, after performing a scaling (blow-down) analysis over general positive solutions to (1.3), we will prove the
upper bound on the growth at infinity; that is, Theorem 1.2. First, we summarize the steps done by Wang and Wei.
Theorem 2.3 in [21] proves that, taking a positive solution (#, v) to (1.3), then there exist two constants d, ¢ > 0 such
that

)
u@,y) oy se(T+xP+y?) 7 2.14)

Moreover, in Proposition 3.5, they proved that condition (2.14) is equivalent to the following upper bound over the
frequency

N(R)<d, VR=>O0. (2.15)
We can consider d > 0 which is the infimum such that condition (2.14) holds. For such a number, if there exists the
limit limg_, 4+ o0 N (R), then of course it is exactly equal to d. In other words, we have:
Proposition 2.1. The growth rate of a positive solution (u, v) to (1.3) is d if and only if
lim N(R)=d,

R—+o00

2.3.1. Proof of Theorem 1.2
Let (u, v) be a positive solution to (1.3). Note that (2.15) combined with the Almgren monotonicity formula also
implies that limg_, { o N(R) = d. Let us define for R —> +o00 the blow-down sequence

ug(2):=L(R)~'u(Rz), wr(@):=L{R)""v(Ra),
with L(R) taken so that H((ug, vg), 1) = 1. So, the sequence satisfies
Laug = Lovg =0 in RVt
—8;’uR = KRMRU%, —8§?UR = KRvRu%e in BRﬁH,

where kg = L(R)2R' . By the Liouville theorem (see Proposition 3.9 in [19]), for some « > 0 small there exists a
constant Cy, such that L(R) > Cy R* so that kg —> 400 as R —> +00. Hence, thanks to (2.4) we get the following
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integral uniform upper bound; that is, H ((ug, vg),r) < r24 for every r > 1. Since (ug, vg) satisfy the requirements
of Lemma A.2 in [21], for every r > 1 we get that

sup(ug +vg) < cré.
B
Then, thanks to the uniform Holder estimates proved in [19], for some small o > 0, the sequence {(ug,vg)} is

0,

Ioc (Rﬁ“). Hence, letting R —> 400, up to consider a subsequence, we get weakly conver-

uniformly bounded in C
gence in Hllof (Rf“) and uniform convergence in CIOO’C“ (Rf“) of the sequence {(ug, vg)} to a couple of functions
(400, Voo) Which are segregated in RN in the sense that ueovee = 0 in IRV, Proceeding as in [21], using the
fact that N ((#eo, Vo), ) = d for any r > 0, we can conclude that such functions are homogeneous of degree d and

segregated in E)Rﬁ *1: that is, they solve the following problem

Lattoo = Laveo =0 in RVt
UoodlUoo = VoodlVoo =0 in ORYT!, (2.16)
UooVso = 0 in 8Rf¥+l.

Moreover, such solutions have the form
Uoo (1, 0) =198(0),  voo(r,0) =rh(6),

where g, h are defined on the upper hemisphere S i’ = BJFBfr . Since we have constructed the blow-down sequence so
that H((ug, vg), 1) =1, then

fy“(g2 +hH) =1, 2.17)

N
S+

and hence can not happen that both g and / vanish identically in S i’ , but at most only one component is identically
zero. In any case, by the homogeneity of the blow-down limit and the fact that (#co, Vo) are L,-harmonic, any
nontrivial component is an eigenfunction for the spherical part of L, in the sense seen in (2.8) on S i\/ . Moreover, such
eigenfunction must own eigenvalue A which has the following relation with the characteristic exponent d,

A=dd+N—-1+a). (2.18)

But we have seen with (2.9) that such eigenvalue can not be larger than Asl (), achieved by u(x, y) = y25 which has
d ()vi (?)) = 2s. Moreover, by (2.10), the map t —> d(¢) is strictly increasing and hence d < d ()\‘i (?)). By (2.14),
Theorem 1.2 is proved.

3. Prescribed growth solutions

From now on in this section we consider the case N = 2 and we study the optimal boundary condition minimizing
the first eigenvalue of (2.8) under some requirements over the measure and the symmetries of @ C S!. Doing this,
we will be able to construct positive solutions to (1.3) with prescribed growth and depending in some way on the
2-dimensional eigenvalue problem.

In the next section, we are going to introduce a suitable type of Schwarz symmetrization, that will be the main tool
that we need to study this optimal boundary condition problem.

3.1. Polarization and foliated Schwarz symmetrization

From now on we follow some ideas contained in [3,12]. We can state the results in this section in any space
dimension N > 2. Let us define by 7 the set of all half spaces in RV*! determined by the set of all the affine
hyperplanes with orientation, and by Hg the subset of H determined by the Euclidean hyperplanes with orientation.
Let H € H be a half space, we denote by o the reflection with respect to the hyperplane 0 H.
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Definition 3.1. Let H € H be a half space. The polarization of a measurable nonnegative function u# with respect to
H is the function defined by

max{u(z),u(oy(z))} ifzeH,

min{u(z), u(og(z))} ifze RVFI\ H.

ug(z) = {

In the same way we can define the polarization Ay of a set A € RV*! with respect to H € H in the sense that
XAy = (xa) m. It is well known that the polarization mapping A — Ap is a rearrangement of RN*! for the Lebesgue
measure for any H € H; that is, it satisfies both the monotonicity property (A C B = Ay C Bp) and the measure
conservation property (LN TL(Ay) = LY T1(A)) (see [12)).

Let us consider X1 = {x; = 0} as a fixed hyperplane (X1 = d H; with H; = {x; > 0}), and denote by o1 := o5,
the reflection with respect to 1. Let us now consider the point z(l) es ﬁ' which maximizes the distance from the
hyperplane X (actually, there are two points with this property z(l), z%, we choose the one in Hp). This point lies
on SNl = BSer. Let us define H; :={H € Hy: zé € H and axis y lies on d H}. Since the measure given by du :=
y*dSy (z) is mapped into itself by the reflection oy for any H € H, with the same arguments in [12], we can see that
polarization is also a rearrangement of S ﬁ for the measure p for any H € #;. Moreover, we can obtain the invariance
of the norm in weighted spaces under polarization for H € Hi; that is, when u € L/’(Sﬁ’ ;du) with 1 < p < 400, we

have uy € LP(SY; du) with

/y“luHIPdSszy“lul”dSN, (3.1)

sy sy

andif u € Wi’p(SN; du) with 1 < p < 400, hence uy € WJlr’p(SN; du) with

/y“|VSNuH|PdSN:/y“|VSNu|PdSN. (3.2)
sy sy

Now we want to define the foliated Schwarz symmetrization on the hemisphere. Consider for y € [0,1) the
(N — 1)-sphere defined by

Sg—l =5 N{y=7).

Let us define on every (N — 1)-sphere S;V ~! the point z; so that it has the same parametrizing angle ¢ of the point
z(l). The symmetrization A* of a set A C S;V ~1 with respect to z; is defined as the closed geodesic ball centered
in zl, such that LV ~1(A*) = £LN~1(A). The symmetric decreasing rearrangement f* of a nonnegative measurable
function f defined on S;V ~1is such that {f > r}* = {f* > t} for every t > 0. We remark that this symmetrization is
a rearrangement of the sphere S)I,V ~1 for the measure LY !, for every fixed y € [0, 1).

Definition 3.2. Let u € H':¢ (Sfrv ) be a nonnegative function. The foliated Schwarz symmetrization u™* of u is defined
on the hemisphere Sﬂrv by the symmetric decreasing rearrangement of the restriction of # on every S;V —1; that is,
u*|gv-1 = (u|gv-1)* forevery y € [0, 1).

y y

One can check that also the foliated Schwarz symmetrization is a rearrangement of S 1+V for p, since it satisfies both
the monotonicity property (A C B = A* C B*) and the measure conservation property (i(A*) = w(A)), where the
symmetrization A* of a set A C Siv is defined as the only set in Sﬁrv such that A* N S;V’l = (AN SN=1H* for every
y €10, 1), in the sense of symmetrization of a set in S;V ~1 given previously (the idea is that this symmetrization map
works only on the x-variable and so du is mapped into itself). Moreover, it is easy to see that for every nonnegative
ue H“”(Siv) and for every H € H it holds that

U =u"=(ug)*. (3.3)
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Hence it holds the following result from [12]. For completeness we adapt to our hemispherical case the proof of Smets
and Willem.

Lemma 3.3. Let u € C(S 4]\_] ) be a nonnegative function. If u # u*, then there exists H € H such that
||MH_M*||L2(Sf;d;,L) < ””_M*”LZ(Sﬂrv;du)' (34)

Proof. First of all, we remark that always the non strict inequality in (3.4) holds (rearrangement for a suitable mea-
sure p is a contraction in L?(dw) for any 1 < p < +00). If u # u™*, there exists y € [0, 1) and ¢ > O such that
{fu>1t}nN S;V £ >nn S;V ~! and since the foliated Schwarz symmetrization is a rearrangement, then

LV1({u>1t)n S;V’l) =LV T{u* > 1}N S;V’l); so, by the continuity of u, there exist w, z € S;V’l satisfying

w(w)>t>u(w) and u(z) >t>u*(2).

Let H € Hy with w € H and z = o (w). Since u*(w) > u*(z), hence w is closer to z; than z; that is, H € H;. For
alxe HN Sﬁl, using (3.3), we have

g (x) — u*()> + lug (o (x)) — u*(op(x))?
< Ju(x) —u* () * + lu(on (x)) — u*(og ()2,

and hence also

Y g (x) — u* )1 4 ¥ up (oh (x) — u* (o (x))?
<y ux) — w* () [* + yulon (x)) — u* (on ()1

By continuity, the inequality is strict in a neighborhood of w. Integrating over H N S ﬂrv , (3.4) follows. O

Foru € C(Sf), the mapping H — u g is continuous from H| ~ SO (N)/Z, to L2(SY: du); that is, the polarization
depends continuously on its defining half space. A way to see this fact is the following result from [3].

Lemma 3.4. Let u € C(Si’) and {Hy} be a sequence of half spaces in H1. If H € H1 and

tim i ((Hy2H) N SY) =0, (3.5)

n

thenuy, — up in L2(SY, dw).

Proof. By (3.5) we have lim,_, {00 0H,(z) = o (z) uniformly on compact subsets of Sﬁrv . Hence the result fol-
lows. O

By compactness of SO(N)/Za, if u € C(S f ), the minimization problem
o— 1 *
Cc:= H1£75| lupg —u ||L2(S£rv;dll)
is achieved by some H := H (u).

Lemma 3.5. Letu € C o"(S_IX ) be a nonnegative function. Then the sequence {u,} defined by uo =u, u,41 = (Un)H,
and

* - *
||Mn+l —Uu ||L2(S_1'\_];du) = HHEHHnl ||(I/ln)[-] —u ||L2(Sﬁ;du)

converges to u™ in LZ(SN; dw).
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Proof. Since u € C“(Sﬁ) then u € Wl'q(SﬁrV; du) for every 1 < g < 400 and so for every n € N it holds that
||VSNMH||Lq(SﬁrV;dM) = ||VSNu||Lq(S1+v;d#); that is, the sequence {u,} is bounded in wha(s¥: du). Hence, for ¢ > 2,
by the Rellich theorem (compact embedding in Holder spaces), we can assume, up to a subsequence, that u,, — v
uniformly. Since (#,)* = u* and the fact that foliated Schwarz symmetrization is a contraction in L”(duw)-spaces, it
follows that v* = u*. Moreover, for every H € H| we have

* * *
up+1 —u ||L2(S1+V;du) <(un)g —u ||L2(Si/§dﬂ) < |lup —u ||L2(Si/§dﬂ)’ (3.6)

where the first inequality follows from our hypothesis and the second one always holds since polarization is a con-
traction in L” (du)-spaces. Taking the limit along the subsequence in (3.6), we get

[lv— u*“LZ(SjY;dM) <l|lvg — M*HLZ(Sf;du) <llv— u*||L2(Sf;du)'
But v* = u™* and H € H; is arbitrary. So by Lemma 3.3 there are two possibilities: either there exists H € H; such

that the second inequality is strict or v = v*. But the first case can’t happen and hence the result is proved. 0O

As a consequence, we remark that since for every n € N the sequence of Lemma 3.5 satisfies ||uy||;2 S
[l 254 it holds that

||“*||L2(Sjrv;dm = ||u||L2(SiV;du)' 3.7

Now we can prove the P6lya—Szego inequality for the foliated Schwarz symmetrization on the hemisphere.

Proposition 3.6. If u € H%(S ’+V ) and nonnegative, then u* € H%%(S ij ), nonnegative, and

/y“|szu*|25/y“|vSNu|2. (3.8)
sy sy
Proof. Assume first that u € C°°(S]+V). The sequence {u,} associated to u as in Lemma 3.5 is such that u,, — u™ in
L2(S41Y; du) and for every n e N
||u"||L2(SiV;du) = ||“||L2(Siv;du) and ||V5Nu"||L2(Sf:du) = ”vSN””LZ(SiV:dM)‘
Hence, u* € H"%(S iv ) and by the weak lower semicontinuity of the norm in an Hilbert space, ||Vgvu*||; > (s¥:dp) <
||VSNM||L2(Siv;du)'
IfueHL (Si’), then by density there exists a sequence {u,,} in C°°(Sf_/) converging to u in H ¢ (Sf_/). Since any
rearrangement is a contraction in L2(du), then u¥, — u* in L(S¥; dj1) and hence

% .. " .. _
||VSNM ”LZ(Si’:du) = rlnlgl}rl})g||szum||L2(S¢/;dM) = ,ngl}rlég"szum|lL2(Si’;du) = ||VSNM||L2(SQ];du)‘

This completes the proof. O
3.2. Optimal geometry for boundary conditions imposing one symmetry

Let N =2 and let us consider X previously defined as a plane containing the axis y with relative reflection
o1 := 0oy, (we remember that we choose the one containing points with angle ¢ = 0). Let us now define the following
class of symmetric regions

Ar={wc S : H' () =H'(S"\w) and (x,0) € v <> 01(x,0) € '\ w}.
Hence, we wish to study the problem
inf A3 (w); 39
Jn v 1(@) (3.9)
that is, we see the optimal geometry of the boundary condition region w € A; as the one which gives the lowest

eigenvalue. As we have previously said, for a fixed w € A;, the minimization of the Rayleigh quotient is standard and
we get the existence of a nontrivial and nonnegative minimizer for the energy
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f ¥ |Vgaul?

2

constrained to X, = {u € HJJ“‘(SEL) : f 2 yiu? = 1}. Moreover, the constrained minimizer u,, found is also a mini-
+

mizer of the Rayleigh quotient in the whole H(});“(S_ZF). By a simple Frechét differentiation of the Rayleigh quotient,
turns out to be true that such a minimizer is a weak solution of problem (2.8) in the sense that

/yavszuwvsz(b =1} (®) f Yiuep, Yo e (ST Uw). (3.10)
s2 52
Thanks to the results obtained for the foliated Schwarz symmetrization, we are able to show the following result.

Proposition 3.7. For every fixed w € Ay let us consider the minimizer u,, € HJ);”(SEL) of the Rayleigh quotient. Then
there exists a function u}, € Haljl“ (82) such that

R (ug,) < R (up) = A (w),
where w1 :=S'N{0 < ¢ <n} e Ay is half of S'.

Proof. First we recall that we can choose u, nonnegative and it is nontrivial. Then, let us define the function u
as in Definition 3.2; that is, the foliated Schwarz symmetrization of u, so that, on any level S&,, the decreasing

rearrangement is centered in the points z; which has coordinate ¢ = 7 /2. Hence, thanks to Proposition 3.6, it holds
that

/yawszu:zﬁ < /y“|vszuw|2, (3.11)
52 53
and we know also that
fy“|u23|2=/y“|uw|2; (3.12)
52 53
that is, the Rayleigh quotient decreases. Moreover, considering the restriction of u, to S ! we know that the set
{u} |1 > 0} is the closed geodesic ball centered in zé with measure given by

LY{uk g > 0D = L (ol > 0) = LY (w) = %E‘(S‘). 0

Proposition 3.7 obviously implies that

inf )L‘i (w) = k‘i (w1) =: )L‘i(l), (3.13)
weA;

and it is attained by a nontrivial and nonnegative minimizer u| € Haljl”(Si) which is a weak solution of
2 .
—LSu=y"2Du in S2,
u=0 in S'\ o,
3u=0 in o cS',

in the sense of (3.10).
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3.3. Optimal geometry for boundary conditions imposing more symmetries

In this section we wish to show the optimal geometry of the boundary condition region in case of more symmetries;
that is, we will consider for an arbitrary k € N, the boundary condition set w € Ay where

={wc S H' (W =H"(S"\w) and (x,0) e w < 0;(x,0) e S'\wVi=1, ...k},

with o; := oy, reflections with respect to ¥; planes containing the axis y and hence orthogonal to the plane y =0, for
every i =1, ..., k. Considering Ty = 2m/k as the period, then the plane X, is obtained by rotating ¥; with respect
to ¢ of an angle Ty /2.

We are interested in finding solutions u to (2.8) with @ € Ay and such that

u(z) =u(oi(0;(z))) (3.14)

for every i, j =1, ..., k, for almost every z € SJZr with respect to the measure given by du = y*dS(z) and also for
almost every z € S! with respect to the 1-dimensional Lebesgue measure. So, we study the following problem

1nf A (w), (3.15)
we Ay

where
) :=inf{R“u : e HS($52)\ {0} and (3.14) holds}. (3.16)

We remark that the definition of the first eigenvalue with respect to w given previously for the case of only one
symmetry is in accord with this new definition because (3.14) obviously holds in that case.

Let w € Ayg. Then there exists a nontrivial and nonnegative minimizer for the functional f 52 y4|Vu|? constrained
to X, ={u e H1 “(S ) fsi y?u? =1 and (3.14) holds}. First of all, we remark that the set of functions X, is not

empty. In fact, let us define the fundamental subdomain of Si
ST(k)={ze St : ¢ (0, T (3.17)

Let us now split this domain in other two subdomains S3 (k, 1) ={z € S : ¢ € (0, Tx/2)} and 57 (k,2) ={z € §3 :
¢ € (T /2, Tx)}. Since both these domains have positive L,-capacity, we can find two nontrivial nonnegative functions
u; € H(} “ (S_2ir (k,i)) fori =1, 2. Then we can merge them in a unique function defined over the fundamental domain
and then we can extend it to the whole of Ser in a periodic way. After a normalization in L>(S2;du), we get an
element of X,,.

The other thing to remark is that property (3.14), satisfied by the generic minimizing sequence {un}+oo C X,, is
also satisfied by its weak limit u,, € H, 1; “(S ), but this fact is trivial using Sobolev embedding in LZ(S2 ;dw), trace
theory in L2(S ), and pointwise convergence. Hence, we wish to show that this critical pomt u,, founded minimizing
the energy on X,, is also a critical point of the same functional over X, = {u € H, Lacs +) /. 52 y*u?=1}. Let G be
the group of rotation with respect to ¢ of a fixed angle 7. Let us consider the action of this group

Gx Xy — Xo
[g,ul—>uog. (3.18)

Since for every g € G, g(w) = w and [51 y¢|Vgqu o gl> = fsgr y“|VSzu|2, then the energy is invariant with respect
to G and the action in (3.18) is isometric (we remark that the rotation of the group does not change the value in y).
Hence, by the principle of symmetric criticality of Palais, a critical point of the energy over the set

Fix(G)={ueX, : uog=uVgeG}=X,,

is also a critical point of the same functional over X,,. Then, it follows easily that u,, is also a critical point of the
Rayleigh quotient over the whole H 3¢ (Si); that is, it is a solution to (2.8) with w € Ax and such that property (3.14)
holds.

Hence, by the symmetry condition (3.14), if we know u,, in Si(k), then u,, is consequently determined in the whole
hemisphere S_%_. To simplify the notation let us call u :=u,,. Let us define over the whole hemisphere the function
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v(0,9) :=u®,¢/k). (3.19)

Obviously v € HEM(S_%) with w € A; and it is nonnegative. Following the same steps done before, we wish to
rearrange the function v, in order to lower the L?(d/.)-norm of its tangential gradient, by the foliated Schwarz hemi-
spherical symmetrization. Actually we will consider a gradient-type operator such that

k2
VW2 = (39v) + = (3pv)*. (3.20)
y

The following Pélya—Szegé type inequality holds.

Proposition 3.8. Let us consider v* as the foliated Schwarz symmetrization of the function v € le‘“ (Si) defined in
(3.19). Then v* € H'%(S%) and

k k
[rv@ue < [yvor

s2 52

Proof. Following the same steps seen in Lemma 3.5 for the case k = 1,if v € C*® (Si), then we construct the sequence
{v,,} of polarized functions such that v, —> v* in L%(82; du), where v* is defined as in the proof of Proposition 3.7.
In [3] it is proved that for every p € (1, +00) and for every suitable half space (orthogonal to the y-direction), one
has

||Div||Lp(si) = ||DivH||Lp(5$)’

for every first order derivative; that is,

||39U||L2(si) = ||86UH||L2(5$) and ||8¢v||L2(Si) = ||8¢UH||L2(S§r)- (3.21)
From (3.21), it follows that also

/ Y (@) = / Y Ogvm)’, (3.22)

52 52

since it holds that for every point z € S2  the point oy (z) has the same coordinate y. Then, by (3.21) and (3.22) it
follows that

k k
/y“|V§2vH|2=/y“|vg2v|2.
s2 s
)v|2

Moreover, it is easy to see that the quantity |, g2 Y |V§]§ is an equivalent norm on Hal;a (S_%_); that is,
+

/y“|vszv|2s/y“wg’?vﬁskZ/y"wssz.
s s 52
Hence, using the weak lower semicontinuity of the norm on an Hilbert space, we can replicate the proof of Propo-

sition 3.6 using the new gradient-type norm. Working first with v € C O"(S_Qir) and then in Hal;a(Si) by a density
argument, the result is easily proved. O

Since

k2
IVE (@, )P = @9[u®. ¢/ D* + = (dp[u(®. ¢/)])*
y

k2 /1 2
=(ug(,9/k)* + & <%u¢(9, ¢/k>)

=|Veou®,¢/k)?,
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hence it holds that
/y"|vszu*<9,¢/k>|2sfy“|vszu<9,¢/k>|2,
sz 52
and changing variables we get that
/ ky®|Vu*|? < f ky®|Vgoul?.
5% (k) 53 (k)

Obviously u* defines a unique function, thanks to condition (3.14), over Si and it is easy to check that

fya|Vszu|2= / ky®|Vgul> and /ya|vszu*|2= f ky® |V gau*|?.

s S2 (k) s2 82 (k)

Moreover, this fact says us that u™ € HJ);(“(SJZF) where wy == S' N {¢p € Ule((i — DTy, (i — 1/2)Ty)} € Ay is the
particular boundary condition set that is the most connected one, according with the conditions given. Finally it
follows easily that R*(u*) < R*(uy) = A} (w); that is,

inf )L‘i (w) = )\‘i (wp) =: )L‘i k), (3.23)
we Ay

in the sense of (3.16). Moreover, the minimization problem in (3.23) admits a nontrivial and nonnegative minimizer
Uy € Hal)]i“ (S%_), which is also a weak solution of

—L‘fzu =y (Ku in Si,
u=0 in '\ oy,
3;u=0 in wpcSt
in the sense of (3.10) and such that condition (3.14) is satisfied.
3.4. Ordering eigenvalues with respect to the number of symmetries
The aim of this section is to show that the sequence of eigenvalues {A] (k)},j';’?, obtained for every k € N optimizing
the energy under the best boundary condition, is such that
MEH <M < <Ak <Ak +1D) <. <A3@). (3.24)
First, we remark that by (2.9), then for every k € N it holds that
MEH =Mk <1 0).

Let k € N fixed and w € Ay. Let us define u = u,, the minimizer for the problem (3.16) and v as in (3.19). Then, we
have proved that

k
[39ur = [ s19sue.0/0F = [ k¥l = [ 19
s s S2.(k) s

Hence, the eigenvalue A (k) can be also expressed as

S (k) = inf | inf fy“|v§’§>u|2 tue HY(S2) with /y“u2=1 ,
weA]
s 52

and this quantity is obviously non decreasing in k € N. This implies (3.24).
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From now on, let us consider the sequence {uk},jff CH 1;“(Sfr) of nonnegative first eigenfunctions associated to
the sequence {)\‘i (k)},;o‘l’ and such that

/ya|vszuk|2=x;(k) and /y“u,le/z. (3.25)

52 52
3.5. Holder regularity of eigenfunctions

We remark that the minimization problem under & symmetries seen in (3.23) can be extended in a natural way, in
the case of two components which are segregated on S! and satisfy some symmetry and measure conditions. Let us
define the set of 2-partitions of S! satisfying a condition over the measure and one over the symmetry

’P,? ={(w1, ) : w; C s! open, w| Nwy =@,
orUmy =S HY(w) =H (@), zewi ©0i(x) cwn Vi=1,...k}. (3.26)

Fixing a couple (w1, wn) € 7),%, let us also define the set of functions

Bi(w1, w2) = {(u1,u2) : u; € HH(S3), /y“u? =1, u; =0in 5"\ w;, with (01, ) € P,
s
u;i (z) = u; (0(01(2))) and u1 (z) = u(0j(z)) in 53,
Vi=1,2, j,l=1,... k} (3.27)
First of all, we remark that also in this case it is easy to check that, for any fixed couple (w1, w2) € 73,3, the set
Bi (w1, wy) is not empty. In fact, proceeding as in section 3.3, we first construct the first component u on the funda-
mental domain Si (k) and then we extend it in a periodic way over S_% and we normalize it in L(S 2. dw). Hence, we

can define the second component u; such that u2(z) = u1(o;(z)) forany i =1, ..., k.
So, as it happened in (3.23) for the case of one component, we consider the minimization problem

inf inf TGy, un), (3.28)

(01,02)€P? (u1,u2)€Br(w1,02)

where

— l a 2 2

I(ui,up) = 5 Y IVeui|” + |Vgua|”) . (3.29)
$

Hence, the problem in (3.28) is equivalent to

)\’S + )\'S
inf M (3.30)
(01.02)€P? 2

Working with the foliated Schwarz symmetrization on both the components, with respect to both the opposite poles
z(l) and z%, it happens that the infimum is achieved by the couple (u, vr) where uy is the minimizer of )\‘i (wy) found

for the problem (3.23), wy := stn {p € Uf:l (G = DT, (( —1/2)Tr)} € Ay, and vy is such that vi(z) = u (0 (z)) in
Sf_ for every j =1, ..., k; that is, v achieves )Li (w,f). Moreover, the infimum in (3.28) is given by the number

. M(w1) + Al (@2)  Aj(wp) + 2] (0f)
inf =
(w1 ,wz)G’PI? 2 2

— 3 (K. (3.31)

Let us define
X ={(ur,u2): u; € H*(5}), /y“ul2 =1, u; =0in 8"\ ay,
s

ur =0in S'\ wf, with (wy, f) € P?}, (3.32)
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and also the group G of all the reflections o;, with i = 1, ..., k endowed with the composition between reflections. Let
us define the action

XxG—X

[(u1,u2), gl (u20g,ui0g). (3.33)
That is, for g = oy, it holds

[(u1,u2),0i]l = (uz00i,uj00i),
and for g = 0; 0 0}, it holds

[(u1,u2),0;00;]=[[(u1,u2),0:],0;]1=[(u200;,u100;),0;1= (U1 00;00;,ur 00; 00;).

It is easy to check that this action is isometric and that the functional 7 (u1,u>) is invariant with respect to this
action. Since By (wy, ;) = Fix(G), by the principle of symmetric criticality of Palais, the minimizer (uy, vg) is also
a nonnegative critical point for / over the whole X and hence a weak solution to the problem

—LSup =y (ug, —LS v =y 35k, in S2,
upddug =0, vpddve =0 in S!, (3.34)
urvr =0, in SL.

We wish to prove the C 0. (E) -regularity for (uy, vr) via the convergence of solutions of g-problems over Si to our

eigenfunctions. Let us now consider the following set of functions

Cr = {(u1,u2) : u; € H"(8%), /y“u? =1, ui(2) =u;(0;(01(2)))
$2
and M](Z):MQ((TJ'(Z)) in Sz, Vi=1,2, j,l=1,..,k}. (3.35)

This space is trivially not empty since (,u(Si)_l, M(Si)_l) e Cy.
Hence, for any 8 > 0, we consider the following minimization problem

inf Jg(uy, un), (3.36)
(uy,uz)eCy p
with
1 1 1
Jﬂ(ul,u2)=§/ya (|vszu1|2+|vszu2|2>+§/5u%u§=1(u1,u2)+E/ﬁufug. (3.37)
s s sl

For every B > 0 fix, the functional Jg is Gateaux derivable in any direction, coercive and weakly lower semicontinuous
in Cg, and hence there exists a nonnegative minimizer (ug, vg) € Ci. Moreover by the previous argument, defining

Y = (ul,u2>:uieH““(Si>,/y“u,?:l : (3.38)
S2

since Jg is invariant with respect to the action ¥ x G — Y with G as in (3.33), we get that this minimizer is also a
critical point over Y and hence a weak solution to

2 2 )
—Lg ug =yAgug, —L[‘f vg=y%Agvg in S%r, (3.39)
—8;‘14,3:,314,31)%, —B;U'B:ﬁvﬂu% in S1,

where Ag = fsi Y Vsugl® + [g1 Bujvg = fS}r YIVs2vpl* + [1 Bugv. Moreover, since the couple (ux, vg) €

By (wk, of) C Ck, it holds that for any g > 0, we get the uniform bound
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0<Ap<2Jg(ug,vp) fZJ,g(uk,vk)=2)n‘i(k). (3.40)

This uniform bound gives the weak convergence in H l;“(S_zk) of the B-sequence to a function (4, Vo). Moreover,

since solutions to (3.39) are bounded in CO’“(Sf_) uniformly in 8 > 0 for & > 0 small, as it is proved in [19], we
obtain, up to consider a subsequence as 8 — 400, that the convergence is uniform on compact sets and so that the
limit satisfies the symmetry conditions. Moreover it holds that

0<p=Jpup v+ [ BB <ast)++ [ pudod (3.41)

S Ag=Jglug,vg ) uﬂvﬂ_ 1 2 uﬂvﬂ, .
sl s!

and since %fsl ﬁu%v% — 0 (see Lemma 4.6 in [19] and Lemma 5.6 in [18] for the details in the case s = 1/2), the

limit should have the two components segregated on S L. that is, (teo, Voo) € B (wy, o) (by the symmetries), and
by the minimality of (ug, vr) and (3.41), we obtain that (40, Vo) OWNS the same norm of (ug, vg) in H““(Si), and
hence we can choose as a minimizer (400, Vo) Which inherits the Holder regularity up to the boundary.

3.6. The limit for k — +00

Hence, we have found for any k € N fix, a couple (ux, vr) of nonnegative eigenfunctions related to Aj(k) with

the desired symmetry properties. Moreover, for these eigenfunctions we have the regularity CO""(Si). Then, we will
study the convergence of the sequence of normalized eigenfunctions associated to {A} (k)},fj.

By (3.24) and (3.25), the sequence {uk},jgl’ is uniformly bounded in Hl;“(Si) and hence we get, up to consider a
subsequence, weak convergence to a function u in H 1?“(Si), strong convergence in L?(S> ; du) with f 52 yu?=1/2

(we can always renormalize {uk},‘:f? so that [ 2 y“u,% = 1/2), and pointwise convergence in Si almost everywhere
= +

with respect to . Moreover, by trace theory we have L2(S')-strong convergence on the boundary S! and also point-
wise convergence almost everywhere in S! with respect to the 1-dimensional Lebesgue measure. For every & > 0 it
holds that |u(x)| < & for almost every x € S! with respect to the 1-dimensional Lebesgue measure; that is, = 0 in
S In fact, fixed e > 0 and x € S!, there exists a k € N big enough such that

lu(x) —ur(x)| <e
by the pointwise convergence in S', and such that
Mx —o;(x)|* <e, (3.42)

where M > 0 is a constant, « is the Holder continuity exponent and o3(x) € § !'is the reflection of the point x with
respect to the closest symmetrizing plane %;. Obviously (3.42) holds because for a k € N big enough we can make
the distance |x — o7(x)| arbitrarily small. Moreover uy (0o3(x)) = 0. Hence,
()| = u(x) — ug(x) + ug(x) — ug(o7(x))|
< u(x) — up ()] + |ug (x) — ug(o7(x))]
< Jux) —ur()] + Mlx — o7(x)|*
< 2e.
Now, we wish to prove that the limit u is a first nonnegative and nontrivial eigenfunction related to A](¥). First, by the

weak convergence of uy to u in Hbe (S_%) and the fact that the limit is such that u =01in S', we getthatu € Hg a (Si).
Moreover, since C(‘)’O(Si) - C(‘)’O(Si U wy) for every k € N and fixing k € N it holds that

/yavszukvsﬂl) =1 (k) / Yiurg, Vo e CSP(ST Uawy),
52 52

obviously for every k € N we obtain that
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fyavszukvsz¢ =1 (k)fy“ukqs, Vo e CO(S2). (3.43)
s2 52

Since the sequence {A] (k)}kixl’ is non decreasing and bounded from above by A} (%) > 0, then

lim Aj(k) =X <A{(@). (3.44)
k— 400
The weak convergence in H 1“’(Si) means that
/y“ukqb + f Y VourVop — /y“ud) + / Y'VouVad Ve Hl;“(Si). (3.45)
s2 52 s 52

Since, up to a subsequence, uy —> u in L2(S2 ; dw), then it holds also that uy — u in L2(S2 ;dw); that is,

/yaukd) — /y”uqﬁ Vo € L2(S2:dp). (3.46)
52 52
Since C§°(S%) € HY(53) € L?(S%;dp), then obviously (3.45) and (3.46) hold for every ¢ € C5°(S2). Finally,
passing to the limit for k that goes to infinity in (3.43) and putting together (3.44), (3.45) and (3.46), it happens that
ue Hol;“(Si) satisfies

/yavszuvsz¢=i/yau¢, V¢€C8°(S_%_);
s 52

that is, u is an eigenfunction of the problem (2.8) with boundary condition @ = ¢J. Hence X is an eigenvalue of this
problem with A > Xﬁ (9) since )le (9) is by definition the smallest one with this boundary condition. Then, by (3.44),

we get that A= A @).
3.7. Existence of solutions on the unit half ball

Our aim is to construct some positive solutions to (1.3) in case N = 2 related with the symmetries imposed for the
hemispherical problem (2.8). Such solutions will have asymptotic growth rate at infinity which is arbitrarily close to
the critical one; that is, 2s.

Since we have gained Holder regularity, by (2.11), we remark that the first and the last inequalities in the chain
(3.24) are strict. In fact, for any k € N it holds ¥ C wy € S! and H'(S') > H' (wp) > H' () = 0, and hence

AMESH <A < <A K) <A (k4 1) <. < A5 (@), (3.47)

Let us define for every fixed number of symmetries k € N the characteristic exponent

= 3.48
5 5 (3.48)
where the sequence of first eigenvalues {1} (k)} is defined in section 3.2 and 3.3. Obviously by (3.24) it follows that
the degree d (k) is non decreasing in k and in [19] it is proved that d(1) = s. Hence,

s=d(l)<..<dk)<dk+1) <..<dr¥)) =2s. (3.49)

Therefore, by the previous section, we know that d (k) —> 2s as k — +00.
From now on, we will follow some ideas and constructions contained in [2,16] for the local case. Now, for every
fixed k € N and 8 > 1, we wish to construct over Bl+ - Ri_ nonnegative solutions to

— 2 —
d(k):zd(mk)):/(N 23) Frh -2

Lau=Lav=0 in By,
—8;‘14:,314112, —8;11):,31)142 in E)OBfr, (3.50)

u=gr, v=hy in a*B/,
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where (gx, hi) € By are nonnegative nontrivial eigenfunctions related to A{(k) satisfying (3.34) and hence such that it
holds

8k(2) = hi (0 (2)) (3.51)
forevery i =1, ..., k. Moreover we choose eigenfunctions as in (3.25) and hence with the property
a; 2 2\
/ Y8k +hp) = 1. (3.52)
atBf

For simplicity of notations, from now on let us redefine A = )\‘i (k),d =d(k), g = gk, h = hy and as before 0; = oy,
the reflection with respect to plane ¥; forevery i =1, ..., k.

Lemma 3.9. There exists a pair of nonnegative solutions (ug, vg) to problem (3.50) satisfying
1. foreveryi,j=1,...,k

up(z) =ug(oi(0;(2))),
vp(2) = vg(0i(0(2))), (3.53)
ug(z) =vg(0i(2));

2. letting

1 1
I(u,v):= 3 / Y (IVul® + |Vu?) + 5 / Buv?, (3.54)
B} 3B,
the uniform estimate 21 (ug, vg) < d holds.

Proof. First of all, let us consider in BlJr the functions

(G (), H(2)) = 2| (g (i) h (i)> , (3.55)
|| |z

which are the d-homogeneous extension of (g, &). Since g,h € H 1“‘(S_%), then it follows by simple calculations that
G,He H““(Bf). A weak solution to (3.50) has to satisfy the following weak formulation

/y“VuV¢+ / Buv’p =0,

Bf 30

(3.56)
fy“VvV¢+ [ Bou*p =0,
B 3B

for every ¢ € H;jraBJr(BlJr) ={ue Hl‘“(BlJ’) :u=0in 8+B1+}. Hence, a weak solution to (3.50) is also a critical

point of the functioﬁal defined in (3.54) over the reflexive Banach space
. I; + 1; 4
X:= (G + H(ﬁ“BlJr(B1 )) X (H + HM‘ZBT(B] )) ) (3.57)

In order to get condition 1, we wish to minimize I over a closed subspace of X; that is, if C X the set of pairs of
nonnegative functions (u, v) satisfying condition 1. Proceeding as in section 3.5 it is easy to see that I/ is not empty.
Obviously also ¢/ is a reflexive Banach space and hence, by the direct method of the Calculus of Variations, we have
only to show that I is Gateaux differentiable in any direction ¢ € H alfB - (B r) such that (¢ + G, ¢ + H) € U, coercive

and weakly lower semicontinuous, in order to find a minimizer. The differentiability is a standard calculation that
gives us the desired condition
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a1 a 2 a1 a 2
E(u, vlel= [ y'VuVe + Buv-g and %(u, v)[ol= [ y*VvVe + Bou“¢, (3.58)
B 3B Bf 30
for every direction ¢ € Haljr“BJr (B;") such that (¢ + G, ¢ + H) €U.
1
Let us recall that ¢/, as a closed subspace, inherits the topology from X; that is, the convergence of a pair is
characterized by the convergence of its components. Hence, the weak convergence (u,, v,) — (4, v) in U/ implies
the weak convergence of its components in H 1;“(Bfr). We know that | BY y*|Vu|? is weakly lower semicontinuous
in H 1;“(BIJF) since it is the sum of the norm of the Hilbert space, which is weakly lower semicontinuous and of the
L?(y*dz)-norm, which is weakly continuous by Sobolev compact embeddings. Then, fao B+ Bu?v? is weakly lower
1
semicontinuous by the Fatou lemma; in fact, up to a subsequence, by the trace theorem, the weak convergence implies
that u, —> u and v, —> v in L?(dB;"; du) where dju = y?dS(z) over 37 B and du = dx over 3°B;", and hence
that ﬂu% (z)v,% (z) — Bu?(z)v?(z) for almost every z € E)OBIJr with respect to the 2-dimensional Lebesgue measure.
So, we get the weak lower semicontinuity of / as the sum of weakly lower semicontinuous pieces.
To show that [ is coercive, we want that

1
v > E/ya<|W|2+ Vo) —> oo, as ||, )l —> oo, (3.59)

Bf
where ||(u, v)||? = fBr y2(|Vul?> + |Vv|? + u? + v?). Recalling that (1, v) = (G + ug, H + vo) € U where (ug, vo) €
L; + 1;
HafBr(B] )X H,

i (Bl+ ) and that Poincaré inequality holds for such functions, then (3.59) is a simple computation.
1

Hence, we have a nontrivial minimizer (u, v) of I over U. Obviously also (Ju[, |v|) is a minimizer and hence we
can assume that such a minimizer is nonnegative. Let us define the group G of all the reflections o;, withi =1, ..., k
endowed with the composition between reflections. Let us define the action

XxG— X

[(u,v),g]l——> (vog,uog). (3.60)
That is, for g = oy, it holds

[(u,v),0i]=(vooj,uoc0),
and for g = o; 0 0}, it holds

[(u,v),0;00;]=[[(u,v),0:],0;]=[(vooi,uc0;),0;]]=Wmoo0;00j,vo0;00;).

It is easy to check that this action is isometric and that the functional / is invariant with respect to this action. Since
U = Fix(G), by the principle of symmetric criticality of Palais, the minimizer (u, v) is also a nonnegative critical
point for I over the whole X and hence a weak solution to (3.50) with the desired property 1.

Finally, using the fact that (u, v) is a minimizer of 7 in I/ and also that (G, H) € U, we get the condition 2; that is,

I(u,v) <I1(G, H):%/y“(|VG|2+|VH|2)=§ (3.61)

+
B

since G and H are segregated in BOBfr and are homogeneous of degree d. In (3.61) we have used (3.52) and the Euler
formula for homogeneous functions. O

3.8. Blow-up and uniform bounds on compact sets

Let us consider the sequence of solutions (ug, vg) constructed in Lemma 3.9. Thanks to the uniform bound given
by condition 2, and the fact that the functional [ is coercive, we obtain uniform boundedness in H 1‘“(Bf ) for both
components of such a sequence. Hence, letting 8 —> +00, there exists a weak limit (U, V).

We remark that solutions (ug, vg) of (3.50) are strictly positive in the open B]+ by maximum principles for
L ,-subharmonic functions (see [4]), and for the same reason they are strictly positive also in 8+B]+ since it holds a
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maximum principle for (g, #) over Si. Moreover, they are strictly positive also in BOBfr. By contradiction ug(zo9) =0
for a point zg € 80B1+ that is a minimum for ug. By the Hopf lemma 8;’u g(z0) < 0 (Proposition 4.11 in [4]) but the
boundary condition imposed over the flat part of the boundary says that —8;u g(z0) =ug (ZO)v?; (z0) = 0. Hence, they
are able to assume value zero only on ' = 853_.

Moreover (ug, vg) must attain their supremum in 8+Bfr. Let us consider for example the component ug. Its

supremum must be attained by a point zg € E)BlJr for the maximum principle but this point can not be on 8OBl+ by the
Hopf lemma. In fact, we would obtain that 8;‘u g(z0) > 0 but

dMug=—Pugvg <0  in 3By, (3.62)
by boundary conditions and since (ug, vg) are nonnegative.
So, all the functions ug are nonnegative, L,-harmonic and such that
Supug = sup ug = sup g=: A < +o0. (3.63)
BT at Bt atBf
1
Moreover, thanks to (3.52), A > 0 since
2
1= / Y (g +hH <2u@ B | sup g | =cA® (3.64)

atBt
a+ B} !

The same holds for the functions vg. Now, by this uniform boundedness obtained in L‘”"(Bfr ), we can apply The-

orem 1.1 in [19], obtaining for our sequence of solutions uniform boundedness in Cloo’f,‘ (BI"). This implies that the
convergence of (ug, vg) to (U, V) is also uniform on every compact set in Bl+. Moreover, since A > 0, we get that
the limit functions (U, V') are not trivial and also nonnegative.

Likewise Soave and Zilio have done in [16] for the local case, we use a blow-up argument. For a radius rg € (0, 1)
to be determined, we define

(g, Vp)(2) 1= B *riup, vp) (rp2). (3.65)

It is easy to check that such a blow-up sequence satisfies for every fixed g8 > 1 the problem

Loau=L,v=0 in B},

1 ’
/7 (3.66)
—du = uv?, —dyv = vu? in 803;7”3.
As in [16], the choice of g € (0, 1) is suggested by the following result.
Lemma 3.10. For any fixed B > 1 there exists a unique rg € (0, 1) such that
f Y@y +vp) =1. (3.67)

atBf

Moreover rg —> 0 as f —> +o0.

Proof. In order to prove (3.67), we have to find for any fixed 8 > 1, a radius rg € (0, 1) such that ,Bré“H((uﬁ, vg),
rg) = 1. The strict increasing monotonicity of » — H(r) (see e.g. [18,21]) implies that also the function r >
ﬂrzs H((ug,vg), r) is strictly increasing and regular. Hence, for g > 1 fixed,

lim B H((ug, vg). r) = lim pr**=27¢ / ¥ + vp) = By (0) + v (0)) lim r* =0, (3.68)
9+ BT

Moreover, by (3.52), BH ((ug, vg), 1) = B > 1. Obviously, existence and uniqueness of rg follow. If, seeking a con-
tradiction, it would exist 7 > O such that for any g > 1 it holds rg > 7, then by the monotonicity recalled above and
using (2.4) and (3.52), we get
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1= Brg"H((up. vp). rp) = Br=>H((up, vp).F) = B> H((up, vp). 1) = cp. (3.69)

So, we get a contradiction for choices of 8 > 1/c. O

3.8.1. Proof of Theorem 1.3

In order to prove Theorem 1.3, we want to prove the existence of positive functions (U, V) which solve (1.3)
and such that (ug,vg) — (U, V) uniformly on compact sets of Ri with N((U, V), r) <d for any r > 0. Hence,
according to [21], we would obtain in the case N =2 a solution of (1.3) which grows asymptotically no more than

_ _ 2 2 dj2
U(x,y)+V(x,y)§c(1—|—|x| +y) : (3.70)

with d =d(k) € [s, 2s). Moreover, we will prove that the growth rate of this solution is exactly equal to d.
Thanks to the monotonicity of the frequency and conditions (3.52) and (3.61), we get for any 8 > 1 and r €

0,1/rp),
21(ug, vp)
H((ug,vg), 1) ~

Moreover, for any B > 1 large, forany 1 <r < %, using (2.4), we obtain the following upper bound which does not

N((ug,vg),r) < N((ug,vg),1/rg) = (3.71)

depend on B,

H (. 0p). 1) < H((ip, Tp), DeTar2 = ey (3.72)

Since for every B > 0 the functions (ug, vg) have —Bgﬁﬁ >0, —By“Uﬂ > 0, then their extensions to Bj /g (through
even reflections with respect to {y = 0}) satisfy the requirements of Lemma A.2 in [21]. Then it holds that both the
components g and Vg satisfy

1/2

supu <c | — ay? (3.73)
Bf =C 35 | Y : :
r th

Hence, using (3.71), (3.72) and (3.73), we get the upper bound

2
(Sup(ﬁ,s +55)) <C@)H((ug,vg),r) <C(r); (3.74)
Bf

that is both components of the sequence (g, Vg) are uniformly bounded in L*°(B,"), independently from g large
enough. This gives us uniform boundedness in Cloo’g (B;") (see [18]) and so, up to consider a subsequence, this ensures
the convergence to a nontrivial nonnegative function on compact subsets of B;t. By the arbitrariness of the choice of
r > 1 done, we obtain such a convergence on every compact set in Ri. Since for B —> +o00 we have 1/rg —> 400,

then the limit (U, V) is a nonnegative solution to (1.3) with N((U, V), r) < d for any r > 0 using the uniform
convergence and (3.71). Hence (3.70) follows.

Now, we have to verify that (U, V) are strictly positive in Ri. Obviously, by construction they are nonnegative in
Ri and strictly positive in Ri by maximum principles. Moreover, it is impossible that one component has a zero in

B]Ri. By contradiction let z € aRi be such that U (zg) = 0. By the Hopf lemma it would be a;lU(zO) < 0 since this
point is a minimum. But, by the boundary condition we get the contradiction

~34T (z0) = Uz0) V" (20) =0. (3.75)

Hence, we want to show that the asymptotic growth rate is exactly equal to d = d(k). Seeking a contradic-
tion, let N((U,V),r) < d(k) — ¢ for any r > 0. By the Almgren monotonicity formula, there exists the limit
lim,— yoo N((U, V), r) :=d < d(k) — . We replicate the blow-down construction performed in section 2.3 on the

solution (U, V), obtaining the convergence in CIOO’? (ﬁ) of the blow-down sequence to a couple of d-homogeneous
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functions segregated in ENRi. The spherical parts of this functions are eigenfunctions with same eigenvalue A of the
Laplace—Beltrami-type operator on Si which inherit their symmetries from the functions (ug, vg) (see (3.53)). In fact
such symmetries hold also for the blow-up sequence (ig, vg) constructed in (3.65) and hence also for (U, V), thanks
to the uniform convergence on compact sets. By the condition d < d (k) — & over the characteristic exponent, hence
we have A < Aj (k) using (2.18), but by the minimality of A} (k) we would have A > A (k) since its eigenfunction is a
competitor for the problem defined in (3.15), and hence we get the contradiction.

Eventually, let us say that these prescribed growth solutions for (1.3) in space dimension N = 2 are also solutions
with the same properties for the same problem in any higher dimension. This concludes the proof of Theorem 1.3.

4. Multidimensional entire solutions

In this section we will show the existence of N-dimensional entire solutions to (1.3) which can not be obtained
by adding coordinates in a constant way starting from a 2-dimensional solution. Actually, we will establish a more

general result for system (1.3) in case of k-component; that is, considering solutions u := (u1, ..., ux) to
Lau; =0, in RY™,
u; >0, in RQ‘H, “4.1)

ay,. _ .. 2 N+1
—Byu,—ulzj#uj, in 0RY ™,

for any i =1, ..., k. In what follows, we adapt the results for the local case in [16] to the fractional setting.
First of all, we remark that also in the case of k-components Theorem 1.2 holds; that is, solutions to (4.1) have a
universal bound on the growth rate at infinity given by

U1 (x, ) + o Fup(x, y) <1+ x>+ yH*. (4.2)

In fact, also in this setting a Pohozaev inequality holds (see [19]); that is, for any x¢ € RN and r > 0,

k k k
W-tsa [ val=r [ v -2 Y il
i=1 i=1 i=1

B;" (x0.,0) 3+ B} (x0,0)

b [ Xaden [ Y, @3

-~ , .
SN x,00 OB} (x0,00 "

Moreover, let us recall the following definitions

k
1
E(r,xo;w) = —y—n / YO D IVul* + f > uju’ |, (4.4)
i=1

B (x0,0) OB} (x0,0) !

and

k
1
H(r,xo;u) := Nta / y”Zuiz. 4.5)
3+ B; (x0,0) i=1

E (r,xo;u)
H(r.xo:u)’
quency N (r, xo; u) is non decreasing in r > 0 (the proof is as in [21]). Since the bound (2.14) found in [21] also holds
in the case of solutions to (4.1), one can apply the procedure seen in the proof of Theorem 1.2 obtaining eventually
(4.2).

Let us denote by O(N) the orthogonal group of RY and by & the symmetric group of permutations of {1, ..., k}.
We assume the existence of a homomorphism 4 : G < O(N) — &, with G a nontrivial subgroup. Hence, let us define

the equivariant action of G on H 1;“(]Rﬁ“, R¥) so that

Hence, defining the frequency as N (7, xo; u) := the Almgren monotonicity formula holds; that is, the fre-
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Hl;a(Rﬁ+l , Rk) x G —> Hl;a(Rﬁ+l , Rk)
[ll, g] [ — (u(h(g))fl(l) 04, ..., u(h(g))fl(k) o g), (46)
where o denotes the usual composition of functions. Let us define the space of the (G, /)-equivariant functions as
Hen = Fix(G)={uec H"*RYT R} : uog=uVvgeG). (4.7)
As in [16], we give the following definition.

Definition 4.1. Let k € N, G < O(N) be a nontrivial subgroup and 4 : G — & a homomorphism. We say that the
triplet (k, G, h) is admissible if there exists u € H(g, ) such that

(@) ui >0and u; #0in Rf“ foranyi =1, ...k,
(i) uju; =0inRY foranyi, j =1,...,k withi # j,
(iii) there exist g2, ..., gx € G such that u; =uj o g; forany i =2, ..., k.

We remark that if the triplet (k, G, &) is admissible, then all the (G, &)-equivariant functions satisfy (iii) of the defi-
nition with the same elements g, ..., gx. Moreover it holds (h(gi))_l (i) =1foranyi =1, ..., k, and hence equivariant
functions satisfy

i = (g~ (i) © 8i = U108is 49
that is, if the triplet is admissible, then any equivariant function u is determined by its first component #| and by
knowing the elements g», ..., gk.

4.1. Optimal k-partition problem

Let us define the set of k-partitions of S¥~! as

k
sz{(w],...,wk): w; c SN1 open, w; Nw; =, U@:SN_l, w; Nwjisa
i=1

(N — 2) — dimensional smooth submanifold, Vi, j =1, ..., k, j #i}. 4.9)
Let (k, G, h) be an admissible triplet. We denote by
Agn=1{ue Hl;”(SN, Rk) : uis the restriction to Siv of a (G, h) — equivariant function
fulfilling (i), (ii), (iii) in Definition 4.1, such that /y“ul-2 =1Vi=1,..,k}. (4.10)
sy

Obviously, assuming that the triplet is admissible, up to consider a normalization of the components in L2(S¥; dy),
it follows that A g, ) is not empty. Moreover, by conditions (i) and (ii) one has that for any element u € A (g, ;) there
exists a k-partition (w1, ..., wk) € P* such that u; =0 in SN—! \ w;j forany i =1, ..., k. Let us consider the following
minimization problem

inf I(w), 4.11)
UEAG,h)
where
1 k
1(u)=§/y“Z|vSNui|2. (4.12)
N i=1
5§

One can easily check that problem (4.11) produces a nontrivial nonnegative minimizer u in Ag,p), and since the
functional / is invariant with respect to the action in (4.6), applying the principle of criticality of Palais, we obtain
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that such a minimizer is also a solution to an eigenvalue problem; that is, its components satisfy for any i, j =1, ..., k,
J#I

sy . i oN
=Ly u;=y%\u;, inSY,

uiuj =0, in SV-1, (4.13)
uiddu; =0, in SV,
where A = fSiV Y4 Venug ?=..= fsi’ y“|VSNuk|2, by condition (iii) and the invariance of I with respect to the

group action. Moreover there exists a k-partition (i, ..., wg) € P* such that for any i = 1,...,k it holds u; =0 in

w;. We want to prove the C* -regularity for the components of u via the convergence of solutions o
gN-1 Wi t to prove the C%%(SY)-regularity for th ponents of th g f solut f
B-problems over Sﬂrv to our eigenfunctions. Let us now consider the following set of functions

Fen={ue HY (SN, R¥) : uis the restriction to Si’ of a (G, h) — equivariant function
fulfilling (i), (iii) in Definition 4.1, such that /y"ul-2 =1Vi=1,..,k}. 4.14)
sy

This space is trivially not empty since Ag,n) € I'G,n)-
Hence, for any B > 0, we consider the following minimization problem

inf Jz(u 4.15
wet p(w), (4.15)
with
1 k
Jﬁ(u)zif Z|vswl| += / Zuzu _I(u)+— / Zu ) (4.16)
s i=l1 SN 1 i<i SN—l i<j

It is easy to check that, for every 8 > 0 fix, there exists a nonnegative minimizer ug € I'(g ;). Moreover, since Jg is
invariant with respect to the action in (4.6), we get that this minimizer is also a weak solution to the system

—L5%u i = y*Agiugi, in SV,

o T pp . (4.17)
—0Yupi=Pupid ;s ug ;. in SV
for any i = 1,...,k, where Ag; = fsi’ Y\ Vsnupil® + fov-1 Bug ;3 ;4 up ;. Moreover, since the minimizer u €
AG,n € I'(G,n), it holds that for any 8 > 0, we get the uniform bound

k
1
0< E;‘Aﬁ,i <2Jg(ug) < 2Jg(u) = k. (4.18)
=
This uniform bound gives the weak convergence in H 3¢ (SY; R¥) of the f-sequence to a function U, (any component

has the same norm fSN Y4 Vgnitoo,il = Aoo). Moreover, since solutions to (4.17) are bounded in CO""(SiV) uniformly
in B > 0 for ¢ > 0 small, as it is proved in [19], we obtain, up to consider a subsequence as § — +o00, that the
convergence is uniform on compact sets and so that the limit satisfies the symmetry conditions. Moreover it holds that
fSN_l ﬂu/zg iu% i~ Oforanyi, j=1,...,k with j #i (see Lemma 4.6 in [19] and Lemma 5.6 in [18] for the details
in the case s = 1/2). So, the limit should have the components segregated on SV~ that is, uy, € A(G,n)- Moreover,
we have
1< 1 k]
osi;xﬂ,izjﬁ(uﬁ)jui / B uiu; SSht3 / B uiu; (4.19)
1=

SN—1 i<j SN-1 i<j

and since for any i =1, ...,k one has Ag; — Aso, by (4.19) it follows that Ao, < A. But by the minimality of u in

A (G, we have also A < A, and hence we obtain that us, and u own the same norm in H 1‘“(Sﬁrv : R¥), and hence we
can choose as a minimizer Uy, which inherits the Holder regularity up to the boundary.
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4.2. (G, h)-equivariant solutions

In order to construct (G, /)-equivariant entire solutions to (4.1), one can follow the construction given in section 3.7
and 3.8. Let us summarize the main steps: first, we construct (G, h)-equivariant -solutions ug on the unit half ball
Bl+; that is, solutions inheriting the symmetries given by the triplet (k, G, &) and so that the boundary value on 8+B1Jr
is the minimizer u previously found (the proof follows from Lemma 3.9). Since any component #; of u has the same
energy fSiV y*|Vevui|? = A, we can define the d-homogeneous extension of u to Rﬁ“, where d = d()); that is,

u=|z/? u(li—"). This function gives a bound over the energy of our 8-solutions; that is,
k
2Fﬁ(uﬁ)=/ya2|w,,,g|2+/3 / > ufgutp <d. (4.20)
5 i=1 0B i<j

Hence, after rescaling (the right choice is given by an analogous of Lemma 3.10), by the blow-up argument, we get
convergence to a positive (G, i)-equivariant entire solution U to (4.1) as 8 — +00 on compact subsets of Rﬁ“.
Moreover, for any r > 0, we get a bound over the Almgren frequency given by

N@;U) <d. 4.21)
4.3. An admissible triplet 2, G, h)

To conclude this section, we want to provide the existence, for simplicity in the case of two components, of
multidimensional entire solutions to (1.3) in Rﬁ“ with N > 3 and such that they can not be obtained by adding
coordinates in a constant way starting from a 2-dimensional solution. Let k =2 and G < O(N) be the nontriv-
ial subgroup of symmetries generated by the reflections o; with respect to the hyperplanes X; = {x; = 0} for any
i=1,...,N. Letalso h : G — &, be defined on the generators of G by h(o;) = (1 2) forevery i =1,..., N (the
expression (1 2) denotes the cycle mapping 1 in 2 and 2 in 1). Let us consider the fundamental domain defined as the
set DQ2,G, h) = Sj\_’ N{z=(x,y) e Rﬂ\_’“ 1 x2>0,x3 >0, ..., xy > 0}. Obviously there exists a couple of nontrivial
and nonnegative functions (f1, f2) such that f; € H(};”(D(Z, G,h)N{x; >0}) and f, € H&;a(D(Z, G, h)N{x; <0}).
Let us merge them in a unique function v over the fundamental domain, and extend it to the whole of the hemisphere
S_‘A_’ following the condition v{(z) = vi(0;(0;(z))) for any i, j = 1,..., N (the values of u; over the fundamen-
tal domain are enough to define it on the hemisphere). In the same way, we can define the function v, so that
v2(z) = v1(0;(2)) for every i =1, ..., N. Let us normalize the two functions in L2(Siv; duw). Let us also define the
number v = fsiv Y4 Venvg 12 = fsiv Y4 Ven v2|2. The d(v)-homogeneous extension of v = (v, v2) to Rﬁ“ (the char-
acteristic exponent is defined in (2.10)) is an element of Hg j) satisfying conditions (i), (i) and (iii), and hence, as
a consequence, the triplet (2, G, &) turns out to be admissible.

Hence, it is possible to apply the construction seen in the first part of this section, in order to construct a
(G, h)-equivariant solution to (1.3) depending on the minimizer of the problem (4.11). We want to show that it holds

inf  I(w)=x<A{(®). (4.22)
UEA(G,h)

Let us define the set of 2-partitions
7712\, ={(w1, ) : w; C sN-1 open, w| Nwy =¥, o] Uwy = SNl Ginwzisa
(N — 2) — dimensional smooth submanifold, " !(w;) = HY " 1(wy),
7e€Ew & oi(z)eEmVYi=1,..,N}. 4.23)
Let us also introduce, for any element (w1, w;) € 73[2\, the space
AGm (@, o) ={ueAgn: u=0in S¥ "1\ w;, Vi=1,2}. (4.24)

We remark that for any 2-partition, this space is not empty since the function v previously constructed is contained.
The minimization problem in (4.11) can be expressed as
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inf 7(u) = inf inf I1(u). 4.25)

ueA G,n (01,w02)€P3 UEAG ) (@1,02)

Let us consider the particular 2-partition (a){v, a)ﬁv) € 7912\, so that a){v >SN In{x; >0,..,xy >0} Obviously one
has

A< inf I(u) =Ay. (4.26)

T ueA g @) o))
Therefore, by considerations over the symmetries and (2.11), it is easy to see that

)»S N )»S N

since HV~!(»}) > 0. Hence, (4.22) holds.
Now we want to show that the equivariant entire solution U = (U1, U,) obtained depends on any x;-variable for
any [ =1, ..., N. Thanks to the bound in (4.21) and the condition (4.22), we get that

N(@r;U) <d <d(A\(®)) =2s. (4.28)

Let us suppose by contradiction that U does not depend on the variable x| (we can choose it without loss of generality).

Then, considering the reflection oy, one has for any z € Rﬁ‘“
U1(z) = Ui(01(2)) = U2(2). (4.29)

Let us proceed now by a blow-down construction as in section 2.3 for the proof of Theorem 1[.2. The limit of the
blow-down sequence is a couple (4o, Vso) Of functions solving

Lattoo = Laveo =0 in Rﬁ-H,
oo oo = VoodiVoo =0 in  IRY T, (4.30)
UooVso = 0 in BR_ZXH.

By the uniform convergence, condition (4.29) says that u, = v in Rﬁ‘“ , and by the segregation condition also that
Uoo = Voo =0 in BRIH. Moreover, such solutions have the form

oo (r,0) = voo (r, 0) = r¥g (6),
where g is defined on the upper hemisphere S f = 8+Bl+ . Since we have constructed the blow-down sequence so that
H(1;Ug) =1, then
fy“g2= 1/2. (4.31)
s
Since d < 2s, we can apply a Liouville type result (see Proposition 3.1 in [19]) in order to conclude that s, and v
should be trivial everywhere, in contradiction with condition (4.31).
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