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Abstract
The purpose of this paper is to study boundary blow up solutions for semi-linear fractional elliptic equations of the form
(=) u@) + P @) = f(x), xe,

u(x) =0, x € 0°, 0.1)

lim u(x) =—+oo,
XEN,x—>082

where p > 1, £2 is an open bounded C 2 domain of RY , N > 2, the operator (—A)% with « € (0, 1) is the fractional Laplacian and

f 182 — R is a continuous function which satisfies some appropriate conditions. We obtain that problem (0.1) admits a solution
2o

with boundary behavior like d(x)” P~T, when 1 + 20 < p <1 — %, for some 7g(a) € (—1,0), and has infinitely many solu-

tions with boundary behavior like d (x)’O(”‘), when max{l — zr—‘g + %ﬁrl, l<p<l-— zr—‘g, Moreover, we also obtained some
uniqueness and non-existence results for problem (0.1).
© 2014 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

In their pioneering work, Keller [22] and Osserman [27] studied the existence of solutions to the nonlinear reaction
diffusion equation

(1.1)

—Au+h(u)=0, ing,
u:—'—OO’ on 89,

* Corresponding author.
E-mail addresses: hchen@dim.uchile.cl (H. Chen), pfelmer@dim.uchile.cl (P. Felmer), alexander.quaas @usm.cl (A. Quaas).

http://dx.doi.org/10.1016/j.anihpc.2014.08.001
0294-1449/© 2014 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.


http://www.sciencedirect.com
http://dx.doi.org/10.1016/j.anihpc.2014.08.001
http://www.elsevier.com/locate/anihpc
mailto:hchen@dim.uchile.cl
mailto:pfelmer@dim.uchile.cl
mailto:alexander.quaas@usm.cl
http://dx.doi.org/10.1016/j.anihpc.2014.08.001
http://crossmark.crossref.org/dialog/?doi=10.1016/j.anihpc.2014.08.001&domain=pdf

1200 H. Chen et al. / Ann. I. H. Poincaré — AN 32 (2015) 1199-1228

where £2 is a bounded domain in RN, N > 2, and £ is a nondecreasing positive function. They independently proved
that this equation admits a solution if and only if £ satisfies

Td—s < 400 (1.2)
! VH(s) ’ '

where H(s) = fos h(t)dt, that in the case of A(u) = u? means p > 1. This integral condition on the non-linearity is
known as the Keller—-Osserman criteria. The solution of (1.1) found in [22] and [27] exists as a consequence of the
interaction between the reaction and the diffusion term, without the influence of an external source that blows up at
the boundary. Solutions exploding at the boundary are usually called boundary blow up solutions or large solutions.
From then on, more general boundary blow-up problem:

{ —Aux)+h(x,u)= f(x), xe€£2,

lim u(x) =400
xe, x—082

(1.3)

has been extensively studied, see [2-4,11-14,20,24-26,29]. It has being extended in various ways, weakened the
assumptions on the domain and the nonlinear terms, extended to more general class of equations and obtained more
information on the uniqueness and the asymptotic behavior of solution at the boundary.

During the last years there has been a renewed and increasing interest in the study of linear and nonlinear integral
operators, especially, the fractional Laplacian, motivated by great applications and by important advances on the
theory of nonlinear partial differential equations, see [5-7,10,15,17—19,28,32] for details.

In a recent work, Felmer and Quaas [15] considered an analog of (1.1) where the Laplacian is replaced by the
fractional Laplacian

(=AM *u+u”lu=f, inS2,

u=g, in  £°, (1.4)
lim u(x) =400,
xeN, x—>082

where £2 is a bounded domain in RY, N > 2, with boundary 952 of class Cc?, p > 1 and the fractional Laplacian
operator is defined as

L[Sy
oy == [ Dy, xee.

RN
with ¢ € (0, 1) and 6 (4, x, y) = u(x + y) + u(x — y) — 2u(x). The authors proved the existence of a solution to (1.4)
provided that g explodes at the boundary and satisfies other technical conditions. In case the function g blows up with
2

an explosion rate as d (x)P, with B € (— =1 0) and d(x) = dist(x, d52), the solution satisfies

0 < liminf u(x)d(x)_ﬂ < limsup u(x)d(x)% < +o00.
XER,x—>302 XERx—>02

In [15] the explosion is driven by the function g. The external source f has a secondary role, not intervening in

the explosive character of the solution. f may be bounded or unbounded, in latter case the explosion rate has to be

controlled by d(x)~2*P/(P=D,

One interesting question not answered in [15] is the existence of a boundary blow up solution without external
source, that is assuming ¢ = 0 in £2¢ and f = 0 in £2, thus extending the original result by Keller and Osserman,
where solutions exists due to the pure interaction between the reaction and the diffusion terms. It is the purpose of
this article to answer positively this question and to better understand how the non-local character influences the large
solutions of (1.4) and what is the structure of the large solutions of (1.4) with or without sources. Comparing with
the Laplacian case, where well possedness holds for (1.4), a much richer structure for the solution set appears for the
non-local case, depending on the parameters and the data f and g. In particular, Theorem 1.1 shows that existence,
uniqueness, non-existence and infinite existence may occur at different values of p and «.

Our first result is on the existence of blowing up solutions driven by the sole interaction between the diffusion and
reaction term, assuming the external value g vanishes. Thus we will be considering the equation
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(=A)u+ulP'lu=f in$2,

u=0 1in £2°,
li = . 1.5
xG.Q,le—1>8.Q M(X) +oo ( )

On the external source f we will assume the following hypotheses

(H1) The external source f :§2 — Risa Clﬂoc(.Q), for some 8 > 0.
(H2) Defining f_(x) = max{— f(x), 0} and f(x) = max{f(x), 0} we have

2a, 2ap
lim sup f+(x)d(x)P_—p1 <400 and lim  f_ (x)d(x)ﬂ_—]l =0.
XEN,x—>082 XEN,x—>082

A related condition that we need for non-existence results

(H2*) The function f satisfies

limsup |f(x)|d(x)** < +oo.
xXe,x—082

Now we are in a position to state our first theorem.

Theorem 1.1. Assume that S2 is an open, bounded and connected domain of class C 2 and « € (0, 1). Then we have:
Existence: Assume that f satisfies (HI) and (H2), then there exists to(a) € (—1, 0) such that for every p satisfying

200
142a0<p<1-— , (1.6)
7o(cr)
Eq. (1.5) possesses at least one solution u satisfying
2a 2a
0< liminf u(x)d(x)r T < limsup u(x)d(x)?! < 4o0. (1.7)

xXeN,x—>082 xeR,x—>d2

Uniqueness: If f further satisfies f > 0in 2, then u > 0 in §2 and u is the unique solution of (1.5) satisfying (1.7).
Nonexistence: If f satisfies (HI), (H2*) and f > 0, then in the following three cases:

i) Foranyt € (—1,0)\ {—%, to(a)} and p satisfying (1.6) or
ii) Forany t € (—1,0) and

p>1-— or (1.8)
To(@)
iii) Forany t € (—1,0) \ {ro(a)} and
l<p<l+42a, (1.9)
Eq. (1.5) does not have a solution u satisfying
0 < liminf wu(x)d(x)™" < limsup u(x)d(x)” " < +oo. (1.10)
XER,x—>082 XEN,x—08
Special existence for T = t¢(a). Assume f(x) =0, x € 2 and that
2 1 2
max{l— « @+ ,1}< 1= (1.11)
To(a) To(at) To(at)

Then, there exist constants C1 > 0 and Cp > 0, such that for any t > 0 there is a positive solution u of Eq. (1.5)
satisfying

Cld(x)min{to(a)p+2a,0} S td(x)‘[()(()t) _ M(.x) S Czd(x)min{ro((x)p+2a,0}. (112)
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Remark 1.1. We remark that hypothesis (H2) and (H2*) are satisfied when f = 0, so this theorem answer the question
on existence rised in [15]. We also observe that a function f satisfying (H2) may also satisfy

lim f(x)=—o0,
xXeR, x—>0382

what matters is that the rate of explosion is smaller than %.
For proving the existence part of this theorem we will construct appropriate super and sub-solutions. This construc-
tion involves the one dimensional truncated Laplacian of power functions given by

+00
xo Ol —t[F + 1+ =2
C(f)=/ @D e dt, (1.13)
0

for T € (—1,0) and where x(o,1) is the characteristic function of the interval (0, 1). The number 7o(cr) appearing in
the statement of our theorems is precisely the unique t € (—1, 0) satisfying C(t) = 0. See Proposition 3.1 for details.

Remark 1.2. For the uniqueness, we would like to mention that, by using iteration technique, Kim in [23] has proved
the uniqueness of solution to the problem

{—Au+u¢:0, in §2,

: (1.14)
Ll:“r‘oo, m BQ,

where u, = max{u, 0}, under the hypotheses that p > 1 and £2 is bounded and satisfying 32 = 8£2. Garcfa-Melidn
in [20,21] introduced some improved iteration technique to obtain the uniqueness for problem (1.14) with replacing
nonlinear term by a(x)u?. However, there is a big difficulty for us to extend the iteration technique to our problem
(1.4) involving fractional Laplacian, which is caused by the nonlocal character.

In the second part, we are also interested in considering the existence of blowing up solutions driven by external
source f on which we assume the following hypothesis

(H3) There exists y € (—1 — 2, 0) such that

0< liminf f(x)d(x)"7 < limsup f(x)d(x)™" < +oo.
X€ER,x—>082 XEN,x—2

Depending on the size of y we will say that the external source is weak or strong. In order to gain in clarity, in this
case we will state separately the existence, uniqueness and non-existence theorem in this source-driven case.

Theorem 1.2 (Existence). Assume that $2 is an open, bounded and connected domain of class C*. Assume that f
satisfies (H1) and let o € (0, 1) then we have:
(i) (weak source) If f satisfies (H3) with

2a
20— —— <y < —2a, (1.15)
p—1

then, for every p such that (1.8) holds, Eq. (1.5) possesses at least one solution u, with asymptotic behavior near the
boundary given by

0< liminf u()dx)™7 2% < limsup u(x)d(x)"7 2 < +o0. (1.16)
XENR x>0 XENR,x—>082
(ii) (strong source) If f satisfies (H3) with
20
p—1

—1-20<y<—20— (1.17)

then, for every p such that
p>142¢, (1.18)
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Eq. (1.5) possesses at least one solution u, with asymptotic behavior near the boundary given by

0< liminf u(x)d(x) 7 < limsup u(x)d(x) 7 < +o0. (1.19)
xXeN,x—>082 XeR,x—d2

As we already mentioned, in Theorem 1.1 the existence of blowing up solutions results from the interaction between
the reaction u” and the diffusion term (—A)%, while the role of the external source f is secondary. In contrast, in
Theorem 1.2 the existence of blowing up solutions results on the interaction between the external source, and the
diffusion term in case of weak source and the interaction between the external source and the reaction term in case of
strong source.

Regarding uniqueness result for solutions of (1.5), as in Theorem 1.1 we will assume that f is non-negative,
hypothesis that we need for technical reasons. We have

Theorem 1.3 (Uniqueness). Assume that S2 is an open, bounded and connected domain of class C 2 ae(0,1)and f
satisfies (H1) and f > 0. Then we have

i) (weak source) the solution of (1.5) satisfying (1.16) is positive and unique, and
ii) (strong source) the solution of (1.5) satisfying (1.19) is positive and unique.

We complete our theorems with a non-existence result for solution with a previously defined asymptotic behavior,
as we saw in Theorem 1.1. We have

Theorem 1.4 (Non-existence). Assume that $2 is an open, bounded and connected domain of class C Zac 0, 1) and
f satisfies (H1), (H3) and f > 0. Then we have

1) (weak source) Suppose that p satisfies (1.8), y satisfies (1.15) and Tt € (—1,0) \ {y + 2a}. Then Egq. (1.5) does
not have a solution u satisfying (1.10).

ii) (strong source) Suppose that p satisfies (1.18), y satisfies (1.17) and T € (—1,0) \ {%}. Then, Eq. (1.5) does not
have a solution u satisfying (1.10).

All theorems stated so far deal with Eq. (1.4) in the case g = 0, but they may also be applied when g # 0 and,
in particular, these result improvg those given in [15]. In what follows we describe how to obtain this. We start with
some notation, we consider LCIU(Q") the weighted L' space in £2¢ with weight

w(y) = forall y € RV,

14| y|N+2a ’
Our hypothesis on the external values g is the following

(H4) The function g : £2¢ — R is measurable and g € L} (2°).

Given g satisfying (H4), we define

1 [gx+y)
G(X)ZE W y, X€L, (1.20)
RN
where
~ 0 xeR
=1 = 1.21
&) {g(x), x € £2¢. ( )

We observe that

G(x)=—(-A)g(x), xef.
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Hypothesis (H4) implies that G is continuous in £2 as seen in Lemma 2.1 and has an explosion of order d(x)#~2¢ to-
wards the boundary 82, if g has an explosion of order d(x)? for some B € (—1, 0), as we shall see in Proposition 3.3.
We observe that under the hypothesis (H4), if u is a solution of Eq. (1.4), then u — g is the solution of

(=) u() + u? () = f) + G, xe,
u(x) =0, x € Q°, (1.22)
lim wu(x)=+oc0
xXe2, x—>082
and vice versa, if v is a solution of (1.22), then v + g is a solution of (1.4).
Thus, using Theorems 1.1-1.4, we can state the corresponding results of existence, uniqueness and non-existence
for (1.4), combining f with g to define a new external source

Fx)=Gx)+ f(x), xef. (1.23)

With this we can state appropriate hypothesis for g and thus we can write theorems, one corresponding to each of
Theorem 1.1, 1.2, 1.3 and 1.4. Even though, at first sight we need that G(x) is Cl’fm(.Q), actually continuity of g is
sufficient, as we discuss Remark 4.1.

Moreover, in Remark 4.2 we explain how our results in this paper allows to give a different proof of those obtained
by Felmer and Quaas in [15], generalizing them.

After this paper was completed, we have learned of a preprint of Abatangelo [1] were different, but related results
are obtained.

This article is organized as follows. In Section 2 we present some preliminaries to introduce the notion of viscosity
solutions, comparison and stability theorems in case of explosion at the boundary. Then we prove an existence theorem
for the nonlinear problem with blow up at the boundary, assuming the existence of ordered. Section 3 is devoted to
obtain crucial estimates used to construct super and sub-solutions. In Section 4 we prove the existence of solution
to (1.5) in Theorem 1.1 and Theorem 1.2. In Section 5, we give the proof of the uniqueness of solution to (1.5)
in Theorem 1.1 and Theorem 1.3. Finally, the nonexistence related to Theorem 1.1 and Theorem 1.4 are shown in
Section 6.

2. Preliminaries and existence theorem

The purpose of this section is to introduce some preliminaries and prove an existence theorem for blow-up solutions
assuming the existence of ordered super-solution and sub-solution which blow up at the boundary. In order to prove
this theorem we adapt the theory of viscosity to allow for boundary blow up.

We start this section by defining the notion of viscosity solution for non-local equation, allowing blow up at the
boundary, see for example [7]. We consider the equation of the form:

(=A)u=h(x,u) in 2, u=g in §2°. 2.1
Definition 2.1. We say that a function u : (9£2)° — R, continuous in §2 and in L L(RN ) is a viscosity super-solution
(sub-solution) of (2.1) if

u>g (resp.u<g)in2°

and for every point x¢ € £2 and some neighborhood V of x¢ with V C £2 and for any ¢ € C 2(V) such that u(xq) =
¢ (xo) and

u(x) > ¢(x) (resp. u(x) <¢(x)) forallx € V,
defining

- _|¢ iV,

= { u in V¢,

we have
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(—A)ii(x0) = h(x0, u(x0)) (resp. (—A)*it(xo) < h(x0,u(xp))).

We say that u is a viscosity solution of (2.1) if it is a viscosity super-solution and also a viscosity sub-solution of (2.1).

Remark 2.1. This definition is equivalent in the case of super-solution to take ¢ such that u — ¢ has a zero at xq that
is a global minimum (—A)%#(xg) > h(xg, u(xp)) for other definitions of super-solution and their equivalence can be
found in [9].

It will be convenient for us to have also a notion of classical solution.

Definition 2.2. We say that a function u : (952)¢ — R, continuous in £2 and in L}U(RN ) is a classical solution of (2.1)
if (—A)%u(x) is well defined for all x € £2,

(=A)*u(x) =h(x,u(x)), forallxe s

and u(x) = g(x) a.e. in £2¢. Classical super and sub-solutions are defined similarly.

Next we have our first regularity theorem.

Theorem 2.1. Let g € LCIU(RN) and f € Cic(.Q), with B € (0, 1), and u be a viscosity solution of
(=N *u=7f in$2, u=g inS$°,

then there exists y > 0 such that u C12002+V (£2)

Proof. Here we use ideas of [32]. Suppose without loss of generality that B; C §2 and f € CP(By). Let n be a
non-negative, smooth function with support in By, such that n =1 in By2. Now we look at the equation

—Aw=nf inR".

By Holder regularity theory for the Laplacian we find w € C>#, so that (—A)!~*w € C?**#, see [33] or Theorem 3.1
in [16]. Then, since

(=A)*(u— (=A)'""w) =0 in By,

we can use Theorem 1.1~ and Remark 9.4 of [8] (see also Theorem 4.1 there), to obtain that there exist ,3 such that
u—(—A)-*y e c2th (B1,2), from where we conclude. O

The Maximum and the Comparison Principles are key tools in the analysis, we present them here for completion.

Theorem 2.2. (Maximum Principle) Let O be an open and bounded domain of RN and u be a classical solution of
(=A% <0 in0O, (2.2)

continuous in O and bounded from above in RN, Then u(x) < M, forall x € O, where M = sup, e u(x) < +o0o0.

Proof. If the conclusion is false, then there exists x” € O such that u(x’) > M. By continuity of u, there exists xo € O
such that

u(xp) =maxu(x) = max u(x)
xeO xeRN
and then (—A)%u(xg) > 0, which contradicts (2.2). O

Remark 2.2. Maximum Principle for less regular solution can be found for example in [31].
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Theorem 2.3. (Comparison Principle) Let u and v be classical super-solution and sub-solution of
(=) *u+hw)y=f in0O,

respectively, where O is an open, bounded domain, the functions f : O — R is continuous and h : R — R is increas-
ing. Suppose further that u and v are continuous in O and v(x) < u(x) for all x € O°. Then

ux)>vkx), xe0.

Proof. Suppose by contradiction that w = u — v has a negative minimum in xg € O, then (—A)*w(xp) < 0 and so,
by assumptions on u and v, h(u(xp)) > h(v(xp)), which contradicts the monotonicity of 2. O

‘We devote the rest of the section to the proof of the existence theorem through super and sub-solutions. We prove the
theorem by an approximation procedure for which we need some preliminary steps. We need to deal with a Dirichlet
problem involving fractional Laplacian operator and with exterior data which blows up away from the boundary.
Precisely, on the exterior data g, we assume the following hypothesis, given an open, bounded set @ in R with C?
boundary:

(G) g:0°—=Risin LL]D(O") and it is of class C2 in {z € O, dist(z, d0) < 8§}, where § > 0.

In studying the nonlocal problem (1.4) with explosive exterior source, we have to adapt the stability theorem and
the existence theorem for the linear Dirichlet problem. The following lemma is important in this direction.

Lemma 2.1. Assume that O is an open, bounded domain in RN with C* boundary. Let w : RN — R:

G) Ifwe L}O(RN) and w is of class C% in {z € RN, d(z, ©) < 8} for some 8 > 0, then (—A)*w is continuous in O.
@) Ifwe L}D(RN) and w is of class C* in O, then (—A)*w is continuous in O.
(i) Ifw e LCIU(RN) and w=0in O, then (—A)*w is continuous in O.

Proof. We first prove (ii). Let x € £2 and n > 0 such that B(x, 2n) C §2. Then we consider
(=A)*u(x) = L1(x) + La(x),

where

Li(x)= f 8. X\ V) 1 and Lo(x) = / du.x.y)

|y|N+2a |y|N+20t
B(0,n) B(0,n)¢

Since w is of class CZ in O, we may write L as

ol

11
//ta)’Dzw(x —|—strw)a)dtdsda)}rl_°‘dr,
0 “gN-1—1 1
where the term inside the brackets is uniformly continuous in (x, r), so the resulting function L is continuous. On

the other hand we may write L, as

d d
Ly(x) = —2w(x) / W%_z / %’

B(0,m)¢ B(x,m¢

lz —x
from where L is also continuous. The proof of (i) and (iii) are similar. O
The next theorem gives the stability property for viscosity solutions in our setting.

Theorem 2.4. Suppose that O is an open, bounded and C 2 domain and h : R — R is continuous. Assume that (u,),
n € N is a sequence of functions, bounded in LCIO(OC) and f, and f are continuous in O such that:
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(=A)%uy, + h(uy) = fu (resp. (—A)%u, + h(uy,) < fn) in O in viscosity sense,
u, — u locally uniformly in O,

Uy, — U in LLIO(RN), and

fn = f locally uniformly in O.

Then, (—A)*u+ h(u) > f (resp. (—A)*u+ h(u) < f) in O in viscosity sense.

Proof. If |u,| < C in O then we use Lemma 4.3 of [7]. If u, is unbounded in O, then u, is bounded in O =
{x € O,dist(x,00) > %}, since u, is continuous in O, and then by Lemma 4.3 of [7], u is a viscosity solution of
(=A)*u 4+ h(u) > f in Oy for any k. Thus u is a viscosity solution of (—A)*u + h(u) > f in O and the proof is
completed. O

An existence result for the Dirichlet problem is given as follows:

Theorem 2.5. Suppose that O is an open, bounded and C* domain, g : O¢ — R satisfies (G), f : O — R is continu-
ous, f € Cl‘ic(O), with B € (0, 1), and p > 1. Then there exists a classical solution u of

{(—A)“u(x>+|u|l’—1u<x)=f<x), xe0, 23

u(x) = g(x), xe0,

which is continuous in O.
In proving Theorem 2.5, we will use the following lemma:

Lemma 2.2. Suppose that O is an open, bounded and C* domain, f : O — R is continuous and C > 0. Then there
exist a classical solution of

{ (=A)%u(x)+Cu(x) = f(x), x€0O,

u(x) =0, x e, 2.4)

which is continuous in O.

Proof. For the existence of a viscosity solution u of (2.4), that is continuous in O, we refers to Theorem 3.1 in [15].
Now we apply Theorem 2.6 of [7] to conclude that u is Cleo (0), with & > 0, and then we use Theorem 2.1 to conclude
that the solution is classical (see also Proposition 1.1 and 1.4 in [30]). O

Using Lemma 2.2, we find V, a classical solution of

{ AV =-1, xe0, (2.5)
V(x)=0, x e O,

which is continuous in O and negative in O. It is classical since we apply Theorem 2.6 of [7] to conclude that u is
Cfoc((’)), with 6 > 0, and then we use Theorem 2.1 to conclude that the solution is classical (see also Propositions 1.1
and 1.4 in [30]).

Now we prove Theorem 2.5.

Proof of Theorem 2.5. Under assumption (G) and in view of the hypothesis on O, we may extend g to g in RV as
a C? function in {z € RY d(z,0) < 8}. We certainly have g € LL(RN) and, by Lemma 2.1 (—A)%g is continuous
in O. Next we use Lemma 2.2 to find a solution v of Eq. (2.4) with f(x) replaced by f(x) — (—A)*g(x) — Cg(x),
where C > 0. Then we define u = v + g and we see that u is continuous in O and it satisfies in the viscosity sense

{ (=A)%u(x)+Cu(x) = f(x), x€O,
u(x) = gx), x e 0",

Now we use Theorem 2.6 in [7] and then Theorem 2.1 to conclude that u is a classical solution. Continuing the proof,
we find super and sub-solutions for (2.3). We define
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() =2V(x) +g(x), xeRY,

where A € R and V is given in (2.5). We see that u; (x) = g(x) in O° for any A and for A large (negative), u, satisfies
-1 _ _

(=), () + [ (| (0) = f () = (=8)%g(x) = — f(x) = [g)[”,

for x € O. Since (—A)*g, g and f are bounded in 0, choosing A1 < 0 large enough we find that u;, > 0 is a
super-solution of (2.3) with u,, = g in O°.
On the other hand, for A > 0 we have

(—=A)%up () + lua P~ () = f(x) < (=A)*g(x) — A+ 1317 g (x) — F ().
As before, there is A > 0 large enough, so that i, is a sub-solution of (2.3) with u;, = g in O°. Moreover, we have
that u;, < u;, in O and u, = u,, = g in O°.

Let up = u;, and define iteratively, using the above argument, the sequence of functions u, (n > 1) as the classical

solutions of

(=) %un(x) + Cutp (x) = £ () + Ctp 1 (X) = lup1 1Py 1 (x), x€0,

up(x) =gx), xe€0O°,
where C > 0 is so that the function r () = Ct — |t|P~ ' is increasing in the interval [min 5 uy, (x), max, 5 u;, (x)].
Next, using Theorem 2.3 we get

Up, <uy <upy1 <uy, inQO, forallneN.
Then we define u(x) = lim,— 400 Uy (x), for x € O and u(x) = g(x), for x € O° and we have

up, <u=<uy, in0O. (2.6)

Moreover, u;,, u, € LL(RV) so that u, — u in L, (RY), as n — oo.

By interior estimates as given in [6], for any compact set K of O, we have that u,, has uniformly bounded C?(K)
norm. So, by Ascoli—Arzela Theorem we have that u is continuous in K and u,, — u uniformly in K. Taking a
sequence of compact sets K,, = {z € O, d(z,90) > l}, and O = U:{i‘f K, we find that u is continuous in O and, by
Theorem 2.4, u is a viscosity solution of (2.3). Now we apply Theorem 2.6 of [7] to find that u is CZQOC(O), and then
we use Theorem 2.1 con conclude that u is a classical solution. In addition, u is continuous up to the boundary by

(2.6). O
Remark 2.3. In the above limiting proceeding half relaxed limits can be use instead of C? regularity.

Now we are in a position to prove the main theorem of this section. We prove the existence of a blow-up solution
of (1.5) assuming the existence of suitable super and sub-solutions.

Theorem 2.6. Assume that §2 is an open, bounded domain of class C 2, p>1land f satisfy (HI ). Suppose there exists
a super-solution U and a sub-solution U of (1.5) such that U and U are of class C* in 2, U, U € L}O(RN),

U>U ing2, liminf U(x)=4o00 and U=U=0 in°.
XEN,x—>082

Then there exists at least one solution u of (1.5) in the viscosity sense and
U<u<U ing2.
Additionally, if f > 0in $2, then u > 0 in 2.

Proof. Let us consider £2, = {x € £2 : d(x) > 1/n} and use Theorem 2.5 to find a solution u,, of

{ (=2)%u(x) + [ulP"tu(x) = f(x), x €2y,

u(x) =U(x), xeQf, @.7)
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We just replace O by £2,, and define § = ﬁ, so that U (x) satisfies assumption (G). We notice that £2, is of class
C? for n > Ny, for certain Ny large. Next we show that u,, is a sub-solution of (2.7) in §2,41. In fact, since u,, is the
solution of (2.7) in §2,, and U is a sub-solution of (2.7) in §2,,, by Theorem 2.3,

u, >U in £2,.

Additionally, u, = U in £2;. Then, for x € £2,41 \ £2,, we have

1 S(uy, x, o
(=) () = =3 / wdm(—m Ux),
RN

so that u, is a sub-solution of (2.7) in £2,41. From here and since un_H_is the solution of (2.7) in £2,4+1 and Uisa
super-solution of (2.7) in §2,,4+1, by Theorem 2.3, we have u,, <u,y; < U in £2,1. Therefore, for any n > Ny,

U<up<up41<U in £.
Then we can define the function u as
u(x)= lm wu,(x), x€£ and u(x)=0, xeN°
n—+00
and we have
U)<u@x)<U®x), xef.

Since U and U belong to LCIU(RN ), we see that u,, — u in L}U(RN ), as n — co. Now we repeat the arguments of the
proof of Theorem 2.5 to find that u is a classical solution of (1.5). Finally, if f is positive we easily find that u is
positive, again by a contradiction argument. 0O

3. Some estimates

In order to prove our existence theorems we will use Theorem 2.6, so that it is crucial to have available super and
sub-solutions to (1.4). In this section we provide the basic estimates that will allow to obtain in the next section the
necessary super and sub-solutions.

To this end, we use appropriate powers of the distance function d and the main result in this section are the estimates
given in Proposition 3.2, that provides the asymptotic behavior of the fractional operator applied to d.

But before going to this estimates, we describe the behavior of the function C defined in (1.13), which is a C?
defined in (—1, 2«). We have:

Proposition 3.1. For every o € (0, 1) there exists a unique to(«) € (—1, 0) such that C(t9(«)) =0 and
C(r)(t — (@) <0, forallte(—1,0)\ {ro(@)}. (3.1)
Moreover, the function Ty satisfies

Iim t9(@) =0 and lim tp(a) =—1. 3.2)
a—1- a—0t

Proof. We first observe that C(0) < O since the integrand in (1.13) is zero in (0, 1) and negative in (1, 400). Next
easily see that
lim C(r)=+4o0, (3.3)
I
since, as T approaches —1, the integrand loses integrability at 0. Next we see that C(-) is strictly convex in (—1, 0),
since

+o00
1—t¢° t)log|l —1t 14+1)%log(l+¢
C’(r):/' IX(o,l)()Ogl1 [+ (14 1)" log( +)dt
t+20‘

0
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and
t t t + t (0] t
t +2a
0

The convexity C(-), C(0) < 0 and (3.3) allow to conclude the existence and uniqueness of to(«) € (—1, 0) such that
(3.1) holds. To prove the first limit in (3.2), we proceed by contradiction, assuming that for {¢,} converging to 1 and
70 € (—1, 0) such that

To(ay) <19 <O.

Then, for a constant ¢; > 0 we have

1720 gt — 400

dt >c; lim
ap—1- 11420 ap—1-

1
i / (1 — )@ 4 (] 4 ¢)Tolen) 2
im

0

o\u\n»—

and, for a constant ¢; independent of n, we have

<
t1+2(1,1 dt =,

+00

/ ‘m,l)(t)(l — ) 4 (14 H7on) —2
1

2

contradicting the fact that C(to(c;)) = 0. For the second limit in (3.2), we proceed similarly, assuming that for {«,}
converging to 0 and 7y € (—1, 0) such that

To(on) > 70 > —1.

There are positive constants ¢; and ¢, we have such that

2
x0.1(8) (1 — 1)@ 4 (1 4 gyl _ 2
120 dt <cj

0

and
+00 Yoo

i (1+I)T0(ocn)_2d - ; 1 .

M A= e i [ g A= oo
2 2

contradicting again that C(79(®,)) =0. O

Next we prove our main result in this section. We assume that § > 0 is such that the distance function d(-) is of
class C% in Ay = {x € £2,d(x) < 8} and we define

[(x), x € 2\ As,
Vix)=1dx)", xeAs;, (3.4)
0, x € §2°¢,

where 7 is a parameter in (—1, 0) and the function / is positive such that V; is C2 in £2. We have the following

Proposition 3.2. Assume $2 is a bounded, open subset of RN with a C? boundary and let o € (0, 1). Then there exists
61 € (0, 8) and a constant C > 1 such that:

1) If t € (—1, o)), then

1
Ed(x)f*z‘)‘ < —(=A)*V;(x) < Cd(x)"™>*, forall x € As,.
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(1) If t € (7o), 0), then

%d(x)f_za < (=A)*V;(x) < Cd(x)" "%, forall x € As,.
(i) If T = o(), then

[(=2)*V; (x)| < Cd (xyminto@-2n@ =20+l = for gl x € As,.

Proof. By compactness we prove that the corresponding inequality holds in a neighborhood of any point x € 92 and
without loss of generality we may assume that x = 0. For a given 0 < n < §, we define

On={z=(21,2) eRx R |z1] <, || <n}

and Q;F ={z € 0;,21>0}. Let ¢ : R¥=1 — R be a C? function such that (z1,2z') € £2 N Q, if and only if z; €
(¢(z"), n) and moreover, (p(z’), z') € 382 for all |7’'| < . We further assume that (—1,0, - - -, 0) is the outer normal
vector of £2 at x.

In the proof of our inequalities, we let x = (x1, 0), with x1 € (0, n/4), be then a generic point in A;/4. We observe
that |x — x| = d(x) = x1. By definition we have

I [6(Ve,x,y) 1 8(Ve,x,y)
—(—A)“vf(x>=§/Wdy+5 / e (3.5)
Oy RM\Q,
and we see that
6(Vf7‘x’ y)
/ Wd)" <clx[", (3.6)

RM\Q,

where the constant c is independent of x. Thus we only need to study the asymptotic behavior of the first integral, that
from now on we denote by E(x1)/2.

Our first goal is to get a lower bound for E(x1). For that purpose we first notice that, since T € (—1, 0), we have
that

d@2)" > |z1 —(Z)|", forallze Q5N Q. (3.7)

Now we assume that 0 < n < §/2, then for all y € Q,, we have x &=y € Qs. Thus x &=y € £2 N Qs if and only if
@(£y) <x1 £y <8 and |y'| < 8. Then, by (3.7), we have that

Vi + ) =d+ )" =[x+ y—9()] x+yeQsne (3.8)

and

Ve —y)=dx— )" = [xi —yi—o(-y)]. x-yeQsn. (3.9)
On the other side, for y € Q, we have thatif x &y € Q5N ¢ then, by definition of V;, we have V; (x = y) = 0. Now,
for y € O, we define the intervals

I=(p(y)—xi,n—x1) and I_=(x;—n,x1—¢(=y)) (3.10)

and the functions

1) = x1, OV |x1 4+ y1 = o(Y)|" + x- GD|x1 — y1 —o(=')|" — 2],
JOD) = Xy ODIXT = Y117+ X(xp e D Ix1 + y117 = 2x7,
L) ={x1, 0D = X(=x1.n—xn D Hxr + 3117,

L) = xr, 0D (Jx1+ 31— ()" = Ix1 + 7).

where x4 denotes the characteristic function of the set A. Then, using these definitions and inequalities (3.8) and
(3.9), we have that
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1 J
E(xl)Z/ |y|lf,)jr)2ad)’=/ |y|1(\,ygady+E1(x1)+E2(x1), (3.11)
Qn Qn
where
Li(y)+1-; .
Ei(xl)zf%dy, i=1,2. (3.12)

n

Here we have considered that

11 = {xi- D) = X =nxn D Hx1 = y1IF
and
1) = xr_D(|x1 —y1 — <P(—y/)fr —|xi = »l),

for y = (y1,y") € RN. We start studying the first integral in the right hand side in (3.11). Changing variables we see
that

J(y1) -2« J(xlzl)x;r —20
[V = x| T dz =2x;"""(R1 — Ry),
Oy Q%
where
o xonG@DI —zil"+ A +z)" =2
Ry = / |Z|N+2a dz
o
X1
and

dz.

Xz_y, 2y +z1)°
R2: ~1 ~1
|Z|N+2a

Next we estimate these last two integrals. For Ry we see that, for appropriate positive constants ¢; and ¢;

xo,n@DIT—z1" + A 4+z1)° _2d
|Z|N+2a z
RY
e 1 T 1 T2 1
_ Xx0,1) (21| —lel +A+2z1)" = dzy d7
+2a "2 1 N-E2m
0 2 g1 Iz’ + 1
=c1 C(1)

and

f xon@DIl =z + (1 4+z1)" =2

2
|z|N+2e dz=—c2x{* (1 +o(1)).

Q% )
Xl
Consequently we have, for some constant ¢ that

Ri = c1(C(0) + exi™ + o(x{*)). (3.13)

For R, we have that
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1+2z1)° 1
o= / : 1+zl) / w7z S ex T (3.14)
(14127

B
X1

where c3 > (. Here and in what follows we denote by B, the ball of radius o in RN From (3.13) and (3.14) we
then conclude that

J(y1)

|y|N+2ady=q T2 (C(T) 4 ex?® + o(x7%)). (3.15)

Oy

Continuing with our analysis we estimate E{(x1). We only consider the term /{(y), since the estimate for 7_;(y)
is similar. We have

y)—x

11()’) |X1+y1| ’ 20

|y|N+2a - |N+20t ldy = _xl Fl ('xl)a (316)

Qs
where
W(Xp
Fi(x)) = 21 dzd?/ (3.17)
1A= ((z1 — 1)2 + |Z/|2)(N+2a)/2 1éz - .
Bn O

1

In what follows we write ¢_(y’) = min{@(y’), 0} and ¢ (y") = ¢(y’) — ¢_(y’). Next we see that assuming that
0 <4 (y) < Cly'|? for |y'| <n, for given (z,z') satisfying 0 < z; < %ﬁ” and |Z'| < ;L then

-2+ = ( +|7), (3.18)
if we assume 7 small enough. Thus

¢4 (x12) (xl

211" /
Fl(xl)<c/ / T+ e pan e

T+1 |Z |2(‘L'+l)
=Cx / (a+ 2 |2)(N+2a)/2dz
xl
< fo+l (xlf2r+2a71 + 1) < Cxinin{r+l,2a—r}'
Thus we have obtained

Eji(x)) > —CxT~2aymintetl 2et), (3.19)

We continue with the estimate of E>(x1). As before we only consider the term />(y),

n—xi
L(y) lx1 +y1 —o(Y)I" — |x1+y1| /
|y|N+2a = yldy
Oy By o(y')—x1 (y +1]
T — o OO — [T
X1 Y1 — y X1 Y1
2/ ./ 2y Mt2e dyidy’
Oy 2

By o (y')—x1
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n
_ NIT T
:// lz1 — - ()] |ZNlLadz1dy’
(1 —xD>+1y'1») 2

B,;ga,(y’)
1 NIT T T
>// lz1 — - O)I" = |z1l / / —lz1l dzidy’
S (@ =2+ 1y |2)”““ (@1 —x)? + 1y
B, 0 oY)
n
= E71(x1) + E2a(x1). (3.20)

We observe that E3»(x1) is similar to F1(x1). In order to estimate E1(x1) we use integration by parts

1 — o (v T+1 _ 1+l _ NT+1
Eyi(rp) = /{(n o—(y)) n (—o-(y") }d,

Ni2a Nida
T L2y ey
n
N + 2« (z1 _(p_(y/))f+l (Zl)T—H
T+1 2 5 N2 (Zl —Xl)dmdy
B ((z1 —x)*+1y'[9)
=A| + Az

For the first integral we have

1 _ T+l —0_ NN\TH+1
A > f{ n __ (—p—(y ))Md }dy/
R N (R ) e N D R S T R
n

/|27 +2 ,
>—Cm)—C /—M,dy
e+ 1y'1%)

2 _Cxif—20t+f+1 _ C.

For the second integral, since t € (—1,0) and (z; — ¢— N —|z1*H > 0, we have that

X1
>N+2a/ (z1 — o (y)TH — |7t

Ay T (z1 — x1dz1dy’
R A A (e ) L N D R
n
X1
N +2a —o_(y)z]
z 2 // ! Nk (z1 — x1)dzidy’
T+D (@1 —x)2+ YD) 2
1
Z/ er
> Caxpr 2! /f <] g (@ — Ddzd?
sy (@= D24
n/x1
> —Cyxy 2, (3:21)

where C3, C4 > 0 independent of x| and the second inequality used @ = z; and b = —¢_(y’) in the fact that
(@+b)™ —a™ < L8 fora>0,b>0.
Thus, we have obtained

Ex(x1) > —Cxf~2ymntrth2et), (3.22)

The next step is to obtain the other inequality for E(x1). By choosing § smaller if necessary, we can prove that

Lemma 3.1. Under the regularity conditions on the boundary and with the arrangements given at the beginning of
the proof of Proposition 3.2, that is, that the boundary is locally described by ¢ after a rotation. We have that there is
n > 0and C > 0 such that

d2) = (21— () (1 = C|Z[) forall (z1,7) € 2N Q.
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Proof. Since ¢ is C? and V¢(0) =0, there exist n; € (0, 1/8) small and C; > 0 such that C1n; < 1/4 and

2
)

. VyeB,. (3.23)

()] < 1]y [Ve(y)| < Cily’

Choosing 75 € (0, 1) such that for any z = (z1,2’) € Oy, N £2, there exists y’ satisfying (¢(y’), y") € 32 N Oy, and
d(z) =z = (p(¥"), ¥)I.
We observe that y’ mentioned above, is the minimizer of

H(Z)=(z1 — </J(z/))2 +|Z =y ?

.| <m,
then

—(z1=9(y))Ve(y) + (&' =) =0,
which, together with (3.23) implies that

=] =] =y =11 = (") Ve ()] = (a1l + iy ) Vo ()]

1
<Ci(m+ C1’7%)|y/| <2Ciml|y'| < §|y/|~

Then

V[ =2|Z]. (3.24)

Denote the points z, (¢(y), ¥), (¢(z'),z') by A, B, C, respectively, and let 6 be the angle between the segment BC
and the hyper plane with normal vector e; = (1,0, ..., 0) and containing C. Then the angle ZC = 7 — 6. Denotes the
arc from B to C in the plane ABC by arc(BC). By the geometry, there exists some point x = (¢(x’), x") € arc(BC)
such that line BC parallels the tangent line of arc(BC) at point x. Then, from (3.24) we have |x'| < max{|Z|, |y'|} <
2|7’| and so, from (3.23) we obtain

y/ -7
ly" =2l
which implies that for some C > 0,

tan(0) =

V()| < |Ve(x)| < Ci|x'| <2¢1 |2

)

cos(@) > 1 —C|Z|%. (3.25)
Then we complete the proof using Sine Theorem and (3.25)

sin(£C) , NZ:
d(z) = Sin(ZB) (Zl —<P(Z )) = (Zl - <,0(z )) sm(E —9)

= (-0 eos®) = (a1 o)1 - ClP). O

From this lemma, by making C and n smaller if necessary we obtain that

d'(2) < (21— 9()) (1 +C|Z[) forallze2nQ,. (3.26)

With x = (x1, 0) satisfying x; € (0, n/4) as at the beginning of the proof, we have that d(x) = x| and for any y € O,
we see that x &+ y € Q5. We also see that x &=y € £2 N Qs if and only if ¢(£y’) < x; £ y; <8 and |y’| < 8. Then, for
x+tyef2N s, by (3.26) we have,

Ve £ y) =d(x )7 < (x1 £ 31 — () (1+C|y']). (3.27)

For y € O, we define

I3(y) = C|y/’2)(1+ OD|xt +y1 =)

and
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2
B(—=y)=Cly| xi_ D ]x1 = y1 —e(=y)|",
where /4 and I_ were defined in (3.10). Using (3.27) as in (3.11) we find

E(xo—f OWe 2 3) o [ LDy 4 By

|N+2a - |y|N+2a
D) b B + Ea(e) + Es(x), (3.28)
|y [N +2e y 1(x1 2x1 31 .
Oy
where E; and E;, were defined in (3.12) and
I3(y) + I3(—y)
E3(X1)=/Wdy. (329)
2y

We estimate E3(x1) and for that we observe that it is enough to estimate the integral with one of the terms in (3.29)
(the other is similar), say

Ia(y) CIyI X1 +y1 — w(y/)ltd Jv'
|N+2a |y |V +2a yiay
Oy By o(y")—x1
_ o)t
T 20l+2 |Z| |Z1 X1 | dZ dZ/
((Zl — D2 | PN
B n w(u
= Cx| P (A1 + Ay), (3.30)

where A and A, are integrals over properly chosen subdomains, estimated separately.

e 1
: 1Z12|z1 — ‘/’(X_IZ’)V
- !
M f (z1—D2+ |Z/|2)(N+2a)/2ledZ
Bn ew)
)C] X]
< 2|2
S (T + 1)2T+1 / (1 + |Z |2)(N+20[)/2dz (331)
B
1
n —2a+1
S C/(_) | (3.32)
X1

The inequality in (3.31) is obtained noticing that the ball B((1,0), 1/2) in RY does not touch the band

{(ZlaZ’)/’Z'! <, %M/) <o < 20D, 1/2}
1

xq

if x1 is small enough, and so (z; — 1)? + |Z/|* > % + %|z’|2. Then simple integration gives the next term. Next we
estimate Ap

_ o) 7
Ay = <l 6| dzid7
2= ((Zl _ 1)2 + |Z/|2)(N+2a)/2 1

B n @(x) 2 ’)
x]
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1 |22 deids
2_ ((Zl _ 1)2+ |Z/|2)(N+2a)/2 z1az
B n w(xl )

—2(x+2
- C/<i> _ (3.33)

X1
Putting together (3.30), (3.32), (3.33) and (3.29) we obtain

(3(y) + 3(=y)

E3(X1)= |y|N+2a

dy <cxj. (3.34)

Oy

From (3.16) but using the other inequality for Fi, that is,

¢— (\14

|21 ,
Fi(x)=C / / (1+|Z/|2)(N+2a)/2dmdz

and arguing 51m11ar1y we obtain as in (3.19)

Ey(x1) < CxJ =2yt (3.39)

Then we look at E»(x1) and, as in (3.20), we only consider the term I>(y):

L(y) lz1 — o ONIF = |z1l* ~
Nf—Za / / oy Wi dz1dy’ = Ez1(x1).
Iyl (z1 = x>+ [y )

Qn Br) P+ o
In order to estimate Ezl (x1) we use integration by parts

ot = /{(n—<p+(y’) -t (p+ N }y/
T L=x)2+ 1y (or0) —x)2 41y D)2

)r+l

L N+ (z1 — s ()T — It
- dzidy’
T+1 / / ((m—x1>2+|y|2)”““ (@ dady

By o+ ()

1

< N+Za/ / @1 = e O™ §+ (z1 —x1dzidy’

- r+1 NN PN ’
B, minfos().m1) (1 =xD)*+ Y19

This integral can be estimated in a similar way as E»j, see (3.21) and the estimates given before. We then obtain

Ep(x1) < it 21, (3.36)
Then we conclude from (3.5), (3.11), (3.15), (3.19), (3.22), (3.28), (3.34), (3.35) and (3.36) that
—(—=A) Ve (x) = CxI 72 (C(2) 4 O (x40, (3.37)

where there exists a constant ¢ > 0 so that

|0(xinin{f+l’2a})] < cx;nin{fﬂ’za}, for all small x; > 0.

From here, depending on the value of 7 € (—1, 0), conditions (i), (ii) and (iii) follows and the proof of the proposition

is complete. O

We end this section with an estimate we need when dealing with Eq. (1.4) when the external value g is not zero.
We have the following proposition



1218 H. Chen et al. / Ann. I. H. Poincaré — AN 32 (2015) 1199-1228

Proposition 3.3. Assume that $2 is a bounded, open and C* domain in RN . Assume that g € L}U(.QC ). Assume further
that there are numbers B € (—1,0), n > 0 and ¢ > 1 such that

1 _
—<gd(x) P <e, xeQCandd(x)<n.
C

Then there exist n1 > 0 and C > 1 such that G, defined in (1.20), satisfies

1
Ed(x)ﬁ_2°‘ <G(x)<Cd(x)P™2, xeA,. (3.38)

Proof. The proof of this proposition requires estimates similar to those in the proof of Proposition 3.2 so we omit it.
However, the function C used there and defined in (1.13), needs to be replaced here by C : (—1,0) — R given by

o0
. It —118
1
We observe that this function is always positive. 0O

4. Proof of existence results

In this section, we will give the proof of existence of large solution to (1.5). By Theorem 2.6 we only need to find
ordered super and sub-solution, denoted by U and W, for (1.5) under our various assumptions. We begin with a simple
lemma that reduce the problem to find them only in As.

Lemma 4.1. Let U and W be classical ordered super and sub-solution of (1.5) in the sub-domain As. Then there
exists A large such that Uy = U — AV and W, = W + AV, where V is the solution of (2.5), with O = 2, are ordered
super and sub-solution of (1.5).

Proof. Notice that by negativity V in £2, we have that U, = U and W, < W, so they are still ordered in As. In
addition U, satisfies
(=N Up + UL U — f(0) = (=D)*U +UIP'U — f(x) +2>0, inS2.

This inequality holds because of our assumption in Ag, the fact that (—A)*U + |U Il’_lU — f(x) is continuous in
£2 \ As and by taking A large enough.

By the same type of arguments we find the W) is a sub-solution of the first equation in (1.5) and we complete the
proof. O

Now we are in position to prove our existence results that we already reduced to find ordered super and sub-solution
of (1.5) with the first equation in As with the desired asymptotic behavior.

Proof of Theorem 1.1 (Existence). Define

Uy(x)=uVr(x) and W,(x) =uVi(x), 4.1)

with T = —2%‘1. We observe that T = —% € (—1, () and Tp = T — 2. Then by Proposition 3.2 and (H2) we

find that for x € A5 and § > 0 small

(=AU (x) + UL (x) = f(x) = =Cpd (x)" % + P d(x)™ — Cd(x)"”,

for some C > 0. Then there exists a large > 0 such that U, is a super-solution of (1.5) with the first equation in A4
with the desired asymptotic behavior. Now by Proposition 3.2 we have that for x € As and § > 0 small

(=) Wy () + W) = () £ = 5d ()" 4 puPd () = F() <0,
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in the last inequality we have used (H2) and p > O small. Then, by Theorem 2.6 there exists a solution, with the
desired asymptotic behavior. O

Proof of Theorem 1.1 (Special case T = 79(cc)). We define for z > 0,

Up(x) =tV (x) = uVy (x) and W, (x) =1V (x) — uVy (), 4.2)
where 1 = min{ty(a) p + 2«, 0}. If ) = 0, we write V) = x and we have

1
(—A)“Vo(x) = / md& x €S2.

RV\Q

By direct computation, there exists C > 1 such that

éd(x)*z"‘ < (=A)*Vo(x) <Cd(x)™, xef. (4.3)
We see that 11 € (t9(«), 0] and, if 71 < 0, we have 71 — 2o = 79(e) p and

7] — 20 < min{7o(a), To() — 20 + () + 1}.
Then, by Proposition 3.2 and (4.3), for x € Ay, it follows that

(=AU, (x) + U @)|" U () = —Crd ()™ 0@ 70@ =204 0@+ _ €4 (x)12% 4 1P (x) 0@,
Thus, letting u =t”/(2C) if t; < 0 and u =0 if t; = 0, for a possible smaller § > 0, we obtain

(=AU, () + U 0)|" ' Uux) =0, x € 4s.
For the sub-solution, by Proposition 3.2 and (4.3), for x € As, we have

(=AW, () + [W, [P~ W, () < Crd (rymintro@: o) =2etno@-+1) _ %d(x)” —20 P (x)0@P,
where C > 1. Then, for 4 > 2Ct? and a possibly smaller § > 0

(=AW, (x) + WP ' W, (x) <0, x €A,

completing the proof. O

Proof of Theorem 1.2. We define U, and W, as in (4.1). In the case of a weak source, we take T = y + 2o and
we observe that y + 2« > —% > 1o(r) and p(y + 2a) > y. Using Proposition 3.2 and (H3) we find that U}, is a
super-solution for p > 0 large (resp. W, is a sub-solution for & > 0 small) of (1.5) with the first equation in As for
8 > 0 small. In the case of a strong source, we take 7 = % and observe that y < % — 2a. Using Proposition 3.2 we
find

(=AU, [(=A)U,| < Cdx)r .

)

By (H3) we find that Uy, is a super-solution for u large (resp. W, is a sub-solution for p small) of (1.5) with the first
equation in As for § small. O

Remark 4.1. In order to obtain the above existence results for classical solution to (1.4), that is, when g is not
necessarily zero, we only need use the above results with F as a right hand side as given in (1.23). Here we only need
to assume that g satisfies (H4). In fact, as above we find super and sub-solutions for (1.5), with f replaced by F.
Then, as in the proof of Theorem 2.6, we find a viscosity solution of (1.5) and then v =u + g is a viscosity solution
of (1.4). Next we use Theorem 2.6 in [7] and then we use Theorem 2.1 to obtain that v is a classical solution of (1.4).
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Remark 4.2. Now we compare Theorem 1.1 with the result in [15]. Let us assume that f and g satisfies hypothesis
(FO)-(F2) and (G0)—(G3), respectively, given in [15]. We first observe that the function F, as defined above, satisfies
(H1) thanks to (GO0), (G3) and (F0O). Next we see that F satisfies (H2), since (G2), (F1) and (F2) holds. Here we have to
use Proposition 3.3. In the range of p given by (1.6), we then may apply Theorem 1.1 to obtain existence of a blow-up
solution as given in Theorem 1.1 in [15]. We see that the existence is proved here, without assuming hypothesis (G1),
thus we generalized this earlier result. Moreover, here we obtain a uniqueness and nonexistence of blow-up solution, if
we further assume hypotheses on f and g, guaranteeing hypothesis (H2*) in Theorem 1.1. The complementary range
of p is obtained using Theorem 1.2 for the existence of solutions as given in Theorem 1.1 in [15] and uniqueness and
non-existence as in Theorem 1.3 and 1.4 are truly new results. The hypotheses needed on g to obtain (H3) for the
function F are a bit stronger, since we are requiring in (H3) that the explosion rate is the same from above and from
below, while in (G2) and (G4) they may be different.

5. Proof of uniqueness results

In this section we prove our uniqueness results, which are given in Theorem 1.1 and Theorem 1.3. These results are
for positive solutions, so we assume that the external source f is non-negative. We assume that there are two positive
solutions u and v of (1.5) and then define the set

A={x€9, u(x)>v(x)}. 5.1

This set is open, A C £2 and we only need to prove that A = @, to obtain that u = v, by interchanging the roles of u
and v.

We will distinguish three cases, depending on the conditions satisfying # and v: Case a) u and v satisfy (1.6) and
(1.7) (uniqueness part of Theorem 1.1), Case b) u and v (1.15) and (1.16) (weak source in Theorem 1.3) and Case c)
u and v with (1.17)—(1.19) (strong source in Theorem 1.3).

We start our proof considering an auxiliary function

c(1—1x%3, x e B(0),
0, x € B{(0),

where the constant ¢ may be chosen so that V satisfies

Vix) = { (5.2)

(=A)¥V(x)<1 and 0< V(0)= max V(x). (5.3)

x€RN
In order to prove the uniqueness result in the three cases, we need first some preliminary lemmas.
Lemma 5.1. Given k > 1, if Ay = {x € 2, u(x) — kv(x) > 0} £ @, then
A, N 32 £QA. 54

Proof. If (5.4) is not true, there exists x € §2 such that

u(x) —kv(x) = max (u — kv)(x) > 0,
xeRN

Then, we have
(=2)%(u — kv)(x) > 0,
which contradicts
(=A)*(u — kv)(x) = —uP (x) + kvP (x) — (k = 1) f (%)
<—(kP —k)v?(x) <0. O
Lemma 5.2. If Ay # D, for k > 1, then

sup (u — kv)(x) = +o00. (5.5)
xX€eNR
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Proof. Assume that M = Sup, o (# — kv)(x) < +00. We see that M > 0 and there is no point x € £2 achieving the
supreme of u — kv, by the same argument given above. Let us consider xg € A, r = d(x)/2 and define

wy=u—kv inR". (5.6)
Under the conditions of Case a) and b) (resp. Case ¢)), for all x € B, (xg) N A; we have
(= D) wr (x) = —uP (x) + kv? (x) + (1 = k) f (x) < =Ky r7 >, (5.7)

(resp. < —Kr?). Here we have used that t = —2«/(p — 1) and, in Case a) (1.7) for v, in Case b) (H3) and (1.15)
and in Case ¢) (H3). Moreover, in Case a) we have considered K1 = C(k? —k) and in Cases b) andc) K| =C(k — 1)
for some constant C. Now we define

w(x) = 2—MV<x —x0>
V(0) r

for x € RV, where V is given in (5.2), and we see that

w(xg) =2M (5.8)

and

(—A)w < 5?3)r_20‘, in B, (xp). (5.9)

Since 7 < 0 (y < —2« in the Case ¢)), by Lemma 5.1 we can take xg € A close to 962, so that
2M 2M
= <K' = <K1r"™* inCasec) ).
V(0) V(0)
From here, combining (5.7) with (5.9), we have that
(=A% (wr +w)(x) <0,  x € B, (xp) N Ay.

Then, by the Maximum Principle, we obtain

wi (x0) + w(xo) < max{M, sup  (wy + w)}. (5.10)
x€By (x0)NAf

In case we have

M < sup (wg + w), (5.11)
x€By (x0)NAf

then

w(xp) < (wr+w)xo) < sup  (wg +w)(x)
x€By (x0)NAf

< sup  w(x) <w(xp), (5.12)
x€By (x0)NAf

which is impossible. So that (5.11) is false and then, from (5.10) we get
w(x0) < wi(x0) + w(xo) < M,

which is impossible in view of (5.8), completing the proof. O

Lemma 5.3. There exists a sequence {Cy}, with C,, > 0, satisfying

lim C, =0 (5.13)

n——+00

and such that for all xg € Ay and k > 1 we have
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wi(z) — M,
0< ;ﬁiﬁdz <Cor™2*  Vx e B, (xg),
Q’l

where we consider r = d(x0)/2, On =1{z € Ar/n [ Wi (2) > My} and M,, = MmaxXyeQ\A,/, wi (x).

Proof. In Case a): we see that O, C A/, and lim,,_, 4 o | Q| = 0, so that using (1.10) we directly obtain

r/n
wi(z) — M, —N—-2a T —N—2a T, N—1 ¢ 20
- < < <
|z—x|N+20‘dZ_C0r d(z)'dz<Cr t't dt—nN—s—rr ,
On Ar/n 0

where C depends on Cq and 9£2. We complete the proof defining C,, = nN%
In Case b) we argue similarly using (1.16) and define C, as before, while in Case c) we argue similarly using
(1.19), but defining C, = 7. O

Now we are in a position to prove our non-existence results.

Proof of uniqueness results in Cases a), b) and ¢). We assume that A # @, then there exists k > 1 such that A; # @.
By Lemma 5.2 there exists xg € Ay such that

w(x0) = max{wi (x) /x € 2\ Aagxy) }-
Proceeding as in Lemma 5.2 with the function

X — X0

K K _
w(x) = TIrTV< ) and w(x) = TIVVJFZO‘V(ﬂ), in Case ¢),
r

we see that
K
(—A)*(we +w)(x) < =07 x € Br(x0) N Ar. (5.14)
Ky .
and (—A)*(wr +w)(x) < —71’)’, in Case c). (5.15)

With M,,, as given in Lemma 5.3, we define

- _ ) (wetw)x),  if wi(x) < M,,
Wn (X) = { M,, if we (x) > My, (5.16)
for n > 1. By Lemma 5.3 we find ng such that
_ wr(z) — M,

Ong
<0, in B,(xo) N Ag.
In Case b) we have use (1.15) and in Case c) we have use (1.17), to get similar conclusion. Then, by the Maximum

Principle, we get

U_)no (x0) < max{Mno, sup (wko + w)}
x€B; (x0)NAL

Using the same argument as in (5.12), we conclude that

sup (Wiy +w) > My,
x€By (x0)NAf

does not hold and therefore

Wp (x0) = wi (x0) + w(xo) < Mp,. (5.17)



H. Chen et al. / Ann. I. H. Poincaré — AN 32 (2015) 1199-1228 1223

Next, by the definition of M, we choose x1 € §2 \ A, 5, such that wi(x1) = Mp,. But then we have

K
wi (x0) + w(xo) > w(xg) = 71 V(0)r* in Case a) and b)

and  wi(x9) + w(xg) > w(xg) = %V(O)ryﬂa in Case c).

Thus, by the asymptotic behavior of v, (1.6) in Case a), (1.15) in Case b) and (1.17) in Case c), we have
rT>niCu(x;) and r?T >pv/P > ng/pCv(xl) in Case c).

We recall that in Case a) K| = C(k? — k), so from (5.17)
u(xr) > (1+ co)kv(xy), (5.18)

where cp > 0 is a constant, not depending on x( and increasing in k. Now we repeat this process above initiating by
x1 and k1 = k(1 + ¢p). Proceeding inductively, we can find a sequence {x,,} C A such that

u(xm) > (1+co)"kv(xm),

which contradicts the common asymptotic behavior of u and v.
In the Case b) and c) recall that K; = C(k — 1) and, as before, we can proceed inductively to find a sequence
{xm} C A such that

u(xp) > (k4 meo)v(xm),
which again contradicts the common asymptotic behavior of ¥ and v. O

6. Proof of our non-existence results

In this section we prove our non-existence results. Our arguments are based on the construction of some special
super and sub-solutions and some ideas used in Section 5. The main portion of our proof is based on the following
proposition that we state and prove next.

Proposition 6.1. Assume that §2 is an open, bounded and connected domain of class C, « € (0,1), p > 1 and
f is nonnegative. Suppose that U is a sub or super-solution of (1.5) satisfying U = 0 in £2¢ and (1.10) for some
T € (—1,0). Moreover, if T > —%, assume there are numbers € > 0 and § > 0 such that, in case U is a sub-solution

of (1.5),

(=AU (x) < —ed(x)"™* or f(x)=ed(x)"2%, forx e As, (6.1)
and in case U is a super-solution of (1.5),

(=AU K)>ed(x) ™2 and f(x)< %d(x)f*%‘, for x € Ag. (6.2)

Then there is no solution u of (1.5) such that, in case U is a sub-solution,

0< liminf u(x)d(x)"" < limsup u(x)d(x)" "
XEL2, x—>082 x€R, x—> 082
< liminf U®X)dx)°F (6.3)
Xe€NR, x—052

or in case U is a super-solution,
0< limsup Ux)d(x) " < liminf wu(x)d(x)™"
x€R, x>0 X€R2, x—082

< limsup u(x)d(x)"" < oo. (6.4)
XER, x—>082
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We prove this proposition by a contradiction argument, so we assume that u is a solution of (1.5) satisfying (6.3) or
(6.4), depending on the fact that U is a sub-solution or a super-solution. Since f is non-negative we have that u > 0
in £2 and by our assumptions on U, there is a constant Cy > 1 so that, in case U is a sub-solution

CO_l <u@)d(x)"F <Uxd(x)"F<Cy xE€A;s (6.5)
and, in case U is a super-solution

CO_1 <UX)dx) " <ux)dx)"T<Cy xeAs. (6.6)
Here § is decreased if necessary so that (6.1), (6.2), (6.5) and (6.6) hold. We define

R B TR 67
where k > 0. In order to prove Proposition 6.1, we need the following two preliminary lemmas.
Lemma 6.1. Under the hypotheses of Proposition 6.1. If Ay = {x € 2 / g (x) > 0} # D, for k > 1. Then,
0A; N3 £ Q. (6.8)
The proof of this lemma follows the same arguments as the proof of Lemma 5.1 so we omit it.
Lemma 6.2. Under the hypotheses of Proposition 6.1. If Ay # @, for k > 1, then
sup 7 (x) = 4o00. (6.9)

xes

Proof. If (6.9) fails, then we have M = sup, . 7k (x) < +00. We see that M > 0 and, as in Lemma 5.2, there is no
point x € £2 achieving M. By Lemma 6.1 we may choose xg € A; and r = d(x¢)/4 such that B, (xg) C As, where r
could be chosen as small as we want. Here § is as in (6.1) and (6.2).
In what follows we coznsider x € By (xp) N Ay and we notice that 3r < d(x) < 5r. We first analyze the case U is a
o

sub-solution and T < — T We have

(=A)*m(x) = =UP(x) + kuP (x) — (k = 1) f (x)
< — (kP71 = 1)ku? (x)
<—Co P (k"' = 1)kd(x)"? < —Kir" ™,

where we have used f >0, k > 1, (6.5), K| =5772*C, " (kP~! — Dk > 0 and Cy is taken from (6.5). Next we

consider the case U is a sub-solution and t > — %. By the first inequality in (6.1), we have

(=A) 7 (x) < —ed (x)T 72 + kuP (x) — kf (x)
< —(e —kC{r* ™) d(x)"" 2 < —Kyr %,
where the last inequality is achieved by choosing r small enough so that (€ — kC/r?*~™#7) = § and K| =572,
On the other hand, if the second inequality in (6.1) holds, we have
(— A7 (x) < kuP (x) — (k — Ded(x)T 2
<—(tk = e — kCgrza—f+fP)d(x)f—2a <Kt

where r satisfies (k — 1)e — kCJr2e—™+ > Ele and Ky = 5720 k1,

L“l, we argue similarly to obtain

In case U is a super-solution and 7 < —

(=A)me(x) < —uP(xX)+kUP(x) —(k—1) f(x) < —Klrf_z‘)‘,

where K| = Sf_2‘)‘C()_p(lcp_1 — 1)k > 0. Finally, in case U is a super-solution and 7 > —%, using (6.2) we find
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(—A)* 7 (x) < —uP(x) — ked ()" + f(x) < — K",
with K =572 %6 > (. Thus, in all cases we have obtained
(—A)*me(x) < —K1r7%,  x € By (x0) N Ay, (6.10)

for some K1 = K (k) > 0 non-decreasing with k. From here we can argue as in Lemma 5.2 to get a contradiction O
Now proof of Proposition 6.1 is easy.

Proof of Proposition 6.1. From (6.10), recalling that K| non-decreasing with k, we can argue as in the proof of
uniqueness result in Case b) to get a sequence (x,,) in As such that, for some ky > 1 and k > 0, in case U is a
sub-solution we have

U (xm) > (ko + mi)u(xp)
and, in case U is a super-solution we have
(@) > (ko +mk)U (xp).
From here we obtain a contradiction with (6.5) or (6.6), for m large. O

Proof of non-existence part of Theorem 1.1. For any ¢ > 0 we construct a sub-solution or super-solution U of (1.5)
such that

lim  U@d(x) " =t, 6.11
xG.Q,lxn;l)i).Q (x)d(x) ( )

and U satisfies the assumption of Proposition 6.1, for different combinations of the parameters p and t. For # > 0 and
u € R we define

Upr=tVe+pVy inRY, (6.12)

where Vo = x is the characteristic function of §£2 and V; is defined in (3.4). It is obvious that (6.11) holds for U, ;
for any u € R. To complete proof we show that for any ¢ > 0, there is p(¢) such that U, ), is a sub-solution or
super-solution of (1.5), depending on the zone to which (p, t) belongs.

Zone 1: We consider p > 1 and t € (t9(«), 0). By Proposition 3.2 (ii), there exist §; > 0 and C; > 0 such that

(=A)* Ve (x) > Crd(x)" 2%,  x € As,. (6.13)
Combining with (H2*), for any u > 0, there exists §; > 0 depending on ¢ such that

(—A)* Uy () + UL (x) = f(x) > Ctd(x)" 2 — Cd(x) ¥ 20, x € Ay,.
On the other hand, since V; is of class C2, f is continuous in £2 and £2 \ As, is compact, there exists C; > 0 such that

1|~ Ve@)| < Ca. x €2\ Ay (6.14)
Then, using (4.3), there exists p > 0 such that

(=A)*Up (x) + Ulf’,(x) —fx)>-2C+Cou>0, xe8\As. (6.15)

We conclude that for any ¢ > 0, there exists 1(¢) > 0 such that Uy,() ; is a super-solution of (1.5) and, by (H2*) and
(6.13), it satisfies (6.2).

Zone 2: We consider p > 1 +2x and 7 € (—1, —%). By Proposition 3.2 (i) and (ii), there exists 61 > 0 depending
on ¢ such that

(—A) Uy () + UL (x) = f(x) = —Cr1d (x)" 2 +1Pd (x)™P — Cd(x) ™% > 0, (6.16)

for x € As, and for any n > 0, where we used that 0 > v — 2 > tp. On the other hand, for x € £2 \ A;,, (6.15) holds
for some 1 > 0 and so we have constructed a super-solution of (1.5).
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Zone 3: We consider 1 +2a < p <1— 702(‘3) and T € (—%, 70(«)), which implies that Tp > 7 — 2a. By Propo-

sition 3.2 (i) and f > 0 in £2, there exists 61 > 0 so that for all © <0

(—A)* Uy () + UL (x) = f(x) < =Citd(x)" 2 +1Pd(x)" <0, (6.17)
for x € As,. Then, using (4.3) and (6.14), there exists u = p(¢) < 0 such that

(=) Ui (x) + UJ ,(x) — f(x) <2C2+ Con <0, x €2\ As,. (6.18)

We conclude that for any ¢ > 0, there exists p(¢) < 0 such that Uy, (),; is a sub-solution of (1.5) and it satisfies (6.1).
We see that Zone 1, 2 and 3 cover the range of parameters in part (i) of Theorem 1.1, completing the proof in the
case.
Zone 4: To cover part (ii) of Theorem 1.1 we only need to consider p =1 — 12(‘3 5 with T = 79() = — %, which
implies that tp = v — 20 < min{t — 2o 4+ v + 1, 7}. By Proposition 3.2 (iii), there exists §; > 0 depending on ¢ such
that

(—A) Uy s (x) + UL (x) = f(x) = =Cytd (x)™MT720 4L 2 g (x) 7P
—Cd(x)™ >0, xe€A;s

for any p > 0. For x € £2 \ As,, (6.15) holds for some © > 0, so we have constructed a super-solution of (1.5).

We see that Zones 1, 2 and 4 cover the parameters in part (ii) of Theorem 1.1, so the proof is complete in this case
too.

Zone 5: We consider 1 < p <1+2« and t € (—1, t9(®)), which implies that tp > T — 2. By Proposition 3.2 (i)
and f > 0in £2, there exists §; > O such that for all 4 <0 and x € Aj,, inequality (6.17) holds. Then, using (4.3) and
(6.14), there exists u = u(t) < 0 such that (6.18) holds and we conclude that for any ¢ > 0, there exists ©(¢) < 0 such
that U,,(s),; satisfies the first inequality of (6.1) and it is a sub-solution of (1.5).

We see that Zones 1 and 5 cover the parameters in part (iii) of Theorem 1.1. This completes the proof. O

Proof of Theorem 1.4. Here again we construct sub or super-solutions satisfying Proposition 6.1 to prove the theo-

rem. In the case of a weak source, that is, part (i) of Theorem 1.4, we have p > 1 — TOZ(‘J(;) and -2« — % <y < —2a,
which implies that —1 < 7g(o) < —% <y +2a < 0. We consider two zones depending on t.

Zone 1: we consider t € (y + 2w, 0), so we have y < 7p and y < 7 — 2. By Proposition 3.2 (ii) and (H3), we
have that, for any ¢ > 0 there exist §; > 0, C; > 0 and C, > 0 such that

(=AY Ups (X) + Up ,(x) = f(x) < Crtd ()" +17d (x)™P — Cod(x)” <0, (6.19)

for x € As, and any @ < 0. On the other hand, using (4.3) and (6.14) we find = p(¢) < 0 such that (6.18) holds for
x € £2\ As,. We conclude that for any ¢ > 0, there exists . (t) < 0 such that Uy ; is a sub-solution of (1.5) and by
(H3), it satisfies (6.1).

Zone 2: We consider 7 € (—1, y 4+ 2a). For 7 € (19(®), ¥y + 2«) in case t9(«) < ¥ + 2w, by Proposition 3.2 (i)
there exists 61 > 0, depending on ¢, such that

(=8)*Upue(0) + UL, (x) = f(x) = C11d(x)" 2 — Cad(x)” 20, (6.20)

for x € A5, and any u > 0. For 7 € (—1, ro()] N (=1, y + 2a), we have 7p < y and 7p < 7 — 2, so by Proposi-
tion 3.2 (i) and (iii), there exists §; > 0 dependent of ¢ such that (6.16) holds for any p > 0, while for x € §2 \ As,,
(6.15) holds for some p > 0. We conclude that for any ¢ > 0, there exists p(¢) > 0 such that U, ; is a super-solution
of (1.5) and by (H3) it satisfies (6.2), completing the proof in the weak source case.
Next we consider the case of strong source, that is part (ii) of Theorem 1.4. Here we have that
y 2u
—1<=<- <
p p—1
Here again we have two zones, depending on the parameter t.
Zone 1: We consider T € (£, 0), in which case we have T — 2« > y and tp > y. Then there exist §; > 0, C; > 0
and C; > 0 such that (6.19) holds for any © < 0 and using (4.3) and (6.14), there exists u = u(t) < 0 such that (6.18)

0.
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holds for x € £2 \ As,. Thus, for any ¢ > 0 there exists w(z) < 0 such that U, is a sub-solution of (1.5) and (H3)
implies the first inequality of (6.1).

Zone 2: we consider T € (—1, £), in which case we have 7p < T — 2« and Tp < y. Then there exist §; > 0, C; > 0
and C> > 0 such that (6.20) holds for x € As, and > 0. We see also that for x € §2 \ As,, inequality (6.15) holds for
some (> 0 and so for any ¢ > 0, there exists (f) > 0 such that U, (), is a super-solution of (1.5).

This completes the proof of the theorem. O
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