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Abstract

We study the compactness in Llloc of the semigroup mapping (S;);~¢ defining entropy weak solutions of general hyperbolic
systems of conservation laws in one space dimension. We establish a lower estimate for the Kolmogorov e-entropy of the image
through the mapping S; of bounded sets in LY N L%, which is of the same order 1/¢ as the ones established by the authors for
scalar conservation laws. We also provide an upper estimate of order 1/¢ for the Kolmogorov ¢-entropy of such sets in the case of
Temple systems with genuinely nonlinear characteristic families, that extends the same type of estimate derived by De Lellis and
Golse for scalar conservation laws with convex flux. As suggested by Lax, these quantitative compactness estimates could provide
a measure of the order of “resolution” of the numerical methods implemented for these equations.
© 2014 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.

Résumé

Nous étudions la compacité dans LllOC du semi-groupe (S;);-o définissant les solutions faibles d’entropie de systemes hyper-
boliques de lois de conservation généraux en dimension un d’espace. Nous établissons une estimée inférieure de 1’¢-entropie de
Kolmogorov de I’image par I’application S; d’ensembles bornés dans L'nLee, qui est du méme ordre 1/¢ que celles establies
par les auteurs pour les lois de conservation scalaires. Nous obtenons aussi une estimée supérieure d’ordre 1/¢ pour I’ ¢-entropie
de Kolmogorov de tels ensembles dans le cas des systemes de Temple avec des champs charactéristiques vraiment non linéaires,
ce qui étend le méme type d’estimées obtenues par De Lellis et Golse dans le cas des lois de conservation scalaires a flux convexe.
Comme suggéré par Lax, ces estimées quantitatives pourraient donner une mesure de 1’ordre de «résolution» de méthodes numé-
riques mises en place pour ces équations.
© 2014 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

Consider a general system of hyperbolic conservation laws in one space dimension
“t+f(”)x=0, tEO,XER, (1)

where u = u(t, x) e RV represents the conserved quantities and the flux f(u) = (f1(u), ..., fy(u)) is a vector valued
map of class C2, defined on an open, connected domain £2 € R" containing the origin. Assume that the above system
is strictly hyperbolic, i.e., that the Jacobian matrix Df (u) has N real, distinct eigenvalues Aj(u) < ... < Ay (u) for
all u € £2. Several laws of physics take the form of a conservation equation. A primary example of such systems is
provided by the Euler equations of non-viscous gases (cf. [7]). The fundamental paper of Bianchini and Bressan [4]
shows that (1) generates a unique (up to the domain) Lipschitz continuous semigroup S : [0, oo[ x Dy — Dy defined
on a closed domain Dy C L! (R, RN ), with the properties:

()
{ve L'(R, £2) | Tot.Var.(v) < 8o} C Dy C {v e L' (R, £2) | Tot.Var.(v) < 28}, )

for suitable constant 59 > 0.

(i1) For every u € Dy, the semigroup trajectory ¢ — S;u = u(t,-) provides an entropy weak solution of the Cauchy
problem for (1), with initial data

u(©,) =u, 3)

that satisfy the following admissibility criterion proposed by T.P. Liu in [15], which generalizes the classical
stability conditions introduced by Lax [13].
Liu stability condition. A shock discontinuity of the i-th family (u”, u®), traveling with speed o;[u’, uX], is

Liu admissible if, for any state u lying on the i-th Hugoniot curve between u” and u %, the shock speed o; [u”, u]
of the discontinuity (uL, u) satisfies
cr,-[uL, u] > U,-[ML, uR]. 4)

Thanks to the uniform BV-bound on the elements of Dy, applying Helly’s compactness theorem it follows that S; is a
compact mapping, for every ¢ > 0. Aim of this paper is to provide a quantitative estimate of the compactness of such a
mapping. Namely, following a suggestion of Lax [12], we wish to estimate the Kolmogorov e-entropy in L' of the im-
age of bounded sets in Dy through the map S;. We recall that, given a metric space (X, d), and a totally bounded subset
K of X, for every ¢ > 0 we define the Kolmogorov ¢-entropy of K as follows. Let N.(K | X) be the minimal number
of sets in a cover of K by subsets of X having diameter no larger than 2¢. Then, the e-entropy of K is defined as

He(K | X) =logy Ne(K | X).

Throughout the paper, we will call an e-cover, a cover of K by subsets of X having diameter no larger than 2e.
Entropy numbers play a central roles in various areas of information theory and statistics as well as of learning theory.
In the present setting, this concept could provide a measure of the order of “resolution” of a numerical method for (1),
as suggested in [14].

In the case of scalar conservation laws (N = 1) with strictly convex (or concave) flux, De Lellis and Golse [8]
obtained an upper bound of order 1/¢ on the g-entropy of S, (L), for sets £ C L' (R) of bounded, compactly supported
functions, of the form

Lirmm ={ii € L'(R, 2) | Supp(at) C 1, [liill 1 < m, llitl| e < M}, ®)

where I denotes a given interval of R. This upper bound turns out to be optimal since we provided in [1] a lower
bound of the same order for the ¢-entropy of S; (L), for sets £ as in (5), thus showing that such an e-entropy is of size
~ (1/¢) for scalar conservation laws with strictly convex (or concave) flux.

These estimates hold for classes of initial data with possibly unbounded total variation because the regularizing
effect due to the convexity (or concavity) of the flux function f yields solutions u(t,-) of (1) that belong to BVioc(R)
for any ¢ > 0. This is no more true in the case of conservation laws with non-convex (or concave) flux and in the case



F. Ancona et al. / Ann. I. H. Poincaré — AN 32 (2015) 1229-1257 1231

of systems of conservation laws with no monotonicity assumption on the eigenvalues of the Jacobian matrix Df (u).
On the other hand, the well-posedness theory for a general system of conservation laws has been established only for
initial data with sufficiently small total variation. Therefore, aiming to establish estimates on the e-entropy of solutions
to general systems of conservation laws (1), it is natural to restrict our analysis to classes of initial data with uniformly
bounded total variation. Namely, we shall provide estimates on the g-entropy of S;(L£ N Dy), for sets L as in (5), with
Do as in (2). Specifically, we prove the following.

Theorem 1. Let f : 2 — RN be a C? map on an open, connected domain 2 C RN containing the origin, and
assume that the system (1) is strictly hyperbolic. Let (S;)>0 be the semigroup of entropy weak solutions generated
by (1) defined on a domain Dy satisfying (2). Then, given any L,m, M, T > 0, for any interval I C R of length
|| =2L, and for ¢ > 0 sufficiently small, the following estimates hold.

()
N2L? (minfer, 7)1
He (St (Lysmn N Do) [ L' (R, 2)) = — e ©)
max{es, cq 2k T ) e
where c3 >0, ¢; >0, 1 =1,2,4,5, are constants given in (195), (197), which depend only on the eigenvalues
i (u) of the Jacobian matrix Df (u), on the corresponding right and left eigenvectors r;i(u), i (u), and on their
derivatives, in a neighborhood of the origin.
(ii)
1
He (ST (Lirma NDo) | L'(R, 2)) <48Nsy - Lt - 2 (7
where
. Ay .
Ly = - T, Av)\zsup{)w(u)—)\](v); u,ve.Q}. (8)

Remark 1. If the bound 8y on the total variation of the initial data in the domain Dy satisfies the inequality §p <

min{2 s % f—j%} (interpreting 1/c3 = oo when c¢3 = 0), then the lower estimate (6) takes the form
(minfcy, 27?1
He (St (Lizmm NDo) | L' (R, 2)) > NLSy - ————L— . - )]

cs e

Therefore, in this case, upper and lower bounds (7), (9) of the e-entropy turn out to have the same size N L - l .On
the other hand, if ¢3 > 0, in the case where T > max{i—;L, ?—‘3‘~N2L &, ﬁ} we obtain by (6), (195), the estlmate

> 3

N2LZ &2 1
He (S7(Lirm 1 NDo) | L'(R, £2)) > Lo (10)
T c3 €
with c3 =2 sup{|VA; (w)|; |u| < di=1,..., N } for some d > 0. Hence, if c3 > 0, for times T sufficiently large we

obtain a lower bound on the e-entropy of St (Li7,m,m1 N Do) which is of the same order L2/(1f"(O)|T)- % established
n [1] for solutions to scalar conservation laws with strictly convex (or concave) flux f.

Remark 2. When N = 1, the semigroup map S; is defined on the whole space LI(JR) (cf. [5, Chapter 6], [11]).
Thus, in this case we may analyze the e-entropy of S,(L) for sets £ of initial data with possibly unbounded total
variation as in (5). In fagt, for scalar con_servation laws, with the same arguments used to establish Theorem 1(i), if
¢ =supf{|f"w)|; |u|l <d} > 0 for some d > 0, one can derive, for ¢ sufficiently small, the lower bound (cf. Remark 5
and Remark 6):

Ho(S i) | L ®) = —— & ! an

THLm, M] ~144-nQ2)-¢-T ¢

Thus, Theorem 1 provides in particular an extension of [1, Theorem 1.3] to the case of general scalar conservation
laws with smooth, not necessarily convex (or concave) flux. Clearly, the lower bound (11) is significative only in the
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case where inf{|u|; |f”(u)| > 0} = 0, since otherwise one can easily see that the left-hand side of (11) equals +oo
for small ¢.

The upper bound (7) stated in Theorem | can be easily obtained relying on the upper estimates for the cov-
ering number of classes of functions with uniformly bounded total variation established in [2]. In fact, given any
element ¢ € St (Li7,m,m N Do), with L7, a1 as in (5), |I| = 2L, by the finite speed of propagation along (gen-
eralized) characteristics (cf. [7, Chapter 10]) we have the bound |Supp(p)| < 2L7 on the support of ¢, with L1 as
in (8). Moreover, observe that, defining the total variation of a vector valued map ¢ = (¢1,...,¢p) : R — R” as
Tot.Var.(¢) = ) _; Tot.Var.(¢;), and setting

MiL.s0,p1 = {9 € BV([0,2L], R”) | Tot.Var.(p) <28}, (12)
one has
Ne(Mipso.n1 | L(10,2L1, RY)) < Ne(Minr.so.11 | L' ([0, 2N L], R)). (13)

This is due to the fact that, if we let ¢[; denote the restriction of a map ¢ to a set J, for every e-cover J, E“
of M{nL,s.1] we can always consider the sets EY X ... x EY, with EY ={p(- — (@ — DL)[ji_1.irp ¢ € E*},
which provide an e-cover |, (E{ x ... x £%) of M| s, N7, With the same cardinality as  J, E%. Thus, given any
L,m,M,T > 0 and any interval / C R of length |I| = 2L, applying [2, Theorem 1], and relying on (2), (13), for
¢ > 0O sufficiently small we find the following upper bound on the minimal covering number

Ne(ST(Lizmm NDo) | L'R)) < Ne(Mry.s9.n1| L'(10,2L7], RY))
< Ne(MinLy.so.n1 | L' (10,2NL7], R))

485g-NLy
&

<2 (14)

One then clearly recovers (7) from (14).

Therefore, the main novelty of the estimates stated in Theorem 1 consists in the lower bound (6) that is independent
on the total variation of the functions in Dy, for times T sufficiently large (cf. Remark 1). Following the same strategy
adopted in [1] we shall prove (6) in two steps:

1. For every i-th characteristic family, let s — R; (s) denote the integral curve of the i-th eigenvector r;, starting at the
origin. Consider a family of profiles of i-simple waves {¢>f}L defined as parametrizations s ¢>lf (s) = Ri(B,(s5))
of R; through a suitable class of piecewise affine, compactly supported functions {8,},. We will show that, at any

given time T, any superposition ¢*!>+'N of simple waves d)i’ AU qﬁj\’,", can be obtained as the value u(T', -) = Stit
of an entropy admissible weak solution of (1), with initial data & € Lz, ,u, m1 N Do.

2. We shall provide an optimal estimate of the maximum number of elements of the family {¢*""~‘N},, .. con-
tained in a subset of ST (L7, M1 N Do) of diameter 2¢. This estimate is established with a similar combinatorial
argument as the one used in [2], and immediately yields a lower bound on the e-entropy of the set {¢‘1=>V}, ..
In turn, from the lower bounds on Hy({¢' >N}, . | LY(R, £2)), we recover (6).

Next we focus our attention on a particular class of hyperbolic systems introduced by Temple [17,18], under the
assumption that all characteristic families are genuinely nonlinear or linearly degenerate (see Definition 1 in Subsec-
tion 3.1). Systems of this type arise in traffic flow models, in multicomponent chromatography, as well as in problems
of oil reservoir simulation. The special geometric features of such systems allow the existence of a continuous semi-
group of solutions S : [0, co[ X D — D defined on domains D of L°°-functions with possibly unbounded variation of
the form

D={veL (R, 2)| W(v(x)) €lar,bi] x -+ x [ay, by] for all x € R}, (15)

where W(v) = (Wi(v), ..., Wy(v)) denotes the Riemann coordinates of v € £2 (see [6.3]).

Every trajectory of the semigroup ¢ — S;u = u(t,-) yields an entropy weak solution of (1), (3). When all char-
acteristic families are genuinely nonlinear such a semigroup is Lipschitz continuous and the map u(t, x) = S;u(x)
satisfies the following Oleinik-type inequalities [16] on the decay of positive waves (expressed in Riemann coordi-
nates w; (t,-) = W;(u(t,-))):
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wi(t,)’)_wi(t’x)<l
y—x B

Vx <y, t>0,i=1,...,N, (16)
for some constant

O<c< inf{|(VAi (u),ri (u))

sue WD), i=1,...,N}, (17)

where

= [alvbl] X X [an’bn]'

In this setting, it is natural to ask whether we can extend the estimates provided by Theorem 1 to classes of initial data
with unbounded variation. The next result provides a positive answer to this question. Namely, relying on the analysis
of the evolution of the Riemann coordinates along the characteristics and on the Oleinik-type inequalities, we will
establish upper and lower estimates on the ¢-entropy of solutions to genuinely nonlinear Temple systems which are
the natural extension to this class of hyperbolic systems of the compactness estimates established in [1,8] for scalar
conservation laws with strictly convex (or concave) flux. Specifically, letting S;”w = W (u(t,-)) denote the Riemann
coordinates expression of the solution of (1), (3), with u = W1 o w, determined by the semigroup map S, and
adopting the norms [[w/l| 1 = 3=, lwi 1, lwlll Lo = sup; [|w; || L on the space L' (R, IT), we prove the following

Theorem 2. In the same setting of Theorem 1, assume that (1) is a strictly hyperbolic system of Temple class, and
that all characteristic families are genuinely nonlinear or linearly degenerate. Let (S;)>0 be the semigroup of entropy
weak solutions generated by (1) defined on a domain D as in (15). Then, given any L, m, M, T > 0, and any interval
I CRof length |I| = 2L, setting

O o = {w e L' (R, T) | Supp(@) C I, w1 <m, (WL~ <M}, (18)
for € > 0 sufficiently small, the following hold.
®

N2L2 1 1

T maxfce, c7%F) &

HS(STW([’F},m,M]) | LI(R, 17)) = (19)

where cg, c7 are nonnegative constants given in (201), (202), which depend only on the gradient of the eigenvalues
i (u) of the Jacobian matrix Df (u) and on the corresponding right eigenvectors ri(u), in a neighborhood of the
origin.

(1) If all characteristic families are genuinely nonlinear, one has

32N%L2 1
He (ST (L) | 'R D) < ——=F - =, (20)
cT €
where
. S8NmT ..
Lr=L+ ssup{[(VAi (), rj)|; [Ww)| <M, i, j=1,...,N}, (21)

and c is the constant appearing in (16).

The paper is organized as follows. In Section 2 we first introduce a family of simple waves and then construct a
class of classical solutions of (1) with initial data given by the profiles of N simple waves supported on disjoint sets.
This analysis is in particular carried out with a finer accuracy for the special class of Temple systems. In Section 3 we
establish a controllability result and a combinatorial computation both for general hyperbolic systems and for Temple
systems, which yield the lower bound on the e-entropy stated in Theorem | and Theorem 2. Finally, Section 4 contains
the derivation of the upper bound on the ¢-entropy for Temple systems stated in Theorem 2.
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2. Simple waves and classical solutions
2.1. Simple waves

Let f: £ — RY be a C? map on an open, connected domain §2, and assume that a neighborhood of the origin
By={uelR"|[ul < d} is contained in £2. We shall consider here a class of continuous, piecewise C! solutions of (1)
that take values on the integral curves of the eigenvectors of the Jacobian matrix Df. Such solutions can be regarded
as the nonlinear analogue of the elementary waves of each characteristic family in which it is decomposed a solution
of a semilinear system (cf. [7, Section 7.6]). For every i-th characteristic family, let s — R;(s) denote the integral
curve of the eigenvector r;, passing through the origin. More precisely, we define R;(-) as the unique solution of the
Cauchy problem

d

= =re). uO=0, (22)
that we may assume to be defined on the interval 1—d, d[ of the same size of the neighborhood B; C §2. The curve R;
is called the i-rarefaction curve through 0. We may select the basis of right eigenvectors r; (1),i =1, ..., N, together
with a basis of left eigenvectors /;,i =1, ..., N, so that

. _ o L1 ifi=,

lril=1, <ll9rj)=81,j_{0 ifi £ J, 23)
where u - v denotes the inner product of the vectors u, v € RN It follows in particular that

|Ri(s)| <Is| Vsel-d.dl (24)
Forevery b > 0,0 <d < d, we define the class of functions

Pc[ld’b] ={B:R— [~d,d]| B is piecewise C' and |B(x)| < b}. (25)

Here, we say thatamap g : R — [—d, d] is piecewise C Lif B is continuous on R and continuously differentiable on all
but finitely many points of R, while the bound on g in (25) is assumed to be satisfied at every point of differentiability
of B. Given 8 € PC[ld’ p)» consider the map

¢l ) =Ri(B(x)) xeR, (26)
and define the corresponding i-th characteristic starting at y € R as:
xi(t, ) =y + (g () 1, 120, 27)

Observe that, by (22), one has

%df @) =B'x) - ri(6f () (28)

at every point x of differentiability of 8. Hence, differentiating (27) w.r.t. y at a point where § is differentiable we
find

d .
gx,'(t,y) =1+ (Vi (¢f ). ri (6 ) B 1. 1=0. (29)

Set

ay = sup{|Va;(u)

;ueBy i=1,...,N}. (30)

Then, relying on (23), (24), (30), and because of the bound on ﬂ in (25), we derive from (29) the inequality
0
—xi(t,y)>1—a1b-t, t>0, (€20
dy

which, in turn, yields
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9 1
5)@@, y) > 3 Vi €[0,1/Qa; - b)]. (32)

The inequality in (32), in particular, implies that the map y — x; (¢, y) is increasing, hence injective. Moreover, since
q)f is continuous, from (32) we deduce also that the image of y — x; (¢, ¥) is the whole line R. Therefore, for every
fixed 0 <t <1/« - b), we may define the inverse map of x;(¢,-) on R. Then, set

Zl(l‘f)i xrl(ts ')7 (33)
and define the function

u(t,x) = ¢f (zi(1, %)), V(t,x) €[0,T] xR, (34)
with T < 1/(2« - b). The next lemma shows that u (¢, x) provides a classical solution of (1) on [0, 7] x R, and we

shall establish some a-priori estimates on u(¢,-). We will say that the map u (¢, x) in (34) is an i-th simple wave with

profile ¢>;S . We recall that a classical solution of a Cauchy problem (1), (3) is a locally Lipschitz continuous map
u:[0,T] x R— £2 that satisfies (1) almost everywhere and (3) for all x € R. A classical solution of (1), (3) is in
particular an entropy weak solution of (1), (3) (see [7, Section 4.1]).

Lemma 1. Given T >0,0<d <d, 0<b < 1/QRay - T), with oy as in (30) (interpreting 1/a1 = 0o when o1 = 0),
forany fixedi =1, ..., N, and for every B € PC[ld’b], the map u(t, x) defined in (34) provides a classical solution of
the Cauchy problem

ur+ fu)yx =0, (35)
u(©,) = ¢!, (36)
on [0, T] x R. Moreover, for every t < T, there hold:
B d g
”u(t")”LOO(R,.Q) = |#; HLOC(R,.Q) =d, lux (e, ||L°°(R,.Q) <2 ‘a‘z’i L) <2b. @37

Proof. Observe first that, by the definitions (33), (34), and because of (28), (32), the map u(¢, x) is Lipschitz contin-
uous, and it is differentiable at every point (¢, x) lying outside the curves t — (t, x; (¢, y¢)), {y¢}¢ denoting the finite

collection of points where 8 (and hence qbf ) is not differentiable. Moreover, one has

u(t,xi(1,y) =of (). ¥(t.y) €[0.T]x (R\ {ye}e). (38)

and, recalling (24), the first estimate in (37) holds. Taking the derivative with respect to ¢t and y in both sides of (38),
and recalling (27), (28), we obtain

we (8, xi (8, ) 4 A (u(t, xi (2, ) - ux (£, xi (2, y)) =0, (39)

and
3
ux(r,x;(t,y)) - 5)@(& V=B ri(ut, xi, y)), (40)

at every point (¢, y) € [0, T] x (R\ {y¢}¢). We may divide both sides of (40) by a%xi (t, y) because of (32), and thus
find

Df(u(tv-xi(ta y))) : ux(ta-xi(tv y)) ZA.i(M(t,.xl'(t, Y))) : ux(tv-xi(t’ )’))» (41)
which, together with (39), yields

w (t, x) + Df (u(t, x)) - ux (2, %) =0,
atevery point (¢, x) € ([0, T]1 x R)\ U, {(z, xi (¢, y¢) | t € [0, T]}. On the other hand, since by (27) x(0, -) is the identity
mayp, it follows from (33), (34) that u(0, x) = ¢;3 (x) for all x € R. Therefore, u(z, x) is a Lipschitz continuous map
that satisfies Eq. (35) almost everywhere on [0, 7] x R, together with the initial condition (36) at every x € R. Hence

u(t,.x) provides a classical solution of (35)—(36). Moreover, relying on (23), (28), (32), (38), and because of the bound
on B in (25), we recover from (40) the second estimates in (37), thus completing the proof of the lemma. O
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2.2. Superposition of simple waves

We wish to construct now a classical solution of (1), on a fixed time interval [0, T'], with initial data given by
the profiles of N simple waves, one for each characteristic family, supported on disjoint sets. In order to analyze the
behavior of the solution in the regions of interaction among simple waves we shall rely on uniform a-priori bounds
on a classical solution u(z, x) of (1) and on its spatial derivative, which can be derived by a standard technique (e.g.
see [10, Section 4.2]) when the initial data has sufficiently small norms [|u (0, -) || LR, 2), [[ux (0, ) || LR, o). In order
to state the next lemma that provides such a-priori estimates we need to introduce some further notation. Letting /7
denote the transpose (row) vector of a given (column) vector / € RV, set

D) = sqg{|xk<u> — @[] @) Drjwl},
1],

130) = sup{[24.u) = @ [ () Dricu) [} + sup| V2w, (42)
L] 1
() = supll; )|,
1
ap =sup{I7(u); u€ Bz}, 1=23,4. (43)
Notice that (23) implies s > 1. Comparing (30), (42), (43), we deduce that
a1 S o3 < a304. (44)

Lemma 2. Given T >0, 0 <d < (de™®/*)/2u4N), 0 < b < 1/QRazayN?-T), with oy, | =1,2,3, as in (30)
and (43), consider a piecewise C' map ¢ : R — $2 that satisfies

Iple®e <d, ¢ o o) <b- (45)
Then, the Cauchy problem
ur+ fu)x =0, (46)

admits a classical solution u(t, x) on [0, T] x R and, for every t <T, there hold

)
|t )| oo g ) = 204N €% - d, Jux @) Lo ) = 204N - b. (48)
Proof. We provide here only a sketch of the proof. Further details can be found in [10, Section 4.2]. In order to prove
the lemma it will be sufficient to show that, for every fixed time 7 < 1/Q2azaqa N 2. b), and for every initial data ¢
satisfying (45), the estimates (48) hold on [0, T] for a classical solution of (46)—(47). In fact, since by (45) we are
assuming the initial bound

d _»
e %3, 49)

9] <d<
PllLomr,2) <d < P
the first estimate in (48) guarantees in particular that [[u(z,-)|| Lo ®,2) < d for all r € [0, T]. As in the proof of [10,
Theorem 4.2.5], relying on the a-priori bounds (48) one can then actually construct a classical solution of (46)—(47)
on [0, T], as limit of a Cauchy sequence of approximate solutions of the linearized problem.

Thus, assume that u(z, x) is a classical solution of the Cauchy problem (46)—(47) on [0, T] x R, with a piecewise

C! initial data ¢ satisfying (45). We may decompose u and u, along the basis of right eigenvectors rq(u), ..., ry (),
writing
u(t.x) = pit.0)ri(ut.x)),  wet.x)=Y_ qi(t.x)r; (u(t,x)), (50)
i i

which, because of (23), is equivalent to set

pi(t,x) =(li (u(t, x)), u(t, x)), qi(t,x) =(li(u(t, x)), ux(t,x)), i=1,...,N. (51)
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Differentiating p;, g; along the i-th characteristic we find, for each i-th characteristic family, the equations

(Pide + 2i (u(t, ) (pi)x = Y v (ut, %)) pjar,
J.k

() + 2 (u(t, 0)) @) = Yy (ut, ) gjar (52)
J.k
where

Vi{)j,k(”) = (Ae(u) — A (M))(II-T (), Drjur(w)),

1
70 = 5 () = 2 @)1 @), [rj ). re@)]) = Vs ). rj ) (53)

(8« being the Kronecker symbol in (23) and [r, r¢] denoting the Lie bracket of the vector fields r;, r¢). Observe that,
by definitions (42)—(43), one has

max|y”, )] <2, max|y!, )| <z Vue By (54)
i,j.k o i,j.k )

Then, assuming that [u(z, )|z R, @) < d for all 1 € [0, T, it follows from the second equation in (52) integrated
along the characteristics that, setting

JOEDY) FIGD] PRy (55)
there holds
t
Q1) = 0(0) +0t3N/(Q(S))2dS vi. (56)
0
By a comparison argument one then derives from (56) that
0(0) 1
CO=T"Nom € [0’ @3N 0(0) [ 7

On the other hand, notice that by (23), (43), (50), (51), and recalling (23), one has

”ux (ta') HLOC(R’Q) = Q(t) = 0541\/ ””x(tv') ||L°O(R,.Q)' (58)
Since we assume by (45) the initial bound

o
T 20304N?%-T

which, in turn, because of (58) implies

b (59)

[ L. <

00) = 53—
we obtain

0(t)<20(0) Vrel0,T].
We deduce with (57), (58), that

Jux (6| o2y < Q) <20(0) 204N - ¢ ooy VI ST, (60)

proving the second inequality in (48). Next, setting

P(t)= Zup,-mHLm(R,m, (61)
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and integrating the first equation in (52) along the characteristic, we derive
t
P() < P(0) —i—oezN/ P(s)Q(s)ds Vt.
0

Then, applying Gronwall’s lemma, we deduce from (62) that

1
P(t)fP(O)exp(azN/Q(s)ds> vt.
0

On the other hand observe that since (59) implies Q(0) < —L_ forallt < T, we deduce from (57) that

203Nt
t 1
l/Q@MszQmﬁf——— Ve <T.
o3 N
0
Moreover, by (23), (43), (50), (51) there holds

||lzi(t,')”Loo(R’_Q) < P(t) < a4N|‘M(I,

Hence, (63)—(65) together yield

) ” L®R,2)"

* @
Jut.) | g0 < P() < PO)e™ <auNe® | plloea) Vi<T.

This completes the proof of the first inequality in (48), and hence of the lemma. O

(62)

(63)

(64)

(65)

(66)

Relying on Lemma 1 and Lemma 2 we shall construct now a classical solution u(z, x) of (1) on a given time

interval [0, T'], so that:

— the initial data u(0, -) is supported on N disjoint intervals I;, i =1, ..., N, of the same length |/;| = L, and on

each interval /; it coincides with the profile of a simple wave of the i-th characteristic family;
— the terminal value u (7, -) at time T is supported on an interval of length &~ 2L.

Namely, given L, >0,0<d < d and

L
T>—,
= AAL

Apk = ml,in{)\i—&—l(o) — % (0)},

set
&7 =—-L/2—20)-T, gF=¢ +L, i=1,...,N,

and consider the family of N-tuples of maps
PchﬁLhT]i{ﬂ::(ﬂh-~7ﬁN)e(PcﬁﬁﬂN’SUpp@ﬁ)C[§f7§+L i=1...,N}

where ’PC[Id’ b] denotes the class of functions introduced in (25). Observe that, by (67), (68), one has
gL, <& Vi=1,... N-1

Then, let 8 = (B1,...,BN) € PC[l’LI,Vd’b,T], and define the function ¢# : R — £2, by setting

/Si 1 . ;] —
¢ﬁ<x>ﬁz¢ff<x>:{§i () ifxeSupp(B). i=1.....N.

; otherwise,

where

o (x) = R; (B: ()

(67)

(68)

(69)

(70)

(71)

(72)
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denotes a map defined as in (26) in connection with g8; € PC [ld’ b]- The next lemma shows that if we also assume

0<d< 1 nF AA 0 <b <mi 1 Ap (73)
< — . min{d, , < b <min ,
= 2oy Ne®2 /o3 201 200 - T’ 4ozaaN?- L

(interpreting 1/a; = oo when a; = 0), for every given 8 € PC [l L{Vd, p.7) We can apply Lemma I and Lemma 2 to derive
the existence of a classical solution of (1) with initial data ¢# which possesses the desired properties.

Proposition 1. Ler f : 2 — RN be a C? map defined on an open, connected domain 2 C RN, 2 > B; ={ueR"|

lu| < d}, and assume that the Jacobian matrix Df (u) has N real, distinct eigenvalues i (1) < ... < Ay (). Given
L,T,d,b >0, satisfying (67), (73) (with a1 as in (30), a;, =2, 3,4, as in (43), and A A as in (67)), let PC[lil’vd’b’T]

be the class of maps introduced in (68)—(69), and consider a map ¢5 R — 2 asin (71), defined in connection with

an N-tuple 8 = (B1,...,BN) € PC[]i},Vd,b,T]' Then, there exists a classical solution u(t, x) of the Cauchy problem
u+ f ) =0, (74)
u(0,-) = ¢F, (75)

n [0, T] x R. Moreover, setting
RNORIO)

Aph (76)
one has
Supp(u(T, ) S[~L- (1 +as), L-(1+as)], (77)
and, for every t < T, there hold:
ez, ||LOO(R’Q) <2a4N e . d, uex 2,) ||Loo(R_Q) <4ayN - b. (78)

Proof. We will prove the existence of a classical solution of the Cauchy problem (74)—(75) on [0, T] satisfy-
ing (77)—(78), by first showing that such a solution is obtained on [0, T — L/AA] as a superposition of simple
waves supported on disjoint set, and next deriving a-priori bounds on the solution and its support in the interval
[T —L/A, T].

1. Given 8 = (B1,...,BNn) € PC[ILNd b.T] define as in (27) the functions

Ny =y +n(efim) - =0, (79)
foreachi =1,..., N. Since (73) implies t < 1/(2«y - b) for all ¢ € [0, T], by the inequality in (32) we deduce that
the maps y +— x? (t,y),i=1,..., N, are one-to-one in R, for every fixed ¢ € [0, T]. Then, setting

Zr;(ta‘)i(xlb)_l(t")v i=17"'7N7 (80)

and letting ¢£3 " be the map in (72), define the function
ub(t,x)i{fﬁﬁ’(z (t,x)) 1fxe[x (t,&7), x; (¢, §+)]\U]7éz O, £ 2 >, §+)] i=1.....N. -
otherwise,

on [0, T'] x R. Observe that, because of (69), (72), one has ¢>fi (Si )=R;(0) =0, foralli =1,..., N. Hence, recall-
ing (67), (68), and by (79), there holds

3 (0 55) <% (1E) Ve [O, T - ﬁ} i=1,....N—1, &)
so that one has
Wt x) = {¢ﬁz(z (t,x)) 1fx€[x (t, &), x; (t §+)] i=1.. )
otherwise,

forall (£, x) € [0, T — L/AAA] X R.
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By (83) the restriction of u” (¢, x) to the domain [0, T — L/A 1] x R is a Lipschitz continuous map supported on
the disjoint union of sets

Dy ={(t,x) [t €0, T —L/A, x € [x)(t,&7),x (1, 57)]}, i=1,...,N. (84)

Since (73) implies b < 1/(2a; - T), we know by Lemma 1 that u(z, x) is a classical solution of (74) on each set D;.
Moreover, recalling that z?(O, -) is the identity map, by (83) one has u’(0, x) = ¢f" (x), for all x € [§;, $i+], i =
1, ..., N. Therefore, looking at (69), (71), we deduce that (75) holds. Hence, it follows that ub(t, x) provides a classical
solution of (74)—(75) on [0, T — L/AAA] X R.

Notice that, letting ub(t, )1D; (1) denote the restriction of u’(t,) to the set D; (1) = [xf (t,§&7), xib (t, éf)], we deduce
from (71), (83), that for every ¢ € [0, T — L/AAA] there holds

[ @) oo = mf‘x||”b(f")|1)i(r> | oo @] oo = ml.aX””b(ff N0y | oo
B — Bi 4 5 — d b

P A P P I Pl I 5

Therefore, relying on the estimate (37) for each u(t, )|D; (t)> we derive from (85) the estimates
d

P P LRI T s6)
forallt € [0, T — L/AAA].
2. Observe now that

d(x)=u’(T —L/AA, x), x€R, (87)

is a piecewise C! map that satisfies the estimates (86), with d, b verifying the bounds (73). Thus, applying Lemma 2
we deduce the existence of a classical solution uf (¢, x) of (74) on the domain [T — L/A A, T] x R, that assumes the
initial data u®(T — L/AAA, ©) =¢,attime t =T — L/A,A. Moreover, by (48), (86), there hold

@
||uﬁ(ts) HLOO(R’Q) = 26(4N e - dv Hui(t, .)HLOO(R’Q) = 40[4N : b, (88)
forall t € [T — L/AAX, T]. Therefore, the function defined by
u’(t,x) iftel0, T —L/AA],

ub(t,x) ifte]T —L/AA, T],

provides a classical solution of (74), (75) that, because of (86), (88), satisfies the bounds (78) for all 7 € [0, T'].

To conclude the proof of the proposition we shall derive now an estimate of the support of u(7, x). Consider, for
each i-th family, the i-th characteristic curve of u through a point (z, y) € [0, T] x R, denoted by ¢ — x;(¢; 7, y),
t € [0, T, and defined as the (unique) solution of the Cauchy problem

X=A; (u(t, x)), x(t)=y. 90)
Set, foreveryi=1,..., N,

u(t,x) = { (89)

T, = inf{t e[0,T]; x; (t; 0, Si_) =xj(t; 0, é;‘]i) for some j ;éi}, Y, =Xi (rl._; 0, Sl._),
7" =inf{r € [0, T1; x;(1;0,&") = x;(£; 0,&7) forsome j #i},  y" =xi(50,£"), (91)

l
where the equality x; (¢; 0,&,7) = x;(; 0, éji) is interpreted as x; (¢; 0, §;7) = x;(£; 0, “g‘;) orx;(t;0,&7) =x;(t;0, é;r),
and analogously for x; (¢; 0, §i+) =x;(t; 0, 5;:). Next, consider the union of the regions confined between the minimal

and maximal characteristics emanating from the points (rii, yii), i=1,..., N (see Fig. 1):

A= (a7 uaf),

1

A= {(t,x) € [ri_,T] x R; xl(t;ti_,yi_) =x=

N(t; Ti_’yi_)}’ (92)
AF={t. ) e[t T xR xi (57, y) <x <xw
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—L/2 L/2

¢ &t & &

; +
Fig. 1. The sets A;".

Observe that ([0, T] x R) \ A is a domain of determinacy for the Cauchy problem (74)—(75), since, for every fixed
(7,y) € ([0, T]xR)\ Aand foranyi =1, ..., N,one has {(¢, x;(¢; T, y)); 0<t <t} C ([0, T] x R)\ A. Therefore,
we deduce that the classical solution u (¢, x) of (74), (75) coincides with the function u” (¢, x) defined in (81) on the
whole region ([0, T] x R) \ A, and that there hold

Wit x) = {¢f"(z?(t,x)) ifx € (&), XL ED], i=1,..., N, ©3)
0 otherwise,
forall (£, x) € ([0, T] x R) \ A, and

xi(t;0,65) =x)(1,65) vie[0,75], i=1,...,N, (94)

1

with obvious meaning of notations. Notice that, since by (69), (72) one has d)f i (Eii) = R;(0) =0, it follows from (68),
(79) that

b
x (T.&F)=%£L/2. 95)
Thus, letting (T, -)|p denote the restriction of (T, -) to a set D, we deduce from (93) that
Supp(u(T, jix; (r,0¢4)) S [=L/2,L/2]. (96)

On the other hand, observe that by (82), (91), (94), one has

inf{rl._,tl.+; i:l,...,N}zT— Ao

o7

Moreover, the first estimate in (78), together with the bound (73), implies in particular |[u(¢,-)||pe < d,forallt e
[0, T, while (69), (72), (91), (93) yield

u(z .y )= ¢’zﬁi (&) =0 u(z ') = ¢fji (") =0. ©8)
Thus, relying on (30), (73), (78), (79), (90), (94), (95), (97), (98) we derive

@
xN(T; ‘L'ii, yli) < yii + ()\N(O) + 2a1 04N e?3 - d) . (T — Tii)

20 (2, £5) + (i (0) + 21 aaN e -d) - (T — o)

i\ >

L
ANA

(T, &%) + (v (0) = 2i(0)) + 201 asN e -d) -

1

IA

IA
~

a

1 2aj04N e®3 An(0) —A1(0

1 2 d O =1O
2 AN AN

A (0) = 21(0)
L- <1+T>, 99)

IA
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and, analogously,

An(0) —21(0)
xl(T; ‘L'ii, yli) >—L- <1 + T)

Then, recalling (76) and looking at the definition (92) of A, we deduce from (99)—(100) that there holds

Supp(u(T, )jix: (r.x)eay) S [—L - (1 +as), L-(14as)]. (101)
In turn, the inclusion (101) together with (96) yields (77), completing the proof of the proposition. O

(100)

Remark 3. Classical solutions of conservation laws coincide with the trajectory of the corresponding semigroup,
whenever their initial data belongs to the domain of the semigroup. In fact, by the result in [7, Section 5.3], if (1)—(3)
admit a classical solution, then such a solution coincides with any entropy weak solution of the same Cauchy problem.
Therefore, if we consider a general system of conservation laws that generates a semigroup (S;);>0 of entropy weak
solutions with a domain Dy as in (2), and we suppose that the map qbﬂ defined in (71) satisfies Tot.Var.(qbﬂ) < 6o,
it follows that the classical solution u(¢,-) of the Cauchy problem (74)—(75) provided by Proposition | coincides
with S,¢P.

2.3. Simple waves for rich systems

Here we analyze the structure of simple waves for a class of systems, the so-called rich systems, that can be put
in diagonal form with respect to Riemann coordinates. We recall that a system of conservation laws (1) is called a
rich system (see [17]) if there exists a set of coordinates w = (wy, ..., wy) consisting of Riemann invariants w; =
Wi(u), u € §2, associated to each characteristic field r;. It is not restrictive to assume that the Riemann coordinates
are chosen so that W(0) =0. A necessary and sufficient condition for the existence of Riemann coordinates i is the

Frobenius involutive relation [r;, r;] = a i+« ]r 7, that must be satisfied, for some scalar functions aj Ol , for
alli, j=1,..., N. When a system is endowed with a coordinate system of Riemann invariants it is convement to
normalize the eigenvectors r1,...,ry of Df so that there holds

(VWi rj) =4 (102)
instead of |r;| = 1 as in (23). In turn, (102) implies (cf. [7, Section 7.3]):

[ri,rj1=0 Vi,j=1,...,N. (103)

Throughout the following, we will write w; (¢, x) = W;(u(¢, x)) to denote the i-th Riemann coordinate of a solution
u =u(t, x) to (1), and we shall adopt the norms [[w]l[;1 =), lw;llz1, llwlllze = max; ||w; | L=. Notice that, because
of (102), multiplying (1) from the leftby DW;,i =1, ..., N, we deduce that the system (1) is equivalent to the system
in diagonal form

(wi)t+)\.j(W)(U)i)x:O, izlv""Na (104)

within the context of classical solutions. Thus, letting ¢ — x; (¢, y) denote the i-th characteristic of (104) starting at
y € R, i.e. the solution of the Cauchy problem

X =A; (w(t, x)), x(0) =y, (105)

it follows that each i-th Riemann coordinate w; (¢, x) of a classical solution to (1) remains constant along every i-th
characteristic of (104). On the other hand, differentiating (104) w.r.t. x, and setting g; (t, x) = (w; (¢, X)), we find that

d
@) +xi(w(t, ) (g)x ==Y — i (w(t. x)) q,qi- (106)

ow
7 J

Observe that, by virtue of (102), the inverse map u = W' (w) of w = W(u) = (Wi(u), ..., Wy (u)) satisfies
ou(w)/dw; =r;(u(w)), foralli =1,..., N, and so the chain rule yields

0
a—ki(w) = <V)\i(“)» Vj(u)> Vi, j. (107)
wj w=W(u)
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Next, set
af =sup{|(VAiw),riw)|; ue By, i=1,...,N}, (108)
of = sup{|(VA; ). rjw)|; ue By, i,j=1,....N}, (109)

where B denotes as usual a ball centered in the origin and contained in the domain §2 of the flux function f. Since
W (0) = 0, we may assume that

(W w) | |lwi] <d'} C By, (110)
for some d’ > 0. Thus, because of (107), (109), we have
Vi )| <VNa| vwe[-d,d]",i=1,...,N. (111)

Then, with the same arguments of the proof of Lemma 2, we deduce the following sharper a-priori bounds on the
Riemann coordinate expression of a classical solution of a rich system of conservation laws.

Lemma 3. Assume that (46) is a strictly hyperbolic and rich system. Given T >0,0<d <d',0<b <1/Q2a|N - T),
with o as in (109) (interpreting 1/a| = co when af = 0), consider a piecewise C' map ¢ : R — $2 that satisfies

<0, (112)

d
W o dlllLemr,ew <d, md—(WMP)
X L®(R,2%)

where 2V ={w € RN | w= W(u), ue 2}. Then, the Cauchy problem (46)—(47), admits a classical solution u(t, x)
on [0, T] x R and, for every t <T, letting w(t, x) = W (u(t, x)), there hold

|||w(t")|“L°°(]R,.(2"’) =d, |||w)‘(t")”|L°°(]R,Qw) =2-b. (113)

Proof. Proceeding as in the proof of Lemma 2, it will be sufficient to show that, for any fixed time 7 < 1/ (2ai’N -b),
and for every initial data ¢ satisfying (112), the estimates (113) hold on [0, T] for the Riemann coordinate expression
w(t, x) of a classical solution of (46)—(47). Observe that the first inequality in (113) is an immediate consequence of
the invariance of each i-th Riemann coordinate w;(t, x) along the i-th characteristics of (104), and of the fact that
w(0,x) = W o ¢(x). Next, defining Q(¢) = sup; ||g; (¢.-)| Lo, and relying on (106), (107), (109), (110), we derive as
in (56)—(57) the bound

0(0)

Q(t)fmng(O) Vo<t <T, (114)

provided that Q(0) < 1/(2a{N - T). Thus, since Q(¢) = [|lwx(z,")|llz= by the definition of the L*°-norm, and be-

cause wy (0, x) = % (W o ¢)(x), if we assume b < 1/(2a/1’N - T) we recover from (112), (114), the second inequality

in(113). O

Observe now that as a consequence of (102) we deduce also that the rarefaction curve of the i-th family through 0
can be parametrized in Riemann coordinates as s RI.R (s) =se;,s €]—d’,d'[, where e; denotes the i-th element of

the canonical basis of RY . Therefore, given 8 € PC [ld’ b]s d<d,the map ¢f in (26) takes the expression in Riemann
coordinates:

qubf(x)ﬁﬂ(x)ei x eR. (115)
Similarly, the map ¢# in (71) defined in connection with an N-tuple 8 = (81, ..., Bn) € PC[I’LNd b d <d',is given

in Riemann coordinates by

N N
Wopl)=Y Wogl ()= pix)ei=(Bi(x)..... fn (x)). (116)

i=1 i=1
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Notice that the supports of the simple waves ¢;3 " may well overlap, because we are not assuming here that T satisfies
the bound (67). However, by (116) the structure of the solution in Riemann coordinates can be viewed as a super-
position of almost decoupled simple waves since each i-th simple wave has zero j-th Riemann component for every
J # i. With similar arguments to the proof of Proposition 1 we then derive the sharper a-priori bound on the size of
the support of w(z,-) provided by the following

Proposition 2. In the same setting and with the notations of Proposition I and Lemma 3, assume that (74) is a strictly
hyperbolic and rich system. Given L, T > 0, and d, b > 0 satisfying

ApA 1 ApA
20N J’ 2a)-T 2N -L
with a;, "as in (108), (109), and AxX as in (67) (interpreting 1/0(1 = o0 when 0‘1 =0and l/oz1 = 00 when a =0),
let Pc[li,d,h,T] be the class of maps introduced in (68)—(69), and consider a map ¢P : R — 2 as in (71), deﬁned in

0<d§min{3/, 0<b§min{ (117)

connection with an N-tuple 8 = (B1,...,BN) € PC[L d.b.T] Then, the Cauchy problem (74)—(75) admits a classical
solution u(t,x) on [0, T] x R. Moreover, letting w(t, x) = W (u(t, x)), one has

Supp(w(T,-)) € [-L, L], (118)
and, for every t < T, there hold:

|||w(t")|||L°°(]R,.Q"’) =d, |||w)‘(t")H|L°°(R,Qw) =4b. (119)
Proof. We shall first assume that 7 > L/AA. In this case, as in the proof of Proposition 1, we will show that
a classical solution of the Cauchy problem (74)—(75), satisfying (118), (119), is obtained on [0, T — L/AAL] as a
superposition of simple waves supported on disjoint set. Next, we will prove that such a solution can be extended to
the interval [T — L /A A, T]relying on Lemma 3. Finally, we will discuss how to derive from Lemma 3 the existence
of a classical solution of (74)—(75) verifying (118), (119) in the case where T < L/AAA.

1. Given 8 = (B1,...,BNn) € PCELNd‘b oL consider the functions x? (t,y),i=1,..., N, defined in (79). Observe that,
relying on (107)-(108), (117), by the same computations of Subsection 2.1 we derive the inequality

0 1
—x(t,y)=1—a\b-t>= Viel0,T] (120)
ay ! 2

It follows that the maps y +— x? (t,y),i=1,..., N, are one-to-one in R, for every fixed ¢ € [0, T]. Thus, we may

define the inverse map of x? (-, y) on R, and setting

2=, i=1,...,N, (121)

we define the function

w?(m)i{ﬁl(z (t.x)) ifx € x) (0 87), x] (0 EDIN Ul (.67, x) (1.6, LN (2

otherwise,

on [0, T] x R. As in the proof of Proposition 1, notice that if we assume 7 > L/A A\ we derive

L .
37 (185) <37 (1. 6) Vre[OT AAJ =1, N-1, (123)
so that one has
b +
wib(t,x):{ﬁz(z (0) fxely@&). gD, (124)
otherwise,

for all (r,x) € [0,T — L/A L] x R. Relying on (116), by the same arguments of the proof of Proposition 1 we then
deduce that w’ (¢, x) is the Riemann coordinate expression of a classical solution of (74)—(75)on [0, T — L/AAA] X R.
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Moreover, recalling that by definition (69) one has 8; € PC Ed, b] foralli =1,..., N, and relying on (120), we deduce
from (124) that

lw @, = max Bl <d.

(i (¢ .))1 4,
Byxi ’ 'dx'Bl

2. Relying on (117), (125), and applying Lemma 3, we deduce the existence of a classical solution of (74) on the
domain [T — L/AxA, T] x R, that assumes the initial data

')”|L00(R,Qw)

w2 @, <2b, (125)

LOO

max
1

) |||L°°(]R,.Qw) =

forallt € [0,T — L/AAM].

p(x) =W (wW(T —L/AN, X)), x€R, (126)

attime t =T — L/AAA. Moreover, the Riemann coordinate expression wﬁ(t, x) of such a solution satisfies the esti-
mates

|||wn(t")“|L°°(lR,.Qw) =d, Jlwi .- |||L°°(R,.Qw) =4-b, (127
forall t € [T — L/AAX, T]. Therefore, the function defined by
w’(t,x) ifre[0, T —L/AAA],
wi(t,x) ifrelT —L/AA, T1,
provides the Riemann coordinate expression of a classical solution of (74)—(75) on [0, 7] x R that, because of (125),
(127) satisfies the bounds (119) for all ¢ € [0, T].

In order to derive an estimate on the support of w(7T, -), consider the i-th characteristic ¢ — x;(t, y) starting at y
at time ¢t = 0, associated to w(t, x), i.e. the solution of (105). Since w(¢, x) is the Riemann coordinate expression of
a classical solution of (74) on [0, T'] x R, it follows that the map y + x; (¢, y) is a one-to-one correspondence on R,
for any ¢ € [0, T']. Hence, setting z; (¢,) = x;” ! (t,-), and recalling that each i-th Riemann coordinate w; (¢, x) remains
constant along the i-th characteristics, we may express w; (¢, x) as

Wit x) = { (128)

wi(t,x)=Bi(zi(t,x)) Vi e[0,T], xR, (129)

Relying on (129), and because of (69), we deduce that in order to prove (118) it will be sufficient to show that the i-th
characteristic map x; (7, -) satisfies

[xi(T.&7), x(T.€7)] <[-L, L], (130)
foreveryi =1,..., N.To this end, let r — x;(¢; 7, y) denote the i-th characteristic starting at y at time ¢ = 7, i.e. the
solution of

F=a(w o), x(@=y. (131)

and define the times == and points y* as in (91). Then, recalling (79), thanks to (68), (95), (97), (98), (111), (119),
(131), and because of (117), we find
xi(T.65) <y + (O + VN & - d) - (T - 7¥)
=x (T, &5)+Naj-d- (T — %)
L
Aph

L
§§+«/N&’{-d- <L. (132)
With similar arguments we derive x; (7, El.i) > — L, which together with (132), yields (130). This completes the proof
of the proposition in the case where T > L/AA.

3. Assume T' < L/A A, and observe that by (117) one has b < 1/(2a{N - T). Then, applying Lemma 3, we deduce
the existence of a classical solution of (74)—(75) on [0, T'] x R that satisfies the bounds (119) for all ¢ € [0, T']. Letting
w(t, x) denote the Riemann coordinate expression of such a solution, by the same arguments above we can show
that (129), (130) hold, which, together with (69), yield (118), thus concluding the proof of the proposition. O
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Remark 4. The same conclusion of Remark 3 holds if we consider a rich system that generates a semigroup of entropy
weak solutions (S;);>0 with a domain D as in (15), and we assume that

ld'.d'[ Clai,bil Vi=1,...,N. (133)

In fact, under this assumption it clearly follows that, for every given 8 = (81, ..., By) € PC [l L{V db.T] d <d', the map

¢ﬂ defined in (71) belongs to D, and thus, relying on [7, Section 5.3], we deduce that the classical solution u(z,-) of
the Cauchy problem (74)—(75) provided by Proposition 2 coincides with S;¢#.

3. Lower compactness estimates for conservation laws
3.1. A controllability result

For arbitrary constants L,b > 0,0 < M <d (d being the radius of the ball contained in the domain of the flux
function where condition (30) is verified), and T > 0 satisfying (67), recalling the definitions (68), (69), (71), let us
consider the set

Aipmpr ={¥ € CR, 2) | ¥ (x) =¢P(—x) Vx R, for some p=(B1,...,BN) € PCEL],VM,I,,TJ }. 134

Notice that, because of (68), every map ¥ € Az m.p 7] is supported on N disjoint intervals (&, §i+], i=1,...,N,
of length L. The next result shows that the elements of such a set can be obtained as the values Sru at a fixed time 7
of the semigroup generated by (1), for initial data & varying in a set of the form (5).

Proposition 3. Let f : 2 — RN be a C? map on an open, connected domain 2 C RN containing the origin, and
assume that the system (1) is strictly hyperbolic. Let (S;)>0 be the semigroup of entropy weak solutions generated
by (1) defined on a domain Dy satisfying (2). Then, given any L,m, M, T > 0, and setting

L imin{g,
(14 as)

(AAM, a5 being the constants in (67), (76)), for every

T. AAA} (135)

0<b <min , , ,
201 - T 4azoaN?-L° SasNL
d ANA M
0 <h <min , A , Lz (136)
204N e22/%3° Aoy g N e%2/937 2oy N e¥2/93” 2L
(a1, 1 =1,2,3,4, being the constants in (30), (43), interpreting 1/a1 = oo when a1 =0 ), there holds
A[Z,h,b,T] - ST(E[IL,m,M] NDy), Ir=[-L,L], 137)

where A[Z,h,b,T]’ L1, ,m, M) denote the sets defined as in (134), (5), respectively.

Proof. Following the same strategy adopted in [1], we will show that any element ¥ € A[Z, n.p,7] Can be obtained
as the value at time T of a classical solution to (1) by reversing the direction of time, and constructing a backward
solution to (1) that starts at time 7 from . Namely, given

Ve A o1y (138)

by definition (134) there will be an N-tuple of maps 8 = (B1,...,0n) € ’PC[]ENh boTT’ such that letting ¢# be the

function defined in (71), one has ¥ (x) = ¢# (—x), for all x. Notice that, by (135), one has

~

L
T > ,
T AN

as in (67), while (136) imply that &, b satisfy the bounds (73) on d, b. Then, set

(139)
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wo(x) =Y (—x)=¢P(x) VxeR, (140)

and let w: [0, T] x R — £2 denote the classical solution of the Cauchy problem (74)—(75), provided by Proposition 1.
Next, consider the function

u(t,x)=w(T —t,—x), (#,x)el0,T]xR. (141)
Observe that u(, x) is a classical solution of (1) with initial data u (0, -) = (T, —-) that, by (140), satisfies
(T, ) =1. (142)

Moreover, by (77), (135) we have |Supp(w (T, —-))| = |Supp(w (T, )| <2(1 + ocs)z < 2L. Therefore, relying on the
second estimate in (78) and on (136), we derive

Tot. Var. (w(T, —)) < |wx (T, )],

(R, )
< |lox (T, ')HLOC(R,.Q) - |Supp(e (T, )|
<4oayN -b-2L <. (143)

Thus, by (2) we deduce that u(0, -) = w(T, —-) € Dy, and hence, recalling Remark 3, we have u(t,-) = S;o (T, —-),
for all ¢ € [0, T']. Because of (142), this implies in particular that ¥ = S7w (T, —-). To conclude the proof of

¥ € St (L, m.m1 N Do) (144)
it thus remains to show that

o(T,—) e »C[IL,m,M]- (145)
Since w is the classical solution of (74)—(75) provided by Proposition 1, recalling that ¢ (—-) = ¢?, B PC[liNh boTT’
and relying on (77), (78), (135), (136), (138), we deduce that o

Supp(w (T, —)) C[~L, L],

@
||C()(T, _) ||L°°(]R,.Q) = 2a4Nea3 “h = Ms
(T, —) ||L1(R,m <2Lh <m. (146)

Therefore, the inclusion (145) is verified because of (146), which completes the proof of the proposition. O

Remark 5. When N = 1, under the same assumptions as Proposition 3, assume also that f’(0) = 0 (possibly perform-
ing a space and flux transformation). Then, relying on Lemma | (where we may reach the same conclusion assuming
that b <3/(4c-T), with ¢ = sup{| f”(u)|; |u| < d}), we can show that the following holds. Given any L, m, M, T > 0,
for every

3 _
0<b<-——1, O<h<minld, M, 2\
4c-T 2L
one has
Air i, 11 CSTLiy,mmy), 1L =[-L/2,L/2], (147)

where Az 1.5,71. L11, ,m, M7 denote sets defined as in (134), (5), respectively.

We shall now extend the previous controllability results to class of functions with possibly unbounded total varia-
tion in the case of hyperbolic systems of conservation laws of Temple class. We recall that (see [7,17,18]):

Definition 1. A system of conservation laws (1) is called of Temple class if:
— it is a rich system, i.e. if it is endowed with a coordinates system w = (wy, ..., w,) of Riemann invariants w; =

W; (u) associated to each characteristic field r;;
— the level sets {u € §2; W;(u) = constant} of every Riemann invariant are hyperplanes.
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We shall assume that W(0) = 0 and that as w ranges within the product set IT = [a1, b1] X --- X [an, bn], the
corresponding state u = W ™! (w) remains inside the domain §2 of the flux function f.

We also recall that a characteristic field r; of a system (1) is said to be genuinely nonlinear (GNL) in the sense of
Lax if (VX;(u), ri(u)) # 0 for all u € §2, while we say that r; is linearly degenerate (LD) if (VA;(u), ri (1)) = 0 for
allu € 2.

As observed in the introduction, the results in [3,6] show that a Temple system with GNL or LD characteristic
families admits a continuous semigroup of entropy weak solutions S : [0, oo[ x D — D} defined on domains D
as in (15) of functions having possibly unbounded variation. We shall adopt the notation S;"w = W (u(t,-)) for the
Riemann coordinates expression of the solution of (1), (3), with u = W1 o w. Therefore, relying on the sharper
a-priori bounds on the classical solutions of a rich system provided by Proposition 2, and setting

Al s = {¥ € CR.IT) | ¥ (x) = B(—x) Vx € R, for some B = (B1..... Bv) € PC; Ny, 11} (148)

we establish the following

Proposition 4. In the same setting of Proposition 3, assume that (1) is a strictly hyperbolic system of Temple class,
and that all characteristic families are genuinely nonlinear or linearly degenerate. Let (S;)>0 be the semigroup of
entropy weak solutions generated by (1) defined on a domain D as in (15), and assume that (133) holds. Then, given
any L,m, M, T > 0, for every b, h satisfying

1 Ap
20 - T 2a/N - L

Ofbfmin{ (149)

}, oshgmin{a’, Ank m}

2//N' 2L

(o}, af being the constants in (108), (109) and AxA as in (67), interpreting 1/ = oo when oy =0 and 1/} = 00
when af = 0) there holds

Aty © ST (LT mon), TL=1=L, L, (150)

where the sets AEUL,h,h,T]’ EﬁL,m,M] are defined as in (148) and in (18), respectively.

Proof. The proof of Proposition 4 is entirely similar to that of Proposition 3, relying on Proposition 2 and Remark 4,
and recalling (116), thus we omitit. O

3.2. Lower compactness estimates on a family of simple waves

We shall provide now a lower estimate on the ¢-entropy of the class Az, y,5, 77 introduced in (134). To this end,
set

agisup{|Dri(u)|;ueBg,izl,...,N}, (151)

where B; denotes as usual a ball centered in the origin and contained in the domain £2 of the flux function f.
Following a similar strategy as the one pursued in [1] we then establish the following

Proposition 5. In the same setting of Proposition 3, given L,b > 0,0 < M <d, and T > 0 satisfying (67), for every
& > 0 satisfying

. [LNM LN
e<min{ ——, — ¢, (152)
24 48ag
(e being the constant in (151)), letting Arr m b, 11 be the set defined in (134), one has
L>N%*» 1
H, L'R,2)>—n -, 153
(A mpm | L' (R, 2)) = J60Q2) & (153)

Proof. Towards a proof of (153), we shall first introduce a two-parameter family F, 5 C Aiz m b, 7], depending

on n >2 and h > 0, of superposition of simple waves qbﬁ, B=(1,....8Nn) C ,PC[I’LI,VM,};,T]’ defined as in (71) in
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&

38 —\e(0)T

Fig. 2. The function ﬂ,‘( forn=8and:=(0,1,1,0,0,0,1,1).

connection with piecewise affine, compactly supported maps 8; € PC [IM’ p- Next, we shall provide an optimal lower
bound on the covering number N (F p | LY(R, £2)), for a suitable choice of n, i, which, in turn, will yield the lower
bound (153) on the e-entropy of Az m.p.77-

1. Given any integer n > 2 and any constant 2z > 0, for every k-th characteristic family and for any given n-tuple
t="(t1,...,t,) €{0, 1}", we consider the function ,3,‘{ : R — [—h, h], with support contained in [§,, E,j], defined by
setting (see Fig. 2)

L

L = (— th_n, -
By (x) = (=1 2 (

o (154)

x—ék_—(%—f-l)'zL—nD Vx€|:§k_+£L . L+1)L:|,

ANk T TN

forall £ € {0, ..., n — 1}. Recall that the quantities Ski ==+L/2 — A (0) - T were introduced in (68). Observe that, if
we assume

Lb
O<h§min{M, —} (155)
2n

by definition (25) it follows that ,B,‘c € PC[lM’ bl for every n-tuple ¢t = (11, ..., t,) € {0, 1}". Therefore, for any given
N-tuple of n-tuples (¢1,...,tn) € ({0, 1}”)N, letting ﬂ;{", k=1,..., N, be the maps defined as in (154), and recalling

definition (69), we deduce that (ﬂi‘, cee ﬁ;\’,") € PC[liI’VM’b’T]. Thus, for all n > 2 and & satisfying (155), setting
Bun={(B)'..... BY) | BE : R — [—h, ] defined as in (154) with
_ N
Supp(B) C [& . &5 Vk, (oo wv) € ({0, 13) ), (156)
one has
1,N
Byyn C PC[L,M,b,T]' (157)

Then, for any given N-tuple of n-tuples (¢, ...,ty) € ({0, 1MV let
PN = ¢(ﬁ;1 ,,,,, BY)
denote the map defined as in (71) in connection with the N-tuple (,Bi1 s ,31‘\’,") € B,., and set

Fun = {1 (= [ @, en) € (10, )M (158)
Recalling definition (134), and because of (157), it follows that there holds

Fnn C AL Mb.TI (159)
for all n > 2 and & > 0 satisfying (155). Therefore, observing that (158) implies

He (A mp,r | L' (R, 2)) = He(Fa | L' (R, 2)), (160)
we deduce that, in order to establish (153), it will be sufficient to show
, BN 1
—216In(2) ¢
for a suitable choice of n > 2 and & > 0 satisfying (155).

He(Fon | L'(R, 2)) (161)
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2. Towards an estimate of the covering number Ng(F, p | LY(R, £2)), let us denote with C,f (¢) the maximum num-
ber of elements in F, ; that have L!-distance less than ¢ from a given element of F, ;. Namely, for any fixed

sz(g) - Card{qﬁ“ ,,,,, N (—) e fn,h | ||¢L1 ,,,,, IN _ ¢Z1 ,,,,, N ”LI(R,Q) < 8}, (162)
and set
¢l (&) =max{Cl (&) |t = (u, ..., en) € (10, 1)) (163)

Observe that any element of an e-cover of F,, ;, contains at most C;Z: (2¢) functions of F;, ;. Thus, since the cardinality
of Fy p is the same of the set 53, ,, which is 27N it follows that the number of sets in an e-cover of Fu.h is at least

nN

Ne(Fun | L' R, £2)) >

> TG (164)

Therefore, we wish to provide now an upper bound on C,{: (2¢). To this end, consider any two N-tuples I #

Le ({0, 1N, T= @, oo IN)o L= (U1, ... ty), and let gl = BBy priven = (B BY) | denote the

maps defined as in (71) in connection with the corresponding N-tuples g4 = (,Bi1 ey ,B/L\’,V) and Bt =
(ﬂil e ,8;\’/") of B, ;. Recall that the eigenvectors are normalized so that |ri(u)| =1, forallk =1, ..., N. Moreover,

by definitions (71), (156), and because of (67), the maps ¢Z"""ZN, ¢!V and ﬁzl """ v BN are supported on the
disjoint union of sets [§, §k+], k=1,..., N. Thus, recalling (151), we find

N
gttt — g g g = / | R (B (1)) — Re (Bt (x))|dx
=g
B )
/rk(Rk(s))ds
[ 651 B )

N
=Z dx

k=

—_

Bk (x)

N -
22[ / [\ﬁ}f(x)—ﬂi(x)!— [ (&) = reolas
k=1

g ED B (x)

4

/ |,3;Z(k(x) — Be@)| - [1 = IIDrell Lo sy iy (my) - 1 ]dx

e g
N —
= I8¢ = Bill gy [T — a6 - A, (165)
k=1
where «ag is the constant in (151). Hence, if we assume that
1
O<h<—, (166)
o6

it follows from (165) that, adopting (with a slight abuse of notation) the L'-distance

N
| B — B ey = D BE = Bl gy Y@ ) (@) € (10, 137)Y, (167)
k=1

on the set B, j, in (156), and the usual L'-distance on the set Fn.h in (158), there holds
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”ﬂZ'WJN — B ”LI(R RNy = 2H¢’“ """ W gttt ”LI(R,Q)
V(@1 i), () € (10, 11N (168)

Then, if we define Cf (¢) as the maximum number of elements in 3, j, that have L'-distance (defined as in (167)) less
than ¢ from any given element of B, 5, we deduce from (168) that C,f (2e) < C,? (4¢). In turn, this inequality, together
with (164), yields

nN
Ne L'(R, 2 169
(Fun | L' R, 2)) 2 s (169)
for all h satisfying (166).

In order to provide an upper estimate on CB (4¢), observe that, given any pair of nN-tuples (t1,...,tn),
@1, ....1y) € {0, 1))V, letting (,B .. ,3 ), (/3 .. ,3 ) denote the corresponding N-tuples in B, j, by defi-
nitions (154), (156), (167), and because every interval [ Sl , $l+] has length L, one has

| girty — gl | —@-d((z ), @ %)) (170)
LI(R’RN)_ n 15---5tN)s 1s---5EI(N) ),
where
AUy tn)s @ TN)) = Card|(k, ©) € {1, NY {1, on) | e # e )
Then, given any fixed n N-tuple t = (i1, ..., (n) € ({0, 1}")N, define
CLe) = Card{ (11, ..., w) € ({0, 1}")"’ ld (v, @, Iy)) <) (171D

Notice that the number CnI (e) is independent of the choice of 1 = (i1, ..., (y) € ({0, 1}")N , and that, by (170), there
holds

B 7 ( 4ne
C, (4e) =C, (Lh) (172)

We next derive an upper bound on CnI (e) following the same strategy as in the proof of Proposition 2.2 in [1]. Namely,
by standard combinatorial properties, counting the n N -tuples that differ for a given number of entries, we compute

L)
4ne nN
cI{—)= , 173
()= 5 (7) am
=0
where || = max{z € Z | z < o} denotes the integer part of «. Next, observe that if X1, ..., X,y are independent

random variables with Bernoulli distribution P(X; =0) =P(X; =1) = %, then for any integer k <nN one has

k
1 nN
=0

Now, we recall Hoeffding’s inequality [9, Theorem 2] which guarantees that, setting S,y = X1 + ... + X,n, for any
fixed u > O there holds

2u?
P(Suny —E(Spn) < —p) <exp| ——— |, (175)
nN
where ]E(Sn N) denotes the expectation of Sn N Notice that by the above assumptions on X1, ..., X,n, we have
E(S,n) = %5+. Hence, taking k = L4’“’"J = L4”8J and assuming
NLh
&= 8 (176)

which implies ¢ > 0, we deduce from (172)—(175) that there holds
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nN _ | dne 2
CnB(48) < onN ~exp<—2M)

nN
<oV exp( N (1 8 ’ (177)
= P77 A
In turn, (177) together with (169) yields
Ne(Fon | L' (R, 2)) = exp nN () 8 ) (178)
A ’ - 2 LhN ) )’

for all n > 2 and & satisfying (166), (176). In order to derive the largest lower bound on the right-hand side of (178)
we maximize the map

. nN 8 \?
V== 1= )

with &, n, subject to (155), (166), (176). If we first fix n > 2, and then optimize the map # — ¥ (h, n), when h satisfies
the bound (155), we find that the maximum is attained for

Lb
h, = e (179)
Next, optimizing the map n +— ¥ (hy, n), with h,, satisfying (176), i.e. with n < %, we deduce that the maximum
is attained for
_ .| NL?*
n= YTy + 1. (180)
One can check that
Lb 24s NLh; NL?b 3¢
===, = — >,
2n — NL 8 16n 2

so that, with i, n defined by (179), (180), all conditions (155), (166), (176) are verified, provided that ¢ satisfies (152).
Hence, we deduce from (178) that

L®N?b 1
Ne(Finy | L' (R, 2)) = exp(¥ (ha, 7)) = exp( T g> (181)
which, in turn, yields
L®N?%b 1
Ho(Fan | L'R, 2))> ———— . = 182
(P | L ))_216ln(2) ¢ (182)

for all ¢ satisfying (152). By the above observations at Point 1, recalling (160), this concludes the proof of the propo-
sition. O

Remark 6. When N = 1, under the same assumptions as Proposition 3 the following holds. Given L, M, b, T > 0,
for every 0 < e < LM/12, letting A[r u », 7 be the set defined in (134) one has

L% 1

Hg(A[L,M,b,T] ‘ LI(R)) > 108 0@ =

(183)

In order to analyze the e-entropy of solutions to Temple systems of conservation laws, we shall now provide a lower
bound on the g-entropy of the class of maps AE"L m.p, 7 introduced in (148). Here, we are considering the ¢-entropy

of AF}L,M,h,T] related to the topology induced by the L'-norm Mwllpr = llwill 1.
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Proposition 6. Given L, M, b, T > 0, for every ¢ > 0 satisfying

LNM
&< ——, (184)
12
letting AFi,M,b,T] be the set defined in (148), one has
L?N?b 1
1
He (Al ypy | LR, D) = 108 mE) & (185)

Proof. The lower bound (185) is established with similar arguments to those of the proof of Proposition 5. Namely,
given any integer n > 2 and any constant % satisfying (155), we consider the set B, j; introduced in (156). Observe
that by definitions (148), (156) one has

Ne(AiLmp71 | L' R, 1)) = N (B | L' R, IT)). (186)

Next, let Cf (&) denote the maximum number of elements in 5, that have L!'-distance (defined as in (167)) less
than ¢ from any given element of 5, ;. With the same combinatory arguments of the proof of Proposition 5, for all

NLh
&< —, (187)
4
we derive
| nN
N:(B L (R, IT)) > > Y (h,n)), 188
o(Bun | L'( ))_C,?(Za) > exp(¥ (h, n)) (133)
with
womy ="V (% ’ (189)
=T LhN ) -
Maximizing the map (189) when &, n are subject to (155), (187), and combining (186), (188), we find
Ne (AL 4rp.7y | LR, D)) > exp(¥ (ha, ), (190)
with
_ | NL? o o Lb 12 (191)
"7 24e ’ "T 25 = NL
Finally, observing that
_ L?N? 1 NLh; 3¢
lp(hﬁ,l’l): ) 2_7
108 ¢ 4 2

and taking the logarithm of both sides of (190), we recover the estimate (185) for all ¢ > 0 satisfying (184). O
3.3. Conclusion of the proofs of Theorem 1(i) and Theorem 2(i)

Proof of Theorem 1(i). We shall provide a proof of the lower bound (6) for sets of functions of the form (5) with
support contained in the interval Iy, =[—L, L]. The case of sets of functions supported in any other given interval /
of length |/| = 2L can be recovered observing that every function in St (L7 m,m7) is obtained by shifting horizontally
a corresponding-function in St (L7, .m,m1) by a fixed constant. Thus, the e-entropy of the two sets turns out to be the
same.

Combining Proposition 3 and Proposition 5 we find that, for every

Ld L AxA LM Nm LN _ 1 T-Axx
) 9 ’ E) -min N

48y €92/937 960ty oty €2/ A8y e®2/%3° 48 T 48 1+ as L

(o7, 1 =2,...,6 and AA being the constants defined in (43), (76), (151) and (67), respectively) there holds

O<s§min{ (192)
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H.(Sr (L NDo) | L'(R, 2)) > LN 1 (193)
TR~ Up.m, M1 110 =216In(2) ¢
with
~ T 1 1
L=L-min{51,52—}, b=— - (194)
L T max{cs, C4 T ,CSSOT}
where
c1 = & & =min{A;41(0) — 4 (0))
Ccl1 = Cyr = . 3. ,
ot @ - TV i
¢3 =2sup{ sueBy i=1,...,N}, & =8sup{|i(0|; ueBy i=1,...,N} (195)
~ - E . .
4= i - (sup{ | Ak () = A ) |[1] cueBg i jke(l,....N}}
+ sup{ sueBg i=1,...,N}). (196)
Thus, (193)—(195)-(196) together yield (6), taking
a=¢, forl=1,2, ¢=216InQ2)-¢, forl=3,4,5 O (197)

Proof of Theorem 2(i). As for the proof of Theorem 1(ii), it will be sufficient to establish the lower bound (19) for
sets of functions of the form (18) with support contained in the interval I; =[—L, L].
Combining Proposition 4 and Proposition 6 we find that, for every

LNd LJNA. LNM N
0 <& < min , “/—/,A , = (198)
12 24 12 24
(ai’, A AA being the constants defined in (109), (67), respectively) there holds
L2N2b 1
(SY LY (R, 1T —_— 199
with
pe ! (200)
T max{c, 57#}’
where
¢ =2sup{|(VAi ), riw))|; e By, i=1,...,N},
2
¢7=—sup{|(VAi(w),rj)|; ue By, i,j=1,...,N}. (201)
2
Thus, (199)—(201) together yield (19), taking
c=108InQ2)-¢, forl=6,7. O (202)

4. Upper compactness estimates for genuinely nonlinear Temple systems

Assume that (1) is a strictly hyperbolic system of Temple class, and that all characteristic families are genuinely
nonlinear (cf. Subsection 3.1). Let (S;");>0 be the Riemann coordinate expression of the semigroup of entropy weak
solutions generated by (1), defined on a domain LY(R, IT) with IT =[ay, b1] X - -+ x [ay, by]. In connection with a
class of initial data L'[ Tm.m C LY(R, IT) as in (18), consider the sets of i-th components of elements of S7 (L (I.m. M])
at a fixed time 7 > 0:

St (Lirman) ={oi | 01 oon) € SE(LY )} i=1.....N. (203)

Thanks to the Oleinik-type inequalities (16), we may establish an upper estimate on the e-entropy for S%,i(ﬁﬁ, m.M))
following the same strategy adopted in [8] for scalar conservation laws with convex flux, relying on the upper bound
on the g-entropy for classes of nondecreasing functions provided by:
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Lemma 4. (See [8, Lemma 3.1].) Given any, L, M > 0, setting
I = {v 1[0, L] — [0, M] | v is nondecreasing}, (204)

for0 <& < £ there holds
4LM
He (Tim | L1(10, 1) = ——.

In order to obtain an a-priori bound on size of the support of solutions to (1), expressed in terms of the L'-norm of
their initial data, we will use the next technical lemma derived in [1].

Lemma 5. (See [ 1, Lemma 4.2].) Given v € BV(R), compactly supported and satisfying

Dv < B in the sense of measures, (205)

for some constant B > 0, there holds
lvllzee < /2Bl 1. (206)

Proof of Theorem 2(ii). As for the proof of Theorem 2(i), it will be sufficient to establish the upper bound (20) for
sets of functions of the form (18) with support contained in the interval I; =[—L, L]. As stated in the introduction,
we adopt the norms w1 = Y, flwill,1, llwlllze = sup; w; |z on the space L' (R, IT).

1. Given any initial data w € EE‘;L m.M]> let w(t,x) = S;"w(x) be the corresponding entropy weak solution of (1)
satisfying the Oleinik-type inequalities (16). Observe that, by the properties of solutions of Temple systems (cf. [6]),
andbecauseweﬁ'[’j ypforallt >0,i=1,..., N, one has
L.m,M]
||wi(t")||L°°(]R,17) = ||wl'||L°°(R,H) <M, ||wi(t")||Ll(]R,H) =< “wi”Ll(R,H)' (207)

On the other hand, notice that w;(t,-) is compactly supported, and that by virtue of (16), (207), one has w;(t,-) €
BV(R) forall > 0 and

1
Dw,-(t,~)§—t Vt>0,i=1,...,N. (208)
c

Thus, invoking Lemma 5 and relying on (207), (208), we derive

2wl _ [2N — 2Nm
§_:||w,»<r,->||ms§_: C—;Ls,/; /§_:||w,-||us,/7, ) (209)
l l l

Moreover, applying the theory of generalized characteristics (see [7, Section 10.2]), letting 5(7 Z)(-), E(J[ z)(~) denote the
minimal and maximal backward characteristics emanating from (¢, z), and setting

") =inf{z |7 O =—L},  1T() =supfz|&; 0 <L}, (210)
we find

Supp(w; (t,)) C [I7 ), ;7 (1)], @211)
forallt >0,i =1,..., N. Then, recalling that the minimal backward characteristic 5(7’ Z)(-) is a solution of

E(s)=2i(w(s,E(s)—)) ae.s€[0,1], (212)
setting

ai.j = sup{|(VAi @), rj(w))

and relying on (209), we derive

Ww)| <M}, (213)

3
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t
IF@) <L+20)-t+ Zai,j /”wj(s, I o ds

<L+)\,(O) I+Supalj./Z||w](s )”Loo

<L+2(0) -1+ ,ﬂNm/
supal j \/_
SNmt
< L+2(0) -1 +supai jy[ =, (214)
J

forallt >0,i=1,..., N. Analogously, observing that the maximal backward characteristic S(t Z)(-) is a solution of

E(s)=2i(w(s,E(s)+)) ae.s€[0,1], (215)

with the same arguments above we derive

SNmt

L@®)>=—L+2;0)-t—supa;,; Vt>0,i=1,...,N, (216)
J

which, together with (211), (214), yields

. [8Nm t
Supp(wl(t’)) - [_Ll +)"1(0) : t’ Ll‘ +)\'l(0) : t]’ Ll‘ = (L +Supai,j c )7 (217)

LJ

for all t > 0,7 =1,..., N. Finally, observing that by (17), (213) we have ¢ < sup; ; o, j, and combining (209)
with (217), we find

V2Nmct

ct
2Nmt Sup; ;@i
ct Jc
L
5—; Vi>0,i=1,...,N. (218)
C

[wit)] 1 <

2. In connection with any given ¢ € Sw(£ wy)» consider the function (pih : [0, 2L7] — R defined by setting

IL m,
ol(x) = ——w(x+x<o> T— LT)+— (219)
with L7 as in (216). Notice that, by virtue of (208), gol. is nondecreasing and, thanks to (218), one has

b 4L7
0<¢/(x) =< T Vx € [0, 2L7]. (220)
Hence, recalling the definition (204), we have
T 1[2 Lr ].

Finally, observe that since (pl.u is obtained from ¢; by a change of sign, a translation by a fixed function, and a shift of
a fixed constant, it follows that, setting

u {‘/’z | ¢ eS7( [ILmM])}
recalling (203), there holds
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Ne(SE (€l ) | L ([~Lr 4240 - T, Ly + 20 T]) = N | L' (0. 2L1))

< NS(I[ZLT’ sy | L'([0, 2L71)). (221)

On the other hand, by virtue of (216), one has
Ne(S74 (Ll mn) [ L' ®R)) = Ne(SE,; (£ an) | L1 ([=L1 +2:0) - T. L1 +24(0) - T])). (222)
Thus, applying Lemma 4, and relying on (221), (222), we find

3212

Ne(S2 (L8 an) | L' ®) <2775 Wi=1,.. N, (223)
which, in turn, yields
w w 1 a w w 1 %~l
Ne(SF (L1 man) | L' R, ) < HN% Ne (ST (L ) | L' ®R) <2777 %, (224)
i=1

proving the upper bound (20). O
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