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Abstract

This paper deals with asymptotic bifurcation, first in the abstract setting of an equation G(u) = Au, where G acts between
real Hilbert spaces and A € R, and then for square-integrable solutions of a second order non-linear elliptic equation on RV
The novel feature of this work is that G is not required to be asymptotically linear in the usual sense since this condition is not
appropriate for the application to the elliptic problem. Instead, G is only required to be Hadamard asymptotically linear and we give
conditions ensuring that there is asymptotic bifurcation at eigenvalues of odd multiplicity of the H-asymptotic derivative which are
sufficiently far from the essential spectrum. The latter restriction is justified since we also show that for some elliptic equations
there is no asymptotic bifurcation at a simple eigenvalue of the H-asymptotic derivative if it is too close to the essential spectrum.
© 2014 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

Let X and Y be real Banach spaces with X C Y and consider a function G : X — Y. There is asymptotic bifurcation
at u € R for the equation

Gu)=>\u (1.1)

if there is a sequence of solutions {(A,, u;)} C R x X such that A,, — p and ||u,||x — oo as n — oo. The purpose of
this paper is twofold.

(1) To provide general criteria for determining whether there is or is not asymptotic bifurcation at a point x.

(2) To treat the particular case of the nonlinear elliptic eigenvalue problem

—Au+Vu+gw) =ru forue H*(RY), (1.2)
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where

VeL®RY) and geC'(RY) withg(0)=0and ‘ }im gs)=teR. (1.3)
§|—>00

The study of asymptotic bifurcation (or bifurcation from infinity, as it is sometimes called) has a long history and
it appears in the classical texts by M.A. Krasnoselskii [13,14] in the context of equations of the form (1.1) where
G : X — Y is asymptotically linear. In 1973 Rabinowitz [15] and Toland [23] introduced independently the use of the
inversionu — v=1u/|ju ||§( to deal with asymptotic bifurcation for asymptotically linear problems and since then it has
become the standard tool for dealing with such problems, see [1,3,27] for example. Setting G*(v) = ||v ||§(G(v /v ||§()
for v # 0 and G*(0) = 0, there is asymptotic bifurcation at u for the equation G(u) = Au if and only if u is a
bifurcation point for the equation G*(v) = Av in the usual sense. Furthermore, G* : X — Y is Fréchet differentiable
at 0 if and only if G is asymptotically linear. In this way, under appropriate compactness conditions allowing them
to use the Leray—Schauder degree, Rabinowitz and Toland obtained results about asymptotic bifurcation for abstract
equations of the form G(u#) = Au and applied them to elliptic boundary-value problems on bounded domains. It
turns out that the situation concerning unbounded domains is quite different and this is a main theme of the present
paper.

Under our hypotheses (1.3), g : R — R is asymptotically linear with limjs|— oo @ =/¢and G € C(W>P(RV),
LPRN)) for all p € [1, 00) where G(u) = —Au + Vu + g(u). However, as was shown in [19], G : W>P(RN) —
L?(RN) is asymptotically linear if and only if g(s) = £s for all s € R, and its inversion is Fréchet differentiable at
0 only in the case where (1.2) is a linear equation. It was also shown in [19] that G* : W>P(RN) — LP(RV) is
differentiable at O for all p € [1, 0o) in the weaker sense called Hadamard differentiability [9] under our hypotheses.
Therefore one might hope that the results in [7,8,17] concerning bifurcation for problems that are only Hadamard
differentiable can be applied to the inverted version of (1.2). However, all those results involve hypotheses about
concavity and compactness which are not always satisfied by (1.2). Furthermore, after some work one finds that the
lack of asymptotic linearity means that the variational approach to asymptotic bifurcation via inversion, as developed
in [26,4], also breaks down. This situation was a major motivation for the development in [20] of a new approach to
bifurcation for Hadamard differentiable problems, avoiding all assumptions about concavity and compactness. In the
present paper we exploit these new results in the context of asymptotic bifurcation, first for the abstract equation (1.1)
and then for (1.2).

The rest of this paper is organised as follows. In Section 2, various definitions concerning differentiability and
asymptotic linearity that are relevant for our results are recalled. Section 3 contains some preliminary results about
quantities required to formulate the hypotheses of the main theorems. First of all we present the notion of essential
conditioning number for a Fredholm operator of index zero. Then we consider the Lipschitz modulus and its esti-
mation under inversion. In Section 4 we turn to the main issue of asymptotic bifurcation for (1.1). Using inversion
this is reduced to the study of bifurcation from the line of trivial solutions for a problem which is Hadamard dif-
ferentiable, but not necessarily Fréchet differentiable, at 0. The section begins with the statement of a special case
of our recent results in [20] on this topic, which is then applied to the inversion of (1.1) to obtain our conclusions
about asymptotic bifurcation. It should be noted that [20] deals with nonlinear eigenvalue problems in the general
form F(A,u) =0 where F : R x X — Y and not just the special case F (A, u) = G(u) — Au. Although we do not
undertake it here, since the hypotheses then take a somewhat less intuitive form, it would be easy to derive results
about asymptotic bifurcation for this general form, starting from [20] and following the same procedure as in Sec-
tion 4.

Asymptotic bifurcation for the elliptic equation (1.2) is the subject of Section 5. The nonlinearity g € C(R) is
required to be asymptotically linear but the context is somewhat broader than (1.3). In Section 5.1 we use the results
in Section 4 to show that there is continuous asymptotic bifurcation at an isolated eigenvalue of odd multiplicity
of the H-asymptotic derivative and that there is no asymptotic bifurcation at regular points of this operator. How-
ever, as in the abstract situation treated in Section 4.2, both these conclusions are proved under the assumption that
the point under consideration is sufficiently far from the essential spectrum of the H-asymptotic derivative. This
restriction does not appear in the analogous results for asymptotically linear problems. The remainder of the pa-
per is devoted to showing that it is not merely a technical hypothesis and that the conclusions obtained in Sections
4.2 and 5.1 concerning asymptotic bifurcation can fail when it is not satisfied. In Section 5.2 we show that there
are special cases of (1.2) for which there is no asymptotic bifurcation at a simple eigenvalue of the H-asymptotic
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derivative which is too close to its essential spectrum, even if it is the infimum of the spectrum. Then, in Sec-
tion 5.3, we show that there are also cases where asymptotic bifurcation can occur at points which are not in
the spectrum of the H-asymptotic derivative, in fact, even at a point lying below the whole spectrum. The situ-
ations presented in Sections 5.2 and 5.3 are not just relevant to asymptotic bifurcation since, through inversion,
they provide examples of problems where there is not bifurcation at a simple eigenvalue and there is bifurcation
at a regular point of the Hadamard derivative at O which is sufficiently close to the essential spectrum. Thus they
provide additional evidence, to what is already available in [20,21], that a restriction like (4.1) below, or (5.1) in
[20], is necessary in order to draw conclusions about bifurcation for problems that are only Hadamard differentiable
at 0.

Finally, we should comment on earlier work concerning problems similar to (1.2). Soon after his early work using
inversion, Toland [24,25] treated one-dimensional problems like (1.2) on unbounded intervals. However, the non-
linearity g(u) is replaced by a term g(x, u) with a non-trivial x-dependence which renders the associated operator
asymptotically linear and hence ensures Fréchet differentiability of the inversion. More recent work has exploited this
approach as a preliminary step to dealing with an autonomous nonlinearity g(u). In [22] it is shown in Appendix B
that, if g(u) is replaced by €u + ¥ (x){g(u) — £u} where ¥ € L'(RN) N L>°(R"), then the associated operator is
asymptotically linear from W>?(RV) to L?(RN) for p > min{1, N/2} with asymptotic derivative £u. This is used
to establish asymptotic bifurcation for a variant of (1.2) with a nonlinearity fu + x, (x){g(u) — €u} where y, is the
characteristic function of the ball B(0,n) C R For the autonomous nonlinearity g(u), asymptotic bifurcation from
the lowest eigenvalue of the asymptotic derivative is deduced from this by letting n — oo under favourable assump-
tions about the behaviour of the nonlinearity g. By a similar approach based on approximation and passage to a limit,
Genoud [10,11] deals with the general form Au + f(x, u)u = Au and proves asymptotic bifurcation of positive solu-
tions under certain hypotheses about the behaviour of f. When his results are applied to (1.2) they imply asymptotic
bifurcation from the lowest eigenvalue A of the H-asymptotic derivative without any restriction on the distance of
A from the essential spectrum. This is because, to satisfy his assumptions (for example (f4) in [11]) about the term
f(x, u) requires that g(s)/s > £ for all s # 0, whereas no condition of this kind is required for the results obtained
here in Section 5.1. Indeed, although A is always an asymptotic bifurcation point for the truncated problems, the
results in Section 5.2 show that it may not be an asymptotic bifurcation point for the original problem and the passage
to the limit can fail when g(s)/s is increasing on (0, 0o). Furthermore, our discussion of asymptotic bifurcation is not
restricted to the lowest eigenvalue A of the H-asymptotic derivative, but covers any isolated eigenvalue of odd multi-
plicity, possibly lying in a gap in the essential spectrum, so long as the distance from the essential spectrum is large
enough. Nonetheless, even for the simplest equations of the type (1.2), such as the example discussed in Section 5.4,
there are cases not covered by any of the results we have mentioned and there remains plenty of scope for further
research on this problem.

2. Differentiability and asymptotic linearity
As mentioned in the Introduction, differentiability at the origin and asymptotic linearity are related through inver-

sion. In this section we give a more precise account of these notions, starting with inversion.
Let X and Y be real Banach spaces. For a function M : X — Y, the map M* : X — Y defined by

M*(u) = ||u||§(M<ﬁ> foru=£0,  M*(0)=0
X

will be called the inversion of M.
Note that

M**(M)ZHMH%(M*( >=M(u) forall u #0

el
and so M** =M < M(0) =0.
Clearly, u is solution with large norm of the equation M (u) = 0 if and only if v = W is a small solution of
X
M*(v) =0 with v #£ 0.
We now turn to differentiability and asymptotic linearity.
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Definition. A map M : X — Y is Fréchet differentiable at u € X if there exists 7 € B(X, Y) such that
M@+ v) = M) —Tv||,/lvlx >0 asllv]x — 0.

Then T is unique and T = M’(u) is the Fréchet derivative of M at u.

Definition. A map M : X — Y is asymptotically linear if there exists L € B(X, Y) such that
[ M) = Lao|y/llullx =0 as Jullx — oo.

In this case, L is unique and is denoted M’(0c0), the asymptotic derivative of M. The following result is well-known
and it appears already in [13].

Proposition 2.1. A map M : X — Y is asymptotically linear < M* : X — Y is Fréchet differentiable at 0. In this
case, M'(00) = (M*)'(0).

For a function g satisfying

(F) g € CR,R), lims— 00 £ = ¢ for some ¢ € R and limsup,_, o[£ | < oo,

there is a constant C such that |g(s)| < C|s| for all s € R and so an operator G : W2P(RN) — LP(RN) can be defined
for any p € [1, 0o) by setting

Gu)=—Au+Vu+gu),

provided that V € L®(R") and g satisfies (F). Since g : R — R is asymptotically linear, one might expect G to
inherit this property. However, as is shown in Theorem 5.2 of [19] this is not so, except in the trivial case where g is
linear.

Proposition 2.2. Let V € L>®°(RN) and g satisfy the condition (F). For 1 < p < oo,
(a) G : W2P(RN) — LP(RN) is continuous and bounded, but
(b) G : WP (RN) — LP(RN) is asymptotically linear if and only if it is linear (i.e. g(s) = €s for all s € R).

Confronted by this situation, we introduced in [19] a weaker notion of asymptotic linearity related to Hadamard
differentiability of the inversion at the origin.

Definition. A function M : X — Y is Hadamard differentiable at u € X if there exists T € B(X, Y) such that
‘ M(u + tyv,) — M(u)
— —0

tn Y
(& | M@+ tyvy) = M) — T (130, /ltn] — 0)

for all sequences {#,} C R\{0} and {v,} C X such that#, — 0 and ||v, — v||x — O for some v € X.

In this case, T is unique and is denoted M’ (u), the Hadamard derivative of M at u. When dim X < oo, Hadamard
differentiability and Fréchet differentiability are equivalent. Hadamard differentiability is discussed at length in Chap-
ter 4 of [9].

The following weaker version of asymptotic linearity, which will be referred to as Hadamard asymptotic linearity,
was proposed and investigated in [19], together with several variants.

Tv

Definition. A map M : X — Y is H-asymptotically linear if there exits L € B(X, Y) such that || % — Lul|ly — 0
for all sequences {#,} C R and {u,} C X such that |t,u,| — oo and |u, —u||x — O for some u € X.

Then L is unique and is denoted M’(00), the H-asymptotic derivative of M. Theorem A.1 in [19] shows that it is
equivalent to requiring that

(i) Timsupy,y o0 | M @)|/Iluc]l < 00, and
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(ii) there exists L € B(X,Y) such that ||%“") — Lu|ly — O for all sequences {t,} C R and {«,,} C X such that
|t,| = oo and ||lu,, — ul|x — O for some u € X\{0}.

Asymptotic linearity implies H-asymptotic linearity with the same asymptotic derivative. Furthermore, if
dim X < oo, then (ii) implies (i) in the definition of H-asymptotic linearity and H-asymptotic linearity is equivalent to

asymptotic linearity.

Proposition 2.3. A map M : X — Y is H-asymptotically linear < M* : X — Y is Hadamard differentiable at 0. In
this case, M'(c0) = (M*)'(0).

This is Theorem 3.1 in [19] and from Theorem 5.2 of that paper we obtain the following result concerning the left
hand side of (1.2).

Proposition 2.4. Let V € L®°(RY) and g satisfy the condition (F). For 1 < p < oo, G : W2P(RN) — LP(RN) is
H-asymptotically linear with G'(00) = —A +V + L.

Combining these results we see that G* : W>?(RY) — L?(R") is Hadamard differentiable at 0.
3. Two important quantities
This section introduces two quantities which are used to formulate a crucial hypothesis for our abstract results on
bifurcation and asymptotic bifurcation. The first one concerns Fredholm operators of index zero and the second one
concerns mappings which are Lipschitz continuous in some neighbourhood of the origin.
3.1. The essential conditioning number
Let X and Y be real Hilbert spaces. For linear operators mapping X into Y we use the notation
B(X,Y) for the bounded operators
Iso(X, Y) for the isomorphisms

@(X, Y) for the bounded Fredholm operators of index zero
F (X, Y) for the bounded operators of finite rank.

The following quantities are discussed in Section 5 of [20]. For L € B(X,Y), [L]1={T: T — L € F(X,Y)} and
[L], =[L]NIso(X,Y).

For L € ®y(X,Y), [L], # ¥ and, when X is a Hilbert space, the quantity y (L) = inf{||T~!| : T € [L],} is the
essential conditioning number of L.

Accurate estimation of y (L) is important in order to make the best use of the results in [20] concerning bifurcation
for Hadamard differentiable problems. We can do this when L is a self-adjoint operator.

3.1.1. Self-adjoint operators and the graph space
Let (H, (-,-), || - |I) be a real Hilbert space. For a self-adjoint operator S : D(S) C H — H acting in H, the graph
norm of S on D(S) is defined by

1/2
lulls = {lull® + 1Sul?}'* foru e D(S).

Recall that since S is closed, the graph space (D(S), || - ||s) is a Hilbert space. The following result is an easy conse-
quence of the closed graph theorem, see Section 5 of [20].

Proposition 3.1. Let S: D(S) CH — H and T : D(T) C H — H be two self-adjoint operators having the same
domain X = D(S) = D(T). Then || - ||s and || - || are equivalent norms on the subspace X and S, T € B(X, H) for
any of these norms.
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For a self-adjoint operator S : D(S) C H — H andany ¢ > 0, || - ||s and || - ||¢s are equivalent norms on D(S) and
-1l <1l - lles- The spectrum and essential spectrum of S are denoted by o (S) and o, (S), respectively.

o 0(S)={reR:S—Al ¢ Iso(D(S), H)}
o 0.(S)={Lea(S):S—Arl ¢ Dy(D(S), H)}
o S—Aledy(D(S), H) & A do,(S).

Proposition 3.2. Let (H, (-,-), || - |l) be a real Hilbert space, S : D(S) C H — H a self-adjoint operator and Aoy ¢
00 (S). Then there exists a constant K > 0 such that

1
Y —rl) < ——————+¢eK foralle >0,
d(ho, 0.(5))
where y¢(S — Lol) denotes the essential conditioning number of S — Lol € @y(X, H) and X is D(S) with the graph
norm, | - |les-

This is Corollary 5.5 in [20].
3.2. The Lipschitz modulus and inversion

Consider a function G : X — Y where X and Y are real Banach spaces. The quantity L (G) defined by

Gu) -G Gu)—G
LG)=lim sup J1EW =GOy o, 160 =GOy
8—0 . veB(0,8) lu —vlilx u,v—0 lu —vlx
uF#v uv

is called the Lipschitz modulus of G at 0. Here B(0, §) denotes the open ball in X with centre 0 and radius §.
Recall that G is strictly Fréchet differentiable at O if there exists T € B(X, Y) such that

. IGw) —Gw) —Tu—-v)ly
im =
u,v—0 ||u —U||x
u#v
and that this implies that G is Fréchet differentiable at 0 with G'(0) = T.

From the discussion of the Lipschitz modulus in [5,20] we recall the following points.

(1) L(G) < o0 < G is Lipschitz continuous on some neighbourhood of 0. Hence, L(G) < oo does not imply even
Gateaux differentiability of G at 0.

(2) However, L(G) =0 <

IGu) -Gy 0
wv—0  flu—vllx
u#v
& G is strictly Fréchet differentiable at 0 with G’(0) = 0.

Thus G is strictly Fréchet differentiable at 0 < there exists T € B(X, Y) such that L(G — T) =0.

(3)If F e C'(U, Y) for some open neighbourhood U of 0 in X, then L(R) = 0 where R : X — Y is the remainder,
R(u) = F(u) — {F(0) + F'(0)u}. Also F is strictly Fréchet differentiable at 0 and L(F) = || F'(0)]|.

(4) G strictly Fréchet differentiable at 0 implies that L(G) = ||G’(0)||. But G being Fréchet differentiable at 0 with
L(G) < oo does not imply that G is strictly Fréchet differentiable at 0. Also G being Fréchet differentiable at 0 with
G’(0) = 0 does not imply that L(G) < oo.

For the present work, it is important to be able to estimate L(G*) using properties of G. To avoid cumbersome
notation we use || - || to denote the norms in both X and Y.

O,

Lemma 3.3. Consider M : X — Y and its inversion M* where X is a Hilbert space. Then, for any T € B(X,Y),

N N(u) — N
L(M*) <||T|| +2limsup IN G + lim  sup ING@) = N
lul—oo Il R=oo juuyz=r  llu =l
u#v

where N=M —T.
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(i) Choosing T =0, we get the estimate,

M M -M
L(M*) < 2timsup PN iy gy 1MW = MW (3.1)
lull—oo Il R—00 |||, lvl|=R lu — vl
U#v
from which it follows that
M -M M -M
L(M*) <3 lim  sup | M () I <3 sup | M (u) Wl _ (3.2)
R—00 |||, Jlv]|> R llu —vll uveX llu —vll
u#v u#v
(ii) If M : X — Y is asymptotically linear, then
N — N
L(M*) < |M'(c0)| + lim  sup M, (3.3)
R=o0 ., ojzr  llu =l
u#v
where N = M — M'(c0). In particular, if M'(c0) = 0 we have
M) —M
L(M*) < sup | M (u) O] . 3.4)
u,veX lu — vl
u#v

Remark 1. In Example 2 after the proof, we show that (3.3) and (3.4) can fail if M is only H-asymptotically linear.

Remark 2. The inversion M* and the denominator in definition of the Lipschitz modulus are defined using the same
norm on X.

Remark 3. Hence it follows from part (i) of Lemma 3.3 that M™* is Lipschitz continuous on a neighbourhood of 0
whenever M is uniformly Lipschitz continuous on the complement of some bounded set.

Proof of Lemma 3.3. We may as well assume that there exists R > 0 such that

IN ()l IN(u) — N@)|
< oo and sup ——m—
fuj=r el lul,oi=r  llu =l
u#v

Note that, forany T € B(X,Y), M* = N*+ T and so
| M*(u) — M*(v)|| - [N*(u) — N*(v)||

ol = u—o T
For u, v #0,
u v 2_ 1 1 2(u, v)
‘ lell® ol fwl® 7 ll> ol
1 1 lu — vl = llul? = vlI* _ Ju—v|?
TN llue?[v]|? w2 lv)l?
and so
u v ||u—v||. (3.5)
el Nl Nulllvll

Consider u, v € B(0, 1/R)\{0} with u # v and |lu|| > ||v|| > 0. Then, setting z = u/llul|* and w = v/||v||3,

N*) = N*(v) _ [lul?N@) — [IPIPN @) _ (lull® = [0I*)N @) + [PV () — N (w))
lu =] lu—v] lu =]

and hence
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IN*(u) — N*()|| IN@I 2z —wl IN@z) — N@w)||
< lu + vzl +
lu — v Izl lu — vl Iz —wll
N INx) = NI
T oizr iyl Ix =yl
X#Yy

since flull® — 0] = (u + v, u = v) < lu+v]|lu — vl <2|lullllu — v]| = 2]u - v]/|z] and

lvllllz — w]| - lv]l?

k]

lw —vll — flullflvll —
by (3.5). Furthermore, for u € B(0, 1/R)\{0}, we have that
IN*@) = N* Ol _ IN@I _ [N
su

el Izl ™ peg=r Ml

The first estimate of L(M*) follows by letting R — co.
If the right hand side of (3.1) is finite there exist constants K > 0 and R > 0 such that

| M) — M@)| < Kllu—v|l forall u,v e X with ufl > R and |v] > R.
Fixing v and letting ||u|| — oo, this implies that limsupy,_, o [|M )||/|lu]| < K . Thus,
M) — M
lim sup |[M@[/lull < lim  sup 1AW= MO

luef|— o0 R=00 ||, v =R llu — vl
U+v

and we obtain (3.1) and (3.2).
For part (ii), it suffices to choose T = M’(00), since we then have that lim SUP - 00 % =0 when M is
asymptotically linear. O

The following examples shed some light on the estimates obtained in Lemma 3.3.
Example 1. Consider the function m : R — R defined by

m(@)=t for|t|<1 and m((t) = % for |¢t]| > 1.
For its inversion we find
m*(t)=1 for|t|<1 and m*(r)=t for|t]> 1.
It is easy to see that for the Lipschitz moduli of these functions we have L(m) =1 and L(m*) = 0. Also

lm ()] . lm(t) —m(s)]
= lim — =0,
lt|—>o00 |t] R—00 |1 Is|>R [t — 5|
t#£s

confirming the estimate (3.1) of the lemma. Note also that
Im@) —m(s)| <|t —s| and |m*(t) —m*(s)| <3|t —s| forallt,seR.
Since m(0) =0, m** = m. However,
ol m* (1) = m* ()] _

|t]—00 |l| R— 0 |t],1s|>R |t—S|
t#£s
and so (3.1) yields L(m™*) < 3 whereas we know that L(m**) = L(m) = 1. Clearly, m* is asymptotically linear with
(m*) (00) = 1 and m*(¢t) — (m*)'(c0)t = 0 for |z| > 1. Hence applying the estimate (3.4) to m* gives L(m**) <
|(m*)’(c0)| = 1 which is the correct value.

17
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The next example shows that when M is not asymptotically linear, but still H-asymptotically linear, the estimates
(3.3) and (3.4) can fail and that (3.2), and hence also (3.1), can be sharp. It suffices to consider the Nemytskii operator
associated with the function m used in Example 1.

Example 2. Consider the function M : L?>(R) — L*(R) defined by M (u)(x) = m(u(x)) for u € L*>(R) and x € R,
where m is the function discussed in Example 1. Since |m(t)| < |t| and |m(t) — m(s)| < |t —s| for all £, s € R, it
follows that || M (u) — M (v)|| < |lu — v]| for all u, v € L%(R), where || - || is the usual norm on L2(R), so (3.2) yields
L(M*) < 3. We now show that in fact L(M*) = 3.

1—

1
For k > 0, let x(0,k) denote the characteristic function of the interval (0, k). Set uk = % X(0,k) and u’,ﬁ = — X(0.k)

1-1 k
for n € N. Then |Juf| = ﬁ luk| = 7 and luk — uk|| = % Also M*(u*) = %M(W) = tm(xon) =
1\2
b

a-
(D xo.0 and M*(u) = =—2=m( 5 x0.0) = (1= D) Xo.0), S0 that

m(

|M* @) = M) ) —m (@ =)
ek —uk 1/n

[(m7)' )] =3

as n — oo for all k > 0. Given é > 0, choose & so that ﬁ < 8. Then u, u’,j € B(0,6) for all n > 2 and so
| M*(u) — M*(v)||
u,vEB(0,5) llu — vl
u#v

Hence L(M*) > 3 and we have shown that L(M*) = 3.

Note that M : L2(R) — L2(R) is H-asymptotically linear with M’(00) = 0 by Theorem 5.2 of [19], but M is not
asymptotically linear. Furthermore, ||M (u) — M (v)|| < |lu — v| forall u, v € L2(R) so the right hand side of (3.4) is 1
whereas L(M*) = 3, showing that (3.3) and (3.4) need not hold when M is only H-asymptotically linear.

>3 forall § >0.

To get an estimate of L(M*) using Lemma 3.3, M has to be uniformly Lipschitz continuous on the complement of
some bounded subset of X. For mappings of this kind, H-asymptotic linearity follows from a simpler property. Note
in passing that for any H-asymptotically linear map M : X — Y,

. M(tu)
lim

|t]—00

= M'(co)u forallu € X, where M'(c0) € B(X,Y).

Lemma 3.4. Let X and Y be real Banach spaces and consider a mapping M : X — Y for which there exist constants
K > 0and R > 0 such that

| M) —M@)| <Kllu—vl| forallu,veX with |ul| > R and ||v| > R.

If there exists a linear operator L : X — Y such that

. M(tu)
lim

[t|— o0 t

then L € B(X,Y) and M : X — Y is H-asymptotically linear with M'(c0) = L.

=Lu forallueX,

Proof. First we prove that L € B(X, Y) with |L|| < K. For u € X with |lu|]| =1 and for r > R,

B M(ttu) n M (tu) —t M (Ru) n M(tRu)

Lu=Lu

and so

Lu

1Ll < |Lu— 2 (t’”)

K|t —R| | M(Ru)
LT

Letting t — oo yields || Lu|| < K, as required.
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Now consider sequences {f,} and {u,} such that ||t,u,|| — oo and |lu,, — u|| — 0 as n — oo, for some u € X. If
u # 0, then

M((tyuy,) — Lu=— M(t,u) CLu+ M((tqu,) — M(t,u)

In In In

and there exists nq such that ||t,u, || > R and ||t,u|| > R for all n > ng. Hence, for n > ny,

— Lu

M(tyuy) _
In

L”H - ’ M (tau)
n

1)

+ Kllup —ull,

showing that || — Lu|| - 0asn — oo.

If u =0, then |ju,|| — 0. As in the proof of (3.2), we have that limsup,_, o, |M (t,u,)||/|Itau, || < K and hence
M(tyuy) —~0="Lu O

Tn :

M (tyun)
tn

4. Bifurcation and asymptotic bifurcation

Starting from a recent result concerning bifurcation for problems that are only Hadamard differentiable at the
origin, inversion is used to obtain conclusions about asymptotic bifurcation under the assumption of H-asymptotic
linearity.

4.1. Bifurcation

Let X and Y be real Banach spaces and consider the equation F (A, u) =0 where F : R x X — Y with F(A,0)=0
for all A € R. Setting S = {(A,u) e R x X : F(A,u) =0 and u # 0}, u is called a bifurcation point for the equation
F (&, u) = 0 if there exists a sequence {(A,, u,)} C S such that A, — p and |u,|| — 0 as n — oco. There is continuous
bifurcation at 1 if there exists a bounded connected subset C of S such that C N [R x {0}] = {(1, 0)}.

Proposition 4.1. Let (Y, (-,-), || - ||) be a real Hilbert space and let X be the graph space of some self-adjoint operator
acting in Y. Consider the equation M (1) = lu where the function M : X — Y has the following properties.

(HI1) M(0)=0.

(H2) M is Hadamard differentiable at 0 and S = M'(0) € B(X, Y) is a self-adjoint operator acting in Y with do-
main X.

(H3) ¢ 0.(S) and there exists € > 0 such that

Yy (S —unDL*(R) <1, 4.1)
where R : M — M'(0) : X — Y and both the essential conditioning number y*(S — ul) and the Lipschitz
modulus L¢(R) are calculated using the norm || - ||¢s on X.

Then we have the following conclusions.

(i) Ifker{M'(0) — ul} = {0}, w is not a bifurcation point.
(ii) If dimker{M'(0) — I} is odd, there is continuous bifurcation at .
(iii) If ker{M’'(0) — wl} = span{¢} where ||| = 1, there is continuous bifurcation at u and, for any sequence of
solutions {(An,uy)} C R x X such that », — u and ||u,||ls — 0, we have that u, = (u,, ¢){¢p + w,} where
(wn, @) =0 and ||wylls — 0.

The statements about bifurcation in parts (i) to (iii) refer to the graph norm, or any equivalent norm, on X.

Proof. Setting F (A, u) = M (u) — \u, this follows from Theorems 6.3 and 6.4 of [20]. O
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4.2. Asymptotic bifurcation

Let X and Y be real Banach spaces and consider the equation F(A,u) =0 where F : R x X — Y. Set-
ting S={(A,u) eRx X: F(A,u) =0and u # 0}, p is called an asymptotic bifurcation point for the equation
F (A, u) =0 if there exists a sequence {(A,, u,,)} C S such that A, — w and ||u, | x — 0o as n — oo. There is contin-
uous asymptotic bifurcation at y if there exists an unbounded connected subset C of S such that whenever {(A,, u,)}
is a sequence in C and |A,| + |lu,||x — oo, then A,, — w and |ju, || x — oco.

Theorem 4.2. Let (Y, {-,-), || - ||) be a real Hilbert space and let X be the graph space of some self-adjoint operator
acting in Y. Consider the equation G (u) = Au where G : X — Y is H-asymptotically linear and G’ (c0) € B(X,Y) is
also a self-adjoint operator S with domain X acting in Y.

Set p = G — G'(00) and then, for ¢ > 0, let p*¢ : X — Y denote the inversion of p defined using the graph norm

- lles on X.
Suppose that . ¢ o.(S) and that there exists € > 0 such that
y(S — uL? (™) < 1, 42)
where both the essential conditioning number and the Lipschitz modulus are calculated using the norm | - ||os on X.

(i) Ifker(S — ul) = {0}, then w is not an asymptotic bifurcation point.
(ii) If dimker(S — wl) is odd, there is continuous asymptotic bifurcation at [u.
(iii) If ker(S — wl) = span{¢p} where ||¢|| = 1, there is continuous asymptotic bifurcation at u and, any sequence of
solutions {(Ay, uy)} such that A, —  and ||u,||s — oo has the property that

|<un’¢)’ —o00 and up = (un, P){¢ + wn}

where w;, € X with (w,, ) =0 and ||w,|ls — O.

The statements about asymptotic bifurcation in parts (i) to (iii) refer to the graph norm, or any equivalent norm,
on X.

Remark 1. By Lemma 3.3(i) and since ||u|| < ||u|l¢s forall u € X,

— (0 _
L¥(p™*) <2 limsup lo@u) — pO) + lim sup o) — p)
lulles—oo  Ilulles T uflgs.folleszr 14— Vlles
UF#v
— (0 _
<2 sup llo(u) p()llJr “w o) — p)|
ueX\{0} flull wvex  llu—vll
us#v
<3 sup o) — p)|
wvex  llu—vll
Uu#v
for all € > 0. Using Proposition 3.2, condition (4.2) is satisfied provided that
d(,u,, ae(S)) >2A+ T, 4.3)
where
— 0(0 _
A= sup o) — pO)l and I'— su ll o () p(v)II.
ueX\{0} flull wvex  llu =l
u#v

Remark 2. Part (iii) concerns asymptotic bifurcation at a simple eigenvalue of the H-asymptotic derivative, giving
some information about the form of large solutions. For asymptotically linear problems, Dancer [2] formulated some
additional hypotheses under which he was able to show that, near a simple eigenvalue of the asymptotic derivative,
the large solutions not only admit such a development, but form a continuous curve.
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Proof of Theorem 4.2. Choose ¢ > 0 such that (4.2) is satisfied and let N = G*° : X — Y be the inversion of G
defined using the norm || - ||¢s on X. Then N(0) =0 and N is Hadamard differentiable at O with N'(0) = G’(c0) = S.
Furthermore, for R = N — N’(0) we have that

R=G"* = G'(00) =[G — G'(c00)|"* = p**,
and so (4.2) implies that (4.1) is satisfied. Hence the hypotheses of Proposition 4.1 are satisfied for the equation
Nw)=x <& G"*@w)=rv.

Part (i) follows immediately from Proposition 4.1 since ||u,||ss — oo implies that ||v, s — O for v, = u,/||un ||§S.

(ii) By part (ii) of Proposition 4.1 there is a bounded connected subset C of {(A,v) € R x X : N(v) = Av and v # 0}
such that C N [R x {0}] = {(w,0)}. Setting D = {(A, v/||v||§5) : (A, v) € C}, we have that G(u) = Au and u # 0 for
all (A, u) € D. Furthermore, D is connected since (A, v) — (A, v/||v||§s) is a continuous map of R x [X\{0}] onto
itself. Since there is a sequence {(A,, v,)} C C such that (A,, v,) = (1, 0) in R x X, D is unbounded. If {(A,, u,)} is
a sequence in D such that |A,| + [[uylles = 00, {(An, un/|luy ||§S)} C C so {A,} is bounded and hence ||u,,||.s — o0.
It now follows from the properties of C that A,, — w.

(iii) Consider any sequence of solutions {(A,, u,)} of G(u) = Au such that A, — p and |ju,|ss — oo and set
Uy = Un/|lun ”55' By part (iii) of Proposition 4.1, v, = (v, ¢){¢ + w,} where (w,, ¢) =0 and ||w,||.s — 0. Hence
un = (un, $){¢ + wy} and [(u,, ¢)| — oo since [|uplles — 00 and [|¢p + wplles = IPlles <00. O

Using the condition (4.3) we can formulate a special case of Theorem 4.2 and provide some additional information
about asymptotic bifurcation.

Corollary 4.3. Let (Y, {-,-), || - ||) be a real Hilbert space and S : D(S) C Y — Y a self-adjoint operator. Suppose that

(1) p:Y — Y is H-asymptotically linear with p'(c0) =0,
(2) p:Y — Y is Lipschitz continuous with ||p(u) — p()|| < I'llu —v| forallu,v ey,
(3) d(1t, 0e(S)) > 2A + I" where A = sup,, x o) L= OL,

fluel

Setting G = S + p on the graph space X of S, the hypotheses of Theorem 4.2 are satisfied and, in addition to the
conclusions (i) to (iii) of that result we also have asymptotic bifurcation with respect to the weaker norm, || - ||.

(iv) For any sequence {(An, uy)} C R x X such that G (u,) = Ayu, with {A,} bounded and |\u,||s — oo, we have that
llunll — oo.

Remark. It follows from Lemma 3.4 that when (2) is satisfied, then (1) holds provided that limy;| « || o (tu)||/t =0
forallueY.

Proof of Corollary 4.3. Since *,u, = G(u,) = Su, + p(u,), we have that

’

IStnll = |Anttn = pn) | < (1Anl + T)lunll + || 0 (0)]

showing that {u,} would be bounded in the graph norm if {||u,|} were bounded. O

5. Asymptotic bifurcation for an elliptic equation on R

Consider the nonlinear elliptic equation,
—Au+Vu+gu)+h=>Au 5.1)

where V € L*°(RN), h € L2(R") and

(G) g € C(R) with g(0) =limjsj 00 £2 =0 € R and |g(s) — g(t)| < I'|s —¢| forall 5,7 € R.

s
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The case where 11m|s|%oo -~ = £ # 0 can be reduced to (G) by replacing V by V + £ and g(u) by g(u) — £u. Hence
(5.1) constitutes a generahsatlon of (1.2) under weaker hypotheses than (1.3).
For V € L®(R"), we have that

S=—-A+V:D()cL*RY) - L*(RY)

is a self-adjoint operator with domain D(S) = H Z(RM). Tts spectrum, essential spectrum and discrete spectrum are
denoted by o (S), 0.(S) and 0,4(S), respectively. We recall that

info,(S) > llmlan(x) = l1m essme(x)
|x]—o00 R—o0 |x|>R
and that o,4(S) is the set of all isolated eigenvalues of finite multiplicity. See [16], for example. The graph norm on
D(S) = H*(RN) is equivalent to the usual Sobolev norm on this space and S € B(H?*(RY), L2(RN)).
Let h € L>(RV) and g satisfy (G). Setting

M(u) =g(u) +h,
it follows that M (0) = h € L?(R") and that
|M@)—M@)| . <Tlu—vl|;> forallu,veL*R").

Thus M : L2(RY) — L2(R") is bounded and uniformly Lipschitz continuous. Using Lemma 3.4 and dominated
convergence it is easy to see that M : L>(RV) — L2(R") is H-asymptotically linear with H-asymptotic derivative
M’(c0) = 0. Hence M* : L>(RN) — L*(R") is Hadamard differentiable at 0 with (M*)'(0) = 0 by Proposition 2.3.
However, it follows from Proposition 2.2 that M is asymptotically linear only when g = 0.

Most of our discussion of (5.1) concerns solutions u € H2(RY). Note however that if u € LZ(R"), then our
hypotheses imply that Vu 4+ g(u) + h € L2(RY) since |g(s)| < I'|s| for all s € R. Hence, if u € L2(RNY satisfies
(5.1) in the sense of distributions, then u € H*(RY). In fact, for distributional solutions u € L2(RN), Eq. (5.1) is
equivalent to

Gu)=xu forue D(S)=H*R"),
where the mapping G : H2(RV) — L2(R"), defined by

Guw)=—Au+Vu+gw)+h=Su+ M),

is H-asymptotically linear with G'(c0) =S =—A + V.

In the setting of Section 4 with X = H>(RV) and Y = L?(R"), there is asymptotic bifurcation at u for Eq. (5.1)
when there exists a sequence {(A,, u,)} C R x H2(RN)Y of solutions such that A, — w and [lu, |l g2 — oo. As in
Corollary 4.3, the properties of G imply that ||u,|| 2 — oo can be replaced by the seemingly stronger statement that
lln |l 2 — oo in this context. Indeed, using elliptic regularity theory and a boot-strap argument as in the proof of
Lemma 6.2 of [7] (see also [18]), we obtain the following additional information about the regularity of solutions and
the meaning of asymptotic bifurcation for (5.1).

Proposition 5.1. Suppose that V € L*°(RN), h € L>RY)NL®RY) and that g satisfies (G). If (», u) € R x H>(R")
is a solution of (5.1), then u € W»P(RY) for all p € [2,00). In particular, u € C'(RY) and im0 {lu(x)| +
[Vu(x)|} = 0. Furthermore, for all D > 0 and p € [2, 00), there exist constants C(N, D, p) and ¢(N, D) such that

lullwzr < C(N, D, p)llullz and ullpe < c(N, D)|lully2

for all solutions (A, u) of (5.1) with |A| < D.

It follows from this result that if x is not an asymptotic bifurcation point for (5.1) with respect to the L2-norm, then
there is not asymptotic bifurcation at ;. with respect to the L>°- and W2?-norms for p € [2, 00), either. On the other
hand, the results below show that in some cases asymptotic bifurcation at 4 in the L? sense implies L°°-asymptotic
bifurcation (see Theorem 5.3), whereas in other cases it does not (see Theorem 5.7).
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5.1. Asymptotic bifurcation at eigenvalues of odd multiplicity of G'(00)

We begin the discussion of asymptotic bifurcation for (5.1) by exploiting the results formulated in Section 4.2,
dealing first with an arbitrary eigenvalue of odd multiplicity of G’(co) and then obtaining some extra information
about what happens at A = info (G'(00)) when A < info,(G'(00)).

For a function g satisfying (G), setting A = sup;4 |¥|, we have that A < I" and || M (u) — M0)||;2 < Allu|l;2
for all u € L*>(RV).

The following result is now an immediate consequence of Corollary 4.3 with ¥ = L>(R").

Theorem 5.2. Suppose that V € L®@RM), h € L2 RY) and that g satisfies (G). Consider Eq. (5.1) and | such that
d(u,0e(S)) >2A+ I" where S = G'(c0) = —A + V : HX(RN) — L2RN).

(i) Ifker(S — ul) = {0}, u is not an asymptotic bifurcation point.

(ii) If dimker(S — wl) is odd, there is continuous asymptotic bifurcation at p with respect to the H*(RN) norm.
Furthermore, ||u,||; 2 — 00 as n — oo whenever {(A,, un)} C R x H2RM) isa sequence of solutions of (5.1)
such that L, — p and ||u, || g2 — 00 as n — oo.

(iii) If ker(S — pl) = span{p} where ||¢|l; 2 =1, for any sequence {(An,u,)} CR x H2RN) of solutions of (5.1)
such that L, — p and ||uy || g2 — 00 as n — oo, we have that

|<uns d’)’ —o00 and up = (un, P){¢ + wn}

where (-,-) is the usual scalar product on L*(RN), w, € H*(RN) with (w,, ¢) =0 and lwnll g2 = O. In fact, if
h e L>(RN) N L®@RN), we have that ¢, u, and w, € WP RN) with |wy || y2., — 0 for all p € [2, 00).

Proof. The only part that is not a direct consequence of Corollary 4.3 is the statement concerning W27 for p > 2.
Suppose therefore that 4 € L>(RY) N L>(RY). By Proposition 5.1, u, € W2?(RV) for all p € [2, 00). Similarly ¢ €
W2’P(RN) for all p € [2, 00) and since #, = (u,, ¢) # 0, we have the same thing for w,,. Substituting u,, = #,{¢p + w,}
into (5.1) and dividing by #, yields

M(ty[¢ + wy])

Awy =V = A)wy + (U —Ay)d + :
n

where M (u) = g(u) + h and hence

M(tx[p + wal)

lAwnllize < (IIVllLee + Anl) lwalliLe + 1 = Anll@llLr + ;
n

Lr

But (G) and Theorem 5.2 of [19] imply that M : L?(RY) — LP(R") is H-asymptotically linear with M’(co) =0
for all p € [1,00). Thus, it follows that, if ||wy||Lr — O for some p € [2, 00), then ||wllm — 0 since
|tn] — oo and consequently ||Aw,|L» — O since A, — . This means that, if ||w,|r — O for some p € [2,00),
then ||wy, [ly2, — O for that value of p. We already know from Corollary 4.3(iii) that ||w, || z2 — 0 which implies that
llwy|lL» — O for an interval of values of p greater than 2. Boot-strapping then shows that all values in [2, 00) can be
reached. O

With reference to the remarks at the end of the introduction concerning asymptotic bifurcation from the lowest
eigenvalue of G'(co) = S, observe that Theorem 5.2 deals with any isolated eigenvalue p of odd multiplicity, even
ones lying in gaps in the essential spectrum, provided that d(u, o.(—A + V)) > 2A + I'. In the case where A =
info (S) < info,(S) and & = 0, we can sharpen the conclusion of Theorem 5.2 concerning asymptotic bifurcation at
the simple eigenvalue A by exploiting elliptic regularity theory and the maximum principle. If A < info,(S), A is a
simple eigenvalue of S with an eigenfunction ¢ € H>(R) N C!(R") such that ¢ > 0 on RY and ||¢|;> = 1. In general,
inf V < A and liminfjy| o V (x) < info,(S), but if lim|y| o V (x) = V(00) exists, then 0,(S) = [V (00), 00). See
[16], for example. Hence, for such potentials, d(A, 0.(S)) = V(co0) — A.

Theorem 5.3. Suppose that V € L®RNY and that g satisfies (G). Suppose also that 2A + I' < info,(S) — A and
that A < liminfjy| o V(x) — A.
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(a) There exist € > 0 and K > 0 such that, for all solutions (A,u) € R x H2(RN) of (1.2) with . < A + ¢ and
lull g2 > K, either u > 0 on RN oru <0onRV.

(b) For any sequence {(in,un)} C R x HXRN) of solutions of (1.2) such that k, — A and ltun|l g2 — o0, there
exists no such that for all n > ny, either u, > 0 on RN or u, <0 on RN. Furthermore, |u,| — 00, uniformly on
compact subsets of RN as n — oc.

(c) There exist two sequences {()»,jf, u,jf)} CRx[H*RM)NCHRN)] of solutions of (1.2) such that k,jl: — A uf >0,
u, <0on RN and uf — 400, uniformly on compact subsets of R .

Proof. (a) Suppose that for all n € N, there exists a solution (A, u,) with A, < A + %, llety || 2 > n and uy, (x,) =0

for some point x, € RY.
By Theorem 5.2(iii) with © = A we have that

up, =tp{p +wy} and t, = (u,, ¢), where ker(S — Al) = span{¢p}
for ¢ € H*(RY) N C'(RY) with |¢]| > =1 and ¢ > 0 on R",

wy € W2’p(RN) and [Jw,lly2, — 0 forall p e[2,00), (w,, ) =0.

Setting y = liminfj,|, o V(x) — A — A, we have y > 0 by hypothesis and so there exists R > 0 such that V (x) —
A — A > y/2 whenever |x| > R. Thus there exists ng such that, for all n > ng and x| > R, V(x) — A, — A >
Vx)—A—-1/n—A>vy/4.

Furthermore, m(R) = min{¢(x) : |x] < R} > 0 and we can choose ng such that ¢(x) + w,(x) > m(R)/2 for
|x] < R since ||wy||re — 0. Consider first n > ng for which #, > 0. In this case we have that u,, > t,m(R)/2 for
x| < R.

Let 2(n, R) = {x € RV : |x| > R and u, (x) < 0}. Since u,, € C(RV), £ is an open set and u,(x) =0 for x €
d82(n, R) because u,(x) > 0 for |[x| = R. We also have that u, (x) — 0 as |x| — oco. For x € 2 (n, R),

glun () _

V()C) - )w + un(x) =

V(x)_)\n_AZV/4

and

g(un(x))

AMn(x) = {V()C) - )\n +
up(x)

}unm < u, () <o.
The weak maximum principle now implies that £2(n, R) = @ and hence u, > 0 on R¥ . Setting ¢, (x) = V (x) — A, +

g;’:’“—(gf))), we then have that

—Au,,—}—c:'un:cn_unzo onRY and up(x) >0 as|x| - oo

where ¢;F = max{0, ¢,} and ¢, = ¢} — ¢, . By the strong maximum principle, u, > 0 on R for all n > ng for which
t, > 0.

A similar argument shows that #,, < 0 on RN for all n > ng for which 1, < 0. But |ju, l;2 > O for all n and hence
our initial assumption leads to a contradiction. Therefore there exists m € N such that if (A, ) is a solution with
A< A+ % and ||ul|| g2 > m then u has no zeros in RN.

(b) The first statement is an immediate consequence of part (a). Furthermore, , = (u,, ¢) 7 0 for n > ng. By Theo-
rem 5.2(iii), |t,| — oo and u, = t,{¢ + w,} where ||w, | y2, = 0asn — oo forall p € [2, 00). Hence ||wy|z~ — 0
and, since ¢ is strictly positive on compact subsets on R, it follows that |u,,| — oo on uniformly compact subsets as
n— 0o.

(c) To get a suitable sequence {(A;}, u;")} we begin by considering an equation like (1.2) which has the same

positive solutions. Define g4 : R — R by

g+(s)=g(s) fors>0 and g4(s)=—g(—s) ifs<O.

Then g, also satisfies (G) with the same constant I". For s¢ > 0 this is obvious, whereas for st < 0 it suffices to note
that, since g(0) =0,

lg+(5) — g+ | < [g+ )| + [g+ | = T (Is| + 1¢]) = T'ls — 1.
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Applying Theorem 5.2 to the equation

—Au+Vu+gy(u)=>xu 5.2)

we get a sequence {(A,, v,)} with the properties A, — A, [(v,, $)| = oo and v, = (v,, $){¢p + w,} where w, €
W2P(RN) with (w,, ) =0 and lwy |l w2, — 0 for all p € [2,00). But g4 is an odd function and so (A, —v,)
also satisfies (5.2). Replacing the subsequence {(A, , v, )} given by part (b) by {(A,, —v, )} we obtain a sequence
{Ouny un)}y = {(AF, vHYU{(A,, —v,)} of solutions of (5.2) such that u, > 0 for all n > ng. Hence {(An, un) : n > no}
is a sequence of solutions of (1.2) which we can relabel as {(A;, u;")}, having the required properties.

The existence of the sequence {(A,, u; )} can easily be deduced by considering Eq. (1.2) with g replaced by g_
where g_(s) = —g(—s) for all s € R. This function g_ satisfies (G) with the same constants /" and A as g. By what
has just been proved there exists a sequence {(u;", z;7)} of positive solutions for this modified problem with ;7 — A
and z;" — oo uniformly on compact subsets of RY. Setting A, = ;7 and u,, = —z, yields a sequence of negative
solutions of (1.2) having the required properties. O

5.2. No asymptotic bifurcation at a simple eigenvalue of G'(00)

The purpose of this section is to show that there are potentials V € L (R") and nonlinearities g satisfying the
condition (G) for which the H-asymptotic derivative § = G’(c0) of (1.2) can have isolated eigenvalues of odd mul-
tiplicity, even simple eigenvalues, that are not asymptotic bifurcation points for Eq. (1.2). At these eigenvalues the
assumption d (i, 0.(S)) > 2A + I' in Theorem 5.2 is not satisfied and the conclusions (ii) and (iii) fail.

We deal first with the case N = 1 since we can give an elementary proof with only a minor assumption about
the behaviour of V as x — oo. This approach also shows that for N > 2, there may be no asymptotic bifurcation of
positive or negative solutions of the kind given by Theorem 5.3. In order to treat the case N > 2 without any such
restriction on the nodal structure of possible solutions, we use work of Koch and Tataru [12] concerning the absence
of embedded eigenvalues for the linear Schrodinger operator. This requires some additional restrictions on V and g.

We begin with the case N = 1.

Theorem 5.4. Suppose that V € L*°(R) and that g satisfies (G). Suppose also that there exists R > 0 such that
V € C'((R, 00)) with V'(x) <0 for x > R. Let
&= lim V(x) ~|—limsup@.
X—=>00 s—0 s
If u € H*(R) satisfies (1.2), then u = 0 when ) > & and consequently there are no asymptotic bifurcation points for
(1.2) in the interval (¢, 00).
If, in addition,

lim V(x)=A and g'(0) exists with 86 > g'(0) forall s #0,
xX—>00 N

then u =0 for all A € R.

Remarks. When g is differentiable at 0, £ = limy_,» V(x)+g’(0) and & > info,(S) + g’ (0). However, in cases where
g'(0) < 0, we can have & < A = info (S) and then o (S) C (£, 00) so no eigenvalue of the H-asymptotic derivative
S = G'(00) is an asymptotic bifurcation point. More generally, (§, c0) may contain some eigenvalues of S but not
others. Examples are given after the proof.

Proof of Theorem 5.4. Suppose that u € H 2(R) satisfies (1.2) and that u % 0. The first step is to show that u has no

zeros in the interval (R, co). Under the hypotheses, u € C2((R, 00)) and limy_, o0 1 (x) = limy_, o0 1/ (x) = 0.
Let y(t) = fot g(s)ds and then set

1
J@) () = S {u' (07 + 20 (0? = V@©0u0)?} =y ().

Then J (1) € C'((R, o0)) and
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d 1 1
EJ(M) ="+ —Vu—glu' - EV/u2 = —EV/MZ >0 on (R, 00),

whereas limy_, o J(#)(x) = 0. Hence J(u)(x) <0 on (R, 00). Thus if u(y) =0 for some y > R we have 0 >
J(w)(y) = %u’(y)2 and so u(y) = u’(y) = 0. But then (1.2) and the Lipschitz continuity of g imply that u =0 on R,
a contradiction. Hence u(x) # 0 when x € (R, 00), as claimed.

Consider now A > £ and set e = A — & > 0. By the definition of &, there exist Z > R and T > 0 such that

g(s)

V(x)+—§$+§=k—§ for |x| > Z and 0 < |s| < T.
S

But u(x) — 0 as x — 00, so by increasing Z, we can assume that |u(x)| < T on (Z, 00).
Letk = \/g and then set a = 2’% and b = % with n € N such that a > Z. We have
b

b
/u”(x) sinkx dx = k{u(b) + u(a)} —kZ/u(x)sinkxdx

where u” ={V + % — AMu so

b
k{u(b) —|—u(a)}/{V + M - )»—}-kz}u sinkx dx =k2{u(b) +u(a)}2 >0,
u
a
since u has no zeros in (Z, co0). But on (a, b), {V + % — A+ &%} sinkx < 0 and hence k{u(b) +u(a)}fab{V+ % —

A+ k*}u sinkx dx < 0. This contradiction implies that = 0 is the only solution of (1.2) in H*(RV) for A > £.
Suppose next that u s 0 satisfies (1.2) for some A € R. Using the additional assumption on g, we have that

o o0 o0
A / uldx = / (u/)2 + Vu? + guudx > / (L/)2 + Vu® + g (0)u’dx.
—0o0 —0o0 —0o0
Hence
2 W) + Vuldx 22 (W2 + Vuldx
A—2'(0) > == >inf{ e ‘ve H' (RN O}:A,
g (0) T dx > = s (RY)\{0}

—0o0

showing that A > A + g’(0) = & since V(co) = A. By the first part of the theorem, this proves that u =0. O

Example 1. For N = 1, V = —J X(_x/2,7/2) and g(s) = —As/(1+5?) with A > 0, we have that o (§) = {—$}U[0, 00)
and g satisfies (G) with A =TI". Then A = —1/4, V(c0) =0 and & = —A. Eq. (1.2) has no non-trivial solutions
u € L*(R) for A > —A. If A > 1/4, this implies that there is no asymptotic bifurcation at A. On the other hand, for
0<A< %, A is an asymptotic bifurcation point and both Theorems 5.2 and 5.3 apply.

As the potential well deepens, the number of negative eigenvalues increases and we encounter situations where
there is asymptotic bifurcation at some eigenvalues but not at others.

Example 2. For n € N, let B, = 2n + 1)? and S,u = —u” + V,u where V, = —BuX(=n/2,7/2)- Now o (S,) =
{1, cees Aont1} U [0,00) where A1 < Ay < ... < o1 < O are simple eigenvalues. For 1 <k <2n + 1, A =
—B, + (Zﬂﬂ)2 where 6,1 is the unique solution of the equation tan6 = ,/ 54"9’;2 — 1 in the interval (jm, (j + %)n)

for 0 < j < n and 6,; is the unique solution of the equation tan¢ = — Ban® _ | in the interval (j - %)n, jm) for

462
1 < j <n. It follows that

—2n+ 1D+ k=12 <t <—Qn+1>+k*> forl<k<2n+1.

Consider a nonlinearity satisfying the condition (G). By Theorem 5.2 there is continuous asymptotic bifurcation at A
if k2 < 2n + 1)2 — 2A + I') whereas, by Theorem 5.4 there is no asymptotic bifurcation at A if g’(0) exists and



1276 C.A. Stuart / Ann. 1. H. Poincaré — AN 32 (2015) 12591281

k=12%>2n+D%*+ £’ (0). In particular, there is asymptotic bifurcation at A = A provided that 4n(n+1) > 2A+ 1T
and there is no asymptotic bifurcation at Ay, if g’(0) < —(4n + 1).

For the case where g(s) = —As/(1 + s%) with A > 0, these estimates imply that there is asymptotic bifurcation at
M for 1 <k <2n+ 1 such that 3A + k2 < 2n + 1)2 and there is no asymptotic bifurcation at Ay for 1 <k <2n 41
such that 2n + 1)2 < A + (k — 1)2.

The first step in the proof of Theorem 5.4 shows that a non-trivial solution of (1.2) cannot have a zero in some
neighbourhood of infinity. For N > 2 this fails, but we can still obtain a result about solutions of (1.2) which have the
appropriate nodal structure.

Theorem 5.5. Suppose that V € L®(RY) and that g satisfies (G). Let

&= hm ess sup V(x) 4 limsup &

R—00 |x|>R s—0

(i) If (0, u) € (£, 00) x H*(RN) satisfies (1.2) and there exists R > 0 such that u(x)u(y) > 0 for all |x|, |y| > R,
then u =0.

(ii) Suppose also that V (00) = lim|y|—c0 V (x) exists and that g is differentiable at 0. Then & =V (00) + g'(0) and,
when A > &, there are no sequences {()\i jE)} of the type given by part (c) of Theorem 5.3, even when A <
V(00) =info,.(S) and A so is a simple eigenvalue of S.

Proof. (i) Since e = A — & > 0, there exist Ry > R and T > 0 such that

Vix )+&<g+ —,\—% for [x| > Ry and 0 < |s| < T.

It follows from Proposition 5.1 that u € C'(RV) and that u(x) — 0 as |x| — o0, so by increasing the value of Ry,
we can assume that |u(x)| < T for |x| > R;.
Let

A,:inf{ / |Vv|*dx :v e Hy (B(0,r)) with / v2dx=1}.
[x|<r |x|<r

Then A, > 0 is the lowest eigenvalue of the Dirichlet Laplacian in B(0, r) and there exists an eigenfunction ¢, €
C2(B(0,r)) such that

—A¢p,=A,¢p, and ¢, >0 on B(0,r)
0
whereas ¢, =0 and % <0 ondB(0,r),
n

where 3 denotes the derivative in the direction of the outward unit normal. A simple scaling argument shows that
Ar — 0asr — o0o. Choose r so that A, < 7, and then set

B=B(xg,r) and Y (x)=¢,(x —xg) forxe B,
where xg = (R1 + 71,0, ...,0). Then —Avr = A, on B and we find that

/u—ds—/{uAlﬂ—wAu}dx:/uw{ Ay —V—M-F)\}d
u
B B

since ¥ = 0 on d B. Noting that |x| > R for all x € B, we have that —A, — V — % +A> % > 0on B.

Our hypothesis about the nodal structure of u allows two cases: either u(x) > 0 for all [x| > R or u(x) <0 for
all |x| > R. Let c(x) = V(x) + gi”(gcx))) — A for x such that u(x) # 0 so that (1.2) can be written as —Au + cu =0
and hence —Au + ¢Tu = ¢"u where ¢ = max{0, ¢} and ¢~ = max{0, —c}. Suppose that u = 0. Using the strong
maximum principle, we conclude that either u(x) > O for all |x| > R or u(x) < O for all |[x| > R. Recall that R; > R.
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Thus, in the first case, u% < 0 on 0B whereas uyy > 0 in B, leading to a contradiction. The other case also leads to
a contradiction. Hence u = 0.
(ii) This follows immediately from part (i). O

To deal with the case N > 2 without making any assumption about the nodal structure of solutions like that used
in part (i) of Theorem 5.5 a much deeper analysis appears to be necessary. One possibility is to exploit what is
known about the absence of embedded eigenvalues for the linear Schrodinger operator. The following result is an
easy consequence of the penetrating work by Koch and Tataru [12] on this topic and I am very grateful to Professors
M. Lewin and D. Smets for bringing [12] to my attention.

Theorem 5.6. For N > 2, consider Eq. (1.2) where V € L®(R") and g satisfies the condition (G). Suppose also that

(i) there exists a constant V (00) such that V. — V (o0) € LNT+1 (RN) and

N+5
(ii) g is differentiable at 0 and there exist positive constants K and sy such that |g(s) — g’ (0)s| < K |s| s for |s| < so.

If (L, u) € R x HXRN) satisfies (1.2), then u =0 when A > & = V(c0) + g'(0) and consequently there are no
asymptotic bifurcation points for (1.2) in the interval (&, 00).
If, in addition,

(iii) A=V (c0) and 8 > g'(0) for all s #0,
then u =0 for all . € R.

Remarks. If g is C Zina neighbourhood of 0 and N > 3, then the condition (ii) is satisfied. Note also that the function

g(s) = W satisfies (G) and (ii) provided that y > NLH' The interval (£, co) contains the whole spectrum of the
H-asymptotic derivative G'(00) if A > &. In particular, this occurs when infgy V — V(00) > g’(0), which is one of

the hypotheses of Theorem 5.7 below.

Proof of Theorem 5.6. Suppose that (A, u) € R x H2(RN) satisfies (1.2) and that u = (. Setting

8W@) 10y when u(x) 0
u(x)

and W, (x) = V(x) — V(00) when u(x) = 0, we have that u satisfies

Wu(x) =V(x) = V(o) +

—Au+ Wyu = {A — V(oc0) — g/(O)}u.

By Proposition 5.1, u € L®@®RN) N L2(RY) and u(x) — 0 as |x] — oo. Using property (ii), this implies that there
exists R > 0 such that |u(x)| < so for |[x| > R and hence that

glux))
u(x)
Since u € L®°(RN) N L2(RYN), this estimate and the hypothesis (i) ensure that W,, € L™ (RN). It follows from

Theorem 3 in [12] that u = 0 if A — V (00) — g’ (0) > 0.
Suppose now that (iii) also holds and that (A, u) e R x H 2(RN) satisfies (1.2) with u 0. Using (iii) we have that

4
¢ (0)| < K|u(x)|™T  when u(x) # 0 and |x| > R.

Jan [Vul?> + W,udx . Jgw IVul? + [V — V(c0)Ju?dx
Jrn u?dx Jgn u?dx

Jen IVV2 +[V =V (00)Jv?dx
Jry v2dx

Hence A > £ and, by the first part of the proof, this implies that u =0, a contradiction. O

A—V(c0)—g'(0)=

zinf{ :veH‘(RN)\{O}}=A—V(oo)=o.
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5.3. Asymptotic bifurcation at a point not in o (G'(00))

In this section we show that continuous asymptotic bifurcation can occur at a point which lies strictly below the
whole spectrum of the H-asymptotic derivative. In fact, this situation is covered by work with A. Edelson [6] concern-
ing the global behaviour of a branch of positive solutions of (1.2), but the connection with asymptotic bifurcation is
not mentioned in [6]. In order to satisfy the smoothness assumptions made in [6], which deals with classical solutions
of equations like (1.2), some additional regularity of V and g are required in this section. However, these restrictions
could easily be relaxed by following, in the context of strong solutions, the same arguments as used in [6].

In [6], asymptotic bifurcation is proved by comparing the given equation with a radially symmetric majorant,
which has a branch of positive, radially symmetric solutions lying below the branch of positive solutions for the given
problem. For the radial solutions we could obtain precise decay rates as |x| — oo for solutions in L?(R"), from
which asymptotic bifurcation can be deduced for both problems. The branches of positive solutions are constructed
using the method of sub- and super-solutions.

For V e L®*RN) N C@RN), define VR(x) : RN — R by

VER(x) = max V(y)
Iyl=lx]
and then define S® and AR by
SB=—-A+VR and AR =info(S¥).

Then S®: H2RY) ¢ L2(RY) — L?(RV) is self-adjoint and S® > § = —A + V. Hence A =info (S) < AR.
Theorem 5.7. Consider V € L*(R") and g satisfying (G). Suppose, in addition, that

(i) Ve C'RN),
(ii) V(00) =limjx|— 00 V (x) exists and limjy|— oo Ix|2TE{V (x) — V(00)} = 0 for some & > 0,
(iii) AR <V (c0),
(iv) g€ CL(R) with g(s)/s strictly increasing on (0, 00) and g'(0) + V (00) < inf, cpny V (x),
(v) there exist o, M € (0, 00) such that

/
lim 86) 8Os _ M.
s—>0+ so+l

Then for every X in the interval I = (A + g'(0), V (c0) + g'(0)) there is a unique positive solution u; € H*(RN) N
C(RYN) of (1.2). Furthermore, u; € w2r(RN) for all p € (1,00) and the map \ — u; is continuous from I into E
with ||uy||g — 0 as A — A + g’'(0) where E is any of the spaces CL®RM) or Wz”’(]RN)for p € (1, 00) with the usual
norms. For A, € I with A < u, 0 <uy(x) < uy,(x) forall x € RYV. Finally, |uy| ;2 — oo as A — V(00) + g’'(0)
provided that N <4 and ¢ > 4/N in condition (v).

Remark 1. Since inf V < A < AR the conditions (iii) and (iv) imply that g’(0) < inf, gy V(x) — V(c0) <0.By (G)

we also have that limg_, o @ = 0. Hence (iv) also implies that g(s) < 0 for all s > 0.

Remark 2. Recall from Proposition 2.4 that G : H*(RY) — L?>(RY), where G(u) = —Au + Vu + g(u), is H-
asymptotically linear with G'(00) = S = —A + V. For N <4 and o > 4/N, Theorem 5.7 shows that there is
continuous asymptotic bifurcation with respect to the L2-norm at . = V (00) + g’ (0) where i < infV < A =info (S)
and so G'(00) — I : H*(RN) — L2(R") is an isomorphism.

Note that by (iv), d(A, 0.(S)) = V(00) — A < V(o0) —infV < —g’(0) = |g’(0)| < sup{|%s)| 15 #0} = A, and so
Theorem 5.2 cannot be applied to establish asymptotic bifurcation at A. Indeed, Theorem 5.6 shows that, for N > 2
and o > Ni+1 in (v), u = 0 is the only solution in H 2(RN) for A > V(o0) + g(0) and so there is no asymptotic
bifurcation at A nor at any other point in o (G’(00)).
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Remark 3. The asymptotic bifurcation at u = V(c0) + g’(0) is of a different type from what occurs at A in
Theorem 5.3, where the solutions tend to infinity uniformly on compact subsets of RY . The solutions u; given by The-
orem 5.7 remain uniformly bounded as A — s Indeed by Theorem 14 of [6], there exists a function U € W27 (RN) for
all p satisfying N/p < max{N —2,2/c} such that 0 < u; (x) < U(x) forallx € RY and A € I and ||uy, — Ully2r —0
as A — . Thus u; converges uniformly to U, but U ¢ L>(RN).

Proof of Theorem 5.7. The paper [6] deals with elliptic equations of the form
—Au+ fu+h(w)u=puu
where f(x) — 0 as |x| — oo and h(0) = 0. We express (1.2) in this form by setting

86
S

f @) =V(x)—V(c0), h(s) = §'(0) fors#0, h(0)=0,

and
pn=r—V(oo)—g'0).

Note the function g(x) in Eq. (1) of [6] is identically 1 in our context.

Since limy_, o 1 (s) = —g'(0), the assumptions (A1), (A3), (A5) and (A5)* of [6] are clearly satisfied. Furthermore,
h e C'((0,00)) and

/ f—
W (s) = 885 —86) . 86 fors > 0.
s

Since g(0) = 0, it follows easily that lims_ o4 A(s) = lims_, o4 sh’(s) = 0, showing that (A2) of [6] is also satisfied.
The condition (A4)(i) is satisfied with 8 = 0 and (A4)(ii) is precisely our hypothesis (v).

Noting that info (—A 4 f) = A — V(00), Theorem 10 of [6] now yields the following information. For every
€ (A —V(c0),0) = J, there is a unique solution, wy,, of the problem,

weC*RY) and —Aw+ fw+h(w)w=pw onRY

with lim w(x)=0 and w(x)>0 forallxeR".
|x]—00

Furthermore, w(x) < w; (x) forall x e RN if s, ¢ € J with s < ¢. Also w € W2P(RY) forall p € (1, co) and the map
W — w, is continuous from J into E with [Jw,|[g — 0 as u — A — V(oo) where E is any of the spaces C'(RV) or
W2P(RN) for p € (1, 00) with the usual norms.

Our condition (ii) ensures that the extra assumption required for Theorem 21 in [6] is satisfied, so we have that
lwyll 2 — oo as i — O provided that N <4 and ¢ > 4/N.

Setting uj = Wy—_v (00)—g'(0)» W€ Obtain a curve of solutions of (1.2) having the required properties. O

5.4. A special case of (1.2)

We consider a typical example of potential and a nonlinearity satisfying the condition (G) for which it is easy to
compare the situations discussed in Sections 5.1 to 5.3.

(A1) V(x) = W(|x|) where W € C'(R) is an even function with compact support such that

AEinf{/|Vu|2+Vu2dx:ueH1(RN)and /uzdx=1}<0.
RN
(A2) g(s)=Cs/(1+|s|°) where C e R and o > 0.

Eq. (1.2) is now

Cu
—A \% = \lU. 53
u+ u+1+|u|0 u (5.3)
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Clearly g € CY(R) and g is an odd function with g’(0) = C and lim;_, o g’(s) = 0. Hence g satisfies the condition (G)
with I' = max;>0 |g'(s)| > |C|. By assumption (Al), S=—A+ V: H2*(RN)c L2(RN) - L2(RN) is a self-adjoint
operator with A =info (S) < 0=1info,(S).
Setting G(u) = —Au + Vu + g(u), it follows from Propositions 2.2 and 2.4 that G : H2(RN) > LXRY) is
continuous and H-asymptotically linear with G'(00) = —A + V = S, but for C # 0, G is not asymptotically linear.
First of all we point out that Genoud’s work in [11] establishes asymptotic bifurcation at A when C > 0 and
provides a good deal of extra information.

Case 1. Suppose that C > 0. Set k = C + sup, g~y V (x) and then write (5.3) in the form
Au+ f(x,u)u=Au, (5.4)

where A =k — A and fx,8)=k—-V(x)— ﬁ =supVx)—Vx) + 1C+I|YYITU For C > 0, the hypotheses (f1) to
(f6) of [11] are satisfied and so Theorem 1 of [11] shows that for N < 3, there is continuous asymptotic bifurcation at
5»00 =k — A for Eq. (5.4) and hence at A for (5.3).

This conclusion cannot be obtained using our Theorem 5.2 which requires A to be sufficiently far from o, (S). On
the other hand, if C < 0 then the condition (f4) in [1 1] cannot be satisfied and A may not be an asymptotic bifurcation

point for (5.3).

Case 2. For N = 1, Theorem 5.4 shows that there are no non-trivial solutions of (5.3) with A > g’(0) = C and
hence asymptotic bifurcation cannot occur at points in (C, 00). By Theorem 5.6 this is also true for N > 2, provided
that o > NLH' Hence, if C < A, there is no asymptotic bifurcation at the simple eigenvalue A of the H-asymptotic
derivative G’(00), nor at any point in o (G’ (c0)).

The condition C < A implies that C < 0 and that |A| =d(A, 0.(S)) < |C| so Theorem 5.2 cannot be applied in
this case. However, if | A| is large enough relative to |C|, the hypotheses of Theorems 5.2 and 5.3 are satisfied and,
even for C > 0, we obtain information about asymptotic bifurcation not contained in [11], which deals only with A.

Case 3. Suppose that 0 <3 + 24/2 and that |A| > 3|C|. The restriction on ¢ ensures that |C| = maxscp | g'(s)| and
so, in the notation of Theorem 5.2, A = I" = |C|. Since d(A, 0.(S)) = | A]|, it follows from Theorems 5.2 and 5.3
that there is continuous asymptotic bifurcation at A and we have some additional information about the solutions.
In fact, d(u, 0.(S)) > 2A + I' provided that © < —3|C| and so Theorem 5.2 shows that all points in the interval
(—00, —=3|C]) at which asymptotic bifurcation occurs must be eigenvalues of S = G’(c0) and there is asymptotic
bifurcation at all eigenvalues of odd multiplicity in this interval.

When o > 3 + 24/2, we still have A = |C| but now max,cg |g'(s)] = |C]Z2

7
d(11,5(G'(00))) > 2A + I in Theorem 5.2 is satisfied for ;< —|C[{2 + <22,

Cases 2 and 3 show that for C < 0, A may or may not be an asymptotic bifurcation point. When there is no
asymptotic bifurcation at A it may occur at a point lying below the spectrum of the H-asymptotic derivative.

> |C| so the condition

Case 4. Suppose that N < 4, that C < inf, .~y V(x) and that 0 > 4/N. Then C < A < 0 and the hypotheses of
Theorem 5.7 are satisfied with A® = A in condition (iii) and M = —C in condition (v). Hence there is continuous
asymptotic bifurcation at g’(0) = C. Since A > inf, gy V(x) > C, C ¢ 0(G’(00)). By Corollary 11 of [6], the
solutions u, are radially symmetric and they remain uniformly bounded as A — C.
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