Available online at www.sciencedirect.com

ScienceDirect

ANNALES
DE LINSTITUT
HENRI
POINCARE

ANALYSE
NON LINEAIRE

" 3
ELSEVIER Ann. L. H. Poincaré — AN 25 (2008) 889-906

www.elsevier.com/locate/anihpc

Hardy inequalities with non-standard remainder terms

Andrea Cianchi **, Adele Ferone®

& Dipartimento di Matematica e Applicazioni per I’Architettura, Universita di Firenze, Piazza Ghiberti 27, 50122 Firenze, Italy
b Dipartimento di Matematica, Seconda Universita di Napoli, Via Vivaldi 43, 81100 Caserta, Italy

Received 8 October 2006; accepted 7 May 2007
Available online 3 October 2007

Abstract

Improved Hardy inequalities, involving remainder terms, are established both in the classical and in the limiting case. The
relevant remainders depend on a suitable distance from the families of the “virtual” extremals.
© 2007 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.

Résumé

Nous établissons des inégalités de Hardy améliorées avec reste, a la fois dans le cas classique et dans le cas limite. Ce reste
dépend d’une distance a la famille des extremas « virtuels ».
© 2007 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction and main results

The plain Hardy inequality asserts that, if n > 2 and 1 < p < n, then

_ p P
(” p) juCo)] dx</|Vu|l’dx (1.1)
Rr R»

p |x1P
for every real-valued weakly differentiable function u in R” such that |Vu| € L? (R") and decaying to zero at infinity,
in the sense that
|{|u|>t}|<oo for every ¢t > 0. (1.2)

Here, |G| denotes the Lebesgue measure of a set G C R”.
The constant (%)p is optimal in (1.1), as demonstrated by sequences obtained on truncating functions having the
form

va(xX)=alx|' 7 forx e R, (1.3)
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with a € R\ {0}, atlevels 1/k and k, and then letting k — oo. However, it is well known that equality is never achieved
in (1.1), unless u is identically equal to 0. In fact, the natural candidates v, to be extremals in (1.1) have a gradient
which does not (even locally) belong to L? (R").

The lack of extremals has recently inspired improved versions of (1.1) and of related inequalities, reminiscent
of earlier results dealing with the Sobolev inequality [8,10], where R" is replaced by any open bounded subset §2
containing 0, and u is assumed to belong to the Sobolev space Wol’p (£2) of those functions in W17 (£2) vanishing,
in the appropriate sense, on 2. Typically, these improvements of (1.1) amount to extra terms on the left-hand side
that either involve integrals of |u|” with weights depending on |x| which are less singular than |x|~7 at 0, or weighted
integrals of |Vu|? with g < p (see [2-5,9,18,19,22-24,27,31,33]).

In this paper we establish a strengthened version of (1.1) in the whole of R”, with a remainder term having a
different nature. Such a remainder depends on a distance of u, in a suitable norm, from the family of those functions
which have the form (1.3) and can be regarded as the virtual extremals in (1.1). In particular, our result entails that
any extremizing sequence in inequality (1.1) must approach the family (1.3). Let us add that conclusions in a similar
spirit are known for classical Sobolev inequalities — see e.g. [7,13,14,16,21]. The striking fact in connection with (1.1)
is that a result of this kind can hold even though extremals do not exist.

In order to give a precise statement, we begin by noting that, via a symmetrization argument, inequality (1.1) is
easily seen to be equivalent to the Lorentz-norm inequality

1nh—p
wn/”Tnuan*.p(Rn) < Vullr@n). (1.4)

where w, = "/?/T'(1+ 5), the measure of the unit ball, and p* = %, the Sobolev conjugate of p. Recall that, given

p and o € [1, 00], and a measurable set §2, the Lorentz space L7 (§2) is the space of those measurable functions u
in £2 for which the quantity

lullLra @y = "7~ u* )] o 0,121,

is finite. Here, u™* denotes the decreasing rearrangement of u. Observe that, since L**(§2) = L”(§2), and a constant
C =C(p, 01, 02) exists such that

lullzro2 2y < Cllullpro@y ifl1<op<ox<ooand 1 < p < oo, (1.5)

inequality (1.4) improves the standard Sobolev inequality where L?"? (R") is replaced by L?"(R") on the left-hand
side (and w,/" % is replaced by a different constant).

In view of (1.4), the norm || - [ ,*.pgn) could be considered the natural one to measure the distance of any u
from the family (1.3) in terms of the gap between the two sides of (1.1). Unfortunately, this is not possible, since the
functions v,, whose gradient is not in L? (R"), neither belong to L?" -7 (R™). They do not even belong to the lager space
LP"(R™), appearing in the usual Sobolev inequality. In fact, the smallest rearrangement invariant space containing v,
is the Marcinkievicz space L?"°°(R"), also called the weak-L?" space (see e.g. Proposition 2.3, Section 2). Recall
that a rearrangement invariant (briefly, r.i.) space X (§2) on a measurable set £2 is a Banach function space — in the
sense of Luxemburg — endowed with a norm ||u|| x () such that

||u||x(_Q) = ||v||x(_Q) whenever M* = v*

(we refer the reader to [6] for more details on r.i. spaces). Thus, the L” *’OO(R") norm appearing in the (normalized)
distance

llu — v, ||Lp*‘00(]Rn)

dp(u) = inf , l<p<n, (1.6)

i
acR  lull pp*.p ey

which will be employed in our first result, is actually the strongest possible in this setting.

Theorem 1.1. Let n > 2 and let 1 < p < n. Then a constant C = C(p, n) exists such that

_ P p *
(" p) /'“(x” dx[1 + Cdy ()™ ]</|Vu|"dx (L7
P A lx |7 e

for every real-valued weakly differentiable function u in R" decaying to zero at infinity and such that |Vu| € L? (R").
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Of course, Theorem 1.1 continues to hold if R” is replaced by any open set §2, provided that functions u € Wé P (2)
are taken into account. Moreover, if |£2| < 0o and 1 < g < p*, the space LV (£2) is continuously embedded into
L4(82), and hence an inequality analogous to (1.7), with |lu — v, || Lr*.0(Rn) replaced by || — v, || L9 (52) in the definition
of dp(u), follows from Theorem 1.1. In fact, if O € £2, minor changes in the proof yield a version of inequality (1.7)
where the functions v,, which do not vanish on 92, are replaced by the functions v, : 2 — [0, co) given by

B =a(lx|7 —Q), forxeg.
Here, subscript “+” stands for positive part, and Q is any positive number such that the support of v, is contained in
£2; namely Q > r;;;n , Where

ro = sup{r >0: B,(0) C .{2}

and B, (x) denotes the ball centered at x and having radius r. Precisely, if |£2| < oo and 1 < g < p*, then on setting

. u—7v
dy o) = inf l allLa(2)
acR Nl pp*.p ()

aconstant C = C(p, q,n, Q, |£2]) exists such that

_ P p *
(” p) juCo)] dx[1 + Cdy 4 () ]gfwuwdx
2

)

p |x|?

for every u € Wé’p(.Q).
Inequality (1.1) breaks down when p = n. In fact, no estimate like (1.1) (with (%)” replaced by any constant)

can hold in this case, since the weight |x|™" is not (even locally) integrable in R". However, an inequality in the same
spirit can be restored, provided that |x| ™" is replaced by a suitable less singular weight at 0, and R” is replaced by any
open bounded subset £2. On defining

Rg = sup [x], (1.8)
xXeR

the relevant inequality tells us that

—1\" n
n [ +1og 2y )

2

for every D > Ry and for every function u € WOl "(£2). A similar phenomenon as in (1.1) occurs in (1.9), in the
sense that the constant (”n;])” is the best possible for any bounded 2 containing 0, but it is not attained. Again, the
optimality is witnessed by sequences of truncated (at levels k, with k — 00) of a suitable family of functions, which
in this case have the form

D 1/n’
wa(x):a[(l—}—log—) —Q] for x € £2, (1.10)
x| .
for some a € R\ {0}. Here, Q is any positive number fulfilling Q > (1 + log %)1/”/, so that the support of w, is
contained in £2.

Our second result is a counterpart of Theorem 1.1 for inequality (1.9), and tells us that a remainder term can be
added to the left-hand side of (1.9), which depends on the deviation of u from the functions given by (1.10). Such a
deviation can now be controlled by an exponential estimate. Precisely, recall that, for D > R, the expressions

[£2] *( )n d 1/n
Nl poon (Log 1)~ (2),p = / LD”_S
' / (n +log 2=)" s

define a family of equivalent norms in the Lorentz—Zygmund space L°" (log L)~ (£2), and set, for C > 0,

de.p. () = in&/(ﬁp( Clii/(x)—wa(xﬂn )_1> I, (L1
ae
2

”M ||L°°~”(10gL)*l(.Q),D
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Then we have the following

Theorem 1.2. Let 2 be an open bounded subset of R", n > 2, containing 0. Let D > R and Q > (1 + log %)1/",.
Then a positive constant C = C(n, Ro, D, Q) exists such that

(”‘1) /%dx[l—l—dc,D,Q(u)"z]</|Vu|"dx (1.12)
2

D
) L e+ log Ry

for every u € W(}’" (£2).

A few comments on Theorem 1.2 are in order. The presence of the norm || - || o (109 1.)-1(s2 in the definition of
dc,p, () is related to the fact that, in analogy with (1.1) and (1.4), inequality (1.9) is equivalent to
1
o™ (0 = Dl oo og 1)1 (2.0 < IVl Lne) (1.13)

1,n

for u € Wy (£2). Inequality (1.13) goes back (apart from the constant) to [11,25,27], and has recently been
shown to be optimal as far as the norm on the left-hand side is concerned [17,20]. On the other hand, the
norm | - |l con(pogr)-1(2),p cannot be used to measure the distance of u from the family (1.10), since w, ¢

L>"(Log L)~1(£2). The exponential term in (1.11) serves as a replacement for this norm, in the same spirit as
I Wl p*.comny replaces || - [I; p*.pgny in (1.6), and is related to the classical embedding theorem of [29,32,34], which
states that

/(exp(M) - 1) dx <1 (1.14)
J IVullfn g

for some positive constant C = C(n, |§2|) and for every u € WOl "(£2). Observe that (1.14) is equivalent to
lullgyp 1 (2) < ClIVUliLne2) (1.15)

for some positive constant C = C(n, |§2]) and for every u € WOI’" (£2), where

. Ju @
el gxp 1 (2) :mf{)» > 0: /(exp( v —1)dx <1y,
2

the Luxemburg norm in the Orlicz space associated with the Young function given by e/ — 1 for > 0. Recall that a
Young function is a convex function from [0, 00) into [0, 00) vanishing at 0. Inequalities (1.14) and (1.15) are slightly
weaker then (1.13), for

L®"(Log L)' (£2) CExp L™ (2) (1.16)
(with continuous embedding). However, the remainder dc p, o (u) appearing in (1.12) is again optimal, in that the

function e/’ — 1 cannot be replaced by any other Young function growing essentially faster near infinity. Indeed,
Exp L™ (§2), unlike LP (2), agrees with its corresponding weak space, and is the smallest rearrangement invariant
space containing the family (1.10) (Proposition 3.3, Section 3).

2. Thecasel < p <n

A quite simple proof of inequality (1.1) relies upon symmetrization. Recall that the symmetric rearrangement of a
measurable function u : R” — R, which decays to zero at infinity, is the function u* : R” — [0, co] obeying
u* (x) = u*(wylx|") forx eR", (2.1)
where the decreasing rearrangement u* : [0, co) — [0, oo] is given by

u*(s) :sup{t > 0: Hx eR™ |u(x)| > t}| > s} for s > 0. (2.2)
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When the domain of u is not the whole of R”, the function u* is defined similarly, after continuing « by 0 outside its
domain.
The Hardy-Littlewood inequality [6, Chapter 2, Theorem 2.2] implies that

*
|u(x)” dngu «?

|x[” |x[?
Rﬂ R}l

(2.3)

for every u as above. On the other hand, the P6lya—Szego principle asserts that, if u is also weakly differentiable with
|Vu| € LP(R") for some p > 1, then the same properties are inherited by u*, and

/|Vu*|1’dx<f|w|"dx (2.4)
R~ R®

[12,26,30]. Owing to (2.3) and (2.4), inequality (1.1) is reduced to the well known one-dimensional Hardy inequality

p o0 o
(%) /qb(s)ps_p/” ds g/(—¢’(s))f’sp/"/ ds, 2.5)
0 0

for every non-increasing locally absolutely continuous function ¢ : (0, c0) — [0, co) such that lim;_, ;o ¢p(s) =0
(see e.g. [6,28]).

Loosely speaking, our approach to Theorem 1.1 consists in proving the stability of the argument outlined above.
To be more specific, we shall establish strengthened versions of inequalities (2.3) and (2.5), containing quantitative
information on the gap between their two sides. The former of these quantitative inequalities will enable us to show
that, if the difference between the right-hand side and the left-hand side of (1.1) is small, then u is close to u*.
The latter will be used to prove that, in the same circumstance, u* is close to some function having the form (1.3).
Inequality (1.7) will then easily follow from these two pieces of information.

The enhanced version of (2.3) is the object of our first lemma.

Lemma 2.1. Let n > 2 and let 1 < p < n. Then a positive constant C = C(p, n) exists such that

* - . 2 *
ux)”? dx—l—C(/ um )P dx) (/|u(x) —u*(x)’p dx) </ Uz dx (2.6)
lx |7 lx |7 lx|P
Rll Rn

R~ Rn

for every nonnegative measurable function u in R" decaying to zero at infinity and making the right-hand side of (2.6)
finite.

Proof. A key tool in our derivation of (2.6) is a Hardy-Littlewood inequality with a remainder term contained in [15,
Theorem 1.2 and Remark 1.4]. A special case of that result tells us the following. Let B be either a ball Bg(0) or R".
Let g: B — [0, 00) be any radially strictly decreasing function, decaying to zero at infinity if B = R", and such that
the function 6 : (0, | B|) — [0, co] given by

0(s) =esssup

for s € (0, | B), 2.7)
re(0,s) —8%(r) ( )

is finite, locally absolutely continuous, and fulfills limg_, o+ 8(s) = 0. Let f: B — [0, 00) be any function, decaying
to zero at infinity if B = R", and such that the quasi-norm

|B|

1/q
1 fllaa = (/ f*(S)"G/(S)dS> (2.8)
0

is finite for some g € [1, o). Then

L2 (B)

1 _
/f(X)g(X)dx + C—qIIfIIAZIIf X1 < / f*0)g(x)dx, (2.9)
B B
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for some absolute positive constant C.
An application of (2.9) with B=R", f(x) =u(x)?, g(x)=|x|7? and g = ntp yields

n—p

u()P _ pltp) 21 uX (x)?

O dx+Clul” "y = h < [N
x p(ntp) _n_

|x|? LV = (R Lr=p (R") lx |7

R R"

for some positive constant C = C(p, n). Since
ls —r|? <|s? —rP| foreveryr,s > 0and forevery 1 < p < o0,

we have
2n

_ k2" < ly? — (u*xyP| ">
e = X ey < 0 = @) 7P @y

Moreover, by (1.5),

—1/n u™(x)
p(n+p. < ( ¥ ny = d
”u”L”*‘Iiljpl)( "y < Cllullg, P (RM) Cowp (/ x|? X

Rn

for some positive constant C = C(p, n). Inequality (2.6) follows from (2.10)-(2.13). O

The next result is concerned with a quantitative version of (2.5). In the statement, we set

I (s) —as™ VP oo
8p(®) = inf e

9 1 b
@20 (J p(s)Ps—PInds)l/r sPet

for any nonnegative function ¢ € L?"? (0, 00).

(2.10)

@2.11)

2.12)

(2.13)

(2.14)

Lemma 2.2. Let n >2 and let 1 < p < n. Set y = max{p?, 2p}. Then there exists a constant C = C(p, n) such that

p[ T oo
(%) </¢(S)Psp/”dS) [1 + C8p(¢)V] < /(_¢/(S))psp/n/ ds
0 0

(2.15)

for every non-increasing locally absolutely continuous function ¢ : (0, 00) — [0, 00), making the right-hand side of

(2.15) finite and such that limg_, 1 5o ¢ (s) = 0.

Proof. Since we are assuming that

e¢]

/(—d)’(s))psp/", ds < 00,

0

we have fooo ¢ (s)Ps~P/" ds < 0o, owing to (2.5). Thus, we may suppose, without loss of generality, that

/¢(s)ps_p/” ds=1.
0

Define
£(@) = (p)? / (=) s/ ds — 1.
0

Fix any R > r > 0. An integration by parts yields

R R
/ B(s)Ps™P/" ds = ﬁ(qs(R)PRI—P/” —¢()Pr' P 4 p* / (—¢'())s'P/" g (5)P~ ds.

(2.16)

(2.17)

(2.18)

(2.19)
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Since the integral in (2.17) is convergent, the left-hand side of (2.19) has a finite limit as » — 0" and as R — oo.
The same property is enjoyed by the integral on the right-hand side of (2.19), as a consequence of Holder’s inequality
and of the convergence of the integrals in (2.16) and (2.17). Thus, lim,_, o+ ¢ (r)r'=P/" and limg_, 100 ¢ (R)P? R1=P/"
exist and are finite. Again the convergence of the integral in (2.17) entails that both limits must be 0, namely that

lim ¢(r)?r'=P/" = lim ¢(R)R'P/"=0. (2.20)
r—0t R—+o0
In conclusion, from (2.17) and (2.19) we infer that
o
1:p*/(—(f)/(s))sl_p/"(p(s)p_lds. (2.21)
0

Now, observe that a positive constant C = C(p) exists such that

1
_ppI|P i
Y Cla —br 1| N if p>2,
—+— —ab> ja — b7T|? : (2.22)
p 4 C ; : ifl<p<?2,
max{b?-T, |a — bP-T|}2~P
for a, b > 0. Indeed, one has

P {C|t—1|1’ if p>2,

Lt
o Ty TP eminfl— 12— 17} ifl<p<2,

1
for some positive constant C = C(p) and for every ¢ > 0, whence, (2.22) follows, on taking t =rsT-7.
Let us distinguish the cases where 2 < p <nand 1 < p <2.If p > 2, by (2.22) and (2.17) we have

p* / —¢/(s)s'P"g(5)P ! ds
0

< (PP /
p
0

for some positive constant C = C(p). From (2.21), (2.23) and (2.18) we get that

(—¢'(5))"s?/™ ds + % - C/|p*(—¢/(s))s1/"/ —p(s)s™Vm|P ds, (2.23)
0

[ 17 (=605t = g5 s < ceco) 229
0

for some positive constant C = C(p). On defining the function ¥ : (0, co) — [0, 00) as
(s)=s""¢(s) fors >0, (2.25)
inequality (2.24) reads

/ [v/ ()]s~ ds < Ce(9) (2.26)
0

for some positive constant C = C(p, n).
Assume now that 1 < p < 2. An analogous argument as above leads to

f [0/ )27 P70 max{g ()57, [ p* (=9 ()5 = p()s ™| }P 2 ds < Ce(@) (2.27)
0

for some positive constant C = C(p, n). An application of Holder’s inequality and estimate (2.27) yield

o0 o0 @-p)/2
f|w’(s);”s"—1 ds < Ce(¢p)P/? (/ max{¢ (s)s /", | p* (=¢'(s))s /" —¢(s)s—1/"|}”ds> (2.28)
0 0
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for some positive constant C = C(p, n). Since the maximum in (2.28) does not exceed p*(—d)’(s))sl/”, +p(s)s~n,
via (2.17) and (2.18) we deduce that

o0 o0 C-p)/2
/Iw’(s)\”sl’—l ds < Ce(¢)”/2<(p*)” /(—cb’(s))”s"/"’ ds + 1) = Ce(@)"(e(@) +2)77" (229)
0 0

for some positive constant C = C(p, n).
Assume, for a moment, that

€@ < 1. (2.30)

Then, given any p € [1, n), either inequality (2.26) or (2.29), according to whether 2 < p <n or 1 < p < 2, tells us
that

e¢]

/|w’(s)\”s”‘1 ds < Ce(9)”, 2.31)

0

for some positive constant C = C(p, n), where 8 = min{1, £}. Notice that, in particular, (2.31) recovers the fact that

€(¢) > 0, since, otherwise, (2.25) yields ¢ (s) = Cs~Y/P" for some constant C, in contrast with (2.16) and (2.17).
Now, recall that y = max{ pz, 2p}, and define

A={s>0: y(s)>e@"}. (2.32)
Since v is a (locally absolutely) continuous function and, by (2.20),
sljg)1+ V)= s—l>n-il-loo V() =0,

the set A is open and bounded. Given any s € A, denote by (ay, by) the connected component of A containing s. One
has 0 < a5 < by < 00, and ¥ (ay) = Y (by) = €(¢p)'/7. Thus, if s € A, the following chain holds

[ ’ [ 1 i ’ P .p—1 v dr e
/Wr)dr <f!w(r)\dr< /|w(r)! PV dr (f?)
dg A

dag 0
1/p' e 1/p’
<Ce(¢)*“/l’(/ dr—’) <Ce(¢>§‘7‘<fw<r)f”dr—’>
A A

1/p
=Ce(p)\” (f¢(r)Pr—P/" dr) < Ce(p)'”, (2.33)
A

[y (s) —e@'"|=

where the third inequality holds owing to (2.31), the fourth inequality follows from the very definition of A, and the
last inequality is due to (2.17). On the other hand, if s € (0, 00) \ A, then trivially

W) —e@)'7| <2e()"7. (2.34)
As a consequence of (2.33) and (2.34), a constant C = C(p, n) exists such that

sYP g (s) — (@) s™VP | < Ce(p)V” fors >0, (2.35)
whence

[#65) = @757 o c(,00) < Ce@)'7.

Thus, under assumption (2.30), we have shown that

inf o) —as™7 | e o 00) < Ce@' (2.36)
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for some constant C = C(p, n). Inequality (2.36) continues to hold even if (2.30) is dropped. Indeed, if € (¢) > 1, then
a constant C = C(p, n) exists such that

o0 1/p
@V >1= ( / ¢><s>”s—”/"ds> > ClIgll o000 > € I0E [#5) = as™ P e oy
0 =

where the second inequality holds thanks to (1.5). Inequality (2.15) follows from (2.36). O
We are now in position to accomplish the proof of Theorem 1.1.

Proof of Theorem 1.1. Assume, for the time being, that

u>=0 (2.37)
and that
* ()P
/“ WP =1, (2.38)
|x|?
Rll
Define
P P
E@w) = P /qulpdx—/u(x) dx
n—p |x|?
Rn Rll

The quantity E (1) can be rewritten as

14
E(u):(L> (/|Vu|de—/|vM*|de>
n—p
Rll

Ri‘l
P
+((L) [ vurias - 1) N (1 _[ewr dx). (2:39)
n—p |x|?
R R

Moreover, by (2.4), fR" |VulPdx — fR" |[VuX|Pdx > 0. Thus, by (1.1) applied to u* and (2.38),

O<(,()’I;/n ((p*)p/(—u*/(s))psp/”/ds _/u*(s)psp/nds>

0 0
p 14
= < ) f [Vu*X|Pdx — 1 < E(u) (2.40)
n—p
Rn
and, by (2.3) and (2.38),
P
0<1 —/ u < E). (2.41)
x|?
Rn

From (2.40), (2.38) and Lemma 2.2 we deduce that

; *eoy _ g 1/P* 1y
algfonu (s) —as ||L,,*,w(ovoo)<CE(u) (2.42)

for some constant C = C(p, n), where y = max{p?, 2p}. On the other hand, by (2.41), (2.38) and Lemma 2.1, we
have

2
(/yu(x) —u* ()|’ dx> < CE(u) (2.43)

Rn
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for some constant C = C(p, n). Inequalities (2.43) and (1.5) entail that
it — 1 ® | oo oy < CE ()27 (2.44)
for some constant C = C(p, n). Owing to (2.42) and (2.44) one has

inf = val o ey < Nt = 0¥l ey + 30 10 = vl oy

— * : —1/p*
= llu — u™ | L p*.00 gy +;gf(')||u*(s) —as~V/p ”LP*W(o,oo)

SCE@)Y®P) + E@') (2.45)
for some constant C = C(p, n). If E(u) < 1, inequality (2.45) yields

i 1/@2p*
inf | = Vall .o eny < CE@)!/ P (2.46)

=

for some constant C = C(p, n), since y < 2p*. Inequality (2.46) holds also if E(u) > 1, since, in this case,

* I/p
L u>(x)? 1
Ew)?» > 1= (/ dx) = wy" ull P(RM)

|x[?

Rn

P C”””Lp*.co(Rn) P C,lir>1% lu —va ||Lp*,oc>(Rn) 2.47)

for some positive constant C = C(p, n). Inequality (2.46) tells us that

n—p\’ [ u(x)? o 2.4
. g e €t = vl g < [ 1V dx, (2.48)
Rn

Rn

for some positive constant C = C(p, n), under assumptions (2.37) and (2.38). Replacing u by u( fRn |X(|f,)l dx)~Vp
(a function fulfilling (2.38)) in (2.48) yields

2p*
* P =1 — p p
u>(x) P n—p u(x)
— " < p — .
;g%”u va”Lp oc(Rn) C</ |x|p dx) (/ |VM| dx ( p ) |x|p dx (2 49)
Rﬂ R)l Rn

for some positive constant C = C(p, n), and for every u fulfilling the sole additional sign assumption (2.37). Now,

given any u as in the statement, define u = |”|+" and u_ = I”' X, the positive and the negative parts of u, respec-
tively, so that u =u4 —u_. Then
alrellIfK flu — Ua”Lp*m(Rn) = b,lcn>fo oy —u_ — Uh—c”Lp*-oc(]Rn)
< l}g% lut — Ub”Lp*.OO(]Rn) + ngg lu— — Uc”Lp*,OO(]Rny (2.50)

Owing to (2.49) applied to the nonnegative functions u and u_, one has

> inf (it — vall o gy
T a>0

* 1\ T IF — p\? P T
gCZ(/ui (x) dx)p » </|Vui|pdx— <u> /Mi(X) dx) .
T\ lx|? p lx|?

Rn Rn

* ()P 1L _ p p o
<C(/‘u (x) dx)p b7 (/Iwilpdx— (n p) /ui(x) dx)zp
xI? p ) ) e

Rn

* ()P 7 P — 55 —p\? p T
<C</u () dx>p< )] dx) ’ > (/Wuill’dx—(n p) /ui(x) dx) ’
|x|P |x|P " P |x[?

Rﬂ R}l RYI Rl’l
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1 1
lu(x)|P TF n—p\? [ lu@)? 2*
’ . LS N Py
<C'lull,, ,,,(Rn)(/ L dx /|Vu| dx . / o dx 2.51)
Rn RV[ Rn

for some positive constants C = C(p, n) and C' = C’(p, n). Notice that the second inequality holds owing the fact

that % — 2[1?* > 0, and the third one is a consequence of (2.3). Inequality (1.7) follows from (2.50) and (2.51). O

We conclude this section by demonstrating the sharpness of the L?"° norm in the definition of d »(+) in Theo-
rem 1.1.

Proposition 2.3. Let n > 2 and let 1 < p < n. Then LP"°(R") is the smallest rearrangement invariant space con-
taining the functions v, given by (1.3).

Proof. The function v; (and hence v, for every a € R) is easily seen to belong to Ll’*’o"(R”). Now, let X (R") be any
r.i. space such that v; € X (R"). We have to show that

LP®([RY) € X (RY). (2.52)
Assume that u € LP"°°(R"). Then

_ L
u*(s) < Nl o qgeys 7" = C||u||L,,*,OC(R,,)vT(s) fors > 0, (2.53)
for some positive constant C = C(p, n). Since we are assuming that v; € X (R"), inequality (2.53), via a basic property
of r.i. spaces [6, Cor. 4.7, Chap. 2], entails that u € X (R") as well. Inclusion (2.52) follows. 0O
3. Thecase p=n

The outline of the proof of Theorem 1.2 is analogous to that of Theorem 1.1, and relies upon Lemmas 3.1 and 3.2
below, which replace Lemmas 2.1 and 2.2, respectively. We shall limit ourselves to establishing these new lemmas,
and to sketching the derivation of Theorem 1.2 from these lemmas. The first lemma provides us with a quantitative
version of the inequality

n * n
o A og BT i log )

Bg(

which holds for every u € L°"(log L)~ Y(Bgr(0)), provided that D > 0, and follows from the Hardy—Littlewood
inequality.

Lemma 3.1. Let n > 2 and let 0 < R < D. Then a constant C = C(n, R, D) exists such that
n
/ . u(xl) — dx
, P +log )

Br(
* ()1 Clu* —ul” 2(n—1)
[ ] [ (o ) 1)
o ¥ log (f300) =m0 gy) /0D

Bg( Br(0) BrO) |y|n(1-+10g )"
* (- \1
u X
s / xl(1 (1) D (32)
X +log =
BR(0) S

for every nonnegative measurable function u in Br(0) making the right-hand side of (3.2) finite.

Proof. The idea is to reduce (3.2) to a family of estimates relying upon (2.9), via an extrapolation argument. Indeed,
defined ¥ : [0, o0) — [0, 00) as

Ut)=¢" —1 fort>0, (3.3)
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we shall derive (3.2) from an application of (2.9), with B = Br(0) and f, g : Br(0) — [0, co) given by
f(x)=u(x)" forx e Bg(0) (3.4)

and

1
gx)=——————— forx € Bg(0), (3.5)
/(1 +log 2

to each term of a power series expansion of the function ¥.
We may clearly assume, without loss of generality, that

* n
/ L)Ddle. (3.6)
,, P+ log By

Br(

u(x)"
=1- - dx. 3.7
e /) |x|”(l+log%)” * G7)

Set,

Bg(
It is easily verified that the function g given by (3.5) is radially decreasing, and that

n

n D —n
g5 (s) = w(n—}—log On ) for s € (0, w, R").
s
Moreover,

1y 1 wa D" \" D"
() =imar e o ()
g¥'(s) n"wy s

[2log< SD )—l—nlog( Dn)—i—n} fors € (0, w, R"). (3.8)

N

Thus, the function —? is increasing in (0, w, R"), and hence agrees with the function 6 defined as in (2.7). Conse-

quently, limg_, g+ 6(s) = 0, and there exists a constant C = C(n, R, D) such that

n

D n
0'(s) < Cs(n +log ) fors € (0, wy R"). (3.9)

Therefore, if ¢ > 1 and || - || a4 is defined as in (2.8), one has by (3.4) and (3.9)
wy R"

D™"\"
1A 1% = ™19, <C / u*(s)"s (n + log (Uns ) ds (3.10)
0

for some constant C = C(n, R, D). On the other hand,

wn R" . 1/n s 1/n
1 / L dr > u*(s) / L
naol" J (n+log oD yn y - (n + log 2K yn,

u*(s wy D"

where the first equality holds owing to (3.6). Combining (3.10) and (3.11) yields

1/n
) fors € (0, w, R™), (3.1D)

wn R"

w, D" g(n—1)+n
||u”||€wgc / s<n+log g ) ds (3.12)
0
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for some constant C = C(n, R, D). Given any integer k > n — 1, choose g = % — 1. From (3.12), via a change of
variable in the integral on the right-hand side, one can easily infer that
o0
n nszl_ —r 2k+1 C '
[l || 2 <4—k e'r dr:4—k(2k+1). (3.13)
0

for some constant C = C(n, R, D). Hence, via (2.9) and (2.11) with p = n, we get

/ |u* () — w0 dx < cYkv/CEF D! V(szme(u)‘/z (3.14)
Br(0)

for some constant C = C(n, R, D) and for k > n — 1. On the other hand, if 1 <k <n — 1, Holder’s inequality and
inequality (3.14), with k =n — 1, yield
/ |u* @) — u()|" dx < Ce(u) T (3.15)
Br(0)
for some constant C = C(n, R, D). Thus, under the additional assumption that
e(w) <1, (3.16)
inequalities (3.14) and (3.15) tell us that

Vi Ck+1D)!

1
o e(u)2=-b  forevery k > 1, (3.17)

/ |u* () —ux)["Fdx < €
Br(0)

and for some constant C = C(n, R, D). Owing to (3.17), given A > 0, one has

* _ X . —n'k ,
W(M>dx=2:)L / |u*(x)—u(x)|nkdx
k

A k!
Bg(0) =1 Br(0)
LA VRV F D) LS
< Ce(u) @D Z)\*" k% < Cle(u) @D Z)ﬁn kp3/4 (3.18)
k=1 ’ k=1

for some constants C = C(n, R, D) and C' = C’(n, R, D). Note that we have made use of Stirling’s formula in the
last inequality. Since the series on the rightmost side of (3.18) converges provided that A > 1, and since

1
W(%) QMKI/(S) forevery s > 0and M > 1, 3.19)
we deduce that, under assumption (3.16),
1
/ W (Clu* (x) —u)]) dx < ()0 (3.20)
Br(0)

for some constant C = C(n, R, D). When (3.16) is not in force, namely if £(u#) > 1, one has

=1z w<&)dx> [ wicuwyax (3.21)

BR(0) lesp @) B
for some constant C = C(n, R, D), where the second inequality is due to the very definition of the norm
I - ||Exp L7 (Br(0)) whereas the last one is a consequence of (1.16) and of (3.6). Inasmuch as (3.21) holds also with u
replaced by u*,
C » 1 * 1 1
/ l11<§|u (x) — u(x)|> dx < = f ¥ (Cu™(x))dx + 3 / ¥ (Cu(x))dx < e(u)2-D,

2
Bgr(0) BR(0) Br(0)
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Thus, inequality (3.20), with a suitable constant C = C(n, R, D), holds for every u as in the statement satisfying (3.6).
Inequality (3.2) is a straightforward consequence of (3.20). O

A limiting case of (2.5) tells us that, given any K > 0 and L > 0,
L

L —n
(" ; 1) (/qb(s)"(l( +log§) ?) < /(—(b’(s))ns"_l ds (3.22)
0 0

for every non-increasing, locally absolutely continuous function ¢ : (0, L] — [0, co) such that ¢ (L) = 0. (In fact,
(3.22) can be derived from (2.5), via a change of variable.)
Fixedany L >/ > 0 and K > 0, set

[ (Clp —al(K +log ' — (K +1og 5!/ 11"
Sn.c(@) = ig{) f (exp( s L ) — 1) ds (3.23)
- 0

(foL o (s)"(K + log %)7" %)1/(;1—1)

for C > 0 and for any nonnegative function ¢ € L°"(LogL)~!(0, L). Then we have the following quantitative
version of (3.22).

Lemma 3.2. Letn > 2, let L > 1 > 0 and let K > 0. Then there exists a constant C = C(n, 1, L, K) such that
L

L —n
(2 (o) Sooscwrssfirrs o
0 0

for every non-increasing, locally absolutely continuous function ¢ : (0, L] — [0, 00), making the right-hand side of
(3.24) finite and such that ¢ (L) = 0.

Proof. Assume, without loss of generality, that

L —n
/¢>(s)"<K + log %) % =1, (3.25)
0
and define
L
1) = ()" / (—¢/(9))'s" " ds — 1. (3.26)
0

An integration by parts (whose details can be justified as in the proof of Lemma 2.2) and the use of (2.22) yield

L L
n( L>nds / / n—1 L !
1 =/¢)(s) K +log — —=n /—qb $)o(s) K +log — ds
) S S
0 0
L

L
"nn 1
<) /(—qﬁ/(s))”s"’1 ds +— — C/
n n
0 0
for some positive constant C = C(n). Hence, upon defining v : (0, L] — [0, o0) as

—1n

ds (3.27)

n’(—qﬁ/(s))sl/"/ —(s)s (K + log %)

L —1/n’
Y(s)=¢(s) <K + log ?> for s € (0, L],

one gets

L
n—1
/ FAGI (K +log f) "' ds < Cn(9) (3.28)
0
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and for some constant C = C(n). An argument analogous to that in the proof of (2.35), starting from (3.28) instead of
(2.31), leads to

_ 1/n? L . < 1/n? L v
¢ (s) —n(p) K +log . < Cn(ep) K +log p for s € (0, L], 3.29)

and for some constant C = C(n). Thus,

(ﬁ S) — (b 1/”2 K +10 — v —| K +1O - o
+

) L 1/n
< )qs(s) —n@)'" (K+1og ;)
5 L 1/n 5 I 1/n’ I 1/n'
+‘n(¢)1/” (K+log;) —n@)'" [(KHog;) —<K+log7> }x«m(s)

L 1/n L 1/n L 1/n’
<Cn@)/"’ log = 1/n? log — log =
< Cn(e) K +log g +n(9) K +log ; + | K +log S Xa,L)(s)

1/n’ 1/n
1/n? L 1/n? L
< Cn(eo) K +log + 2n(¢p) K +log ; for s € (0, L], (3.30)
s

where C is the constant appearing in (3.29) and y; stands for the characteristic function of the set /. When n(¢) < 1,
inequality (3.30) and the convexity of ¥ entail that

/L ( 1B (s) — ()" [(K +1og £)!/" — (K +log %)WM)
v ds

4C
L
1/n 1/n? 1/n
n(®) L
K +log — K
)d+2/< C (+0gl> )dv
0

L 2
1 n(g)t/n L
<Y | —— K +log—
2[ ( 2 +log s
0
2 L 1/n' 1/n?
n(g)t/n 1 L @,
<—— Y| = K+log— _—
> / > ~I—ogs ds + > C
0

1/n? L — 1/n?
2777@; /(exp(;j)(%)z —1>ds+7n(¢; C/=77(¢>)1/n2C” (3.3
0

for some constants C’' = C’(n,1, L, K) and C” = C"(n,[, L, K). Notice that in the second inequality we have ex-
ploited (3.19). If n(¢) > 1, then

L L

n<¢)”"2>1=/w< 9(s) )ds>flp Cos))d
150270

0 0

L L 1/n’ L 1/n’
> inffW(C‘¢(s)—a[(K+log—> —<K+10g—> i|
a0 s l +
0

for some constant C = C(n, L, K), where the second inequality holds owing to (1.16) and to (3.25). Estimate (3.24)
follows from (3.31) and (3.32), via (3.19). O

)ds (3.32)

Proof of Theorem 1.2, sketched. Assume, for the time being, that
u>0 (3.33)
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and
* n
/ Sl ——
x[1(1 + log 2y
Br(0)
Set
n n
Fu) = <L> f \Vul" dx — / LDdx
n—1 x[n(1 + log 2y
Br(0) Br(0)
where u is continued by O outside £2. Similarly to (2.40) and (2.41), we get
. 12l fof .
0<nw, ( n ) /(—u*/(s)sl/"/)"ds—/L)Dds < F(u)
n—1 s(n + log “2=)n
0 0 :
and
n
0<1— / MDY < F).

D
, W+ log 2y

Bg(

From (3.35), via Lemma 3.2, (3.34) and (3.19), one can infer that

inf / W (C|u* (x) — wa (x)]) dx < F )™

Br(0)

(3.34)

(3.35)

(3.36)

(3.37)

for some positive constant C = C(n, R, D, Q). Moreover, from (3.36), via Lemma 3.1 and (3.34), we get that

/ W (Clux) —u* @)]) dx < F)/>0=D
Bgr(0)

(3.38)

for some positive constant C = C(n, R, D). On making use of the convexity of ¥ and distinguishing the cases where
F(u) <1and F(u) > 1, one can deduce from (3.37) and (3.38) that a constant C = C(n, R, D, Q) exists such that

inf/l,l/(C|u(x)—wa(x)|)dxSF(M)U"2
a>0
2

for every u € Wy (52) fulfilling (3.33) and (3.34). Replacing u by u(/[p_ o, ma:%
Tx[

* (1) _ n?
/ u> (x) __dx inf[/ w( Clu(x)* Qfl)a(x)| : )dx]
0 lx[*(1+log 7p)m  a>0 ( u* () dy) /n

Jbwo) ly/"(1-+og )"

BR( Bg(0)
n n
<< . ) f|vM|"dx— / LDdx
n—1 x| (1 +log )"
Bg(0) Bg(0)

for every u € W(}’" (£2) fulfilling (3.34). The following chain holds for every u € W(} (2):

2
n c - "
/ n |1u(xl)| D yn dx 11;%[ / ‘1’( |u(xi*(;;i”(x)| 1/")dx]
—_— az % N
B ) [x[" (1 + log \Xl) B0) 2( dy)

R Juo) [yI" (1-+log ()"

R BR(0) Usso [yl (1-+log (5"

2
n 1 C - "
< f |ua ()] _ dx[—Zinf(/ w( ILHE(JZ)k :Ua(x)| l/n)dx>:|
520 |x|"(1+logm)” 2 74a20 _wx" dy)

(3.39)

dx) """ in (3.39) yields

(3.40)
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2
1 * n C _ n
< — / L)C)DdXme< / .1/( |u:|:(Xi :Ua(x)| l )dx)
ZB 0 x| (1 + log 77)" a>0 ux () dy) /n

R + Br(0) (fBR(O) \yl”(l+logﬁ)n

r Clut (x)—wq ()]
]BR(O)lI/( ”:Eux*(y)l:i xdy)l/n)

1 * n 1—n (fBR(O) Iy (1+log 2 )n
1S | ) T
a> oo 2 _umW) -
I B0 lx[*(1 + log m) (-[BR(O) |x|" (14-1og ‘%)" dx)

n2

dx

) ¥ (— Qe ’

n

*
Uy " d 1/n
1 ) Mi(x)n 1—n Bp(0) Iy1" (1+log %)n y)
<y [ :
2 — a>0 lx|"(1 + log m)n (f uy (x)" x)_l/n
Br(0) BRr(0) |x|"(14log %)n

1 n n
SR [ e [ o)
24\\n-1 I+ log 1

Bg(0) Bg(0

1 n " u(x)|"
=_ Vu|" dx — —  — _dx), 3.41
2<<n—1) / [Vl dx /) x| (1 + log 2)" x) (341)

Br(0) Br(0

where C is the constant appearing in (3.40). Note that the first inequality is a consequence of the convexity of ¥, the
second one holds owing to (3.1) and to an elementary algebraic inequality, the third one follows from the fact that
1 —n < 0 and that the function ¢ — %’) is increasing (for ¥ is a Young function), and the last one follows from an
application of (3.40) with u replaced by u and u_. Obviously, (3.41) implies (1.12). O

We conclude with a counterpart of Proposition 2.3, demonstrating the optimality of the choice of the function
e — 1 in the definition of dc.p ().

Proposition 3.3. Let 2 be an open bounded subset of R", n > 2, having finite measure and containing 0. Then the
Orlicz space Exp L™ ($2) is the smallest rearrangement invariant space on §2 containing the functions w, given in
(1.10) (with D > Rg and Q > (1 +log(D/ro))V/™). Hence, in particular, f_Q @ (Awy(x)) dx = 0o for every A >0

and for every Young function ®(t) growing essentially faster than " — 1 near infinity.

Recall that a Young function @ is said to increase essentially faster then another Young function @, near infinity

if lim;— 400 q;}l%’)) =0 for every A > 0.

Proof of Proposition 3.3. The fact that w, € Exp L (£2) is easily verified. Now, let X (£2) be any r.i. space containing
wi. We have to show that

ExpL" (2) C X(£2). (3.42)

Let u be any function from Exp L" (£2). Then
£2]

* *
| >/W(M>dx: / w(bti(r))dr M,,(ui(s))
A el gxp 2 (2 0 el gxp 1 (2 Il gxp ' (2
for s € (0, |£2]). Hence,

1/n
u*(s)<IlullExan/(m<log<1+;>) < Cllullgyy 1 2y wi () fors € (0,1£2]),

and for some positive constant C = C(n, D, Q). Since w; € X (£2), by [6, Cor. 4.7, Chap. 2] u € X (£§2) as well, and
(3.42) follows.
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The last assertion in the statement is a consequence of (3.42) and of a basic property of Orlicz spaces [1, Theo-
rem 8.12]. O
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