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Abstract
In this article we study the problem
—Au+ |Vul? =rgx)u+ f(x) in £,
P u>0 in £2,
u=0 on 052,
with 1 < ¢ <2 and f, g are positive measurable functions. We give assumptions on g with respect to g for which for all A > 0
and all f € L, f = 0, problem (P) has a positive solution. In particular we focus our attention on g(x) = 1/|x |2 to prove that the

assumptions on g are optimal.
© 2007 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.

Résumé
Dans cet article nous étudions le probleme

—Au+ |Vul? =rg(x)u+ f(x) in$2,
P u>0 in £2,
u=0 on 052,

ou 1l < g <2et f, g sont des fonctions mesurables positives. Nous donnons des hypotheses sur g dépendant de g telles que pour
tout A > 0 et pour tout f € L', >0l probléme (P) a une solution positive. Nous portons une attention particulieére au cas
gx)y=1/ |x|2 pour montrer que les hypotheses sur g sont optimales.
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1. Introduction

This paper is devoted to obtain existence and nonexistence results for nonlinear elliptic equations of the form

—Au—+|Vul? =rgx)u+ f(x) in$2,
u=>0 in £2, (1.1)
u=0 on 052,

where 2 c RY is an open bounded domain, 1 < g < 2 and A € R. In the whole of this work, we suppose that f
and g are positive measurable functions with some summability assumptions that we will specify in each case. For
X =0, equations of the form (1.1) have been widely studied in the literature. We refer to [1,4,5,9,7,8,17,19] and the
references therein. The case ¢ > 2 and f Lipschitz has been studied in [22] with quite different methods. The case
A > 0 and the presence of the term |Vu|? in the right-hand side of the equation has been recently studied in [2]. In [10]
it is proved that for all A > 0 the equation

—Au:k$+f(x) inQCcRY,N>3and0e £, (12)
X

has in general no solution for a positive f € L1(£2). However, in [3], by adding the gradient term |Vu|2 on the left-
hand side of Eq. (1.2), we find a positive solution for all A > 0 and for all positive f € L'(£2). This means that if
g=2and g(x)=|x|"2in problem (1.1), the term |Vu 12 produces a strong regularizing effect. The new feature in this
paper is to find the assumptions on g in terms of ¢ in order to solve problem (1.1) for all » > 0 and for all f € L' (£2),
f =2 0. We can reformulate the main objective of the paper as follows: fixed g find the optimal g for which for all
A > 0 and for all positive function f € L'(£2), problem (1.1) has a positive solution. Precisely we prove the existence
of solution for all » > 0 and for all f € L'(2), f >0, if g > 0 is an admissible weight in the sense of (2.1) below.
This condition, in general, also becomes optimal. The previous result also proves that the absorption term |Vu|? is
sufficient to break down any resonant effect of the linear zero order term. For f € L'(£2), we say that u is a weak

solution to problem (1.1) if u € Wol’q(Q), gx)u e L'(£2) and

/u(—Ad))dx—l—/|Vu|q¢dx=A/g(x)u¢dx+/f(x)¢dx, Vo € C5°(£2).
Q 2 2

2

Since we consider solutions to (1.1) with data in L'(£2), we refer to [16] and [15] for a complete discussion about
this framework. The paper is organized as follows. Section 2 is devoted to prove existence results. In Subsection 2.1,
fixed I < g < 2 we prove the main result, that is, if g is an admissible weight then for all A > 0 and for all f € L!(£2),
f =0, there exists u € WO1 "1(£2) positive solution to problem (1.1). This is the result of Theorem 2.3.

In Subsection 2.2, we obtain conditions on g and A such that for all 1 < g < 2, there exists solution to problem (1.1)
provided that f is in a suitable class associated explicitly to g. Due to the presence of the Laplace operator and
the linear term Ag(x)u, then the natural condition is to assume (2.12). In Subsection 2.3, we give some results on
uniqueness of solution. In Section 3, we consider the Hardy potential to prove nonexistence results that show the
optimality of the condition required for existence in Theorems 2.3 and 2.9. These nonexistence results are related to
the classical Hardy inequality,

2 u’ N —2\2
/|Vu| dx}AN/de, foralluecgo(.Q) where AN:(T)
X
Q Q

(see for instance [18]). More precisely by setting g(x) = |x|~2, we prove nonexistence results for a very weak solution
if 1 <g< % and A > Ay, the Hardy constant. Next we prove the optimality of the summability assumption on f
in Theorem 2.9. Finally in Subsection 3.1 we study the potential g(x) = |x| 7%, 1 <« < NTH Given u a measurable
function we consider the k-truncation of u defined by

u, lul <k,
Tic(u) = kﬁ, lu| > k.
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2. Existence of weak positive solutions

In this section we prove the existence of positive solution to problem (1.1) according to a relation between ¢, A, g
and f. In the first part, we prove that for all A > 0 and for all f € Ll(.Q), f =0, there exists a positive solution
to (1.1), provided that g satisfies some assumptions related to g. In the second part, we study the class of data f for
which, for all ¢ in [1, 2] and under some conditions on g, there exists positive solution for small values of A.

2.1. Admissible weights: Global existence result

Let consider in (1.1) a fixed g, 1 < g < 2, then we say that g is an admissible weight in the sense of (2.1) below,

1
V|9 dx)i
§20,geL'(2) and C(g.q)=  inf Ug IVoI7d0)t

@.1)
pewii@no  Jogleldx

Remark 2.1. It is clear that if g satisfies (2.1), then g € W_l’q/(.Q) NLY(R), q = qul Moreover (2.1) implies that

(a) [, gluldx < oo forall u € Wy (£2).
(b) Defining T: W, (2) — R by

(T,u) = /gu dx, (2.2)
Q
then T is a linear continuous form on Wol’q (£2). That means that there exists F= (f1, f, ..., fn) € (Lq,(.Q))N

such that g = — diV(I3 ) and then

(T,u)z[gudx:/(ﬁ,Vu)dx.
2 2

As a consequence, the duality product is equivalent to the first integral and
1T w-ld'(2) = | F]l (L9 (2)N+

Proposition 2.2. Assume that g satisfies (2.1) and let T be defined by (2.2). Consider g,(x) = min{g(x), n} and the
corresponding linear continuous form

T, W4 (2) - R,
u— T,(u) =/gnudx.

2
The following statements hold.

(i) T, — T strongly in W_l*q,(.Q).
(i1) Assume that u, — u weakly in Wé’q(Q), uy >0 and u, — u a.e., then gu, — gu strongly in L' (£2).

Proof. (i) As in Remark 2.1 we also have that

(T, u) =/gnudx,
Q
that is, the duality is realized by the integral and moreover

1
Volddx)4

C(gn.q)=  inf M>
pewliano)  Jo 8nldldx



Notice that

ITully-1o = sup  [(Tn.u)] < sup
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< sup /glul ST Ny-1g-
<1
)

/gnu
<1 <1

u u
Il 0,0, <11 Iy 1,0, <1

IIM\IW(;,q(Q
Then {T,},eN, up to a subsequence, converges weakly in W_l'q/(.Q). Since for all u € Wol’q (£2), the Lebesgue
theorem proves that
gnlul — glu| strongly in Ll(.Q), then {T,},en— T
therefore,

1Ty -1 <Tminf [T, {1y -1 < Timsup [Tl -1 < IT M-
n—00 n—00

hence,
T, — T, strongly in W_l"’/(.Q).

(ii) According to the strong convergence proved in (i), we have that if #,, — u weakly in W& 9(2), then,

(Tn,un)zfgnundxa/gudx:(T,u) as n — oQ.
Q 2

If we assume that, moreover, u, > 0 and u, — u a.e., then by using a well-known result in [12] we obtain that
gnitn — gu strongly in L' (£2). (See also [21], Theorem 1.9, page 21.) O

The main result of this section is the following one.

Theorem 2.3. Assume that 1 < g < 2 and let g be a positive function such that (2.1) holds, then for all A > 0 and for
all f € L), f =0, there exists u € Wé’q(.Q), u > 0, that solves problem (1.1) in the sense of distributions.

To prove Theorem 2.3 we start by proving the result in some particular cases and then we proceed by approximation
of g and f. Notice that since 1 < g < 2, then % < %, therefore the following first approach is quite natural.

Theorem 2.4. Assume that f,g € L"(§2) are positive functions with r > g, then for all . > 0, there exists u €
Wol‘z(.Q) N L ($2) a weak positive solution to problem (1.1).

Proof. Step 1: For every fixed k > 0, consider v € WOI’Z(Q) N L*°(£2) such that —Av = Akg(x) + f(x) in £2 and
denote My = ||v| /L. Notice that v is bounded by the assumptions on g and f and by standard elliptic estimates
(see [24]). It follows that zero is a subsolution and v is a supersolution to problems

_ Vw9 _
{ Aw, + 1+%|an|q =Ag)Trw, + f(x), 2.3)

wy € Wy (), w, >0

for all n € N. By a simple variation of the arguments used in [8] and [4], there exists a sequence of nonnegative minimal
solutions {w,} to problems (2.3). It follows that —Aw, < Akg(x) + f(x) = —Av, hence by the weak comparison
principle we conclude that 0 < w, < v < M, uniformly in #, in particular, w, € WOI’Z(Q) N L°°(£2). Taking w,, as
test function in (2.3) we obtain,

/|Vw,,|2dx+fH,Z(an)w,,dx:A/g(x)Tkwnwndx+ff(x)wndx,
Q Q Q Q

where H, (s) = |s|?/(1 + %|s |7). It is easy to check that there exists a positive constant C such that

/len|2dx<C(f,g,.Q,k) uniformly in 7,
Q
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therefore, up to subsequences w, — uj weakly in W(}’z(.Q). By weak-* convergence in L°°(£2) we also have that

Ui € WO1 2NL>® (£2) and uy < My. Next we investigate the equation satisfied by u. To do that we prove the following
claim.

Convergence claim. w, — uy strongly in Wé ’2([2).

Proof of the convergence claim. We follow closely the argument used in [5]. Consider ¢ (s) = seksz, which satisfies
@' () — |Pp(s)| = % Taking ¢ (w, — uy) as test function in (2.3),

/an¢’(wn —up)V(wy —ug) dx + / Hy (Vwn)¢ (wy — ug) dx
2 2
=) [ () Tiwnd (wy, — ux) dx + / F)(wy — ug) dx. (2.4)

2 2

As w, — uj weakly in W&’z(ﬂ), then a direct computation shows that

2

/anqb’(wn — u)V(w, — ug)dx = /|V(wn —u)|"¢ (wn — ug) dx +o(1).
2 2

Since g < 2, it is well known that Ve > 0 there exists a nonnegative constant C, such that
57 <es?+Cey, s=0. (2.5)

Hence the second term in the left-hand side can be estimated in the following way,

/Hnan)qs(wn —u)dx <e/ Va2 | —uk>|dx+C(s>/|¢(wn —up)| dx
2 2 2
=e/|an—wk|2|¢(wn —uk>|dx—sf|wk|2|¢(wn—uk)|dx
2 2

—|—28/anVuk|¢(wn —uk)|dx+C(8)/|qb(wn — up)| dx.
2 2

Since w;, — uy weakly in Wé’z(Q) and by the fact that |¢ (w,, — ux)| — 0 almost everywhere (and in L?(£2)), then it
follows

() [ IVurl*1p(wy, — up)|dx — 0 asn — oo,
(ii) [o Vw,Vurg(w, —up)dx — 0 as n — oo.

Therefore, passing to the limit as n tends to co, we have

/ Hiy (Vi) (wn — ) dx < e[ Vwn — Vag 2] (wn — )| dx + o(1).
2 22

Moreover, it is clear that the right-hand side in (2.4) goes to zero as n — o0. Since ¢'(s) — |¢(s)| > %, choosing ¢ < 1
we conclude that

1 /
3 / IVw, — Vug? dx < /(¢ (wn — ur) = &|¢ (wn — w)|)IVw, — Vag* dx < o(1),
Q Q

whence w;, — uj in Wol’z(.Q) and the claim is proved. Moreover, from (2.5) it follows that

H,(Vw,) < Cl|vwn|2 + c2.
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By the claim, we have in particular the almost everywhere convergence of the gradients and therefore we conclude
that

H,(Vw,) — |Vug|? in L'(R2).
Hence we find that u; solves problem
—Aug + [Vugl? =2g0)Tiux + f(x) in 2, ug € Wy (2). (2.6)

Step 2. We claim that there exists M > 0 such that |[uy|| (o) < M forall k > 0.
First of all we prove that {u} is uniformly bounded in L% (§2) for all a > 1.
Consider

" Ja|Vol® dx
$eCe(2). 670 [ glp|% dx

Since g € L"(£2) with r > %, it follows that A1 () > 0 forall 0 > q.
Since uy € L*°($2), then using uy, with a >> 2, as a test function in (2.6), we get

a/uz_lwuklzdx+/uz|Vuk|qug)u/guk+1dx+/fu dx.

2 2 2

A0, 8) =

Thus

4
ﬁfw 24y +< )/IVM 9 dx < A/guk+1dx+/fu dx.
2

Using Holder, Young and Poincaré inequalities there results that

a 1 q
/gua_de:/gz(a+q)u%g7u%+lg2(a+q) dx

1 q
e 2 at
< (/ gutd dx) ! (/ gu“”dx) (/gdx) !
2 2

2
ge/gu‘”’qu—i-e/ u“+2dx+C(s)fgdx

4+ & 941 5
Vul T dx + f| 2 1Pdx+Cle ),
mq g)f “ (2, g)(2

where ¢ is a positive constant that will be chosen later. On the other hand we have

a 2(N+a)
— 2%(a/241) N(a+2) N(a+2)
/fuadx < (/ uz (2+1)dx> (/fZ(N-Hz) dx>
2 2 2

a aaﬁ a
<CUS) (/ |Vuz“>|2dx) < s/ ViR dx + C(f S, €,
2 2

where S is the Sobolev constant and 2* = % Therefore, putting together the above inequalities it follows that

4da 2+] q q .
<(l+a)2 M(Z 9 )/'W | dx+<<a+q) 1(q, g)>/|v"k fdx<C(f. 8.5, 8.

Choosing & small enough we conclude that

441 2+1
/|w,§+ |2dx+/|w,j 19dx <C
2 2
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where C is independent of k. Hence using Sobolev inequality we obtain that |lux|l «(2) < C(a, A, f, g) forall a > 1.
Whence {gu + f}rr(2) is uniformly bounded in k, for some r > % The uniform boundedness is a consequence of
classical results about elliptic regularity, see [24].

Therefore if k > M, u = uy and is a solution to problem (1.1). O

Remark 2.5. Notice that if ¢ < 2, then the passage to the limit in the convergence claim above can be performed in
a different way; indeed using a compactness result by Boccardo—Murat in [6], the gradients converge almost every-
where, therefore using Vitali theorem we get the strong convergence of the gradient.

However, we prove the convergence claim with arguments valid in a more general setting, which are needed to
obtain strong convergence in the next theorems.

In the following result, we continue considering a weight with extra summability, but a general f € L!(£2).

Theorem 2.6. Assume that f, g are positive functions, f € L'(2), f >0 and g € L"(2) with r > %, then for all
A =0, problem (1.1) has a positive solution u € W(}’q (£2).

Proof. Consider a sequence f,, € L*(§2) such that f, 4 f in L'(£2). Thanks to Theorem 2.4, there exists a sequence
of positive bounded functions {u,}, solutions to problems

—Aup + |Vup|? =28 (X)un + fu(x) in$2,
up, >0 in2, u,=0 onads2, 2.7
Uy € Wy 2 (2) N L®(R).

Notice that, in particular u,, solves a problem of the form —Au, = F,, € L'(£2), then u,, is the unique entropy solution
to this problem. As a consequence we can use Ty (u,) as a test function. See for instance [24] or [16].
Taking Tyu, as test function in (2.7), it follows that

/|VTkun|2dx+/|Vun|quundx=)»fg(x)u,,Tkundx—i—/fn(x)Tkundx in 2.
Q Q 2 Q

1
Define ¥ (s) = fos Ty (t) 7 dt, that explicitly is,

+1 .
s if s <k,

1

b
+ =

_9q
W (s) = qjl
Tk

1
1 + (s —k)ke ifs >k,

< ‘

q

then by using the assumptions on g and f, it follows that for all & > 0, there exists C, > 0 such that

q
/ |VTkun|2dx + / [VWu,|?dx < kek(/ g(x)uy dx) +AkC(e) + k|l full 1
Q Q 2

gkl
<
C(q,8)
Q

|Vun|?dx + AkC(e) + k|| full 11- (2.8)

Hence, as in the second step of the proof of Theorem 2.4,

f|wn|qu</|vrkun|2dx+k f |Vun|7dx + Cy| 22|
2 2 {un >k}
ek
~Cg.9)

/ Vinl? dx + WkC (&) + Cg |21+ KILfll 1
2
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then u,, — u weakly in WO1 () and Tyu, — Tiu weakly in Wé’z(.Q). It is clear by the assumption on g that
gu, — gu strongly in L'(£2). Let G(s) = s — T (s) and define Yi—1(0) = T1(Gr—1(s)), then Yg_1(uy)|Vu,|? >
IVun|? xgu,>ky- As in [S], using ¥x_1 () as a test function in (2.7) there results that

2
/|V¢k—1(un)| dx+fwk—1(un)IVuan dx:f(?»g(x)un + fu () Vk—1 (un) dx.
2 2 2

Since {u,} is uniformly bounded in L?(£2),Vp < ¢*, it follows that

|{x € 22, suchthatk — I <u,(x) <k}| =0, |{xe$2, suchthatu,(x)>k}|—>0 ask— oo,

uniformly in n. Thus we conclude

klim / |Vuy|?dx =0, uniformly in n. 2.9)
— 00
{un 2k}

We follow the same arguments as in the proof of the convergence claim in Theorem 2.4. Take ¢ (Ty (u,) — Tr(n)) as a
test function in (2.7), then

Txu, — Tru strongly in Wol’z(.Q). (2.10)
To finish the proof, it is sufficient to show that
|V, — |Vul?  strongly in L'(£2).

Since the sequence of gradients converges a.e. in £2, we only have to show that is equi-integrable and to apply Vitali’s
theorem. Let E C £2 be a measurable set. Then,

/|Vun|qu</|VTkun|qu+ / |[Vu,|?dx.
E E {un ZKINE

From (2.10) it follows that for all k > 0, Ty (u,) — T (u) strongly in WOl "P(£2) for all p < 2. In particular we obtain
the strong convergence for p = g. Hence the integral |’ £ VT (uy)|? dx is uniformly small if | E] is small enough. On
the other hand, thanks to (2.9) we obtain that
|[Vu,|?dx < / [Vuy|?dx — 0 as k — oo uniformly in n.

{un ZKINE {un 2k}
The equi-integrability of |Vu,|? follows immediately, and the proof is completed. O
Proof of Theorem 2.3. We consider the truncation g, (x) = min{g(x), n} € L*°(£2). Due to Theorem 2.6, there exists
a sequence of positive functions {u,} such that u,, solves

—Aup + |Vuy |1 =rgy(Xu, + f(x) in £2,
u, >0 in2, wu,=0 onas2, (2.11)
un € Wy (82).

Since Tyu, € Wol’q (£2) N L°°(£2), then we can use Tiu, as a test function in (2.11), it follows that

/ IV Tt P dx + / IV Wiun 9 dx < 2 / 0 () Tittnttn dx + / F ()Tt dx
2 2 2 2

gk)\/gn(x)u,,dx+k/f(x)dx.
Q Q
Since

/|Vllfkun|qu> / [V, |1dx >k / |Vu|?dx,
Q {un >k} {un 2k}
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then as above

q

/|VTk(un)|2 dx +k / |Vu,|?dx < ksk(/ gn(X)uy dx) +k/ f(x)dx + AkCl(e, £2).
2 {1n >k} 2 2

Therefore by (2.1) we have that

ke
/|Vun|qu< /|Vun|‘Idx+k/f<x)dx+xkc<s,q,9>,
J C(g,q)g J

hence u, — u weakly in Wé “1(£2). We have that u,, > 0 and by Sobolev and Rellich theorems, up to a subsequence,
we obtain that u, — u a.e. Then we apply Proposition 2.2 to obtain that

gnly — gu  strongly in LY(2).

Therefore to finish the proof it is sufficient to show that u,, — u strongly in Wé’q (£2). This fact follows by proving
that Tru, — Tyu strongly in W(}’Z(Q) and using Vitali’s theorem as in the previous steps. O

Remarks 2.7.

(1) The solution of problem (1.1) obtained in Theorem 2.3 is also an entropy solution in the sense that we can take in
problem (1.1) test functions of the form Ty (u — v) with v € WH2(2) N L>®(2).

(2) The same existence result holds if f is a bounded positive Radon measure such that f € LY+ w=12(02)( fis
absolutely continuous with respect to the classical capacity). These results are obtained with some minor technical
changes, i.e. the result follows using the same approximation arguments. See [15] to find the precise meaning of
solution in this framework and equivalent definitions. By the regularity theory of renormalized solutions we easily
get that if u is a positive solution to problem (1.1), then u € Wé’q(.Q) N Wé’p(.Q) forall 1 < p < NIXI .

(3) The existence result obtained in Theorem 2.3 in particular means that resonance phenomenon doesn’t occur if we
add |Vu|? as an absorption term. Without the gradient term, positive solution exists just by assuming that X is
less than the infimum of the spectrum of the operator —A with the corresponding weight g and under a suitable
condition on f.

As a direct application of Theorem 2.3 we obtain the following well known result.

Corollary 2.8. Assume that A = 0, then problem (1.1) has an entropy positive solution for all 0 < f € L' (£2) and for
all1<g <2

In fact we can consider g € L°°(§2) in Theorem 2.3 and then pass to the limit using a priori estimates as A goes to 0.
A direct proof of this particular existence result can be obtained using truncation argument. See [5]. We will analyze
in particular the Hardy potential in section 3 in order to prove the optimality of the assumptions in Theorem 2.3.

2.2. Existence of solution for all q € [1, 2] and small )\

In this section we will find general conditions on g and f that assure the existence of solution for all ¢ < 2. The
presence of the linear term Ag(x)u motivates the following assumption on g,

Vo|?dx
g>0,g#0and g € L'(£2) with A,(g,2) = inf Jo Vel dx

2.12)
pewi2 @\ Jo 817 dx

It is easy to check that under assumption (2.12), for every X< (g, 2) there exists a unique ¢ € WO1 ’2(.(2), positive
weak solution to the problem

—Ap=Ag(x)p + g(x) in 2, =0 onasf2. (2.13)

The main result in this section is the following one.
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Theorem 2.9. Assume that 0 < A < A1(g,2) and let ¢ be the solution to problem (2.13) with A < X< r1(g,2).
Suppose that f is a positive function such that fQ fodx < oo, then there exists u € W(;’q(.Q) positive solution to
problem (1.1) and moreover, fQ |VulPdx <o0o,Vp<qifqg> % and p < % on the contrary case.

Proof. By using Theorem 2.4, we find a sequence {u,} of positive solutions to the approximated problems

—Aup 4+ [Vuy|9 =rgp()uy, + fr(x) in 2,
1,
Up € W() q(Q)v

with g, (x) = min{g(x),n} € L°(£2) and f,(x) = min{f(x),n} € L°°(£2). It is clear that fg fux)epdx < C uni-
formly in n. By a duality argument we obtain

(2.14)

/un(—A<ﬂ) dx + / Vitn | dx = A/gn<x)un<p dx + f F@®pdx.
2 2 2 2
Therefore,

()_»—k)/g(x)ungodx—i—/g(x)undx+/|Vun|q(pdx</fn(x)<pdx</f(x)<pdx<C,
2 2 2 2 2

and hence we conclude that

C
/g(x)un(p dx < ﬁ uniformly in 7,
Q

/g(x)u,, dx < C uniformly in n,

2

/ [Vu,|?@dx < C uniformly in n.
2
Taking Tru, as a test function in (2.14), we have that

/|VTku,,|2dx+/|Vu,,|quundx<Akfgn(x)undx+k/f(x)dx.
2 2 2 2

Thus %fg |VTkun|2dx < C and Tyu, — Tru weakly in WOI’Z(Q). In particular for k = 1 we obtain that

/|Vu,,|q</|VT1un|2dx+C(q,SZ)+/|Vun|qT1undx<C,
2 22 2

therefore u,, — u weakly in Wol’q (£2).If g > % and g € L™ (§2) with m > % or g(x) = |x|~2 the existence result
is a consequence of the previous theorem. On the contrary, if g < % then using the regularity result for entropy
solutions obtained in [16] (see also [15] for the case of Radon measures), we obtain an extra regularity, that is, u, — u
in Wol’p(.Q) forall p < % We claim that g, (x)u, — g(x)u strongly in L' (£2). To prove the claim we consider the

sequence {w,} € Wé’z(.Q) of solutions to the problem,

{ —Aw, =Agn(X)wy, + fr(x) in 2,

w,=0 onds. 2.15)

Since A < A1(g,?2), then using the assumption on f we obtain that w,  w everywhere and w, — w weakly in
Wol’p (£2), for all p < %, with w the unique entropy solution to problem —Aw = Ag(x)w + f. Notice that solu-
tions to (2.14) are subsolutions to (2.15), hence g,u;, < g,w, < gw. Thanks to the dominated convergence theorem,
gn(X)u, — g(x)u in L' (£2) and we conclude. To finish we have just to prove the strong convergence of |Vu,|? to
[Vu|? in L'(£2). The proof is done in two steps. First we start by proving the strong convergence of Ty (u,) to Ty (i)
in Wé ’2(9), which follows by applying to 7y (u,) and Ty (u) the techniques used in the proof of convergence claim in



B. Abdellaoui et al. / Ann. 1. H. Poincaré — AN 25 (2008) 969-985 979

Theorem 2.4. Then to get the main convergence we use Vitali’s Lemma and a suitable test function as in the last step
in the proof of Theorem 2.6. O

Remarks 2.10.

(1) Notice that if g(x) = |x| 2, then the regularity required on f in Theorem 2.9, depends on X. See [10].
(2) In Section 3 we will show that the condition on the integrability of f in Theorem 2.9 is, in general, optimal.

2.3. Some remarks on the uniqueness
We consider the case ¢ = 2 for which a change of variables allows us to find a comparison principle and uniqueness.

Lemma 2.11. Let u € Wé’z(.Q) be such that u # 0 and —Au + |Vu|2 > 0, then there exist constants C, R > 0 such
that u > C in Bg(0) C £2.

Proof. The change of variables v =1 — e~ transforms —Au + |Vu|2 > 0 into —Av > 0 with v # 0. It is sufficient
to apply the classical maximum principle of the Laplacian operator and we conclude. O
Lemma 2.12. Assume that f € L'(§2) is a positive function and g satisfies (2.1). Then for all 1 > 0 the problem

—Au+|Vul> =rg@u+ f(x) in 2,
u>0 in $2, (2.16)
u=~0 on 082,

has at most a positive solution u € WOI‘Z(Q).

Proof. If u € W(}’Z(Q) is a solution to (2.16) then v = 1 — e™* satisfies 0 < v < 1 in §2 and it is a solution to

{—Av:kg(x)(l —)log({) + (1 —v) f(x) in 2, 2.17)
v=0 onds2.
Define
H(x,v) = Agx)(1 — v)log(ﬁ) + (1 —=-v)f(x), ?fO <v<l,
0, ifv>1.
By a direct computation we find that M is a nonincreasing function in v for v > 0, then by similar arguments as

in [11] we conclude that v is the unique solution to (2.17). Therefore, u is the unique solution to (2.16). O

Remark 2.13. Using the same ideas of Lemma 2.12 we get a comparison principle for a sub- and super-solution to
problem (2.16), namely if u; is a nonnegative subsolution and u> is a nonnegative supersolution such that u, u; €
WL2(2) and up > u; on 952, then us > uy in £2.

We will prove the following comparison principle, that we will use below, without change of variables.

Theorem 2.14. Assume that 1 < g < % and 0 < f € L'(£2). Let v,u be two nonnegative functions such that
u,ve Whi(2), Au, Ave L'(2) and
—Au+|Vul? > f(x) inS2,
—Av+|Vuli < f(x) inS2, (2.18)
v<u on ds2,
thenv <uinS2.

Proof. Consider w = v — u, then it is clear that w € W14(£2), w <0on 9§ and Aw € L! (£2). In order to conclude,
it is sufficient to prove that w4 = 0. It follows that

—Aw + |Vul? —|Vul? 0.
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Since 1 < g < 2, we obtain

—Aw < a(gq,x)|Vw|,
w<0 onods2,
we Whi(2), Awe L1 (),

with a(q, x) < ¢|Vu|?"'if ¢ > 1 and a(q, x) = 1 if ¢ = 1. Therefore, applying Kato’s inequality (see [20] and [13])
it follows that

—Awg <a(g, x)|Vwyl,

w+ =0 onas2,

wy € Wy ().

Since g < %, then a(q, x) € L"(§2) with r > N, therefore we can apply the results of [4], thus we conclude that

W4 = 0. O
Corollary 2.15.

(1) Assume that q < % and let f € L' (2) be a positive function, then problem

—Au+|Vul? = f(x) in$2,
2.1
{ u=>0 onds2, (2.19)
has a unique positive solution.
2) Ifg < %, then problem (1.1) has a minimal solution.
3. The Hardy potential: optimal results
Consider the problem,
—Au+|Vul|? = A# + f(x) in 2,
u>0 in £2, (3.1

u=20 on 452,

where £2 C RV is an open bounded domain with N > 3,0 € £2. We have that |x| 2 € L@ if and only if ¢ > %
According to the definition in (2.1) and Holder inequality, it follows that

1
C(W,q> >0 ifandonlyif ¢ > N_T

We have the following strong nonexistence result.

2
Theorem 3.1. Assume that q < % If A > AN = il 22) , then problem (3.1) has no positive very weak positive

(£2) and

supersolution in the sense that u, #, |[Vul? e L

loc
/(u(—A¢)+|Vu|q¢)dx>A/%dx+/f(x)¢dx, forall ¢ € C5°(£2).

Proof. We argue by contradiction. Suppose that problem (3.1) has for some A > Ay a nonnegative very weak super-

solution u in the sense defined above , then u € WIL’Cq (£2). Without loss of generality we can assume that f € L*°(£2).
We claim that problem (3.1) has an entropy solution. To prove the claim we consider the sequence {u,} defined by

—Auy +|Vuil? = f(x), u € Wy (B (0)),

with B, (0) € £2. The existence of u| follows using the result of the previous sections. Therefore by Theorem 2.14 it
follows that 0 < u; < u. Let us define now u,, by setting

~ Aty + Vil =25 00, € W (B,0). (32)

|x
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According with the comparison result of Theorem 2.14 we prove by recurrence that
0<up—1 <uy <u.

Using Tj(uy,) as a test function in (3.2) and taking into account that u, < u we obtain that ||un|| <C

l \q

(B-(0)
independently of n. Hence there exists w > 0 such that u,, — w weakly in W0 "4 (B (0)), upn 2 win L (Br 0),ax<qg*
and w < u. By the monotone convergence theorem,

Mnl
||2

+ f(x) > A| 2 + f(x) strongly in L'(B,(0)),

therefore with the same arguments as in the proof of Theorem 2.3 we obtain that w € W(;’q(B, (0)) solves prob-
lem (3.1) in B,(0) in the sense of distributions. Since |[Vw]|?, # e L'(B,(0)) we conclude that w is an entropy
solution to problem (3.1) in the sense defined in [16]. Hence the claim follows Thus by [14] it follows that
w e Wl’p(B (0)) forall p < N ~—7» in particular w € L™ (B, (0)) for all m < 5=. Since g > 1 then using the strong

maximum principle proved in [23] there results that w > 0. As a consequence, we can consider £ as a test function
in (3.1), with ¢ € C5°(B,(0)) and n << r a small positive number that we will chose later. Hence

2.2 2 2
_ / 7|wa|¢ dx +2 @v dx + / Vw9 s / %dx. (3.3)

WV

w
B,(0) B,(0) B,(0) B,(0)

Let us analyze the left-hand side of previous inequality (3.3) term by term

Vw|qp? v
/|w|¢dx:/|wl w912 dx

w w9
B,(0) B,(0)
2 g 4
|Vw| 2g-1) 2
<( [ Biea) ([ o ea
B,(0) B,(0)
2 sz 2 -2 2g-1)
<8 [ O g 2 [,
B, (0) B, (0)

where g is a positive number that we will choose later. On the other hand we have

2V 2
2 [ Yvuar< I/deﬂfz / Vo |2 dx.
w

w
B, (0) B, (0) By (0)

Hence it follows that

¢? , q 2 vwl|? , 2—q —5% = )
A / deg_ 1_8]_586] 7 1) dX+T<902q -4 ¢) dx+81 [Vo| dx.
B

B, (0) B,(0) 7 (0) B, (0)

2
Fixed &1 > 0 such that E%A > Ay, then we can fix gy small enough such that (1 — 8% — %86’) > 0, thus we conclude

that
2—qg —5= 2¢g-1
ef,\/ |¢|2d <62 2‘180“ / w T ¢ dx + / IV | dx.

By (0) By(0) By (0)
We deal now with the mixed term,

[ e [ ) ([ )

B, (0) B, (0) B, (0)

*""
2o
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_1 N@g—-1) % 2
<S / w -7 dx / [Vo|~dx,

B, (0) By (0)

N

N (q D - 5, thus we conclude that

where S is the classical Sobolev constant. Since g < = i

~v—1 Wwe get

N(g—1)
w ¢ dx—>0 asn—0.
B, (0)

Hence we can choose ¢g and ¢ such that

2
2 __2 N(g—1) N
S%quo 2‘1S_1< [ w 7 dx) —0 asn—0.
By, (0)
Then there exists n > 0 small enough and €9, ¢; < 1 with &1 ~ 1 such that

2
2 _ 2 N(g—1 v !
8%)\{14—8% 2q802”S_1< f = dx) } =i > Ap.

By (0)

Therefore we conclude that

s 2
M — dx < [Vo|~dx,
|x|?

B, (0) B,(0)

a contradiction with Hardy inequality. 0O

We will also take g(x) = |x|~2 to show that the summability condition on f in Theorem 2.9 is optimal. Consider
again g < %, A< Ay,and o = % — AN — A. Assume that ¢ € Wol’z(.Q) is the unique positive solution to

{ Ap = ’\mz + |X|2 in £2, (3.4)
=0 on d52.
An easy computation shows that ¢ >~ C|x|™ in Bg(0), for some R > 0. Applying Theorem 2.9 with g(x) = \x|2’

we deduce that if f is a nonnegative function such that f o flxI™%dx < oo, then there exists u € Wo’q(.Q) positive
solution to (3.1) such that [, |Vu|P dx < co,Vp < max{q, %}.

Theorem 3.2. Assume q < % Let @) be the solution to problem (3.4). There exists M(g) > 0 such that for all
0 < A < A(q) and for all f € L'(£2) satisfying fg f @, dx = oo, problem (3.1) has no solution.

Proof. We argue by contradiction. Assume that u € Wl’q (£2) is a positive solution to (3.1) such that % e L'(2).

Using the regularity result for entropy solutions we obtain that u € W1 P (£2) for all p < W Let g = 2N +2_ 4

(N-1)
V;}fl ,then0 < g < m and g — ﬁ as A — 0. Hence there exists A(g) > O such that if L < A(g), then g < g.

Notice that we also can assume that A(g) < Ay. Consider ¢, solution to

—A@y = Ay (X)y +an(x), @, =0 ond2, a,(x)=min|n,|x|7*}.

Take ¢, as a test function in (3.1), then

1
/uan(x)dx+/|Vu|q¢ndx=)\/u<w_an>(pndx+/f(pndx>/f(pndx«
2 2 2 2 2

Since A < Ay, then ¢, < ¢, for all n and ¢, 1 ¢, solution to (3.4). Therefore,
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(i) [ouan(x)dx — [g pdxasn— oo.

(i1) Sinceu € W(} "P(2) forall p < % , by the summability properties of ¢, and taking into account that g < g, then
Holder inequality gives f_q [Vul?¢, dx — fQ [Vullepdx < oo.

But then we reach a contradiction with the fact that [, f,dx — [, fedx =00. O

Remark 3.3. If A = Ay, let H(£2) be the closure of Cgo(.Q) with respect to the norm

) > (N=2\’[y?
||¢||H—Qf<|w| ‘(T) W)dx.

Problem (3.4) with A = Ay has a solution ¢ € H(£2) and then problem (3.1) has a solution provided
[o X7 T dx < oo.

3.1. Further remarks: g(x) = |x|™¢

We will consider the problem (1.1) with g(x) = #, o € (—o0, NT“), 1 < g <2,and f a suitable positive func-

tion. To avoid the trivial cases, hereafter we will consider « € (1, NT“). Namely, we deal with the problem
—Au+|Vulf =127 + f(x) in £,

[x]
u>0 ' in 2. (3.5)
u=0 on 052.

As a direct application of the existence result proved in Theorem 2.3, we get the following consequence.

Corollary 3.4. Assume that o € (1, NT"'Z) and define g, = max{l, ﬁ} If g > qq, then, for all & > 0 and for all
f e L'(£2), f =0, problem (3.5) has a solution.

Proof. Thanks to Theorem 2.3, it is sufficient to prove that # € L"(£2), withr > (¢*)’. Since ¢ > ¢4, then a(¢*) =
aNg
(N+1)g—N

< (Nflj\)lgs—zv < N. Hence we conclude that # € L"(£2) for some r > (¢*)’ and the result follows. O

Ifa= NT*Z, then g, = 2 and we cannot apply Theorem 2.3. However we have the following nonexistence result.

Theorem 3.5. Assume that o = % and consider q = 2, then problem (3.5) has no positive solution for ) >
(N=2)(N-1)

5 .
Proof. We suppose by contradiction that there exists u € Wé ’2(9), a positive solution to (3.5) with « = NTH and

g = 2. Thanks to Lemma 2.11 there exist constants C, R > 0 such that u > C in Bg(0). Let 8 be a parameter we will

choose later and define w, (x) = m in Bg(0). For the scaled function, w, = yw,,, we have

— ATy (x) + VT, ? = —y Awy (x) + ¥ Vw, |

_ 4 B B+1) y2p?

T r(r+ 1/t [(N TR LG l/n)] T F 1 /n2ED
Wn Vﬁzwn

<m[(1\’—2—ﬁ)l3+ﬂ(ﬁ+l)]+m

STl =2 P BB+ 1+ 87

We set 8 = # and then, choosing y small enough and using the fact that A > w,
Wy, Wy .
v SA—5 +f  in Br(0),
|[x| 2~ x| 2~

— AWy (x) + [V, |* <A
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namely, w, is a subsolution to (3.5) with o = N—“ and ¢ = 2. Since u € WO (.Q) is a solution to (3.5), then in
particular is a supersolution Similar calculations as in Lemma 2.12, give that w, < u in Bg(0), thus w, /|x| 52 <
u/lx| = Smce u/lx| = € L'(£2), then using the Lebesgue theorem we can pass to the limit as n — oo to obtain

that y/ |x| FHp ] (£2), a contradiction with the choice of 8. O
In the case where g = 1 we have the following nonexistence result.
Theorem 3.6. Assume q = 1. If o > 2, then there is no positive solution to problem (3.5) for any A > 0. I[f o« =2

then problem (3.5) has no positive solution for .. > Ay. If o < 2, there exists \* > O such that problem (3.5) has no
positive solution for L. > A*.

Proof. We follow an argument by contradiction. Suppose that u is a weak solution to (3.5) with ¢ = 1. Taking "’72 as
test function in (3.5) with ¢ = 1 and ¢ € C3°(£2), we get

252 2 2
/|Vu|¢ dx 42 ¢ ¢ /IV Mo s [ 2 an. (3.6)
2

|x I"‘
As above we have
/ Vulg? | /
<e
Q

uVudx <e

dx—|— jf|v¢|2dx.
I
2

Therefore it follows that the right term of Eq. (3.6) satisfies
2
¢ dx <

x|

1
:/|V¢|2dx.
&

2

Choosing € > 0 in such a way that e < 1 — &, we get

¢2

[

2 1 2
x<C(e)f¢ dx+§/|V¢| dx.
2 2

2

(i) If o > 2, then independently of the value of A, using the Poincaré inequality we reach a contradiction with the
classical Hardy inequality, hence there is no solution for any A > 0.
(1) If « =2, we choose £ < 1 such that Ay < A&, hence we get the existence of a positive number ¢ > 0 such that

2
(AN+a)f| dx < A& %dx sC(s)/d) dx+/|V¢| dx,
2

thus
2
(Ay +a)/|¢7dxgéC(g)f¢2dx+/|v¢|2dx. (3.7)
X
2 2 2
Consider
Vi |2dx + 2d
Alc)= inf Jo VY * ¢Jo ¥ dx
Y eCEe(2)\{0) [o |f\2 dx

then using a dilatation argument we can prove that A(c) = Ay for all ¢ > 0. Hence we get a contradiction with
(3.7). Therefore there is no solution for A > Ay.
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(iii) If ¢ < 2, then we get easily the existence of positive constants c¢; and ¢, depending only on the data such that

2
x/ |"’|a dx<c1f¢2dx+czf|V¢|2dxé(Cl)»l+C2)/|V¢|2dx’
X
o 2

2 2

where A is the first eigenvalue of the Laplacian operator in £2. By setting A* = (c1A1 + ¢c2)A 1 (#), we conclude
that problem (3.5) has no solution for A > A*. 0O

Finally, if « > 2 and ¢ < % , it is no hard to prove that problem (3.5) has no positive solution for any A > 0.
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