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Abstract

For the Landau-Lifshitz equation on a domain with three space dimensions, we consider energy concentration phenomena
arising in the context of weakly convergent sequences of solutions. The concentration measure can be interpreted as a family of
generalized curves. We establish a connection to a geometric flow.
© 2007 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.

Résumé
Pour I’équation de Landau—Lifshitz sur un domaine en trois dimensions d’espace, nous considérons des phénomenes de concen-
tration d’énergie survenant dans le contexte des suites faiblement convergentes de solutions. La mesure de concentration peut étre

interprétée comme famille de courbes généralisées. Nous établissons une connexion avec un flot géométrique.
© 2007 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

For an open set £2 C R3 and T > 0, define 27 = 2 x (0, T). We consider the Landau-Lifshitz equation

ou

o7 +au N (uANAu)+burnAu=0 in Q27 (D)

for a map u : 27 — S?, where S C R is the unit 2-sphere. Here A denotes the vector product in R? and a, b € R are
fixed constants. We assume that a > 0, which makes the equation parabolic.
For a map u € C*®(£2, S?), the Laplacian Au has the orthogonal decomposition

—Au=|VulPu+un A Au). @)

The expression Au + |Vu|?u is called the tension field of u; it is minus the L?-gradient of the Dirichlet energy

1 2
E(M)ZE |Vul|“dx
2
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under the constraint that u takes values in S2. Using the decomposition (2), we find that (1) is equivalent to

aa—”+5uAa—”=Au+|vu|2u (3)
at ot
as well as
aun 2 5 v A 4
au/\g— vl iv(u A Vu), 4)
where
- a ~ b
azm and b:m.

Both (3) and (4) can also be interpreted in the weak sense for a map in the Sobolev space
HY (27,87 = {u € Hy (27, R?): |u| = 1 almost everywhere}.

Eq. (1) stems from a model in micromagnetics which describes the dynamics of the magnetization vector field of
a ferromagnetic body. The equation is also of geometrical interest, however. It can be thought of as a hybrid of two
other geometric evolution equations: the so-called harmonic map heat flow

ou

o = Au+ [Vul*u (5)
(which is the negative L2-gradient flow for the functional E) on the one hand and the equation

0

B—L: —uAAu (6)

on the other hand. Solutions of (6) are often called Schrodinger maps, because the equation is of the type of a non-
linear Schrodinger equation (which is most obvious when u is composed with the stereographic projection).
Suppose that we have a sequence of solutions u; € C*(£2 x [0, T), S2) of (1) such that

sup E(uk(-, 0)) < 00.
keN

Also assume for the moment that £2 is bounded and has a smooth boundary with outer normal vector v, and that
v - Vur =0o0n a2 x [0, T). Taking the scalar product with Au; on both sides of (1), integrating over £2 x {¢}, and
performing an integration by parts, we see that

d

EE(uk(~,t))+a / lug A Aug|>dx = 0. (7
2 x{t}

Hence

fo
E(uk(~,to))+a//|uk/\Auk|2dxdt=E(uk(-,0))
02

for every #g € [0, T'). In particular the sequence {u;} is bounded in H L(@2r, R3) and there exists a weakly convergent
subsequence {uy, }. Using the representation (4) for the Landau-Lifshitz equation, it is readily verified that the limit
map is a weak solution. The observed convergence, however, is not strong in H'(£27, S?) in general, since the energy
density % |V, |> may concentrate near a certain subset of £27. Suppose that £* is the Lebesgue measure on £27. Then
a way to describe this energy concentration is to consider the Radon measures

1
my = EL“|_|wk|2.

For a suitable choice of the above subsequence, we have convergence of my, to a Radon measure m on §£27, which
need not be absolutely continuous with respect to £*. The singular part of m measures the energy concentration,
therefore we call it the concentration measure. In the situation studied here, it turns out that the concentration measure
can be interpreted as a geometric object. Namely, for almost every ¢ € [0, T'), it gives rise to a type of generalized
curve in §2. Our aim is to study the evolution of these generalized curves.
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Without the above boundary conditions, the energy identity (7) is no longer valid, but it can be replaced by a
localized version. For any 7 € Cé (£21), a smooth solution of the Landau-Lifshitz equation satisfies

1d 2 1 377 2 2

VT, / n|Vul|“dx = / (55|Vu| —anlu A Au|®—aVn-{(Au,Vu) +bVn-(u A Au, Vu)) dx. (8)
2x{t} £2x{t}

Here and throughout the paper, we denote scalar products in 7§2 by a dot and in TS? by (-, -) for clarity. Using (8)

instead of (7), we now obtain local estimates for the energy under suitable conditions, and the questions we study

remain the same.

For the harmonic map heat flow (5), the corresponding problem has been studied by Li and Tian [12] and by Lin
and Wang [18] (also for higher-dimensional domains and other target manifolds). These papers give a connection
between the energy concentration measure and the mean curvature flow. We will show a similar connection for the
Landau-Lifshitz equation, but the mean curvature flow has to be replaced by another geometric flow.

We briefly recall the definition of the mean curvature flow, before we modify it in order to obtain the equation that is
relevant in the context of this paper. For simplicity, we restrict our attention to the flow for closed curves in §2 here. In
this situation, the mean curvature flow is also known as the curve shortening flow. Suppose that F:S' x [0, T) — £2
is a smooth map such that X; = F(S! x {r}) is an embedded curve for every t € [0, T). Let H;: Xy — R be the
curvature vector for X;. We say that F is a solution of the mean curvature flow (curve shortening flow) if it satisfies
the equation

aF
E(s,t):Ht(F(s,t)) forseS!, 1 €0, 7),

or in shorter notation,
oF
rr
This is the negative L>-gradient flow for the length functional. We write #! for the 1-dimensional Hausdorff measure.
If we have a smooth solution of (9), then for any n € Cé (£27), we can compute

H,. €))

d 1_ an 2 1
— | nd#H = — —n|H|*+Vn-H |d#". (10)
dt ot

ol =,
A relaxed version of this identity (with the equality replaced by an inequality for test functions with non-negative
values) was used by Brakke [3] to define a generalization of the mean curvature flow. This generalization is also the
formulation that is used in [18], and with a modification in [12], to describe the evolution of the energy concentration
set for the harmonic map heat flow.

Next we regard X as oriented curves, and we choose a unit tangent vector t; : X; — S? that is continuous (also
with respect to ¢). We replace (9) by the equation

oF

E:aH,—bt,/\H;, (11)
or, equivalently,

~8F+5 /\aF "

a— Tt A — = H;.

at Y !
Then instead of (10) we obtain

4 [ paz = [(2 H> +aVy-H — bV H, ) ds! 12

a7 = E—anl (|°+aVn-H —bVn- -1, ANH; . (12)

>, z,

A certain formal similarity between (8) and (12) can immediately be seen. We will establish a rigorous connection in
this paper and show that (a generalized version of) the flow (11) describes the behaviour of the concentration measure
for the Landau-Lifshitz equation in a certain sense.

Before we can state our main result, we need some notation. We assume that the reader is familiar with the notion
of countable rectifiability. If not, we refer to Federer [7] or Simon [24]. Suppose X C §2 is a countably 1-rectifiable
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set. Then we write T, X for the approximate tangent space at every point x € X where it exists. If ¢ € C!(£2, R?) and
L is a linear subspace of R3, then divy ¢ (x) is the divergence of ¢ at x with respect to L. That is, if I7; denotes the
matrix of the orthogonal projection onto L, then

divy ¢ (x) =tr(I1 Ve (x)).
Similarly, we write
divy ¢(x) =divy, 5 ¢ (x).

Suppose that p € S? and X = (X1, X2, X3), Y = (Y1, Y2, ¥3) € R¥*® T,S?; then we write X ® ¥ for the (3 x 3)-matrix
with (a, B)-th component (X, Yg).

Theorem 1.1. Suppose uy € C® (27, S?) are solutions of the Landau—Lifshitz equation (1) such that

sup/ |Vuk|2dz < 0.
keN
Q7

Then there exists a subsequence {uy;} such that the following is true.

(i) There exists a weak solution u € Hl%)c(‘QT’ S2) of (4) such that uy, — u weakly in HILC(.QT, R3) and Au +
|Vul?u e L (27, R3).

(i1) There exists a function 0 : 27 — N U {0} such that for almost every t € [0, T),
e 0, =0(,1) is locally J(l-integrable, and
o X = 9[1 (N) is closed relative to §2 and countably 1-rectifiable,
and for every n € C8(.QT),

T T T
lim f/n|vuk,.|2dxdt:f/n|vu|2dxdt+8n // no dF! dr. (13)
11— 00

02 02 02

(ili) There exists a vector field H : 27 — R3 such that for almost every t € [0, T),
o Hi=H(,t)eL} (#'L 6, R%), and
o H/(x) L T.X at #'-almost every x € X,
and for every ¢ € C(l) (27,RY),

T
//G|vu|2div¢ — (Ve ® Vu)Ve) — (Au, V) -¢) dx dt
0 £

T
+ 4 ff(diV2,¢+H~¢)9dJ€1dt=0. (14)
0

(iv) There exist three vector fields Tt : 21 — S?and HY, H: 27 — R3 with HY + H~ = H, such that for almost
everyt €[0,7),
o 7, =1(-,1)is H'-measurable,
e HE=H*(,1)e L} (#'_6,,R%), and
o 7;(x)e Ty X and H,i(x) 1 T % for F-almost every x € X,
and for every n € Cé (£27, [0, 00)),

T
1 ad
/‘/(§|Vu|28—;7 —anlu A Au|2 —aVn-(Au,Vu) +bVn-(u A Au, Vu)) dxdt
02

T
a0
+4n//<3_?_an|H|2+avnH_bvn(T/\(H+_H_))>0d<}€ldt>0 (15)
02
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Next we give a few remarks on how the quantities in this theorem can be interpreted. First note that the functions 6;,
which are supported on the countably 1-rectifiable sets X, may be regarded as multiplicity functions for a generalized
type of curves in §£2. By (13), these generalized curves describe the energy concentration for the subsequence {uy, }.
If u happens to be sufficiently smooth, then it is readily checked that the first integral in (14) vanishes. Hence in this
case we have

f(div;, ¢+ H, - $)0,dH' =0
X

for every ¢ € Cé(.Q, R3) and almost every t € [0, T). In other words, the vector field H; is the curvature of the
generalized curve given by 6;. In general, however, the above identity may be false. The pair consisting of the map
u(-, 1) and 6, should then be thought of as a geometrical object which has a “curvature” given jointly by Au + |Vu|?u
and H;.

Inequality (15), finally, describes (partially) the evolution of the generalized curves given by 6;. Again, if u is
smooth, then the first integral vanishes and we have

T

9
//(3—;7 —anlH|* +aVn- H, —bVn - (v A (H" - H,‘)))@,d]é’l dt>0
0 X

for every n € Cé (827) with n > 0. This is a relaxed version of (12), integrated over [0, T)—up to one discrepancy
in the last term of the integrand. The fact that the quantity t; A H; in (12) splits up into two parts is not surprising,
since the multiplicity function 8; may encode a piece of a curve several times with opposite orientations. If this is the
reason for the appearance of H," and H,”, one would suspect that they must be parallel to H, and the ratios of the
lengths must be fractions with the denominator 8, almost everywhere. We are unable, however, to prove this, owing
to the lack of a sufficiently strong convergence of the relevant quantities.

For the proof of Theorem 1.1, we use similar arguments as in [12] and [18] up to a certain point. In contrast to the
harmonic map heat flow, however, the Landau-Lifshitz equation gives rise to an additional difficulty. The terms

b f V- (uA Au,Vu)dx and b/Vn-rtAthJfl
2x{t} D)

in (8) and (12), respectively, are harder to control than the other terms. Unlike the terms with the coefficient a, they
cannot be simplified by a mere integration by parts. This is the reason for most of the new concepts and arguments
that we use.

Several generalizations of the theorem are conceivable. On the one hand, we may consider a sequence of weak
solutions of the Landau-Lifshitz equation. In order to apply the tools that we need for the proof, we have to impose
certain additional conditions (such as the stability hypothesis introduced by Feldman [8] for the harmonic map heat
flow; cf. [20] for a version for the Landau—Lifshitz equation). But then a similar result follows with the same methods.
On the other hand, we may change the dimension of §2. The expected energy concentration set is always of codi-
mension 2. Thus in dimensions 1 and 2, it is clearly not described by a curvature driven flow. No result of the type
of Theorem 1.1 can then be expected. In dimension 4, the same arguments that we use in this paper still work with
only minor modifications. In order to keep the presentation simple, we leave it to the reader to verify this (as well
as the results for weak solutions). In dimension 5 and higher, however, several of the tools that we use are no longer
available. The most important obstacle to proving results similar to Theorem 1.1 in higher dimensions is the lack of a
so-called monotonicity formula for the Landau—-Lifshitz equation. Such a formula exists, e.g., for the harmonic map
heat flow (cf. Struwe [26]) and is used extensively in [12] and [18].

We close this section with the introduction of some more notation. We write B, (xo) for an open ball in R3 with
centre xo and radius r. Sometimes we work with two-dimensional balls, and then we normally use the notation
Br2 (x(/)) to avoid confusion (where x(/) € R?). At one point, however, we work exclusively in R2, and then we drop
the superscript. Furthermore, we use the abbreviations B, = B,(0) and B,2 = Br2 (0). We denote the j-dimensional
Lebesgue measure by £/ and the j-dimensional Hausdorff measure by #/ (as we have already done for certain
dimensions).
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We write z = (x, ¢) for a generic point in R® x R. In space-time, it is natural to use the parabolic metric

d((x,t), (y,s)) =max{|x —y|, /It —s|}

rather than the Euclidean metric in the context of a parabolic problem such as (1). Therefore, we also consider “balls”
in this metric, for which we use the notation

Py (x0, t0) = By (x0) x (to — 1%, 10 + 7).

Moreover, P = P-(0). The j-dimensional Hausdorff measure with respect to d is denoted by dej.

We often work with Radon measures, and we use the fact that a Radon measure (on §2, say) can be identified with a
functional in the dual space of Cg(.Q). When we indicate a convergence of a sequence of Radon measures, we always
mean weak* convergence in (Cg (£2))*.

2. A few tools from geometric measure theory

To study a blow-up measure as in Theorem 1.1, the notion of generalized varifolds that has been introduced by
Ambrosio and Soner [2], and independently by Lin [14,15], is very useful. For the problem that we study in this paper,
we have to modify the theory somewhat, in order to make sense of the notion of an orientation in the generalized
setting. For convenience, we also use a different representation for the generalized varifolds. Before we give the
details, we recall the basic definitions for (ordinary) varifolds. For further details, see Allard [1] or Simon [24].
A good source for other information on geometric measure theory is the book by Federer [7].

Let G(3,1) be the Grassmann manifold of all 1-dimensional linear subspaces of R3 (which can of course be
identified with the real projective plane). Moreover, let G1(£2) = £2 x G(3, 1). A 1-varifold on §2 is a Radon measure
on G (£2). Important examples are the so-called integral varifolds. Suppose 6 : 2 — NU{0} is a locally #!-integrable
function such that ¥ = 0~!(N) is countably 1-rectifiable. Then the varifold V on £2 such that

f 1/de=/1/f(x,Tx2)0(x)dJ€1(x)
)

G1(£2)

for every ¢ € Cg(G 1(£2)), is called an integral 1-varifold. (Thus in particular the functions 6; in Theorem 1.1 give
rise to integral varifolds.)

We also consider the Grassmann manifold G°(3, 1) consisting of all oriented 1-dimensional subspaces of R3 (in
other words, the 2-sphere). We set G?(.Q) = 2 x G°@3,1). An oriented 1-varifold on £2 is a Radon measure on
G?(.Q). If V is an oriented 1-varifold on £2, then the projection P : G°3, 1) — G(3, 1) induces naturally a 1-varifold
on §2 by the push-forward (idp x P)#V.

Suppose 6 and X are as above and t: 2 — GY(3, 1) is an #'-measurable function such that P(t(x)) = T, ¥ for
F!-almost every x € Y. Furthermore, let 61, 6,:2 — N U {0} be J¢!-measurable functions such that § = 6; + 6,.
Then the oriented 1-varifold W on 2 defined by the condition that

/ 1/de=/(1//(x,7:(x))91(x)~|—1/f(x,—r(x))@z(x))dﬂ’l(x)
X

GY(2)

for every i € C8(G1 (£2)), is called an oriented integral 1-varifold.
For a 1-varifold V on £2, the first variation § V is the functional on C(% (£2,R3 given by

sV(p) = / divp ¢ (x)dV (x, L).
G1(£2)
For an oriented 1-varifold W, we set W = §(idg x P)sW.
We now give another representation of the same concepts, before we finally generalize them. Note that any
L € G(3,1) can be identified with the (3 x 3)-matrix belonging to the orthogonal projection onto the orthogonal
complement of L. We denote this matrix by I7;-, and similarly we write I7; for the matrix of the orthogonal projec-

tion onto L. Any point T € S* = G°(3, 1) can be identified with the pair (H,%(t), Ag), where A, € R3*3 is the matrix

such that A€ =T A& for all £ € R3. Let F be the space of all pairs (A, B) € R3*3 x R3*3 such that
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(@ AT =A,
(b) A=A,
(c) rA=2,
(d) BT =—B,
(e) B2=—A.

Then we have a natural diffeomorphism @ : G°(3,1) — F.If V is an oriented 1-varifold on £2, then (idg x @)V is
a Radon measure on §2 x F, and this mapping provides a natural identification of the space of oriented 1-varifolds on
£2 with the space of Radon measures on £2 x F.If u = (idp x®)4V, then we have

SV (p) = / (dive (x) — tr(AVH (x))) du(x, A, B). (16)
QxF

Next we relax the conditions (a)—(e) as follows. We replace (b) and (e) by

(b') A is positive semidefinite and |A|*> < 4,
) |B*<2.

Here | - | denotes the Hilbert—Schmidt norm. Let F be the space of all pairs (A, B) € R3*3 x R3*3 such that (a), (b'),
(¢), (d), and (¢’) are satisfied. We now consider Radon measures on 2 x F.

We have the inclusion map ¢: F — F, thus any oriented 1-varifold V on £2 induces a Radon measure (idg x
(to @))4V on £2 x F. Moreover, we will see that as a result of the relaxation, a map u € C*°(£2, S?) also induces a
Radon measure on £2 x F in a natural way. This is the reason why we consider this space.

For any u € C*°(£2, S?), we define the functions A,, B, : 2 — R3*3 with

Vu(x) ® Vu(x) and B, (x) = 2(u(x) AVu(x)) ® Vu(x)
|Vu(x)|? e [V (x)|?

for every x € £2 with Vu(x) # 0, and A,(x) = Ag, B,(x) = By if Vu(x) = 0 for a fixed (but arbitrary) point
(Ao, Bg) € F. It is readily checked that (A, (x), B,(x)) € F at every x € 2. Now consider the Radon measure u
on £2 such that for every i € C8(S2 x F),

Ay(x)=2 (17

1
/ zﬁdu:Efw(x,Au(x),Bu(x))|Vu(x)|2dx. (18)
N2xF 2

Measures of this type will play an important role in the proof of Theorem 1.1.
Motivated by (16), we define

Su(p) = / (divg(x) — tr(AVe(x))) du(x, A, B)

2xF

for ¢ € Cé (£2,R3) whenever u is a Radon measure on £2 x F. In order to simplify the notation, we often write such
an integral in the form

/ (divg — tr(AV¢)) d .
N2xF

That is, the symbols A and B represent the standard coordinate functions on F. Moreover, whenever it is convenient,
we identify a function on £2 with a function on §2 x F' that depends only on the first argument. For a measure of the
form (18), we then compute

Su(p) = /(%Wulzdivq& —u((Vu® vu)v¢>)> dx = /(Au, Vu) - ¢pdx (19)
2 2

by an integration by parts.
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For any Radon measure ¢ on £2 x F, we define

W () = sup{(sm))z: ¢ € C5($2,R?) with / ¢ Apdu < 1}.
2xF

Suppose u = (idp x(t o @))4V for an integral 1-varifold V given by the function 6 : £2 — N U {0}. Let X' = 6~ 1N,
as before. If there exists a vector field H : 2 — R3 such that

5V(,u)+/¢-H9dJ€1 =0
P

for every ¢ € Cé (£2,R3) and H(x) L T, ¥ for #'-almost every x € X, then we easily calculate
Wi(w) = / |H|?0d 3.
x

If no such H exists, then we have W (u) = oo. Thus the functional W can be regarded as a generalization of the
Willmore functional. (See Willmore [28] for a definition and basic properties of the Willmore functional.)
If w is defined by (18) for a map u € C*° (42, S?), then we obtain

W (1) </|uAAu|2dx
2

from (19). If the rank of Vu is either 2 or 0 at almost every point of £2, then we have even equality here.
Consider again a general Radon measure © on £2 x F. We use the projection Q : §2 x F — 2 to define the weight
measure ||| = Qu, which is a Radon measure on £2. The fibre measure £ on F, which is defined by

s (A, B)du(x, A, B)
A0 = i r (x0) X F f € COF),
F/ P 111 (B, (x0)) or¢ e C(F)

then exists for || ||-almost every xq € £2. Moreover, we have

/ deZ//tp(x,A,B)du(x)(A,B)dIIMII(X)

2xF 2F

for every ¥ € CJ(£2 x F) (cf. Allard [1], Section 3.3). Finally, we define the functions AW, B®): 2 — R¥3 by

A“”(x):/Adu(x),
F

B(”)(x)szdu(x)
F

at every point where this exists, and AW = Ay, BW = B, elsewhere. Since F is convex, we have (A" (x),
B (x)) € F for every x € £2.
If W(u) < oo, then Proposition 2.1 in [19], applied to the measure

el L A%,
implies that there exists a unique ||u||-measurable function H : 2 — R3? with

H(x) L ker A (x) (20
for || u||-almost every x € §2, such that

S () + / ¢ AHdu=0 1)
2xF



R. Moser/Ann. I. H. Poincaré — AN 25 (2008) 987-1013 995

for every ¢ € Cé(.Q, R3) and

W) = / H-AHdpu.
Q2xF

If u belongs to an integral varifold, then this H coincides of course with the vector field considered earlier.
If 11 belongs to a map u € C*®(§2, S*)—that is, if it is given by (18)—then we have
Il = %ﬁ L Vul.
We denote the Dirac measure centred at a point p (in 2, F, or £ x F) by §,,. Then we have
1 =84,00) X 88, x)
and
AW =Au),  BW(x)=By(x)
for every x € §2 where Vu(x) # 0. According to (19) and (21), we have
/ ¢~AHdp,=—/¢-(Au,Vu)dx
QxF 2
for every ¢ € Cé (£2,R3). Hence
(Vu ® Vu)H = —(Au, Vu)
almost everywhere in £2. We set
Z = {x € 2: dimker Vu(x) #2}.
We claim that
((u AVu) ® Vu)H =—(u A Au,Vu)
almost everywhere in Z. That is,
/d)-BHdu:—fgb-(u/\Au,Vu)dx (22)
ZxF V4

for every ¢ € Cg(s?, R3).
This is in fact quite easy to verify if the right coordinates are used. Suppose x € Z with Vu(x) # 0. Since Vu(x) ®
Vu(x) is positive semidefinite and of rank 2, there exists some R € SO(3) such that

¢ 0 0
RT(Vu@x) @ Vu(x)R=[ 0 S 0 (23)
0 0 0

for certain numbers cy, ¢; > 0. Replace u by the map u(y) = u(Ry + x), then Vi(0) ® Vu(0) is the matrix on the
right hand side of (23). We work with & instead of # now (and we drop the tilde again). We also choose coordinates
in the target space such that u(x) = (0,0, 1) and

ou ou
W(X)=(Cl,0,0) and W(X)=(0, +c3,0).

Then

0 C1C2 0
(u(x)AVu(x))@Vu(x)::l:(—clcg 0 O) .
0 0 0
Let

Au(x) + | Vu)|u(x) = (d1, da, 0).
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Then
c1d;
(Au,Vu) = (j:czd2> ,
0
hence
( di/cy )
Hx)= | xdy/c2 | .
0
Thus we have
C1d2
((u(x) A Vu(x)) ® Vu(x))H(x) = (:Fczdl) = —(u(x) A Au(x), Vu(x)),
0

which proves (22).

If we assume that Z = §2, then the energy identities (8) and (12) become formally the same in the framework of
generalized varifolds. This is one of the reasons why this is a useful tool for our problem.

When we work with amap u € C® (27, S?), then we define the functions A,,, B, : 27 — R>*3 similarly as above.
They give rise to a Radon measure u on £27 x F. The quantities |||, Su, 1@, AW, BW etc., are then defined
similarly as on £2.

We now briefly discuss another tool from geometric measure theory, namely the measure-function pairs introduced
by Hutchinson [10].

Let M be a manifold, with or without boundary, which is embedded in R™. If  is a Radon measure on M and
f:M — R" alocally u-integrable function on M, then we say that (u, f) is a measure-function pair over M (with
values in R"). We are mainly interested in the case f € L2(u, R™).

To a measure-function pair (u, f) we can assign the graph measure [, f] on M x R”, which is a Radon measure
defined by the condition

/ gdlp, f] =/s(x, F0))dp) forg e C(M x R").
M xR M

Obviously we can represent the generalized varifold belonging to a map in C*°(£2, §?) as a graph measure of this type.
More important for our purpose, however, are measure-function pairs of the form (u, H), where u is a generalized
varifold with W(u) < oo and H is the function characterized by (20) and (21), interpreted as a function on 2 x F
which depends only on the first argument. In general, this function is not necessarily in LlloC (u, R). However, if u

belongs to a map u € C®(£2, S?) such that Vu is of rank 2 in §2, then we have even H € LY (11, R?).

loc
Now suppose that we have a sequence of measure-function pairs (ug, fx) over M with values in R” such that

fi € L®(ux, R™). Furthermore, we assume that (u, f) is another measure-function pair of this type, such that u; — w.
We say that the sequence {(uk, fx)} converges weakly to (u, f) if we have uxl_ fy — wl_ f. We say that the
convergence is strong if [k, fx] — [1, f] and
Y2k, fil(x.y) =0 as R — oo
{(x, )M xR": |x]2+]y[2>R)

uniformly in k. Other characterizations of these (and similar) notions of convergence are given in [10]. The proof of
the following result is also to be found there.

Proposition 2.1.

(1) Suppose (uk, fr) are measure-function pairs over M such that

sup || fill L2y, < 00-
reN Hi)

If v is a Radon measure on M with uy — , then there exists a function f € L*>(i) such that a subsequence of
{(uk, fi)} converges weakly 1o (., f).
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(i1) Suppose that the sequence {(ui, fi)} converges weakly to (., f). Then
111220 < Hminf | fill 2 -
The convergence is strong if and only if

1/ N2 = Jim 1 fil 2.

3. Other tools

In this section we collect a few facts that are either proved elsewhere or that follow from known arguments. First we
have an estimate for the derivatives of a solution of the Landau-Lifshitz equation with small energy. The arguments
that prove this result can be found in Sections 5.2 and 5.5 of [20] (although the result is not stated in the same form in
that work).

Lemma 3.1. There exist two numbers C, €y > 0 such that every solution u € C®(Py,S?) of (1) with

1
§/|Vu|2dz=e<eo,
Py
satisfies
2 212
sup(|Vul® + |V7ul*) < Ce.
Py

The next statement gives a version of the so-called monotonicity formula for harmonic maps. A proof for this
formula is given in [20], Section 4.1.

Lemma 3.2. Suppose u € C*°(By, S?). For 0 < p < 1, set

P (p) = l[(1|vu|2 —x-(Au, W)) dx.
0 2

By
Then

. 2 .
D) — B(s) = / (|x Vul® x (Au,Vu))dx

|x[? x|

B/ \B;
forO<s<r<1.

We will also need the following estimates. Here we write x = (x’, x3) for a point in R3, where x’ = (x1 , xz).

Lemma 3.3. Suppose & € C}(—%. %) and ¢ € C(—1, 1) satisfy
1/2 1

/ é(s)ds:/;“(t)dt:l.
-1

-12

Then there exists a constant C with the following properties.

(i) For everyu € C®(By,S?) and every n € Cé(B]z/z), the inequality

‘/n(x’)é(x3)|Vu(x’,x3)}2dx— / ()| Vu(x', 0)|* dx’
B B}
2

u ou
< Clnller gz IVl 2y (H vl IO U2 Auan(Bl)) + Clinllcos2 H 5.0

L%(B)) L%(B?)
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holds.

(ii) For every solution u € C*°(Py, S?) of (1) and every n € Cé (B1), the inequality

‘/n(x){(t)Wu(x ] dz—/n(x)|Vu(x 0)|* dx

By
LZ(P1)>

< Clinllcrayy

) (nv iz + | 22
— u
8[ LZ(PI) LZ(PI) 8[

(iii) For every solution u € C*°(Py, S?) of (1) and every n € cl o (B1/2), the inequality

‘/U(X)€(t)|Vu(x 0| dz—/n(X)IW(x 0)[*dx

By

ou

holds.

C||’7||CI(B]/2)

ou
o

holds.

L2(P1))

Proof. For part (i) of the lemma, we define 7i(x’, x>) = n(x’) and & (x’, x3) = £(x3). We consider the vector field
(1 2 ou
A=nq §|Vu| e3 — F,Vu

where e3 = (0,0, 1). We compute

. [ du . [ ou
leAZ—TI ﬁ,AM —Vﬂ @,V“ .

Thus we find
2 2
/ 7’/(%|Vu|2—‘% )dx’— [ f/(%quF— a% )dx/
B}y x{s) B}, % {0}
=— / <<8 Au>+V77 <Bu Vu>>dx
ax3’ 9x3
BIZ/ZX(O,S)

for s € (0, 3) and a similar formula for s € (—— 0). Multiplying both sides with &£(s), integrating over s, and using
Fubini’s theorem, we obtain

(1 _ 5 |ou (1 5 | ou ,
BIZ/ZX(_%’%) Blz/zx{o}
f (32 Au)+vi (2% i) a
=— o , Au ,Vu X,
1 ax3 T\ox3
B%/zx(*%’%)
where
L | fewas o0,
o(x',x”) =

3
— 5 p8()ds &P <0.
The estimate in (i) follows with Young’s inequality

Part (ii) is an easy consequence of the energy identity (8)
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For part (iii), it suffices to show that there exists a constant C; that depends only on a and b, such that

0
/ |Vu|2dz<C1<f\Vu(x,0)|2dx+/‘8—l:
Py

Bijpx(=1,1) By

2
dz). 24)

Once this is verified, also the inequality in (iii) follows directly from (8). To prove (24), choose a cut-off function
w € C{°(By) with @ =1 in By 3. As a consequence of (8), we have a constant C; = C>(a, b, w) such that

2
dx.

i/.a)z(x)‘Vu(x, t)}zdx

o
- g/w2(x)|w(x,t)\2dx+02/‘8—”;
B

By By

Now (24) follows easily from this inequality. O

Next we consider a sequence of maps u; € C*(£2, S?) such that

sup(E(uk) —i—/ lur A Auk|2dx> < 00.
keN P

For such a sequence, a similar energy concentration phenomenon as described in Theorem 1.1 can be observed. This
behaviour and the corresponding energy concentration measure have been studied in [19]. We repeat here the main
results of that paper (in the case of a three-dimensional domain and the target manifold S?).

Theorem 3.1. Under the above conditions, there exists a subsequence {uy,} with the following properties.

(1) There exists amap u € H'(£2,S?) with
Au+ |Vul?u € L*(2,RY),
such that ui, — u weakly in H'(£2,R?) and
Auy, + |Vug, Pug, = Au+ |Vu|*u  weakly in L*(2,R%).
(ii) There exists an H'-integrable function 0 : 2 — [0, 00), such that for any 1 € Cg (£2),

lim /anuki|2dx=/n|Vu|2dx+8n/n0dJ€1,
1—>00
Q Q 2

and the set £ = 0~1((0, 00)) is closed relative to §2 and countably 1-rectifiable.
(iii) There exists an H'-measurable vector field H : 2 — R3 with H(x) L T X for #'-almost every x € X, such
that

f(%|Vu|2div¢ —tr((Vu ® Vu)Ve) — (Au, Vu) - ¢>) dx +4m /(div; 6+ H -¢)0dH' =0
2
forevery ¢ € Cé(ﬂ, R3).
(iv) The inequality

/|u/\Au|2dx+4rr/|H|29dJ€1 <l}(minf/|uk/\Auk|2dx

—00
2 22 2

holds.

If we have a sequence of solutions u; € C*°(S2, S?) of (1) that satisfy the hypotheses of Theorem 1.1, then the
energy identity (8) implies that for any precompact set K € §2 and for every #9 € (0, T'), we have

T
sup</|Vuk(x,t0)|2dx+// |uk/\Auk|2dxdt> < 00.
keN

K

o K
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Thus, the above result can be applied to restrictions of u; to K x {tg} for almost every #y € [0, T'), at least after the
choice of a subsequence (which may depend on #g). Parts (i)—(iii) of Theorem 1.1 then follow with relatively little
extra work, except for the statement that 6 is integer-valued. Most of the rest of the paper is therefore dedicated to this
quantization property and part (iv) of Theorem 1.1.

4. Two-dimensional blow-up analysis

In this section we work in two-dimensional domains. The results will later be applied to cross-sections of a higher-
dimensional domain. We now write B, (xo) for an open ball in R? (or B, if xog = 0). We also use the notations
F =R>*? x R**? and

G0 -3

Remember that a Dirac measure centred at a point p is denoted by §,.
We study a sequence of maps u; € C*(Bj, S?). We consider the corresponding measures 1 on By x F given by

1 Vur @ Vur  (up AVug) @ Vug 2
dug = = .2 , 2 \Y d 25
| vam 2/‘//()‘ Vi Viuel? )' il )

leﬁ' By

for ¢ € Cg (B1 x K); in other words, the equivalent of (18) for the maps u;. The weight measures ||| on Bj are
then defined similarly as in Section 2.

We examine the blow-up behaviour of this sequence under the assumption that there exists a number ¢€( such that
the following conditions are satisfied.

(I) There exists a number 6 > 0 such that ||| — 4765.

(D) supgen IIV2urliz1 g, < oo
(IIT) Suppose x; € By and ry > 0 are such that x; — 0 and r — 0. If

0 < limsup / [Vug|* dx < 2eo,
k— 00
Brk (xx)
then the sequence of rescaled maps vi(x) = uy (rrx + xx) subconverges weakly in ngc (]RZ, R3). The limit is a
non-constant harmonic map v € C ®(R%, S?) (i.e., it satisfies v A Av = 0) with

/ |Vv|2dx < 0.
R2

(IV) There exists a constant Cq such that for any € € (0, €g] and for any sequence of balls B, (x;) C By with

lim sup / |Vug|? dx < 2e,
k—o00
By, ()

the inequality

limsup  sup (r,%’Vuk(x)‘z + r,f|V2uk|2) < Coe
k—o00 xeBrk/z(xk)

holds.

We want to determine the possible limit measures of the sequence {1;} under these assumptions. We achieve this
by a blow-up analysis similar to what has been done for harmonic maps by Jost [11] and for the harmonic map heat
flow and Palais—Smale sequences for the Dirichlet energy by Qing [21], Ding and Tian [5], Qing and Tian [22], and
Lin and Wang [17]. Typical for this method is that the limit measures are described in terms of so-called “harmonic
bubbles”. These bubbles are harmonic maps which are obtained from rescaled sequences as in (II). It turns out that
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they contain all the information about the limit measure. Since harmonic maps of this type are well understood, we
obtain a good description of any possible limit of {u}.

Proposition 4.1. Under the hypotheses (D~(1V), the number 6 is an integer. If ux — w for a Radon measure . on
B1 X F, then there exists a number o € [0, 1], such that

1 =476080 x 8 x (087 + (1 —a)5_y).

For the proof of this proposition, we use ideas from the papers mentioned earlier and also from Lin and Riviere [16].
One of the tools we need is the following lemma.

Lemma 4.1. There exists a constant C with the following property. Suppose r € (0, 1) and f € WY1 (By) satisfy

sup |xf(0)] <e. (26)
x€B\B,
Then
/ frdx < Ce(lfllwris,) +¢)- @7
Bi\B,

Proof. It suffices to consider r € (0, %]. Choose a cut-off function & € C(l)(Bl\B,) with0<é<land £§=1in
B1,2\ B2y, such that [V&| < 4 in B1\ By, and |V&| < 2/r in By, \B,. Define g =& f. Then

lgllwiimey < I fllwrigg,) + 167c.

For every s > ¢, we have

2 c?
|{x e R*: |g(x)| >s}| gns—2
by (26), thus we have the estimate

”g”L(Z,oo)(RZ) < \/;C

in the Lorentz space L2 (R?). The Sobolev space wWLI(R?) is continuously embedded in LZD(R?) (cf. Tartar
[27]). Thus it follows that

2
fg dx < CiliglLenmligles my < Cac(l fllwrig,) +c¢)
R2
for certain universal constants C; and C,. To estimate the remaining part of the integral in (27), we use (26) again. O

Proof of Proposition 4.1. We may assume that a limit u of the sequence {u;} exists. Let m € N be the minimal
integer such that 6 < m. We prove the proposition by induction on m.
Suppose first that m = 1. Then we choose a sequence of radii r; — 0 such that

1
5 / |Vug|? dx = min{eg, 2760).
By,
By (III), there exists a subsequence of the sequence defined by vi(x) = uy(rrx) which converges weakly in

HILC(RZ, R?) to a non-constant harmonic map v € C*®(R?, S?) with finite energy. Such a harmonic map must be

conformal and must satisfy

1 2
3 |Vu|“dx =4 M
R2
for some M € N (cf. Sacks and Uhlenbeck [23] and Section 11.5 in Eells and Lemaire [6]). It follows immediately
that M = 6 = 1. Moreover, the above convergence is strong in H'! (K, R?) for every bounded set K C R2.
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Fix xo € R? and choose r > 0 such that

/ |Vv|? dx < €.
By (x0)

Then it follows from (IV) that the above subsequence of {vy} converges to v even in the topology of C 1(B, /2(x0), S?).
Since v is conformal, we have

\Y \Y
v® U—I and 2

(vAVv)® Vv .
Vo2 |Vv|2

2 =+J
on R2. The claim of the proposition then follows immediately (with ¢ =0 or o = 1).

Next we assume that the statement of the proposition is true whenever 6 does not exceed m — 1. We want to show
that it still holds for 6 < m.

We fix € € (0, ep]. We choose a sequence ry — 0 such that

: f |Vur*d
- u X =k,
) k
BZrk\Brk
but
1 2
3 [Vup|“dx <€
B2, \B,

for every p € (rg, %]. Then by (IV), there exists a constant C1, such that

limsup sup  |x]|Vur(x)| < C1/e.

k—o00 XEB]/4\B4,k
We apply Lemma 4.1 to f = |Vug|. Using also (IT), we conclude that
lim sup / [Vup|? dx < Cav/e, (28)
k— o0

B\By,

where C; is a constant that depends only €, Cp, and the supremum in (II).
Consider the rescaled maps

vE(x) = ug (rex)

and the corresponding measures fi;y which are defined similarly as in (25), but with vy instead of uy. Using (III),
we see that there exists a subsequence which converges weakly in HlLC(RZ, R?) to a non-constant harmonic map
v € C®(R?,S?) with finite energy. We assume for simplicity that this convergence holds for the full sequence. We
may also assume that iy — [ for a Radon measure fi on R? x F. If we can show that there exist 72 € N and o € [0, 1]
such that

/ v(A, B)di(x, A, B) =47‘L’l’ﬁ(0‘¢(1, H+A-0)y, —J)) 29)
R2xF

for every € C8 (F), then the claim of the proposition follows, because we have (28) for an arbitrarily small number
€ € (0, eo].
Define

To={x e R |all({x}) > €0/2}.

Because of (28), we have Xy C B; whenever ¢ is chosen sufficiently small. Moreover, this is a finite set. At every
point xg € Xy, it is easy to find a sequence sy — 0, such that the maps wy (x) = vi (skx + xo) satisfy

1 -
Ez:% IVwgl* — [l ({xo0})S0.
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Such a sequence also satisfies the conditions (I)-(IV), but with the number
o _ Nl
0T 4x
in (I) instead of 6, which satisfies 6y, < 6 — 1. By our assumptions, this means that we have
/ Ydii=Ammy (ox, ¥ (L 1) + (1 — o)W (1, —J))
{xo}x F

for certain numbers m,, € N and oy, € [0, 1]. Similarly as in the first part of the proof we obtain
/ i =4 (Gy I, 1) + (1 =5y, —T))

(R2\ o) x F

for some m € N and 6 € [0, 1]. Combining these identities, we obtain (29) for

and

and the proof is complete. O
5. Three-dimensional blow-up analysis

We now examine a sequence of solutions u; € C*°(Py, S?) of the Landau—Lifshitz equation (1) that arises from
rescaling a sequence as in Theorem 1.1 around a typical blow-up point. (We will see later what “typical” means here.)
We define the measures @y on P; x F which belong to u; and are given by

1
/ Vdug = 5/w(z,Au,{(z), B () |V (2)|*dz for € CY(Py x F).
P]XF P]

Here A,, and B,, are the functions defined similarly as in (17). We assume that u; — p for a Radon measure 1 on
P1 x F. We also assume that this limit measure has a special structure: namely, that there exist a one-dimensional
linear subspace L C R? and a number 6 > 0 such that

Il = 47032 ((L x R)N Py). (30)

We then fix a unit vector 7 € L N'S%. Finally, we assume that
. / ouy
lim [ |—
k—0 ot
Py

Proposition 5.1. Under the above hypotheses, there exist m € N and o € [0, 11, such that for every ¥ € CO(F),

2
dz =0. 31)

am

/ V(A BYdu(z, A, B) === (0 (17, Ad) + (1 = )Y (T}, = Ar)).

PijaxF

Proof. We consider the functional on C°(F) that assigns to i the number

/ VY (A, B)du(z, A, B).
PijaxF

Clearly this is represented by a Radon measure on F with total mass 76 /4. Thus it suffices to show that
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(i) 6 e Nand
(i) for any ¥ € CO(F) with ¢ >0 and ¢ (ITi, A;) = Yy (IT+, —A;) =0, we have

V(A,B)du(z, A, B) =

PijaxF

For the proofs of both statements we use ideas of Lin [13] and of Lin and Riviere [16].
We first exploit the fact that the Landau-Lifshitz equation can be represented in the form (3) or (4). We note that
5 3 duy ouy
| Vg |2ug =a§ o (uk A Bx—‘")
and
auk

Va2 + b2|div(ug A V)| =

With the compensated compactness method of Coifman, Lions, Meyer, and Semmes [4], we can prove the estimate

ouy
ot
8t( )

|| Vur., t)| ui (- t)”Hl(Bm)\Cl”V“k( t)||L2(B|)+C1||Vuk( t)||L2(Bl) )
1

in the Hardy space H! (B3 s4) for every t € (—1, 1), where Cj is a constant that depends only on a and b. We also have

Va2 +b?|Auy + |Vuk|2uk| = % ,
thus
2 dug
|805.D g, < AV + Co(1F0 Dl + 0| G|
1

for another constant C; that depends only on a and b. Standard estimates for singular integrals involving Hardy spaces
(see, e.g., Theorem 3 in Section II1.3.1 of Stein [25]) now imply that there exists a constant C3 = C3(a, b), such that

7e0],)
L%(By) -

lim sup || V2 ullL1(py ) < 00 (32)
k—o00

¢, 1)

”Vzuk("’)HLl(Bl/z)<C3(HV“’<(‘J)”L2(31)+ )<”V“k( I)HL2(31)+

In particular we have

We now assume that L = {(0,0)} x R for simplicity. Because of (30) and (31), the monotonicity formula of
Lemma 3.2 (applied to u (-, t) for every k € Nand ¢ € (—1, 1)) implies

\v4 2
lim/ / - Vukl® o ar =0
k—o00 |x|%

—1 B|\B,

for every r > 0. Since ||u| is supported on {(0, 0)} x [RZ, this means that

2

B
U dz=0.

lim
ax3

k— 00
P

For r > 0, let P2 = (—r,7) x (—r2,r?). On P1/2’ define the functions

Fi(s,t) = f

Blz/zx{(s,t)}

2
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and
2
duy
Gi(s, 1) = — | dx'.
k(s, 1) / o
B}, x{(s.0)}
Moreover, for (so, fg) € P12/4, let
t0+r2 so+r so+r
F];k(so,to)Z sup (r_3/ /desdt—i-r_l / Fk(s,t())ds>
0<r<1/4
to—r2 so—r so—r
and
to+r2 so+r so+r
G{(s0,t0) = sup <r_1 / /desdt—i—r / Gk(s,to)ds>.
0<r<1/4
10772 s0—r so—r
We have

klin;o ”Fk”Ll(P12/2) = kgrgo Gk “Ll(Plz/z) =0,
hence for any ¢ > 0,

kin;oﬁz({(s,r) € Py Fi(s.1)>c})

0

and
kl_i)rrgoﬁz({(s, 1) € PPy Gi(s,1) 2 ¢}) =0.

Using also (32), we can find a sequence of points (si, #) € P12/4, such that

lim F*(sg, tx) = lim G*(sg, ) =0
k—o00 k—o00

and
. 2
ll;r_l)sup”V ur(-, Sk, tk)||L1(312/4) < 0Q.

o0

Define

w1 = u x_/ai-i-Sk»L‘l—lk .
44 16

These are again solutions of (1). Because of (35), there exists a sequence €; — 0 such that
oV

2 2
-3 1
J ()5 i )ar [ Jax<a

B?xP? BXx(—r,r)

2 2

0
Uk .

ax3

—1 avk

oV
(-xv()) W()“O)

for every k € N and every r € (0, 1]. Moreover, for any n € C8(P1), we have
11
lim /n|Vvk|2dz=8n9//17(0,0,s,t)dsdl
k— 00
Py —1-1

by (30). Using part (ii) of Lemma 3.3, we see that

lim /}ka(x,0)|2dx= 1676.
k— 00

B

1005

(33)

(34)

(35)

(36)

(37

(38)
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Since we have (37), Lemma 3.2 then implies

1
 limsup / Vi (x, 0)] dx < 3276 (39)
' k—o0
By (x0)
uniformly in xo € By and r € (0, 31.
Choose two cut-off functions & € Cgo(—%, %) and ¢ € C;°(—1, 1) such that

1/2 1
/ é}(s)ds:/;(t)dt:l.
—1/2 1

For r € (0, %], set

E()=r'EGs/r), Lt =r72¢(t/r).

Fix also a function n € C(‘)’O(Blz/2), and for x(/) € Bypp and r € (0, %] set

x'—x/
Ny r () =n< 0).
p

Then (37), (39), and Lemma 3.3 imply

‘ / Ny @DE ()G (0| Vo, 2, 1) dz — f Ny @) Vo (x',0,0)dx’| > 0 ask — oo (40)
P B?

uniformly in x; and r.
Define now

wi(x") = v (x, 0, 0).
From (38) and (40), we obtain

lim f n|Vw|* dx’ = 876n(0)

k— 00

B

for every n € Cg(Blz). That is, the sequence {wy} satisfies the hypothesis (I) from Section 4. Hypothesis (II) follows
from (36). Combining (40) with Lemma 3.1, we find that (IV) is true. Using also (37) and the regularity results of
Hélein [9], we easily show (III). Thus we can apply Proposition 4.1, and we immediately obtain (i).

To show (ii), we argue by contradiction. Suppose there exists a function ¥ € C°(F) with ¢ > 0 and ¢ (IT{+, A;) =
Y (ITj, —A;) =0, such that

/ Y(A,B)du(z, A, B) > 0. 41

PijaxF

For (s,t) € P12/4, define

1
fk(s,t)zi / W(Auk(x/7s,t),Buk(x’,s,t))|Vuk(x/’s,t)|2dx/.

312/4
Then we have
1/16 1/4
limint / / fels 1ydsdi > 0. (42)

—1/16—1/4
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For ¢ > 0, define
Zi ={(s.0) € P}y: fls,1) > c}.
We claim that there exists a number ¢ > 0 such that
liminf £2(Z{) > 0. (43)
k—o00
To see this, suppose ¢ > 0 is such that
liminf £2(Z{) = 0.
k—o00

We may assume that EZ(Z,g) < 27% for every k € N; otherwise we replace our sequence by a subsequence. Define

oo
vi={Jz.
L=k

Then £2(Y{) < 2'7¢, and fi < c outside of Y{ for any k > €. Thus

1/16 1/4
.. c 1 .. 2
l}crggff /fk(s,t)dsdt<E+§||1/IIICO(F)1}CIE£f f [Vuy|“dz
~1/16-1/4 B2, XV
¢ 2—¢
<1_6+2 OVl cory

for any £ € N. By (42), this is only possible for sufficiently large values of c.
Now because of (32)—(34) and (43), we can find a sequence of points (sk, fx) € Pf/ 4 such that (35) and (36) hold
true, and in addition,

liminf fi (sg, tx) > 0. (44)
k— 00
Similarly as in the first part of the proof, we see that a subsequence of the maps
x/
wi(x") = ug (—, Sk tk)
4
satisfies the conditions (I)~(IV) in section 4. But then Proposition 4.1 contradicts (44). This concludes the proof. O

6. Proof of Theorem 1.1

Suppose now that u; € C*°(£2 x [0, T), S?) are solutions of the Landau—Lifshitz equation (1) that satisfy the
hypotheses of Theorem 1.1. Then it follows from the energy identity (8) that for every precompact set K € §2 and

every 79 € (0, T), we have
T
/f [ug A Auk|2dxdt> < 00. (45)

o K

keN

sup( / |Vug (x, t0)|2dx +
K

We consider the measures p; on 27 x F given by

1
/ V=5 / V(@ Auy> Bu) IVugl>dz - for y € CQ(27 x F).
QrxF Qr

Because of (45), we may assume that there exist a function u € Hl%)c(‘QT’ S?) and a Radon measure pnon 2y x F
such that uy — u weakly in HI}) (827, R?) and pointwise almost everywhere, and 1 — p (possibly after the choice
of a subsequence). Using the representation (4) of the Landau—Lifshitz equation and passing to the limit, we see
immediately that u is a weak solution.
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It also follows from (45) that there exist Radon measures ' on §2 x F for almost every ¢ € [0, T), such that
T

/ I//d,bLZ// vdu dt

QrxF 0R2xF

for every ¢ € Cg(.QT x F). We define m' = || u?||. We also consider the measures
1 2
mj, = 5133 L |Vuk(-, t)‘ .
Fix a function & € C}(£2) and define

fkg(t)=/$dm§<
2

and

fi) = [ ean
2
For any ¢ € Cg(O, T), we have
T T
klir&f Sre@)¢ (@) dt = / fe()¢@)de.
0 0
By (8), we have

d B o
Efkg(t) =- / a&

Uk
at
2 x{t}

2

+aV§& - (Vug, Aug) — bVE - (Vuy, ux A Auk)) dx.
Using (45), we find that

T
/‘df ()

sup | — Jk

keNl dt ¢
0

for every fo > 0. That is, the sequence { f¢} is bounded in BV (#y, 7). Hence we have fis (t) — fz(¢) for almost every
t €[0,T). Since C(l)(.Q) is dense in Cg(.Q), this means that

dt < oo

mi — m' (46)

for almost every r € [0, T).
For almost every ¢ € [0, T'), we also have ui(x,t) — u(x,t) at almost every x € §2. By (45) again, the sequence
{ur(-, 1)} is bounded in H' (K, R?) for every K € £2. We conclude that

up (-, 1) = u(-, 1) weakly in H! (2,R?) (47)

for almost every ¢ € [0, T). Using (45) and Fatou’s lemma, we also find that

9
1iminf/‘ﬂ(x,t)
k—o00 ot

2

for almost every 7 € [0, T).

Fix t € [0, T'), such that (46), (47), and (48) hold. Then Theorem 3.1 can be applied locally to a subsequence of
{ur (-, t)}. Hence there exists a locally Jfl-integrable function 6; : 2 — [0, 00) such that X; = 9,_1 ((0, 00)) is closed
and countably 1-rectifiable, and

2
dx < o0 48)

1
m' = §£3L\Vu(-,t)]2+4nJ€1L9t. (49)
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Moreover, we have

/|u(x, 1) A Au(x, t)|2dx < l}(minf/.htk(x, 1) A Aug(x, t)|2dx.
— 00
2 2

Fatou’s lemma then implies that Au + |Vu|?u € L2 (27, R3).

Consider the measures

loc

3uk

A =L | ==
ot

on £27. We may assume that there exists a Radon measure A on 27 such that Ay — A. Define
S = {z() € 2r: liminfr~'A(P(z0)) > 0}.
r\0
We claim that the parabolic Hausdorff dimension of § is at most 1. To see this, define

Sij = {20 € r: r~'A(Pr(20)) > i forevery r € (0, j7H}.

These are closed sets, and therefore a standard covering argument involving Vitali’s covering lemma shows that S;;
has locally finite # [} -measure. Consequently, the set

o o0
s=JUsi
i=1j=1
satisfies Jfg (S) =0 for every y > 1. Hence for almost every #y € [0, T), we have
SN (2 x {n}) =19. (50)

Fix a to such that (49) and (50) hold. Choose a point xg € X, such that 6, is approximately continuous at xo and the
approximate tangent space Ty, X, exists. (This is true m'-almost everywhere on Xy.) Then there exists a sequence
rr \¢ 0 such that

.1 /
lim —
k—o00 Fy

Py (x0.10)

ouy 2

dz =0,
ar | ¢

and such that the rescaled maps
ve(x, 1) = ug (rex + xo, 1t + o)
satisfy
lim /g(x)}wk(x, 0)|* dx = 876, (x0) f £dy!
k—o00
B Txo E’O

for every &€ € C(l) (B2). With the help of part (iii) of Lemma 3.3, we conclude that

11m /n|Vvk|2dz—8n910(xo)/ / nth’ dt

1Ty

for every n € Cg (P1). That is, a subsequence of {v} satisfies the hypotheses of Proposition 5.1. Therefore, the mea-
sures jix on Py x F that belong to vy subconverge to a measure (it on P; x F which satisfies

/w(A B)dfi(z, A, B) = ( YT, Az) + (1 = &)y T+, — Ay))

P4
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for two numbers 7 € N and & € [0, 1], where L = TyX and T € LNS2 By the construction of fi, this formula
determines 6;,(xo) as well as the fibre measure M("O"O) of p at the point (xg, f9). Namely, we have

9[0()(()) = ’/h
and
00 =81 x (584, + (1 —6)8-4,).
L

These arguments work for almost every ¢y € [0, T) and Fe1-almost every xo € Xy,. Hence there exists a function
0 : 27 — NU {0}, such that 8(x, t) = 6;(x) for | ]-almost every point (x, t) € 27, and thus

T
1
/nd||u||=§/n|Vu|2dx+4n//n9d,}’t’ldt

Qr Qr 0 X

for every n € Cg(.QT). Moreover, there exist two functions o : 27 — [0, 1] and 7 : 27 — S? with t(x,t) e T, X; for
almost every ¢ and J¢!-almost every x € X, such that for every ¥ € Cg (827 x F), we have

T
1
/ wdu=§/w(z,Au,Bu>|W|2dz+4n/f[cfw(x,r,nrxx,,m)
QrxF Q7 02

+(1_O—)‘(/f('x’t7HT:y(E[’_A‘[)]QdJeldt. (51)

So far we have proved parts (i) and (ii) of Theorem 1.1. For part (iii), it suffices to use Theorem 3.1 again. Only
part (iv) remains to be proved.
Let € be the constant from Lemma 3.1. Define the set

r={near: timinfr 20 (P z0) > .
r

Using Lemma 3.1, we see that for every point zg € 27\ X, there exists a radius » > 0 such that a subsequence of {uy}
converges to u in C! (P, (z), $2). We conclude that X is closed and X, x {t} C X for almost every t € [0, T). With a
covering argument, we see that J(’(;’(Z‘ N K) < oo for every compact set K € £27. Thus in particular £*(X) = 0.

For § > 0, define

Us = {z € 2r: dist(z, X) <8},
where dist is the distance function with respect to the parabolic metric d. Then we have
lim/n|Vu|2dz =0
EN)
Us

for every n € Cg (£27). Hence

T
//nedﬂ’ldtzlim/ndlmn.
§—0
Us

0%

We finally consider the vector fields Hy : 27 — R3 that satisfy Hy(x) L ker A, (x) for ||k ||-almost every x € 27
and

/ ¢ - AHpdpx = =8k (9)
QrxF
for every ¢ € C(l) (27, R3). Also consider the function

g2(z,A,B)=|A> =2
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on £27 x F. Note that g is non-negative by condition (c) in the definition of F in Section 2. Now define
Vsk = {z € Us: g(z, A (2), B, (2)) < 1}
Then for every z € Vs, we have either Vuy = 0 or the rank of Vuy is 2. By (22), the identity

T
/¢~Bdeuk=—//‘¢'(uk/\Auk,Vuk)dxdt
02

Vsi

holds for every ¢ € Cg (27, RY). Integrating both sides of (8), we thus obtain

ot
Visk 2\ Vsk

0 1 0
O:f(—n—anHk~AHk+aV;7.AHk—an-BHk)du+ / <§|Vuk|28—’:—an|ukAAuk|2

—aVny - (Aug, Vug) +bVn - (ur A Aug, Vuk)> dx dt

for every n € Cé (£27).
Note that

/ gdu=0

YxXF
by (51). Hence

lim lim dur =0,
SN0 k—00 § ek
Usx F

and we conclude that
lim li Us\Vsi) =0. 52
51{r(l)kgrolollukll( s\ Vsk) (52)

Let xsi be the characteristic function of Vg, and define the functions
Hsi(z, A, B) = x5k (2) Hi(2)
on 27 x F. Observe that
~ 2 2
|Hsi (2, A, B)|” < Ci|ur(z) A Aug(2)|
for a universal constant Ci at every point (z, A, B) € 27 x F such that Vu(z) # 0. Thus for any K € §2 and

to € (0, T), we have

lim sup / |I§5k|2duk <0
k—o00
K x(to,T)

for every § > 0. By Proposition 2.1, we may assume that the measure-function pairs (i, Hsi) converge weakly to a
pair (i, Hs). Clearly Hy = Hs in Uy x F whenever §' < 8. Let now

ﬁ(Z’A’B):{ﬁ](Z,A,B) ifZGE»
0 else.

This is the pointwise limit of Hy as § \, 0. We claim that

T
6u(¢)=//¢-(Au,Vu)dxdt— / ¢-AHdu (53)
0 £

.QTXF

for every ¢ € C(]) (27, R3). To verify this, we calculate
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S (e) = / ¢ - (Aug, Vug)dz + / ¢ - (Aug, Vug)dz — /d’ - AHsidp.
£27\Us Us\ Vs Vsk
We have

SN0 k— 00
£27\Us

T

lim lim / ¢ - (Aug, Vuy)dz = f/¢ - (Au,Vu)dxdt
0 £

and

SN0 k— 00

lim lim /¢.Aﬁ5de=§%/¢.Aﬁ5dM=/¢-Aﬁdu.
Vsk Us x

Here we use Lebesgue’s convergence theorem in the last step. Finally,

1/2

< lim lim SUP|¢|(||Mk||(U8\V<Sk) / |Uk/\AMk|2dZ) =0
SN0 k— 00 Qr

Us\ Vs supp ¢

by Holder’s inequality and (52) and (45). This shows (53). With a similar reasoning, we find that

lim i AAug, Vur)d
5{%1(320‘ /¢>(uk ug)dz

T T

//cp-(uAAu,Vu)dxdz— / ¢>~BI-Id,u,=k1im //¢-(ukAAuk,Vuk)dxdt
— 00

0 2 2

QrxF 0

for every ¢ € Cg(.QT, R3). With the help of Proposition 2.1, we also obtain the inequality

T T
//n|uAAu|2dxdt+ / 17|I:I|2du<l}cminf//n|uk/\Auk|2dxdt
—00
0 QrxF 0

for every n € C}(27) with n > 0. Passing to the limit in (8), we therefore find
; 1
ad
0< //<§|Vu|28_’t7 —anlu A Au|2 —avVn-{(Au,Vu) +bVn - {u A Au, Vu)) dx dt
08

8 ~ ~ ~
+ / <8—7:—an|H|2+aV77-AH—an~BH)d,u.
QTXF
Now we define
HY(x,t) =0 (x,0)H(x,t, 1, 5,, Av(x.r)
and

H (x,t) =1 —o @, 0)H(x, 1, 1,5, —Av(x.n)-

Taking the representation (51) for p and identity (53) into account, we obtain (15) as well as the other claims from

part (iv) of Theorem 1.1.

Remark. We have mentioned earlier that we do not know whether the vector fields H+ and H™ are parallel to
H almost everywhere. In other words, our arguments do not prove that H is a function that depends only on the
variable z. Note, however, that if we had strong convergence of the measure-function pairs (u, ﬁgk) to (u, 1:13), then
Proposition 2.1, together with Jensen’s inequality (applied to fibre measures of 1) would imply that H depends only
on the first argument. Thus the statement in part (iv) of Theorem 1.1 could be improved in this case. Although strong
convergence in this sense may be too much to expect in general, a further analysis of the higher order energies given

by u; A Auj might give a better understanding of the energy concentration.



R. Moser/Ann. I. H. Poincaré — AN 25 (2008) 987-1013 1013

References

[1] W.K. Allard, On the first variation of a varifold, Ann. of Math. (2) 95 (1972) 417-491.
[2] L. Ambrosio, H.M. Soner, A measure-theoretic approach to higher codimension mean curvature flows, Ann. Scuola Norm. Sup. Pisa CL
Sci. (4) 25 (1997) 27-49.
[3] K.A. Brakke, The Motion of a Surface by its Mean Curvature, Mathematical Notes, vol. 20, Princeton University Press, Princeton, NJ, 1978.
[4] R. Coifman, P.L. Lions, Y. Meyer, S. Semmes, Compensated compactness and Hardy spaces, J. Math. Pures Appl. 72 (1993) 247-286.
[5] W. Ding, G. Tian, Energy identity for a class of approximate harmonic maps from surfaces, Comm. Anal. Geom. 3 (1995) 543-554.
[6] J. Eells, L. Lemaire, A report on harmonic maps, Bull. London Math. Soc. 10 (1978) 1-68.
[7] H. Federer, Geometric Measure Theory, Springer-Verlag, New York, 1969.
[8] M. Feldman, Partial regularity for harmonic maps of evolution into spheres, Comm. Partial Differential Equations 19 (1994) 761-790.
[9] F. Hélein, Régularité des applications faiblement harmoniques entre une surface et une sphere, C. R. Acad. Sci. Paris Sér. I Math. 311 (1990)
519-524.
[10] J.E. Hutchinson, Second fundamental form for varifolds and the existence of surfaces minimising curvature, Indiana Univ. Math. J. 35 (1986)
45-71.
[11] J. Jost, Two-Dimensional Geometric Variational Problems, John Wiley & Sons, Chichester, 1991.
[12] J. Li, G. Tian, The blow-up locus of heat flows for harmonic maps, Acta Math. Sin. (Engl. Ser.) 16 (2000) 29-62.
[13] E-H. Lin, Gradient estimates and blow-up analysis for stationary harmonic maps, Ann. of Math. (2) 149 (1999) 785-829.
[14] E.-H. Lin, Mapping problems, fundamental groups and defect measures, Acta Math. Sin. (Engl. Ser.) 15 (1999) 25-52.
[15] E-H. Lin, Varifold type theory for Sobolev mappings, in: First International Congress of Chinese Mathematicians, Beijing, 1998, Amer. Math.
Soc., Providence, 2001, pp. 423-430.
[16] E-H. Lin, T. Riviere, Energy quantization for harmonic maps, Duke Math. J. 111 (2002) 177-193.
[17] E-H. Lin, C. Wang, Energy identity of harmonic map flows from surfaces at finite singular time, Calc. Var. Partial Differential Equations 6
(1998) 369-380.
[18] E-H. Lin, C. Wang, Harmonic and quasi-harmonic spheres. III. Rectifiability of the parabolic defect measure and generalized varifold flows,
Ann. Inst. H. Poincaré Anal. Non Linéaire 19 (2002) 209-259.
[19] R. Moser, Energy concentration for almost harmonic maps and the Willmore functional, Math. Z. 251 (2005) 293-311.
[20] R. Moser, Partial Regularity for Harmonic Maps and Related Problems, World Scientific Publishing Co. Pte. Ltd, Singapore, 2005.
[21] J. Qing, On singularities of the heat flow for harmonic maps from surfaces into spheres, Comm. Anal. Geom. 3 (1995) 297-315.
[22] J. Qing, G. Tian, Bubbling of the heat flows for harmonic maps from surfaces, Comm. Pure Appl. Math. 50 (1997) 295-310.
[23] J. Sacks, K. Uhlenbeck, The existence of minimal immersions of 2-spheres, Ann. of Math. (2) 113 (1981) 1-24.
[24] L. Simon, Lectures on Geometric Measure Theory, Australian National University Centre for Mathematical Analysis, Canberra, 1983.
[25] E.M. Stein, Harmonic Analysis: Real-Variable Methods, Orthogonality, and Oscillatory Integrals, Princeton University Press, Princeton, NJ,
1993.
[26] M. Struwe, On the evolution of harmonic maps in higher dimensions, J. Differential Geom. 28 (1988) 485-502.
[27] L. Tartar, Imbedding theorems of Sobolev spaces into Lorentz spaces, Boll. Unione Mat. Ital. Sez. B Artic. Ric. Mat. (8) 1 (1998) 479-500.
[28] T.J. Willmore, Riemannian Geometry, Oxford Science Publications, The Clarendon Press, Oxford University Press, New York, 1993.



