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Abstract

Let £2 be a bounded smooth domain in R* such that for some integer d > 1 its d-th singular cohomology group with coefficients
in some field is not zero, then problem
{ A2y — ptk(x)et =0 in £2,
u=Au=0 on 89,

has a solution blowing-up, as p — 0, at m points of §2, for any given number m.
© 2007 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.

1. Introduction and statement of main results

Let £2 be a bounded smooth domain in R*. We are interested in studying existence and qualitative properties of
positive solutions to the following boundary value problem

{ A%u — p*k(x)e* =0 in £2,
u=Au=0 on ds2,

where k € C?(£2) is a non-negative, not identically zero function, and p > 0 is a small, positive parameter which tends
to 0.

In a four-dimensional manifold, this type of equations and similar ones arise from the problem of prescribing the
so-called Q-curvature, which was introduced in [7]. More precisely, given (M, g) a four-dimensional Riemannian
manifold, the problem consists in finding a conformal metric g for which the corresponding Q-curvature Q; is a
priori prescribed. The Q-curvature for the metric g is defined as

1 2 L2
Q, = —E(AgRg — R + 3| Ricg ),

(1.1)
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where R, is the scalar curvature and Ric, is the Ricci tensor of (M, g). Writing g = e?V g, the problem reduces to
finding a scalar function w which satisfies

Pow +2Q, =20z¢*, (1.2)
where P, is the Paneitz operator [32,10] defined as

2
Pyw = Ajw + div(gRgg - 2Ricg) dw.

Problem (1.2) is thus an elliptic fourth-order partial differential equation with exponential non-linearity. Several results
are already known for this problem [9,10] and related ones [1,18,30]. When the metric g is not Riemannian, the
problem has been recently treated by Djadli and Malchiodi in [19] via variational methods.

In the special case where the manifold is the Euclidean space and g is the Euclidean metric, we recover the equation
in (1.1), since (1.2) takes the simplified form

A’w —20e" =0.

Problem (1.1) has a variational structure. Indeed, solutions of (1.1) correspond to critical points in H 22)N HO1 (£2)
of the following energy functional

Jp(u)=%/|Au|2—,o4/k(x)e”.
2

2

For any p sufficiently small, the functional above has a local minimum which represents a solution to (1.1) close to 0.
Furthermore, the Moser-Trudinger inequality assures the existence of a second solution, which can be obtained as a
mountain pass critical point for J,. Thus, as o — 0, this second solution turns out not to be bounded. The aim of the
present paper is to study multiplicity of solutions to (1.1), for p positive and small, under some topological assumption
on £2, and to describe the asymptotic behavior of such solutions as the parameter p tends to zero. Indeed, we prove
that, if some cohomology group of £2 is not zero, then given any integer m we can construct solutions to (1.1) which
concentrate and blow-up, as p — 0, around some given m points of the domain. These are the singular limits.

Let us mention that concentration phenomena of this type, in domains with topology, appear also in other prob-
lems. As a first example, the two-dimensional version of problem (1.1) is the boundary value problem associated to
Liouville’s equation [25]

{ Au+ p%k(x)e" =0 in £2,
u=0 onads2,

(1.3)

where k(x) is a non-negative function and now §2 is a smooth bounded domain in R2.In[14]itis proved that problem
(1.3) admits solutions concentrating, as p — 0, around some given set of m points of 2, for any given integer m,
provided that £2 is not simply connected. See also [5,6,21,20,11,8,24,29,31,35,38,36,37] for related results. A similar
result holds true for another semilinear elliptic problem, still in dimension 2, namely

{Au—i—ul’:O, u>0 in$2,
u=0 onads2,
where p now is a parameter converging to +o00. Again in this situation, if £2 is not simply connected, then for p large
there exists a solution to (1.4) concentrating around some set of m points of 2, for any positive integer m [22].

In higher dimensions, the analogy is with the classical Bahri-Coron problem. In [2], Bahri and Coron show that,

if N >3 and £2 c R" is a bounded domain, then the presence of topology in the domain guarantees existence of
solutions to

(1.4)

N+
N—

u=0 onaf2.
Partial results in this direction are also known in the slightly super critical version of Bahri—-Coron’s problem, namely

Au+uV3+ =0 ingQ,
u>0, u=0 onads,

(1.6)
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with & > 0 small. In [12] it is proved that, under the assumption that £2 is a bounded smooth domain in R" with a
sufficiently small hole, a solution to (1.6) exhibiting concentration in two points is present. See also [3,23,34,13,33].
The main point of this paper is to show that the presence of topology in the domain implies strongly existence of
blowing-up solutions for problem (1.1).
We denote by H?(£2) the d-th cohomology group of §2 with coefficients in some field K. We shall prove the
following

Theorem 1. Assume that there exists d > 1 such that H%(82) # 0 and that infg k > 0. Then, given any integer m > 1,
there exists a family of solutions u, to problem (1.1), for p small enough, with the property that

lim p* / k(x)e"?® dx = 647°m.
p—0
2

Furthermore, there are m points élp ..., Eh in 2, separated at uniform positive distance from each other and from
the boundary as p — 0, for which u,, remains uniformly bounded on §2 \ U;ﬂ:l Bs (Sf) and

sup u, — +09,
Bs(£7)

forany § > 0.

The general behavior of arbitrary families of solutions to (1.1) has been studied by C.S. Lin and J.-C. Wei in [26],
where they show that, when blow-up occurs for (1.1) as p — 0, then it is located at a finite number of peaks, each
peak being isolated and carrying the energy 6472 (at a peak, u — +o0 and outside a peak, u is bounded). See [27]
and [28] for related results.

We shall see that the sets of points where the solution found in Theorem 1 blows-up can be characterized in terms
of Green’s function for the biharmonic operator in §2 with the appropriate boundary conditions. Let G (x, £) be the
Green function defined by

{A%G(x,§)=64n285(x), x €, (w7
Gx,8)=AG(x,£)=0, xedf '
and let H (x, £) be its regular part, namely, the smooth function defined as
H(x,§):=G(x,§) +8loglx — &I.
The location of the points of concentration is related to the set of critical points of the function
m
om(&) == {2logk(&)) + HEj .60} — > G(&. &), (1.8)
Jj=1 i#]

defined for points § = (&1, ..., &) suchthat§; € 2 and §; #§&; if i # j.

In [4] the authors prove that for each non-degenerate critical point of ¢, there exists a solution to (1.1), for any
small p, which concentrates exactly around such critical point as p — 0. We shall show the existence of a solution
under a weaker assumption, namely, that ¢, has a minimax value in an appropriate subset.

More precisely, we consider the following situation. Let £2” denote the Cartesian product of m copies of §2. Note
that in any compact subset of 2", we may define, without ambiguity,

Om(1,.... &) =—00 if & =& for some i # j.

We shall assume that there exists an open subset U of 2 with smooth boundary, compactly contained in 2, and such
that infy k > 0, with the following properties:

(P1) U™ contains two closed subsets By C B such that

sup @ (§) < inf sup n (¥ (§)) =: co,
£€By vel'geB

where I' :={y e C(B,U™): y(£) =& for every £ € By}.
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(P2) Forevery & = (&1,...,&y) € 0U™ with ¢, (§) = co, there exists an'i € {1, ..., m} such that

Ve, on(§) £0 it U,
Veom(E) -1 #0 forsomer e T;(dU) if§ €U,

where Tg, (0U) denotes the tangent space to 0U at the point &;.

We will show that, under these assumptions, ¢,, has a critical point £ € U™ with critical value co. Moreover, the
same is true for any small enough C!-perturbation of ¢,,. Property (P1) is a common way of describing a change of
topology of the sublevel sets of ¢, at the level cg, and ¢y is called a minimax value of ¢,,. It is a critical value if U™
is invariant under the negative gradient flow of ¢,,. If this is not the case, we use property (P2) to modify the gradient
vector field of ¢, near U™ at the level ¢y and thus obtain a new vector field with the same stationary points, and such
that U™ is invariant and ¢,, is a Lyapunov function for the associated negative flow near the level ¢y (see Lemmas 6.3
and 6.4 below). This allows us to prove Theorem 1 and the following.

Theorem 2. Let m > 1 and assume that there exists an open subset U of §2 with smooth boundary, compactly con-
tained in §2, with infy k > 0, which satisfies (P1) and (P2). Then, for p small enough, there exists a solution u, to
problem (1.1) with

lim ot f k(x)e"» = 647’m.
p—

Q
Moreover, there is an m-tuple (xlp, e XDY e U™, such thatas p — 0
V(pm(xf,...,x,’,’,)—>0, gom(xf,...,x,’,’l)—>c0,

Sfor which u, remains uniformly bounded on §2 \ U;": 1 Bs (xlfo ), and

sup u, — +00,
Bs(x{)

forany § > 0.

We will show that, for every m > 1, the set U := {£ € £2: dist(§, 0§2) > §} has property (P2) at a given ¢y, for §

small enough (see Lemma 6.2). Thus, if inf; k£ > 0, and if there exist closed subsets By C B of £2* with

sup ¢, (§) < inf sup ¢y, (V (%_)) )

£€By vel'gcB
then both conditions (P1) and (P2) hold. Condition (P1) holds, for example, if ¢,, has a (possibly degenerate) local
minimum or local maximum. So a direct consequence of Theorem 2 is that in any bounded domain £2 with info k& > 0,
problem (1.1) has at least one solution concentrating exactly at one point, which corresponds to the minimum of
the regular Green function H. Moreover if, for example, §2 is a contractible domain obtained by joining together m
disjoint bounded domains through thin enough tubes, then the function ¢,, has a (possibly degenerate) local minimum,
which gives rise to a solution exhibiting m points of concentration.

Finally, recall that problem (1.1) corresponds to a standard case of uniform singular convergence, in the sense that
the associated non-linear coefficient in problem (1.1) — p*k(x) — goes to 0 uniformly in £2 as p — 0, property that
is also present in problem (1.3). Non-trivial topology strongly determines existence of solutions. However, we expect
that this strong influence should decay under an inhomogeneous and non-uniform singular behavior, where critical
points of an external function determine existence and multiplicity of solutions. See [16] for a recent two-dimensional
case of this phenomenon.

The paper is organized as follows. Section 2 is devoted to describing a first approximation for the solution and to
estimating the error. Furthermore, problem (1.1) is written as a fixed point problem, involving a linear operator. In
Section 3 we study the invertibility of the linear problem. In Section 4 we solve a projected non-linear problem. In
Section 5 we show that solving the entire non-linear problem reduces to finding critical points of a certain functional.
Section 6 is devoted to the proofs of Theorems 1 and 2.
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2. Preliminaries and ansatz for the solution

This section is devoted to construct a reasonably good approximation U for a solution of (1.1). The shape of this
approximation will depend on some points &;, which we leave as parameters yet to be adjusted, where the spikes are

meant to take place. As we will see, a convenient set to select £ = (&1, ..., &,) is
O =g e 2": dist(§;, 02) > 28, Vj=1,....m, and min|é — &1 > 250 @.1)
i#]
where &g > 0 is a small fixed number. We thus fix £ € O.
For numbers p; >0, j =1,...,m, yet to be chosen, x € R* and ¢ > 0 we define
i1+ €%
uj(x) =4log —— —logk(&), (22)

Wie? + Ix — g2

so that uj solves

A%u — p*k(Ej)e" =0 inR?, (2.3)

with
4 384 2.4
=T -

thatis, p ~gase — 0.
Since u ; and Au ; are not zero on the boundary 92, we will add to it a bi-harmonic correction so that the boundary
conditions are satisfied. Let H;(x) be the smooth solution of
A’H; =0 in 2,
Hj =—Uj on 89,
AH/' = —Auj on ds2.

We define our first approximation U () as

m
UE)=) Uj, Uj=u;+Hj. (2.5)
j=1
As we will rigorously prove below, (u; + H;)(x) ~ G(x, &) where G(x, &) is the Green function defined in (1.7).
While u; is a good approximation to a solution of (1.1) near &;, it is not so much the case for U, unless the
remainder U —u; = (H; + ) kj Uk) vanishes at main order near §;. This is achieved through the following precise
choice of the parameters jtx

log 4 =logk(¢)) + H(Ej. £) + Y G £)). (2.6)
i#]
We thus fix w; a priori as a function of &. We write
wj= i)
forall j=1,...,m.Since & € O,
1
Egujgc, forall j=1,...,m, 2.7)

for some constant C > 0.
The following lemma expands U; in £2.

Lemma 2.1. Assume & € O. Then we have

Hj(x)=H(x,&)) — 4log (1 + &%) + logk(€;) + O(u3e?), (2.8)
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uniformly in 2, and

uj(x) =4log pj(1+ %) —logk(€)) — 8log |x — & + O(u3e?), (2.9)
uniformly in the region |x — & ;| = 8o, so that in this region,

Uj(x)=G(x, &) +O(uje®). (2.10)

Proof. Let us prove (2.8). Define z(x) = H;(x) +4logu; (1 + e2) — logk(&j) — H(x,&;). Then z is a bi-harmonic
function which satisfies

A?z=0 in £,
z=—uj+4logu;(l+¢e?) —logk(&;) —8log|- —£;| onds2,
_ o _ 16
Az=—Au; &P on 052.
Let us define w = —Az. Thus w is harmonic in £2 and

sup |[w| < sup |w| < Cu?s?
Q 882

We also have sup,, |z] < C M?ez. Standard elliptic regularity implies

sup 2 < € (sup lw| + sup z1) < Cule?,
22 2 482

as desired. The second estimate is direct from the definition of u ;. O

Now, let us write
Q2. =710, £ =c"'¢;. (2.11)
Then u solves (1.1) if and only if v(y) = u(ey) + 4log pe satisfies

2. v
{Av k(ey)e’ =0 in £, 2.12)

v=4logpe, Av=0 onds2.

Let us define V (y) = U(ey) 4+ 4log pe, with U our approximate solution (2.5). We want to measure the size of the
error of approximation

R= A’V —k(ey)e”. (2.13)
It is convenient to do so in terms of the following norm

[Z A+l —&P7" “4] v

j=1

[vll« = sup . (2.14)

YELe

Here and in what follows, C denotes a generic constant independent of ¢ and of & € O.

Lemma 2.2. The error R in (2.13) satisfies

IRl|« <Ce ase— 0.

Proof. We assume first |y — &;| < 8o/e, for some index k. We have

3844}

—= 140 8y,
Cry—gpyt oe)

m
APV () =pt ) k(Eje ) =
j=1
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Let us estimate k(sy)ev(”. By (2.8) and the definition of ;L’js,

Hi(x) = H (&, &) — 4log u + logk (&) + O(uze”) + O(|x — &)
=—Y G. &) +0(uie?) + O(1x — &),
J#k
and if j # k, by (2.10)
Uj(x) =uj(x)+ Hj(x) = G}, &) + O(lx — &) + O(u3e?).
Then

Hi(x) + Y Uj(x) = 0(e?) + O(Ix — &l).
J#k

Therefore,

k(ey)eVO”==k(ey)e4p4exp{uk(ey>4—f@<sy)4—j{jt@<ey>}

JFk
384utk(ey) , 5
— 1+0(ely —&]]) + O(e?)
G+ g O ) O]
384;4

= m{l +O(ely — &1)}.

We can conclude that in this region
ely — &
(L+ly—&H*
If |y — fg’j’.| > §p/¢ for all j, using (2.8), (2.9) and (2.10) we obtain

R(y)|<C +0(eh.

A’V =0(@*ph and  k(ey)e'?) =0(*ph).
Hence, in this region,

R(y) = O()
so that finally

[Rllx=0(). O

Next we consider the energy functional associated with (1.1)

Jolu] = %/(Au)z - p4/k(x)e“, u e H*(2) N Hy (2).
2 2

1021

(2.15)

(2.16)

We will give an asymptotic estimate of J,[U], where U (§) is the approximation (2.5). Instead of p, we use the

parameter ¢ (defined in (2.4)) to obtain the following expansion:

Lemma 2.3. With the election of 11 ’s given by (2.6),
JolUY = —1287%m + 2567 m| log e| + 327020 (§) + £O: (),

(2.17)

where O (&) is uniformly bounded together with its derivatives if & € O, and ¢, is the function defined in (1.8).

Proof. We have
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1 “ 2 1 4 U
Jp[U]ZEZ/(AUj) —i—EZ/AUjAUi —p /k(x)e

=g J#i 0 7]

=+ L+ Iz
Note that A>U; = A%uj = p*k(§;)e"/ in 2 and U; = AU; = 0in 3£2. Then
_l 4 4 k Llj d _1 4 k uj

11—510 Z &) | €U; an 12—5,0 Z &) | € U;.

j=l 2 J#i o

Let us define the change of variables x = &; +ujey, where x € 2 and y € £2; = (/Lj&‘)_l (£2 —&;). Using Lemma 2.1
and the definition of p in terms of ¢ in (2.4) we obtain

I 192%] ! {41 ! 81 + H(j, &) +O(ujel |)}
1= og —8logpu e &) wjely
o arnp? L+ 1yl ! g !

J

= 32nzz{H(§j,$j) — 810g,ujs} — 647°%m +O<euj/ #)
j:l .Qj

m
=327 {H(&;. &) — 8logu e} — 64m°m +£0 (&),
j=1
where @, (&) is bounded together with its derivatives if £ € O. Besides we have used the explicit values

n? q log(1+|y[?)  ?

1
—_— T = —, an — Y = .
/ I+y»H* 6 (I+yP* 12
R4 R4

We consider now I>. As above,

l 4 Uiy, = 192 { (E 4w +Hi(Ei+up; }
2" o e I_Q A ypyf G+ ey) + HiE) + ujey)
j

192 2
=/W{Mi(€j +pjey) —4logu; (1 + &%) +logk(&;) + 8logl§; —Ei|}
Q.

J

| 192 Ho(Es ' H(Es
+Q/W{ i(§j +mjey) — l(é:j)}

4 [ s ) — HGE 6) + o1 +) — logh(z))
@ (L4 [y2d josi i B

J

J IAQ. (1+|y|2)4

Iyl
= 327T2G(§i, é:]) + O(eujé/ m) + O(,u582)
=3212G (&, &) +e0, ().
Thus
h=322Y G 6) +£0,6). 218

J#
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Finally we consider I3. Let us denote A; = B(§;, §9) and x =&; + ujey. Then using again Lemma 2.1

h=—p'y [ ket + o)

JlA

4 k(‘i:] +ujey) (1 +82)4
= Z / kEHA+[yD)F &
B(O 20y

wje

[yl
/(1+| 2 (”’R (1+|y|2>4)

= —6472m + £, (),

(1+0(en;lyl)) + O

uniformly in & € O. Thus, we can conclude the following expansion of J,[U]:

Jo[U] = —128mm? 4 256mm?|loge| 4 3220 (£) + €O (£), (2.19)
where @, (&) is a bounded function together with is derivatives in the region & € O, ¢,, defined as in (1.8) and
4 _ _384¢* 0
P = red®

In the subsequent analysis we will stay in the expanded variable y € £2, so that we will look for solutions of
problem (2.12) in the form v = V + ¢, where ¥ will represent a lower order correction. In terms of ¥, problem (2.12)
now reads

{ﬁsm/f) =A% - Wy =—R+NW) in, (2.20)
Y=Ay=0 on 982,
where

N@W)=W[e¥ —¢ —1] and W =k(ey)e". (2.21)
Note that

W) = i 384”’1' (1+0O(ely —&j1)) forye 2. (2.22)

2 _ £ 2)4
=1 (Mj+|y SJI)
This fact, together with the definition of N (i) given in (2.21), give the validity of the following
Lemma 24. For & € O, |W|l. =0() and [|[N () [l« = O(|¥[1%) as | lo — 0.

3. The linearized problem

In this section we develop a solvability theory for the fourth-order linear operator £, defined in (2.20) under
suitable orthogonality conditions. We consider

L) = A% = WY, (3.1)
where W (y) was introduced in (2.20). By expression (2.22) and setting z =y — & ]’., one can easily see that formally
the operator £, approaches, as ¢ — 0, the operator in R*
384/fj‘.

L; =AYy ——
=8 <u§+|z|2>4‘”

(3.2)
%84;;_‘}
(u5+zP)*
develop a satisfactory solvability theory for the operator L, is the non-degeneracy of v; up to the natural invariances
of the equation under translations and dilations. In fact, if we set

namely, equation A%>v — eV = 0 linearized around the radial solution v j(z) =log Thus the key point to
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2> =
Yo;(2) =4ﬁ, (3.3)
|21% + 1
8z .
Yij(Z)Zﬁy i=1,...,4, 3.4
/‘Lj + |z|
the only bounded solutions of £;(y) =0 in R* are linear combinations of ¥; j»1=0,...,4; see Lemma 3.1 in [4] for
a proof.

We define fori =0,...,4and j=1,...,m,
Zij(y)=Yi;(y —EJ/-), i=0,...,4
Additionally, let us consider Ry a large but fixed number and x a radial and smooth cut-off function with x =1 in
B(0, Rg) and x =0in R*\ B(0, Ry + 1). Let
xim=x(y=¢&l), j=1....m.
Given h € L*(£2;), we consider the problem of finding a function ¢ such that for certain scalars c;; one has
Le(W)=h+ Z?:l ZT:] CijXjZij, 1in$2,
Y =Ay =0, onds2, (3.5)
fﬂeszijwzo, foralli=1,...,4, j=1,...,m.

We will establish a priori estimates for this problem. To this end we shall introduce an adapted norm in §2,, which has
been introduced previously in [15]. Given ¢ : 2, — R and o € N we define

m m
1 e = Y W et an + 9 O Irf DUl 22, (3.6)

j=1 j=1]al<3

with rj =y —$]’.|.

Proposition 3.1. There exist positive constants €9 > 0 and C > 0 such that for any h € L*°(82;), with ||h||x < 0o, and
any & € O, there is a unique solution = T (h) to problem (3.5) for all € < g9, which defines a linear operator of h.
Besides, we have the estimate

|T(h],, < Cllogelllhll.. (3.7)

The proof will be split into a series of lemmas which we state and prove next. The first step is to obtain a priori
estimates for the problem

Le(f)=h in £,
¥ =AYy =0 onds2, (3.8)
fgeszijwzo foralli =0,...,4,j=1,...,m,

which involves more orthogonality conditions than those in (3.5). We have the following estimate.

Lemma 3.1. There exist positive constants ey > 0 and C > 0 such that for any  solution of problem (3.8) with
he L®(82,), |hlls < oo, and & € O, then

1V [l < ClIA| (3.9)
forall € € (0, ).

Proof. We carry out the proof by a contradiction argument. If the above fact were false, then, there would exist a
sequence &, — 0, points £" = (§7,...,&) € O, functions h, with ||h,|+ — 0 and associated solutions 1, with
[ ||+« = 1 such that

Le,(Yn) =hy in $2¢,,

Y =Av%, =0 onds2,, (3.10)
XiZiiv, =0, foralli=0,...,4,j=1,...,m.

f(zg j4ij
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Let us set 1/~/n (x) =Y (x/en), x € 2. Ttis directly checked that for any 8’ > 0 sufficiently small 1/~/n solves the problem
Ay, =0(eh +e,%h, = o(1), uniformly in 2\ U}, B(£],8)),
Uy = Aiﬁn =0 onds2,

together with ||1ﬁ,, ||oo < 1 and ||A1/fn lloo < Cy, in the considered region. Passing to a subsequence, we then get that
£" — £* € O and ¥,, — 0 in the C>* sense over compact subsets of $2\{&}, ..., & }. In particular

Z |a| |Da¢n(y)| — 0, uniformly in |y — (éf)/i >
loe| <3 €n 2,

forany &’ > 0and j € {1, ..., m}. We obtain thus that

m
3 I D Yl ey 5560 — O, (3.11)

j=11a|<3

for any 8’ > 0. In conclusion, the exterior portion of ||y, ||+« goes to zero, see (3.6).
Let us consider now a smooth radial cut-off function 7 with 7(s) =1 if s < % n(s) =0if s > 1, and define

T ) = 1,0V () = n(j—o |y - (5;’)/|>wn ).
such that
7 ny/ o
SuPPWn,j - B(@]) ’ 6‘_)
We observe that

Le, (V. ;) =11jhn + F@j, ¥n),

where
4 2 2
2 o°f 0°g
F(f.8)=gA*f +2AfAg +4V(Af) Vg +4Vf -V(Ag)+4 ) : (3.12)
(=) 03idy; 0yidy;
Thus we get
A2 j = Wa (¥ j + Ajhn + F(ij. ¥a) in B(ED), 2), a1

0 0 8
nj= A =0 ondB(E).L).
The following intermediate result provides an outer estimate. For notational simplicity we omit the subscript n in the

quantities involved.

Lemma 3.2. There exist constants C, Ry > 0 such that for large n

> D Yl 2 ey < LI L <2R0) +0(D)}- (3.14)
lor| <3

Proof. We estimate the right-hand side of (3.13). If 2 < r; < §p/& we get

3 2
A%—O( )w, o(1>+0<e>+o< )+o< >+o(8)
Vj rJ rj r-

T j
From (3.13) and standard elliptic estimates we have

R e : o
E IDYr ;| < { 8III/fJIILf>0(r,>1)+ 0(1)+O<—3)}, 1n2<rj<;-
J

lor| <3 7
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Now, if r; > 2

- Lo
I Dy < c{r—5||wj||Lw<rj>1> +o<1)}7 o] < 3.
J
Finally

1 . A N
r—slllﬂjllLoo(rj>1) Sjlleec<rj<ro) + —s1¥jllLoe;>Ro)

RS
i Ry

thus fixing Ry large enough we have

. . 8o
> I Dl 2Ry < ClIjlea<r<ry +o(D}. 2<rj <=,
lor| <3

and then (3.14). O

We continue with the proof of Lemma 3.1.

Since || ¥y ||+« = 1 and using (3.11) and Lemma 3.2 we have that there exists an index j € {1, ..., m} such that
m inf [l o <Ry > @ > 0. (3.15)

Let us set 1},1 () = w,,((éj'.’)’ + z). We notice that 1},, satisfies
A = W(ED +2)n =ha(E]) +2), in2,=02 — (.

Since ¥, A, are bounded uniformly, standard elliptic estimates allow us to assume that v, converges uniformly
over compact subsets of R* to a bounded, non-zero solution v of

A2y 384u v—o
Wi+l

This implies that 1/~f is a linear combination of the functions Y;;,i =0, ..., 4. But orthogonality conditions over tﬁn
pass to the limit thanks to 1¥nlloo < 1 and dominated convergence. Thus ¥ =0, a contradiction with (3.15). This
conclude the proof. O

Now we will deal with problem (3.8) lifting the orthogonality constraints |, 2. XjiZo ¥ =0, j=1,...,m, namely

Le(W)=h in 2,
Y=AYy =0 onds2, (3.16)
fﬂa XiZijy =0, foralli=1,...,4, j=1,...,m.

We have the following a priori estimates for this problem.

Lemma 3.3. There exist positive constants ey and C such that, if ¥ is a solution of (3.16), with h € L*°(£2;),
2l < oo and with & € O, then
[V ll4 < CllogelllR ]l (3.17)

forall € € (0, ).

Proof. Let R > Rg + 1 be a large and fixed number. Let us consider Zo ; be the following function

20j(y)=ZOj(y)—1+610jG(8y7§j)7 (3.18)
where ag; = (H (§;,§;) — 8log(eR))~!. It is clear that if ¢ is small enough
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Z0;(y) = Zoj (y) +ao; (G(ey, &) — H(E, &) + 8log(¢R))

1 R
=Zp;j(y) + ——| O(erj) + 8log — (3.19)
|loge| rj

and Zy;(y) = O(1). Next we consider radial smooth cut-off functions n; and n, with the following properties:

0<m <1, m=1inB@O,R), n=0inR*\BO,R+1), and

1 8o N 4 3o
0<m<l, n=1inB[(0,— ), m=0inR*"\B|0,— ).
3¢ 2¢

Then we set

m;j(y)=mn;), mj(y) =m(rj), (3.20)
and define the test function

Zoj =n1;Zoj + (1 — n1)m2; Zo;.
Note the Zo ;s behavior through £2,

Zyj, rj <R,
nlj(ZOj_zoj)‘FZOj, R<rj<R+1,
Zoj =1 Z;. R+1<rj<i, (3.21)
n2; Zoj 2 <<
0 otherwise.

In the subsequent, we will label these four regions as

20={rj <R}, 21={R<r;<R+1}, 925{R+1<rj<§}, and 935{§<rj<5.

Let i be a solution to problem (3.16). We will modify 4 so that the extra orthogonality conditions with respect to
Zp;’s hold. We set

m
v=v+)Y djZ;. (3.22)
j=1
We adjust the constants d; so that
/X,zuxp:o, foralli=0,...,4;j=1,...,m. (3.23)
2
Then,
m
L) =h+> diL:(Zo)). (3.24)
j=1

If (3.23) holds, the previous lemma allows us to conclude
m
19l < C{nhu* +y |d,/|“£s(20j)||*}- (3.25)

j=I
Estimate (3.17) is a direct consequence of the following claim:

Claim 1. The constants d are well defined,

. C _
\d;| < Clloge||hlls and Hﬁg(zo,-)”*g'l— forall j=1,...,m. (3.26)

b
oge|
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After these facts have been established, using the fact that
”ZO]”** <C,

we obtain (3.17), as desired.
Let us prove now Claim 1. First we find d;. From definition (3.22), orthogonality conditions (3.23) and the fact
that supp x;n1x =¥ and supp x;jnu = @ if j # k, we can write

dj/X‘,‘zgjz—fijojw, Vi=1,...,m. (3.27)
2 $2¢
Thus d; is well defined. Note that the orthogonality conditions in (3.23) fori =1, ..., 4 are also satisfied for 1; thanks

to the fact that R > Rg + 1.
We prove now the second inequality in (3.26). From (3.21), (3.18) and estimate (2.22) we obtain,

e ,
O(Gzzz7m) in 2,
Le(Zoj) = 01 Le(Zoj — Zoj) + Le(Zoj) + F(nij. Zoj — Zoj) in £21, (3.28)
Le(Zoj) in £,
772j£8(20j)+F(772j,20j) in £23,

and where F was defined in (3.12). We compute now L, (Zol,-) in £2;,i =1, 2, 3. In £21, thanks to (3.19) (we consider
R here because we will need this dependence below to prove estimate (3.38))

. R . 1
|Zoj — Zoj|, |RV(Zo; — Zoj)| and |R*A(Zo; — Zo;)| = O<|log£|>; (3.29)
moreover
. . 1
2 —
|RV(A(Zoj — Zoj))| and |A*(Zoj — Zoj)| = o(m). (3.30)

Thus, using (3.12) and the fact that, in §£21, [D%ny;| < CR for any multi-index || < 4,

o 1
F(nj, Zoj — Zoj) =0<—>.

R*|logs|
On the other hand,
A 1
Le(Zoi — Zoi)) =0 ——— |, 3.31
8( 0j Oj) <R4|10g8|> ( )
and
N 1
Le(Zyi)=0(ER)+0 ———— ). 3.32
¢(Z0j) = O(¢R) + <R4|10g8|> (3.32)
In conclusion, if y € £2,
- 1
Le(Zyi =0l ——— ). 3.33
(Zo))(») <R4|log8|> (3.33)
In.Qz,
M;"GOj rj
W(l —apjG(ey, &) =0 W H(§i,§/)—H(Sy,i,')—i-SlogE
:O( l‘L‘}an logr; )
(W5 + )72 (5 + /2

4

1 M
o )
[logel (15 +r})7/?
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and

4
. wie
Es(ZOj)=O<—2 / 5 2).
(i +r7

Thus, in this region

4 —1
. i loge|

A A A 2 A 3
In §23, thanks to (3.18), |Zy;| = O(@), IVZy;l :O(lkfm), |AZy;l :O(ll(fm), IV(AZy;) :O(Hj—gsl) and

A 4 A 4
|A%Z0| = O(yyegay)- Thus, F(n2, Zoj) = O(qiegay)-
Finally,

Le(Zoj) = Le(Zoj) + Wa; (H@J" §)) — H(ey, &) +8log %)

4

() ()
(5 +r)7? (5 +rp?

nte
:0<72 = 7/2>
(Mj +rj)

and then, combining (3.33), (3.34) and the previous estimate, we can again write the estimate (3.28):

4
O i
(/L,+rj)7/2

1 .

B O(lloge\) n ‘Ql’

‘CE(ZO]) = [,L4\10g6|_1 . (335)
o) e

ule

o 2 112)7/2)

((:“j"' in .93.

In conclusion,

~ 1
H£e<Zo;>H*=0<|10g€|>- (3.36)

Finally, we prove the bounds of d;. Testing equation (3.24) against Zo ; and using relations (3.25) and the above

estimate, we get
‘ / hZo; + / VL(Zo))

Cllhll* + CIII/fIIooHL’ (Zop)|,

)ZO_]

< Clhllf1+ | £e(Zop)|,} + CZ \dil]| £e(Zow) |, || £2(Zo)) |,

k=1
where we have used that
< C forallj.
/ (u,+r2)7/2 ’
But estimate (3.36) imply
il
dill | Le(Zoi)Zoi| < Cllhllsx+C . 3.37
|,|[ £(Zoj) Zoj| < Clihll + ;HOM (3.37)

Q¢
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It only remains to estimate the integral term of the left side. For this purpose, we have the following
Claim 2. If R is sufficiently large,

/Es(ZOj)ZOj

2

E
fiogz (100D (338)

where E is a positive constant independent of € and R.

Assume for the moment the validity of this claim. We replace (3.38) in (3.37), we get

|k |
[logel|’

m

|dj| < Cllogelllhll+C
k=1

(3.39)

and then,
ldj| < Cllogel||hlls.
Claim 1 is thus proven. Let us proof Claim 2. We decompose
/ﬁg(ioj»)zo,- =0(e>+/ﬁg(Zo,»)ZoJ-+fcg(Zo,->Zo,- +f£5(20,-)20,-
£2¢ 21 2y 23
=0@)+ L1+ L+ 1.

First we estimate I>. From (3.35),
1 M‘}zoj
L=0 2 2
logel J (12 +r2)72
o, i

1
=0 ——— ).
()

Now we estimate /3. From the estimates in £23, [I3] = O (575 l(f; -7)- On the other hand, since (3.33) holds true and
Zoj = Zo;j(1 + O(W)), we conclude

[1] R¥|loge| / 0j(»)dy
R<r;j<R+1
_ ! / 0 ! +Zoin) b d
~ R*loge| R|loge| 0/ )[4y
R<rj<R+1
2_ 2
1 1S3 Nl
= 1 1))d
R5|10g8|2+R4|10g£| " M%—}—rz (1+o()dr
R
E
=——7(140(1)),
’logsy( M)

where E is a positive constant independent of ¢ and R. Thus, for fixed R large and ¢ small, we obtain (3.38). O
Now we can try with the original linear problem (3.5).

Proof of Proposition 3.1. We first establish the validity of the a priori estimate (3.7) for solutions ¥ of problem (3.5),
with h € L°°(82;) and ||h]|+ < co. Lemma 3.3 implies

2 m
19l < C|1oge|{||h||* + ZZ|c,-,-|||x,-zi,»||*}. (3.40)

i=1 j=1
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On the other hand,
lx;Zijll« < C,

then, it is sufficient to estimate the values of the constants ¢;;. To this end, we multiply the first equation in (3.5) by
Zijn2j, with nz; the cut-off function introduced in (3.20), and integrate by parts to find

fl/fﬁs(zijnzj)=fhzij772j+Cijf772jzi2j~ (341)
2 £2¢ 2

It is easy to see that er mjZijh =O(||h|+) and st m; Zl.zj = C > 0. On the other hand we have

Le2jZij) =mjiLe(Zij) + F(n2j, Zij)
4
€

=o<7f
2 2v7/2

Directly from (3.12) we get

F(n2j, Zip) o( al )+o< & )+0< e >+o( ‘ )
M, Lijj) = _— S
NG ui+r (5 + 1) (3 +r7)?

J

)772j|Zij| + F(n2j, Zij).

in the region g—g <rj < g—g. Thus
|£e(m2jZij)|, =0() and

‘/Vfﬁe(nzjzij)

2

< Celloge|[[¥]loo < Cellogel 1Y - (3.42)

Using the above estimates in (3.41), we obtain

lcij| < Clellogel Y [l + A1}, (3.43)
and then
leijl < C{(l +ellogel®) | h]l« + &l loge|* Y |clk|}.
1,k

Then |c;;| < Cllh|l« and putting this estimate in (3.40), we conclude the validity of (3.17).
We now prove the solvability assertion. To this purpose we consider the space

H= {1// € H3(2): ¥ = Ay =0 on 352,, and such that

/ijijl/f=0, foralli=1,...,4;j=1,...,m},
£2¢

endowed with the usual inner product (¥, ¢) = f 2. Ay Ag. Problem (3.16) expressed in a weak form is equivalent to
that of finding a ¥ € H, such that

(Y, ) = /{h + Wirle, forall g € H.
2

s

With the aid of Riesz’s representation theorem, this equation can be rewritten in  in the operator form Y = K(Wr +
h), where K is a compact operator in . Fredholm’s alternative guarantees unique solvability of this problem for any &
provided that the homogeneous equation ¢ = K (W) has only the zero solution in . This last equation is equivalent
to (3.16) with & = 0. Thus existence of a unique solution follows from the a priori estimate (3.17). This concludes the
proof. 0O
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The result of Proposition 3.1 implies that the unique solution i = T (h) of (3.5) defines a continuous linear map
from the Banach space C, of all functions & € L*°(£2;) with ||k|, < 400, into W3:2°(£2,), with norm bounded
uniformly in ¢.

Remark 3.1. The operator T is differentiable with respect to the variables &’. In fact, computations similar to those
used in [14] yield the estimate
|8 T ()|, < Clloge*llhlly, foralll=1,2k=1,...,m. (3.44)

4. The intermediate non-linear problem

In order to solve problem (2.20) we consider first the intermediate non-linear problem.

L) =—R+N)+ Y/ X0 cijx;Zij in 2,
Y =AYy =0 onds2, 4.1
fQSXjZijW=O’ foralli=1,...,4,j=1,...,m.

For this problem we will prove
Proposition 4.1. Let & € O. Then, there exists g > 0 and C > 0 such that for all ¢ < &g the non-linear problem (4.1)
has a unique solution \r € which satisfies

[V |« < Cellogel|. 4.2)

Moreover, if we consider the map £ € O — r € C**(82,), the derivative Dgiyp exists and defines a continuous map
of &'. Besides

I D || s < Cellogel?. (4.3)

Proof. In terms of the operator 7' defined in Proposition 3.1, problem (4.1) becomes
Yy =By)=T(N®W)—R).

Let us consider the region
F={¥ €C*(2): 1Y Il < el logel}.

From Proposition 3.1,

| B, < Cliogel{ [N |, + IRl

and Lemma 2.2 implies
IR« < Ce.

Also, from Lemma 2.4
N[, < ClviZ < ClY I,

Hence, if ¥ € F, |B(¥)]l+« < Ce|loge|. Along the same way we obtain
|NG@) =N, < Cinzl?éuwinoonwl — V2l < c}g?§||wi||**||w1 — V2l

for any V1, Y¥» € F. Then, we conclude
|BGr1) — B(y)||,, < Cllogel [N(y1) — N(¥)||, < Cellogel* ¥ — 2l

It follows that for all ¢ small enough B is a contraction mapping of F, and therefore a unique fixed point of B exists
in this region. The proof of (4.3) is similar to one included in [14] and we thus omitit. O
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5. Variational reduction
We have solved the non-linear problem (4.1). In order to find a solution to the original problem (2.20) we need to
find & such that
C,'j =C,‘j(f/)=0, for all i,j, (5.1)

where c;;(€') are the constants in (4.1). problem (5.1) is indeed variational: it is equivalent to finding critical points of
a function of &'. In fact, we define the function for & € O

Fe®) =T, [UE) + ] (5.2)

where J, is defined in (2.16), p is given by (2.4), U = U (§) is our approximate solution from (2.5) and 1@5 = w()s—(, %),
x € §2, with = v/ the unique solution to problem (4.1) given by Proposition 4.1. Then we obtain that critical points
of F correspond to solutions of (5.1) for small ¢. That is,

Lemma 5.1. F, : O — R is of class C'. Moreover, for all & small enough, if D¢ F¢(§) =0 then & satisfies (5.1).

Proof. We define
— l 2 _ v
I [v]= 3 (Av) k(ey)e”.
2 Qs

Let us differentiate the function F, with respect to &. Since J,[U (§) + 1@5] = I,[V(§') + Y& ], we can differentiate
directly under the integral sign, so that

g Fe(§) =~ DIIV + Y10,V + 0, ¥)

4 m
—1
=¢ ZZ/CinjZij(a(s,g>1V+3<s;>ﬂﬁ)-

i=1 j:lgs

From the results of the previous section, this expression defines a continuous function of &', and hence of &. Let us
assume that D¢ F,(§) = 0. Then

m
Zch,-,-ij,-j(a@é)[V+a@é),w)=o, fork=1,2,3,41=1,....m
i=1j=1¢g

Since || Dg /|| < Ce|logel?, we have
By, V + e, ¥ = Zua + o(1),

where o(1) is umformly small as ¢ — 0. Thus, we have the following linear system of equation

ch,,/xj ij(Zu+o(1)) =0, fork=1,2,3,4;1=1,....,m
i=1j=1 2

This system is dominant diagonal, thus ¢;; =0 for all i, j. This concludes the proof. O
We also have the validity of the following lemma

Lemma 5.2. Let p be given by (2.4). For points & € O the following expansion holds

Fe©) = Jp[UE)] +0:(), (5.3)
where |0;| + |VO;| = o(1), uniformly on & € O as ¢ — 0.

Proof. The proof follows directly from an application of Taylor expansion for F, in the expanded domain £2, and
from the estimates for the solution ¢ to problem (4.1) obtained in Proposition 4.1. O
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6. Proof of the theorems

In this section we carry out the proofs of our main results.
6.1. Proof of Theorem I

Taking into account the result of Lemma 5.1, a solution to problem (1.1) exists if we prove the existence of a critical
point of F¢, which automatically implies that ¢;; = 0 in (2.20) for all i, j. The qualitative properties of the solution

found follow from the ansatz.
Finding critical points of F,(£) is equivalent to finding critical points of

Fo(§) = Fo(§) — 256%m|loge|. 6.1)
On the other hand, if £ € O, from Lemmas 2.3 and 5.2 we get the existence of constants « > 0 and 8 such that
aFe () + B =gm(E) +£0.:(8), (6.2)

with @, and V¢ ®; uniformly bounded in the considered region as € — 0.

We shall prove that, under the assumptions of Theorems 1 and 2, F, has a critical point in O for ¢ small enough.
We start with a topological lemma. We denote by D the diagonal

D:={eR™: & =& forsomei # j},

and we write H* := H*( - ; K) for singular cohomology with coefficients in a field K.

Lemma 6.1. If H?(2) # 0 for some d > 1, and H'(§2) =0 for j > d, then the homomorphism
Hﬂ’ld(.{zm7 D) N Hmd(gm),
induced by the inclusion of pairs (2™, () < (2™, D), is an epimorphism. In particular, H™ (2™, D) # 0.

Proof. Let us prove first that H (D)y=0if Jj > (m — 1)d. For this purpose we write
D= U Xij, where X; j:={(x1,...,xn) € 2" x; = x;},
1<i<j<m
and consider the sets Fo := {2}, F| :={X; ;: 1 <i < j <m}, and
Fir1:={ZNZ:Z,Z eFrand Z#£Z'}, k=1,...,m—2.
Note that
7= Q" * forsomek <k'<m—1ifZeF, k=0,...,m—1,
where = means that the sets are homeomorphic. Kiinneth’s formula
H(@" = P (H' @ eHI@" ) (6.3)
prq=j
(see, for example, [17, Proposition 8.18]) yields inductively that, for 0 <k <m — 1,

HI(Z)=0 ifZeF and j > (m — k)d. (6.4)
We claim that, for each 0 < k < m — 1, one has that
H/(Z U---UZ)=0 ifZ,...,Z¢€Frand j > (m —k)d. (6.5)

Let us prove this claim. Since F,—1 has only one element and (6.4) holds, we have that the claim is true for k =m — 1.
Assume that the claim is true for k + 1 with k + 1 < m — 1 and let us then prove it for k. We do this by induction on £.
If £ =1 the assertion reduces to (6.4). Now assume that the assertion is true for every union of at most £ — 1 sets in
Fi,and let Zy, ..., Zy € Fi be pairwise distinct sets. Consider the Mayer—Vietoris sequence

—1
...er—l(U(zinzz)) — H/(ZyU---UZ) = HI(ZyU---UZ_ ) ®HI (Zg) — ---. (6.6)
i=1
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Our induction hypothesis on £ yields that H/I(Z{U---UZy_1)=0and H/(Z;) =0 if j >(m—k)d.Since Z1,...,7Z;
are pairwise distinct, we have that Z; N Z, € F;4 foreachi =1, ..., £ — 1 and, since we are assuming that the claim
is true for k 4+ 1 we have that

-1
Hf—l(U(z,- N zz)) =0 ifj—1> (m—(k+1)d.
i=1
Note that j > (m — k)d implies j — 1 > (m — (k 4 1))d. This proves that both ends of the exact sequence (6.6) are
zero if j > (m — k)d, hence the middle term is also zero in this case. This concludes the proof of claim (6.5).
Now, since D = UYe}'. Y, assertion (6.5) with k = 1 yields that H/ (D) =0 if j > (m — 1)d. So the exact coho-
mology sequence

H™ (2™, D) — H™ (2™ — H™ (D)=0
gives that H™4 (2™ D) — H™4(2™) is an epimorphism. But (6.3) implies that H™?(£2™) # 0. Therefore,
H™ (2™, D) +0, as claimed. O

For each positive number § define
25 :={& € 2: dist(§,092) > 8},
Ds:={E=(1.....6m) €™ & € 2s).

Lemma 6.2. Given K > 0 there exists 5o > 0 such that, for each § € (0, 8y), the following holds: For every & =
&1, ...,&n) € 005 with ¢y, (§)| < K there existsani € {1, ..., m} such that

Ve, om(§) #0 if& e 25,
Veom(€) -1 #0  for some v € T;, (0825)  if & € 0825

where T, (0525) denotes the tangent space to d52s at the point &;.

Proof. We first need to establish some facts related to the regular part of the Green function on the half hyperplane
H = |x = (x1, x2, %3, x4) € R*: x4 >0},
It is well known that the regular part of the Green function on H is given by
H(x,y)=8log|x —y[, y=(y1,¥2, 3, —y4)
for x, y € H and the Green function is
G(x,y) = —8loglx — y[ +8loglx — yI.
Consider the function of k > 2 distinct points of H
W (x1,....xp) = —8 ) log|x; — x;l,
i#]
and denote by I and Iy the set of indices i for which (x;)4 > 0 and (x;)4 = 0, respectively. Define also

k
B |x._x.|
gok,H()q,...,xk)=—8210g|xj —xj|+8210g#.

j=1 iz il
Claim 3. We have the following alternative: Either
VW (x1,...,x0) #0  for somei € 1,
or
) ;Wi (x1, ..., xk) #0  for some i € Ip and j € {1,2,3},

— 9
where d(y;); = ;-
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Proof. We have that

a
SO st = ) Vi WO 20 i Y Vg W (e ) X

iely iely
On the other hand
d
ﬁ‘l’k()\xl, e Axp) =1 = —8k(k — 1) #0,

and Claim 3 follows. 0O
Claim 4. For any k distinct points x; € Int H we have Vi #(x1, ..., x;) #0.

Proof. We have that
k

a
SR PeHOXL - X =t = Z Vi H (X1, - X0 - X

i=1
On the other hand
0
ﬁ‘ﬂk,H()vxl, v AXp) =1 = —8k(k — 1) #0,
and Claim 4 follows. O

Now we will need an estimate for the regular part H (x, y) of the Green’s function for points x, y close to 952.

Claim 5. There exists C1, C, > 0 constants such that for any x,y € §2

1 1
V, H (x, V,H (x, < C{min , — Cy.
9,50+ (9, | < Cominf
Proof. For y € §2 a point close to 52 we denote by y its uniquely determined reflection with respect to d§2. Define
Y(x,y)=H(x,y) + 8log ﬁ It is straightforward to see that i is bounded in £2 x £2 and that |V, ¢ (x, y)| +

|Vy ¥ (x, y)| < C for some positive constant C. Claim 5 follows. O

We have now all elements to prove Lemma 6.2. Assume, by contradiction, that for some sequence §,, — 0 there
are points £" € 9D, , such that |¢,,(§")] < K and, forevery i € {1, ..., m},

Verngm (") =0 if &' € 25, (6.7)
and

Vgin(pm(g”) ct=0 if§' €S2, (6.8)

for any vector 7 tangent to d52;, at £ It follows that there exists a point &' € 925, such that H (&', &') — —o0 as
n — oo. Since |¢,; (§")| < K, there are necessarily two distinct points &' and & ]" coming closer to each other, that is,

pn=Inf | — &7 -0 asn— oo.
i#] J

Without loss of generality we can assume p, = |]' — &7'|. We define x;? = (éj'.‘ — &)/ pn- Thus, up to a subsequence,
there exists a k, 2 < k < m, such that

lim |x}| <400, j=1,...,k, and lim |x?|=+00, j>k.
n—oo  J n—oo  J

For j < k we set
= lim .

We consider two cases:
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(1) Either
dist(E", 082
(& 5,) s 4oo
Pn
(2) or there exists Cy < +o00 such that for almost all n we have
dist(&1', 082s,)
— <
IOH

Case 1. It is easy to see that in this case we actually have

dist(£, 0425,)

3

Co.

— 400, j=1,...,k.

Pn
Furthermore, the points & f‘, R ,? are all in the interior of £2s,, hence (6.7) is satisfied for all partial derivatives V;i s
J < k.Define ¢y, (x1, ..., xp) 1= ‘Pm(g? + pnx1, Efl + onx2, ..., Sil + PnXk, S]?_H + PnXk+15 -+, é:,z + PnXm), and x =
(X1, ..., xm). We have that, forall I = 1,2, j = 1,...,k,0(x;),9m(X) = png;), om (&} + pnX1, ... & + pnxi, L +
OnXk+1s -+ & + puxm). Then at X = (X1, ..., X, 0,...,0) we have

a(xj)1¢m (x)=0.
On the other hand, using Claim 5 and letting n — oo, we obtain
1impud(e;), @m E] + a1 b+ ouTn) =8 ) By, loglF — 51 =0,
i#j, i<k
a contradiction with Claim 3.
Case 2. In this case we actually have
dist(£", 982s,)
']— <
Pn

for some constant C; > 0 and for almost all n. If the points f;‘;l are all interior to 25
reach a contradiction to Claim 4.

Therefore, we assume that for some j* we have S;l* € 0825,. Assume first that there exists a constant C such that
8 < Cpyp. Consider the following sum

sni=y G} EN.
i#]
In this case it is not difficult to see that s,, = O(1) as n — +00. On the other hand

Y CHEEN < HER, ER) + C <8log &) —EN|+ C,
J

Ci, j=1,....m,

we argue as in Case 1 above to

n?

where 57* is the reflection of the point é}ﬂ with respect to 952. Since |§7* — _j’.l*| < 28, we have that
n n
ZH(Ej,Ej)—) —00, asn— 00.
J

But ¢, (§™")| < K, a contradiction.

Finally assume that p, = 0(3,,). In this case after scaling with p,, around & ]”* , and arguing similarly as in Case 1 we
get a contradiction with Claim 3 since those points & ]” which lie on 925, , after passing to the limit, give rise to points
that lie on the same straight line. Thus this case cannot occur. 0O

We shall now show that we can perturb the gradient vector field of ¢,, near 335 to obtain a new vector field with
the same stationary points, such that ¢, is a Lyapunov function for the associated flow and Ds N <pn_11[—K , K] is
positively invariant.
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We consider the following more general situation. Let U be a bounded open subset of R with smooth boundary,
and let m € N. We consider a decomposition of U™ as follows. Let S be the set of all functions o :{1,...,m} —
{U,dU}, and define

V,i=0(1) x -+ xo(m) CR"™.
Then
0" =JYo. dW™= |J Yo and Y0V =0 ifo#e,

oeS oeS~\oy

where oy stands for the constant function oy (i) =U. Note that ), is a manifold of dimension < mN. We denote by
Tt (Vo) the tangent space to ), at the point & € V. The following holds.

Lemma 6.3. Let F be a function of class C' in a neighborhood of U™ N F~[b, c]. Assume that
Vo F(E)#0 forevery& €V, NF b, c] with o # oy, (6.9)

where Vo F(§) is the projection of VF (§) onto the tangent space Tz (Y5 ). Then there exists a locally Lipschitz contin-
uous vector field x :U — RN, defined in an open neighborhood U of U™ 0 F~'[b, ¢, with the following properties:
For& el,

() x (&) =0ifand only if VF(§) =0,
(i) x(&)-VF(E) >0if VF(E) #0,
(iii) x(§) € Tz (Vo) if § € Vo NF b, c].

Proof. Let N, := {x € RV: dist(x,dU) < a}. Fix @ > 0 small enough so that there exists a smooth retraction
r:Ny — dU.Foreveryo € S,let6:{1,...,m} — {U, 9Ny} be the function 5 (i) =0 (i) if 6 (i) = U and 6 (i) = N,
if (i) =dU. Set

Uy =6(1) x---x6(m).

Then U, is an open neighborhood of ). Let r, : Uy — ), be the obvious retraction. Assumption (6.9) implies that
F has no critical points on d(U™) N F ~1[b, ¢] and, moreover, that

Vo F(£)-VFE) >0 ifé e, NF b, c]and VFE) #£0.

So taking « even smaller if necessary, we may assume that  has no critical points in U, N F~'[b, c] if o # oy, and
that

VoF(re(§)) - VFE) >0 ifé ety NF (b —a,c+a)and VF(E) £0.

Let {ms: o € S} be a locally Lipschitz partition of unity subordinated to the open cover {{,: o € S}. Define

XE =) 1@V F(re®), EcUi=|JUs NF'b—a,c+a).

oceS oeS

One can easily verify that x has the desired properties. 0O
As usual, set 7€ :={£ edom F: F(§) <c}.

Lemma 6.4 (Deformation lemma). Let F be a function of class C' in a neighborhood of U™ N F~[b, c]. Assume that
Ve F(E)#£0 forevery& € Yy NF b, ¢l witho # oy.
I]_”]: has no critical points in U™ N F~Yb, cl, then there exists a continuous deformation 1[0, 1] x (U™ NFe) -
U™ N FCsuch that
70,6)=¢ forall€ € U™ N FC,
i(s,&)=& forall (s,&) €[0,1] x (U™ NF>),
7(1,6) e U™ NF  foralle e U™ N FC.
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Proof. Let x :U — R" be as in Lemma 6.3 and consider the flow 7 defined by
{ S E) = —x (),
n(0,8) =&,

for £ el and t € [0, 1T (£)), where ¢+ () is the maximal existence time of the trajectory ¢ — n(t, &) in U. For each
Eel,let

tp(€) :=inf{r > 0: F(n(r,£)) < b} €0, 00]

(6.10)

be the entrance time into the sublevel set 7. Property (ii) in Lemma 6.3 implies that

d
Ef(n(t, £)=-VF(n,8)- x(n §) <0,

therefore F(n(¢, §)) is non-increasing in ¢. This, together with (iii) in Lemma 6.3 yields
n(t,&) e U™ NF '[b,c] ifeeU™NF '[b,clandt €[0,4,(8)].

Since F has no critical_points in U™ N F~[b, c], we have that tp(§) < oo for every & € U™ N F~b, ¢, and the
entrance time map 1, : U™ N F°NU — [0, 00) is continuous. It follows that the map

7:00,1]1 x (U™ NF) — U™ NF°
given by
n(stp(€), &) if& e UmNF)NU,
£ ife e U™ NFP

is a continuous deformation of U™ N F¢ into U™ N F? which leaves U™ N F? fixed, as claimed. O

(s, §) :={

Proof of Theorem 1. Fix §; small enough so that the inclusions
D5, <> 2" and Ds, N D < Bs (D) :={x € 2": dist(x, D) < 8} (6.11)

are homotopy equivalences, where D := {§ € 2™: & =&; for some i # j}. Since ¢y, is bounded above on D, and
bounded below on 2™ ~\ Bs, (D), we may choose by, ¢y > 0 such that

D5, C® and P c Bs, (D).

Fix K > max{—by, co} and, for this K, fix § € (0, §;) as in Lemma 6.2. By property (6.2), for each ¢ small enough,
there exist b < ¢ such that

pNCFiCoN.  eNCcFced.

and such that, for every & = (&1, ..., &) € 095 with }N}(’g‘) €[b,c]thereisani € {1, ..., m} with
Ve, Fe(6) #0 if& € 25,
Vgi]:"g(g) -1 #0 forsomet €T (082;5) if& €082s.

We wish to prove that ]35 has a critical point in ®5 N fs_ L[b, ¢]. We argue by contradiction: Assume that fs has no
critical points in D5 N F, L[b, ¢]. Then Lemma 6.4 gives a continuous deformation

7:00,1] x (D5 N FE) — Ds N FE
of D5 N F¢ into Ds N F? which keeps D5 N F? fixed. Our choices of b and ¢ imply that ®5, C D5 N FE and 7j induces
a deformation of ®s, into Ds N ff C Bs, (D), which keeps the diagonal D fixed. Consequently, the homomorphism
FH* (2™, Bs, (D)) > H*(Ds,, D5, N D),

induced by th inclusion map ¢ : ®5, — 2™, factors through H*(Bs, (D), Bs, (D)) = 0. Hence, ¢* is the zero homomor-
phism. On the other hand, our choice (6.11) of §; implies that ¢* is an isomorphism. Therefore, H*(2™, Bs, (D)) =
H*(2™, D) = 0. But, by assumption, Hd(Q) # 0 for some d > 1. If we choose d so that H/(£2) =0 for j>d,
then Lemma 6.1 asserts that H"¢(£2™, D) # 0. This is a contradiction. Consequently, F, must have critical point in
Ds N .7:";1[19, c], asclaimed. 0O
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6.2. Proof of Theorem 2

Assume that there exist an open subset U of §2 with smooth boundary, compactly contained in §2, and two closed
subsets Bg C B of U™, which satisfy conditions (P1) and (P2) stated in Section 1. By property (6.2), for ¢ small
enough, F; satisfies those conditions too, that is,

be := sup F.(£) < inf sup Fo(y (&) =: ¢,
£€By vel'eep
where I" :={y € C(B,U™): y (&) =& for every £ € Bo} and, for every & = (&1, ...,&,) € U™ with fg(é) € [ce —
o, ce +al, x € (0, c. — be) small enough, one has that

Ve, Fe(6) #0 if& e U,

Ve Fe(£)-T#0 forsome t € T;, QU) if & € U,
forsomei €{l,...,m}. If .7:"5 has no critical points in U™ N .7:"5_1 [ce — @, cc + ], then Lemma 6.4 gives a continuous
deformation

n:[0,1] x (Um ﬂﬁ;'5+a) - gm ﬂj:"gg+a

of U™ N FEH into U™ N FEE™* which keeps U™ N F&f ™ fixed. Let y € I” be such that Fe(y (&) <ce +a for
every & € B. Since b, < ¢, — a, the map y (&) :=7n(1, y(§)) belongs~to I'. But Fe(y(£)) < c. — «a for every & € B,
contradicting the definition of ¢,. Therefore, c; is a critical value of F,. O
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