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Abstract

We consider a one-phase nonlocal free boundary problem obtained by the superposition of a fractional Dirichlet energy plus a
nonlocal perimeter functional. We prove that the minimizers are Holder continuous and the free boundary has positive density from
both sides.

For this, we also introduce a new notion of fractional harmonic replacement in the extended variables and we study its basic
properties.
© 2016 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

The recent research has payed a great attention to a class of nonlocal problems arising in both pure and applied
mathematics. A natural setting in which nonlocal questions arise is given by the class of free boundary problems.
Roughly speaking, many free boundary problems are built by the competition of two (or more) competing terms: for
instance, an elastic (or ferromagnetic) energy can be combined with a tension effect (in this setting, the ferromagnetic
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energy favors the preservation of the values of a state parameter #, while the tension effect tends to make the interface
given by the level sets of u as small as possible).

In order to take into account possible long-range interactions, some nonlocal energies have been considered in
these types of free boundary problems. In particular, in [14], a new energy functional was considered, as the sum of a
fractional Dirichlet energy, with fractional exponent s € (0, 1), and a fractional perimeter, with fractional exponent o €
(0, 1). When s — 1, and when 0 — 0 or o — 1, the energy functional becomes the classical free boundary energy
considered in [1-3]. An intermediate problem, with a local Dirichlet energy plus a fractional perimeter has been
studied in [6].

Some results of classical flavor have been proved in [14], such as, among the others,! a monotonicity formula for
the minimizers, some glueing lemmata, some uniform energy bounds, convergence results, a regularity theory for the
planar cones and a trivialization result for the flat case. On the other hand, in [14] no result was proved concerning
the regularity of the minimizers and the density properties of the free boundary. These type of results are indeed quite
hard to obtain, due to the strong nonlocal feature of the problem: for instance, differently from the classical case, the
nonlocal Dirichlet energy provides nontrivial interactions between the positivity and negativity sets of the functions,
and a local modification of the free boundary produces global consequences in the fractional perimeter.

Goal of this paper is then to provide regularity and density results, at least in the case of the one-phase problem
(i.e. when the boundary data are nonnegative).

The mathematical setting in which we work is the following. Let s, o € (0, 1), and & C R” be a bounded domain
with Lipschitz boundary. Following [14], we define

lu(x) —u(y)?

=y dxdy + Per, (E, ),

Faou, E):= /

Oq

where

QQ::(QXQ)U((R”\Q) xQ)U(Qx(R"\Q))
and Per, (E, 2) denotes the fractional perimeter of E in 2 (see [5] or formulas (1.2) and (1.3) in [14]), that is
Pery (E,Q):=L(ENQ,Q\E)+ L(ENQ,(R"\E)\Q)+L(E\2,Q\E), (1.1)

where, for any disjoint sets A, B C R”,

dxdy
=

AXB

All sets and functions are implicitly assumed to be measurable from now on.
Let E CR" and u : R" — R. We say that (u, E) is an admissible pairif u >0 a.e.in E andu <0 a.e.in R" \ E.
Also, we say that («, E) is a minimizing pair in Q if Zq(u, E) < +00 and

Fao,E)< Zq(, F)

for any admissible pair (v, F) such that:

o u—ve H(R"),
e u=vae.inR"\ Q, and
e E\Q=F\Q.

' We take this opportunity to amend some minor inconsistencies in [14].
First of all, in Theorem 1.2 and in Lemma 8.3, the condition “u,, is the extension of u,,” has to be intended “u,, is the extension of u,, €
C(R™)”.
Then, in the statement of Lemma 3.2 “if u € C(R")” has to be placed in the beginning, and in the proof of Lemma 3.2 the expression “ m(in ) u”
r(Xo
needs to be replaced by “ min u”.
By (x0)
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Roughly speaking, a pair (u, E) is admissible if E is the positivity set of u, and it is minimizing if it has minimal
energy among all the possible competing admissible pairs that coincide outside 2. For the existence of minimizing
pairs see Lemma 3.1 in [14].

We remark that this minimizing problem is nontrivial even in the one-phase case, i.e. when the boundary datum u
is nonnegative, since the set E is not necessarily trivially prescribed outside 2.

In this setting, our main result is the following:

Theorem 1.1 (Density estimates and continuity for one-phase minimizers). Assume that (u, E) is minimizing in By,
withu >0 a.e. in R"\ By and 0 € dE. Assume also that

/ @l A (1.2)

1+ |x|n+25
Rn

for some A > 0.
Then, there exist c, K > 0, possibly depending on n, s, o and A, such that for any r € (0, 1/2],

min{|B,mE|, |B,\E|}>cr" (1.3)
and

lullLoes, ) < K. (1.4)
In addition, if s > 0 /2, then, givenry € (0, 1/4),

<C, (1.5)

ue 3 (Byy), with ull g, | <
o

where C > 0 possibly depends on n, s, o, ro and A.

We observe that both the growth condition (1.2) and the Holder exponent in (1.5) are compatible with the degree
of homogeneity of the minimizing cones, see Theorem 1.3 of [14]. Condition (1.2) is also a standard assumption to
make sense of the fractional Laplace operator (though some very recent developments in [15] may also allow more
general notions of suitable fractional Laplace operators for functions with more severe growth at infinity).

It is an open problem to investigate the optimal regularity of the solution (which could be possibly beyond the
scaling arguments) and to classify (or trivialize) the minimizing cones: see also [6,14] for partial results and additional
comments on these problems.

It is also an interesting question to study this type of free boundary problems for more general fractional operators
(see e.g. [22,17] for a classical counterpart).

The rest of the paper is organized as follows. In Section 2 we introduce an extension problem which is useful to
localize the Dirichlet energy (using a weighted space with an additional variable). This extended problem is differ-
ent than the one considered in [14] since here the fractional perimeter functional is not modified by the extension
procedure.

In Section 3, we introduce a fractional harmonic replacement in this weighed extended space. Fractional harmonic
replacements are of course a classical topic in harmonic analysis and they have several applications to free boundary
problems, see e.g. [3,6] and the references therein. In the literature, a fractional harmonic replacement was also
studied in [16]. The setting of [16] is different than the one considered in Section 3 of this paper, since here we deal
with the extended space and, in Section 4, we obtain localized energy estimates in the extended variable. These energy
estimates play a crucial role in our subsequent density estimates (as a matter of fact, both the replacement of [ 16] and
the one of Section 3 here will be used in this paper to prove density estimates from both sides).

In Section 5 we prove the density estimates. First we prove the density of the vanishing set around free boundary
points, together with a uniform estimate on the size of the solution. Then we use this information to obtain density
estimates of the positivity set as well, which completes the proof of the double-sided density estimate in (1.3).

By combining the density estimates with the uniform bound on the solution, one also obtains continuity of the
minimizers, as claimed in (1.5).
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2. An extended problem

In this section we introduce an extension problem in order to localize the Dirichlet energy, by adding one variable
(see [7]).

We use the following setting. We consider variables x € R” and z € R, and we use the notation X := (x, z) € R+
We consider the halfspace RT’] :=R" x (0, +00). The n-dimensional ball centered at 0 € R” and of radius r > 0 is
denoted by B,.

Given u : R" — R, for any (x,z) € R"+! we define

|21* u(x —y) _/ |21* u(y)
(Ix

ux,z)= | ———————dy= 2.1

n42s n42s ’
AT

_y|2+22) 5

Rn

see e.g. [7], in particular Section 2.4 there (notice that in [7] in the definition of the extension function u there is also
a normalizing constant, that we neglect here, since it will not play any role in our problem).
Next result states that if (#, E) is a minimal pair, then (#, E) is minimal for an extended problem:

Lemma 2.1. Let (u, E) be a minimizing pair in B,. Let % be a bounded and Lipschitz domain of R"*! that is
symmetric with respect to the z-coordinate, such that

% N{z=0}C B, x {0}.
Then

/|z|“|Vﬁ|2dX+Perg(E, Br)</|z|“|v5|2dX+Perg<F, B)),
4 w
for every (v, F) such that:

F\B,=E\B,,

U — u is compactly supported inside U,
(x,0) >0a.e xeF,

v(x,0) <0ae xeR"\ F.

Proof. We take (u, E) and (v, F) as in the statement of Lemma 2.1 and we define v(x) := v(x, 0), for any x € R".

Notice that (R” \ B,) x {0} € R**1\ %, therefore v(x) = #(x, 0) = u(x, 0) = u(x) for a.e. x € R"\ B,. In addition,
v>0ae.on F and v <0 a.e. on R" \ F. Therefore, the pair (v, F) is an admissible competitor for («, E) and so, by
the minimality of (u, E), we have that

lo(x) —v(y)|? lu(x) —u(y)?
/ |_x_y|n+2s dxdy_ |x_y|n+25 dXdy

QBr QBr (2.2)
g\Br(vvF)_jBr(u’E)_PerU(F5Br)+PerU(EvBr)

= —Per, (F, By) + Pers (E, By).

On the other hand, by Lemma 7.2 of [5], up to a normalizing constant, we have that

/ |v(x>—v(y>|2dxdy_f |u(x) —u()?

|)C _ y|)‘l+2S |X _ y|n+2s dx dy

QBr QBr

= inf/ lz1°(IV@|* — Vi) dX,
/4

where the infimum above is taken over all the couples (w, #) satisfying the following properties:
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e # is a bounded and Lipschitz domain of R”*! that is symmetric with respect to the z-coordinate, such that

W N{z=0}C B, x {0},

— u is compactly supported inside %’

oW
e w(x,0) =v(x) for any x € R".
By construction, we can take w := v and # := % as candidates in the above infimum, and consequently

lo(x) — v(y)]? Ju(x) — u<y>|2
dx d _/ y|n+2s dy

/ Clx -yt

By
z1*(IVD|* — |Val*) dX

4

This and (2.2) give that

/ 121(IVD|* — |Va)?) dX > —
4
that is the desired result.
3. Fractional harmonic replacements in the extended variables
Goal of this section is to introduce a notion of fractional harmonic replacement in the extended variables and study
its basic properties. In the classical case, a detailed study of the harmonic replacement was performed in [3,6]. See

Per, (F, B;) + Perg (E, By),

O

also [16] for the study of a related (but different) fractional harmonic replacement
(3.1)

We set
B, = B% X (—r,1).
It worth to link the norm in %, for the extended function with the one on the trace, as pointed out by the following

result:
Lemma 3.1. Let u and u be as in (2.1). There exists C, > 0 such that

_ lu(y)|
lull Loy < Cr | lullLoecs, + / W
RA\B,

Proof. Let (x,z) € B,. Then x € B9_r and |z| < r. Therefore, if y € R" \ B,, we have that

Iyl 9yl Iyl 9 Iyl
—ylzlyl— —+— x| 2 —_ =
lx —yl =yl —Ix|= 10+10 lx| = 10+10 ThmED
Hence, if y e R" \ By,
|2 Ju(y)] 2 Ju(y)l |u(y)]
(x — y2+2 = |x — y|n+2s =T |y|nt2s’
for some C, > 0. As a consequence
2s
f |z] 2Iu(y)l dy <C, / |Iyu|fly+)zls (3.2)
R”\Br (|'x_y| +Z R"\Br

Moreover,
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121 |u(y)] 2|
/ 5 dy < |lullL(s,)

5 (x—yP+25) g (x—yP+25)

|Z|23
< lullLe(s,) 5 dy =C |ul L=,
p (= y2+zH)

for some C > 0. The latter estimate and (3.2) imply the desired result, up to renaming the constants. O
3.1. Functional spaces

Given r > 0, we consider the seminorm

(vlms () =

/|z|“|Vv|2dX,
B,

witha :=1—2s € (—1, 1). We denote by H* (%4, ) the closure of C*°(%,) with respect to the norm

fIZI“Ivlde.
B,

We also set H{ (%) to be the closure of C;°(%,) with respect to the norm above.
For completeness, we point out that the seminorm [-]ps (2, is indeed a norm on H8 (%,):

lvllms 2, = [Vl z,) +

Lemma 3.2. If v € H{(%,) and [v]ms(»,) =0 then v =0 a.e. in %,.

Proof. Let v; € C;°(%,) be such that ||vx — vl|ms(5,) — 0 as k — +o00. Up to subsequences, we may suppose that
vy — v a.e. in B,. (3.3)
Also, by Proposition 2.1.1 in [12],
1
2y

/ 21 dX | < S vl 2,
%,

for some y > 1 and S > 0. Therefore
€1
2y
f |21 ve ] dX <S8 ([Uk —vlgs (%) + [U]HX(%.)>
By
=38 [vk — vlws () — 0
as k — +oo. This implies that vy — 0 a.e. in %,, up to subsequences, and therefore v = 0 a.e. in %,, thanks

to(3.3). O

Given ¢ € H*(%,), we define
2¢ :={veH’ () s.t.v—p e H)(A))}.

Now we observe that functions in 2% possess a trace along {z = 0}. The expert reader may skip this part and go
directly to formula (3.6). To give an elementary proof of this fact (which is rather well known in general, see e.g.
Lemma 3.1 of [23] or the references therein), we make this preliminary observation:
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Lemma 3.3. Forany v € Cgo (%)) and any x € Bo,, we define T, (x) := v(x, 0). Then, there exists C > 0 such that
10

”T””L2(39r/10) < Cllvllesz,)-
Proof. For any x € B o,

1Ty ()| = |v(x,0) —v(x,r)]

r r
</|azu(x,z)|dz</|z*%|z|%|vu(x,z)|dz.
0 0

So, by Cauchy—Schwarz inequality, for any x € B?_(r] ,

r r r
|Tv<x)|2<f|z|‘“dz/|z|“|Vv(x,z>|2dz=Cf|z|“|Vv<x,z>|2dz.
0 0 0

Hence we integrate over x € By, and the desired result easily follows. O
10

Now, for any w € H{(%,), we know from the definition of Hj(%,) that there exists a sequence of functions wy €
C5° (%) such that ||w — wi [lms(,) — 0 as k — +o00. By Lemma 3.3, we have that

T —wy, (x) = wi(x,0) — wp(x,0) = Ty (x) — Ty, (x)

and so

I Twie = Tw I 12(By, 19y < Cllwk — whllps(2,)-

This means that the sequence T, is Cauchy in L%(By, /10), hence it converges to some function, denoted as T,
in L%(Bo, /10), which we call the trace of w along {z = 0}. Of course, the trace T,, is defined up to sets of zero
n-dimensional Lebesgue measure, and a different approximating sequence does produce the same trace: to check this,
take an approximating sequence wy and use again Lemma 3.3 to see that

1Twe = Ty | L2(Bo, 10y < Cllwk — Willms (2,
< Cllwg — wllms () + Cllwg — wlips,),

hence T, and Ty, have the same limit in Lz(Bgr 710)-
Our next goal is to show that we can trace also ¢ € H*(%>) along By,10. This is not completely obvious since ¢ ¢
H{(%2), so the above construction does not apply. For this, we observe that:

Lemma 3.4. If ¢1, ¢ € B (%>) and ¢1 = @2 a.e. in Bsa, then D9 = 2.

Proof. Let v € 2. Then v — ¢ € H}(%1). Hence there exists a sequence wy € C{°(#)) such that [[v — ¢; —
wy |lms () — 0 as k — +o00. Since g1 = ¢ a.e. in Hs 4, we have that ||v — @1 — willms () = v — @2 — willms ()
As a consequence, ||[v — @2 — wi|lms(,) — 0 as k — +oo, which shows that v € Z¢2.

The reverse inclusion is completely analogous. O

Now, given ¢ € H*(%>), we can take 7 € C3°(#3/2) with T =1 in %54 and consider ¢, := t¢. By the trace
construction in H(%>), we can define the trace T, as a function in L*(Bag /10). So we define the trace of ¢ in Bg/19

as Ty, := Ty,. By construction, T, € L2(39 /10)- Next observation shows that this definition is independent on the
particular cut-off chosen:

Lemma 3.5. If 1, ¢2 € Hy(%2), with 1 = @2 a.e. in Bs,4, then Ty, = Ty, a.e. in Byjp.
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Proof. By construction, for any i € {1,2}, there are sequences ¢; x € C{°(#2) such that |¢; — @i il (2, — 0

as k — +o00. Let ©® € C;°(Hs/4) with ©® =1 in Hy1/10. Let also

DLk =01k + O (P2, — @1.0).
We claim that

kljrfm ler — @1,k llms () =0.
To prove this, we observe that
lo1 — G1il* = |o1 — o1k — Op2k — €01,k)|2
< (i1 = o1al? +10Pig2k — 01.42)
< C(|‘/’1 —o1il?+ + X %54 |02,k — wl,klz),
up to renaming C > 0. Hence, since ¢1 = ¢; a.e. in %5/4,

X502k — 1412 = x5l 026 — 02+ 01 — @141
Therefore
lo1 — @1.41* < C(I(ﬂl — o1l + o2k — §02|2)-
As a consequence,
tim [ [21'lgs — i dx =0.
k——+o00
)
Moreover, we observe that
. 2
V(g1 — @1.01> =|V(p1 — 014 — V(O (92 — 01.0)))]
<C(1V@1 = @1 0P + V0P Igs s — o1 + ORIV (g2 — 91.00)
< C<|V((ﬂl — o0l + X Bs1:\ P11 10|92,k — o1il?+ X s\ V (@2, — §01,k)|2>,
up to renaming C > 0. Hence, since ¢| = ¢; a.e. in Hs,4,

2 2
X;@S/4\§311/10|§02,k - ¢1,k| = X@5/4\§511/10|¢2,k — @2+ @1 — @l,k'

and

X5V (@026 — 0101 = X85, |V (926 — 02+ 01 — 01,01

Therefore
Vg1 = G101
<C(IV@1 =00 + 02k — o2l + o1 — o1l
+IV@2k — 9P + V(@01 = 01,0P),
which, after an integration, implies that
lim f 1211V (¢i — @01 dX = 0.
k— 00
Rz

This and (3.5) give (3.4).

(3.4)

(3.5)
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With this, and setting @ x := @2.x, we have that ¢; x € C5°(%2), ll¢; — @i kllms(#,) — 0 as k — +00, and, addi-
tionally, if X € % 1710 then

01,6(X) = @2x(X).

Since T, is the limit in L2(Bz.(9/1o)) (and so a.e. in By.(9/10), up to subsequences) of T, as k — 400, we have, for
a.e. x € Bosjo € #1710 N {z =0},

Ty (x) = kljl}rloo T5, ,,(x) = k_l)ilfoo @1,k(x,0)
= kBTOO @2,](()6’ 0) = kETOO T@Z.k ()C) = T(p2 (X),

as desired. O

Having defined T, for any w € Hj(%#) and T, for any ¢ € H*(%,), we now define the trace of any function
v e 9%, by setting

Ty :=Ty—y +Tp.

To simplify the notation, given a set K € %) N {z = 0}, we say that v =0 a.e. in K to mean that 7, =0 a.e. in K
(i.e. v(x,0) =0 for a.e. x € K, in the sense of traces). We set

2% ={ve 2stv=0ae.inK}. (3.6)

In some intermediate results, we also need a slightly more general definition in which the values attained at K are not
necessarily zero. For this, given y : K — R, we also define

91(?’)/ ={veZ’stv=yae inK}. 3.7
Notice that @,“é reduces to 9,‘? when y = 0. The functional structure of 9[(‘; y that is needed for our purposes is

given by the foflowing result:

Lemma 3.6. Let w; € _@I?V be such that

sup/ 2| Vw;|*dX < +oo.
jeN
iz

Then there exists w € .91?), such that, up to a subsequence,
lim [ |z|%w —w;[*dX =0 (3.8)
Jj—+oo
2
and, for any ¢ € @1‘?#,
lim [z|*Vw; - V¢ dX = / Iz|*Vw - Vo dX. (3.9)

j—+oo
B 2

Proof. First, we use Lemma 2.1.2 in [12] and we obtain that there exists w (with finite weighted Lebesgue norm)
such that (3.8) holds true. Then, by Theorem 1.31 in [19], we obtain (3.9). It remains to show that
we . (3.10)

To this goal, we first observe that Hj (%) is closed (with respect to || - || (%,)) and convex. Hence 2 is also closed
and convex, and then so is @I‘?’ v Therefore (3.10) follows from (3.8), (3.9) and Theorem 1.30 in [19] (applied here

with # = @,“;,y). O
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Now we define
&) :=/|z|“|vU|2dX.
&\

Then we have:

Theorem 3.7. Assume that
91“;)/;&@. (3.1

Then there exists a unique d)(;},y € ‘@,‘@’y such that

gﬂ _ .
éo(QDK’y) = rr?ljlgl &(v).

ve K.y

In particular, taking y =0, we have that if .@I‘? %+ & then there exists a unique CD(Ip( € @;@ such that

£(@%) = min £().

veDy

Proof. Let

t:= inf &(v).

veZg
We take a minimizing sequence w; € Zg , such that
Ewj)<ite . (3.12)
By Lemma 3.6, up to a subsequence we have that there exists w € _@2 y such that
lim lz|Vw; - VopdX = / 1z|Vw - Vo dX,
j—+oo
95] ggl
for every ¢ € @z,r In particular,
0< lliminf/‘ 2| V(w; — w)*dX
J—=+o0
)

:1jminf/|z|“|ij|2dX+/|z|“|Vw|2dX—2/|z|“ij.deX
J—>+00

<@1 ,@] =@I
=1iminf/|z|“|ij|2dX—f|z|“|Vw|2dX
Jj—>+oo
3 4

=liminf&(w;) — &(w).
Jj—>+00
By inserting this into (3.12) we obtain that
&(w) < liminf & (w;) < liminft+e™/ =1
Jj—>+oo Jj—+oo
This shows that w is the desired minimizer.
Now we show that the minimizer is unique. The proof relies on a standard convexity argument, we give the details

for the facility of the reader. Suppose that we have two minimizers w; and wj, and let w := (w; + w»)/2. Notice
that w € .@?V by the convexity of the space, hence

E(wy) =& w2) < E(w).
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Also wy — wy € Hy (%), thus

(w1 = w2l (5, = / |21V (w1 — w2)?dX

B

= / |z|”(|Vw1|2 + IVw2|2 —2Vuw;y - VU)2) dX
B,

= / |2 (2Vwi > + 2| Vwa | = [V(w; + wo)[*) dX
3

=2&(wy) + 28 (wy) — 4& (w)

<0.

This, together with Lemma 3.2, shows that w; = w; and so it completes the proof of the uniqueness claim. 0O
From now on, we will implicitly assume that 9}‘; # . Then, the minimizer d>‘;; introduced in Theorem 3.7 is the

fractional harmonic replacement that we consider in this paper. Roughly speaking, it is a minimizer with boundary
datum ¢ of a fractional energy in the extended variables under the additional condition of vanishing in the set K.

3.2. Basic properties of the fractional harmonic replacement

In this subsection, we prove some simple, but useful, properties of the fractional harmonic replacement, such as
symmetry and harmonicity properties and maximum principles.

We remark that the fractional harmonic replacement is defined in a whole (n + 1)-dimensional set. This can be
translated into subset of the halfspace ]Rf’;rl if the boundary datum is even in z, as the forthcoming Lemma 3.8 will
point out.

Lemma 3.8. If ¢(x, —2) = ¢(x, 7) then CD‘;},V(x, —7) = <I>(Ip(’y(x, 2).

Proof. We let ¥(x, 7) := <I>‘Ip<,y(x, —7). Then ¥ € .@?Y. Furthermore

/|z|“|w|2dX=f|z|“|Vd>‘;;,y<x,—z>|2dX=f|z|“|V<b?;,y(x,z)|2dx,
%1 331 %l

hence W is also a minimizer for & in 9}? v By the uniqueness result in Theorem 3.7, we conclude that & = <I>‘Ip( yo O

Now we write @2 to mean the functional space 9}? when ¢ = 0. In this notation, we have that the fractional
harmonic replacement is orthogonal to 29, as stated in the following result:

Lemma 3.9. For every € 99,

/Iz|“V©§;}’V~V1de=O (3.13)
P\

and
E@Y V) =E@% ) +EW). (3.14)

Proof. Notice that for every ¢ € (—1, 1), we have that CD‘,’;’V +ey € @1?7/’ therefore @@((ID(;;’V +ey) — £(¢ﬁ’y) >0
and then (3.13) follows.
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Then, using (3.13),
@@(CD(IP(,}, t¢)— 5@?},),) —&W)

= / IZI”[|V<I>‘IP(,),|2 +|Vy >+ 2vq>‘;;’y VyldX
Z

—f|z|“|vcl>‘;;,y|2dX—f|z|“|vw|2dx
ﬁl l@l
=0,

that establishes (3.14). O

Now we show that the fractional harmonic extension is indeed “harmonic” outside the constrain, i.e. it satisfies a
weighted elliptic equation in the interior of %) \ K. The precise statement goes as follows:

Lemma 3.10. We have that
div(lzl“VdJ(Z’y) =0 (3.15)

in the interior of %1 \ K, in the distributional sense.

Proof. Let .4 be an open set contained in % \ K. Let ¢ € C5°(4"). Then ¢y =0in K and so ¥ € .@2. Accordingly,
by (3.13),

/ IZI“VCD‘,’}’]/ ViydX =0,
)

which establishes (3.15) in the distributional sense. O

The forthcoming two results in Lemmata 3.16 and 3.17 provide uniform bounds on q;‘lf’( by Maximum Principle.
To this goal, we need the ancillary observations in the following Lemmata 3.11-3.15:

Lemma 3.11. Let c € R and ¢ € H*(%4)). Let ¢ € H* (%)) be a sequence such that
lim ¢ — dxlips ) = 0. (3.16)
k—+00
Let ¥ := (¢ — o) and Yy := (¢ — ¢)*. Then, up to a subsequence,

llm — S(G :O
Jim 1 — Vi llms (2,)

Proof. First, we observe that, up to a subsequence, ¢y — ¢ a.e. in ;. Accordingly

imsup x(g>c>¢) < Xigp=c} and LmMsup xip=c>gp) < Xip=c} G.17)
k

k—+00 — 400

a.e. in #;. Also, for any domain .#" compactly contained in % \ {z = 0}, we have that ¢ € W]L’Cl (4) and so, by
Stampacchia’s Theorem (see e.g. Theorem 6.19 in [21]), it follows that V¢ = 0 a.e. in {¢ = ¢}, and so

12|91V $|* Xip=c) = 0 ae. in .
Therefore, by (3.17),

Hm [z|°|V|* xig=c>¢) =0
k— 400

and  1lim |z|*|VOI* Xig>esa) =0
k—+o00
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Consequently, by the Dominated Convergence Theorem,

lim / 1z|4|Vp|?dX =0
k—+o00
BiN{p>c> i)
and lim / 1z14|Ve|>d X =0.
k—+o00
Zalt et

Moreover, by Corollary 2.1 in [18],

0 = iy my = [ 1199 = VP ax
Z
:f|z|“|V<¢—c>+—V(¢k—c)+|2dx
iz

- [ Eve-vaPax
B1N0{p>cIN{pr>c}
+ / 21|V dX
PB10{p>c> i)
+ / 12|*| V|2 dX.
PB10{pp>c >}
‘We also observe that
Ve <2(IVgx — VoI +1V91)
and therefore

0 = Viny <3 [ 121199 — Vi ax
P

+ / 2[4V dX +2 / 24|V |2 dX.

Brp>c>dr) B0 {pr>c=¢)
From this, (3.16) and (3.18), we get

lim [ — Yl g, <O

k— 00

1399

(3.18)

(3.19)

Now we observe that |z|%|¢ — ¢x|> — 0 in L' (%)), thanks to (3.16). Therefore (see e.g. Theorem 4.9(b) in [4]), we

know that, up to a subsequence,

12191 — pil* < A,

for every k e N, with h € Ll(%’] ). As a consequence,

1217 || < 12121 — ¢l + I212 9] < VR + [z]2 |9

Consequently,

2119 =yl < 121?161+ Igel +2lel) <2121 (1] + lel) + VA

and thus
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el = w2 < C (121 (16 + ¢) + 1] =,

with g € L1(4)). So, by the Dominated Convergence Theorem,

lim f|z|“|w — Y 2dX =0.
k—+00
%

This formula and (3.19) imply the desired result. O

We need now a technical modification of Lemma 3.11. Namely, given ¢ € H* (%), in order to approximate ¢
in H¥(Z)) it is not always convenient to consider the positive parts of the approximating sequence (as done in
Lemma 3.11), since taking positive parts may decrease the regularity of the smooth functions. To avoid this, we
introduce a smooth modification of an approximating sequence, which still converges to the positive part in the limit.
The key step in this procedure is given by the following result:

Lemma 3.12. Let ¢ € H* (%)) and fix ¢ > 0. Then, there exist 0, 0, € C®(R) such that §,(t) <1t < 0,(t) for
anyt € R and

g™ —Be(@) s () + 16" — 0, (D) llms () < & (3.20)

Proof. Let t € C*°(R, [0, 1]) such that 7(¢) =0 forany t < 1/2,and t(t) = 1 forany ¢t > 3/4. Letalso ©(¢) := 1 t(¢)

and
t
0.():=¢0O <—> .
£

By construction, ©(7) <1 and so 6, (t) <t forany 7 € R.
Moreover,

10,1 < C, (3.21)
for some C > 0, and
0.(t)=1" for any [t| > e. (3.22)

Now we take a nondecreasing function u € C*°(R) such that u(¢) =0 if t < —1/100, u(t) € (0, 1) for any ¢ €
(—=1/100,1/100) and p(t) =1 for any ¢ > 1/100. Notice that

L
100

L= / u(r)d:g%. (3.23)

—00

For any r > 0, we define

(1) t % +
= ——4r).
Mr 1% 100
We observe that w,(r) =0 if r < (98/100) — r, w,(¢) € (0, 1) for any ¢ € ((98/100) — r,1 —r) and w,(t) = 1 for
anyt>1—r.
We claim that

1
there exists r € [0, 1] such that / wr(t)dt =1. (3.24)

—00

To prove this, notice that, using the change of variable 7 =t — % + r and recalling (3.23),
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1 1

99
/M,(t)dt:/,bb(t—m—f-r)dt

2 s
TRES 100 RAS
_ / u(f)df:/u(f)dt~+ / (i) di
- - 100
o5+

1df =1+r.

Il
_I_
|_\a

T

IS

0

Now, if r =0 then ¢

claim in (3.24).
Notice that the parameter r given by (3.24) will be considered as fixed from now on. We define

N

1/50, thanks to (3.23), and if r = 1 then ¢t + 1 > 1, since ¢ > 0. So, by continuity, we obtain the

t

T():= / wr(p)dp.

—00
We claim that
T(t)=t" forany |t| > 1. (3.25)

Indeed, if ¢+ < —1 then ¢t < (98/100) — r and so we have that T(t) =0 = ¢, since the integrand vanishes. Also,
if t > 1 then

1 t 1

T = / ur(p)dp+/ur(p)dp=1+f1dp=t,

—00 1 1

where (3.24) was used. This proves (3.25).
We also claim that

T()>1t" for any t € R. (3.26)

To prove it, we notice that it is enough to consider the case t € (—1, 1), in view of (3.25). Moreover, T(t) > 0=1¢"
for any ¢ < 0, so we can focus on the case ¢ € (0, 1). For this, for any t € (0, 1), welet H(t) :=T(t) —tT =T () —t.
Then

HO=T¢)—1=pu (@) —1<0.
Therefore, for any ¢ € (0, 1),
Tt —ttT=H®O>H1)=T1)—1=0,

due to (3.25), and this completes the proof of (3.26).
Now we define

0.(t):=¢T (5) .
&

From (3.26), we know that 6, (¢) >t for any t € R. Also,
AR (3.27)
for some C > 0, and we deduce from (3.25) that

O (t) =t" forany |t| > e. (3.28)
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Having completed the construction of 0, and 6 ¢» we now prove (3.20). To this goal, by Lemma 2.1 in [18], we have
that V(0,(¢)) = 0. (¢) Ve, therefore

16 = 0. i, = [ 117[V6" 01V ax

B
1 (3.29)

2
_ / 124Vt — 0.(p) V| dX.
B1N{|p|<e}

since the other contributions cancel, thanks to (3.22).

We also use (3.21) to see that |z|*|V¢™T — Q;(¢)v¢|2 Xiipl<e) < C 2|4 V| € L1 (%)), since ¢ € H* (%), there-
fore, by the Dominated Convergence Theorem and the Theorem of Stampacchia (see e.g. Theorem 6.19 in [21]), we
have

lim / |z|“yv¢+—gg(¢)v¢\2dxgc / 1z|4|Vp|?dX =0.

£—0

Br0{l¢|<e} B10{¢p=0}
This and (3.29) give that

lim[¢F =0, (#) s ) =0 (3.30)

Now we observe that |0, (¢)| < C(1 + [t]), due to (3.21), and therefore, by the Dominated Convergence Theorem,

lin%/ 2I“lp* — 0.(#)IPdX =0.
E—>

B\
This and (3.30) imply that
- + 2 _
lim (197 —0,(6) I (55, =0. (3.31)

In a similar way (using (3.27) and (3.28) instead of (3.21) and (3.22)), we obtain that
T — D ()12 _
This and (3.31) give (3.20) (up to renaming €). O

As a consequence of Lemmata 3.11 and 3.12 we have the following smooth approximation result for the positive
part:

Corollary 3.13. Let c € R and ¢ € H* ($). Let ¢ € H* (%)) be a sequence such that
li - s =0.
Jim 16 = el

Then, there exist sequences of functions 6y, 6. « € CP(R) such that 0, (1) <tt < 0k (t) for any t € R and

lim (¢ — )t — 0, (¢ — O)llms () =0 (3.32)
k—+o00
and
lim (¢ — )" —0x(@x — ) llms () =0. (3.33)
k— 00

Proof. First we use Lemma 3.11 to say that
lim (¢ — )" — (¢ — ) lms ;) =0.
k—+00

Now, fixed k € N, we use Lemma 3.12 to find 6, 0, € C*°(R) such that 6, (1) < tT < O(¢) for any ¢ € R and
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1 — ) = Ok (dr — Ol ) + 1 bk — ) = 0, (Br — O ls ) < e
These considerations and the triangle inequality imply (3.32) and (3.33), as desired. O

With this, we can now prove the following result:

Lemma 3.14. Let g, ¢ € H*(%,) with g — ¢ € H)(%)). Let also ¢ > sup ¢. Then (g — o)t e H (%1).
iz

Proof. By construction g — ¢ € H*(%)). Thus, by Corollary 2.1 in [18], we have that (g — ¢)™ € H*(%)). Moreover,
there exist sequences fx € C7°(#)) and ¢ € C*°(%)) such that fi — g — ¢ and ¢ — ¢ in H*(#)) as k — +o0,
respectively.

Now, we define ¢y := ¢ — 0x(¢r — c), where 6y, is the smooth function given by Corollary 3.13. Notice that ¢ €
C>®(%). Also, by Corollary 3.13, we have that 4 (¢ — ) — (¢ —c)t = 0in H* (%)), therefore ¢y — ¢ in H* (%),
as k — +oo.

Now we define hy := 0, (fk + ¢ —c — e%), where 0, is given by Corollary 3.13. Notice that sy € C*(%)).
Also, the support of /4 is compactly contained inside %, since @x < ¢x — (¢ — ¢)™ = min{gy, ¢} < ¢ (recall that
Ox(t) >t for any ¢ € R) and the support of f; is compactly contained inside ;. Therefore, we have that hy €
C3°(#1). Also, by Corollary 3.13, we have that iy — ((¢ — ¢) + ¢ — )T = (g — )t in H*(#). This implies
that (g —c)T € Hy(%1). O

For further reference, we point out that a statement analogous to Lemma 3.14 holds when the positive part is
replaced with the negative part of the functions:

Lemma 3.15. Let g, ¢ € H*(%>) with g — ¢ € H)(%)). Let also ¢ < ijr}f(p. Then (g —c¢)~ € H)(%)).
)

Now we establish pointwise bounds, from above and below, of the fractional harmonic replacement:

Lemma 3.16. We have that

@‘;}y < max {supe, supy ¢ .
' B K

Proof. Let

€ :=max {supe, supy
K K

and ¢ ;= (Cb‘;},y —¢)T. By Lemma 3.14, we know that vy € ]I-]IB(%H). Also, a.e.in K,
V=@, -0 =@-0T=0
in the sense of traces, hence yr € @10(. As a consequence, using (3.13),
% [ 2
0=/|z|“V¢KYV~V1ﬁdX= / |z|“|Vd>K’y| dX,
% «%1ﬂ{¢%y>c}

which gives the desired result. 0O

Lemma 3.17. If ¢ > 0 and y > 0, then CD?)/ = 0.

Proof. Let y := (—<I>‘I'}’y)4r = (@‘Ip(’y)_. By Corollary 2.1 in [ 18] we have that ¥ € H* (%), and, using Lemma 3.15
with ¢ := 0, we have that ¢ € Hj(%)). Also, a.e. in K, we have that ¢ = (CD‘;;,V)’ = (y)~ =0 in the trace sense. As

a consequence, Y € @2, thus we can use (3.13) and conclude that
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O=/IZI‘ZVQJ?V VY dX =— / IZIC’IVCD‘ZJ/PdX,
Z|

{ﬂlm{cb‘,’;y <0}

which gives the desired result. O
3.3. Relaxation of the functional spaces and subharmonicity properties

The purpose of this subsection is to relax the functional prescription in the space @1‘? by allowing approximating
sequences to take also negative values in K. This observation will be exploited to deduce subharmonicity properties
of Cb‘;; and it will also play a role in the proof of the monotonicity statement of Theorem 3.20. For this scope, we
define

91(? = {v €2Yst.v<0ae. in K}. (3.34)

The reader may compare this definition with (3.6): the only difference is that in (3.6) the function is forced to vanish
on K, while in the latter setting it can also attain negative values on K. Of course, @Iq; ) 91(?’ therefore

inf &£(v) < min &) = &(PY).
ve@,"; UG@}?

We will show that in fact equality holds if ¢ > 0:

Lemma 3.18. If ¢ > 0, then

min &(v) = min &(v) = & (D).
K

ve@;’; ve,

Proof. Letv e @,‘? Since |VvT| < |Vv|, we have that &(vT) < &(v). So, to prove the desired result, we only have
to show that

vt e 9}‘;. (3.335)
For this, we note that v € H* (), thanks to Corollary 2.1 in [18]. Now we claim that
vt — g e H(%)). (3.36)

For this, we use the sequences f; € C5°(#)) and ¢ € C*° (%)) that converge, respectively, to v —¢ and ¢ in H* (%)),
as k — +oo.

We define gy := fi + Ox(¢r), where 6 is given by Corollary 3.13. Hence, by Corollary 3.13, we know
that 6 (px) — @ = ¢ in H*(%)). Therefore gy — (v — @) + ¢ = v in H*(%)).

As a consequence, using again Corollary 3.13, we obtain that Ok (gr) — v in H* (%)).

Let now hy := 0 (gk) — Ok (Ox(¢r)). We have that b — v — ¢. We also notice that fi = 0 outside a compact
subset .%#; contained inside % . Hence g = 0 (¢x) outside .#;. Therefore hy = 0y (gx) — O (§k ((pk)) =0 (§k (<pk)) —
01 (0k (pr)) = 0 outside ;. This shows that hy € C§°(%)) and it completes the proof of (3.36).

Now we observe that v = 0 a.e. in K in the trace sense. This and (3.36) complete the proof of (3.35) and so of
Lemma 3.18. O

While Lemma 3.10 gives that the harmonic replacement is “harmonic” apart from K, next result states that it is
“subharmonic” in the whole of the domain if the boundary datum is nonnegative:

Lemma 3.19. If ¢ > 0, then for every ¥ € Hy (%)) with ¢ > 0 a.e. in %y, we have that

/ lz|*V®% - VY dX <0.
3
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Proof. Given ¢ > 0, we set ¥, := ®% — &yr. Since ®% — ¢ € H} (%)) and ¢ € H (%)), we have that ¥, — ¢ €
HB(%Q. Furthermore, a.e. in K, we have that 1, = —ey < 0 in the trace sense, therefore ¥, € @1‘?.
From this and Lemma 3.18, it follows that & (¥.) — & (@‘;}) > 0 and this gives the desired result. O

For our purposes we will never use Lemma 3.19, but we stated and proved it since it can be a useful consequence
of the theory developed so far in Section 3.

3.4. A monotonicity property for the fractional harmonic replacement

Now we show that the fractional harmonic replacement enjoys a monotonicity property with respect to its boundary
data and the constrain:

Theorem 3.20. Let H* (%)) > 92 > ¢1 > 0. Let also K C K| C By and Ay C Ay €By . Then
10 T

E@Y a) — E@E)<EDR ) — EDR).

Proof. We consider the minimization problem in 9% . In the notation of Theorem 3.7, the associated mini-

K, ®%2

mizer will be denoted by ®%*
®

L KoUAy

We claim that

oY <o

Ky, %2 (3.37)

; B HP2
To prove this, we let g := D, ®K|, Q%UAZ
(with ¢ := 0) and conclude that h := g™ € HB(%’Q. Furthermore, in the trace sense, a.e. in K| we have that 1 =

- CD‘Ip(z o2 )* <0, thanks to Lemma 3.17, and so
1s

and ¢ := @1 — ¢2. Notice that sup g, ¢ < 0, thus we can use Lemma 3.14

KoUAy
h ey, (3.38)
Consequently, for every é € (—1, 1), we conclude that @‘I‘? o” +6h € _@? o” and then, by the minimizing
L KoUAy I KoUAy
roperty of ®%2 , it follows that & (®%2 ) < (DY + 8h).
property Ky, d’?zqu ( Ky, q’(lf;zzqu ( Ky, d’%mz )

This implies that

Ky, q)Kzqu

/|z|"Vq>‘”2 vy ~VhdX=0.
B

Hence, we have

£<h)=f|z|“V(®?;1 _” . ).Vhdx
! Kl’q’Kzqu
&)

:/|Z|“vq>‘,@] -VhdX.
B

Thus, recalling (3.38) and (3.13), we obtain that & (k) = 0. This, together with Lemma 3.2, implies that 4 vanishes
and establishes (3.37).

Now we set
B2 Nz
n:= CDK] Q%UAZ @Kzqu. (3.39)
: ¢2 P2 s : :
Notice that <I>K1’ ‘D}?z o — ¢y and ® KoUA, — 92 belong to Ho(ﬂl ), hence so does n. Moreover, a.e. in K, in the sense

of traces, we have that n = CID(IPgZUA2 — db(l’fzqu = 0. This says that
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ney, (3.40)
and so we can use (3.14) (with ¥ := n here) and conclude that

E@L L —mM=E@T L, ) +EMm.

1Py ua, K1 @04,
Thus, from (3.39),
Em) = @ — &%
) = E@F o —W=E@T 4 ) aa
_ (%) _ 2 ’
- g(q)KZUAz) é”(cpKh d’izgqu).

q)(ﬂz v c @‘/’2 @‘/’2 — @fﬂz — @W
2 2 = (2}
K1, <I>1<2uA2 K1, ¢K2LJA2 L) d’KzuA k2.0 K>
and so
P2 P2
E@F g IZE@R),
2UAp

thanks to the minimality of dffgz.
This and (3.41) imply that

Em) < E@E,u4,) — E(@L). (3.42)
On the other hand, from Lemma 3.18, we know that

é«)(@@l

K1UA1) = glwin & (v).

UEJKII UA,
Therefore, calling i := CID‘I”(’1 — v, we have that

@ _ : > P
E(@Yua) = min - E(QY —). (3.43)
Vel —Tk ua,
Now we claim that
nedt — G0 . (3.44)
For this, we recall (3.39), and we have that

R N BN ) 2 @1
n'_CDKl n_CDKzLJAz ®K1,<I>¢2 +<DK|'

From this, it follows that 7j — ¢; € H§(%)). Also, a.e. in K, we have that 7] = CD‘;?Zqu - CD(I‘?Zqu +0=0, in the trace

sense. Moreover, a.e. in A C Aj, we have that ) =0 — %2 + CID'ﬁ,l1 < 0, where (3.37) has been exploited.

2
K1, <DK2UA2

These observations imply that 77 € 9,‘?‘1 UA,* which in turn implies (3.44).
From (3.43) and (3.44), we obtain that

E@Y Ua) S E@F, —m. (345)
Moreover, by (3.40) and (3.14) (used here with ¥ := 1), we have that
E@Y —m=E@Y)+E0.
Thus, formula (3.45) becomes
E@Y ia) — E@E) < ED@Y —m) — ED@Y) =E.
Therefore, recalling (3.42),
E(@Y i) — E(@Y) S E@L y,) — E(@).
This concludes the proof of Theorem 3.20. O
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4. Energy estimates for the fractional harmonic replacement

The goal of this section is to prove that the energy of the fractional harmonic replacement in K U A is controlled
by the energy of the fractional harmonic replacement in K, plus a term of the order of the n-dimensional measure of
the additional set A. The precise statement of this result goes as follows:

Theorem 4.1. Let ¢ > 0 and p € [1/4, 3/4]. Let K € %1 N{z=0} and A := B, \ K. Then

E@%p) — E@Y) < C Az,

for some C > 0 that depends on n and s.

In the local case of the classical harmonic replacement, a statement similar to the one in Theorem 4.1 was obtained
in Lemma 2.3 of [6]. Also, a fractional case in a different setting was dealt with in Theorem 1.3 of [16] (as a matter
of fact, the right hand side of the estimate obtained here is more precise than the one in [16] since it only depends on
the values of ¢ in a fixed ball, and this plays an important role in the blow-up analysis of the problem).

To proof Theorem 4.1, we will reduce to the radial case. For this, we will first show that a suitable radial rear-
rangement decreases the energy and then estimate the energy in the radial case. An important step of the proof is also
obtained by using the monotonicity property of Theorem 3.20, in order to reduce to the case of constant Dirichlet
datum. The following subsections contain the details of this strategy.

4.1. Symmetric rearrangements
In this subsection, we will consider the symmetric rearrangement in the variable x € R”, for a fixed z € R. In the

forthcoming Theorem 4.3 we will show that this rearrangement decreases the energy.
To this goal, we first state a useful density property of polynomials in the space we work with.

Lemma 4.2. Let v € H* (%)) and € > 0. Then there exists a polynomial p. such that
lv— pellms %)) < e
Proof. By the definition of H* (%)) given in Subsection 3.1, we have that there exists w. € C*°(4) such that ||[v —

We |5 () < €. Moreover, by the Stone—Weierstrall Theorem (see e.g. Lemma 2.1 in [13]), we have that there exists
a polynomial p, such that |we — pellc1(,) < €. Therefore

lwe — pellms s,) = /|Z|a|w8_Ps|2dX+ /|Z|a|vws_VPs|2dX
B B

< lhwe = pellcrea, / 2l dX < Ce,
)

for some C > 0. As a consequence,

lv — pellms ) < v — wellms ) + lwe — pellms ) <6+ Ce,
which implies the desired result after renaming . O
Now, given v € L™ (%)), and fixed any z € R, we consider the Steiner symmetric rearrangement v° (-, z) of v(:, z)

(see e.g. Section 2 of [9]). With this notation, we are ready to establish the main result of this subsection, that states
that the symmetric rearrangement in the x variables decreases energy:
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Theorem 4.3. For any v € Hy (%)),

/IZIQIVUGIZdX<fIZI“IVvlde.

Proof. The idea of the proof is to first prove the desired claim for polynomials using some results in [9] and then pass
to the limit. The details go as follows. By Lemma 4.2, we can take a sequence of polynomials p; such that

lim [Jv — pjllgs ) = 0. (4.1)
Jj—>+00
Consequently,
lim /|z|“|vp,-|2dX=/|z|"|w|2dx. (4.2)
Jj—>+0o0
331 %1

Now, for any (1, {) € R" x R, we set
Fa.0) =P+ 11> =10 O

Also, for any fixed z € R, we set
B = {x eR" s.t. (x,2) € H1}.

Notice that the Steiner symmetric rearrangement of %} coincides with 4] itself, thanks to (3.1). By formula (4.20)
in [9], we have that

/ f(ij-’)d - / DO
o o X —daxX,
|prj | |prj |
*{xe; s.t. pf/-’(x,z)>t} *{xeH; S.L. pj(x,2)>1}

for any # € R, where 3* denotes, as usual, the reduced boundary in the sense of geometric measure theory. Thus, by
the Coarea Formula,

/IVp‘}Izdx:/f(Vp}’)dx
B B

1 1

FVp)
= / / ———dx | di
A
R 9% {xes; s.t. p§(x.0)>1}
Vp
< / / FOP) g
|prj|
R |o*{xe%; s.t. pj(x.2)>1}

=/f(ij)dx=/|ij|2dx,
5

for any fixed z € R.
Hence, we multiply by |z|* and integrate, to obtain

/ 2|V pF P dX < / 2“IVpj*dX. (4.3)
%1 @1

Our objective is now to pass to the limit (4.3). The right hand side of (4.3) will pass to the limit thanks to (4.2), so we
discuss now the left hand side. Since the Schwarz rearrangement is nonexpansive (see e.g. Theorem 3.5 of [21]), we
have that, for any fixed z € R,
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[ =prar< [1o-pPax
B B

So, we multiply by |z|* and we integrate over z, and we see that

/|z|“|v“ - pJIPdX < / |zlv = p;I*dX.
i i
This and (4.1) give that
lim [ |z[*[v" — pJPdX =0. (4.4)
j——+oo
8
Now, by (4.3) and (4.2), we have that
sup/ 21|V pJ P dX < +oo.
jeN ’
B
Accordingly, by Lemma 3.6 (see also Theorem 1.30 in [19]), we obtain that
lim / l2|*Vp] - VopdX = / |z|*Vv? - Ve dX,
Jj—>+0oo
ﬂ] ﬂl
for any ¢ € H*(4). As a consequence,
0< liminf/ 2141V p§ — Vo7 |7 dX
Jj—>+oo
B

:1jminf/ 21*(IVP] 1> + Vo[> =2V p - Vo7 ) dX
J—>+00

i
=1iminf/|z|“|vp;.’|2dX—/|z|“|w0|2dx.
j—>+00
331 331

This, (4.3) and (4.2) yield that
/Izl“le“l2dX<1iminf/ 2|V pF 1P dX
Jj—>+00
P P

< limin /|z|“|Vp,-|2dx=/|z|“|w“|2dx,
Jj—+00

2 2

as desired. O
4.2. The radial case

The goal of this subsection is to prove Theorem 4.1 in the radial case, that is when the Dirichlet datum is constant,
K is aball and A is a ring. More precisely, we prove that:

Lemma 4.4. Let p € [1/4, 3/4], r € (0, p) and c € [0, +00). Then
C C
& (@) — (P ) < Cc|Bp\ Byl

for some C > 0 that depends on n and s.
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Proof. If ¢ =0, then @%p =0 and (D%, =0, in virtue of Lemmata 3.16 and 3.17. Thus we may assume that ¢ # 0. In
fact, by dividing by ¢ # 0, we may assume that c = 1.
We let i := p — r and we observe that

n

1Bo\ Byl =Bi| (0" —r")=Bil(p—1r) Y _ p"~Iri™!

j=1 4.5)
|B1| |B1| p
('O B r) = 4n—1 '
Now we fix ¢ € C®°(R"*!) such that ¢ = 1 = c in R"*!1 \ % and ¢ =0 in B34 x {0}. We let Cp := &(¢). By
construction ¢ vanishes in B, x {0} 2 B, x {0}, therefore, by the minimality properties of d>‘ép and @‘ér, we have
that

> 1Bil(p—n)p""' >

max{é”(é‘ép), é”(dD%r)} < E(P)=Co=Cype. (4.6)
We define

11
€4 = Bs/6 x <—§, 5)

11
d ¢-:=8B —,— .
an 4/5X< ! 4)

By (3.1),
B, x {0} € 6- € €} € %.
Therefore, there exists T € C®°(R"*!, [0, 1]) such that 7 = 1 in €_ and 7 =0 in R"*!\ €.
For any X € R"*! we define

a(X) = <1 _K r(X)) x=x-2rx0x.
P P

Let also 1,4 be the identity (n + 1)-dimensional matrix. Notice that X — t(X) X is a smooth and compactly sup-
ported function, and so

D) = Lt =+ [D(x(0 X)| < Cpe .7)

for some C; > 0. Accordingly
[det Da(X)| =1 — Cop, (4.8)

as long as u is small enough.
Now we observe that

a(B, x {0}) C B, x {0}. 4.9)
Indeed, if x € By, then (x, 0) € 6_, thus t(x, 0) = 1, which gives

" r
(X(x, 0) = (1 - _> (-xvo) = - (-xvo)v
o o
proving (4.9).
We also notice that
a(R"T1\ B) c R\ 4. (4.10)

Indeed, if X € R"+1\ %, then in particular X € R"*1\ %, which gives that 7(X) = 0 and so a(X) = X € R"t1\ 4,
establishing (4.10).
Now we claim that

a(B)) S B. @11
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To prove this, let X € A;. If X € % \ €4+, we have that 1(X) =0, thus ¢(X) = X € A and we are done. If
instead X € ¢y = Bsj6 x [—1/2, 1/2], then a(X) = 6(X) X, for some 6(X) € [0, 1], thus «(X) also lies in Bs/ x
[—1/2, 1/2] =€+ < A, and this completes the proof of (4.11).

Now we observe that

|z
14+ C3p

for some C3 > 0, as long as p is sufficiently small. To prove this, we observe that

- (1 - ﬁr(X)> Z,
0

and this gives (4.12).
Now we define ¢*(X) := CI>j§r (x(X)). From (4.9) and (4.10), we have that ¢* € @gp, therefore the minimizing
property of @%p gives that

if X = (%,7) =a(X) =a(x, 2), then Slzl<s A+ CGaplzl, (4.12)

E(@ ) < E@Y). (4.13)
On the other hand, by (4.7), (4.8), (4.11) and (4.12),
é”‘(qb*):/|Z|“|V(¢>‘ér(a(X)))|2dX
B
<+ Cuw? [ 21|V o5, @oof dx
iz
<1+ Cap) f 21|V, (%) dX
a(#)
<(1+C4/L)/|£|“|V®%r(f{)|2d}~(
iz
= (1+Csp) E(Pf),

for some C4, Cs5 > 0, where the change of variable X:= o (X) was exploited.
Hence, recalling (4.13), we obtain that

E(Pp) <E@) < (1+Csp) E(P ),
provided that w is small enough. As a consequence, from (4.5) and (4.6),
E(@G) — (@) < Cspué(@,) < Co|By \ Br| £(05,) < Cr¢|By \ By,

for some C¢, C7 > 0, provided that u is small enough.
This completes the proof of Lemma 4.4 for small p, say pu < po for a suitable o > 0.
Conversely, when p > 1o, we have that

E(DG) — E(DG) < E@) <Coc < Cocpuy' w<Cye|By\ By,

for some Cg > 0, thanks to (4.5) and (4.6), which establishes Lemma 4.4 also when & > png. O

Now we generalize Lemma 4.4 to the case in which the Dirichlet datum is still constant, but the supporting sets K
and A are not necessarily radially symmetric. In this framework, we have:

Lemma 4.5. Let p € [1/4, 3/4] and c € [0, +00). Let K € B, N{z=0}and A:= B, \ K. Then
E(Dkup) — E(P%) < CclAl

for some C > 0 that depends on n and s.
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Proof. We point out that Lemma 4.5 reduces to Lemma 4.4 in the special case in which K := B,, with r € (0, p). In
the general case, we argue as follows. We take r such that |B,| = |K|. Then

|Al =By, \ K| =|By| — |K|=|Bp| — |Br| =B \ Brl. (4.14)
Also, we define v := ¢ — ®% . Notice that 0 < ¥ < ¢, due to Lemmata 3.16 and 3.17 and ¢ € Hg(%’l). Thus ¢ € @1()(,c

and so its symmetric rearrangement ¥ in the variable x € R” (as defined in Subsection 4.1) satisfies ¢ € @gr o
Let y*:=c— . Then y* € @gr, therefore, by the minimality of ®¢ _, we have that

E@R)SEW) =EWT).
On the other hand, by Theorem 4.3, we know that &(¥?) < &(¥). As a consequence
E(@p ) < EW) = (D).
Now we remark that K U A = B, therefore
E(Pkua) — 6 (Py) =E(Dp ) — E(Pk) < E(Pp ) — E(Pp).
Then, using Lemma 4.4,
E(@up) — E@) <CclBy\ Byl.
This and (4.14) complete the proof of Lemma 4.5. O

4.3. Completion of the proof of Theorem 4.1

With the arguments introduced till now, we can complete the proof of Theorem 4.1. The idea is that, by the
monotonicity property in Theorem 3.20, one can reduce to the case of constant boundary data and then use Lemma 4.5.
The details of the proof go as follows.

Proof of Theorem 4.1. We define ¢* := ||¢||p~(,), K* := K N B, and
A*:=B,\K*=B,\(KNB,)=B,\K=A.
From Lemma 4.5, we have
E(@%aps) — E(DG) < Cc*|A* = C gl Al (4.15)
On the other hand, we see thatc* > ¢ > 0ae.in %, K* C K C B% and A*=Ac B% , therefore, by Theorem 3.20,
1 1
E(D% ) — E(D%) < E(DGu ) — E(D).
Combining this with (4.15), we obtain the desired result. O

5. Density estimates

In this section, we deal with density estimates. A crucial ingredient of our argument will be the estimate previously
obtained in Theorem 4.1.

5.1. Density estimates from one side
We start by proving a density estimate from one side and a uniform bound on the minimizers.

Lemma 5.1. Assume that (u, E) is minimizing in By, withu > 0 a.e. in R" \ B; and 0 € 0E.
Then, there exist §, K > 0, possibly depending on n, s, and o such that

|Bip\E| =26 (5.1
and

lullLoo(s ) < K. (5.2)
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Proof. The proof is an appropriate modification of the one in Lemma 3.1 of [6], combined with some results in [16].
First we prove (5.1). For this, for any r € [1/4, 3/4], we define

V,:=|B,\ E| and a(r):=""'((3B,)\ E). (5.3)

The terms V;- and a(r) play the role of volume and area terms, respectively.
We suppose, by contradiction, that

Vip<$ (54)
(of course we are free to choose § suitably small, and then we will obtain a contradiction for such fixed §). We set

A:=B,\E. (5.5)
By Lemma 3.3 in [14] we have that

u>0ae., (5.6)

henceu >0a.e.in Eandu =0ae. inR"\ E.

In particular, u > Oa.e.in EUA andu =0a.e.in (R"\ E)\ A =R"\ (EUA). As a consequence, the pair (u, EUA)
is admissible.

Accordingly, from the minimality of (u, E), we obtain that %, (u, E) < #p, (u, E U A), that is

Per, (E, By) —Per, (EU A, By) <0. 5.7
Also, by (1.1),
Per, (E, B1) —Pery, (EUA,B))=L(A,E)— L(A,R"\ (EU A)). (5.8)

Hence, recalling (5.7), we conclude that
L(A,R"\ A) =L(A,E)+ L(A,R"\ (EUA))
=2L(A,R"\ (EU A)) + Per, (E, B)) —Per, (EUA, B))
<2L(A,R"\ (EUA))
<2L(A,R"\ B,).
Furthermore, using the fractional Sobolev inequality (see e.g. [10]), we have that

XA = xaI?
al? o, <c [ EAOK dray,

(5.9)

R2n
for some C > 0, which may be written as
V, " <2CL(A,R"\ A). (5.10)
From this and (5.9), possibly renaming constants, we deduce that
V,” <CL(A,R"\ B,). (5.11)

Now, using polar coordinates, we see that, for any x € A C B,,
400

dy dz i _
/ Wg / |Z|n+G<C/P Tdp <C(r—IxD77,

R"\B, Rn\Br—\x\ r—|x|

up to renaming constants. Therefore, integrating over x € A = B, \ E, we obtain that

L(A,R"\ B,)<C / r — |x)~ dx

B \E

r r

<c /a<p) (r—p) 0" dp<C /a(p) (r = p)™° dp.
0 0
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So, we plug this into (5.11) and we conclude that

r

v < /a(p) (r— o)™ dp.
0

Now we fix t € [1/4, 1/2] and we integrate this estimate in r € [1/4, ¢t]: we conclude that

t t t t

/V,%dr<C/ /a(p)(r—p)_”dr dp < Crt'™ /a(,o)d,o CcV, (5.12)

1/4 0 Lo 0
again up to renaming the constants. Now we iterate this estimate by setting, for any k > 2

1 1
t = 1 + 7 and v =V,

Since V, is monotone in r, we have that

Ik 179
/V," dr /v Tdr >V, (=t =27 Dy 1
1/4 Tk+1

Hence, if we write (5.12) with ¢ := f; we obtain that

n—o

[USISIES ko,

up to renaming the constants. Also, by (5.4), vy < §, which is assumed to be conveniently small. Then, it is easy to
see that vy < Cr;k, for some C > 0 and n € (0, 1) (see e.g. formula (8.18) in [11]) and so
0= lim v =Vyy4. (5.13)
k——+00
As a consequence, | B4 \ E| =0, which is in contradiction with the fact that O € d E' (in the measure theoretic sense)
and so it establishes (5.1).

Now we show the validity of (5.2). To this scope, we take r = 3/4 in (5.5) and we consider the s-harmonic
replacement of u in E'U B34 = E U A, according to Definition 1.1 in [16] (notice that the replacement considered
in [16] is defined in a setting different than the one introduced in Section 3 in this paper; as a matter of fact, the
framework introduced in Section 3 only plays a role in the forthcoming Subsection 5.2). Namely, we define u, the
function that minimizes the fractional Dirichlet energy

/ lv(x) —v(y)]?

|x _ y|n+2s dx dy

O,

among all the functions v : R” — R such that v —u € L>(R"), v =u a.e.inR"\ Bj and v =0a.e.in (R"\ E)\ B3y =
R"\ (EU A).

The existence (and, as a matter of fact, uniqueness) of such u, is ensured by Lemma 2.1 of [16].

We set ¢ := u, — u. Notice that =0 a.e. in (R" \ B;) U (R"\ (E U A)). Hence, by formula (2.8) of [16] (applied
here with K :=R" \ (E U A)),

/ u@) —uP dy_/ |u*(x)_u*(y)|2dxdy

|n+2s |x _ y|n+2s
0,
5 (5.14)
[ (x) — ¥ ()]
— [ BTN g dy.
|x — y|r 2

0B,
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Also
u, =>0a.e., (5.15)

thanks to (5.6) and Lemma 2.4 in [16]. So, since u, = 0 a.e. in R" \ (E U A), we see that the pair (u., E U A) is
admissible.
Therefore, by the minimality of (u, E), we have that

931(1/[, E) < chBl(u*a EUA)
This and (5.14) give that

[y (x) — ¢ ()]?
/ |x _ y|n+23 dx dy
)
lu(x) —u(y)? / |t (x) — un(9)|?
= — " dxdy— ———dxd .
/ |.X _ y|n+2s xay |x _ y|n+2y xray (5.16)
QBI QBl

=7, (u, E) — Fp,(u,, EU A) +Pers (EU A, By) — Per, (E, By)
<Per, (EUA, By) —Per, (E, By).

Now we recall that (—A)*u, =0in B34 € E U A, due to Lemma 2.3 in [16]. Therefore, recalling (5.15), we can use
the fractional Harnack inequality (see e.g. Theorem 2.1 in [20]) and obtain that

supu, < C inf u,. 5.17)
By Bip

Now we claim that
5 2
”u*”LZ(Bl/Q\E) 2 CO(Zup M*) ) (518)
12

for some ¢ > 0. To prove this, we use (5.17) to see that

”M*H%Z(B”z\E) = / ”3 dx
Bipp\E
. 2 . 2
> (infu) 1B12 \El > (€ supu) [Bij2 \ El
By Bi)2

and this proves (5.18), thanks to (5.1).
Furthermore, since ¥ =0 a.e. in R" \ By, we have that

— 2 _ 2
/ [V (x) — ¥ ) dxdy}/ / [V (x) =¥ ()l dy | dx

lx — y[r 2 |x =yl
R2 B34 |R™\B)
[y ()2

N / / Tl (5.19)

B3y [R™\B ’
[y ()

> [ ] s a

B34 |R™\ B,

2
=c ”WHLZ(&M),

for some ¢ > 0. Then, since ¥ = u, in By, \ E, we deduce from (5.18) and (5.19) that
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2
-1
(Sup u*) <C ”w”LZ(Bl/Z\E)
B2

-1
<C ||W||Lz(3w)

[ (x) — ¢ ()?
<c [[ R dray (5.20)
]RZn
Y (x) — ¢ (n)]?
- [ ey
O,
for some C > 0. Now we claim that
u, >uae.in R". (5.21)

To prove it, we set 8 := (u — u,) and we remark that
BT =0ae.in (R"\ B;)UR"\ E). (5.22)
Thus, from formula (2.7) in [16], we have that

// (a(x) — u*(y)) (BT —B*(») d

y|n+2v

dy =0. (5.23)
03,

Moreover, fixed ¢ € (0, 1), we define u, :=u — ¢8+. We notice that
u, >0ae.in E. 5.24)

Indeed, let x € E: if BT (x) = 0 then u,(x) = u(x) > 0 (up to negligible sets); if instead B (x) > 0, then BT (x) =
u(x) — uu(x), thus ug(x) = (1 — &)u(x) + cuy(x) = 0, thanks to (5.15). This proves (5.24).

From (5.22) and (5.24), we obtain that (u., E) is an admissible competitor for (u, E), therefore, by the minimality
of (u, E), we see that

(u(x) —u) (BTx) =BT ()
0,
This and (5.23) give that
(B@x)—BW) (BT (x) — ﬂ*(y))
/ |x _ y|n+2s dy < 0.

O,
On the other hand (see e.g. formula (8.10) in [11]), we have that

(B&x)=BM) (BT x)—BT(») =[BT (x) — B

so we deduce that

/ 1B (x) — B[

|X _ y|n+23

dxdy <0.
Op,

This says that 87 =0 a.e. in R”, which in turn implies (5.21).
From (5.20) and (5.21) we obtain that

/ [y (x) — ¢ (y)]?

2
(Sup u) g C |x — y|n+2s

B2

dxdy.
By

By plugging this into (5.16) we conclude that
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2
(sup u) <C (Pera (EUA, By) — Per, (E, B1)>.
By)2

Hence, recalling (5.8), we deduce that

(lelgu)z <C (L(A,R” \(EUA)) — L(A, E))

<SCL(A R\ (EUA)
< CL(B3/4,R" \ Byja)
g C’

up to relabeling the constants. This completes the proof of (5.2). O

Now, recalling the definition in (2.1), we prove a uniform bound also for the extension function of minimizers.
This will play a crucial role in the proof of Lemma 5.3, in order to obtain that the constant § does not depend on the
quantity A (see formula (5.25) below). Indeed, differently from the “local” case (see [6]), the energy estimate for the
fractional harmonic replacement provided by Theorem 4.1 depends on the L®-norm of the extension function, and
this makes the blow-up analysis more delicate.

More precisely, we have:

Lemma 5.2. Let (u, E) be a minimizing pair in By, withu > 0 a.e. in R" \ By and 0 € 0E. Suppose that

lu(y)l
f Ty s A (5.25)

Rn

for some A > 0. Let also u be the as in (2.1).
Then, there exists K > 0, possibly depending on n, s, and o such that

ll Loo(85,0) < K. (5.26)

Proof. The proof of (5.26) is a suitable variation of the one of (5.2). The difference here is that we will consider the
harmonic replacement that we constructed in Section 3. For this, we consider the extension function u of u, as defined

in (2.1).
Moreover, we set
A:=B3u\E 5.27)

and we observe that E U B34 = E U A. We consider the fractional harmonic replacement of #, as introduced in
Section 3, by prescribing By,1o \ (E U A) as vanishing set. More precisely, with the notation of Theorem 3.7, we

. E .
consider @ Bo/10\(EUA)" For shortness of notation, we define

D=0 pua (5.28)
Notice that w = u in %, \ A, therefore (up to extending w outside %,) we can say that

w=u inR""\ B. (5.29)
Notice also that

w>0 inR* (5.30)

Indeed, u > 0 thanks to Lemma 3.3 in [14], and so # > 0, in view of (2.1). Therefore (5.30) follows from Lemma 3.17.
Now we set

F:=EUA (5.31)

and we claim that
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w(x,0)>0ae . xe€F, and w(x,0) <0ae x e R"\ F. (5.32)

For this, we first observe that we only need to prove that w(x,0) =0 a.e. x € R" \ F, thanks to (5.30). Now, if
x € Byy10\ F then w(x, 0) = 0 by the definition of harmonic replacement in (5.28). Moreover, if x € (]R” \ By /10) \F
then (x, 0) € R\ % (recall (3.1)), and so, by (5.29), we have that i (x, 0) = z(x, 0) = u(x) =0, since x e R" \ E.
This shows (5.32).

Now we define Z := %11 and we observe that
1

S

%ﬂ{z:O}:B% x {0} C By x {0},

thanks to (3.1). This, (5.31) and (5.32) imply that the assumptions of Lemma 2.1 are satisfied (with » := 1), and so

/|z|“|Vﬂ|2dX+Per0(E, Bl)</|z|“|vw|2dX+Perg(F, B1).
4 w
Recalling (5.29), we can rewrite the formula above as
/ 1z|*|Vi|? d X + Pery (E, By) < / 2|4V |>d X + Pery (F, By). (5.33)
B B
Now we observe that, by (1.1),
Per, (EU A, By) —Per, (E, B)) =L(A,R"\ (EUA))— L(A, E),
therefore, recalling (5.31), we have that
Per, (F, B)) —Per, (E,B))=L(A,R"\(EUA))—L(A,E)
S L(A,R"\ (EUA)) < L(B3/4,R" \ B3j4) <C,

for some C > 0. From this and (5.33), we conclude that

/|z|“|Vﬁ|2dX— / lz)4| Vo> dX < C. (5.34)
) )
Now we set W := w — u. Notice that
v =0inR"*"\ 2, (5.35)
thanks to (5.29). Moreover, if x € By/10 \ (£ U A) then (in the sense of traces)
V(x,0)=w(x,0) —u(x,0)=—u(x,0)=—u(x) =0,

since x € R" \ E (recall also the definition of fractional harmonic replacement in (5.28)). Hence,2 W € @IO(, where
K :=Byg;10 \ (E U A). Therefore, (3.14) gives that

/|z|“|Vﬁ|2dX=/|z|“|vw|2dx+/|z|“|vqf|2dx.
%1 %1 «%1

Plugging this information into (5.34), we obtain
/ Iz V¥ |?dX < C. (5.36)
&
Also, from (5.35) and Lemma 3.8 (recall that u is even in z by definition), we have

2 The careful reader may have noticed that K here recalls the set notation in the fractional harmonic replacement framework and of course cannot
be confused with the constant K in (5.26).
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flzl“lV\IJ|2dX= / |z|“|vqf|2dX=2/ 1Z|4 V> dX,

%1 R+l Rfrrl
where Ri“ :=R"1 N {z > 0}. So we set 2= ni’izs and we use Proposition 1.2.1 in [12], obtaining that
2/2%

/|z|“|V\IJ|2dX>C /|xy(x,0)|2§‘dx

B R~
2/25
2% %ﬂ—l 2 (537)
=C / [W(x,0)]" dx > B\ E|% / [W(x,0)|"dx
Bip\E Bip\E

2 2 2

>|Bl/2\E|2§F( inf I‘IJI) >C< inf |‘~1’|> ,
Bip\E Bip\E

for some C > 0, thanks to (5.1) (notice that the Holder inequality was also used).
Now we notice that, if x € By2 \ E, then W(x,0) = w(x, 0) —u(x,0) = w(x, 0) — u(x) = w(x, 0) in the sense of
traces. Using this information into (5.37) we get

12

2
/|z|”|W|2dx>c< inf |w|) . (5.38)
Bip\E
|

Now we observe that %59 is compactly contained in % \ K, where K = Bg,19 \ (E U A). Indeed, by (3.1) and
(5.27),
55
B9 = B% X <—§, 5) S B% x (—=1,1)
C ((EUA)N Byg) x (—1,1) C B\ K.
Also, Lemma 3.10 says that
div (|z|*V®) =0

in the interior of A \ K, in the distributional sense. Therefore (recalling also (5.30)) we can use the Harnack inequality
(see e.g. Theorem 2.3.8 in [18]) and we obtain that

sup w < C inf w,
Bs 9 Bs9

for some constant C > 0 independent of w. This, together with (5.38) and (5.30), gives that

2 2 2
/|z|“|V\p|2dx>c< inf w) >Clinfw] >Clsupw] .
Bip\E PBs)o Bs o
3
up to relabeling C. From this and (5.36) we obtain that

supw < C, (5.39)
,%5/9

for some C > 0, depending only on n, s and 0.
Now we claim that

w>u inR"TL (5.40)

To prove this, we set 8 :=u — w, and we observe that BT =0in R+ \ A, due to (5.29). Furthermore, if x €
R™\ (39/10 \(EU A)), then B (x,0) = (@(x, 0) — w(x,0))" =0 in the sense of traces. Therefore, by (3.13),
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/|z|“va) VBT dX =0. (5.41)
P
Now we fix ¢ € (0, 1) and we define , :=u — ¢87. Notice that
i,=u inR"\ 2. (5.42)
Also, we observe that
i, >0. (5.43)

Indeed, if B+ =0 then w, =u > 0; if instead B > O then w, = (1 — &)u + w > 0. This proves (5.43).
Moreover, if x e R" \ E,

e (x,0) =1(x,0) — & (@(x,0) — w(x,0)" =—&(—w(x,0)" =0,
thanks to (5.30). This, (5.42) and (5.43) imply that the assumptions of Lemma 2.1 are satisfied with % := %%, and
SO
/ 2|4\ Vi)? dX < [ 2| Vi > d X.
v 4
Using (5.42), we can write
/ 2l Va2 dX < f 121 |VE, 2 dX,
ﬂ] lZl
which, recalling the definition of u,, implies that

/ |z|Vu - VBT dX <0.
i
This and (5.41) give that

/IZI“IVﬂ+|2dX=/|z|“Vﬂ-Vﬂ+dX<0.
%1 %1

Therefore, we have that 8 =0 in ;. This and (5.29) imply (5.40).
From (5.39) and (5.40) we obtain that

supu < C,
Bs 9

for some C > 0, possibly depending on n, s and o. This shows (5.26). O

We remark that the finiteness of A in (5.25) is only used in order to have a well-defined extended function u. In
particular, the quantity K in Lemma 5.2 does not depend on A.

5.2. Density estimates from the other side

In Lemma 5.1, a density estimate from one side was obtained, namely we proved that the complement of E has
positive density near the free boundary.

The purpose of this subsection is to prove that also the set E has positive density near the free boundary.

To this goal, we need to modify appropriately the argument in Lemma 5.1, by using the machinery developed
in the previous sections. With respect to the argument developed in the proof of Lemma 5.1, in this subsection the
sets in (5.3) and (5.5) are replaced by the similar quantities in which the intersection with E (rather than with the
complement of E) is taken into account (see (5.44) and (5.45) below).
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This apparently minor difference causes a conceptual difficulty in terms of harmonic replacements: indeed, in the
proof of Lemma 5.1, the competitor was built by extending the positivity set of the minimizer u, while, in the case
considered here, the positivity set gets reduced in the competitor, i.e. the competitor is forced to attain zero value
on a larger set, and this makes its Dirichlet energy possibly bigger. For this reason, one needs to estimate the error
in the Dirichlet energy produced by this further constrain on the zero set. This is the point in which Theorem 4.1
and Lemma 5.2 come into play. Indeed, for this estimate, we need to control the energy difference with a term only
involving the measure of the additional zero set and the local size of the data (this is the reason for introducing the
fractional harmonic replacement in the extended variables in Section 3 and for considering the extended problem in
Lemma 2.1).

Lemma 5.3. Let (u, E) be a minimizing pair in By, with u > 0 a.e. in R" \ By. Suppose that
lu()|
[ et <n
Rl’l

for some A > 0.
Assume also that 0 € 0E.
Then, there exists § > 0, possibly depending on n, s and o such that

|Bij2NE|26.
Proof. First of all, we notice that # > 0 in the whole of R”, thanks to Lemma 3.3 of [14]. Also, for any r € [1/4,3/4],
we define

V,:=|B,NE| and a(r) := i ((BBr) N E) (5.44)

The desired result will follow by arguing by contradiction. Suppose that the desired result does not hold. Then
V12 < 8. We will find a contradiction by taking § conveniently small. To this goal, we set

A:=B,NE. (5:45)

We let 7 : R"T! — R be the extension of u, according to (2.1).
We consider the fractional harmonic replacement of u, as introduced in Section 3, prescribing (Bg,10 \ E) U A as
supporting sets, i.e., in the notation of Theorem 3.7, we consider @?Bg/m\ E)uA* and we define, for short,

b= Ol e (5.46)
Notice that v =u in %, \ #|, so up to extending v outside H,, we can write

t=uinR"\ Z. (5.47)
We also set

F:=E\A. (5.48)

We notice that
U(x,0) >0ae.x e F,and (x,0) <Oae.x e R"\ F. (5.49)

Indeed, u > 0 due to Lemma 3.3 in [14], hence u > 0, in view of (2.1). Therefore v > 0, thanks to Lemma 3.17. As
a consequence v(x, 0) > 0 in the trace sense. So it only remains to prove that v(x,0) =0 a.e. x € R" \ F. For this,
notice that

R*\ F=R"\(E\ A)=[R"\ E)UA.

So, if x € (Byj10 \ E) U A, we have that v(x,0) = 0 by definition of fractional replacement. Also, if x € (R" \
Bg;10) \ E, then (x,0) € R\ %, due to (3.1), and so, by (5.47), in this case we have 7(x, 0) = u(x, 0) = u(x) =0,
since x € R" \ E. This proves (5.49).
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Now we define % = % 1 and we observe that

S

02/ﬂ{z=0}:3% x {0} C By x {0},

due to (3.1). From this, (5.48) and (5.49), we see that the assumptions of Lemma 2.1 are satisfied (with r := 1): so we
obtain that

/|z|“|W|2dX+Pera(E, Bl></|z|“|v5|2dX+Perg<F, By).
(74 /4

Thus, using again (5.47),

/|Z|“|Vﬁ|2dX+Perg(E,B1)</|z|“|Vf)|2dX+Per(,(F, B)). (5.50)
i 4
Now, by (5.48),
Per, (F, By) — Pery (E, By) = Pery (E \ A, B;) — Per, (E, B))
=L(A,E\ A)— L(A,R"\ E).

By inserting this information into (5.50) and recalling (5.46) we obtain that

L(A,R"\E)—L(A,E\A)</|z|“|w|2dX—/|z|“|Vﬁ|2dX
P B (5.51)
= E( Py 0\ Eyua) — € @)

On the other hand, & vanishes on (Bg,10 \ E) x {0}, thus, by the minimality of @g we have that

9/10\E”
5(@%9“0\,5) < Em).
Using this inequality into (5.51) and recalling Theorem 4.1, we obtain
L(A,R"\ E) = L(A, E\ A) <&@y, 0 myo) — (@1 5) 552
< CIANEN v 25,)-
From Lemma 5.2, we have a uniform bound on ||u]| ;o (2,). This and (5.52) give
L(A,R"\E)—L(A,E\A)<C|A|.

Then, the argument in [6] can be repeated verbatim (see in particular from the first formula in display after (3.2) to
the fifth line below (3.4)) and one obtains that V;,4 = 0. This contradicts the fact that 0 € d E and so it completes the
proof of Lemma 5.3. O

By putting together Lemmata 5.1 and 5.3 we obtain:

Corollary 5.4. Assume that (u, E) is minimizing in By, withu > 0 a.e. in R" \ By and 0 € dE. Suppose that

lu(y)l
—————dy <A,
/1+|y|n+2s y

Rn

for some A > 0.
Then, there exist §, K > 0, possibly depending on n, s and o such that

I’IliIl{|Bl/2\E|, |31/2ﬂE|}23 (5.53)

and

”u”LOO(Bl/z) < K. (554)
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We remark that the quantity K appearing in (5.54) does not depend on A. This fact will allow us to rescale the
picture and deduce from (5.54) a universal growth from the free boundary, as stated in the following result:

Corollary 5.5. Assume that (u, E) is minimizing in Bg, withu > 0 a.e. in R" \ Bg and 0 € 9 E. Suppose that
lu(y)l
/ 1+ |y|n+2s dy <A,
Rll

for some A > 0.
Also, for any x € By N E, we define d(x) :=dist(x, d E) to be the distance of a point x from the free boundary.
Then, there exists K > 0, possibly depending on n, s and o such that

lu(x)| < K(d(x))sf% foranyx € BiNE. (5.55)
Furthermore,
lu(x)| < K|x|*"% foranyx e BiNE. (5.56)

Proof. We fix xo € B1 N E and we set ry :=d(xp). Let also pg € 0 E N 3B, (xp) be such that ro = d(xo) = |xo — pol.
Notice that ry < 1, since 0 € 9E, and so |pg| < 2.
Now, we define

o _ 1
Ury(x) =13 u(rox + po) and E,:= . (E = po), (5.57)

and we observe that (u.,, E,,) is a minimizing pair in Bg/,(po/ro). Also, notice that B4 C Bg/,,(po/ro). Indeed, if
Xx € B4 then

2 4 2 6
T DI 3
1A

‘ Po
X ——
ro 0 ro Po ro

ro

and so x € Bg;r,(po/ro). Therefore, we can say that (u,,, E;,) is a minimizing pair in B4. Moreover, by construction,
0 € 0E},. Furthermore, we see that

lury ()] s+% lu(y)l
/ 1+ [yt dy=r, PIFE L [yt 2s 4y < Ay,
Ril Rn 0
for some A, > 0 depending on r(. So we can apply Corollary 5.4 to (u,,, E,,) obtaining that

”uro ”LOO(Bz) g Ka (558)

for some K that depends only on n, s and 0.

Now we set @ := £ Or_oxo , and we observe that w € By (and so —w € B»). Therefore, from this and (5.58) we get

ey (~)] < K.

On the other hand, recalling (5.57),

a_ a_
U (—w) =ry u(=row+ po) =ry uxo).

The last two formulas imply that

lu(xo)l < Kry 2 = K(d(x0))* "2,

which shows (5.55).
Finally, (5.56) follows from (5.55) and the fact that O € 9 E. This concludes the proof of Corollary 5.5. O
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5.3. Completion of the proof of Theorem 1.1
In order to end the proof of Theorem 1.1, we recall a Holder continuity property for nonlocal solutions:

Lemma 5.6. Assume that (—A)*u =0 in By, withu € L°°(By). Then u € Cl(Bl/z) and

|u(x)]

1+ |x|n+2s

)

lullcrp, ) < C | NullLes) +
/
R"

for some C > 0.

Proof. First of all, by Theorem 2.6 of [8], we know that u € C%(By,10). Then we can apply Theorem 2.7 of [8] (say,
in B3;4) and obtain the desired result. O

Now we provide a rescaled version of Lemma 5.6.

Corollary 5.7. Assume that (—A)*u = 0 in B;(q), for some t > 0 and g € R", with u € L°°(B;(q)). Then u €
C'(Bij2(¢)) and

|u(x)]

—1 2s
VullLoo s, pq) < Ct llullLoe (B, gy + 17 / Ix — g2

R"™\ By (q)

for some C > 0.

Proof. For any x € By, we define v(x) := u(tx + ¢g). Notice that, by construction, (—A)*v =0 in By, and v €
L>(B1). Hence, we are in position to apply Lemma 5.6 to the function v, obtaining that v € C! (B /,2) and

lv(x)]

IVVllzeo(s ) < C | vlizeecsy) + / T 2 , (5.59)
Rn
for some C > 0. Now we observe that
lvllLoosy) = llullLooBq) and  [VvllLeos, ) =tlIVullLeos, Hq))- (5.60)
Moreover, using the change of variable y =tx + ¢,
f [v(x)] dx — lu(tx + q)l dx
1+ |x|n+2s 1+ |x|n+2s
R R (5.61)

_ 2s lu(y)|
=1 / m+2s ly — q|n+2s d

Rﬂ
We observe that

2s lu(y)| 25 dy
! / 5 1y — g Y S lleesan |G
Bi(q) B/ (q) (5.62)

<O lull oo (g, t"t "% < Cllull Lo (B, g))»

up to renaming C. Also,

lu(y)l lu(y)l
n+2s _ g|n+2s dy < _ g|n+2s dy.
T4y —q| ly —ql

R"\B;(q) R"\B;(q)
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Using this and (5.62) into (5.61) we obtain that

lv(x)| 25 lu(y)l
/de<cllullmw,(q»+t m y.

R R™\B;(q)
Plugging this and (5.60) into (5.59) we get the desired result. O

Now we can complete the proof of Theorem 1.1.
Proof of Theorem 1.1. We define, for any r > 0,

o 1
ur(x):=r2u@rx) and E, :=-E (5.63)
r
and we apply Corollary 5.4 to the minimizing pair (u,, E,), with » € (0, 1/2]. For this, notice that
lur (Y s+2 u(y)]
/ 1+|y|n+25 dy=r""2 rn+2s+|y|n+2s dy < Ar,
R" R"

for some A, > 0 depending on r. Then, (1.3) follows from (5.53). Also, (1.4) is a consequence of (5.54).
Now we prove (1.5). For this, since Theorem 1.1 deals with interior estimates, we may suppose that

the minimizing property of («, E) holds in By, instead of Bj. (5.64)
Now we assume that s > ¢ /2 and we fix x, y € By>. We claim that
Ju(x) —u(y)| < Clx =y~ 2. (5.65)
Let p:=(x 4+ y)/2 and r := |x — y|. Notice that we may suppose that
1
< —, 5.66
"S 100 (5.66)
otherwise the fact that [u(x) — u(y)| < 2|[ullL>(B, ,) would give (5.65). Then, there are three possibilities:
Bs,(p)\ E =2, (5.67)
Bs,(p)\ E# & and u(x) =u(y) =0, (5.68)
Bs.(p) \ E # @ and either u(x) > 0 or u(y) > 0. (5.69)

If (5.68) holds true then (5.65) is obvious, therefore we consider only the possibilities (5.67) and (5.69).

If (5.67) holds, we consider R > O such that d(p) = R, where we recall that d(x) = dist(x, dE) denotes the
distance of x from dE. By (5.67), we have that 5r < R < 2.

Also, we have that

Bio(p) C Bia, (5.70)
indeed if x € Bp(p) then

x| < |x = pl+|pl <10+2 =12,
and so x € Bjj. This proves (5.70). Therefore, recalling (5.64) and using Corollary 5.4, we see that

lu(x)| < K(d(x))’"2, forany x € Bio(p). (5.71)
Also, if x € Br(p),

dx)<|x—pl+d(p) <R+ R=2R,
therefore, from (5.71) (recall that R < 2), we obtain that

lu(x)] <KR*~Z, foranyx € Bg(p), (5.72)

up to renaming K.
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Now we use Lemma 2.3 in [16] and we obtain that (—A)*u = 0 in Bg/2(p). Moreover, from Corollary 5.4 and
recalling (5.64) and (5.70), we have that |[ul[zoo(Bg/»(p)) < K. So we are in position to apply Corollary 5.7 (with
t := R/2 and g := p), thus obtaining that

|u(x)]

IVulmtigain < CR [ Illimagaen + 8 [
R"™\Bg/2(p)

We notice that, by (5.72),
lull Lo (Bra(p)) < KR, (5.74)

Moreover,

|u(x)]

|x _ p|n+ZS
R™\Bg/2(p)

|u(x)] |u(x)]
- [ g e prra
R™"\B1o(p) Bio(p)\Br/2(p)

Now we observe that, if x € R" \ Big(p), then 10 < |x — p| < |x| 4+ |p| < |x]| 4+ 2, and so |x| > 8. Hence,

(5.75)

= pl> x| =2 = x4 o =23 x| 42 =2 = 2]
X p/x —4x 4.x /4)6 —4x

Therefore,

f @l <C f LISV I <SCA. (5.76)

|)C _ p|n+2s |x|n+2s
R\ Bjo(p) R\ Bjo(p)

Furthermore, using (5.71), we obtain that, if x € B1o(p) \ Br,2(p), then
()| < K@) <K (Ix = pl+d(p)" T =K (x — p| + R)*"7 .
As a consequence,
_ R)Y—%
/ u(x)] d (Ix —pl+R) dx

e pp SR x = pI"
Bio(p)\Br2(p) Bio(p)\Br/2(p)

So, by making the change of variable y = (x — p)/R, we obtain
u )] / (Rlyl+ R,

|x _p|n+2s Rn+2s|y|n+2s R dy
B1o(p)\Br/2(p) Bio/r\Bi1,2

s—a
<KR™I% i+ b= dy<CK R~
|y|n+2x
R"™\By 2
for some C > 0. This information, (5.76) and (5.75) give
|u(x)]

lx — p|*t2
R"\Bg/2(p)

Plugging this and (5.74) into (5.73), we conclude that

dx <CA+CKR 572,

IVl 2% (Bryap) < C R (KR‘_% +CAR® +CK RS_%> <CR™T! (5.77)

up to relabeling C (recall that R < 2).
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From (5.77) we obtain that, for any a, b € Bg4(p),

lu(a) —u®)| <CR 27 Ya—b|.

Since R > 5r, we have that x, y € Bg/4(p), and so

lu(x) —u(y)| <CR 271 x —y|
=CRTEIT ey TR <Ol -y,

where C may change from step to step. This says that (5.65) holds true in this case.

Now let us suppose that (5.69) holds true. Then there exist z € Bs-(p) \ E and n € {x, y} such that u(n) > 0. In
particular n € E and so there exists ¢ on the segment joining 7 and z such that ¢ € 9 E. Notice that, since the ball is
convex, we have that ¢ € Bs,(p).

Hence, we have the following picture: { € dE, x and y lie in B3, (p) and B1(¢) € B, (where the minimization
property holds, recall (5.64) and (5.66)).

Thus, with a slight abuse of notation, we suppose, up to a translation, that { = 0. So our picture becomes that 0 €
dE, x and y lie in Bj¢,, with our minimizing property in Bj.

So we consider the minimizing pair (u,, E,) as in (5.63), which is minimizing in By, 2 Bsq (recall (5.66)). In this
way, we apply formula (5.54), thus obtaining

lurll oo (Byg) < K.

Notice that r~'x, r~'y € Bjg C Bas, hence
|y (r ') |+, 7 y) | < 2K

So we obtain

i (x) —u() =" [u,r " x) — u, ()|
<2Kr' 77 =2K|x —y 2.

This proves (5.65), which in turn implies (1.5), thus completing the proof of Theorem 1.1. O

We complete this paper with a brief comment about the two-phase case (i.e. when the function u in Theorem 1.1
is not assumed to be nonnegative to start with). The additional difficulties in this setting arise since the fractional
harmonic replacements do not behave nicely with respect to the operation of taking the positive part, namely the
positive part of the harmonic replacement is not necessarily harmonic in its positive set. As an example, considering
the fractional harmonic replacement introduced in [16], one can consider the fractional harmonic function u(x) :=
xi — 1 in (0, 4-00), with fixed boundary data in (—oo, 0) U (1, +00); similarly, in the case of the fractional harmonic
replacement introduced here in Section 3, one can consider the case s = 1/2 and the harmonic function on R? given
by u(x, y) = xy.

This difficulty arising at the level of the fractional replacements in the two-phase problem reflects also into the
proof of the density estimates here (precisely in the computations below (5.14) and (5.46)).

For these reasons, we believe that the investigation of density estimates and continuity properties for two-phase
fractional minimizers is an interesting open problem.
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