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Abstract

We provide Schauder estimates for nonlinear Beltrami equations and lower bounds of the Jacobians for homeomorphic solutions.
The results were announced in [1] but here we give detailed proofs.
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1. Introduction

This note is devoted to establish properties of solutions to the nonlinear Beltrami equation

Of () =H(z 0. f(z))  ae. (1.1)
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under additional regularity of . Recall that the strong ellipticity of the equation is encoded in the fact that the
function H(z, &) is k-Lipschitz on its second variable where k < 1. In particular, W]L’cz-solutions to (1.1) are a priori
K -quasiregular, where K = %

In the recent monograph [4] on quasiconformal mappings and elliptic equations it was established that the nonlinear
Beltrami equation governs effectively all nonlinear planar elliptic systems. The nonlinear equation was introduced
by Bojarski and Iwaniec in [6,8,14] and its basic L?-properties were obtained in [5]. On the other hand, to study
oscillating properties of sequences of gradients of Sobolev mappings in [10,12], it was vital to associate to them a
corresponding nonlinear Beltrami equation.

The nonlinear Beltrami equation shares the existence properties of homeomorphic solutions with the linear one [4]
but, for example, the uniqueness fails in general as proved in [2]. In [1] it was proved that the set of homeomorphic
solutions forms an embedded submanifold of Wli)f((C, C) and that under regularity assumptions the manifold of
homeomorphic solutions defines uniquely the structure function . The arguments in [1] rely on regularity properties
of the solutions, which we prove in the current paper.

Let us state our regularity assumptions on the structure function H(z, §). Throughout this paper we will assume
Holder continuity of H in the first variable and k-Lipschitz dependence on the second one. More precisely, given an
open bounded set Q C C, we assume that

[H(z1,&1) — H(z2, &2)] < Ho(Q) 121 — 221 (1611 + 1£2]) + &k |&1 — &2,
H(z1,0)=0,
forall 71,22 € Q. &.& € C, where € (0, 1) and k = K= < 1 are fixed.
In case H(z, &) is linear in the second variable, (1.2) implies that the derivatives of the solutions to Beltrami
equation are a-Holder continuous and that the Jacobian of a homeomorphic solution does not vanish (see [4,21]). Our
goal is to see if similar regularity results hold in the general nonlinear case. We start with our second main question.

(1.2)

Theorem 1.1. Suppose the structure function H(z, &) satisfies (1.2). Then a homeomorphic solution f € Wli)’cz(Q, C)
to the nonlinear Beltrami equation (1.1) has a positive Jacobian, J (z, f) > 0.

Further, if Q =C and f : C — C is a normalised solution, i.e., {(0) =0 and f(1) = 1, then there is a lower
bound for the Jacobian

inf  J(z, f) =2 c(H, Ry) >0, 0 < Ry < o0.
zeD(0, Ry)

Besides of intrinsic interest, the non-vanishing of the Jacobian is, e.g., a key property needed in the study of
manifolds of quasiconformal maps in [1]. In the linear case the statement can be shown by the representation theorem
of the quasiregular maps (e.g., [21, Theorems I1.5.2 and I1.5.47]) or by using the Schauder estimates for the inverse
(e.g., proof of [7, Proposition 5.1]), i.e., showing that also f —1 solves a Beltrami equation with Holder continuous
coefficients and hence the inverse is locally Holder continuous, too. In the nonlinear case it is much harder to establish
a suitable equation for the inverse. If we denote g = f~! then g satisfies the nonlinear Beltrami equation

wg(w) =

1 -
— ’H( w), J(z, )0, a)), o= f(z a.e.,
TG 8@), J(z, f)dwg(w) f @)
which would have Holder continuous coefficients if we a priori knew that the Jacobian J(z, f) has a positive lower
bound.
In Section 3 we show that it is also possible to recover a nonlinear equation (that satisfies (1.2)) for g, giving us the
required regularity to be able to conclude that the Jacobian must be positive everywhere.

Next we turn to the regularity of the gradient. Nowadays the term Schauder estimates refers to various types of
Holder regularity results in the theory of PDEs. Juliusz Schauder pioneered these topics in [22,23]. His papers deal
mostly with linear, quasilinear and nonlinear elliptic equations of second order. The importance of his ideas (freez-
ing the equation, i.e., viewing equations with Holder regular coefficients locally as perturbations of equations with
constant coefficients) is reflected in an enormous number of applications and generalisations. These ideas were suc-
cessfully used to deal with quasilinear equations in [18] and the nonlinear divergence equations with C!-dependence
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on the gradient variable [13, Chapter 6], see also [17] for recent developments. Notice that quasilinear elliptic equa-
tions relate to the nonlinear Beltrami equation through the two dimensional Hodge operator [4], though the relation to
the regularity of H is not clear.

Schauder estimates for general nonlinear structure functions H(z, &), which are only Lipschitz in the gradient
variable & and Holder continuous in z form an important step in proving Theorem 1.1. The required estimates do not
seem to appear in literature in this generality, and therefore we give a quasiregular proof for the Schauder estimates
in this setting. A different quasiregular approach of Schauder estimates for linear and quasilinear Beltrami equations
is considered in [4, Chapter 15].

Theorem 1.2. Assuming (1.2), suppose f € Wlh’cz(Q, C) is a solution to the nonlinear Beltrami equation
Bf(@)=H(z0.f(2)  aein Q.

1, . .
Then f € Clocy (R,C), wherey =, ifa < % otherwise one can take any y < % Moreover, we have a norm bound,

when D(w, 2R) € L,

1D, fllcr dio.ry < €K, @, v, @, R, Ha (@) D2 £ 1112000 287 (1.3)

Let us emphasise that there is a restriction y < % on the Holder exponent. This restriction already occurs at the
level of the autonomous equation

() =HO, f(2) ae.,

L
for which we prove the CIIO'CK -regularity of solutions in Corollary 2.3. We do not know whether the bound y < % of

Theorem 1.2 is sharp, but the example

fo:C—>C.  folz)=|z| e

shows that we must at least have the bound y < ﬁ as the function f solves an autonomous equation with
ellipticity constant k = Ilg—jr% This surprisingly shows that the optimal Holder exponent in Theorem 1.2 depends not

only on «, but on the ellipticity constant of H as well. In particular one cannot always take y = «, contrary to the case
where H(z, £) is linear in £. We leave it as an interesting open problem to determine the optimal Holder exponent in
terms of K.

The restriction y < % is not needed if in addition to (1.2), the structure function # is assumed to be C! in the

gradient variable as well. This will follow from the fact that for a C!-regular autonomous equation, the solutions will
be shown to be in Cllo’f (2, C) for every 0 < B < 1. The estimate on the Cllo’f (2, C)-norm is locally uniform in the
L?-norm, but the dependence is not linear (as it is in (1.3)).

Theorem 1.3. Let [ € WIL’CZ(Q, C) be a solution to the nonlinear Beltrami equation (1.1), where we assume in addition
that & — H(z,&) € C1(C, C). Then f € C%(Q, C) with a as in (1.2).

loc

We will first study the autonomous case (Section 2.1) and then in the spirit of Schauder’s estimates tackle the
general case by perturbation. The proof of Theorem 1.2 will be given in Section 2.3 and Theorem 1.3 is considered in
Section 2.4.

2. Schauder-type estimates
2.1. Autonomous equation and integral estimates

We start with an auxiliary result for the nonlinear Beltrami equation with constant coefficients (see [24,10,11]).
In this case H depends only on the gradient variable, and the requirement (1.2) reduces to H(0) = 0 with |H (&) —
H(E)| < kl& — &



1546 K. Astala et al. / Ann. 1. H. Poincaré — AN 34 (2017) 1543—1559

Proposition 2.1. Let F € Wlf)’cz(Q, C) be a solution to the autonomous nonlinear Beltrami equation

#F(2)=HO.F(z)) forae z€S. 2.1)

Then the directional derivatives of F are K -quasiregular, K = %

Proof. Let 2 > 0. The difference quotients

F he) — F
Fi(z) = (z+ (;,) (z)’ el =1

are K -quasiregular. Indeed, by (2.1),
H(3,F(z+ he)) — H(3.F(2))

[0z F(2)| = ‘

|0, F( +h)h8F()| 22)
e) —
<kl S = k19 P,
|h|
Now, we have a Caccioppoli estimate for F},, see e.g. [4, Theorem 5.4.2]. For p < R and any constant ¢
c(K) / 2
D Fpl* < ——= [ |Fy—cl?, 23
/|zh| Ry | 1Pl 2.3)
D, Dg

where we denote D, = ID(zq, ). Thus c(K) fDR (|D.F|*> + 1) is a uniform bound for the derivative of the difference

quotient for the range 0 < p < %. Hence the directional derivative d, F € WIL’CQ(SZ, C). Further, letting 7 — 0 in (2.2),
we see that 0, F'(z) is K-quasiregular. O

Therefore, the directional derivatives inherit the properties of K-quasiregular maps. We will need few integral
estimates that we prove next.

Proposition 2.2. Let g € WIL’Cz(Q, C) be K -quasiregular. Then

0
181l 22Dz, p)) < €(K) T 81l 2220, RY) (2.4)

‘or D(zo, p) CD(z0, R) C Q. Moreover, g is locally L _Hélder continuous; formulated in a Morrey—Campanato form
K
we have
1

P 1+F
I8 = 8oll2ieg, o <O (%) N8 = 8rli2m0c0 2.5)
for any p < R, where g, = fD(ZM) g.

Proof. We start by proving (2.4). Denote I, = D(zp, 7). Since g is K-quasiregular, we have by Caccioppoli’s in-

equality and weak reverse Holder inequalities, [4, Theorem 5.4.2], [15, Proposition 1], for Kz—fl <p< K—f,

D28l Lr g < co(p, K, R) gl ar/5) < c1(p, K, R) g2y - (2.6)
R
Now, for p < 5

||g||L2(Dp) <V/mpsuplgl <c(R)p ||g||wlyp(DR/2)

3
<cp, K, R)pligl2mpg)s

where the second to the last inequality follows from the Sobolev embedding, by Morrey’s inequality (choose p > 2),
and the last one from Caccioppoli’s inequality (2.6). By rescaling, one sees that c(p, K, R) = c(p, K)R™!. Hence

0
181l 22z, p)) < (5 K) z &2z, R))>
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for p < R (above we show the estimate for p <
have thus proved the integral estimate (2.4).

§ and it is trivial for § < p < R with possibly a bigger constant). We

The %-Hdlder inequality of K -quasiregular maps goes back to Morrey ([20], [4, Section 3.10]). For later purposes
we recall how this follows using the isoperimetric inequality for Sobolev spaces, in combination with Caccioppoli’s
and Poincaré’s inequalities, and the pointwise equivalence of | D,g(z)|* and J (z, g) for quasiregular maps.

We have, by the isoperimetric inequality in the Sobolev space and the Holder inequality, that the mapping ¥ (r) :=

. f]D» J(z, g) dA(z) is non-decreasing. Indeed,

2
1
/J(z,g)dA(z)éa /Ing(z)Idz
D, oD,
I<|aID>r|/|Duc:<z>|2 Kr/
< ' dz<— [ J(z,9)dz,
i K °S5 (2, 8)dz
oD, oD,

for D, C 2, where the last inequality follows by quasiregularity (i.e., | D.g(z)|> < K J(z, g) almost everywhere). In
other words v/(r) > 0.
The non-decreasing of ¥ implies that

P 2/K
/J(z,g)dA(z) < (E) /J(z,g)dA(z), @7

D, Dgr

forD, C Dg C 2. Now, by Poincaré’s inequality, K -quasiregularity, (2.7), and Caccioppoli’s inequality (2.3), we get
for p < §

I = 8pll20,) <ol Deslia, < | [K I

Dy
1

1+1/K ’ 1+1 (2.8)
o1+ pIHI/K
<C(K)W / J(z,8) <C(K)W||ng||L2(DR/2)

Dg/2

o\ 1+1/K
< c(K) (E) g — &rllL2(my)-

For % < p < R, (2.8) holds trivially. Hence we have shown the integral estimate (2.5). O

The formulation of Proposition 2.2 will be particularly useful when applied to the derivatives D, F of a solution to
the autonomous equation (2.1).

Corollary 2.3. If F is as in Proposition 2.1, the derivative D, F is locally %—Hb’lder continuous. Moreover,
(1) for every D(zo, p) C D(zo, R) C £,

0
”DZF”Lz(D(z(),p)) < C(K) E ”DZF”LZ(]D)(Z(),R))‘
(2) For every D(zo, p) CID(zp, R) C £,

o\ Itz
1D:F = (D:F)pll 2y o < <K (%) I1DF = (DeF)Rl2 000

where (D, F), = fD(ZO’r) D.F.
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Proof. Since for the Hilbert-Schmidt norm |D;F(2)[|> = Y5, ID:F()ej|* = Y5_ |3, F()|* and || D.F —

(D.F), > = 25: 110e; F = (3¢, F)r |2, the corollary follows from Proposition 2.2 and the quasiregularity of the direc-
tional derivatives. O

2.2. Riemann—Hilbert problem

The solution of the Riemann—Hilbert problem is well-known; the proof is based on the local versions of the classical
Cauchy transform and the Beurling transform, see, for instance, [ 12, Proposition 2]. We sketch a proof for the reader’s
convenience in the situation we need in this paper.

Proposition 2.4. Let f be a solution to the nonlinear Beltrami equation (1.1), and suppose D(zg, R) € 2. Then there
exists a unique solution F € WH2(D(zo, R), C) to the following local Riemann—Hilbert problem for the autonomous
equation

0zF (z) = H(z0,0; F(z)) a.e. z € D(z0, R),

(2.9)
Re(f —F)=0 on dD(zp, R).
Furthermore, |0zF — 0z fll 12y = 10:F — 3; f | .2y and we have a norm bound
IDFll2mg) < 2KID: fll 12y (2.10)

Proof. The local Cauchy transform in Dy := D(z¢, R) is obtained from the Cauchy transform on the unit disk by
conformal change of variables (see, e.g., [7, Section 6.1]). Namely, the local Cauchy transform of ¥ € L?(Dg, C) is
given by

1 g
(CDRW)(Z)=;/<;//£§)— )V E) )dA(c)
Q

¢ R?>—(z—2z0) (¢ —20)

and the local Beurling transform by Sp, ¥ = 9, Cp, ¥, that is,

1 1409) Ry @
S _ 1 " | dA(Q).
(Spr¥)(2) nﬂ/<(z_§)2 (R2 — (z — 20) (;—zo))2> ©

By definition, 3, Cp, ¥ = Sp, ¥, 3zCp, ¥ = ¥, and Cp, ¥ € W'2(Dg, C) N C(Dg, C).

As the integrand in the definition of Cp, is purely imaginary on the boundary, Re(Cp,v¥) = 0 on 9Dk, ie.,
Re(Cp, ¥) is in the closure of Cgo (Dg,C) in Wl’z(ID)R, C). Now, we can use Green’s theorem, [4, Theorem 2.9.1], to
see that the local Beurling transform Sp,, : LZ(D r,C) — L2(]D)R, C) is an isometry, that is,

ISDV I 2gy = 1V 12y

Indeed, let Cp, ¥ =u +iv,

/|SDRw|2—|w|2=/|achRw|2—|z%chRw|2=/1(z,cDRw>
Dg Dg Dg
j 1
=—l§/3zuagv—83uazv=2 /u(azv+agv)=o,
Dg Dg

as u =0 on dDg.
The isometry of Sp,, implies that the Beltrami operator

(BY)(z) =H(zo, (Spp¥)(2) + 0: f (2)) — H(z, 3. f (2))

is a contraction on Lz(]D)R, ©);
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1By — Bl 12y = IH (20, (Spp¥1)(2) 4 0; f (2)) — H(zo. (Sp¥2)(2) 4+ 3. f @)l 120y
SklY — Va2l 2@y

Thus there is a unique fixed point ¥ € L?(Dg, C) of B.

We define F =Cp, WV + f,sincethen &zF =W + 0 f, 9, F =Sp, ¥ + 9, f,andRe F =Re(Cp,¥)+Re f =Re f
(i.e., F solves (2.9)).

The L>-estimate is obtained in the similar fashion. For the fixed point W

IV 22g) = IBYI L2
= M (20, (Spp¥)(2) + 8. £ (2)) — H(z, 3 f (D)l 2Dy
SklISpr Wl L2mgy + 2k10: fll 12D
Now, using that Sp, is also an isometry,
1D Fll 2 < N1 2y + 1SDe Yl 20y + 21D2 fll 20

4k 1+k
< (m +2> 1D fll2mg) =2 m”sz”LZ(]D)R)- .

2.3. Schauder estimates by freezing the coefficients

We will use the Morrey—Campanato integral characterisation of Holder continuous functions [13, Chapter III,
Theorem 1.2, p. 70, and Theorem 1.3, p. 72]. Namely, the integral estimate

g = 8ol L2zg o0 < M 0" 2.11)

for zg € S% and every p < min{Ry, dist(zp, €2)} (for some Rp) gives the local y-Holder continuity of g in 2. More-
over, for Q € €2, (2.11) implies the Holder seminorm bound

[8ler ) Scr, DM (2.12)
and the L°°-bound

gl ooy < €2 ) (M diam(R)” + ligll 12 - (2.13)
see the proofs of Proposition 1.2 and Theorem 1.2 on pages 68—72 of [13, Chapter III].

Next, we apply the ideas of freezing the coefficients to get few basic estimates for solutions to (1.1). We start with

the following
Lemma 2.5. Suppose H satisfies the conditions (1.2) and let f € le’cz(Q, C) be a solution to

0z f () =H(z,0; f(2)) ae.in Q.
IfD(zo, R) € , then for each 0 < p < R we have

o\t
1D-f = (D oo,y <e®) (%) DS = (Dol 2wy
+ c(K)Hq () R* ||3zf||L2(]D)R),
where D, =D(zg, r).
Proof. The required estimate to prove is then the same as in Corollary 2.3, claim (2), up to the correction term

c(K)Hu (QOR* 10, f I L2 )+ This will arise from a comparison of f and the solution F to an autonomous equation,
the local Riemann—Hilbert problem

0zF (z) = H(zo, 0, F(z)) a.e.ze€Dg,
Re(f—F)=0 on 0Dg.
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The existence of F follows by Proposition 2.4. Furthermore, by (1.2),
10=(f = F)llL2g) S I1H (2, 02 ) — H(z0, 0: I L2y + 1H (20, 92 ) — H(zo, 02 )l 12 (D)
S2Ho () R0 fll 2y + K 10:(f — )l 2D

Since the Beurling transform Sp,, of the disk Dy, is an isometry L>(Dg) — L*(Dg), we end up with

ID:f = D Fll 2y < 1

On the other hand, Corollary 2.3 (2) gives
”sz - (sz)p||L2(]D)p) < ||DzF - (DZF)p”LZ(ID)p) +2||sz - DzF”LZ(]D)p)

oI+ F
<cB) (£) T IDF = (D:F)rll 2wy +21D:f = D:Fli2o

4
T—% He (2) R0z f Il L2 (2.14)

o1+
<c(B) (%) 1Def = (DPehIrl2wg + QoK) +2)ID:f = D:Fll 2y,

© < R. Combining this with (2.14) gives the claim. O
If we use claim (1) of Corollary 2.3, instead of claim (2), the same argument as above leads to

Lemma 2.6. Suppose H satisfies the conditions (1.2). If f € WIL’CZ(Q, C) and D(zp, R) are as in Lemma 2.5, then for
each 0 < p < R,

P
||sz||L2(Dp) < e(K) R ||sz||L2(DR) +c(K)Hqo () R ||3zf||L2(ID>R)-

Since the le’cz-solutions to (1.1) are a priori K-quasiregular, we have the Caccioppoli estimates (2.3) at our use.
These are convenient to present in the following form.

Lemma 2.7. Suppose H and f € WIL‘CZ(Q, C) are as in Lemma 2.5. Let D(z0, R) C Q" € Q' € Q. If f € CA(,C)
for some 0 < B < 1, then

”DZf”LZ(lD)(zo,R)) <c(K,Q,Q") [f]cﬂ(g/) RP.
Lastly, let us recall
Lemma 2.8 (Lemma 2.1, p. 86, in [13, Chapter III]). Let ¥ be non-negative, non-decreasing function such that
0 A
W(p) <a <E> +o |W(R)+ bR

for every 0 < p < R < Rg, where a is non-negative constant and 0 <y < L. Then there exists oy = oo(a, X, y) such
that, if o < oy,

o\
W(ﬂ)éC(a,k,y)Kﬁ) W(R) + by’ |
forall0 < p < R < Ry.

With these tools and estimates at our disposal we are ready for the Schauder estimates.

Proof of Theorem 1.2. Denote DD, = D(zg, r).

Step 1. Holder continuity of f. We will show that f is actually locally g-Holder continuous for every 0 < 8 < 1.
Namely, according to Lemma 2.6 we have

P
1D: 1112w, < oK) (% +Ha(@R) 1D:f 12,
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whenever 0 < p < R and Dg = D(zp, R) C 2. Applying Lemma 2.8 to W (p) = ||sz||L2(Dp), with b =0, =1 and
o =H,(2)R%, we see that

P 1—¢
1D:fll2m, <ar®) (£) 1D F 2y,

where 0 < p < R < min{Ry, dist(zg, 92)}. Here Rq is small enough; how small Ry needs to be taken depends on
co(K), H,(€2) and ¢ > 0 but not on zg. Thus the same upper bound Rg works throughout the bounded domain €.
Combining with the Poincaré inequality gives

If— fp”Lz(]D)p) <P ||DZf||L2(]D>p) < ci(K) ,02_8 R ||DZf”L2(DR)’
for 0 < p < R < min{Ry, dist(zg, 02)}.
Let D(w, 4R) C 2. Now, for D(zg, p) C D(w, 2R),
Lf = foll2m,) < e1(K) p*~° min{Ro, R} PID: fll 12w 3r))-

In view of (2.11) we see that f € Cl’ic(D(a), 2R), C) for every 0 < B8 < 1. The estimate (2.12) gives a bound for the
local Holder norm,

Lf et @, ry < 2(K, B, R, Ho () 1D fll 12(D(w,3R))- (2.15)

Step 2: Self-improving Morrey—Campanato estimate. Claim: Assume that | <o + 8 < 1 + % Then D, f €
c @, ).

loc
Let Q" € Q' € Q. We first show the claim for 8 < 1, and start with estimates from Lemma 2.5,

o\ +x
1D-f = (D Nplie,y <o) (%) IDf = (D P)rll2w
+ 0 (K) Ha (@) R 13: £ 20,

when D(zg, R) C ”. Here, by the Caccioppoli estimate of Lemma 2.7

10 f Il 20y < c1(K. @, Q) [ fles o) RP. (2.16)
which by Step 1 is finite for every g < 1.
We will now apply Lemma 2.8 to the non-decreasing function W(p) = || D, f — (D, f), ||L2(]D>p) =infyec || D, f —
all2m,) and the parameters A = 1 + %, o =0and b=Hy(Q) [f]cs g We obtain that

AR
1D-f =D Nolew,y <2 (%) I1D-f = (DPrllzg

+ 2 p* P HL(Q) [ fles

(2.17)

whenever p < R.
In terms of the Morrey—Campanato estimate (2.11) in the set Q”, we see that D, f € Cf;jﬂ _I(Q”, C), which is
enough for our claim if @ > 1/K. The norm estimate (1.3) follows from combining (2.12) with (2.15) and (2.17).
In case @ < 1/K we need to continue to show that f € Cllo’g‘ (€2, C). But what we have above proves that D, f is

locally bounded. Thus the bound in (2.16) remains finite for 8 = 1, and we can repeat the proof of (2.17) with 8 = 1.
Accordingly, (2.11) and (2.12) give f € Cllo’g (2, C), with norm bound

[DZf]C“(]D)(a),R)) <cK, o, w, R)|:||D2f||L2(]D)(u),2R)) + H, (€2) ||sz||Lw(D(w,2R))]~

To estimate the L°°-norm in D(w, 2R), we note that for D(zg, p) C D(w, &) (2.17) holds with Q' = D(w, 3R)
and thus once more by Morrey—Campanato norm estimate (2.11) (with (2.13))

||sz||L°°(]D>(w,2R)) <K, a,w, R)|:||sz||L2(]D)(w,3R)) + Hy (€2) [f]cﬁ’(D(w’gR))}a
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where 8’ < 1. It remains to combine with (2.15) to obtain

||DZf||CV(]D)(w’R)) < C(Ks o, yv , R3 HC((Q)) ||DZf||L2(]D)(a),9R))7

and we have the norm bound (1.3) by rescaling. 0O
2.4. Schauder estimates with C' gradient dependence

Proof of Theorem 1.3. As we see in Step 2 of the proof of Theorem 1.2, the restriction on Holder continuity comes
from the autonomous case. Hence it is enough to show that, when the dependence on the gradient is C!, we may
improve the norm estimates in Corollary 2.3.

Proposition 2.9. Let F € WIL’CZ(Q, C) be a solution to the autonomous nonlinear Beltrami equation (2.1), where in
addition & — H(£) € C1(C, C). Then, for every ¢ > 0 and D(zo, p) CD(z9, R) C " € Q' € Q,

0 2—¢
ID:F = (DeF)pll ey <€ (%) 1DF = (DeF)Rl2 o my)

where (D, F), = fD(Zo " D, F and the constant ¢ depends on the parameters K, Q', Q", | Df || 12(qy) and the modulus
of continuity of Hg and ’Hg.

Proof. We know by Proposition 2.1 that 9, F (z) € WIL‘CZ(Q, C). If we differentiate the autonomous equation d: F (z) =
‘H (9, F(z)) with respect to z, we get for g = 9, F that
gz=H(9)d.¢ +Hp(g)dzg,  ae.inQ.

By isolating gz we obtain the R-linear Beltrami equation

gz=mn(8) g +v(8)g: (2.18)
with the coefficients
He(g) He (8) Hz(8)
= 71 v = 7! 2.19
MO = T hzer VO T T el @19
satisfying

@I+ vl <k<l,
by k-Lipschitz property of 7, | D¢ H(g)| = [He ()| + [Hg(8)| <k < 1.

There are now two natural ways to proceed. First, we have a quick way to deduce the Wli’cp -regularity of the solution
F for all 1 < p < oo using (2.18) and the fact that the coefficients u, v are continuous. In fact, following the path
from [5,9,16], for any linear Beltrami equation with coefficients in VMO all Wlé’g—solutions are actually Wli)’cp -regular
for every 1 < p < co. However, these arguments rely on applying Fredholm theory to the Beltrami equation and as
such do not yield the explicit bounds we need in a straightforward manner.

Another approach is to use the Morrey—Campanato method to improve the norm estimates in Corollary 2.3. Here we
split g = G + (g — G), where G solves the Riemann—Hilbert problem of a linear equation with constant coefficients,

Gz = (3, F)R) G, +v((3;F)r)G; ae.zeDgr=D(z,R),

(2.20)
Re(g—G)=0 on dDg.

Above z1 € ", R < dist(z1,9Q"), and (9, F)g = JCDR 9, F. Similarly, as we already saw in Proposition 2.4, the
existence of G is based on the local versions of the classical Cauchy transform and the Beurling transform. Moreover,

DGl 12y < cCKNDgl 12y - (2.21)

For a solution G to (2.20), we have D,G € WIL‘CZ(]D)R, C) and the directional derivatives 9,G(z), |e| = 1, are
K -quasiregular in Dg, by using difference quotients G, as in the proof of Proposition 2.1.
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We will show that, for every ¢ > 0,

P 1—e
ID2Fll 2,y < ek (%) ID2Flm,, (2.22)

whenever p < R < min{Ry, dist(z1, dQ")}, where R will be chosen later.
As 0zF =H (0, F) and D¢ H(§) is uniformly bounded by £, it is enough to show the claim for g = 9, F, that is,

0 1—e
1D:8ll 2w, <cK.0) (%) 1D:8ll2mp. (2.23)

whenever p < R < min{Ry, dist(z1, 0Q")}.
Since | D,G(2)||> = Z?; 1 ID.G(2)ej* = 232 110¢; G (2)|? for the Hilbert—Schmidt norm, the quasiregularity of
d,G with integral estimate (2.4) of Proposition 2.2 implies

o
1D:Gll 12,y < e(K) % 1D:Gll 23
Hence, by triangle inequality,
I1D:8ll2m,) < 1D:Gll 2, + 11D2(8 = Gl 2,
P
< c(K) 2 ID:Gll 2y + 1D2(8 — Gl 2y (2.24)

0
< c(K) 7 D81l 2g) + 1D2(8 — Gl L2y

where the last estimate follows by (2.21). Thus we need to estimate D.(g — G). Below we use the uniform bound
[e] + |v| < k to get that

18 = Gzl 12mg) = N11£(8) &2 + V(&) Tz — (3 F)R) Gz = v((B: F)R) Gell 12y
SN(@:F)r) (8 — Gz +v((0: F)R) (8§ — Gzl 2y
+ 11 (g) — (3 FIr)) 8z + (v(8) = v((: FIR)) &zl 12y
<klg—G):ll2my
+ sup [[(u(g) — (@ F)p)| + [v(g) = v(@: F))I]lIgzl L2 -

zeDp
Hence, combining with (2.24) and using that the local Beurling transform of the disk is an isometry to absorb the
term & [[(g¢ — G)z [l 2(p,) into the left hand side, we have

P
1D:8ll12m,) < () (% +0(R)) 1D:8ll 20y
where

o (R):= sup [|(n(@. F) — (@ F)R)| + [v(8 F) = v((B. F)r))I]-
zeDgr

Now, (2.23) follows by Lemma 2.8 if we can make o (R) as small as we wish by reducing R. This is actually
possible since 9, F is %—Hélder continuous by Corollary 2.3 and x and v are continuous by the fact that 7{ is C'.
Here R( has to be so small that o (Rg) < 09(K, &), where the constant og is from Lemma 2.8. Moreover, we can
choose Ry uniformly in the compact set .

We collect now the dependence of R( on the parameters. From the proof we see that it depends on the modulus
of continuity of H¢ and ”Hg on the set 9, F (R2”) as well as the numbers [azF]CuK(Q,,), K and €. It is also possible,
via Corollary 2.3 and the Morrey—Campanato norm estimates (2.11)—(2.13), to bound the size of the set 3, F (2”) and
[3. Flc/k (qry in terms of ¢(K, @', Q") |DF | 12q)-

Using Poincaré’s inequality on the left hand side of (2.22) and Caccioppoli’s inequality on the right we deduce, for
o < R <min{Ry, dist(z1, 02"},

1+(1—

P £)
ID:F = (D:F)pll 2, < (K. ) (%) 1D, F — (D.F)&ll 20 (2.25)



1554 K. Astala et al. / Ann. 1. H. Poincaré — AN 34 (2017) 1543—1559

As we have seen before, because of the Caccioppoli estimate, we have (2.25) first for p < g. The full range p < R
holds with possible bigger constant.
The claim follows by covering D(zg, R) with disks of radius Ry. O

The (nonlinear) L>-norm dependence of Ry is reflected in the final C%-norm estimate of D, f, that is, we do not
have linear dependence on the L?-norm as in Theorem 1.2 (i.e., (1.3)). O

3. Positivity of the Jacobian

In this section we prove Theorem 1.1. The proof is based on Schauder estimates and the following lemma that
establishes a nonlinear equation for the inverses of our solutions. After the proof of Theorem 1.1 we will give a simple
and separate argument for the autonomous case.

Lemma 3.1. Let f be a homeomorphic solution to the nonlinear Beltrami equation
oz f(2) =H(z,9; f(2)) a.e. in 2,

where H is measurable in z and k-Lipschitz, k = in the gradient variable with the normalisation H(z,0) =

K+1 ’
Then g = f~! solves a nonlinear equation of the form

Iag(w) =H"(g(w), dug(@))  ae.in f(Q).

Moreover,

e the function H* does not depend on the solution f

o H*(g, &) is measurable in the variable g and £ K3+] —Llpschltz in & with the normalisation H*(g,0) =
o If H satisfies the Holder condition (1.2), then so does H*.

Remark 3.2. Note that the assumption that H(z, £) is measurable in z and k-Lipschitz in £ implies the natural condi-
tion of Lusin-measurability of #, as defined in [4, Section 7.6]. Nevertheless, these assumptions are only in place to
make the statement of Lemma 3.1 more general as throughout the rest of the paper we assume the condition (1.2), in
particular that 7 is continuous in (z, ).

Proof of Lemma 3.1. Note first that since f is quasiconformal, we have J¢(z) > 0 almost everywhere in 2. The
identities

_—_: 7 and —:fz ata):f(z)

are also valid almost everywhere. Thus we find that g satisfies the nonlinear equation

—8a Lo
—='H<g, 7) 3.1
180! — 1gal? 180! — Igal?

almost everywhere in f(£2). We first want to show that g can be uniquely solved from this equation in terms of g
and g, . To do this we consider (3.1) as an equation of three complex variables:

- 3
=H 3.2
162 —1¢ 2 ( NHE |c|2> G2

where the variables are as follows:

&, an arbitrary complex number,
¢, acomplex variable that satisfies || < k||, (3.3)
g, acomplex variable that belongs to the set 2.



K. Astala et al. / Ann. 1. H. Poincaré — AN 34 (2017) 1543—1559 1555

We now solve (3.2) in terms of ¢. Fix the variables g and & and consider the function

—{
12 —1¢1>
Then it is easy to check that F; is bijective from the disk || < k|&| onto another disk. We can hence make a substitu-
tion { = Fgl(g’) into (3.2). This transforms the equation into

Fe(Q)=—F—5

, 3
=H\gg——"—] (3.4)
( |5|2—|Fg‘<c'>|2>
Now, it happens that the map
, 3
= T 1o
€2 — |F @)I?

is actually a contraction. This can be seen by differentiation, for example. Thus by the k-Lipschitz property of H, the
expression on the right hand side of (3.4) is a contraction in terms of ¢’. Hence it has a unique fixed point, which
shows that the equation can be uniquely solved for ¢’. Thus ¢ can also be uniquely solved from (3.2) in terms of g
and £ in the disk |¢| < k|&]|, and we can use this as the definition of H*,

¢ =H"(g.%).

We would also like to make sure that the function H* is measurable in the variable g. This follows from the fact
that #*(g, &) can be obtained by iterating the right hand side of (3.4). At each point of the iteration the function
is measurable due to Lusin-measurability of H and [4, Theorem 7.7.2], and the limit function is measurable as a
pointwise limit of measurable functions.

We now show that H* is IIS_
é‘j:H*(gv‘i:]) j=1’21
then [{] — &2] < K3 1 Lig = &). By definition ¢; solves the equation (3.2) for g and &;. Thus

& _ 1 €1
612 =162 &R —1al?] K+1 |€2|2 |§2|2 &1 —1a? |

Define two linear maps by A jz =&z + ¢;z. We say that a linear map A is K -quasiregular if

} -Lipschitz in the variable &. To do this we have to show that if

(3.5)

|A]”? < K det A.
Then the maps A; are K-quasiregular by the property [¢;]| < §—+|§ |. By (3.5), the map A5 ! Afl is also
K -quasiregular. We can now use the identity

— A=A (A —ATH A

to find that the linear map A| — A, is K>-quasiregular. This gives that | — ¢2] < &> | as wanted.

K"é +1 |‘§1
It remains to prove that the condition (1.2) is also inherited by 7*. We must prove that there exists a constant C
such that if

=H"(g;,6) j=1,2,
then |¢1 — &2| < Clg1 — g21%|£|. By using the property (1.2) of ‘H, we obtain that

a b o &l €| >
EP =P ER=jop| STl -l <|§|2—|§1|2+|§|2—|§2I2
£

K+1 &1 — |§1|2 §12 = 1&212 |
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2 2
Denote R = % Then the above estimate can also be written as
11 — R&o| —klE|I1 — RI < Hg () g1 — g21“I€1(1 + R).

Note that R is bounded from above by a constant, thus the right hand side is already of the desired form. It remains to
prove the elementary inequality

121 — ROl — kIE|[1 — R| = c|&1 — &2
for a sufficiently small constant ¢ > 0. This will follow once we prove the two estimates

181 — Rl > cld — & (3.6)
and

1€1 — Rl > (€111 — R (3.7)
To prove (3.6), it is enough to do the following estimate:

61— )EP +816E —5) S §1° — k2[5
&1 — 122]? g 1§12

For (3.7), it suffices to estimate:

|61 — R &l 2 1161 — RG]

|61 — R&| =

161 — &al.

T §1° + 1611152
1§11 511+ 1521)
2 — -
et =1l = 5
= €[]Il = R|.

This finishes the proof of Lemma 3.1. O

Proof of Theorem 1.1. Combining Theorem 1.2 and Lemma 3.1, we find that both f and g = f~! are Clg’f -regular.
Outside of the set where J7(z) = 0 we have the identity

Jr(@)Jg(f(2) = 1.

Both of the Jacobians are continuous functions, which means that this identity must hold everywhere. This shows that
J7(z) > 0 everywhere.

To complete the proof of Theorem 1.1 we next use a compactness argument to show that for a normalised homeo-
morphic solution f to (1.1) there is a lower bound for the Jacobian in each disk D(0, Ry), that is,

inf  J(z, f) > c(H, R 0.
zeﬁ(%,Ro) (z, f) = c( 0) >

We also collect the dependence of the constant c(H, Rg) on H and Ry. It will be shown that ¢(H, Rg) only depends
on the numbers Ry, k, o, H, (ID(0, 8Ryp)).

Let us make a counter-assumption: there exist z,, € D(0, Ry) and normalised homeomorphic solutions f;, to the
nonlinear Beltrami equations of the type (1.1) with the regularity (1.2), i.e.,

0zfn(2) = Hu(z, 0, fn(2)) ae.,
such that
Fn fi) <~
n

In particular, the Holder constant Hy, (ID(0, 8 Rp)), the Holder exponent « and the ellipticity k are assumed to be the
same for each H,,.
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Now, we may pass to the subsequence, if necessary, to assume that z,, — 2o € D(0, Rp) and as a normalised family
of quasiconformal maps f, — fx locally uniformly, where fo is quasiconformal and foo(0) =0, foo(1) =1 (see
the Montel-type theorem [4, Theorem 3.9.4]). Moreover, by the Schauder norm estimate (1.3), for any R > 0,

I Dz fuller o, ry) < € 1Dz fr ||L2(]D>(0,2R)) <cllfa ||L2(D(0,4R))

3.8
<cnk(4R), G

where ¢ = c(H, R) and the second to the last inequality follows by Caccioppoli’s inequality and the last one from

the nx-quasisymmetry of quasiconformal maps. Hence derivatives D, f,, have a local uniform C? -upper bound and
mappings f, converge to f in CI]O’CV (C, ©), too. Thus J (zeo, foo) =0.
We will show that the inconsistency follows from the fact that f, also solves a nonlinear Beltrami equation

07 00 (2) = Hoo(2, 07 fo0(2)) ae., (3.9)

where H o will satisfy the assumption (1.2).
We first find Hoo as a limit of the structure functions H,,. Namely, H,, is locally uniformly equicontinuous on
C x C. Indeed, given open, bounded sets ', Q" and (z;, &;) € Q' x Q”, by assumption

[Ha(z1, 60 — Ha(22, )| < Ho ()21 — 22| (611 + 1E2]) + k|61 — &2l

This gives the equicontinuity. Thus passing to a subsequence it converges to a function He, locally uniformly, where
"H oo has the same regularity and norm bounds (1.2) as the family #,,.

As Hoo has the required regularity properties, we must only show that fo, satisfies equation (3.9). But this is
immediate from the fact that the convergence of D, f;, is also locally uniform (they converge in the Holder class
as seen above). By the earlier part of the proof of Theorem 1.1, we now know that J > 0 in the set D(0, Ry),
a contradiction to the fact that J(z~, foo) = 0. Hence there must be a lower bound for the Jacobian, and we have
proved Theorem 1.1. O

For the reader’s interest, we also present a different proof for the positivity of the Jacobian in the autonomous case.
This proof is based on Stoilov factorisation, Hurwitz theorem and a compactness argument inspired by [3].

Theorem 3.3. Assume H : C — C is k-Lipschitz, where k = §—__i_i < 1, with H(0) =0 and let F € Wll)’cz(SZ, C) be a
homeomorphic solution to

0z F (2) =H (3, F(2)) a.e.
Then J(z, F) # 0 at every point 7 € Q.

Proof. Let us fix a disk D(zp,2R) C 2 and a point z; € D(z9, R) where J(z1, F)) # 0. The derivatives of F are
continuous by Proposition 2.1 and we can assume, for instance, that d, F(z1) # 0 and we will show that d, F(z) # 0
everywhere. This is enough, since |D F |2 < KJF.
Let us define
F h)—F
Fa() = S G ZFE@ (3.10)
F(zi+h) — F(z1)

Clearly Fj, is well-defined on 2, = {z € Q: d(z, 0R2) > h}, and D(z9, 2R) C 2}, for any h < d(z9, 02) — 2R. Further,
Fj, is K-quasiregular on €2, as we saw in (2.2). Moreover, by Proposition 2.1, we know that D, F € WlLf(Q’ C) and

1
FeCl¥(Q).

loc
We can factor, by Stoilow factorisation,

Fy, = Hp, o &y,

where ®; : C — C is K-quasiconformal, and we choose the normalisation ®5(z9) = 0, ®;(z1) = 1, and Hy, :
®;,(2;) — C is holomorphic. Moreover, H; (1) = 1, by the definition of F}, and the above normalisation of ®j,.
Since &y, are normalised K -quasiconformal maps, there exists a limit K -quasiconformal map

d = lim Py,

h—0t
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with locally uniform convergence, at least for a subsequence, see the Montel-type theorem [4, Theorem 3.9.4]. Simi-
larly, for the same subsequence CI>,;1 — @~ ! locally uniformly in ®(D(zo, R)).

Note further that since F is continuously differentiable and 9, F(z1) # 0, the functions Fj in (3.10) converge
locally uniformly in D(zg, R), hence also Hj, = Fj, o CI>;l converges locally uniformly in ®(D(zg, R)). Let us now
fix a compact set E C ®(D(zp, R)) with 1 as an interior point. Since ®;(D(zg, R)) converges in the Hausdorff metric
to ®(D(zo, R)), for every A small enough ®(D(zg, R)) € ®;,(D(z0,2R)). Thus E C ®(D(zp, R)) € ®,(21), and so
Hj, h < hy, is well-defined family of functions analytic on a neighbourhood of E, with limit

H = lim H,
h—0t
at least for a subsequence. Of course, the limit mapping H is holomorphic on a neighbourhood of E and H(1) = 1.
Then it follows that

lim Hyo®p,=Ho®
h—0t

uniformly on compact subsets of D(zg, R). In particular,
0 F(2)

O F(z1)

But the analytic functions Hj, do not have zeros in 4 (£2y), since F is a homeomorphism. By the Hurwitz theorem

H as well is non-vanishing on E, that is, 88X£((zzl)) does not have zeros in D(zg, R). We have shown our claim. O

= H(®(z2)) for every z € D(zo, R).

Remark 3.4. Alternatively in the proof of Theorem 3.3 one can invoke the Hurwitz theorem for quasiregular mappings
[19] which tells for any converging subsequence that either the limit lim; Fj; (z) is non-vanishing everywhere, or the
limit vanishes identically.
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