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Abstract

Consider a rigid body S C R3 immersed in an infinitely extended Navier—Stokes fluid. We are interested in self-propelled
motions of S in the steady state regime of the system rigid body-fluid, assuming that the mechanism used by the body to reach such
a motion is modeled through a distribution of velocities vy on dS. If the velocity V of S is given, can we find vy that generates V?
We show that this can be solved as a control problem in which v is a six-dimensional control such that either Supp vy C I,
an arbitrary nonempty open subset of d€2, or vy - n|y = 0. We also show that one of the self-propelled conditions implies a better
summability of the fluid velocity.
© 2016 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.

Keywords: 3-D Navier—Stokes equations; Exterior domain; Rotating body; Self-propelled motion; Boundary control; Asymptotic behavior

1. Introduction

Consider a rigid body S ¢ R® immersed in a viscous incompressible fluid which fills the exterior domain
Q:=R3\ S. In this paper, we consider self-propelled motions of S in the steady state regime of the system rigid
body-fluid, assuming, as in [13] and [14], that the mechanism used by the body to reach such a motion is mod-
eled through a distribution of velocities v, on 9€2 = 3S. In practice, such a velocity can be produced by propellers
(submarines), deformations (fishes), cilia (micro-organisms), etc. In a reference frame attached to the rigid body, the
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system of equations modeling this mechanical system is

—divo(v,p)+(w—-V)-Vv+wxv=0 inQ (1.1)
divv=0 inQ (1.2)
v=V+v, onadQ (1.3)
lim v=0 (1.4)
|x|—00
méxw—l—/[—a(u,p)n—i—(v*~n)(v*+V+a)><x)] dy =0 (1.5)
Q2
(Iw) Xa)—}—/x x [—o(, p)n+ (vs-n) (s +V+oxx)] dy =0 (1.6)
a0

where the quantities v = v(x) and p = p(x) represent, respectively, the velocity field and the pressure of the liquid
and

Vix) =64+ w x x, x eR3

represents the velocity of the solid, as seen by an observer attached to S. Moreover, we have denoted by o (v, p) the
Cauchy stress tensor defined by

o (v, p):=2D(v) — pl,
with I3 being the 3 x 3 identity matrix and D(v) being the symmetric gradient defined by

D(v) := % (Vo + o),

so that divo (v, p) = Av — Vp since divv =0. In (1.5)—(1.6) the outward unit normal to d<2 is denoted by n. We also
assume that the density of the rigid body is 1 and that its center of gravity is located at the origin:

m::/ldx, I::/(|x|2H3—x®x)dx, /xdx:O.
S S S

The model (1.1)—(1.6) is inspired by Galdi [13—15], the equation (1.5) having been obtained as the net force exerted
by the fluid on the solid (see the proof of Theorem 1.2) and the equation (1.6) being the corresponding balance of
torques.

The problem we are interested in is the following one: assuming that £ and w are given, can we find vy, v, p
(in appropriate functional spaces) satisfying (1.1)—(1.6)? A positive answer to this question would show that the
mechanism of locomotion expressed by the boundary velocity v, allows the rigid body to move with the velocity
& + o x x. This can be seen as a control problem in which the velocity v, on d€2 is the control of the problem.
The corresponding problem for the steady, translational self-propelled motion of a symmetric body was solved by
Galdi [13], but general case has remained open. When (1.1) is replaced by the classical Stokes system as the model
with zero Reynolds number, this control problem was studied by Galdi [14, Sections 2 and 3]. In [24] San Martin,
Takahashi and Tucsnak studied another quasi-steady control problem of finding a boundary control that achieves a
final position with a prescribed velocity. We also mention some investigations of using boundary controls to minimize
the drag about a three-dimensional translating body in an unsteady Navier—Stokes fluid, such as [12].

As pointed out by Galdi [13,14], we have various possibilities of finding a solution to our control problem. Among
others, in this paper, we provide two sorts of solutions, both of which are physically relevant as well as interesting.
One is a control v, which vanishes outside a prescribed portion I' C 92 with arbitrary small |T'| > 0, the other is a
control v, which is tangential to 9€2. Both of them were found in [13,14,24] for problems of their own, where the
Stokes approximation was adopted in the last two papers. In those literature a control v, is chosen from a suitable
finite dimensional (1-dimensional in [13], 6-dimensional in [14,24]) subspace, called the control space C, of L2(8§2)
which is constructed by use of the Stokes flow and depends only on geometric properties of the body S (thus the
space C is independent of &, w). We may expect such a space C for our problem as well, however, unlike the previous
works it does not seem to be easy to find out a control v, in terms only of the Stokes flow because of full generality
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of the problem. In order to get around the difficulty, in this paper, we construct a 6-dimensional subspace C = C(¢ )
depending on a prescribed (£, w) by using the adjoint system of the full linearized equation that involves (£ + w X x) -
Vv —w x v, see (3.17) and (3.18) below, and then single out v, € C(¢ ) Which provides a solution. The idea of finding
vy dependent of (£, w) works well to solve the control problem under consideration and, to the best of our knowledge,
our result first shows the existence of a control v, in general nonlinear setting, where the rotation of the body is also
taken into account, as long as || and |w| are sufficiently small. The main result of the paper can be stated as follows.

Theorem 1.1. Assume 32 is of class C3. There exist constants co, C > 0 such that if €, w € R satisfy
€] < co, lw] < co, (1.7)

then problem (1.1)—(1.6) admits at least one solution (v, p, vy) of class

@veL®(Q), (Vv,p)eW'A(Q), veWZ (Q), W, p)eC®Q), v,eW¥>20Q) (1.8)
with
wx§ |- &|
14 |x — 1+2—>= : 0,
o (1) 1= ( T e )( 2 w). o (19)
A+ 1xD A +208]x] + & - x)), =0,
where
s 1= - OXE| S@ D) g0,
|l |l
and it satisfies
Sug[af(X)lv(X)l] + (Vv Pllwiag) + vsllwsnape) < C(IE o)+ o)) (1.10)

Here, one can choose the boundary control v, such that either Supp vy C I or v, - n|yq =0, where ' is an arbitrary
small nonempty open subset of 2 (with respect to the induced topology).

The notion of solution to (1.1)—(1.4) is the same as introduced in [16], that is, it is basically of the so-called Leray
class Vv € L?(2) with standard weak formulation, but the solution obtained in Theorem 1.1 actually becomes a
strong (even smooth) one as described in (1.8), so that the boundary integrals in (1.5)—(1.6) make sense.

The weight function (1.9) looks complicated, however, if we replaced |x — % | just by |x|, then the constant C in

(1.10) would depend on the ratio % and the estimate (1.10) would become useless. Thus we should keep (1.9) as it

is. Note that s(x) > 01in (1.9), see Remark 2.2.

The last statement in Theorem 1.1 shows that there are two kinds of nontrivial controls (where the trivial control
means v, = —V, i.e. (v, p) = (0,0)). As mentioned above, we could have some others for the same &, w. What is
more interesting would be to find an optimal control v,, which minimizes (for instance but typically) the drag as in
[12], that is, which attains

inf/ (a(v, p)n) -vdy,
aQ
where the infimum is taken over the set of all solutions of our control problem subject to a suitable side condition
(which excludes the trivial solution). It should be emphasized that this admissible set is nonvoid at least for small
(&, w) by Theorem 1.1, which is certainly the first step toward our future research. In order to proceed to that, it is
convenient to rewrite the drag functional as

/ (0. p)n) -vdy =2/ ID)[*dx + % /(v* |V +v.2dy. (1.11)
a0 Q a0

which is actually bounded from below provided that [[v«|l3(5q) < C as well as (1.7), however, we have to take care
of the asymptotic behavior of (v, p) at infinity to justify (1.11) rigorously. By pointwise estimate (1.10) for mv we
have the following summability property:
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ve L*(Q), Ve > 0, if (w=0and & #0) or (w-& #0),
ve L3(Q),Ve>0, ifo#£0andw-&=0,

which is indeed enough to justify the representation (1.11) of the drag (as in the proof of Lemma 4.2 below), but
the self-propelled condition, especially (1.5), implies even faster decay of the solution and consequently improves its
summability. In particular, it is worth while noting that the solution possesses finite kinetic energy: v € L>(2). This is
not surprising because (1.5) tells us that the net force (momentum flux) exerted by the fluid to the rigid body vanishes,
that is,

/[o(v,p)—v@(v—V)—(wxx)@v]ndy:O, (1.12)
PYe

where the left-hand side of (1.12) is consistent with the equation (1.1) of momentum which can be written in the
divergence form: divfo (v, p) —v®@ (v —V) — (0 X x) ® v] = 0. To be sure, let us observe that (1.5) is equivalent to
(1.12); in fact, by (1.3) we have

N::/[G(v,p)—v@)(v—V)—(wa)®U]ndJ/
BYo)

=/[G(v,p)n—(v+wXx)(v*'n)]dy+/(§+w><x)'v(w xx)dy (1.13)
90 S

=/[U(v,p)n — (Ve )W+ V4o xx)]dy —mé xow
a0
since || s X dx =0. We could claim that this observation provides another interpretation of (1.5).

To complete our study, we show that the solutions to (1.1)—(1.4) of class (1.8) (actually under less conditions)
possess better summability provided N = 0 (even weaker condition w - N = 0 is enough when w # 0). When the
translation of the body is absent or orthogonal to the rotation, smallness of given solution is needed; indeed, for
the solutions obtained in Theorem 1.1 this can be accomplished by (1.10) provided & and w are taken still smaller.
Our conclusion below is more or less known since the issue is closely related to asymptotic structure of the exterior
Navier—Stokes flow near infinity. The classical case is that the body is purely translating (w = 0, & # 0), for which it
is well known ([1,10,11], [16, Theorem X.8.1]) that the leading term of asymptotic expansion is given by the Oseen
fundamental solution whose coefficient is N . In this case the result can be obtained even if assuming only Vv € L?()
(the Leray class), however, the decay property of v(x) like |x|~! is always assumed for any case in this paper. When
the body is at rest (w = 0, & = 0), the leading term involves the nonlinear effect unlike the previous case and is given
by a particular Landau solution (homogeneous Navier—Stokes flow of degree (—1)) Uy under smallness condition,
where the set of all Landau solutions is parametrized as {Up; b € R3}, see Section 6 for details. This was proved by
Korolev and Sverdk [21]. Hence, for both cases (¢ #0, £ =0) in which the rotation of the body is absent (w = 0),
we know that N controls the rate of decay of the fluid velocity v(x) at infinity. Compared with this, when the body
is purely rotating (w # 0, & = 0), the leading term is given by U, with b = (lc‘“u—‘ . N)ﬁ, that is, it is still a Landau
solution, but this time the rate of decay of v(x) can be controlled only by w - N. This was proved first by Farwig and
Hishida [8] in which the remainder has better summability, and then the result was refined by Farwig, Galdi and Kyed
[6] in the sense that the remainder has better pointwise decay. Finally, when the body is translating as well as rotating
(w #0, & #0), where & is parallel to w, however, the general case can be reduced to this case or to the previous case
as we will explain in the next section (see Galdi [16, Chapter VIII]), Kyed [23] proved that the leading term is given
by the Oseen fundamental solution whose coefficient is (ﬁ -N) f;’—‘ Taking all the cases into account, we know almost
everything, but there are things which are missing in the literature:

— when w # 0, all the papers [8,6,23] studied the case of no-slip boundary condition v = V on 9€2. In this paper,
with the aid of the flux carrier, we discuss the asymptotic behavior without assuming any boundary condition on
d%2. To do so, we need to develop analysis of the fundamental solution, see Lemma 6.1;

— when w # 0 and £ is not parallel to w, we need the reduction mentioned above by using the Mozzi—Chasles
transform [16, Chapter VIII] to describe the conclusion completely.
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The result is now summarized as follows. The statement is essentially independent of Theorem 1.1 and thus in-
cludes also the case (&, w) = (0, 0) (due to [21]) although the solution obtained in Theorem 1.1 is the trivial one in
that case.

Theorem 1.2. Suppose (v, p) is a solution to (1.1)—(1.4) satisfying, in particular, Vv € L2(Q), pE L2(Q) and (1 +
[x]) v e L®(Q).

1. Case w=0,& =0. Let N =0, that is,

/ [O’(U, p)n— (Vg -n) v*] dy =0.
Q2
Then, for every € > 0, there is a constant § = §(¢) > 0 such that if limsup |x||v(x)| <6, then v € L3/7te(Q).

|x]—00

2. Case w#0, w-£=0.Let w- N =0, that is,

a)/ [a(v, pin— (Vg - n) v*] dy =0.
IR
For every € > 0, there is a constant § = §(¢) > 0 such that if limsup |x||v(x)| <6, then v € L3/7te(Q).

[x|—00

3. Case w=0, & #0. Let N =0, that is,

[T pm = w4 6)] dy =o.

Q2

Then v € L3/>1¢(Q) for every & > 0.
4. Case w-& #0. Let - N =0, that is,

w-/[a(v,p)n—(v*~n)(v*+$)] dy =0.

Q2

Then v € L3/>1¢(Q) for every & > 0.

In the last two cases, if we assume moreover that / vy -ndy =0, then v e L*3+¢(Q) for every ¢ > 0.
E]9)

We note that N is understood as y1/22(30) (1, T (v, p)n)y-1/22(3q) and thus well-defined even under the condition
of Theorem 1.2, where T (v, p) := 0 (v, p) —vQ® (v— V) — (0 x x) @, see (1.13); in fact, T (v, p)n € W1/22(3Q) :=
W/22(3Q)* by the normal trace theorem since T (v, p) € L%Oc(ﬁ) and div T (v, p) = 0. The last statement in Theo-
rem 1.2 shows that for tangential boundary controls, that is, boundary velocities satisfying v, - n = 0, we have a better
summability for the solutions of (1.1)—(1.6).

The plan of the paper is as follows. Section 2 contains the notation used throughout the paper and the results
available in the literature for the generalized Oseen problem (which takes into account the rotation effect of S) that are
relevant for our work. In Section 3, we give the precise mathematical formulation of the control problem, introducing
a set of adjoint problems which are used to define the control spaces. Then, in Section 4, we solve a linearized version
of the control problem considering localized controls (in a portion of the boundary of S) and tangential controls. The
full non-linear control problem is solved in Section 5, by means of Banach fixed point Theorem, assuming that the
data are suitably small. Finally, in Section 6, we show that the self-propelled condition (1.5), or equivalently (1.12),
implies a better summability of the fluid velocity.
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2. Notation and preliminary results on a generalized Oseen problem

In this paper, the usual notation is used for Lebesgue and Sobolev spaces on a domain .4, namely, L7(.A) and

1
W4 (A), with norms |.|l4, 4 and |||/, 4, respectively. By w493 A) we indicate the trace space on the smooth
boundary d.A of A, for functions from W™4(A), equipped with the usual norm ||, _1 20A" The homogeneous
79

Sobolev space of order (k, g) is defined by
DRI(A) ={u e L}OC(A); D%u € L9(A) for any multi-index & with |&| = k}

with associated seminorm |u| 4 4 = Z|a|:k | D*ull4, 4, where k > 1 is an integer and 1 < g < co. For a vector or
second-order tensor field G and a positive function w defined on A, we adopt the notation

[Gla,w,A = sup[w(x)*|G(x)][], [Gla =[Gy, (1+|x]),R3 (2.1)
xeA
for @ > 0. Throughout the paper we shall use the same font style to denote scalar, vector and tensor-valued functions
and corresponding function spaces.

In what follows, S is a compact connected set, with nonempty interior, and we assume that Q = R3 \Sisa
three-dimensional exterior domain. We will assume that the boundary 3 of € is of class C3. This is needed in
Lemma 3.2 although Proposition 2.1 below holds provided €2 is of class C2.

Gathering several results in [16,18,19] by Galdi and Silvestre, and using suitable changes of variables, we can
obtain existence, uniqueness and estimates for the general linear problem

—divo(v,p)—(@a+bxx)-Vvo+bxv=f inQ
divv=0 inQ

v=v, o0noai (2.2)
Iim v=0.
|x]—00

We will need very specific estimates for the solution of problem (2.2), with a constant independent of a and b satisfying
lal, |b| < B since this will be crucial for defining suitable smallness conditions when we apply the Banach fixed
point theorem to solve the non-linear problem. When b # 0, the following theorem is essentially due to Galdi [16,
Theorem VIIIL.6.1], in which both a and b are assumed to be parallel to e; = (1, 0, 0). The general case is reduced to
this particular case by the Mozzi—Chasles transform as explained in [16,18]. For later use it is convenient to summarize
the result as follows.

Proposition 2.1. We set

bxa |b-al bxa b-a
1+x——>[1+2< X — +—b~x)i|, b#0,
w(x) = < |b|? |b] |b|? b (2.3)
I+ 1xD A +2(xllal +a-x)), b=0.
Assume that f =div F € L*(), with
[Flaa = sup [w@)2IFol | < o0 24)
xeQ
and vy, € W322(9Q). Then, there exists a unique solution (v, p) to (2.2) with
veDX2QNDHDN L,  peW @), @3)
[V]1,w.q = sup[wx)|v(x)]] < oo (2.6)
xeQ2
and
vl22.@ +1vliz.e+ Wwe T IPlize < CUfll2e + [Fl2we + lvel322.00), 2.7

where, for each B > 0, one can choose a constant C = C(B) > 0 independent of a and b with |a|, |b| € [0, B].
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Proof. Let us consider the case b # 0. Let M € R3*3 be an orthogonal matrix that fulfills M % = e1. By the transfor-

. 0]
mation

x'=Mx, Q=MQ, V(X)) =Mv(M X)), px)=pM"x),

VL =Mu,MTX), & =MfM"x), F()=MFM )M ), 28
so that f" =div F’, we see that (2.2) can be written as
—dive V', p’) —da' - Vv — |b|{(e1 xx') - VV —e; xV'}=f" inQ
divy'=0 inQ
v'=v, onadQ (2.9)
lim v =0
x| >00

where a’ = Ma, and V and div are differential operators with respect to x’. And then, following [16, Chapter VIII],
we make further change of variables

~ , e xd bxa ~ , erxd bxa
¥=x'— =M(x-—>)., Q=0@-"—=M(Q-—1],
|b] |b] |b] |b|
~ ! - b
o = (7 25 ) o (MTE4 ).
: (2.10)
5(%) p/<3c,+elxa> p< T,\,+b><a>
P(¥) = = :
|b] |b|?
and
~ ~ ~ e xa - bxa
v*(x)—v;<x+ b ):MU*<MTX+ |b|2>’
~ - ! - b ~ o~
()= f' (x—i—ell;('a):Mf(MTx—i— |;|2“>, F=divF, @2.11)
~ ¢ b
F(X)=F <;+ e‘|;a ) —(MFMT) <MT)7+ |;<|2a).
Taking account of the relation a’ = (e} - a’)e; + (e1 x a’) x ey in (2.9), we are led to
—dive (@, P) =RV — |bl{(e1 xX)-Vi—e; xV}=f inQ
divi=0 in
V=7, ondQ (2.12)
Jim v=0
|X]— 00
which is exactly (VIIL.0.7) of [16], where
R , b-a
=e1-a =——.
|b|

Here, V and div are differential operators with respect to X as well as 9; = d5, .

We can gather several results of Galdi [16]: from Theorem VIII.1.2 and Theorem VIIL.2.1, there exists a unique
weak solution, and from Theorem VIIL.6.1 (which can be proved by the same cut-off technique after subtracting the
flux carrier as in the proof of Theorem 1.2 in the present paper, see Section 6) we find an anisotropic pointwise decay
estimate with wake property of this solution. Although R > 0 is assumed in [16], it is obvious that these theorems
still hold true for the other case R < 0 as well. The only difference between those cases is the direction of the wake,
which can be described by the following weight function:

W(%) = (1+[XD(1 +2/RIT(X)) 5(X) X+, R0 (2.13)
w(x):= X s(x)), sS(Xx):=13y _ .
|X] — x1, R <O0.
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Let us define

~ o~ b b-
w(x) = H(F) = (1 +lx - |;<|2“ ) (1 +2! |b|a|s(x)> (2.14)
with
) = F(F) bxa n Y, bxa
sx)=s(x)=|x ———|+e1- X — —_
2 | b2
bxa b bxa
=x——+—|x—-——= (2.15)
‘ |b|? |b] ( |b|? >
bxa b
=|x——|+—x forb-a >0,
‘ b|? |b]
while
~ ~ bxa b
sx)=s(x)=|x————|——-x forb-a <O0. (2.16)
|b|? |b|
We observe
1Flha=11lee [Flggi=sup[TEAFE)I] = Flauwe <o (2.17)
XeQ
by (2.4), as well as
||E*||3/2,2,3§ < C||U*||3/2,2,a§2- (2.18)

In fact, the mapping vy — v, defined by (2.11) is isometric from W 2(0Q) to Wk2(39Q) for k = 1,2, which together
with W3/22(3.A) = [W1*2(8A), W2’2(8,4)]1/2 for A = Q, Q implies (2.18), where [-, -]1/> denotes the complex
interpolation functor. By [16, Theorem VIIL.6.1] problem (2.12) admits a unique solution

Te D2 NDA@)NLE (D), pew' (D),

loc
[0, = sup [ (X)[T(X)[] < o0
XeQ
which satisfies, by using (2.17) and (2.18),
V508 + 1008+ T01 ga+ 1Pl e <C (||f||2,g~2 +Flhpa+ ||5*||3/2,2,35)

<C(Ifl2e+ TFlawea + lvel32.200) -
Here, for each B > 0 the constant C > 0 can be taken independently of a and b provided |a|, |b| < B (yielding
IR, |1b] < B). When we define (v, p) by (2.10), we observe
k2=, *k=12), hwe=[11 58 Iplh2.e=1P128
and conclude that (v, p) is the desired solution with estimate (2.7).
We will give a brief sketch for the other cases. When b = 0, a # 0, we take the orthogonal matrix M € R3x3
satisfying M |Z—| = e1 and make the change of variables (2.8) to obtain
—dive (v, p') —|a| 01V = f inQ
divy'=0 inQ

v =10, ondQ (2.19)
lim v =0.
|x"|]—00

We first construct a unique solution of class (2.5). We then reduce (2.19) to the whole space problem by cut-off
technique and use the pointwise decay of the Oseen fundamental solution, see (6.6) below. By using estimate of
the Oseen potential representation given by Lemma VIIL.3.5 of [16], which is traced back to Farwig [5], Kracmar,
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Novotny and Pokorny [22], we deduce the same result as in Theorem VIIL.6.1 of [16], where the weight function is
given by
w'(x') == (1 + [x")(1 4 2]als"(x")), s'(x) o= x|+ X
In the original frame, they are transformed into
a
w(e) = w0 = A+ D0 +2als@), s =56 =l e (M) = x|+ - x.

Finally, when (a, b) = (0, 0), the strategy of the proof of the corresponding result is the same as mentioned above, in
which Lemma VIII.3.4 of [16] is employed for the Stokes potential representation. O

Remark 2.2. From Proposition 2.1 it follows that in the case b - a # 0, as well as the classical case of b =0 and a # 0,
the “wake” behind the moving body can be described by (2.14), where (2.15)—(2.16) are unified as

bxa sign(b~a)b
- X
|b|2 |b]

We note that s(x) > 0 in view of the second line of (2.15). In those cases above we deduce from the wake formula
that for all ¢ > 0,

s(x)=|x— (2.20)

ve L7 (Q).
3. Formulation of the control problem. The adjoint systems

In this section, given the rigid body velocity V =& + w x x, we propose two candidates of 6-dimensional sub-
space C = C(g,) Of L2(8 2), as mentioned in Section 1, from which we wish to take the boundary control v,. For
convenience, in what follows, we use the terminology “control space” for our space C as well.

Let us write (1.1)—(1.6) in the following form

—divo(v,p) =V -Vv+wxv=f(v) inQ 3.1
divv=0 inQ (3.2)
v=V+v, onadQ 3.3)
| llim v=0 (3.4
- [to pn+ v midy =) (3.5)
IR
~ [x 0.+ v mutdy = ) (3.6)
Q
where
f):=—v-Vv=divF(v), F@v):=—-vQ®uv, 3.7
Kk(vy) 1= —/(v* M)W+ V+oxx)dy —méE xw— /(V -n)(V +v)dy, (3.8)
Q2 Q2
w(vy) = —/x XWe+V4+owxx)(ve-n)dy —(Iw) X w— /x X (V4 v)(V -n)dy. 3.9
Q2 Q2

Indeed the formulation (3.5) and (3.6) might look artificial, but it depends on how to develop the linear theory in
the next section (there are actually some other possible ways). In order to define the control space for our problem,
we consider six auxiliary adjoint problems, associated with six elementary rigid body motion velocities. For each
ie{l,2 3} let (v(i ), q(i) ) be the solution of the generalized Oseen problem
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—divo(v(i),q(i)) +E4+wxx)- Vo) —pxv? =0 inQ
divo® =0 inQ
@ =e¢ onoJdQ

lim v¥ =0
|x]—00

(3.10)

where (e1, €2, €3) is the canonical basis of R3. We also consider the solutions (V¥ @) of

—diva(V(i),Q(i))+($+a)xx)~VV(i)—wxV(i)=0 in Q
divv® =0 inQ

V(i)ze,-xx on 9£2

lim Vv =0

|x]—00

@3.11)

for i € {1, 2, 3}. The above problems are well-posed, as a direct consequence of Proposition 2.1. One can obtain even
smoothness of the solutions by the regularity theory for the classical Stokes system.

Lemma 3.1. There exist unique smooth solutions (v, g0y and (VD , QW) of systems (3.10) and (3.11), respectively.
Moreover, for each B > 0 there exists a constant C = C(B) > 0 independent of & and w with |&|, |w| € [0, B] such
that fori € {1, 2, 3}

P20+ WPl 2e+ v wae+1lg” e <C, (3.12)
V20 +1VPhae+ VO lwe+ 127122 <C. (3.13)
Here, [-11,w.q is given by (2.6) and w is defined by (2.3) for (a, b) = (—&, —w).

Assuming 992 € C3, we define
gD :=0cw?,¢Dn onaQ, (3.14)
GD:=o(v® 0Dy onaQ. (3.15)

This choice is inspired by Galdi [14, Section 2], in which the Stokes system was adopted instead of (3.10) and (3.11).
Note that g and G depend on £, w differently from [14], however, we have the following estimate.

Lemma 3.2. Assume 92 is of class C 3, For each B > 0 there exists a constant C = C(B) > 0 independent of § and
w with €|, |w| € [0, B such that g, GV € W3/>2(3Q) with

g l32.2.00 + 1GP3/2.2,00 < C (3.16)
foranyie{l,2,3}.

Proof. We can use Theorem IV.5.1 in [16, p. 276] to obtain

10O 3.2.0p + 119V 12.2.22

<e (H E+oxx) Vo —wx | +lleillsp2a00 + 10O 220, + g ||mR+.) ,

1,2,Qp41

where Qg := QN Bg and Bg := {x € R?; |x| < R}. Applying Proposition 2.1, in which L estimate is also involved
in (2.7) through [v]1 4,0, we deduce from (2.7) that if |§|, |w| € [0, B], then there exists a constant C = C(B) such
that

v P113.2,05 + 11gP12,2.0, < C.

Since o (v®, g®) € W22(Qp), the trace theorem yields (3.16). O
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The control spaces we are going to consider for v, are
Cy :=span{xg”, xGV ; i =1,2,3), (.17
Cr :=span{(g® xn) xn, (GY xn)yxn:i=1,2,3}, (3.18)

where x is a smooth function such that y > 0, with support in I, a nonempty open subset of 92, and x > 0O on a
nonempty open subset ['g of I'. We will see in Lemma 4.3 and in Lemma 4.7 that if |£| and |w| are small enough,
then C, and C; are of dimension 6 because their Gram matrices are nonsingular. The control problem can be now
formulated in the following way: Given &, w € R3, find v, € Cy or C; and (v, p) in appropriate Sobolev spaces,
satisfying (3.1)—(3.6) and (3.7)—(3.9).

4. Linearized version of the problem
4.1. Localized boundary controls
In this section, we solve the following control problem for the linearized system: Given f = div F € L?() satisfy-

ing (2.4) with w defined by (2.3) for (a, b) = (¢, ) and given (x, 1) € RS, find (o, B) € RS with & = (), B = (B))
and (u, p) such that

—divo(u,p) —E+oxx) - Vu+woxu=f inQ 4.1
divu=0 inQ 4.2)
3
u=V+y (0jx8"+8xGP) onog 4.3)
j=1

I llim u=0 4.4)

—/[a(u,p)n—}-(Von)u] dy =« 4.5)
a0

—/x X o, pyn+ (V- -nyuldy =n (4.6)
aQ

where V = & + w x x. Recall that g(j) and GY) are defined by (3.14)—(3.15). The linear control problem will be
solved with the aid of the following auxiliary systems

—diVO'(M(j),P(j)) —(¢t+ow Xx)~Vu(j) +w x u =0
divu =0
uD = yg  onaQ

lim u') = 0,
|x]—00

—divo(UY, PO — (40 xx)-VUD + 0 xUY =0
divu"Y) =0

UD = 4GP onde

lim UY) =0,

|x]—00

4.7)

(4.8)

and
—divo(uy,pr) —E+wxx)-Vur+owxur=f
divuy =0

ur=V ondQ2

lim uy=0.
|x]—00

4.9)
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As a consequence of Proposition 2.1 and Lemma 3.2, the above problems are well-posed.

Lemma 4.1. Define s and w by (2.3) for (a, b) = (¢, w). Let B > 0.

1. For each j € {1,2,3}, there exist unique solutions (u'?, p2y and (U, PWD) of (4.7) and (4.8), respectively.
They are of class (2.5)—(2.6) and there exists a constant C = C(B) > 0 independent of & and w with |&|, |w| €
[0, B] such that

P00+ uP 2.0+ D we+ 1PV h2e <C,

. ! . . (4.10)
U 2+ U204+ U wa+II1PP12.0<C.

2. Suppose f =divF € L?(Q2) with (2.4). Then there exists a unique solution (uy, py) of (4.9). It is of class
(2.5)—(2.6) and there exists a constant C = C(B) > 0 independent of & and w with |&|, |w| € [0, B] such that

luglaoo+luslize+Tuliwae+Irslhize <C(Iflae+ TFlawe + I1VI32200)- (4.11)

Suppose f =divF, f' =divF’ € L*(Q) with F, F' satisfying (2.4). Let (uy, ps) and (u s, p /) be respectively
the corresponding solutions. Then

lur—uplhpo+tlur—uphpo+luy—upliwae+ipr—rprrlize

4.12)
SC(If = fllle +TF = Flauwe),
where C is the same constant as in (4.11).
Hereupon, we can seek a solution of (4.1)—(4.6) in the form
3 . . 3 . .
u::uf—i—Z(aju(])—i-,BjU(J)), p::pf—i-Z(ajp(])-i-ﬁjP(])). (4.13)
j=1 j=1

It is clear that (u, p) satisfies (4.1)—(4.4). Therefore, it is a solution of (4.1)—(4.6) if and only if (4.5)—(4.6) holds true.
Inserting (4.13) into these two equations yields

3 3
— Zaj f[o(u(j)’ PN+ (V-mu)- ¢ dy — Zﬂl f[G(U(j)’ PNn+ (V- -m) U - e; dy
=l 4q =t aq (4.14)
=K-e —}—/[a(uf,pf)n—i—(V -nm)V]-eidy (i=1,2,3),
a0
and
3
-D f[a(u‘f>, PO+ (V-muP]- (e x x) dy
=l 5q
3
-3 8 /[U(Um, POy + (V- mUD] - (e x x) dy (4.15)

=l 5q
=Mwei+/[0(uf,pf)n+(V~n)V]~(eiXx)d)/ (i=1,2,3),
Q2

where u y =V on 92 is taken into account in the right-hand sides of (4.14)—(4.15).
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Lemma 4.2. Fori, j = 1,2, 3, we have

/[a(um, P+ (VD) e; dy = / xg® gV dy,

Q2 02

/[U(U(j), POy 4 (V-myUD]- e dy =/Xg<i> G ay,

e e (4.16)
/[G(M(J), p(j))l’l + (V- n)u(J)] (e x x) dy = / XG(I) . g(J) dy,

1Y) a2

/[a(U(j), PO+ (V-m)UD]- (¢ x x)dy = / xGD.GD dy.

Q2 Q2

Proof. We only prove the first identity of (4.16) for the case w # 0. The other formulae are proved in a similar way.
When w = 0, we have only to replace the cut-off function ¥z (x) given by (4.17) below just by ¥ (|x|/R). Consider a
“cut-off” function g € C3*(Q) (R > diam(S) + 'wjﬁ 1) defined by

|

_ ox§
|)C |w|2

Yr(x):=v R

, 4.17)

with ¢ € C*°([0, 00)), a non-increasing real function, such that ¥ (t) =1, t € [0, 1] and ¥ (¢) =0, t > 2. We have the
standard properties

0<yr(x) <1, forallxeq,

lim Yg(x)=1 forallx € Q,
R—o0

(4.18)
C
IVYRlloo < =
where C is a positive constant independent of x and R. Moreover
wx§
oX|x——— -Vyr(x)=0.
||
Note that
w X (x—w—xf>:$+wxx—g.—w£=V(x)—é'—wﬁ, forall x € Q,
|l lw| |o] lw| |o]
and therefore
E-ww
V-Vyp =22 Uy,
lw| |o]
Using the properties of g listed in (4.18), we get
V. VYygr=0,ifé-0=0 (4.19)
Cigl .
IV - VYRl < ——, if§ -0 #0. (4.20)

Moreover, the support of Vg is contained in R < |x — %| <2R.When & #0, & -w=0as well as w # 0, we do

not have better summability of v® and u(/) such as L>*¢, see Remark 2.2. If we used simply v (|x|/R) in this case
instead of (4.17), it would not be easy to treat the last term of (4.23) below. This is the reason why we adopt (4.17)
which yields (4.19).
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Let us multiply the first equation of (4.7) by ¥g v®, where v? is the solution of (3.10), to obtain
_ / Yrv® - divo ), p0) dx — / Y@ . [v Vu) — o x u(j)] dx =0,
Q Q

and let us multiply the first equation of (3.10) by wRu(j ), where u'¥) is the solution of (4.7):

—/l/fRu(j) ~diva(v(i),q(i)) dx + / wRu(j) . [V Vo — o x v(i)] dx =0.
Q Q

Integrating (4.21) and (4.22) by parts and combining them, we obtain

- / o @, pPyn+ (v -muP]- (prv™) dy + f (0@, q™n) - Wru?) dy

Q2 02

4.21)

(4.22)

=/[—(VI/IR'Vu(j))'U(i)+(V¢R~Vv(i))-u(j)—(U(i)-Vu(j))~Vl//R+(u(j)-Vv(i))~VIﬂR]dx (4.23)

Q
~|—/(p(j)v(i)-V1ﬂR DU V) dx—/v-va(v“) D) dx.
Q Q
We recall that from Lemma 3.1 and Lemma 4.1,

. . C (
(@ (6]
vV ()| + u (x)| < < )
[ ()| + | ()] wx) 1+ x|

VxeQ,

where w is defined by (2.3) with (a, b) = (£, w). If @ - £ # 0, we have even better summability

vy e L2TE(Q), Ve>0,

see Remark 2.2. Using the above properties of the functions «‘/) and v\¥) and (4.18) for Vg, we get

1
2

. . C . 1

Vo - Va) 00 ax| < Epvat / d
/( Yg-Vul) v dx R” u’ 2.0 Tre™
Q

R<|x—2%E|<2R
lol?

<CIVuP | oR™2.

In a similar way

/q(i)u(j)~V1ﬁR dx| + /pmv(i)-vw dx| + f(VI//R~Vv(i))-M(j) dx
Q Q Q

+ /(v(i)'Vu(j))-VlﬁR dx|+ /(u(j)~Vv(i))~V1//R dx| < CR™'2.
Q Q

Finally, if w - £ = 0 then, from (4.19) it follows

/ V. Vg <v<l'> -u(j)> dx =0,

Q

(4.24)
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else estimates (4.20) and (4.24) imply

/V-vw (v“) ~u(j)> dx| < £ / ‘vm ,Mu)‘ Jx

R
Q R<|x—%|<2R
<ol o, %
R 2+46,Q 2+€,Q

Letting R — oo in (4.23) yields the first identity of (4.16). O

The identities established in Lemma 4.2 allow us to write (4.14), (4.15) in the form

1)

where
i i=—K-e — f[a(uf, ppn+(V-n)V]-e;dy (i=1,23), (4.26)
aQ
ni =g e —/[a(uf,pf)n+(V-n)V1 e xx)dy (i=1,2.3), (4.27)
IR

and A = (A; ;) € R6*® is defined by

Aij= / xgD-gWdy  (i,j<3),
02
Aij= / xg?-GU™Vay  (i<3,j=4),

9% (4.28)

Ajj= f xG gDy  (i>4,j<3),
0

Aij= / XGV .GV ay G, j=4),
02

Lemma 4.3. The matrix A defined by (4.28) is symmetric nonnegative. Furthermore, there exist positive constants c1,
K such that if

HES4® o] <c1, (4.29)
then A is invertible with

A~ <K, (4.30)
where || - || = || - || z(rey, and K is independent of §, w with [§], |w| < c1.
Remark 4.4. The matrix A is the Gram matrix of the family {ﬁg(i), ﬁG(i) pi=1,2, 3}. Thus, since A is invert-

ible for (£, w) with (4.29), it yields that the family is linearly independent. This fact implies that the family C, defined
by (3.17) is linearly independent.

Proof of Lemma 4.3. Let (o, ) € R® with @ = («;), = (B;) and set

3 3
v,q) = Zai(v(i)’ q(i)) + Zﬂi(v(i), Q(i)).

i=1 i=1
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From (3.10)—(3.11), (3.14)—(3.15) and (4.28) it follows that this pair is a smooth solution to

—divo(v,¢)+(E+wxx)-Vv—wxv=0
divv=0

v=a+pBxx ondQ @30
lim v=0
|x]—00
and that
o o 2 6
A[ﬁ].[ﬁ}sz(v,q)m dy >0, V(o B)eRS. 4.32)
a0

Let us now show that A is invertible in the case (¢, w) = (0, 0). If

i)

then, from (4.32) it follows that v satisfies

—divo(v,q) =0
divv=0
v=a+pBxx onadf
=0

o(w,g)n=0 onTlyCo,

where x is assumed to be positive on a nonempty open subset I'g of d€2. The following procedure is classical, see
San Martin, Takahashi and Tucsnak [24, Lemma 4.1]. We consider 7(x) := v(x) — (¢ + 8 x x), which is a weak
solution of

—divo(v,q) =0 inQ

divi=0 inQ

v=0 ondQ

o(0,q)n=0 onTyCoQ.

(4.33)

Indeed v is growing for |x| — oo, but the argument below works well no matter how v behaves at infinity. We can
extend €2 by adding a small open subset £ C S (with respect to the induced topology) such that EN9S (7 V) is strictly
included into Iy and that in the domain Q := Q U £ the function v is a weak solution of
—dive(@,q)=0 inQ
divi=0 inQ (4.34)
=0 in&
where (U, ¢) is understood as extension to Q by setting zero outside €2. Using the unique continuation property for the
Stokes system due to [4], we deduce that 7 =0 in  and thus v(x) =« + B x x for x € Q. Since limjy|- 00 V(x) =0

we conclude that « = 8 = 0. This implies that A is definite positive for (§, w) = (0, 0).
To prove that A is invertible and that (4.30) holds true, we show that the mapping

G o) A=A¢ (4.35)
is continuous at (0, 0). Consider a sequence

Jim (&, wp) = (0,0) (4.36)
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and denote by (v,Ei), q,&i)) and (V(i), Q,({i)) the solutions of systems (3.10) and (3.11), respectively, associated with

(&, wr). From Lemma 3.1, we have that
|U;i')|2,2,s2 + |U]El)|l,2,52 + ||6];El)||1,2,sz <C,

C
IVk(')Iz,z,Q + |Vk(l)|l,2,Q + ||Q1((l)||1,2,§2 <C.

Since v,Ei) and Vk(i) tend to zero as |x| — oo, from a classical embedding inequality we also deduce (see, for instance,
[16, Theorem I1.6.17])

P lsa<C 1V l6a<C.
As a consequence, we find a pair (v, ¢®) such that, up to a subsequence,
v,((i) — 0D inL? (Q),
(Vo) g") = (Vo ,¢D)  weakly in W2 (), 4.37)
v =@ weakly in LO(Q).

Using (4.37) together with (4.36), we deduce that (D, q(i)) is a weak solution (see for instance [ 16, Definition V.1.1]
but eventually a smooth solution) of

— diva(v(i), q(i)) =0 inQ
dive® =0 inQ

v = e; ondQ (4.38)
lim v@ =0,
|x]—00

where the boundary condition on 9€2 follows from the trace estimate

1 i [ iynl/2 1 iynl/2
oy = v@lpe < Cllof? —v@1y/g 10 —v @13 g, =0 (k—>00).,  Qr=20N B,

while the boundary condition at infinity is satisfied in L%-sense and even pointwise, see [16, Theorem V.3.1]. By
uniqueness of solutions to (4.38) [16, Theorem V.3.4], (4.37) holds for the whole sequence (v,(f), q,Ei)) (not only for
a subsequence). Using classical compactness results, we also deduce from (4.37) that (Vv,ii), qlgi)) — (Vo q(i))
strongly in L? (). This together with the trace estimate implies that

loc
lo . g —o @, gDl a0
i Y l/2 j Hnl/2
<CIvy = vo@py/e 1V = v @S o (4.39)

i N 1/2 i N 1/2
+Cllg” — a1y g M — a5 g, = 0 (k= o).

By the same reasoning, we also have
lo (v, 0 —o (v, 0Dl se -0 (k— o0), (4.40)

where {V® 0®} denotes the solution to (3.11) with (&, w) = (0, 0). In view of (3.14)—(3.15) and (4.28), the con-
vergence (4.39) and (4.40) yield the continuity at (0, 0) of the mapping defined by (4.35). Now it follows from the
argument by use of the Neumann series that if

lA¢,w) — Aol S ———
21 Al

then A ) is invertible and ||A(_§1w)|| < 2||A(_010)||. Hence, the condition (4.29) with sufficiently small c¢; implies
(4.30). O
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We are now in a position to give a result on solvability of the control problem for the linearized system in which
the control v, is taken from C, defined by (3.17), that is,

3
w=Y (Oleg(j) + ﬂijm) .

j=1
Proposition 4.5. Suppose (¢, w) € RO satisfies (4.29). Let w be the function defined by (2.3) for (a, b) = (§, w).

1. Given f =divF € Lz(Q) with (2.4) and given (k, L) € RS, problem (4.1)—(4.6) admits a unique solution
(a, B, u, p) of class

(@B eR xR}, ueD*(QND2(Q)NLL.(Q), wuel™® ), peW'(Q) 441)
subject to

[(et, B)| + lul2 2,0 + lul12,0 + [u]l,we +IPl20
<C(Ite, I+ N fllze + [Flowe +1E o)+ |($,w)|2),

where the constant C > 0 is independent of &, w, k, u and f.
2. Let f =divF, f/ =divF’' € L*(Q) with F, F’ satisfying (2.4), and let (k, ), (', ') € R®. Then the solutions
(a, B,u, p) and (', B', u’, p") obtained above fulfill

(4.42)

e—a',B=B)+lu—uhro+lu—ulizog+Tu—uliwe+Ip—rplhi2e
<SC(lk == )+ 1f = flle + TF — Flowg).

where C is the same constant as in (4.42).

(4.43)

Proof. From Lemma 4.3 and (4.25)—(4.27) we deduce that, under the smallness condition (4.29), there exists a unique
(o, B) such that (4.1)—(4.6) holds with (u, p) of the form (4.13). By the trace estimate we have

o K16, mI < C (16l + 1 (Vag. ppllize + VI3 ag)

which together with (4.11) implies that

(@ B < C (16 w1+ f e+ TFlhue +1E o) +1E o)), (4.44)

where we have used ||V 322,00 = 1§ + @ X x||3/2,2,02 < C|(§, w)|. In view of (4.13) we collect (4.10), (4.11) and
(4.44) to obtain (4.42). Concerning the difference between two solutions, we use (4.12) in place of (4.11) to get
4.43). O

4.2. Tangential boundary controls

In this case, our aim is to use a control v, that is tangential on dS2. More precisely, the control space is (3.18),
where g and G® are defined by (3.14) and (3.15). We replace (4.3) by

3
u=v+3y {a,(g<f> x 1) x n+ Bj(GD x n) x n} on 4%, (4.45)
j=1

and, accordingly, (u'?, p) and (U, P()) are respectively solutions (as in the first assertion of Lemma 4.1) to
—divo @, p) =+ o xx) - Vu) + o xuP =0
divu’ =0
u = (g(j) Xn)xn onad2

lim u) =0,
|x]—00

(4.46)
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—divo (U, Py~ (t+wxx)- VUV +0xUP =0

divu =0

UYD =GY xn)xn ondQ (4.47)
lim UY) =0,

|x]—00
in place of (4.7)—(4.8).

We look for a solution of the form (4.13) and we arrive as in the previous subsection at system (4.14)—(4.15).
Lemma 4.2 is then transformed into

Lemma 4.6. For i, j = 1,2, 3, we have

/[a(u(j), P4+ (V-nyu] - e dy = —/ [(g(i) X n) X n] . [(g(j) X n) X n] dy,

aIQ Q2
/[U(U(j), PO+ (V -m)UD] - ¢; dy = —/ [(g@') X 1) X n] : [(GU) X 1) X n] dy,
% oe (4.48)
/[a(u(j), p(j))n +(V -n)u(j)] “(ej xx)dy = —/ [(G(i) X n) x n] . [(g(j) X n) x n] dy,
0Q Q2
/[G(U(j), POV (V) UD- (e x x) dy = —/ [(G(i) X 1) X n] : [(G(j) X 1) X n] dy.
I

Q2

Proof. The proof of (4.23) is exactly the same as in the proof of Lemma 4.2. This time, letting R — oo in (4.23)
yields

/[o(u(j), P+ (V-n)uD] - e dy =/g(i) 1gY) x n) x nldy.
) a0
Using the relation

gV =m-gMn+mnxg?)xn,

we find the first identity of (4.48). The other formulae can be verified similarly. O

We are thus led to the linear system (4.25) with the matrix A = (4; ;) € RO*6 defined by

A== [ @ xm xn] [P xmxn]ay <3

1]
A,,J-:_/ [(g® xn)xn] [(G(J 3) xn)xn] dy  (<3,j>4),

% (4.49)
A,-,]:_/ (G- 3)><n)><n] [ (Dxn)xn]dy (i >4, <3),

0
Ai,]:_/ (G- 3)><n)xn] [(G(/ 3>xn)xn] dy G, j>4).

Q2

Lemma 4.7. The matrix A defined by (4.49) is symmetric nonpositive. Furthermore, there exist positive constants c},
K’ such that if (4.29) holds true with ¢\ replaced by ¢, then A is invertible with

AT < K’ (4.50)
where || - || = || - | £(wrs), and K’ is independent of &, w with |&|, |w| < ¢]
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Proof. The invertibility of A,y is proved by Galdi [14, Lemma 2.1]. In view of (4.49) with (3.14)—(3.15), the
convergence (4.39) and (4.40) tell us that the mapping (4.35) is continuous at (0, 0). As in the proof of Lemma 4.3,
we obtain the assertion. O

Now it is obvious that Proposition 4.5 holds true for the control problem (4.1), (4.2), (4.45), (4.4)—(4.6) as well.
Since the statement is exactly the same, we do not repeat it.

5. Solution of the nonlinear control problem

In this section we combine the formulation of the control problem given in Section 3 with Proposition 4.5 to prove
Theorem 1.1. Let us set

X o= {.a.p)e DR xR xR [v]),0,0 < o0}
endowed with the norm
(v, o, Pllx == vli 2,2+ V11w + (e B
Note that the space X’ depends on & and w through the weight function w(x) defined by (2.3) for (a, b) = (§, w). Itis

a Banach space with the norm defined above.

Proof of Theorem 1.1. In order to solve (3.1)—(3.6) with (3.7)—(3.9), we intend to find a fixed point of the map Z
defined below. Given (v, «, 8) € X, we consider f(v) =div F(v), k (vy) and w(vy), given respectively by (3.7)—(3.9),
with

3
U*ZZ(ang(])+ﬂjXG<])) eC,, (5.1)
j=1
or
3 . .
ve=Y_ o7 xm) xn+B; (G xm) xn| ecCr. (5.2)
j=1
Since
I f 2.+ TFO2we < Vil Vyl2a + Ivallio,Q <(whae+ Wiwe) v, (5.3)
and since (3.16) yields
|(k (v2), 1 (v2))| < Cl(e. B> + ClE. ), (5.4)

where C = C(B) > 0 is independent of &, w with |&|, |w| € [0, B], one can apply Proposition 4.5 to f = f(v),
k = k(vy) and pu = u(vy) under the condition [£], |w| € [0, c1], see (4.29). By Z(v, «a, §) we denote the solution
obtained by Proposition 4.5. Combining (4.42) with (5.3)—(5.4), we find

IZ, @, B)lx < Co(IE, )| + 1, 0)*) + C3ll (v, @, B) 1 (5.5)

with some constants Ca, C3 > 0. Suppose

1
2
[(§, 0)| + [(§, w)| gm (5.6)
and set
L:=2C(|(E, )| + (€, 0)[?). (5.7)

Then it easily follows from (5.5) that || (v, o, B) || x < L implies | Z(f, o, B)llx < L.
We next show that the map Z is contractive from this closed ball

X ={(v,, B) € X; (v, a0, B)llx < L}
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into Xz. Let (v, a, B), (v, &', B’) € Xr. Then we have
If () — f@)2.e+ F@) — F)]2wa

<(whae+ hwe+ VTLee)[v=2Tiwe + [VTLwelv =020

(1 (e) — K (V) p(ve) — ()))| < C (I Bl + (@, B + |5, 0)]) [( — &, B — B))] (5.9)
where v, and v, denote the control functions given by (5.1) or (5.2) with (&, 8) and (&', B'), respectively. We then
combine (4.43) with (5.8)—(5.9) to deduce

1Z(,a, ) — Z0' ', B)lx <CaL|(v, e, B) — (', &', BNl ¥
Let us take co > 0 so small that (1.7) implies not only (4.29), (5.6) but also

C4L =2C,C4(|¢E, )| + |, 0)*) < 1,

see (5.7). Then the map Z admits a unique fixed point (v, «, 8) € X, which together with (5.1) or (5.2) provides the
desired solution. By Proposition 4.5 we know that (v, «, 8) = Z(v, «, B) and the associated pressure p belong to the
additional class (4.41). We gather || (v, o, B)||lx < L with (5.7), Lemma 3.2, (4.42), (5.3) and (5.4) to obtain (1.10).
Finally, the interior regularity theory for the classical Stokes system [16, Theorem I'V.4.1] and the bootstrap argument
lead us to (v, p) € C*°(£2). We have thus completed the proof. O

(5.8)

6. On the asymptotic behavior and summability of solutions

In this section we will discuss the asymptotic behavior of solutions at infinity for (1.1)—(1.2), independently of
Theorem 1.1, without assuming any boundary condition on d€2 when they enjoy N =0orw- N =0, see (1.13). And
then, as an application, it is at once shown that the self-propelled condition (1.5) implies faster decay of solutions
constructed in Theorem 1.1. Our starting point is that a solution to (1.1)—(1.2) (only these two equations) with

(Vu, p) € L3(%), (14 |x)ve L®(RQ) 6.1)

is given. Then, as in the end of the proof of Theorem 1.1 given by the previous section, the regularity theory for the
Stokes system yields

(v, p) € C®(Q). (6.2)

As explained in Section 1, Theorem 1.2 for the case w = 0 is completely covered by previous literature and so, in
what follows, we will concentrate ourselves on the other case w # 0.

As is standard, the proof of Theorem 1.2 is done by cut-off procedure after subtracting the flux carrier, see (6.24)
below. In order to recover the solenoidal condition, we need a correction term, whose support can be compact because
the total flux through 9<2 vanishes by this subtraction. We then analyze the whole space problem and the point is that
the information about the net force N goes to the external force of the equation of momentum, see (6.32) with (6.34)
below. We follow in principle the argument developed by [8,6,23] (in which no-slip boundary condition is imposed)
and two cases w - £ # 0 and w - £ = 0 are discussed independently as we will soon describe.

Unlike the case of no-slip boundary condition, the flux carrier mentioned above brings the external force with
noncompact support in the whole space problem. For the case w - £ # 0, in spite of this change, we will make it clear
how the argument of Kyed [23] still works. The reason why his argument does not work for the other case w - £ =0
is that the following claim is no longer true if we replace the Oseen fundamental solution £pg(x) by the Stokes
fundamental solution &g, (x), see (6.5) and (6.6):

EosxdivE @) e L”,  Vr e (4/3,00) 6.3)

under the condition (6.1), where 4 is a suitable modification of v by (6.27), (6.31) and (6.35) below. The only thing
we can obtain for the case w - € = 0 is that Eg, * div(u ® &) € L for all r € (3, 0o) under the condition (6.1); indeed,
we have no gain compared with (6.1). This suggests that the leading term does not come from the linear part when
w - & =0, while the leading term is given by (|$_\ -N)Eos (x)% when w - & # 0.

We turn to the case w - & = 0. Then, as in Farwig and Hishida [8], it is possible to show that the leading term
is given by a member of the Landau solutions. It is known (Korolev and Sverdk [21, Section 3]) that the class of
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those solutions can be parametrized as {Up; b € R} by vectorial parameter b, which denotes the axis of symmetry of
Uy, and coincides with the family of all self-similar solutions (that is, homogeneous solutions of degree (—1)) to the
Navier—Stokes system in R? \ {0}. The member U, together with the associated pressure Pj, (which is homogeneous
of degree (—2)) satisfies

—AUp + VP, + Uy - VU, = bdy, divU,=0  inD'(R>),

where 8 denotes the Dirac measure supported in the origin. Since U, (x) — 0 pointwise in R3 \ {0} as |»| — 0, one
may regard Up = 0. The Landau solution with parameter b = (ﬁ -N) % provides the leading term of the flow under
consideration as in the case of no-slip boundary condition [8], however, we do not derive the asymptotic expansion
here. Instead, under the condition w - N = 0 we directly deduce v € L*>/?*¢ as long as lim SUP|y|— 00 [X[[V(x)] s small
enough. We can do that by making full use of the Lorentz space as in [8], but in this paper we adopt another framework
with use of less function spaces.

We begin with introducing several fundamental solutions, which play an important role. First of all, we recall the
fundamental solution

& = 6.4
La(X) 47 x| (6.4)
of the Laplace operator —A. The fundamental solution of the classical Stokes system is given by
1 [z x®x X
& =—|—=+—, Px)=-VE =—". 6.5
51 0) = (M o ) ) L) =4 (6.5)

At the stage of the whole space problem, see (6.32) below, we will reduce our consideration for general case (&, w)
with w # 0 to the case where both w and £ are parallel to e; = (1, 0, 0) as performed in Section 2. It thus suffices to
provide the representation formulae of the fundamental solutions of the Oseen and rotating Stokes systems below for
this particular case. Let R € R \ {0}. The velocity part of fundamental solution of the Oseen system

—Au+Vp—Rdu=f, divu=0 inR?

is given by
lTR‘ s(x)
Con = (8L =YV, W= [ L= e (6.6)
Os - 3 ’ - 47_['72' T ’ .
0
together with the same P as in (6.5) for the pressure part, where
) = [x] 4+ x1, R >0,
)= x| — x1, R <O0.
Let us also introduce
o0
Ersi(x,y) Z/Ow(t)TK(Ow(t)x —y.1)dt, (6.7)
0

where K (x, t) is the fundamental solution of unsteady Stokes system given by
0o
K(x,t)=G(x,nlz+ / V2G(x,s)ds,  G(x,1) = (4mt) 2 WP/,
t
and
1 0 0

0,()=0(Jw|t), O()=| 0 cost —sint |. (6.8)
0 sint cost
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Note that the fundamental solution (6.5) of Stokes system is represented as

o0

5s,(x>=/1<(x,r>dt,

0

which can be compared with (6.7). We know (see [7,9]) that (Egs:(x, y), P(x — y)) with P given by (6.5) is a
fundamental solution of the rotating Stokes system

—Au+Vp—|wl{(egt xx)-Vu—e; xu}=f, divu =0 in R3. (6.9)

Analysis of the fundamental solution (6.7) was developed by Farwig and Hishida [7], but we need a bit more. When
the support of f is assumed to be compact in (6.9), the result of [7] can be directly applied, however, that is not the
case here. But we do not intend to optimize the condition on f. For later use, the following result is enough. Although
pointwise estimate (6.15) was already proved by Farwig, Galdi and Kyed [6, (2.12)], our proof is somewhat different
from theirs.

Lemma 6.1. Suppose v = |w|e; # 0.

1. Let
feL R)»NL R

for some (r, s) satisfying 1 <r <3/2 < s < 2. Then the potential representations

u(x) = / ErsiC Ny, pl) = f Pl — ) () dy (6.10)
R3 R3
are well-defined as
u e L®RY), p e L™ (R NL*RY) 6.11)

and the pair (u, p) is a solution to (6.9) in the sense of distributions, where 1/r, = 1/r — 1/3 and 1/s, =
1/s —1/3.
2. Suppose
f=fot+divF,
fo € L¥(R?) with compact support, (14 |x])*F € L®RY), (6.12)
divF e L'R* N L*R3)

for some o € (2,3] and s € (3/2,2]. Then the solution (6.10) enjoys the asymptotic representation

O(lx|loglx]),  a=3,

as |x| — oo, 6.13
O(|x|~«th, 2<a <3, ] (©.13)

u(x) = el-/f(y)dy Esi(x)er +
R%

where Es;(x) is the Stokes fundamental solution (6.5).
3. Assume (6.12) for some a € (2,3) and s € (3/2,2]. If in particular fy =0, then the solution (6.10) is of class

1+ |xD*Tu e LR, ue DV2(RY) c LORY), peL*RY (6.14)
and there is a constant C = C(a) > 0 such that
[Ula—1+ luly o3 + llullers + Pl Ry < CTFa, (6.15)

where the abbreviation [Fy = |—F-|a,(l+|x\),]R3 is used for simplicity of notation, see (2.1). Furthermore, it is a
unique solution to (6.9) within the class (u, p) € L°(R3) x L*(R3).
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Proof. We verify the first assertion when f € L"(R3) N L*(R3) for some r, s specified above. By the Hardy—
Littlewood—Sobolev inequality, it is obvious that p € L™ (R3) N L**(R3) with

Py, rs < CIFN R Iplls, r3 < CIfllg g3 (6.16)
By T f we denote the right-hand side of the first formula of (6.10), which is written as

(00(1)8) ® (0u(1)?)
1¢]?

(F(TH)©Q) = / Ou(t)Te 1P (113 — ) (FF(Ou(t)¢)dt
0

in the Fourier side, where F stands for the Fourier transform. Let us consider

/I(f(Tf))(§)|d§<C / / (DN e 1y 4 1y,

P
R3 gI<t =1

Since 1 <r <3/2 <s <2, we have

1/r
d
1< CIF I / | <clfle
[¢1<1
1/s
d
b < CIF Sl / S| <.
[¢]1>1

where 1/r' +1/r =1and 1/s' + 1/s = 1. We thus obtain F(Tf) € L' (R}) and, therefore, Tf € L>(R?) subject to

ITflloors < C(I1f s + 1f 15 R3)-

Given f € L"(R?) N LS (R3), we take f; € C°(R?) such that f; — f in L"(R3) N LS(R3); then, Tf; — Tf in
L% (R3) and P fi—>Pxfin L™*(R3 N L*(R3) as j — oo. Since (Tf;,P = f}) is a solution to (6.9), so is
(Tf,Px*[).

Let us prove the second assertion. Set
x> +x7 0 0

X2X1 00

X3X1 0 0
Then it follows from [7, Section 4] that

chyl, ¢
Ersi () = HOI < 77 + 1

which together with the assumption on fy immediately implies that

for |x| > 2|yl 6.17)

/ERsl(x,y)fo(y)dy= e ~/fo(y)dy Est(x)er + 0(1x|7%) (6.18)

as |x| — oo (see also [8, Lemma 3.7, Lemma 3.8]). Let ¥ € C°°([0, o0)) be the same cut-off function as in the
beginning of the proof of Lemma 4.2 and set Y g (x) = ¥ (|]x|/R). Then we have

f(iﬁR divF + F-Viyr)(y)dy = /diV(lﬁRF)(y)dy =0.
3

R3
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Since (6.12) yields
“ R

C
/(F-VwR)(y)dy S5e— 0 (R—>o0)
R3

and since div F € Ll(]R3), we find fR3 div F dy =0, so that
/f(y)dy=/fo(y)dy- (6.19)
R3 R3

It thus suffices to show that

(5= [ s (e, @iv Y0 O logxl). =3, (6.20)
upx) = RSt (X, y) (d1v y)ay = .
’ O(1x|=#+), 2<a <3,
R3
as |x| — oo. Similarly to [7, (2.11)], we have
C C
IERs: (x, Y)| < T IVyErst (x, )| < xP for [x| > 2[yl, (6.21)
C (o
IERS: (x, Y)| < B IVyErs: (x, y)| < e for [y[ > 2|x|. (6.22)
By the Fubini theorem together with a simple transformation we find
[VyErsi(x, y)|dy
[YI<2]x]|
o0
< [ [1K0ut = ynidiay
[yI<2]x| O
o0 o
<c / / =2~ 100 Oy /81 +/s—3e—\ow<t>x—y\2/8s ds | dt dy 6.23)
[yI1<2lx] 0 !
o0 o0
=C / fze*‘x*ngt+/s73ef‘x*y‘2/8s ds | dtdy
[yI<2]x| O t
d
—C / L <Cxl.
lx — ¥l
[y1<2]x]

By (6.22) together with (6.12) for o > 2 one can justify the following integration by parts and then split the integral
into three parts

() = — f V,Ersi(x.y) : F(y)dy
]R3

= / + f + / =:u (x) +up(x)+uizx).
I<lxl/2  1xl/2<yI<20x]  [y[>2]x]
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Combining (6.21)—(6.23) with (6.12), we get

ClFla x| B
C[F1, dy R © g<1+ 2) =3
U ()] < —— —— < .
x| (1+1y) C[Fla (1 m> “ w3
Iyl<lxl/2 G-a)f 2 ;
C[Fa —a
ol < e [ 9ERsielay < crrla (1451)
(1+5%) 2
[yI<2]x]
lu13(x)| < C[F1q / VI2A 41y dy = H“(1+2| DI
[y1>2]x|

Summing up, we obtain (6.20), which together with (6.18)—(6.19) concludes (6.13).
Finally, we show the third assertion. Among three estimates of u(x) above, the only problem is the boundedness
of u11(x), however, one has only to estimate this term in the other way

TR |x]/2 P [x[/2 P CIF]
o o 4 o
e /<1+p>a s 0/(1+p)ﬂf< a—1

near x = 0. We thus obtain
[u]og—1 < C[Flg.

Since F € L2(R3), one can employ [20, Theorem 2.1], [16, Theorem VIII.1.2] to find that (6.9) admits a solution
(u’, p") of class

u' € DV2(R?) c LO(RY), p e L2(R?)
with
lu'ly 2 m3 + o s + 1Pl g3 < CIIFllp s < CTF g

We here note that COO(R3) is dense in D'2(R?) and hence the embedding relation ||g le.rz < ClIl Vg||2 r3 = Clgly o3

holds for all g € D! 2(]1%3). Let us identify (', p’) with (u, p) given by (6.10). Set (v, ¢) := (u—u', p—p’) € S'(R?),
which fulfills

—Av+ Vg — |ol{(e] x x) - Vv—e] x v} =0, divv=0  inR>
where S’(R3) denotes the class of tempered distributions. Since

div[(e; x x) - Vv —e; xv]=(e1 X x)-Vdivv=0
so that Ag = 0 and since g € L**(R?) + L?(R?), we get ¢ = 0, which leads to

—Av — |wl{(e; xx)-Vv—e; xv}=0 inR3.
As shownin [9, p. 311], [20, Lemma 4.2], the Fourier transform Fv is supported in the origin. Hence v is a polynomial
vector field, which concludes v = 0 since u’ € LO(R?) as well as (1 + |x|)* ' u € L% (R3). The final statement on
uniqueness is obvious by the same reasoning as above. 0O

We are now in a position to prove Theorem 1.2.

Proof of Theorem 1.2. As we have mentioned, we only consider here the cases 2 and 4. We thus assume throughout
that w # 0 and w - N = 0. Given (v, p), a solution to (1.1)—(1.2) with (6.1) (and, as a consequence, (6.2) as well), we

set
@:/v-ndy.

Q2
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We fix xo € intS and use (6.4) to introduce the flux carrier W € L3/?7¢(Q) by
—®d(x — xg)

W(x)=dVEL(x — x0) = —%, (6.24)
4 |x — xo|3
which satisfies
diviv =0, AW =0, E-VW=V(E-W), 625)
(0x (x—x0) - VW=wxW, W -VW=VQE WP ’
inR?\ {xo} as well as
/W-ndy:cb. (6.26)
0

Note that we do not always claim 0 € intS without loss because the axis of rotation runs through the origin and
because the equation (1.1) changes by translation. We set

1
b=v—W, 13=P—(E+wxxo)-W—§|W|2. (6.27)
We then see from (6.1)—(6.2) and (6.25)—(6.26) that the pair (0, p) obeys

—divo(0,p)+ (0 —&—wxx) - Vi+toxt=—v-VW-W.Vy in Q,
divo=0 in Q,

(6.28)
/ v-ndy =0,
Q
and satisfies
(Vi, p) € LX), (1+x])0 e L>(Q), (0, p) € CP(RQ). (6.29)

We fix Rg > 0 such that S C Bg,. Let R € [Ry, 00) be a parameter to be determined later (one may take R = Ry
when w - £ # 0, while when w - £ = 0 we have to be more precise in the choice of R, see (6.57) below). We take
¢r € C®(R3; [0, 1]) such that

1 —¢r € C3°(Bsr), $r(x) =0 (x € Bag), IVORIloo 3 < %- (6.30)
We set

u:=@prv — B[V - VPR], q:=@rp, (6.31)
where B denotes the Bogovskii operator [2,3,16] in the domain

Briagr:={x € R* R < |x| <3R}.
Since fB“R 0 - Vordx =0 follows from [, - ndy =0, we have divB[0 - Vr] =0 - Vog. We thus obtain

—divo(u,q) +(u—&—wxx)-Vu+oxu=g in R3,

divu =0 in R3, (6.32)

e

where (6.1)—(6.2) and (6.24) imply that
g=go0—divG, g0 € C°(BRr.3R),
G=prWRv+v@W)e C®(RY), (14 |x])3 G € L®(R), (6.33)
divG e L"(R3) forallr €[1,2].
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We do not need any exact form of gp. A key observation is

fg(y)dy=N+<I>(w><XO), w-/g(y)dy=w-N=0, (6.34)
R3 R3
see (1.13), which follows only from the structure of the equation (6.32). Indeed, for p > 3R + |xo| we set B, (xo) :=
{y e R?; |y — x0| < p} D B3g and then we see from (6.32) that

/ g(y)dy

Bp (x0)

=- / divfo(u,q) —u®@ (u—& —wxy) — (0 x y) @uldy

Bp(xo)
A Y — X
=— / [o(v,p)—v@(v—é—wxy)—(wxy)@v]y Odyy
ly—xol=p
=- / [O(U,p)—v®(v—$—wxy)—(wxy)®v]y_xodyy
[y—xol=p
1
+ / |:0<W,($+a)xxo)-W+§|W|2>
[y—xol=p
+W®W+W®(E+wxy)—(wxy)®W}y_xodyy
- / [ew+Wweu]Z—dy,
[y—xo0l=p
By (1.1) we have
— X
- / [0(v,p)—v®(v—$—wxy)—(wa)®v]y Cdy,
ly—xol=p
=/[o(v,p)—v@(v—é—cuxy)—(wxy)@v]ndyyzN.
Q

‘We thus obtain

/ g)dy=N+Ih+Dhb+3+ s+ Js+ Jg,
Bp(xo)
where (6.25) leads us to

J=2 f D) T ay,
ly—=xol=p
Y — X0 D
=2 (VW) dyy=—3 (y —x0)dyy =0,
P Tp
[y—xol=p ly—xol=p
D= / [—& W+ W& 2L dy,
ly—xol=p

1
= P / [—(E- W)y —x0)+ W (& (y —x0)] dyy =0,

ly—xol=p
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—X
J3 = / [—(wxx0)~WH3+W®(a)Xy)]y Odyy
ly—=xol=p
)
= 4nph / [((@ x x0) - ¥)(y = x0) + ((@ x ) - x0) (v — x0) ] dyy =0,
ly—xol=p
J4::— / (a)xy)®Wy_xod)/y
ly—=xol=p
)
= ps / {ox (y —x0) + @ x x0} dyy = ®(w x x0),
ly—xol=p
W? -
J5 = / [_%H3+W®W:| Y pxod)/y
[y—xo0l=p
CI)2
= 3272205 [ (y —x0)dyy =0,
ly—=xol=p
J6:=— / [U®W+W®U]y_xod)/y
[y—xol=p

Since v(x) = O(|x|~") and W(x) = O(|x|~?), we find that the integral Jg goes to zero as p — co. This yields (6.34).
It is convenient to reduce the whole space problem (6.32) to an equivalent one in which both rotation and translation
are parallel to e; = (1,0,0). Let M € R3*3 be an orthogonal matrix that fulfills M ﬁ = e1. As in the proof of
Proposition 2.1, by the transformation
X=Mx,  WOH=MuM'Y), ¢ =qgMTx),  g&)=MgM X,

we are led to

—divo (', qg)+u' -Vu' —& - Vu' — |w|{(e1 xx) - Vu' —e; xu') =g in Ri,
diva' =0 inR?,

lim u' =0
|x"|—00

where &’ = M£, and V and div are differential operators with respect to x”. And then, by the translation

,_e1x§/=M< a)xS),

X=x

o] ol
!/
W) =1 <)7+ "’1|X|5 ):Mu (MTﬂ“I’X'f),
w
, @ (6.35)
~ ~ A~ e1xE T~ wxE
g(x)=q (x+ =q|M X+ —5 ),
|l |l
~ . e x§& - wX
g(X)=g’< += é>=Mg(MTx+ 2‘5),
|l |l
we obtain
—divo (@, §) +1 - Vi — R — |w|{(eg xX)-Vii —e; x W} =% inR3
divii=0 inR2 (6.36)
Jdim w=0
|X]— 00

where
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_w-§

R=e-§ =
o]

and V and div are differential operators with respect to X. Then it follows from (6.34) that

| |l
R3 R3

e1 -/g()?)dsc‘: <M|ﬂ) M/g(x)dx =2 nN=o. (6.37)

Look at the properties described in (6.33) for g = go — div G. We take the same transformation gy of gy as above and

G(X)=(MGMT) (MTSZ+ L= g) :

|ow|?
so that
§=3%-divG,  Z0eCP®Y), 639)
GeC®RY, (A+X)3GelL®®), divGeL (R} forallrell,2]. '
By (6.29), (6.31) and (6.35) together with properties of the Bogovskii operator, we have
(Vi,§) e L*RY),  (@.§) e CP®R). (6.39)
Furthermore, when we take
R > max {ZRO, 1+ %} (6.40)
w
in (6.30)—(6.31), we find
~ ||
[uli <Co| sup |x|lv(x)|+ — (6.41)
XER3\BR R

with some constant Co > 0 independent of R satisfying (6.40), where the abbreviation (2.1) is used. In fact, we employ
the Gagliardo—Nirenberg inequality with fixed r € (3, 00), the Poincaré inequality and L"-estimate of the Bogovskii
operator (where the estimate is dilation invariant, see Borchers and Sohr [3, Theorem 2.10]) to obtain

A~ A~ 1-3 A~ 3

I1x1BI0 - Vor]lloo, Br s < CRIBLD - V¢R]||,,R3/ "IVBIb - V¢R]||,§lg3
S CR*/T|VBID - Vor1lr, Brse
SCR*|1D- VRl B x
S CR™01 1 Bran)
<C sup [x[[D(x)

XER3\BR
which implies
sup  [x[[u(x)| < C sup |x|jv(x) — W(x)|. (6.42)
xeR3\Bp xeR3\Bp

Since xg € intS, so that |xg| < Ry, the flux carrier (6.24) can be estimated as

|| ||

4w|x —xol2  w|x|?

W) = for x| > R > 2Ry, (6.43)

see (6.40). We use (6.40) again to observe

x &
L

sup (1 + X |u(X)| = sup [ 1+ 5
|l

YeR3 xeR3

which combined with (6.42)—(6.43) concludes (6.41).

)IM(X)I<2 sup  [x[fu(x)l,
XER3\BR
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Let us divide our study into two cases: w - £ £ 0 and w - £ = 0. We note that (6.41) is needed only for the latter.

Case w - £ # 0. The argument of Kyed [23] still works well in this case although the support of g is not compact. We
will briefly describe the change which is not obvious. First of all, by Galdi and Kyed [17, Theorem 4.4] the Leray
class (6.1) implies that v € L2+E(Q) for every ¢ > 0 and, therefore, u € L2HE(R3) by using the L9-estimate of the
Bogovskii operator B, see [2,3,16].
Following [23], we consider

hoE, 0 = 0F0(0u) D, HED=(0,0G0,07) (0.0,
with use of the same rotation matrix O, (¢) given by (6.8). Then (w, r) is a time-periodic flow with period % to the
system

oow—Aw+Vr—Roiw=h—w-Vw inR3xR/(|%’|Z)

A - ™3 2
divw =0 inR XR/(ﬁZ)

Jim w=0.
|X]— 00

The point of observation due to [23] is that the leading term of # at infinity comes from the average
27/ |ol
ey ol ~
w(x)=— w(X, 1) dt, (6.44)
2
0

because & —w € L9(R3) for all ¢ € (1, 2], which follows from [23, Lemma 2.2] and § — & - Vi € L9(R3) for such g,
see (6.38). Here, w together with the associated pressure

27 /|l
ey 0] ~
r(x)=— r(x,t)dt
2
0

can be regarded as the solution to the Oseen system
~AW+VF-RW=h—divK inR?
divn=0 inR’

Jim w=0
|X]—00

with
h=ho—divH,

where kg, H and K are deﬁned_respectively by the average of ho(-, 1), H(-,t) and (w ® w_) (-, 1) over the period as in
(6.44). The case of absence of H was discussed by [23]. The only change here is that div H is treated as follows.
As mentioned above, H is given by

27/|ol
76 =1 [ (0.080.07) 0.0 D ar
0

whose properties follow from those of 5, see (6.38). Let £ps be the Oseen fundamental solution (6.6). Since Epy €
L1 (R3) for g € (2,3), see [16, Chapter VII], the Hausdorff—Young inequality implies that the convolution U :=
Eos * (div H) is well-defined in L" (R?) for r € (2, 00]. By H(X) = O(|X|™3) and by H € L*(R3) for all s € (1, oo],
one can justify integration by parts to obtain U = (VEpy) * H, which belongs to L" (R3) for even better r € (4/3, o0]
on account of VEo, € L1 (R?) for g € (4/3,3/2). In this way, div H brings better summability and that is also the case
for div K, see (6.3) in which & ® i is replaced by K (they have the same summability). As a consequence, the leading
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term of # arises from Ep; * ho. Since ng gdy = fR3 g0 dy by the same reasoning as in (6.19), we can conclude the
asymptotic expansion

5 = | e / 30 dy | Eos (et +UF),
R3

(6.45)

where the remainder possesses better summability I/ € L1 (R \ B;) for all ¢ € (4/3,2] and L > 0; hence, by virtue
of (6.37), u enjoys such summability and thus the relation (6.35) leads us to

/ lu(x)|? dx < oo.

’ wx§

—
o2

>L

Since u is smooth, we have u € L*3+¢(R3). This together with (6.31) yields o = v — W € L*/3%¢(Q) and thereby
v e L3/7¢(Q) unless ® = 0, while v € L*/3%4(Q) if in particular & = 0.
Case w - & =0. For a > 0 we set
Mo @) = f e D@ [fla <o
which is a Banach space endowed with the norm

(6.46)
Ifllmg =1 12w + T as

where the abbreviation (2.1) is used. Let us consider the auxiliary linear system

—divo(U, Q) — ol {(e1 xX)- VU —e; x U}=g —U-Vii inR}
divU =0 inRL.

(6.47)
We know from (6.36) with R = 0 that (&, ) itself is a solution to (6.47) of class (6.39) together with [ ]; < 00, to

be more precise, (6.41). We fix & > 0 arbitrarily small. For (6.47) our task is to show
(i) uniqueness in the space M (R?) x L*(R3);

(ii) existence in the space /\/ly(R3) x L%(R3) with

<y<2
Ite

provided [ % is sufficiently small (the smallness condition in (ii) will depend on & > 0). Once we have these results,
the only solution & must belong to M, (R3 ) and, therefore,
o x £\
sup [ 1+ [x — lu(x)| < oo.
xeR3

|w]?
We thus obtain u € L3/2+¢(R3), which concludes v = 0 + W e L3/2+¢(Q).
Let us start with the proof of uniqueness (i). Suppose

w®, M), W?, 0?) e MiRY) x L*(R?)
are two solutions of (6.47) and set U :== U —U®, 0 := Q) — 0@ Then

—divo(U, Q) — |o|{(e; xX)-VU —e; xU}y=—-U-Vii  inR3
divU=0 inRi.

(6.48)
As in the proof of Lemma 4.2, we consider the truncation function ¥ g (x) = ¥ (|x|/R), where { € C*°([0, c0)) is the

same function as in the beginning of the proof of Lemma 4.2, multiply (6.48) by ¥grU, use the properties
VU, Qe L*®),  [Ul1<oo,

[ < oo,
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and let R — oo to deduce that

||VU||'§’JR3 :/ﬁ-(U-VU)d)?.
]R3

By the Hardy inequality we get

IVUI3 g5 <2 sup [IRIECO]IVUIL ps-

YeR3
We thus conclude that UV = U@, 0 = 0@ under the condition
- 1
[u] <§. (6.49)

We next consider the existence result (ii). Let us consider the solution (uq, gg) of

— divo (uo. qo) — | {(e1 x X) - Vug —e1 x up} =% in R}
. — (6.50)
divip=0 inRz.

By (6.38) we can apply the second assertion of Lemma 6.1 and take account of (6.37) to find that the solution u( given
by (6.10) (with f =) enjoys

uo(¥) = O(|x|~2 log |X]) as |x| — oo. (6.51)

Since § € C*®(R3), the regularity theory for the Stokes system implies that ug € C*®°(R3) C Ly (R3), which com-
bined with (6.51) yields

(1 + %) ug € LR, (6.52)
while the associated pressure is of class
q0 € L*(R?), Vs e (3/2,6], (6.53)

which follows from (6.16) with r close to 1 and s = 2. Since C§° (R3) is dense in D2(R?), we have the embedding
relation D'2(R3) ¢ LO(R3) to regard D'"2(R3) = {u € LO(R3); Vu € L%(R?)}, which is a Banach space with the
norm [[V(-)|l, g3 = | - |} »,g3- Having this in mind, we denote by D~12(R3) the dual space of DV2(R3). In view of
(6.38) again, since 3o € L% (R3) c D~12(R?) and since G € L*(R?), we have 2 € D~ 1'2(R3). Therefore, by [20,
Theorem 2.1], [16, Theorem VIIL.1.2] problem (6.50) admits a solution uf, € D'2(R%)  LS(RY), ¢ € L*(R?). By
the same argument as in the end of the proof of Lemma 6.1, we see that (ué, q(’)) = (19, qo) and that it is the only
solution to (6.50) within the class Lé(R?) x L?(R?). We thus obtain

up e M, (R?,  qoeL*(R). (6.54)

By T : f — u we denote the solution operator for (6.9) defined by the third assertion of Lemma 6.1 (u = T f has the
representation (6.10)). Given U € MV(R3), we deduce from (6.39) and (6.41) that f = —U - Vi = —div(i ® U)
satisfies (6.12) withae =y + 1, s =2 and fy=0:

[# @Ulyw1 <TAL[UY,,  U-VieL'®)NL*R). (6.55)
This together with (6.54) shows that the mapping Z : M, (R3) — M, (R?) is well-defined by
ZU :=up—T (divr ® U))

and that the solution of (6.47) can be understood as the fixed point of Z. Let v, Uu® ¢ MV(]R3). By (6.15) it is
easily seen that

1200 = ZU@ |, =T (div (7@ (U0 = UP))) lm, <CulT @ (UD = UP), 44
SCIa1UD —UP| g,
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with some constant C, = C,(y) > 0. This implies that Z is a contraction mapping and thus provides a solution
U € M, (R?), together with the pressure Q = go — P  (div(i ® U)) € L*(R?), to (6.47) provided

1
u —. 6.56
[ul < C (6.56)
Set
5=5()= (&) =min| 1, L
=0(¢) = —, =n(e)=mny -, —
4Cy =1 27 Cy
where Cp and C, = C,(y) are the constants in (6.41) and (6.56), respectively, and y is taken such that 3/2% <y <2.
Suppose that
limsup |x||v(x)| < 3.
|x]—00
Then there is a constant
R1 = Ri(¢) > max {2Ro, 14 llE_Il} ,
w
see (6.40), such that
n
286 = — fi > R;.
lxl[v(x)] < 2Co or x| = R
By virtue of (6.41) we take
2Cy| D
R = R(e) := max {Rl, ﬂ} (6.57)
n

to accomplish both (6.49) and (6.56), which completes the proof. O
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