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Abstract

The object of this paper is to study estimates of € =9 Wp(u 4 €v, u) for small € > 0. Here W), is the Wasserstein metric on
positive measures, p > 1, u is a probability measure and v a signed, neutral measure ([ dv = 0). In [16] we proved uniform (in €)
estimates for ¢ = 1 provided [ ¢dv can be controlled in terms of [ |V¢|P /p=Dg W, for any smooth function ¢.

In this paper we extend the results to the case where such a control fails. This is the case where, e.g., u has a disconnected
support, or the dimension d of u (to be defined) is larger or equal to p/(p — 1).

In the latter case we get such an estimate provided 1/p + 1/d # 1 for ¢ =min(1,1/p + 1/d). If 1/p +1/d =1 we get a
log-Lipschitz estimate.

As an application we obtain Holder estimates in W), for curves of probability measures which are absolutely continuous in the
total variation norm.

In case the support of p is disconnected (corresponding to d = co) we obtain sharp estimates for ¢ = 1/p (“optimal teleporta-
tion”):

|
lim e~ YP W, (1, 4 ev) = V]l
e—0

where ||v]|, is expressed in terms of optimal transport on a metric graph, determined only by the relative distances between the

connected components of the support of 1, and the weights of the measure v in each connected component of this support.
© 2016 Elsevier Masson SAS. All rights reserved.
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1. Introduction
1.1. Notation

e Q C RFis a compact set, equal to the closure of its interior.
e M := M(RQ) is the set of Borel measures on 2. M is the set of non-negative measures in M. M is the set of
probability (normalized) measures in M .
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e The duality between M (£2) and C(2) (continuous functions) is denoted by (i, ¢), where u € M and ¢ € C(R2).
This duality implies an order relation on M: w1 > o iff (g, @) > (U2, ¢) for any non-negative ¢ € C(2).

e For u € M, supp(w) is the minimal closed set A C 2 such that u(A) = u(2).

o If L€ M then |u| :=< u, 1 > (the “mass” of w).

e For v e M, vi € M, is the factorization of v into positive and negative parts, namely v = vy — v_ such that
lvliTv := |v4| + |v—] is the total variation norm of v (in particular, vy are mutually singular).

e My is the set of measures v = vy — v_ where vy € M, and |v_| = |v4]|. In particular, for any v € M there
exists a single factorization v.

1.2. Background

Recall the definition of the p-Wasserstein metric (p > 1) on M (2):

1/p

Wp (1, n2) := inf //Ix—yl”n(dxdy) )
”GH(MLMZ)Q A

where wi, uy € My,
My, p2) i={mr e M1(Q X Q) ; 7s1 =15 7w = U2} ()

Here 7y 1 represents the first and second marginals of 7 on €2, respectively.

The (C(£2))* topology restricted to M can be metrized by W, with p > 1 [14, Theorem 6.9]. See also [8.9,13.4,
15,11,5,12] among many other sources for this and related metrics.

W, can be trivially extended to any pair j1, u2 € M provided |u1| = |u2|. This extension is defined naturally
by the homogeneity relation

Wy (apr, ap) =a'/PWy (w1, na) 3)

for o > 0.
Note that the total variation of v =v+ —v_ € My is given by

well(vy,v-)

Wity = inf //d(x,y)n(dxdy)
Q Q

where d is the discrete metric (d(x,y) =1 if x # y, d(x,x) = 0), see [14], Theorem 6.15. Since |x — y|? <
Diam?(Q2)d(x, y) for any x, y in the compact set €2, then

. 1
Wy (vy, 1) < Diam(Q) VIl “)
hence, by the principle of monotone additivity (see Proposition 3.2 below) and (3),
e VPW,(u+ evi i+ ev) < Diam(@|vllyy (5)

for any € > 0, provided u € M.
Lemma 5.6 in [16] (see also Theorem 7.26 in [13]) implies that for any v = v, — v_ € My, v+ € M, and any
probability measure u

liminfe_IWp(;L+ev+,,u+ev_)Z sup (v, @) (6)
o $eB, (1)

where, if p > 1,

Bp(p):=1{¢ € Cl(Q); fIquI”/(”_”dusl (7
Q

while Lemma 5.7 establishes the opposite inequality for limsup in (6) (in particular, the existence of a limit), if v is
absolutely continuous with respect to ;« and both measures are regular enough.
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Remark 1.1. Note that for p = 1 an equality
e Winw +€evy, u+€v_) = sup (v, )
peB)

holds for any € > 0 where B is the set of 1-Lipschitz functions on €.

In the cases where there is equality in (6) we obtain
nm\igfe—lw,,w+ev+,u+ev_) <Dy(Wvlry (®)
€

where

Dy(w:= sup [ sup ¢~ inf $(x)
peBy (1) \xesupp(p) xesupp(u)
is the maximal oscillation of functions in B, (u) restricted to supp(xt) and is, of course, independent of v.
In this paper we consider the case D, () = oo.

1.3. Measures of connected support

Suppose u is a uniform (Lebesgue) measure on a “nice” domain 2 C RY (e. g.aballin R?). Then B p (i) is dense in
the unit ball of the Sobolev space W'-7/(€2) /R (with respect to that norm) where p/:= p/(p — 1). Sobolev embedding
theorem then implies that D, (1) < 0o if d < p7 (where WP () is embedded in C(2)), while D,(u)y=o0if pr<d
(see Remark 2.4).

The first result (Theorem 1) deals with measures u of connected support. We introduce the notion of dimensionality
of measure and define d-connected property of such measures in Definitions 2.1 and 2.2.

For strong d-connected measure ¢ and under the assumption that the support of v is contained in the support of p
we state the existence of a constant C depending only on w, and an exponent g € [1/p, 1] for which

supe TW,(n+evy, m+evo) <Clvlry , ©
e>0

where
g=min(l,1/d+1/p) if 1/d+1/p#1. (10)

The second case d = p/(p — 1) (i.e. 1/d + 1/p = 1) corresponds to the critical Sobolev embedding WP (R9) and
leads to a log Lipschitz estimate

1

sup————— W, (u+e€vy, u+ev_) <Cllv ‘ o
e>1861n1/1’(1/6+1) Pt evy, p )= Clivlirv

1.4. Application: curves of measures

Let I C R be an interval and ft € M (2 x I) such that its # marginal () is a probability measure on €2 for any
t € I [3]. Then
RDIBI!—)/L(I)EMl

can be viewed as a curve in M := M () parameterized in /. We say that ji € AC" (I, My; TV) for some
oo > r > 1 if there exists a non-negative m € " (1) such that
t
I = e lrv = [ msyds
T

foranyt >t €el.
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The metric derivative [2,1] of i with respect to the TV norm is
lixey — nlirv
|t — | '
By Theorem 1.1.2 in [1], the metric derivative exists ¢ a.s. in [ for i € AC" (I, My; TV).

On the other hand, M can also be considered as a metric space with respect to the Wasserstein metric W,,.
Recalling (4), we observe that, if i € AC"(I, M1; TV) then

S e i
) (1) = lim

t
. 1 . . 1 r—1 1
W (1. 1ry) < Diam(Q) | iqy — ol 74 < Diam(Q)( / m)'/P < Diam( @) |m|, |t — | 7 7.
T

So, we cannot expect that such a curve & € AC" (I, My; TV) is more than (r — 1)/rp-Holder with respect to the
Wasserstein metric W),.

In Theorem 2 we state that if the support of /i is monotone non-increasing, namely supp(i(;)) < supp(ii(r)) for
any ¢ > 7, and supp(ji(;)) is strongly d-connected for any ¢ € I then we can improve this estimate: Under the above
conditions, [ is g(r — 1)/r-Holder on I in (M, W), (g-Holder if r = 00) where g given by (10).

Moreover, if 1/p +1/d > 1 then ¢ =1 (10) and & € AC" (I, M;; W),) as well. This implies the existence of a
Borel vector field v € " (1, L (u1(;))) for which the continuity equation

o+ V- (uv)=0 (12)
holds as a distribution [1].
To illustrate the above results, consider
ey = m(1)8xy + (I —m(t))dy, (13)
where xo # x1 and t — m(t) € (0, 1) is a non-constant smooth function. Then fi(;) = m(t)(6x, — éx,) € M and
e llry = 2|m ().
If we consider the above curve in (Mj, W,) where p > 1 then the metric derivative does not exist.
Indeed, since Wf(u(t), (r)) = Im(t) —m(T)| X |x — xp|”, all we can obtain is 1/p Holder estimate:

i Yoo h) _ o Im@) —m@)]

— | 1/[
X X0| = |m 1)|x X0| -

Now, replace (13) by

p(ry =m(1)8xy + (1 —m(t))8x, + 4 (14
(recall (3)) where 1 € M a stationary (independent of ¢) positive, strongly d-connected measure whose support
contains xo, x1. Even though ft = n1(8y, — 8,,) is the same for both (13) and (14)), we can find out that for u given
by (14)

Wp (i@, i)

|t — |4

for g =min[l, 1/p + 1/d] (provided 1/p + 1/d # 1), or the Log-Lipschitz estimate

Wp (i), (z))
It —z|In"/P(1/|t — z|)
if 1/p + 1/d = 1. In particular (14) is uniformly Lipschitz if 1/p + 1/d > 1. If this is the case, it is absolutely

continuous in W,,. Hence the continuity equation (12) is satisfied for some Borel vectorfield v [1].
To elaborate further, let us consider the case where (i) is supported in an interval J C R and [xgp, x1] C J:

By = B1(dx) +m()dy, + (1 —m(©)dy,

where 8 > 01is a constant. Then fi(. is strongly 1-connected (see Definition 2.2). Hence for any p > 1, 1. is Lipschitz
in Wp,. In particular, it satisfies (12). It can be verified that the transporting vector field is nothing but

= C(u)|m|

<C)

v(x,t):,B_lrr'z(t) if xo<x<uxy,, v(xg,t)=v(x1,t)=0; Vtel

and v is arbitrary otherwise.



G. Wolansky / Ann. I. H. Poincaré — AN 34 (2017) 1669-1685 1673

The case g < 1 corresponds, in this context, to a “teleportation”: No vector field v exists for which an orbit 1) is
transported via the continuity equation (12). In particular, if the support of u is disconnected (e.g. 8 = 0 above).

1.5. Disconnected support

In the last part of the paper we discuss the case of disconnected support of i € M, corresponding to d = oco. In
that case ¢ = 1/p. Under appropriate condition we state in Theorem 3 that there exists a sharp limit

. -1/ 1 -1/ P 1/
lim e pr(u+6v+,u+ev,)—!%6 PWp (1 +ev, ) == v],/?

where ||v]|,, is defined in terms of an optimal transport on a finite, metric graph. This is the rational behind the title
“optimal teleportation”.

To describe the nature of ||v||,, consider a finite graph whose vertices are identified with the connected components
A; of the support of x. The length of an edge connecting two vertices is defined as the p power of the distance between
the corresponding supports. We then consider the discrete metric space composed of these vertices, subjected to the
geodesic distance corresponding the edge’s length defined above.

At each vertex i of this graph let v; € R be the weight of the measure v restricted to corresponding component A;.
By neutrality ) ; v; =0.

Then ||v||, is just the optimal transport cost of {v; > 0} to {v; < 0} for the above defined metric (cf. Fig. 2).

2. Detailed description of main results
We start by posing some assumptions on a measure @ € M;:

Definition 2.1. i is d-connected if supp(u) is arc-connected and there exists K, § > 0 such that for any x € supp(u)
andany O <r <§

(B, (x)) > Kr?. (15)

Remark 2.1. Condition (15) states, in fact, that u is d-Ahlfors regular from below on its support. See e.g. [6] for more
general definitions. Note also that if u is d-connected then u is d*-connected for any d* > d.

Actually, we need a stronger definition for d-connected measure:

Definition 2.2. u is strongly d-connected if there exist L, K > 0, 2 < N € N and a measure space (D, ) such that
for any xo, x1 € supp(u) there are k < N points y; = xg, 2, ... Yk = X1 in supp(p) and k — 1 measurable mappings
®;:J =[0,1] x D— supp(u), j =1,...k — 1 such that

i) ®;(-,b):[0,1]— Qis L-Lipschitz on [0, 1] for any b € D.
ii) ®; isinjective on (0,1) x D, ®;(0,b) =y, ®;(1,b) = y;41 forany b € D.
iii) ®;4(p) <p where p € M, (J) given by the density p(ds,dB) = Ks?~1(1 —s)?~dsdp.

See Fig. 1.

Remark 2.2. We conjecture that d-connectedness should be enough for the main results of this paper. Unfortu-
nately we had to adopt the stronger definition for proving these results. Note that strong d-connected set is also
d-connected. In fact, supp(u) is arc connected and ®([0,7/L] x D) C B,(xp) by (i, ii). By (iii), u(B,(xp)) >
KB(D) 7" s4=1(1 — 5)4=ds, hence if, say, r < L/2 then uu(B, (x0)) = KB(D)r? /(dL?29).

Examples:
e Let Y be a convex subset of an m (< k) dimensional hyperplane in R, Let u > ¢cH™(T), ¢ > 0, H"(Y) being
the m-Hausdorff measure on Y. Then w is strongly m-connected (N = 2). The same for a starshaped Y (N = 3).
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Fig. 1. Mapping of J to supp(u) via ®.

e 1 is uniformly distributed on the wedge
{(r,eR; 0<x <1, yeRY, |y <xF}

where k > 1, 8 > 0. w is strongly B(k — 1) + 1 connected if 8 > 1 and strongly k connected if 0 < 8 <1
(N =2).

e Q =10, 3] C R and p has a density proportional to x — x(x — 1)2(x —2)2. In that case 1 is strongly 3-connected
and N =3.

2.1. Connected support

Theorem 1. Suppose  is strongly d-connected (d > 1) and v = vy — v_ € M such that supp(vs) C supp(u). Then
there exists C depending only on |1 such that

supe W, (u+evy, ntev) <Clvlry (16)

e>0

where ¢ = min(1, 1/d + 1/ p) provided p #d/(d — 1).
In the critical case p =d/(d — 1) (wWhere g = 1)

1
sup —————
b€ In'/P(1/e +1)
In particular there exists C = C(u) for which

Wy (n+evy, p+evo) <Clvlry .

Wy (4 vy, w4v) <Cwlvit, (17)
if p#d/(d = 1), while if p=d/(d — 1),
Wi+ ve, i+ = Calollry n/7 (vl +1) as)

holds for any balanced pair v=v4 — v_.

Remark 2.3. By Proposition 3.2 below we can observe that the optimal C (i) in (17), (18) is monotone non-increasing
in u, thatis C(u1) > C(up) if 1 < po. By the same Proposition we can also assume that vy is a factorization of v,
namely [vll7y = [v4| + [v_].

Remark 2.4. We may now make a connection between (6), (7), Theorem 1 and the Sobolev embedding Theorem.
Consider the Sobolev space
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WhP'(Q) :={¢ e LP'(Q) ; Vg e LP'}

where p > 1, pr:=p/(p—1) and Q@ C R If pr > d then W7/ (Q) is embedded in the space of bounded continuous
functions C(£2). Suppose u is the Lebesgue measure on a convex set 2 C R4 (so0, in particular, d-connected). This
implies that the W' closure of B (1) is embedded in C(£2). Let v = &y, — 8, where xo, x1 € supp(u). Then the
right hand side of (0) is finite. On the other hand, the case p’/ > d corresponds to the case ¢ = 1 so (16) is consistent
with (6) in that case.

Recall that the case p/ = d corresponds to the critical Sobolev embedding where W4 (or B p (1)) just fails to be
embedded in the space of continuous functions. In that case D, () = oo (see (8)). The bound of (18) suggests that a
Log-Lipschitz estimate corresponds to a critical Sobolev embedding in the context of Wasserstein metric.

2.2. Curves of probability measures

Let /i := {(n}, t € I be a curve of probability measures

RDOIst pupeM.
Recall that j1 € AC" (I, M1; TV) for some 0o > r > 1 if 3m € " (I) such that

t

Iy — m@llry < fm(s)ds

T

foranyt >t el.

Theorem 2. Suppose ji € AC™ (I, My; TV) for some 0o > r > 1. Assume also that the support of [i is non-increasing,
namely supp(iL(r)) € supp(i(r)) for any t <t € I, and supp(i(y)) is uniformly d-connected with respect to t (that is,
N, K, L can be chosen independently of t in Definition 2.2).

Then

i) Forany p> 1, p/(p — 1) #d, w is uniformly q(r — 1)/r-Holder (q-Holder if r = 00) in the Wasserstein metric
W, where ¢ =min(1, 1/d + 1/p), namely

Wy (i) fh(ry) < Clt — 7]90=D/r

where C is independent of t € I.
Ifr =00 and p/(p — 1) =d then w is uniformly log-Lipschitz, that is,

1
Wp (@), k(r) =Clt — 7| [1111/” (ﬁ) - l]

for some C independent of t,t € I.
i) If 1 < p <d/(d — 1) then there exists a Borel vector field v € " (I, LP(L2; u(,))) such that the continuity equa-
tion

I+ Vi - () =0 (19)

is satisfied in the sense of distributions in I x Q.
3. Proofs for the case of a connected support
In this section we introduce the proofs of Theorems 1-2.
3.1. Proof of Theorem 1

Proposition 3.1. Suppose w is strongly d-connected (d > 1) and x¢, x| € supp(u). Then there exists C = C(u) de-
pending only on p such that
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supe TW, (i + €8xy, 11 + €8y,) < C (1) (20)

e>0

where ¢ = min(1, 1/d 4+ 1/p) provided p #d/(d — 1).
In the critical case p=d/(d — 1) (Where g = 1)

1

sup—————W + €8y, u+€8;,) <C . 21
5>I(;61I11/p(1/€+1) P(M X0 M xl) ) (21)

Lemma 3.1. Proposition 3.1 and Theorem 1 are equivalent.

Proof. Obviously Theorem 1 implies Proposition 3.1. To see the opposite direction recall (see, e.g. [10])

W (ui,p2) = sup (i1, ¢) — (u2, ¥) (22)
(¢,9)eCp(Q)

where
Cp(Q) :={(¢.¥) € C(Q) x C(Q): ¢p(x) —¥(y) <|x —y|’ V(x,y) €QxQ} (23)
Without limiting the generality we may assume |v,| = |v_| =1). Let § > 0 and (¢s, V) € C »(£2) such that

W5 (1, 12) < (1, ds) — (ua, ¥s) + 8

where 1 = +€vy, up = pu + ev_. Let xg be a maximizer of ¢_55 and x; a minimizer of 1}5. Then

W) (u+evy, p+ev) < (u+evy, ds) — (u+ev,s)+38
< (U + €8x, éﬁ) — (1 + €dy,, &8) +48=< W[f(ﬂ+68xoaﬂ+€8x1) +46. (24)

Since § > 0 is arbitrary (and independent of €) we obtain the result. O
The following result is very easy but useful. For completeness we introduce the proof:

Proposition 3.2. Principle of monotone additivity: Let w1, uo, A € My, |1l = |ual. Then Wy (11, p2) = Wp(u1 +
Ay +A).

Proof. Let § > 0. By (22), (23) there exists (¢, ) € Cp, for which

W+ A 2 +2) <{ui + A, ¢) — (ua+ 4, ¥) +6
= (U1, @) — (u2, ¥) + (A, —¥) +8 < (1, @) — (12, ¥) +8 < Wh(ui, u2)+8. (25)

The first inequality follows from ¢ (x) — ¥ (x) <0 for any x € Q by (23). The third one from (22). Again, we obtain
the desired result since § > 0 is arbitrary. O

3.2. Proof of Proposition 3.1

To illustrate the proof we start by stating some simplifying assumptions:
Q is one dimensional, e.g. Q = [0, 1], xo =0,x; =1 and

o(s)ds
Jo p)dt
For w1, no € M1[0, 1], let M;(s) := w;[0, s] be the cumulative distribution function (CDF) of u; for i = 1, 2 respec-

tively. Let S @ be the generalized inverses of M;. Then (cf. Theorem 2.18 in [13] for the case p =2 and Remark 2.19
there for the general case)

n(ds) = where p(s) = Ks4 (1 —5)¢7 1. (26)

1
W)y, po) = f ISV m)y — SPm)|Pdm . 27)
0
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In our case M is the CDF of u + €69 while M3 the CDF of © + €§;. Setting M = M (s) the CDF of u and S = S(m)
its generalized inverse, then Mi(s) = M(s) + € on (0, 1] and M>(s) = M(s) on s € [0, 1), Ma(1) =1+ €. The
corresponding inverses are

i) SOm)=0forme[0,€], SV(m)=Sm —e)fore <m<1+e.
i) S@(m)= S(m) form € [0, 1] and SP(m) =1form € [1, 1 +€].

Then (27) implies W} (11 + €80, pt + €81) =

€ 1 1+4€
/|S(m)|1’dm+/|S(m)—S(m—e)lpdm—i— / IS(m —€) — 1|Pdm . (28)
0 € 1

Since S is monotone non decreasing:

€ 1+€
/|S(m)|Pdm+ / ISm —e) — 11Pdm < e [SP(e) + |1 — S(1 — &)|7] (29)
0 1

while

1 1—e
ds
/|S(m)—S(m—e)|pdm:ep/ ‘—
dm
€ €

By the simplifying assumptions (26)

p
dm (1+0(1)) . (30)

kst <M@s) <was? (1 =5 <1=M(s) <ka(l —9)?
for some 0 < k1 < k where s € [0, 1]. Hence

iy 1 m e < Sy < iV Im 4w —m) Y <1 = Sm) < a0 —m)
for m € [0, 1]. From this and S’ (m) :=dS/dm = 1/p(S(m))

S'(m) = m < Kmin{ml/d_17 a —m)l/d_l}

for some k¥ > 0 and m € [0, 1]. It follows from (27)—(30) that
i) If p<d/(d — 1) then W}, (1 + €80, 1 + €81) < O(eP).

i) if p=d/(d — 1) then W} (1 + €80, it + €81) < O (e” In(1 /€ + 1)).
iii) if p > d/(d — 1) then W[ (1 + €80,  + €81) < O (eP/4H1).

In the general case, we provide the estimate (i—iii) for W},’ (n+€dy;, n+€d
tion 2.2). Indeed, since W), is a metric we get by the triangle inequality

i) for j=1,...k —1 (see Defini-
x p
p
Wy, (1 + €8xy, u+€8x)) < Z Wp(n+€dy;, u+€dy,,,)
Jj=1
Consider J, ®; as in Definition 2.2. We my replace x by the measure /1 := K ®; #p. Indeed, by assumption, i < 11
and the inequality
Wpn + €8y, u+€dy, ) < Wyt +€dy;, L +€by,,,) (€2))
is evident by monotone additivity (Proposition 3.2). .
Let (X, o) be a reference measure space such that fX€ do =€+ fQ dp. If TO . X, > Q,i=1,2,isa pair of

Borel mappings such that T#(l)a = [L+ €4y, T#(2)0 = [+ €dy,,, then

YVj+1
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Wi+ esy fitess )< | [TV —1OW| 0w 32
D+ €8y, o+ €8y, < 0 = TOw| o) . (32)
Xe

We now construct (X, o) as follows: B
Let M = M(s) be the CDF of p (cf. (26)). Set M := M (1). Then

X = {(m,ﬂ) € [0, M + €] x D}

and o is a multiple dmdp on X, normalized according to er do = fQ di+e.
Let S = S(m) the generalized inverse of M = M(s), and extend it to X, by S(m, 8) = S(m). In analogy with
one-dimensional case above, set

i) SOm, B)=0forme[0,€e]l, SVm,B)=Sm—¢,B)fore <m <M +e.
i) S@@m, B)=S(m, B) form € [0, M] and S (m, B) = M form € [M, M +€].

By construction, N2E Xe — J satisfy
SVo = pds + dsm0df ;S o = pds + €,1dp .

From Definition 2.2 it follows that 712 := & ; o §(:?) satisfy T#(l)cr =L+ €8y, Tf)o =f+ed
tion 2.2-(1") yields

Vit Then Defini-

/‘T(l)(m,ﬂ)—T(z)(m,ﬁ) pdmd,B§L”/‘S(l)(m,,3)—5(2)(m,,3) " dmadp .

Xe Xe

We now proceed as in the one-dimensional case to obtain the proof by (31), (32) via (28)—(30), in the general case.
3.3. Proof of Theorem 2

Proposition 3.3. Suppose n € My, v e Mo and p +v € M. Under the assumptions of Theorem 1, there exists
C = C(w) for which
Wy (v, 1) < Clvligy, (33)
where ¢ =min(1, 1/d + 1/ p) provided p #d/(d — 1).
In the critical case p =d/(d — 1) (Where g = 1)
Wy (u+v,) < Clvliry n (1ol +1)

For the proof of this proposition we need the following auxiliary lemma

Lemma 3.2. Suppose ., v— € My,  is d-connected and v— < . Then there exists v € M such that v —v_ € My,
V< /2, v+v_ <uanda constant C(u) such that

Wy —v_, =) < Culv-|*
with ¢ =min{l, 1/p + 1/d}.
Proof. Given ¢y > 0 it is enough to prove it for any |v_| < €g. So, let |v_| = € < 9. Let B > 0 large enough (inde-

pendent of €). For any such € we divide the domain supp(u) into essentially disjoint, measurable cells U; C 2 such
that UU; D supp(u), U; N U;j = where i # j, and such that

i) Each cell contains a ball of radius re := (4/K W/ del/d whose center is in supp(w). Here K is given by Defini-
tion 2.2.
ii) Each cell is contained in a concentric ball of radius Sre.
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The existence of such a division can easily be demonstrated by tilling a neighborhood of supp(u) by, say, identical
boxes. The constant 8 depends only on the dimension of the embedding domain.

Let v; be the restriction of v_ to U;, a; := |v;|, the mass of v_ contained in U;. By assumption, ) ; o; = €.

By d-connectedness (see Definition 2.1) and (i), u(U;) > 4€ for any i. Let

Vii={xeU; dvi/du <1/2}
where dv; /du stands for the Radon—Nikodym derivative. (Note that dv;/du < 1 since v; <v_ < u). Then

1
€>a;i > f (dvi/du)ydu > EM(UZ- -V
Ui—V;

hence w(U; — Vi) <2¢, s0 u(V;) > 4e — 2e > 2a;.

Let V, C V;, a measurable set such that ,u(f/,') = 2a;. Define v; as the restriction of u/2 to \71 In particular,
[Vi| = i, and V; < /2.

Let now ¥ := )", ¥;. Since the sets V; are mutually disjoint, b < u/2, i.e. dv/du < 1/2 j-a.e. Moreover, dv /du +
dv_/du <1 p-ae., since dv/du =0 if dv_/du > 1/2 by construction while dv_/du < 1 by the assumption v_ <
w.Sov_ +v < pu. Finally, |[V]| =|v_| =€,s0 V —v_ € M.

Since the diameter of the set U; is not larger than 28r, (cf. (ii)), the W,f cost for shifting a mass «; within U; is not
larger that o; (287¢)?. Hence

4\ P/
WS (i, vi) < i (2Bre)? = ;i (2B)P (E) er/d (34)

Recalling v_ =Y v;, 1= ¥; we get W[f(f), vo) <Y, W,’,’ i, v) <
4\ P/ 4\ P/
Z(Zﬂ)" (E) aie?! = (2B)” <§>
1

were we used Y o =€ = [v_|.
Letnow A :=u —v_ — v > 0. Then

d /d

p
e’ = 2p)" (%) - P

i i i 4\ /4
Wi (i = v_ o= D) = Wy (A 5, 24 v2) < W, (5,v2) < (2) <?> -l
by Proposition 3.2. 0O

Proof of Proposition 3.3. Let v =v, — v_. We may assume by the principle of monotone additivity that vy are the
positive/negative parts of v, i.e. |[v||7v = |v4+| + |v—|. Let it := w + v4. Then, by the triangle inequality,
Wplp + viu) = Wp( — veoe — vy) < Wplp — veop — ) + Wy — v,p — vy) (35)

where v is as in Lemma 3.2 (in particular, ;& majorizes v, as well as v_, vy). Since & > u we get by monotone
additivity and Lemma 3.2

W (i — v fi =) < Wy — v, st — ) < Cuolv_ |’ =279C v 1% - (36)
Setting i = —V:=p — vy — U we get

Wit — D, i = v) = Wp(fi+ v i+ D) . (37)
Now, it > /2 by Lemma 3.2, and since |[v4 —V||7y < |v4|+ V| = |ve|+ |v—| = |Iv|ITv, we obtain from Theorem 1,

(37) and Proposition 3.2

(38)

v, if p# 74
Wp(ﬁ—ﬁ,/l—v+)SC(M/2)[ o N

ey (n(vlizy +1) if p= g4

The proposition now follows from (35), (36), (38) where C(u) = Z_qé(u) +C(u/2). O
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Proof of Theorem 2.
i) Givent >t €I, let v = ) — l(r). Note that supp(v) C supp(i4(r)). Since neAC (I, TV)

t
Wlizy sfms Imll | — <] (39)
T

The assumptions of Theorem 1 are satisfied so we obtain the result by Proposition 3.3, upon estimating ||v|rvy
by (39). O

ii) Since 1 < p <d/(d — 1) we get ¢ =1 so (33), where [ 1= [4(r), V = W) — H(z), With the first inequality in
(39) imply

t

Wy (@), M) < C/m

T

Since .y € AC"(1, T'V) by the assumption, then m € L” so it € AC" (I, W) as well. The existence of a vector field
satisfying (19) follows from Theorem 8.3.1 in [1] (see also Theorem 5 in [7]).

4. Optimal teleportation and disconnected support
In the case of disconnected support of © we obtain the following result:
Assumption 4.1.

1. u € My and supp(u) is composed of a finite number (m > 2) of disjoint components u = Z;’Ll W where
supp(u;) Nsupp(p;) =¥ forany i # j.

2. Each p; satisfies the assumptions of Theorem 1.

3. v=vy —v_ € My, supp(vy4) Usupp(v—) C supp(u).

Definition 4.1. A; := supp(u;) are the connected components of supp(u).

i) Vj = (v, 14;). By Assumption 4.1-(3), Z 1 vj=0.

i) V:={l1... m} Vi={jeV,v; >0}, V_ —{jeV v; < 0}.

iii) Fori, j eV, |El;;j=dist’(A;, Aj) = minyea, yea; [x — y|”.

iv) G :=(V, E) is a complete graph (i.e. any two vertices are connected by an edge) whose vertices V and the length

of the edge E; j connecting i to j is |E|; ;.
v) Let O; ; is the set of all orbits in V connecting i to j, thatis, 0; j € O; ; if
0i,j = {0(1) ..ogn.)} cv
) (n

such that o(ll =1i,o0, /) = j. The length of such an orbit is |o;, ;| = in that case.
Given i, jeV,d(, ]) is the geodesic distance corresponding to (V, E). That is:
loi,j1—1
di, j)= min Y |E| o ¢ (40)
0j, i€V j =1 9i,j2%,j
See Fig. 2 for an illustration.
vi) Let now v; > 0 be the charge associated with the vertex i € V., and —v; > 0 the charge associated with j € V_.
Let ||v]|,, be the optimal cost of transportation of Ziev+ V;d; to Y jev_(—f) j)8; subjected to the graph metric
d(i, j). Thatis:

Ivli=min >0 > dijdlij)i= 3 ) 471G, ) (41)

ieVy jeV_ ieVy jeV_
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v

*

E *
L3 Eze6

Fig. 2. Transfer plan via a directed graph. Sources (v; > 0) are filled circles while sinks (V; < 0) are empty circles. (cf. Definition 4.1-(i)). Geodesic
arcs: (1~ 5)=(1,5); 1~ 6)=(1,5,6), 1> 7)=(1,57), 1> 8 =(1,5,3,8), 2> 5 =25, 2~ 6 =2,0, 2> 7= (2,57,
2~ 8)=(2,53,8),83~5=(@3,5,B83~6)=3,506), 3~ 7 =(@3,57), 3~ 8) =(3,8); Weighed arcs: A*E1 s = M s+ g +AT 5

* 9k * * 9k * 9% * * 9% * * * 9k * * : C
)”Ez,s = )»2,5 + )\2’7, AE2.6 = )‘2,6’ AE5,6 = )‘3,6 + )‘1,6’ AE5’7 = )‘1,7 + )»2,7 + )\3’7, AE3,5 = )\3’5 + )‘3,6 + )”3,7' It is assumed that v3 is
large enough to supply g, s0 A} g =13 ¢ = 0. Otherwise, the arrow E3 5 should be reversed, and A*EI,S =M s+ g+t 7+ g )“*Ez.s =

* * * * % *
Mstrygtaygand Ap =M1+

where A(v) is the set of non-negative |V, | x |V_| matrices {A; ;} which satisfy:
ZjeV,)"i,j =vy; ifi e V+
ZieV+ )\.i’j = —l_)j lf] eV_.

Theorem 3. I[f oo > p > 1 and |1, v := vy — v_ satisfy Assumption 4.1 then

. -1/ _ 1/
eh\rfée PW, (1, 4 €v) =|wll,/?

4.1. Proof of Theorem 3

We first state the inequality
liminfe™ /P W, (i, +€v) > [[v] /7.
e\0

From the principle of monotone additivity it is enough to prove
liminfe P W, (u + vy, p +ev) > [|v]| /7. (42)
e\0

Recall the dual formulation (22), (23). In fact, it is enough to restrict to (¢, ) € C,(supp(u)) = C,(UA;). In the
special case ¥ (x) = ¢ (x) := z; is a constant over A; we get

Wh(+evy ptev)=e) 7 (43)
iev
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provided z; —z; < |x — y|” forany x € A;, y € A;. In particular, if z; — z; < d(i, j) (see Definition 4.1-(iii, v)). From
(43) and Definition 4.1-(ii) we get

Wl (n+evy, utev ) =esup) 2 (44)
{z} 5
eV
where the supremum is on all possible values of {z; ..., z4y} which satisfy z; — z; <d(i, j) forany i, j € V. Since

d(-,-) is a metric on the graph (V, E) via Definition 4.1-(v) we recall the dual formulation of the metric Monge
problem, or the so called Kantorovich—-Rubinstein Theorem (Theorem 1.14 in [13]) in discrete version:

Il =supd ziv; 5 zi—zj <d(, j) (45)
{2} jey
(see also Definition 4.1-(vi)). Then (42) follows from (44)—(45).
To prove the opposite inequality we need some additional definitions:

Definition 4.2.

1. Denote Zl.j € A; to be the closest point in A; to A; (see Definition 4.1-(iii)).
2. Fori,j €V letd; ;= (of)...0")). a choice of an optimal orbit realizing (40) in Definition 4.1-(v) (note that
there can be more than one such orbit, but we choose only one). Let |o; ;| be the cardinality of o; ;.

For any / € V, denote El+ the set if all outgoing edges from /, that is, E € E1+ iff, for some i, je V,l €0, j =
(1) (n) (n)
(ol-,j ~~0i,j)’l7’50i,j'
Likewise, denote E;" the set if all incoming edges to /, thatis E € E; iffl€o0; ;= (05’1} .. .o?j)), [ # 05’1]?.
3. Foreachi, jeV,let
Es ; :={E;E= EOE.]?’Uf,ijrl); 1<k<|ol—1},

where 0; ; is the above choice of optimal orbit. Let

Ap= S, (46)

{i,j ;EEE(,Z../.}

see (41) for A;" i This is the total flux traversing E due to the optimal transport plan.

Note that
DAL - D> Ap=1 47)
EcE} E€E;

for any [ € V. Recall (Definition 4.1 (i, ii)) that i; > 0if [ € Vi, vy <0ifle V_and iy =0if e V — V.
Note also that the flux due to optimal plan is uni-directional, i.e. A% - A* , = 0 for any edge E (here — E represents
the same edge in the opposite orientation).

4. ForkeV

0= Y ApLe (48)

Exi€E}
Here §, is the Dirac delta function at x. In particular, G,:r is supported in Ax (see Definition 4.2 (1)), and
7= A% (49)
E€E}
5. Fori,jeV,let Br(Zij) be the ball of radius r centered at Zij € A;. Given € > 0 let rij’6 > 0 be the radius of the
ball such that (A jNB . (Z] )) — . See Fig. 3.

Let ,&f j be the restriction of the measure w to the set A; N Br jre (Zl.j ) defined above.
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Fig. 3. Locating the support of ﬁf It

6. Let
Al ~EAT
D (€)= ;,LikE . (50)
E=E| €k,
In particular, D, is supported in Ay and
D ©l=e¢ > A} (51)
E€E[

7. V=) ey 13,': 3 V(@)= ey U (6) 5 D(e):=eby —D_(e).

Note that D(€) € My, i.e. €|V | = [D_(¢)|. In fact, we obtain from (47), (49, (51) that for each k € V
el =19 ()] = e, (52)

and ) oy Uk = 0 (Definition 4.1-()).
Using the above we find form the metric property of W, and the triangle inequality

Wy +e€v, ) < Wp(u+ev, w4+ 0(€) + Wy, w4+ (e)) . (53)

Let 1uf be the restriction of u to Ag, vi the restriction of v to Ay and D (¢) = ef),;" — D (€). By (52) (recall vy := |vi ),
W (i + €vk, ik + Vi (€)) is defined on each component. We can use the definition of Wasserstein metric to obtain

Wy i+ €v, i+ () < Y Wy (i + €k, i + D (6))
keV

Now Theorem 1 applies to each of the components of this sum. By the assumption of the Theorem we obtain
WP Gu + ek g+ €05) = 0(eP) = o(e)

where ¢ > 1/p by its definition. Thus, the first term on the right of (53) is controlled by o(e!/?).
To complete the proof we need to estimate the second term.

Proposition 4.1.

Wj (1, 4 0(€)) < €|vll, +ofe) .
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For the proof we construct a transport plan 7 from p to u + v(€). To illustrate this construction by a particular
example see the directed tree in Fig. 2. A detailed description of the plan is given below.
For any positive measure o € M (2) and x € Q define §, ® 0 € M4 (2 x ) by its action on ¢ € C(2 x 2):

<8x®a,¢)>:=/¢(x,y)d0(y).
Q

Let
pe = —_(e) (54)
and 7, be the diagonal lift of u¢ to M (2 x ), that is,

<Tue, ¢ >:=/¢(x,x)dui(x) )

Let now
T =T + Y Y 8y ®;16A2’~k (55)
: e z! Lk
leV keV

Note that some terms in the double sum above my be zero. This is the case if the edge E;; does not transverse an

*

orbit of the optimal transport plan, i.e. AE =0 (hence BZk ® ,ul v =0).
Next, observe that 7€ € IT( + D(€), ) (cf. (2)). In fact from (54) and (55), for any ¢ = 1(y)¥ (x)

<n€ ¢>—/w(x)du ) +e€Y D Y ZDNpgs =

eV keV

/l/f(X)dM(X)—/w(X)df)—(é)(X)+6/¢(X)dﬁ+(X)=<M+9(6),1/f > (56)
Q Q Q

where we used Dy 1= .y f),j and (48).
Setting now ¢ = 1 (x)¥ (y)

< 7 /W(y)du o + ZZ/w(y)dulkE’k =< wy > (57)

leV keV o

where we used D_(€) :=) ;. U, (€) and (54), (50).
It then follows from (55) that

Wi (e, u+v(e))<//|x—y|”dﬂe > > //|Zl —yl”ﬁfi\E(dy) (58)

leV E= Ele

€N
From Definition 4.2-1, 5 and Definition 4.1-(iii), we obtain fQ |Z{‘ - y|1’/ll,k ELk (dy) = €|E|; x A}, + o(€), so Defini-
tion 4.2-6, 7, together with (46) imply

~ELE
/ / ZE—yIPaE @) =€lEle Y. AL+ o) (59)

QO i, )):Epree;,

and (58), (59), (40) imply

WhGuw+d€)<e Y AFdG. j)+o(€) =e|v],+o). O
i,jeVxV
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