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Abstract

We investigate the large time behavior of the solutions of a Vlasov—Fokker—Planck equation where particles are subjected
to a confining external potential and a self-consistent potential intended to describe the interaction of the particles with their
environment. The environment is seen as a medium vibrating in a direction transverse to particles’ motion. We identify equilibrium
states of the model and justify the asymptotic trend to equilibrium. The analysis relies on hypocoercivity techniques.
© 2017 Elsevier Masson SAS. All rights reserved.
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1. Introduction

This work concerns the long-time behavior of the solution of the Vlasov equation
WF +v-ViF —V(V+®)-VyF =yV, - (vF + V, F), >0, xeR? veR?, (1)

where @ is self-consistently defined by the relations

d(t,x) = / o1(x —y)or ()W (¢, v, z)dydz, >0, x eRY,
R4 xR"
(02w — 2A W)(t,x,2) = —02(2) /U](Jc—y),o(t,y)dy, >0, xeR?, zeR", @)
R4
with p(t, x) = / F(t,x,v)dv.
R4
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The system is complemented with the initial data
F(0,x,v) = Fy(x, v), (0, x,z) =Yy(x, z2), ;W (0, x,72) =W¥i(x, 2). 3)
The parameters of the problem are set as follows
e c>0,

e 01 :R? - [0, 00) and 0 : R” — [0, o) are radially symmetric C® compactly supported functions,
e V:R? - Ris an external confining potential:

Vel nw.®®rY, lim V(x) = oo.

|x|]—00

We will make the technical assumptions precise later on. A crucial role in the analysis will be played by the following
entropy dissipation property

d 2 1
E{ / (F%+F(V+¢)+FIH(F)> dvd)c+5 / (|3t‘1’|2+C2IVz‘~P|2)dzdx}
R4 x R4 RA YR

=—y / 12V, F + vV F|*dvdx < 0.

R4 x R4

“4)

The investigation of this problem is motivated by the work of S. De Bievre and L. Bruneau [6] where a related model
was introduced to describe the evolution of a single particle interacting with its environment. In [6] the particle is
classically described by the pair position/velocity (g (#), ¢(¢)), and the dynamics is governed by

G@t)=—-VV(q@®) - / o1(q(®) —y) 02(2) VoW (2, y,z)dydz,

R4 xR"
2W(t,x,2) — 2AV(t, x,2) = —02(2)01 (x — q(1)), xeR? zeR".

®)

Such single particle description can be retrieved by setting F (¢, x,v) =8(x =q(t)) ® (v =¢(¢)) in (1), with y =0.
The dynamics can be thought of as if membranes continuously distributed transversely to the direction of the particle’s
motion — z € R” being transverse to x € RY — were activated by the passage of the particle, see Fig. 1 in [6]. The
evolution of the system is, therefore, driven by energy exchanges between the particle and the membranes. We remark
that the coupling between the particle and the membranes is embodied into the product o1(x)o2(z), which appears
symmetrically in the two equations of (5). This is crucial to establish Hamiltonian properties of (5) and its counterpart
for the kinetic model, namely relation (4). The system is presented as a “dynamical Lorentz gas” and one is inter-
ested in asymptotic properties of the dynamics. This question has been further investigated in a series of papers by
S. De Bievre and his collaborators [1,9—11,22], that contains both theoretical results and convincing numerical exper-
iments. On the one hand, the system has certain dissipative features: under certain circumstances (roughly speaking,
n =3 and c large enough) the particle energy can be dissipated in the membranes, and the environment behaves like
a friction force on the particle. In particular, when V is a confining potential with a (non-degenerate) minimum at qo,
then the particle stops at the location gg as time goes to oo, see [6, Section 5, Theorem 4]. On the other hand, in [1,10]
an approximated model is proposed, together with an interpretation of the dynamics in terms of random walk. This
simplified framework permits to justify the approach to thermal equilibrium: the particle’s momentum distribution is
driven to a Maxwell-Boltzmann distribution.

We wish to revisit these questions in the framework of kinetic equations, where the description by the position/ve-
locity pair is replaced by (1) when considering a distribution of particles in phase space F (¢, x, v) > 0. More precisely,
in the case y =0, f 4 F(t,x,v)dvdx can be interpreted as the probability P((q t),q@)) € A) when the initial state
of the particle is distributed according to Fp. The analysis of existence and uniqueness of weak solutions for the
non-linearly coupled problem (1)—(2), with y = 0, was established in [8], where it was also shown that a certain
physical regime drives the solutions of (1)—(2) to solutions of the attractive Vlasov—Poisson system. It is likely that
this approach can be combined to the analysis of the smoothing effect of the Fokker—Planck operator in [4,5] in order
to investigate the well-posedness of the problem when y > 0. We will not elaborate more on this issue in this paper
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and, instead, focus on the long-time behavior of the solutions of (1)—(2). We treat the question by adding a dissipative
structure through the Fokker—Planck term y V,, - (vF + V, F), with y > 0, on the right hand side of (1). It corresponds
to considering a large set of particles governed by (5) where, in addition, we add a friction term —y¢(¢) and a Brow-
nian motion term which can be attributed to the positive temperature of the medium [6,9]. We refer the reader to [29]
for the analysis of the mean field regime that drives from the particles description to the Fokker—Planck equation, and
to [17] for the adaptation to derive (1)—(2). Although this term drastically simplifies the objectives of [6], since the
model with y = 0 is supposed to contain by itself friction/dissipation mechanisms, the dissipative model already leads
to non-trivial issues due to non-linear coupling of the interactions, and this first attempt on the PDE system (1)—(2)
confirms the intuition that comes from the analysis of (5). Moreover, as a by-product, we are able to identify a family
of stationary solutions of the system when y = 0, which is less obvious than for the case of a single particle, and we
establish that these solutions are linearly stable for the dissipationless model.

The paper is organized as follows. In Section 2, we will exhibit stationary solutions of (1)—(2). Having introduced
the necessary notation, we give the statement of our main result, namely the convergence to equilibrium at exponential
rate. As a preliminary step to understand the long-time behavior, it is convenient to discuss the so-called “diffusive
scaling” for the problem (1)—(2). This is the object of Section 3. In Section 4, we investigate the large time behavior
of the solutions. Our analysis relies on the assumption that the wave speed is sufficiently large. In this regime (1)
appears, in some sense, as a perturbation of the linear Fokker—Planck equation with external potential V. In this
context, the method recently presented in [13], and inspired from [19], based on hypocoercivity arguments becomes
quite useful. We will follow such an approach where, roughly speaking, the goal is to define a suitable Lyapounov
functional which combines the natural entropy of the problem and an additional inner product that allows us to control
the hydrodynamic part of the solution. Furthermore, the solutions exhibited in Section 2 are also stationary solutions
of the dissipationless model (y = 0); we investigate their linearized stability in the Appendix.

2. Equilibrium states
We rewrite the Fokker—Planck operator, hereafter denoted by L, as follows

F
LF=Vy - (WF+V,F)=V,- (MVU M)’ M) = Q)42 V"2,

This form indicates the dissipative effect of this operator; in particular we have

F F\ |2
/LF—dv - / M‘VU<—)) dv,
M M
R4 R4
which already shows that Ker(L) = Span(M). We search for equilibrium solutions of (1)—(2), which means solutions
independent of the time variable ¢, that make both the “transport part” and the “collisional part” of the equation vanish,
namely we seek ///eq ‘RY x RY — R, such that
(2) Lj/eq =0, (b)) (V- Vy = Vi (V+ D) - Vv)//eq =0.

Condition (b) is reached by any function depending on the total energy v2/2 + (V + Deq)(x), while, as said above,
the kernel of L imposes a precise dependence with respect to the velocity variable. Combining (a) and (b), therefore,
leads to

2
Meq(x,0) = Zeq eXp ( — % —Vx)— dDCq(x)).

In this formula, Z.q is a normalizing factor. Indeed, (1) is mass preserving in the sense that
/ F(t,x,v)dvdx = / F(0, x, v)dvdx ' m,

R4 x R4 R4 x R4

and therefore Zq is such that .#q has also mass m, which yields
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—1 —1
Ze =1 V2V D=0 () gy | = T o=V =P g
“ (2m)d/2
R4 x R4 R4

However, we should take into account the non-linearity of the problem by revisiting the definition of the self-consistent
potential in (2). Considering stationary solutions, (2) becomes

—czAZ\Ileq(x, 7) = —02(2) 01 * Peq(X),

Peq() = / Mg (x, v) dv,
]Rd

Deg(x) = | 01 % / 02(2)Weq (-, 2)dz | (x).
R)l
For further purposes, it is convenient to keep in mind the following notation
Meq(x,0) = peg(IM V), peg(x) = 2m) 2 Zege™Feat VI,

For the stationary problem, the space variable x and the transverse variable z decouple. Let T : R” — R be the
solution of

—A Y =0

(defined by the convolution of o, by the fundamental solution of (—A) in R"). We obtain

1
Weq(x,2) = _C_ZT(Z) 01 * Peq(X).

It follows that the equilibrium potential satisfies

A
Deq(x) = 2 Xk Peq(X)

where

A :/Uz(z)T(z) dz, Y =o0] *0].
R}'I

As far as n > 3, we justify the integration by parts that leads to

A= f V.Y (2)]>dz € (0, 00).
Rn

Eventually, by combining the information, we are led to define the equilibrium potential as the solution of the nonlinear
equation

Q)42 A V() ey
Peq(1) = =3 Zeg / T(x —y)e VWP gy, (6)

R4
This discussion motivates the introduction of the following mapping

—1

, m
T :dr> —AZ[®] | Z(x —y)e VI 7®Ddy Z[d]= —— | [ VW TPW 4y
(27T)d/2
R4 Rd

and defining equilibrium states as fixed point of clz 7 . Before stating our first result, let us collect here the confining
assumptions on the external potential:
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e e L'®Y).
liminf |V, V@)|> =24, V() > 0.
|x]—00

There exists cj, ¢ > 0, and 0 < ¢3 < 1 such that
AV za+S ViV D] =a(l+[VV)).

1731

(A1)

(A2)

(A3)

For the existence of equilibrium states, only (A1) will be useful; the other assumptions will be used for the analysis

of the large time behavior.

Theorem 2.1. Let n > 3. Assume (A1). There exists co > 0 such that for any ¢ > co, the mapping }2 T admits a unique

fixed point ® € CON L®(R?). If 0 < ¢ < ¢y, Cl—z T admits at least one fixed point.

Proof. Let p be a non-negative function such that fRd pdx =m. We also suppose that the product pe" belongs

N ~ dj2
to L. Then, ®: x > & (x) = —(2”2# 3 % p(x) is continuous and satisfies
. Q)2 A def K
0> d(x) = -2 pwogaym = — .
c c

It follows that, on the one hand
Ofe—v Ee—@—V Sel{/cz eV

and, on the other hand

—1 -1

m —k/c? / -V F m / -V
——e e " dx <Z[P] < —— e ' dx

(27t)d/2 =Z[®] = (27t)d/2

R4 R4
: : : - d/2 -V-o L invari

By applying this reasoning to p = (2w)/“Z[D]e , we conclude that o  leaves invariant the set

¢ ={®eC'R?), —k/c* <P <0}.
Furthermore, for ®, ®’ € €, we obtain (with obvious notation)

|7 (@)(@0) = T (V)| = | = AT+ (o = P)YW)| < AlIB ] ooy llp = oIl
with

() = p'(0)] = @) 7V |Z[@)e™ W — Z[@')e™ V]

= @m) eV W (70| Z[@] - Z[@']] + Z[@'][e ™) — ¥ W]).

Since the elements of 4 are bounded, we find

|e= P — =¥ | < /D (x) — D (x)] < /[ D — D[] v
Similarly, by using (7), we obtain

m

Qm)d2 eVl

Gathering these estimates we conclude that

2
|Z[®] - Z[®]] < &/ 1 — @[l oe.

| T (®)(x) = T (@) ()| < 2A[Z [l oom |0 — @) .

(7

Therefore Lizﬂ is Lipschitz, with a constant that tends to 0 as ¢ — oo; we conclude by a direct application of the
Banach Fixed Point Theorem, provided c is large enough. Furthermore, we can also remark that, on the one hand,
V.7 (®) is bounded uniformly for any ® € ¥, and, on the other hand, lim x| 00 7 (®) =0, uniformly over ® € €,
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since these quantities can be dominated proportionally to [ = (x — y)e~ V) dy. By virtue of the Ascoli Theorem, the
mapping Clz,? is therefore compact on %’. The Schauder Theorem proves that 6%9 admits at least one fixed point
in ¢’; however, uniqueness of the normalized equilibrium state is not guaranteed unless c is sufficiently large. O

Note that the regularity of ®eq, and that of peq = )/ 2Z[d>eq]e_(¢°q+v), is determined by the regularity of V
and o1. Additionally observe that

2
me v

Remark 2.2. We can interpret the equilibrium states and the role of the smallness assumption on c in terms of the
minimization of the following energy functional

A
£lp] :f (P1n(p) — 530 50+ Vo) d
R4
over integrable non-negative functions with total mass m. Indeed, with the associated Euler—Lagrange equations we

recover the definition of peq and ®eq. However, we observe that o — &'[p] is strictly convex for ¢ large enough, but
due to the minus sign in front of the quadratic term, convexity might be lost for small ¢’s.

Let us finish this section stating the main result of the paper which establishes the exponential trend to equilibrium,
see Section 4.

Theorem 2.3. Suppose n = 3, and let &y, m > 0 be fixed. We assume that the external potential satisfies (A1), (A2),
(A3). Then, there exists c1 > co > 0 and k > 0 such that, for any ¢ > c1, and any datum in (3) that fulfills the
conditions

Fodvdx =m, (A4)

R‘IXR‘]
(IV2(Wo — Weg) > + W1 1?) dzdx < &, (A5)

R4 xIR3

dvdx

Fo— M. eLz(Rd ]Rd;—>, A6
‘ “ % %eq(x: v) (46)
supp(Wo — Weq, ¥1) CRY x B(0, Ry), (A7)

we can find M > 0 such that the solution of (1)—(3) satisfies

/ |F(t,x,v) — Meq(x, 0)|?
Meg(x, V)

dvdx < Me ",
R4 xR4

We point out the fact that all the constants ci,k, M can be explicitly computed by means of the data
o1, 02, Fo, Wo, Wy. In particular, M is proportional to

Fo — Meq?
/ Mdvdx"i_ f (|Vz(\p0_\yeq)|2+ |"IJ1|2) dzdx,
A

R4 x R4 RY xR3

which are the norms involved in (A5) and (A6).

Remark 2.4. It is clear that the result can be extended to the full variety of collision operators considered in [13]; in
particular it applies to, maybe less physical in this context, linear Boltzmann operators, see also [19]. Furthermore, as
it will be clear within the proof, the regularity assumption on o7 and o7 can be relaxed and it is likely that the radial
symmetry is not essential, but these assumptions stick to the framework introduced in [6].
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3. Diffusion asymptotics

Asisrecalled in [13, Section 1.2], the intuition on the large time asymptotics can be motivated by investigating first
a certain regime, where the PDEs system is rescaled by means of a relevant parameter 0 < € < 1. Roughly speaking,
we rescale the problem so that the Fokker—Planck term becomes stiff. It makes the relaxation effects strong. Since
the flux of the equilibrium functions in Ker(L) vanishes, time and space scales should be appropriately rescaled in
order to obtain a non-trivial problem in the limit € — 0. It can formally be understood through the change of variables
t — €%t, x — ex. Such regimes are usually referred to as “diffusive regimes” in kinetic theory since one is led to a
diffusion equation for the limiting macroscopic density. We shall start by introducing more precisely the scaling of the
equations, by means of the physical parameters of the model. We will also explain how to rescale the coupling term in
the wave equation. Next, we can guess the asymptotic behavior by expanding formally the solution as a power series
of the parameter €. Finally, we state and prove the convergence of the solutions as € tends to 0. Entropy dissipation is
a crucial ingredient of the proof.

3.1. Scaling of the equations

We follow the dimension analysis proposed in [8]. Let T, L be time and space units, respectively. In dimensional
form the right hand side of the kinetic equation should be written

1
—V, - (vF + V>V, F),
T

where the coefficient % has the homogeneity of the inverse of time and ¥ has the homogeneity of a velocity. We use ¥
as a typical size for the velocity fluctuation (the thermal velocity in other contexts). The dimension of the particle
distribution function is L™¢%# ¢, so that J Fdvdx is dimensionless. Considering the energy balance, |0, W|*dy dx
and 62|Vy‘~l»'|2 dy dx have the same dimension as v2F dv dx, that is the square of a velocity. With these remarks, we
define dimensionless quantities, denoted by -/, as follows

t=T¢, x=Lx, v="7,

LYY F(t,x,v) = F'(t',x',V).
The external potential scales as V (x) = UV’ (x’), where U has the homogeneity of the square of the velocity. For the
vibrating field, we set

y=Ly, VLI, x, ) =LV, x,2).
Finally, the form functions are rescaled as follows

o1(x) =g10{(x"),  02(2) = ©205(2),

with the suitable units for ¢; and ¢». In particular, we assume that the external potential and the self-consistent poten-
tial have the same order of magnitude, which leads to U = ¢ §2L1+”/ 2+d/2 (note that the individual units of o} and o,
do not really matter, the important quantity being their product). We can rewrite the PDE system in dimensionless
form

YT UT T
8;F + TU . VXF — WVX(V + CD) . VUF = ?LF,
5 cT\2 UT?
v —(T) M¥ex)=—Tr0n@ [ aG-yFEyvdds,

R4 x R4

where we get rid of the -/ for simplicity of notation. The self-consistent potential is given by

d(t,x) = / o (y)or(x —2)W(t, z, y)dzdy.
R"XRd

We are interested in the regime where
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T 1 UT? YT 1 T

T & 127 L e L’
with 0 < € <« 1. Note that both the particles and the waves are “fast” compared to the velocity of observation, with
speeds of the same order of magnitude. We arrive at

1 1
0 Fe + E(U'VX =V (V+P) - Vy) Fe = €_2LF67

1 1 ®)
aﬁ\l’e—6—2Az‘~1’e(t,x,2)=—6—202(2) f o1(x = y)Fe(t, y,v)dvdy,

R4 xR4

with &, (¢, x) = (01 * fRn 02(2)We(t, -, 2) dz) (x). The entropy dissipation (4) becomes

d v? €2 1
= / <7+V+d>€+ln(F€)>F€dvdx+7 / |81\D€|2dzdx+§ / |V, W, [ dz dx
R4 xR R xR4 R xR4
1
--5 f 12V, y/Fe 4+ vy/Fe | dvdx.
R4 xR4

3.2. Formal asymptotic by Hilbert expansion

In order to guess the asymptotic behavior of the system for small €’s, we expand the solution as follows
Fe=FO 4 eFM L 2F® 4
and we plug this expansion into (8). We identify terms arising with the same exponent of €:
a) €2 terms: we get LF© =0 which yields FO(z, x,v) = p(¢t, x) M (v),
b) e~ ! terms: the relation LF(D = (v-V, =V, (V+®)- V) FO = VM (Vyp+ pVi(V + D)) yields FO@, x,v)=
—vM @) (Vap(t,2) + pVi(V + @)(2,2)) + pV (1, ) M (v),

c) €% terms: we obtain LF® =3, F©O + (v .V, — Vi(V 4+ D) - VU)F(I). Integrating with respect to the velocity
variable and taking into account the expression for F(!) obtained in Step b) lead to

0p—Vx - (Vip+ pVi(V+P)) =0. )
(Note that the term p(l)(t, x)M (v) € Ker(L) does not contribute to the equation.)

The self consistent potential is determined by considering the leading terms in the wave equation. We arrive at the
relation

o) == [ 2= ot dy, (10)
Rd
Therefore, as € — 0, we expect that F(z, x, v) converges to p(t, x) M (v), with p solution of the system (9)—(10).

Theorem 3.1. We assume n > 3. We slightly strengthen the confining assumption (A1), by assuming e~"V/? € L' (R?)
for some v € (0, 1/2). Let us denote

2

o = sup / Fe(O,x,v)<1+|1n(F€)(0,x,v)|—}—V(x)—i—%)dvdx
e>0
R4 x R4 (11)
e 2 1 2
+7 / [0; We (0, x, 2)| dde+§ f [V, We(0, x, z)|“dzdx

R4 xR" R4 xR"
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which is assumed to be finite. Then, up to a subsequence, the solutions Fc(t,x,v) of (8) converge as ¢ — 0 to
p(t,x)M(v), with p solution of (9)—(10), complemented with the initial data p(0, x) = lim¢_,¢ fRd F.(0,x,v)dv
(in the sense of the weak convergence in Ll(Rd) ). The convergence holds strongly in L'((0,T) x R? x Rd), while
Pe = fRd F. dv converges to p strongly in L' ((0, T) x R?) and in C([0, T1; L' (R?)-weak).

Remark 3.2. Since it can be shown that the problem (9)—(10), admits a unique solution p for a given initial data
po € LY(RY), the entire sequence F, converges to pM if, in addition to (11), we have fRd Fe (0, x,v)dv — pp weakly
in L' (RY).

Stationary solutions of (9) satisfy
ViPeq + PeqVi(V + Deq) =0, Geqg = —AX * peg.

Of course, due to the scaling the parameter ¢ has disappeared but this problem has exactly the same form as the one
discussed in Section 2. As a matter of fact Theorem 2.1 can be rephrased by saying that there exists a unique stationary
solution satisfying f Peq dx = m provided A[|X|| ;o0 gaym is small enough. It can be interpreted as a condition on the
coefficients o1, o7 for instance. It is therefore a natural question to wonder whether the solutions of (9) with a given
mass converge to the corresponding stationary state.

Corollary 3.3. Let n > 3. We suppose that V is uniformly convex: there exists a > 0 such that for any x € R%, and
any &€ € R, we have Zl j=1 8$iij(x)“§j§l- > a|&|2. We can find Ay, k > 0 such that if A Zlly1.co@aym < Ao, any
solution p of (9) with initial data py > 0 such that

_ 2
/,oodxzm, /de<oo
Peq

R4 R4

satisfies

ot x) = pea | f 100 = peal?
peq(x) -
R4

The convexity assumption on V clearly implies (A1). Furthermore, in the case where the diffusion coefficient in (9)
is a mere constant this condition implies the Sobolev inequality

eV 2 ¢~V ) eV
/\g(x) /g(y) ay = [ 9. s (12
d

with o = fRd e~" dx. This is indeed the simplest case where the diffusion operator

Vi (Vap+ V) =V (70 ()
satisfies the so-called Bakry—Emery condition. Consequently, the solutions to the linear equation d;p = Vi - (Vyp +
oV, V) can be shown to converge exponentially fast to the equilibrium m e~" /ji. We refer the reader to [2] for an
overview of these techniques. The remarkable fact is that the smallness condition on the parameters of the non-linear
problem ensures that the latter inherits the dissipative structure of the linear equation.

3.3. Proof of Theorem 3.1

In what follows, the initial data (x, v) — Fe(0, x, v) is denoted as Fe o. We start by establishing uniform estimates
by first recalling mass conservation
d
— / Fedvdx =0.
dr
R4 xR4
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Additionally, we have identified a entropy-energy functional which is dissipated by the system

d v? 1
= / FE(m(FE)Jr7+(V+c1>e))dvdx+E / (€210, We > + |V W [?) dz dx
R4 xR R4 xR"
1
--5 / 12V, y/Fe 4+ vy/Fe | dvdx.
R4 xR4

The contributions of the terms containing Fe In(F¢) and F P, are not signed, we fix this now. We observe that the
self-consistent potential energy can be dominated, using Sobolev’s inequality [23, Th. 8.3], as follows

| [ ecrava] <R @oIIo s
R4 x R4

2 12
<ol ol ( [ | [ox0waerz ] ar)

R R™

B (n—2)/n 1/2
< el ol loal v [ ([ 10622702 az)" " ax)
RE R
< Feolptllor ||L2(Rd)||02||L2n/(n+2)(Rn)||qu’e (, ')||L2(Rde")

1
2 2 2 2
S ”FG,O”LI ||61 ”LZ(Rd)||02||L2n/(n+2)(Rn) + Z”VZ"I,E (t’ .)”LZ(RdXR")'

Also, for a given nonnegative map (x, v) — w(x, v) the particles entropy may be estimated as

/ F€|IH(FE)|dUd)C: / FE ln(Fe)dvdx -2 / Fe ln(Fé)(l{e*wSFefl} +1{Fg<em})dvdx

R4 xR4 RY xR4 R4 xR4
4 —w/2
< FcIn(F)dvdx +2 Foodvdx + — e dvdx.
e
R4 xR4 Rd xR4 R4 xR4

In particular, for w(x, v) =v(V(x) + v2/2), with 0 < v < 1/2, it follows that

4
/ F.|In(F,)|dvdx < / F.In(F.)dvdx + — / eV D200 /4 gy gy
e

R4 x R4 R4 x R4 R4 x R4

2
v
+2v / (V(x) + 7)F€ dv dx.
R4 xRd
Gathering the previous estimates we arrive at

2

0< f F.|In(F.)|dvdx + (1 —2v) / (V(x)—i—%)Fedvdx
R4 x R4 R4 xR4
2 1 1
€ 2
+= / |8,\Il€|2dzdx+z / |VZ\IJ6|2dzdx+€—2/ / |2Vy/Fe + vy/Fe| dvdxds
R4 xR R4 xR 0 R4 xRd

2
< / F. In(F,) dvdx + / (V(x)—l—%—i-CDe)Fedvdx

R4 xR4 R4 xR4
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t
2
€ 1 1
+= / 10, W, > dz dx + 3 / |V, W |?dzdx + 6—2/ f |2V,y/Fe +v,/F€|2dvdxds
R4 xR" R4 xR" 0 R4 xR4
4 —vV(x)/2—vv?/4 2 2 2
+ E € dv dx + ”FG,O”LI ”01 ||L2(Rd) ||62||L2)1/(n+2)(R)1)
R4 xR4

4 2
—VV (x)/2—vv2/4 2 2 2
< Ao+ / VO Qy dx 4 Fe ol 101122 gty 1021220012 -
R4 x R4
These manipulations prove the following statement.

Proposition 3.4. Let the assumptions of Theorem 3.1 be fulfilled. Then, the following assertions hold uniformly with
respect to € > 0

i) Fe(|In(Fo)| + V(x) +v?) is bounded in L* ([0, oo]; L' (R x RY)),
il) €9;W, and V.V, are bounded in L*°([0, oo]; L>(R? x R")),

iii) ®. and V,®, are bounded in L*°((0, 00) x R?),

iv) D € 102V, /F; + vJ/F) is bounded in LX((0, 00) x RY x RY),

Let 0 < T < oo. By virtue of the Dunford—Pettis theorem, see [16, Section 7.3.2], it follows that

F. — F weakly in L' ((0, T) x R? x RY).
Furthermore, the control of the particles kinetic energy allows us to additionally justify that

pe = / Fodv— p= / F dv weakly in L' ((0, T) x R?).

R4 R4

Let us integrate the kinetic equation in (8) with respect to the velocity variable. We get, on the one hand

dpe+ Vi Je =0, 13)
and, on the other hand, after multiplying the same equation by v

€0 Je + Vi P+ pe Vi (V + &) = — Je. (14)
In these equations we have denoted the momentum and the kinetic pressure as

€
R4 R4

1
Jez—/vFedv, R:/v@vFedv.

Lemma 3.5. The sequence (Jf)e>0 is bounded in L*(0, T; L' (RY)). Furthermore, one can write Pe = pI + Re,
where R — 0 as € — 0 strongly in L%0, T; LY(RY)).

Proof. Note that the momentum can be written as

JG=/D€\/F€dv.
R4

Thus, it can be estimated by a direct application of the Cauchy—Schwarz inequality and Proposition 3.4. Similarly, for
the kinetic pressure we write



1738 R. Alonso et al. / Ann. 1. H. Poincaré — AN 34 (2017) 1727-1758

IF’E:/v\/Fe®(v\/Fe+2Vm/F€)dv—fv®VUF€dv

R4 R4
=6/v\/F€®D€dv—HI/F€dv
R4 R4
defp,

where we have used integration by parts in the last integral. The Cauchy—Schwarz inequality allows us to estimate
T 2 T

f f|R€|dx dr <e | sup / V2 F. dvdx f f |Dc|?dvdxdr |,

0 R4 ' R4 x R4 0 R4 xR

from which one concludes using the bounds of Proposition 3.4. O

Owing to Lemma 3.5, we can assume that J, admits a limit J, say in .2 ((0, T) x R?). We also note that pe V, P
is bounded in L'((0, T) x R9) by virtue of Proposition 3.4. Thus, letting € decrease towards O in (13) and (14) yields

0p+Vy-J=0,

—(J+ Vip+pV,V) = lim pe Vy Pe.
e—0

Thus, it only remains the task of identifying the limit of the nonlinear term in the last equation. By using the esti-
mates in Proposition 3.4 and Sobolev’s embedding theorem, we can also assume that W, admits a weak limit, say in
L2((0, T) x R4; L?"/(*=2)(R™)). In the limit € — 0 the wave equation in (8) becomes

—A»wnx¢»=—@@y/owx—wpmyMy
Rd

Therefore, it follows that W (¢, x,z) = —Y(z) fRd o1(x — y)p(t,y)dy, and as a consequence, the self-consistent
potential converges to

¢mm=—A/E@—wMLw®,
Rd

say, weakly-x in L>((0, T) x R?). A similar conclusion applies to V,®(z, x). Furthermore, owing to the regularity
of o1 (o1 € W2 (R?)), we have the following property

sup [V @e(t, x + h) — Vi P (2, x)| — 0.
e>0 |h|—0
Using equation (13) and Lemma 3.5 it follows that 9;p. is bounded in L'([0, T7; w—LLRY)Y). Combining these

properties it is possible to apply directly the compactness statement given in [24, Lemma 5.1, p. 12] which ensures
that pe V, @ — pV, ® weakly in L'((0, T) x R?). Thus, we conclude that

—(J +Vip+pViV)=pV, O, o= —A/E(x —y)p(t, y)dy.
Rd

Note also that the bound on 9; p. also implies that p, is compact in C ([0, T']; L' (R9)-weak), that is to say the family
{ Jga pe(t, x)x (x)dx, € > 0} is relatively compact in C ([0, T]) for any fixed x € L>(R?). In particular, the initial
data also makes sense for the limiting equation. With these arguments, we have justified the convergence of p¢ to p,
solution of (9)—(10).

In fact, by using techniques elaborated in [14,25] it is possible to improve the nature of the convergence and to
show that p converges strongly to p in L'((0, T) x RY) and F. converges strongly to pM in L'((0,T) x RY x RY).
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The reasoning combines renormalization and average lemma techniques. One of the main difficulties relies on the fact
that a suitable version of the average lemma is not available for a sequence of particle distribution functions weakly
compact in L' solving a kinetic equation with velocity derivatives on the right hand side. Let us sketch the arguments.

We start by setting Bs(s) = 155 >s=. On the one hand, by virtue of the equi-integrability of ( )€>O we have

hmsup/ / |Bs(Fe) — Fe|dvdx dt = (15)

0ex0
0 R4 xR

Indeed, observe that

2
//w(s(FE)—FAdvdxdr // Fe - dvddr

0 R4 xRd 0 R4 xR4

SF?
< dvdxdr + Fedvdxdr
14 6F,
Fesp Fezp

sup/Fedvdxdt+sup f Fedvdxdr.

1 +3M €>0 e>0
Fe>p

The last term can be made arbitrarily small choosing p sufficiently large, and then, we let § decrease towards zero.
On the other hand, we shall use the renormalized equation

(€0 +v - Vo)Bs(Fe) =hse + Vo - gs.e

where

1 F.
gs,e =V (V + @) Bs(Fe) + —Bs(F)MV, (—)
€ M

= Vo (V + ®)Bs(Fe) + Bi(Fe)y/Fe D,
ha,ez——ﬂg’(F YMV, <Z> Vv, F.

= _ZFGIB(;‘/(FG) Ds ' Vv Fe .

In these equations we have used the fact

1 F, 1
-MV, (—E> = —(VyF. +vF.)=+/F. D..
€ M €

For any § > 0 fixed, the sequence (Bs(Fe)),_, is bounded in L'NL>((0, T) x RY x RY). Since s > B;(s) is bounded,

the sequence (gg,e) is bounded in L'((0, T) x R? x R?). Moreover, using integration by parts one notices that

e>0

2
1
/ |Vm/Fe|2dvdxdt=% / |D€|2dvdxdt—Z / v2F. dvdxdr

(0,T)xR4 xR4 (0,7)xR4 xR4 (0,T)xR4 xRd

_ f oy/Fe - Vo Fe dvd dr

(0,T)xR4 xRd
2

d
5% f |De*dvdrdr + 3 / F. dvdxdr.

(0,T)xR4 xRd (0,T)xR4 xRd
Therefore V,+/F is bounded in L2((0, T) x R¢ x R9), and, since s sps (s) is bounded (with a bound depending
on §), the sequence (h8'6)6> is bounded in L'((0, T) x R? x RY ). The average lemma then leads to the following
compactness property
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>0 |h|—0
0,T)xRd R4

sup / ’ /,33(Fe)(t,x + h,v)¢(v)dv — / Bs(Fe)(t, x,v)¢(v)dv| x (¢, x)dxdt —— 0,
Rd

which holds for any 0 < T < 00, { € C° (Rd) and nonnegative x € C2°((0, 0o) x Rd). We refer the reader to [12,
Th. 3, Th. 6], [27, Th. 2] and [25, Appendix B]. Since the transport operator has an € in front of the time derivative, the
average lemma provides a gain with respect to the space variable only. Using the fact that (V (x) 4+ v?) F, is bounded
in L', with V(x) — 00 as |x| — oo, we can extend previous compactness property on the whole space and for any
bounded test function, non-necessarily compactly supported. Hence, by using (15), it holds that

sup /
e>0

(0,T)xR4

pc(t, x +h) — ,og(t,x)‘ dx df —— 0.
|h|—0

We conclude to the strong convergence of sequence (p¢)e~0 by combining this information and the fact that (9;0¢)e=0
is bounded in L! ([0, T, w1 (]Rd)), see Appendix B. The convergence of (F¢).q towards pM is proved by using
the estimate on D, the logarithmic Sobolev inequality and the Cziszar—Kullback inequality. Indeed, it is now clear
that p. M tends to pM strongly in L' ((0, T) x R? x R?). Therefore it remains to show that

lin}) / |Fe(t,x,v) — pe(t, x)M(v)|dvdx dt =0.
€—

(0,T)xR4 xR4
The Csiszar—Kullback—Pinsker inequality [7,21], implies that

2

/IF— Midvdx | <1 / Fln( Fe )dvdx
€ — Pe =5 € M .

Pe

Rd x R4 R4 xR4

By using the logarithmic Sobolev inequality, see e.g. [23, Theorem 8.14], the integrand of the right hand side is itself
dominated as follows

Fe Fe Fe Fe
05/{ 1n( )— +1}p€Mdv= / Feln( )dv
| peM  \pcM peM peM

R

R4 x R4
F 2
<2 / ’vv,/—e M dv
M
RY xR4
<& ID2d
—_— v
— 2 €
R4 x R4

Integrating with respect to space and time variable we conclude that

T
f |F€ — ,O€M| dU dx dr < T”DGHLZ((O,T)XR‘!XR‘J)'
(0,7)xR4 xR4

Since || Dell12((0,7)xrd xrdy 1s bounded uniformly with respect to €, it ends the proof. O
3.4. Proof of Corollary 3.3

We start by rewriting (9) as follows

dp— V.- (qu(p%)) — Ve (Vo (@ — Beg)) =0.

Furthermore, we observe that
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RPN
/de —dx— /pdx+/pequ_ —dx—m
d Peq Peq peq

R

Therefore, it follows that

/|P peq| li/ﬂ_
2dr _2d P
R4

/ )dx.

0
pequ fpv (@ — Deg) V(p
C

R 4

The last integral can be cast as

Il
A/pvxz*m—peq)-vx(—)dx
Rd “
P
& [ e 40— pu) 95 (L )dx+A/(p pea) VB % (p— peg) - Vo) dx,
Peq Peq
R4
where we denote by I and J the two terms of this sphttmg, respectively. We have, on the one hand,
1/2
0 2
0= A2 w0 = sl | [ reade || [ 9e(5)]peg
Rd “
1/2
0 2
< AIVe Sl ey 10 = Peqll 1 ety v/m / Vi) peate
d e
1/2
1o — peql? PR
< ANV ] o aym /de ‘vx(—)‘ peqdx | .
Pe Peq
R4
and, on the other hand,
1/2
1o — peql? o2
91 < 2A1V2 e ey f PP dx Ve (L) peqax |
g Pe Peq
R

since ||V X * (0 — peq) I oo mey | < IVx Zll oo may 101 L1 (mey + | Peqll 1 (ray)- Thus, we arrive at the inequality

lo— Peq| /
7dx ‘v )‘ d
2dt/ * peg/| P
Rd
172 172

1P — peql? o2
<3AYVe B o ey /p—equ /\V(—)\ Peqdx

0
R4 R4 “

The final step relies on the following statement.

Lemma 3.6. There exists a constant 2 > 0 such that

(& 2 (& (<]
2 [[ow - [e0™ 20 2984 < [1vg00p 20000
R4

R4

holds.
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Indeed, owing to Lemma 3.6, we get

lo— peql P\ |2
e L

R4
Let us denote & = 6A[|Vy X || o0 reym. By using Cauchy—Schwarz and Young inequalities, for any 0 <v < 2, we
obtain
d |,0_,0eq| lo— Peq|
E - ) loeq
t Peq Peq
R4 ]Rd
_ 2
< ((—Z—i—v)Q—i——)/de
4v Peq
R4

Optimizing with respect to v yields v = 3/ and

d — Pegl? AR — peql?
a lo /Oeq| dx§<—2+ )/|P Peq| dx
dr Peq 2 g Peq

R

R4

Therefore, we conclude p converges to peq With exponential rate k =2Q — Q{Tm provided the smallness condition
o/ < 4+/Q is fulfilled. It finishes the proof of Corollary 3.3, up to the justification of Lemma 3.6. O

Proof of Lemma 3.6. Lemma 3.6 is an extension of (12) for the state peq, Which is seen as a perturbation of %e‘v.

Since AX * peq > 0, we can write

1 _

/ Vgl pegd = —— / |ViglPe™ /AR P
eq

R4

\Y%
_Zeq/|xg|e

VO o
> —— /‘g(x)—/g(y) dy’ e VW dx,
e J

R4

by using (12). Next, AX * peq < A Z * peqll oo mdy < Al Z || ooaym implies

2 C Vo 2 —V(x)+AZxpeq(x)
|V)Cg| pequ Z 7 AHE*peqHLOO(Rd) ‘g(x) - g()’) dy e e dx
eq€

R R4 R4

-V 2
=@ [ [sw - f 80— [ prg()dx

with Q = Ce A E Lo, However, peqT(X) dx is a probability measure and we can check that, for any probability

measure du, the function X +— f]Rd lg(x) — X|?du(x) reaches its minimum for X = f]Rd g(x)du(x). We conclude
that

2
[ 1vsPoar= [ o - [emnaas] pwoax
R4 R4 R4
holds.

We point out the fact that Q depends on A, ¥ and m, and the condition &7 < 44/ met above still can be interpreted
as a smallness condition for the product A [|Z||y1,00(gaym, since X — X eXtendsto0as X - 0. O
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4. Asymptotic trend to equilibrium

We restrict the discussion to the case where, given the total mass m, the equilibrium .#¢q is uniquely defined. We
rewrite the problem by considering fluctuation
Fz%eq‘i_f, (D:q)eq+¢s \I’:‘I’eq‘i‘w

where we remind the reader that peq(x) = (277)4/2Z[®eqle™" ¥ =Pa®) and

Weq(x,2) = —C—IZT(z)al * Peq(x), with — C2AZT =07.
We define the operator

Teq=v Vi =V (Peq+ V) - V,.
We obtain the coupled system for the fluctuations

(O +Teq — L) f = V¢ - Voylleqg+ V¢ - Vo f,

@ =AY (1,2, 2) =—02() [ o1(x = e, y)dy,

Rd (16)
o(t,x) = / o1(x — y)oa ()Y (¢, y,z)dzdy

R x R4

where o(t, x) = f f(t,x,v)dv. The problem is complemented with initial conditions
R4

t

fl_ = fo=Fo- st 0| =0,

Note that from the definition we have

o, M i ey < £, ) L1 ey < 210, / f(t,x,v)dvdx =0.
R4 x R4
A crucial role is played by the entropy dissipation, which casts as follows
1d f? f 2
T dvdx =— Meq|Vo——| dvdx
2 dr Mg Y / U Mg
R4 xR4 R4 xR4
— / vf - Vi¢pdvdx — / qubf-Vv//f dvdx.
R4 x R4 R4 xR4 “

Let us now introduce the following useful notation and observations:

o For f € L'(RY), let (f) & [ry £ dv,
e and Pf(v) def (f) M (v) stands for the projection onto Ker(L).

e Entropy dissipation makes LZ(R‘I x RY; ///‘::(‘ixv)) a suitable functional space, and we denote by (-|-) its inner
product.

e Since we work with fluctuation we consider the closed subspace

HZ{fGLZ(Rded;%)’ / fdvdx:(fL//leq):O}

R4 xRR4

endowed with the norm || || g = /(f1f).



1744 R. Alonso et al. / Ann. 1. H. Poincaré — AN 34 (2017) 1727-1758

e We also remark that
Ty = —Teq, P*=P, PToqP =0. (17)
The last equality in (17) comes from the fact that (vM) = 0 after noticing that

TeqPf(x,0) = vM @) - (Vi (f) (%) + (f) (1) Vi (Peq + V) (1))

The idea of the proof of Theorem 2.3 consists in constructing a new functional J# such that 5 >~ || f ||%, and iden-

tifying some number 6 > 0 with %jf < —0J. Such an inequality can be obtained in the linear framework, see
[13,19]; in our case, however, the inequality will contain remainder terms that can be controlled by assuming c¢ suf-
ficiently large. The new functional is constructed by involving a certain operator A that combines appropriately the
projection P and the transport operator Teq.

Lemma 4.1 (/13]). Define the operator A def (1+ (TeqP)*(TeqP))_l(TeqP)*. Then, we have

e Ran(A) C Ran(P) C Ker(L), so that LA=0and PA = A.
o |Afllm <31 =P)flla and | TeqAfla < (1= P) f | n.

Proof. For the sake of completeness we collect the arguments from [13]. Owing to (17), we can rewrite

A=—(—PT,P) ' PT,.

Let us denote Af = g, thus,

g— PT4Pg=—PTyf (18)

which can be cast as g = P(Tezng — Teq /). It proves g € Ran(P), and thus LA = 0. Furthermore, by using (17), we
get

gl + 1 Teg Pll; = (g — PT Pglg) = —(PTeq f1g)
= (f|Teng) =(1- P)f|Teng) + (Pf|Teng)
=((1 = P)f|TeqPg) +0 < |(1 — P) f | 1[I Teq Pell
= =P+ Cirgpeld.
202 2

It yields (by successively taking o = +/2 and & = 1)

1
1Af e =lglla = 51 = P) Sl
ITeqAf Il = ITeqPAf Il = 1 Teq Pell <10 = P)fllg. O
In contrast to [13,19], here we are dealing with a nonlinear problem. In order to handle the nonlinear terms involving

fluctuations, additional estimates on the adjoint operator A* will be needed. In what follows, we will frequently use
the following simple fact: let x > U (x) be a field depending only on the space variable, then

dx
Peq(X)

/ |vM(v)~U(x)|2ﬂ=/ /v®vM(v)dv Ux)-U(x)
Meg(x, V)

R4 x R4 Rd \R4

=I

2
_ [ IT®OF
Peq(X)
R4
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Lemma 4.2. The following estimates hold for the adjoint operator

d+1 d+2
IVoA* fll < — Ifllu . and WA* flla <4/ — fla

Proof. We have A* = Teq P(1 — PT2 Pyl Letg=( - PT2 P 1 £ sothat A*f = Teq Pg. We already know that

1 2 2 1 2
gl + 1 Teq P8l = 51/

holds since taking the inner product of (I — PT2 qP)g = [ with g yields ||g||2 + ||Teng||2 =(flg) < 2(||f||2
IIgII%J). Next, we compute
TeqPg(x,v) = Teq(M (v)(g)(x)) = vM (v) - U (x),

19)
with U(x) = Vi (g)(x) + Vi (Peq + V) (g) (x).

On the one hand, we observe that

2 2
/I (x)l _/ /Ig(x v)l /M(v)dv dx
Peq(X) M(v) Peq(X)

lg(x, v)I?
< g, v)d dx =llgllF; < 1115

R4 xR4

On the other hand, since ]Rd v ® vM (v)dv =1, it follows that

dvdx

A* 2 — Te P 2 — / M2 U 27
IA* £ 13 = I Teg P8I, Wlv-UOFZ 05

R4 x R4

:/ /U®UM(U)dU U) U

Rd Rd
|U(x)]?
Peq(x)

dx
Peq(x)
1 2
dx < - flg-

R4

Now, we turn to the velocity derivative

VoA* f(x,v) = Vy (Teq Pg) (x, V) = Toq(Vy Pg) (x, v) + V, Pg(x, )
= Teq( — vM (V) (g)(x)) + Vi (M (v)(g) (x))
=([I—v®v)MW)(Vi(g)(x) + Vi(Peq + V){g)(x))
= (]I - ® v)M(v)U(x).
We are thus led to evaluate

dvdx
(Zﬂ)d/zzeq///eq(xa v)

T-—v@)MW)UKX) - I—vQv)M@U(x)

R4 x R4

=/ /(H—v@v)zM(v)dv U(x)-U(x)

Rd \Rd

Peq(X)

=(d+DI
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dx
Peq(x) '

=(d+1)/|U(x)|2
Rd

We conclude that
. d+1
IVyA* £ = (d + DI Teq Pgll% < Tnfn%,.

Finally, we also note that

dvdx

lA* £ 117 = llv Teg Pell 7y = / |vM<v>(v~U(x>)|2m
(& )
R4 xR4 4

= / |v®vM(v)U(x)|2ﬂ
D %eq(xa v)
Ré x

:/ /(v®v)2M(v)dv U(x) U(x)

R4 R4
=(d+2)1
U (x)]? d+2
=<d+2)/ dx = (d + )| TeqPgll3 < —— I fl}. O
g Peq(X) 2
R

Let 0 < n < 1 a suitable parameter to be determined in the sequel and define

ef 1
A ESF I+ nAf1f).

By using Lemma 4.1, we note that

1 1 1
SA=mIf G =7 =S1F 1 +nAf1) = 50+ (20)

Furthermore, recall that (Af|Lf) = (LAf|f) =0 and (Af|Teqf) = (TeqAf | f) since Teq.Meq = 0. Thus, using the
equation for the fluctuation (16) and the fact that time derivative commutes with the operator A we can compute

SAFI) = (AT L)+ ALFLH) + (TegAFLS)
+ (AlVx¢ - Vo (Meg + DI F) + (AfIVed - Vi (Mg + 1))
Thus, we are led to estimate the four terms on the right hand side of the relation
%%:I—HI—HH—HV (21)
with
I=(Lf|f) = n(ATeqPf1f) = (Lf1f) = n(ATeq Pf|PS),

= —n(ATeq(1 = P) f1f) +n(ALFIf) + n(TeqAf1S),
L=+ (A[Vx¢ - Vo F1If) + n(AfIVid - Vi f),

IV=— f vf - Vi dvdx — / qubf-Vv//J;

€q

dvdx

RY x R4 R4 x R4
+ U(A[VX¢ : Vv///eq“f) + n(Af|Vx¢ : Vv//eq)~

On the right hand side of (21), the terms I and II already appear in the linear analysis of [13]. They are handled using
the same arguments as those given in this reference.
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The cornerstone of the proof consists in observing that (Lf|f) — n(ATeqPf|Pf) is the dissipative contribution,
owing to Poincaré’s inequalities. Indeed, on the one hand, there exists E > 0 such that

2
/If(v) (fIM (v)] dv < (f( ))’ M) dv,
M (v) M (v)
R4
see e.g. [2, Cor. 2.18]. We deduce that
Ellf — Pflly < —(LFIP) (22)

On the other hand, by assumption on the external potential V, there exists & > 0 such that the following Poincaré’s
inequality holds

- PFaVE [ |Teq Pf (x, )2

o Meg(x, V) . Meq(x, V)
R4 xR R4 xR

1]

dvdx. (23)

To see this, note that the left hand side in inequality (23) recasts as

o[ MNP :E/| HOP
M(U)peq(x) ;Oeq(x)

]

R4 x R4
For the right hand side in (23) we observe that

dv
M (v)

/|Tequ(x v)| M( M) /|(vM(v) f)(x)+<f)Vx<I>eq(X))|2

Rd
= / v ® v M) dv (Ve (£) () + () Vi (Peq + VIX)) - (Ve £)0) + () Vi (Peg + V) (X))
Rd
= |V ) ) + () Ve (Peq + V)|

Then, the Poincaré inequality (23) writes as

w/| NP /|V )0+ (NVe(@eg + V@[
Peq () Peq(X)

We set u(x) = (f)(x)e@eﬁv)(x)/z, and (23) reduces to the more standard expression

1 1
:f juf?dx < / (192 + 11 (F1V2 (Peq + V)2 = 584 (Peg + 1) ) ) de
Rd Rd
where we recognize a spectral property of the Schrodinger operator associated to the potential %|Vx(q)eq + V)2 -

%AX(CDGq + V). The Poincaré inequality (23) is therefore a consequence of (A2), see [26]. The next step appeals to
the following elementary statement.

Lemma 4.3. Let S be a self-adjoint operator on a Hilbert space H, with dense domain D(S). Assume there exists
A > 0 such that (Sx|x) > 1| &1 holds for any & € D(S). Then, 1 + S is invertible and ((1 + S)~'S&|&) > 1+A €12

Proof. Clearly we have ((1+ $)&[€) > (1 +A)[|£]|*. In particular [|(1+ $)&[ = (1 + A)[|€ ] holds for any & € D(S).
The inequality obviously implies that (1 4 §) is injective. Next, if (1 4+ S)x, — y € H, then ()cn)nEN is a Cauchy
sequence and thus it converges to some x € H. For any & € D(S*), we get (14 S)x,|&) = (x,|(1 + SM)E) — () =
x](14+S%E) = ((1+ S)x|&). Since D(1 + S*) is dense (it contains D(1 + §) provided S is symmetric), this extends

toany & € H. Hence y = (1 4+ S)x and Ran(1 + S) is closed. Finally, let £ € Ran(1 + S)J' =Ran(1 + S)*: for any x €
D(S), we have ((14+S)x|§) =0 = (x|(14+S*)&). Since the domain D(S) is dense, we actually have (x|(1 + S*)§) =0
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for any x € H. Now, we use the fact that S is self-adjoint: § = S* (which means that their domains coincide D(S*) =

D(S) and (1 + S*)& = (1 4+ S)&). Hence, we can use this relation with x = &, together with the coercivity estimate;

it proves that £ = 0. Thus (1 + S) is invertible. Using the coercivity estimate inequality with & = (1 + S)~!¢ proves
1

that its inverse satisfies ||(1 + )71 || < 737+ Now, for any & € D(S), we compute

(1+5)7'SEIE) = (1 + )" A+ 5 — DEE) = EI° — (1 + 5)"'£1%).
The Cauchy—Schwarz inequality leads to

—1 2 —1 1 2 A 2
((L+ 8" S516) = 11517 — &N+ S) éllz(l—m)lléll _—1+A||§||‘ o

We refer the reader to [18] for complete details on the case considered here. To be specific, we shall take S =
(Teq P)*Teq P in the Hilbert space H =Ran(P). By using (17) and (19), we get

Sg(x,v) ==V, (peqvx If)g;))(x) M(v).

eq
For g1 and g» in H, we have (g1]g2) = ((g1)M|{g2) M) and we check that

(g1) ) (82)

Peq ~ Peq

(Sgilg2) = — f Vs - (peq Vi dx. 24)

R4
The Fokker—Planck-like operator g > V, - (pqux p%q) is clearly self-adjoint for the inner product L>(R?, dx/ Peq)
so is S by virtue of (24).
Consequently, using Lemma 4.3 it follows with (23) that

=/
=

AT Pf|Pf) >
(ATeqPfIP)) =2

We keep in mind previous observations for they will be used to estimate the term I. Proceeding as in [13], we obtain

IPfI%. (25)

= 2
W= VCnlIPflull(h=P)fln = I = P)f I + Tcipsiz,. (26)

for a certain constant C > 0. Indeed, Cauchy—Schwarz inequality and Lemma 4.1 already prove that |(Tqu flf )| <
(1 = P)fllall fllg. Next, we remark that

PTeq f(x,0) = M@)(Teq f)(x) = M) Vy - (vf) (x).
Therefore, using integration by parts we obtain

PTeqLf (x,v) = M)V - (Lf)(x) = =M @) Vy - (vf)(x) = = PTeq f(x, v).
Thus, it follows that AL = —A. Using again Lemma 4.1 we deduce that

1
[ALFIO[=[AFIH] = 1A =P fllall flla-
It remains to justify that there exists C; > O such that

[(ATeq(1 = P)FIN| < CillA = P)fllull fllm,

which is the most delicate part of the proof of (26). The boundedness of ATeq(1 — P) can be rephrased in terms of
regularity analysis for the solution u of the elliptic problem

Peqit — Vy + (peqVxlt) = p, Peq = Peq(X).

We need to justify the regularization

2
/|pqu§u| dxfC/|,0|2dx.
R4 R4
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That (A3) allows us to establish this inequality is the object of [13, Section 2, see in particular Prop. 5 and the
comments with assumption (H4.1)]. The constant C in (26) can be estimated as C = (3/2 + C )2.

We are left with the task of estimating the coupling terms III and IV. The following observation is crucial for the
analysis; in particular, it will allow us to make the contribution of the nonlinear terms small. Owing to the linearity of
the wave equation, we can write ¢ = Y1 + s with 17 the solution of the free wave equation with (g, ¥1) as initial
data, namely

(32 — A Y1 =0,

(27)
| =vo. an|_ =,
t=0 t=0
and yg the solution of the wave equation with 0 as initial data and —o2(z)o1 * o(¢, x) as source
(0% — A Ys = —02(2)o1 * 01, x),
(28)
—0, 9 ‘ —0.
wS‘z:o Y1 o
Accordingly, the self-consistent potential ¢ splits into two parts
=1+ s (29)
with
¢1(t, x) = / o1(x —y) (m/ 02(2)Y1(t, y,z)dz | dy (30)
R4 "
and
sstt.0= [ore = (R/Q(Z)I/fs(t,y,z)dz dy. G31)
Rd n
The latter can be rewritten as
t
¢s(t,x) =— / / pt —$)E(x — y)o(s, y)dyds,
0 R4 (32)
1 sin(scl|&|) 2
o= [ G2(6)2ds
@oy )l

where ~ stands for the Fourier transform (see e.g. [28, Chap. I, formula (1.14)]). We can start with the following rough
estimate, which appeals to assumptions (AS5).

Lemma 4.4. The potential can be estimated by using the following properties:
1) Let ¢y be defined by (30) with o and 1 of finite energy:

/ (11 (x, 22 + AV, o (x, 2)[%) dzdx = & < <.
R4 xR"

Then, we have
1
lr(z, x)| < - lotll 2 way o2l 207042 ey 1,

1
Ver(t, 0] =~ 19501 2ty 102 2/ ny v .
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ii) Let o € L*°(0, oo; LY(RYY)) and let ¢s be defined by (32). Then, we have

Iy ITp
sz, x)| < C_ZHZHLOC”Q”LOO(OJ;L](RJ))a IVes(t, x)| < c—2||vx2||L°°||Q||L00(0,;;L1(Rd)),

where

__1 i sin(t|€]) . . 5
nwwhwztg E||@@n@pmﬁaw)

Proof. The solution of (27) satisfies the energy conservation

/ (1t x. 21> + 2|V (t, x, 2)|?) dzdx = &
R4 xR”

Next, we use Holder inequality together with the Sobolev inequality to estimate

(n+2)/2n (n—2)/2n
WMJNS‘/M&WW”D fmu—w /WWJJWMWD dy
n R4 n
(n+2)/2n 1/2
S‘ﬁmwﬁmﬂ) fmu—w /WmmeF dy
n R4 n
12
=< ||(72||L2n/(n+2)(Rn)||<71||L2(]Rd) / |VZ1//1(t,y,z)|2dz dy

R4 xR"
1
= - llo2ll L20/@+2 ey lo1 1| 12 Ry V 4.

We proceed similarly to estimate V,¢r.
The estimate on ¢g is immediate once it is known that # — p(t) € L'((0, 00)), with norm proportional to 1/ 2.
The claim is the object of [8, Lemma 4.4]. For the sake of completeness we sketch the proof in Appendix C. O

Let us proceed to control the nonlinear terms in the entropy estimate starting with term III.

e Owing to Lemma 4.1, we have Af(x,v) = PAf(x,v) = (Af)(x)M(v). Hence the product (Af|Vx¢ . Vuf)
vanishes since it can be cast as
/ (AfYX)M)Vig(x) - Vy f(x, ) dv dx
Meg(x, V)

R4 x R4

dx
Peq(X) ’

=/<Af>(X)Vx¢(X)~ /Vuf(x,v)dv
R4 R4
e Next, duality implies that
(ALV2o - Vo F11f) = = (fVad Vo A* f) = (f VxglvA* f).

Thus, invoking Lemma 4.2, it is concluded that

d+1 d+2
(F901v0a" 1) = (| =+ S ) IV
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Coming back to the estimates in Lemma 4.4, we conclude

IVeotll2waylloall p2n/min@nyV/El 2mIo ||V Sy [d+1  [d+2 5
= c 2 ([T T2

We continue now with the control of the term IV. Observe that PA = A and P (v .#q) = 0 imply (A fIVid-v ///eq) =
(PAf|Vx¢ ) ///eq) = 0. Thus, the last term in IV vanishes

(AFIVs - Volleg) = (A Vi - v Meq) =0.
Additionally, we can use Lemma 4.2 to obtain

[(A[Vi6 - Vollegl| )| = [(MeqVih| Vo A* [ +vA* [)]

d+1 d+2
I el (| =+ ) I
d+1 d+2
I teq¥eln (| S+ )1 (33)

1/2

d+1 d+2
[ vt ofoamar| (S5 +S50)1n
R4

Let us postpone for a moment the estimation of this last quantity and instead consider the integrals

IA

IA

IA

- / of - Ve dvdx — f Vx¢f~VU2 dv dx. (34)

eq
R4 xR4 R4 x R4

Note that they are associated to the energy exchanges, since their sum (34) can be shown to be equal to

d 1d
T / fedvdr 42— / (0,1 + Ve ) dzdr.
R4 x R4 R4 xR"

The Cauchy—Schwarz inequality permits us to evaluate

‘ / vf-Vx¢>dvdx‘= /qubw\/%ﬁdvdx‘

Rd xR4 R4 x R4
1/2

[ 1ol | [uwan | prax| sl )
R4

R4

IA

172

f Vet 0 pegrdx | 1f s
R4

IA

The second contribution in (34) can be estimated using the entropy dissipation. Indeed, note that

win=- | ]vu(///ieq)f//feqdvdm— / ’Vuf+vf‘2cZ/j:~

R4 x R4 R4 x R4

Therefore, using the Cauchy—Schwarz inequality and Lemma 4.4 we are led to

| / Vx(ﬁf.vv//lieqdvdx’:’ / vx¢\/j//_m_v%f

R4 xR4 R4 xR4

< IVadlirll fllav =L

dvdx(
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IVeoill 2wy llo2ll 2n/arn @y V61 2mIdg|| Vi 2| oo
= ( - e e [V PN

c c?

||Vx01||L2(Rd)||U2||L2n/<"+2J(R")Vgl 2mITo|| Vi Xl Loo\2 2
+ ) s

< lL l
<3N +5(

In (33) and (35), we need to estimate f ///eq|VX¢|2 dvdx. Lemma 4.4 tells us that this quantity is uniformly bounded,
but we need a more refined estimate that takes into account the finite speed of wave propagation. To this end, from
now on, we restrict to the specific case n = 3.

Cc

Lemma 4.5. We assume n =3 and supp(o2) C B(0, R>).

i) We suppose that (A7) is fulfilled. Let ¢1 be defined by (32). Then, there exists T', So > 0, that depends on the
assumptions on (Yo, Y1) (but that does not depend on ¢ > co) such that

[Vii(t, x)| < T 1icr<s503(2).
ii) Let o € L*°(0, oo; Ll(Rd)) and let ¢s be defined by (32). For 0 <t < T < oo, we set
7(t) = max{0,r — 2R, /c}.

Then, we have
A
[Vxgs(t, x)| < c—2||Vx2||L°°||Q||Loo(f(t),z;Ll(Rd))-
Proof. We use Kirchhoff’s formula, see e.g. [15, Eq. (22), Chapter 2.4, p. 73], for the solution of (27)

1
Yi(t, x,z) = m [ (t v (x, )+ Yo(x, )+ V. ¥o(x, - - z)) ds(z)

t
|z—2|=ct

with dS the Lebesgue measure on the sphere. We use the support assumption (A7) as follows. Observe that ¥ (¢, x, z),
as a function of z € R3, is supported in the annulus

[zeR% ¢t — Ry <|z| <ct + Ri}.

Accordingly, the product (¢, x, z)o2(z) vanishes for
ct > Ri+ Ry & 5y € (0, 00).

Then, by using the Cauchy—Schwarz inequality, we get

12
2
|Vx¢l(t»x)| 5||Vx01||L2(]Rd)||f72||L2(R3)<//|Wl(l,y,z)| dZd)’) Licr<sp)-
R4 R3

Next, for estimating the L?-norm of 1, we use the Cauchy—Schwarz inequality again

1 2 2
|1/f1(l,x,z)|2§<m) /dS(Z/) / (Hﬁl(x,z—z’)—i—wo(x,z—z’)—i-Vzwo(x,z—z’)~Z’) ds(z’)

1 [=et [=ct

2
<22 [ (P ol + Vel .2 = 25,

472212
|7/ |=ct
We integrate over x, z and we obtain

dS(z")
4722

[ [wexoraa=sacaronr [ [ [ (0Pl + vl ez -

R4 R3 |Z/|:Cl‘ R4 R3

=30+ (14D (191 B gty + W02 gy + 1V 220 55, )
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Furthermore, since z — o(x, z) is compactly supported in the ball B(0, Ry), we can apply the Poincaré estimate
1o (x, )||L2(R3) < C(RD|V:¥o(x, )||L2(R3) and finally we conclude that

|Ver(t, x)| <314+ C(RD)E (14 (14 D) [ Vro1 |l 2wy 1021l 123 Lier<so)
1
= V30 +CR)G (1+ So(5 +1))

|Vyol ||L2(Rd)||(72||L2(R3) Lier<sp)

holds since ¢ > cg.
Similarly, the solution of (28) is given by (see [15, Eq. (44), Chapter 2.4, p. 82])

/ Gz(z’)cn*Q(t—lz—z/l/c,x)d/

|z — 2|

1//s(t,x,z)=4—

|z—7|Zct

The product 05(z)02(z") does not vanish as long as max{|z|, |z/|} < R», which implies |z — z’| <2R;. As a conse-
quence, when the product 02(z)¥s (¢, x, z) does not vanish only the values of the density o(s, -) for 7(t) <s <t are
relevant. More precisely, coming back to (31), we get

/ 02(2) 02(2)

1
Vs (2, %) =|C—2 V.S kot — |z — 2]/, x) dZ dz

4|z — 7|
|z—7/|<ct
Ve Zl oo (ra 02(2)02(2)
< DEEED o, / 2@7@) 41y,
c2 r(t)flsjft LI(RY) 4|z — 7|

R3xR3

A
SC—ZHVxE”LOO(Rd) sup [lo(s, M p1(wrey,

T(t)<s<t

where we used for the last integral that (—A ;)Y = o3, so that

/
/ Mdz’dz=f02sz=/(—AZ)Tsz=/|VZT|2dz=A. O
4|z — 7|

R3 xR3 R3 R3 R3

Finally, with Lemma 4.5, we are able to estimate (33) and (35). Indeed, we shall use the obvious inequality

/l@ldxf 'f' T At < RS
Rd

R4 de

We arrive at (mind the condition ¢ > ¢p)

1 0 i
V] < —E(Lflf) + 2 Sup I G, MF + Tl Ler<so)

T(t)<s<t

where we have set

df d+ d+
< ,/ +./—= Am||v T oo rey

2mIIo ||V 2||Loc(JRd))

(nv o1l 2 gy lo2 l ors v/ +

(el )

Gathering the information all together it is concluded that

€0

and
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d 1 &
E%”S S (LI = n(ATeq PFIPS) + (1 — P)fll% +

2
U 0 =
+ G CIPAIP + = sup L7,y + Dl er=so)

T(t)<s<t

holds with

0= —Q + 1(IV:01 1 2ae o265 2y V6

Poincaré inequalities, see (22) and (25), allow us to obtain

\/ﬁ F
o (1_nC( +”’)) 0

ey IIPf||H+? sup £ (s, Iz + Tl i Lier<so)-

T(t)<s<t

d ©
S <210 -P)fI3 -
7= 2||( A V] =

DD

Choosing 7 sufficiently small (0 < 1 < min {1, chrE ). we can use (20) to define 6 = 6(n) > 0 such that

0
—%”(l)< =200 £, N5+ = sup G, % +TIflalc=sy
T(t)<s<t
, 0 r
< =200 f(t. )+~ sup G +01F1F + —Lic=sy)
C t(r)<s<t
20 0 2
< —m%(f) +—= sup | f(s, )”H 1{ct<So}

T(t)<s<t

This last inequality is equivalent to

d 6 0 ot r2
S(A0) == sup f GG+ e ez,
dr c T(1)<s<t

where we have set 6 = 120 We integrate over 0 < < t and we make use of (20) again to obtain

N 6 2 ot I_Q
—— e f(m Iy <" H () < 0)+ —

— T
- Q —
. e+ 2 / & sup (0. ds.
0

T(s)<o<s

Setting
def )
M) = sup | f(s, )%,
0<s<t

we are led to
1 r2 5 [
My < #0) + — (9500 — 1) + Q / 2R/ pp(s) ds.
2 400 c

Gronwall lemma readily implies that the estimate

el = 2 (0 e ) (532500

holds. This completes the proof of Theorem 2.3. O

Remark 4.6. The main argument in Lemma 4.5 relies on the evaluation of the support of the solution of the wave
equation by means of Huygens’ principle. The analysis can be extended to odd space dimensions n > 3, at the price of
more intricate formulae for ¥ and ¥, see [15, Eq. (31), Chapter 2.4, p. 77]. Details are left to the reader. Arguments
that make the case n = 3 particularly relevant on physical grounds are presented in [6].
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Appendix A. Linearized stability for the dissipationless model

By construction .#eq(x, v) is still a solution of the Vlasov-Wave equation (1)—(2) in the case where y = 0. Let us
consider the linearized problem

(al + Teq)f = Vx(p . Vu%eq = _U%eq . de),

(1, x) = o1 % ([R/ (W, 2)dz | (),
, (A1)
(02 — AV (t,x,2) = —02(2) / o1(x —y) f(t,y,v)dvdy.
R4 x R4

The linear stability can be established by adapting the reasoning in [3] for the gravitational Vlasov—Poisson system.

Theorem A.1. We suppose n > 3. There exists c1 > co > 0 such that the following assertion holds true for any ¢ > cy:
for any € > 0, there exists n > 0 such that if the initial data for (A.1) satisfies

£, I E + 1090, M L2wexrey + NVl (0, )l L2wn xrey <1
then, for the solution of (A.1) we have || f(t, )|y <e.

Proof. We check that

2
d f1 / EAUEZL)) N / b (t,x) £t x, v)dvdx

E 2 '%Cq(xvv)
R4 x R4 R4 x R4
1
) / (18,917 + Vo) (7, x, 2) dzdx § =0.
R4 xR”

By using the Sobolev embedding, see [23, Th. 8.3] we can estimate the contribution of the potential energy as follows

‘ / ¢fdvdx‘§||f(f»')||Ll||¢(l,')||L°°(Rd)

R4 xR4

- n=2)/n  \1/2
<A 011 2 ol s / ( / piex o o2a:) " ax)

RI R
< If @ I alonllzzwayllozll 2o @IV (@, )l L2 @d ey

1 2 2 2 2
= 1l + ( ) VA gy

Coming back to the energy conservation, we are led to the inequalities

o1l 2way o2l L20/m+2) ey

Cc
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1 |/, x, 0 1 f 2
- 2 7 dudx 4 - Oy (t,x,z)|"dzd
4 f Mgty T2 b
R xRd R4 xR"
1 ot 2geaylloall awon @y \ 2y 5 2
+<§_ - )c f Ve (2, x, )" dz dx

R4 xR"

2
f% / Mdvd)(+ / (f)(t’x) f(t,x,v)dvdx

f//eq(xsv)
R4 x R4 R4 x R4
1
+3 f (180 2 + 21929 ) (¢, x, 2) dz d
R4 xR”

2
S% / Mdvdx+ / #(0,x) £(0,x,v)dvdx

%eq(xsv)
R4 xR4 R xRd
1
ts f (1092 + 2V 1?) (0, x, 2) dz dx
R4 xR
3 |£(0,x,v)[? 1 / ,
=32 oy dvde 4o 3 (0, x,v)|*dzdx
=3 [ Uiy [ mvorore
R4 x R4 R4 xRn
1 ”U] ” 2(R4 ”02” 2n/(n+2) (ony \ 2
+(§+< L2(RY) - L0/t (R)) )c2 / V. PO, x. 2) de d.
Rd xR"

This estimate allows us to conclude by choosing c; = V201l lL2ray o2l p2n/@d gy O
Appendix B. A compactness lemma
In Section 3.3, we made use of the following claim.

Lemma B.1. Let (”")neN be a sequence defined on (0, T) x RN such that:

i)  We can find a non-decreasing function w : (0, 00) — (0, 00) such that

T
sup/ / lun(t, x +h) —u, (¢, x)|dxdt <w(lh|) —— 0,
n |h|—0
0 RN
ll) 8;1/[,1 = Z B;‘g,(la), with sup ||g£la)||L1((0,T)><RN) =M < 0.
n,o

|| <k

Then, (un)nEN is relatively compact in Ll ((0,7) xRM).

loc

Proof. Let ({ 8 ) s=0 be a sequence of mollifiers:

0<cl(x) <1, /;é(x)dx =1, supp(¢®) C B(0,$).

We set ud (t,x) = [ £8(x — Y)un(t, y)dy = [ 2 ()un(t, x — y)dy. Owing to i), we get
T T

//|M2(t,x)—un(t,x)ldxdlffé“&(y) /f|u,,(t,x—y)—u,,(t,x)|dxdt dy <w ().

0 RN 0 RN
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In other words ufl converges in L' ((0, T) x RY) as 8 — 0, uniformly with respect to n. We are going to conclude by
showing the compactness in Llloc((O, T) x RN) of the family {ufl, n € N}, for § > 0 fixed. It is clear that
T
sup/ f u (t, x +h) — u’(t, x)|dx dt —— 0
n [|—0
0 RN

holds. Next, we observe that (possibly extending the functions by 0 out of (0, T'))

T T t+t
//|ufl(t+t,x)—ui(t,x)|dxdt:// /{‘S(x—y) /8,u,,(s,y)ds dy| dxdr
0 RN 0 RN t

T 4t
Z// Z//(B“{‘S)(x—y) g\ (s, y)dsdy| dxdr
0 gy lel=k™ %
T t+1

< kI8 lyroo //Ig,(f)(s,y)ldsdydtsCt.
0 ¢t

The conclusion follows by virtue of the Kolmogorov—Riesz—Fréchet criterion [16, Th. 7.56]. O
Appendix C. Proof of Lemma 4.4

Let us set

L [snakD, o
= d§.
1= o [ T E P

]R)’l
The Lebesgue theorem tells us that 7 — ¢ () is continuous on [0, 00). Since o5 is radially symmetric, we have

s L
q(t) = o sin(rr)r" 2|55 (rep) | dr
0
|S"1| oocos(tr) d 5~ )
- < [r"_ 53 (re)| ]dr
2m)" t dr
0
|S"— 1 oosin(tr) o, 5
=G | o m[r Barenl?] .

0
Therefore, g is integrable as a consequence of the following estimate

K : |Sn_l| i d2 n—2 = 2
g0l with K=o0 [0 [r 163 (re))| ] dr < oo.
0

Note added to the proof

Since the completion of this work, we learnt that a similar analysis has been performed for the Vlasov—Poisson—
Fokker—Planck system by F. Hérau and L. Thomann. The result of [20] has the same flavor, namely the existence-
uniqueness of a normalized equilibrium state, obtained as a solution of a nonlinear integro-differential equation
(Poisson-Emden equation), and the asymptotic trend to equilibrium, with an exponential rate. The approach is also
perturbative, in the sense that the results hold provided the coupling parameter in the Poisson equation is small enough.
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