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Abstract

We prove, under the exterior geometric control condition, the Kato smoothing effect for solutions of an inhomogeneous and
damped Schrodinger equation on exterior domains.
© 2017 Elsevier Masson SAS. All rights reserved.
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1. Introduction and results

This paper is devoted to the study of a smoothing effect for a damped Schrodinger equation on exterior domain. In
order to formulate the results, we shall begin by recalling some results for Schrodinger equation linking the regularity
of solutions and the geometry of domain where these equations are posed.

It is well known that the free Schrodinger equation enjoys the property of the 4’°° smoothing effect, which can be
described as follows: For any distribution u#o of compact support, the solution of the Cauchy problem

(9, +A)u=0inR x R4
Uj=0 = Uo

is infinitely differentiable with respect to 7 and x when 7 % 0 and x € R?.
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Another type of smoothing effect says that if ug € L?(R¢) then the solution of the Schrédinger equation satisfies
the Kato %—smoothing effect (H'/2-smoothing effect):

/ H A4y,

This property of gain of regularity has been first observed in the case of R in the works of Constantin-Saut [12],
Sjolin [32] and Vega [34] and it has been extended locally in time to variable coefficient operators with non-trapping
metric by Doi [14,16].

In the case of domains with boundary Burq, Gérard and Tzvetkov [11] proved a local smoothing estimate for
exp(itA) in the exterior domains with non-trapping assumption. Using the 7'T* argument, the proof of the smoothing
effect with respect to initial data in [11] is reduced to the non-homogeneous bound which, by performing Fourier
transform in time, can be deduced from the bounds on the cut-off resolvent:

|2, = Cllwollfz. s > 172

Ix(A2 = A) Tyl 2n 2 <C, VA L.

The resolvent bound, for which the non-trapping assumption plays a crucial role, is proven for [A| >> 1 in greater
generality by Lax—Phillips [22], Melrose—Sjostrand [25,26], Vainberg [33] and Vazy—Zworski [36]

The Kato effect has been extended by Robbiano and Zuily in [31] to variable coefficients operators with unbounded
potential in exterior domains with non-trapping metric. The proof of their result is reduced to an estimate localized
in frequency which has been established by contradiction using in a crucial way the semiclassical defect measure
introduced by P. Gerard [ 18] (see also [23]). The use of the microlocal defect measure to prove an estimate by contra-
diction method (Wilcox [37]) goes back to Lebeau [23]. This idea has been followed with success by several authors
(see Burq [8—10], Aloui and Khenissi [3,4,21]).

In [10], Burq proved that the non-trapping condition is necessary for the H'/2 smoothing effect and showed, in the
case of several convex obstacles satisfying certain assumptions, the smoothing effect with an & > 0 loss:

||XM||L2 H2—2(Q)) = C||”0||L2(Q)a

where yx is compactly supported.

On the other hand, the non-trapping assumption is also equivalent to the uniform decay of the local energy for
the wave equation (see [7,20,22,27,29,24]). For the trapping domains, when no such decay is hoped, the idea of
stabilization for the wave equation is to add a dissipative term to the equation to force the energy of the solution
to decrease uniformly. There is a large literature on the problem of stabilization of wave equation. In the case of
bounded domains, we quote essentially the work of J. Rauch and M. Taylor [30] and the one of C. Bardos, G. Lebeau
and J. Rauch [6] who introduced and developed the geometric control condition (GCC). This condition that asserts,
roughly speaking, that every ray of geometric optics enters the region where the damping term is effective in a uniform
time, turns out to be almost necessary and sufficient for the uniform exponential decay of waves. In [3], Aloui and
Khenissi introduced the Exterior Geometric control condition (see below Definition 1.1) and hence extended the result
of [6] to the case of exterior domains (see also [4,28]).

Recently, by analogy with the stabilization problem the first author [1,2] has introduced the forced smoothing effect
for Schrodinger equation in bounded domains; it consists in acting on the equation to produce some smoothing effects.
More precisely he considered the following equation

9, — Apu+ia(x)(—Ap)2a(x)u =0 in ]0, +00) x 2,
u(0,) = f in Q, (1.1)
ulr+xaq =0,

where 2 is a bounded domain and A p is the Dirichlet-Laplace operator on 2.

For Schrodinger equation, Aloui and Khenissi [3] used ia instead of ia(—A)™"/“a to prove the stabilization result
in exterior domain. We quote also the work of Dehman Gérard, Lebeau [13] who stabilized the non-linear equation by
adding the term ia(—A)~'aD;. In these both works the damping is of order O (the principal part of equation suggests
to count with the same weight D, and A) and is too weak to obtain smoothing effect.

1/2
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Using the strategy of [11], Aloui [2] proved the following smoothing effect:
”v”Lz([s,T],Hngl(Q)) =c ”vO”Hg(Q) > (1.2)

where 0 <& < T < oo and vg € H7;(R2) (see [2] for the definition of HJ).

By iteration of the last result, Aloui deduced also a °°-smoothing effect for the regularized Schrodinger equation
(1.1). Recently, Aloui, Khenissi and Vodev [5] have proved that the Geometric control condition is not necessary to
obtain the forced 6°°-smoothing effect.

On the other hand, using the arguments of [11], we can prove, for the equation (1.1) in exterior domains, the cut-off
resolvent bound, which is sufficient to deduce the non-homogeneous bound. But, unfortunately, the generator operator
Ap —ia(x)(—A D)%a(x) is not self-adjoint and then the 7'7T* argument fails. For this reason, we can not prove (with
this strategy) the weak Kato smoothing effect (1.2) for exterior domains.

The question now is the following:

Can we establish the Kato smoothing effect for the regularized Schrodinger equation (1.1) for which the Geometric
Control Condition is necessary? And if so, does this result still hold for exterior problems?

In this paper, we give an affirmative answer. Indeed, under the Exterior Geometric Control condition, we prove the
Kato smoothing effect and the non-homogeneous bound for the regularized Schrodinger equation in exterior domains.
Notice that the case of bounded domains can be treated by the same method.

Our approach for deriving such results is to combine the strategies of Robbiano—Zuily in [31] and Aloui—Khenissi
in [3,21].

In order to state our results, we give several notations and assumptions.

Let K be a compact obstacle in R? whose complement € an open set with %> boundary 92 and P be a second-
order differential operator of the form

d
P=73" D0 Dy+V(),  Dj=——, (13)
jik=1

where coefficients b/% and V are assumed to be in €°°(R?), real valued, and b/* = b/ 1 < Jj. k<d.

Throughout this paper, (x) := (1 + |x|2)% and we denote by Sq(M, g) the Hormander’s class of symbols if M is a
weight and the metric

dx? N dg?
§="5T 3"
(X)* (&7
We shall denote by p the principal symbol of P, namely

d

p(x,&) =Y gk,

Jk=1

and we assume that

3c¢>0:px,€)>clé)?, forxinRY and £ in RY, (1.4)
(i) b*eSal,g), Vib/ () =o(gp), Ix|— 400, 1<, k=d.

1.5
i)y Ve ng(()c)2 ,8), V= —Cy for some positive constant Cy. (1)

Under the assumptions (1.4) and (1.5), the operator Pis essentially self-adjoint on 4;;°(£2) and we denote by P its
self-adjoint extension.
Now we set

A=((1+Cold+ P)'/?

which is well defined by functional calculus of self-adjoint positive operators.
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We consider the following regularized Schrodinger equation

(Dt + P)u —iaAau = f in 0, 400) x Q

u=0on[0,+00) x L2, (1.6)
U|r=0 = Uo,

where (uo, f) € 65°(2) x 65°(]0, +00) x ) and a € 6;° ().
Let’s recall the Exterior Geometric Control (E.G.C.) condition [3]

Definition 1.1 (E.G.C.). Let R > 0 be such that K C Bg = {|x| < R} and w be a subset of 2. We say that w ver-
ifies the Exterior Geometric Control condition on Bg (E.G.C.) if there exists Tg > 0 such that every generalized
bicharacteristic y starting from Bg at time ¢ = 0, is such that:

o y leaves R™ x By before the time Tk, or
e y meets RT x w between the times 0 and T.

We assume also that the bicharacteristics have no contact of infinite order with the boundary (see, for a precise
statement, Definition 2.11).
Under this condition on w = {x € €, a*(x) > 0}, we can state our main result.

Theorem 1.2. Let T > 0, € (—1/2,1/2) and s € (1/2,1]. Let P defined by (1.3) satisfying the assumptions (1.4)
and (1.5). Then under, the E.G.C on w one can find a positive constant C(T, «, s) = C such that

T
/ H ACH2 0y =5y,
0

2
dr| 1.7

2
L2(R)

T
di+ sup [|A%u@)]2s 0. <C | 11A%0]2 —I—/HA"‘_I/Z()C)‘Y ‘
2ot T o L2(@) L2(Q) ) f

forall ug in 65°(S2), f in €5° (2 x R™T), where u denotes the solution of (1.6).

Working with u = ! d+C0, one may assume V > 1in (1.5) and A = P1/2_ which will be assumed in the sequel.
It turns into the following equation

(D; + P)u—iaP'"?au = f in [0, +00) x Q

u=00on][0,00) x 9%, (1.8)
Ujr=0 = UQ,
where P > 1.

Remarks 1.3.

1. When the obstacle is nontrapping, we obtain the result of Robbiano and Zuily [31] by taking a(x) = 0 and
moreover, we improve their result to non-homogeneous bound.

2. If we consider the equation in a bounded domain €2 of R, and replace the exterior geometric condition (E.G.C)
by the classical microlocal condition of Bardos—-Lebeau—Rauch [6], we can still prove the Kato effect and then
we improve the result of Aloui [2].

3. If there is a trapped ray which does not intersect the regularized region, due to Burq [10], the Kato effect does not
hold. In this context, our result is thus optimal.

4. Tt is well known that (1.7) is not true for s = 1/2 (see [35] for optimality). The range of « is only technical and
could be improved by commutation between A? and (x)** for an adapted 8. But the commutator is not so easy
to estimate (see for instance Lemma A.8).

The rest of the paper is organized as follows: Section 2 is devoted to the proof of Theorem 1.2 while in the
Appendix A we shall prove some Lemmata used in Section 2.
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2. Proofs

Let’s describe the strategy of the proof of Theorem 1.2. In a first step, we reduce the estimate (1.7) to an analogue
one localized in frequencies. By following a contradiction argument, we can construct an adapted microlocal defect
measure. Our aim in the rest of the proof is to obtain a contradiction on this measure. First, we prove that this measure
is not identically null. Next, we show that it is null on incoming set and on {a” > 0}. Finally, using the geometrical
assumption (E.G.C.) and that the support of this measure is propagated along the generalized flow, we conclude that
the measure is identically null. This gives the contradiction.

2.1. Reduction to an estimate localized in frequency

We recall the Paley-Littlewood decomposition. Let @ € %000([0, +00)) be a decreasing function such that
d(s)=1if s <1/2, O(s)=0 if s> 1.
Let ¥ (s) = d41s) — d(s), Y(s)=0ifs <1/2o0rs>4,0<1vy <1.Fors >0 we have

+00

I=®(s)+ Y _y@"s),

n=0

and using P > 1, we have

+oo
u=Yy Y@ "Pu.

n=0
For support reason
V@)@ k) =0if |k —n| > 2,

thus there exists C > 0 such that for all u € L2(2),

+o00
Il 2y < C Y IV E " Pl o) < Cllulf g
n=0

In the sequel we denote by h, =27" and u, =u;, = w(h,zzP)u.
If u satisfies

Dyu+ Pu—iaP'"*(au) = f, 2.1)
thus u,, is a solution of the following semi-classical Schrodinger equation:

h2(D; + P)u, — ihya(h? P)?(auy) = hpgn, (2.2)
where

8n = gn, =ha ¥ (hy P) f + il (hy P), al(hy P)'/*(au) + ia(h}, P)'/* [y (hy P), alu. (2.3)

Proposition 2.1. Let s € (1/2,1], T > 0and a € (—1/2, 1/2). Assume there exists C > 0 such that for u, = w(hﬁP)u
satisfying (2.2), we have, for all n > 1

100 ™ un 12240, 71 + P Sup. ltn (D)72) < C (h et )72, + ||<x>xgn||iz([mxm) : 2.4)

then there exists C' > 0 such that for all u satisfying (2.1) we have

1P 0wl 0 rpxy + 5P IPY U35,
’ te[0,T] (25)

= € (1P Pu @) g + 1P I 1y )
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Proof. We multiply (2.4) by h,; 2¢=1 and we sum over n € N, we obtain,

2T T o gy + D P sup ””"(t)”LZ(Q)

neN neN 1€l0.T

<C (Z By 2 un )72y + D 1 <x>sgn||iz(m]xm) :

neN neN

Now, let us estimate each term appearing in inequality (2.5). We have,

sup ([P 2u®)llF2qy < C sup Y WU PYPu@®)ll}s g

t€[0,T] 1€l0,T1 2N
<C sup Y Wohy Pu(®)l} g, where yo(o) = 0“9 (o)
te[()T]nGN
<C> n* sup ||w<h2P>u(z>||L2(Q)
neN t€[0,

We have also with ¥ (o) = /2t 1/4y (o),

P2V w2 g0 r1esy < € D I PY) a0 100
neN

<CY h TN Y Pl oo 7yxgy (B Lemma A.8)
neN

<CY h ) ug ||i2([o,T]xQ)'
neN

Now we can estimate, with ¥ (o) = 0 ~%/2y (o),

D N O) 726y < € - 120k PYP 21O g,

neN neN

< CIIPu(0)]72 -

The term g, contains three terms (see (2.3)). For the first, we have, with ¥3(0) = o~e/2+Y 41#(0),

Do Y B P a0 pieay < 2 T IV B YO F1 20,71k

neN neN
<CY sty PYPP 400 Il 0. r1en
neN

< CIP*" V5 FllTa 07150

For the second and the third terms of g, we can apply the Lemmata A.9 and A.11, to obtain with (2.10),

—2a—1 a/2—1/4; \s £2 a2, 112
D o gall a0 ey < CIP " F72q0.71xe + CIP2ull 2 40.71x 0y
neN

Then following (2.6) (2.7), (2.8), (2.9) and (2.11), we obtain

| P24 ()= M||L2([0Tx§2)+ Sup ”Paﬂ”(t)”Lz(Q)

1€[0,T]

+ ||P(X/271/4<x \)

/2 2 K 2 a/2.112
S C (”P M(O)HLZ f”LZ([O,T]XQ) + ”P u”LZ([O,T]XQ)) .

()

By Gronwall’s Lemma, we can remove the last term in the previous inequality and we obtain (2.5).

(2.6)

Q2.7)

2.8)

(2.9)

(2.10)

@2.11)
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2.2. Construction of microlocal defect measure

In this section we will prove the localized frequency estimate (2.4) by a contradiction argument and using microlo-
cal defect measure.
More precisely, let uj, solution of

h*(D; + P)uy, — iha(h>P)'?(aup) = hg,. (2.12)
We will prove by contradiction the following estimate,
16 " unllZ 2 0,795y T 1 Sup lun D172y < ChIunO) 172y + CIE &hl17 240, 79x 0y (2.13)

Assuming it is false. Taking C = k € N, we deduce sequences hy . — 0, ug =up (0) € LZ(Q) and gr = gp, €
—+00

L2(2) such that,

S oo (2.14)

—+00

2 2
P Hug‘ L2(R) k> 400 0. [[tx)" g ”Lz([o,T]xQ) X

We normalize by the left term in (2.13), thus
1) ™ k| oo 7y + e SUD N O1256) =1,
1€[0,T]
where, for simplicity, we have denoted u;, = uy. By the Lemma A.1 we have

hie sup lug(0)]? — 0, (2.15)
1€[0,T] L) ks hog

then

)™ e ”iZ([QT] L. (2.16)

—
X2 s too

The sequence (uy) is bounded in leoc Ry, LIZOC(Q)). Indeed, for R > 0, there exists ¢ > 0 such that (x)’zs >c, Vx e
B(0, R) and then we have

T T
1 , 1

/ / lug)?drdx < —/ / ()72 |ug|Pdtdx < —. (2.17)
C C

0 QNBg 0 QNBg
We set

{ wi = lou(t)

(2.18)
Wk = I[O’T]U)k.

It follows from (2.17) that the sequence (W) is bounded in L2(R;, LIZU . (RY)).

We associate to a symbol b =b(x,1,&,7) € <KOOO(T*R‘”I) the semiclassical pseudo-differential operator (pdo) by
the formula

Opb)(y,s,hDy, th,)v(x, 1) = W // ei(%"”%r)(p(y)b(x, t,&, t)v(y,s)dydsdédr,

where ¢ € 6;° (R?) is equal to one on a neighborhood of the x-projection of the support of b. As in [31] we can
associate to (Wy) a semi-classical measure p. More precisely,

Proposition 2.2. There exists a subsequence (Wy(y) and a Radon measure p on T*RAHL such that for every b €
CKOOO(T*R‘I""I) one has

. 2 _
kilfjloo (017(17) (x, t, N (k) Dy s hg(k)Dt) Wo ) Wcr(k)>L2(Rd+l) ={u,b).
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We prove first that the measure w satisfies the following property.

Proposition 2.3. The support of  is contained in the characteristic set of the operator D; + P

Y={(x,1,&1)eT* R :xeQ,1€[0,T]and T + p(x,€) =0}.

Proof. According to (2.18), it is obvious that

suppp C {(x,1,&, 1) e TR 1 x € Q, 1 €10, T1}.

(2.19)

Therefore it remains to show that if mg = (xo, 9, &, 7o) With xg € Q, 19 € [0, T], and 79 + p(xo0, &) # 0 then m ¢

supp w. For simplicity, we shall denote the sequence W, ) by W.

Case 1. Assume that xq € 2.

Let & > 0 be such that B(xo, &) C 2, ¢ € 65°(B(x0,€)), ¢ =1 0on B(xo, 5) and ¢ € 65°(2), ¢ = 1 on supp¢. Let
be %OOO(Rf X ]Rg) such that 7, suppb C B(xo, 5) and x € 65°(R; x R;). Recall that we have Wy = 110,71 1quk and

that (uy) is bounded sequence in L2([0, T, L? (S2)). We set

loc

I = (b(x, hic D) x (¢, D)@ (Dy + P (x, D) Wi, GW) 12 g1
Asin [31] we have

k—lir-il-loo Iy = (. (t + p)bx).
On the other hand, since we have

hi(Dy + P(x, Do))ug = hria(hg P)'auy + hige.
and ¢ € 65°(Q2),

@(hg Dy + hg P (x, D)) Wi = p(ihga(hi P)'aug + higi) + hioui (08,0 — hjui(T)8;=1).
Then I is a sum of four terms,

L=+ R+ 13+ 1,

I} = ihy (b(x, b Dy) X (&, hi Dp)p(x)a(hi P)' Paur, §Wi) 2 a1y

I = hie (b(x, hiDx) x (t, hg Dp)@(x) gk, W) 2 ga-+1)

I} = (b(x, i D) x (1, B D)y (x)ux (0)81=0, $Wi) 12 a1

I} =—(b(x, he Dy) x (t, hg D)o ()i (T)8i—1, GWi) 12(ga-+1)-
For the first term Ikl, we use the Lemma A.6, we have,

2

2
2 py1/2 2 2
|2 Py Py oy < CHE I I gy + Clatils g

and we deduce,

I < c(hi sup Nugll?yon + R sup llugl?sq)-
t€[0,7T] L tel0,T] LA

Then we obtain, that / kl goes to zero by (2.15). For the second term 2,

‘11{2) < hg ||gk||L2([0,T],B(x0,g)) ||¢Wk||L2(Rd+I)

= Chy ” (x)* gk ||L2([0,T]><SZ) ” ()™ g ||L2([O,T]><S2) :
Using (2.14) and (2.16), we deduce that

lim 12 =0.
k— 00

(2.20)

2.21)

(2.22)

(2.23)

(2.24)
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The third and fourth terms in (2.21) have the following form,

i = (b DX (1 D)@y ($)o1=s. GW) |, o s =0or T

Since (¢ W) is bounded in LZ(R‘H‘I), we see that

2 2

|Jk|2 S c ||b¢wk(s)||L2(Rd)

1220, 12 D)3 =

sup Jluk ()72 g

L2(R) t¢[0,T]

so, using [31, Lemma A.5] with p =2 and [ = 2, we deduce that,

|Jkl> < chi luk() 2200 SUp Nug @13 2,0n < chi sup [ug@)Fs,0n- (2.25)
L (Q)te[O,T] L t€[0,T] L

It follows from (2.23), (2.24), (2.25) and (2.15) that
lim I =0. (2.26)
k—o00

As the linear combination of y (¢, 7)b(x, &) are dense in %OOO(T*(R“])), using (2.20) and (2.26), we deduce that
mo = (X0, %0, £0, To) & supp .

Case 2. Assume that x¢ € 9€2.
We would like to show that one can find a neighborhood Uy, of xq in R? such that for any b € G (Uny x Ry x
R? x R;), we have

(u, (t + p)b) =0. 2.27)

Indeed this will imply that the point mq(xo, fo, &0, To) (With to + (x0, &) # 0) does not belong to the support of u as
claimed. Formula (2.27) will be implied, by

lim [ =0 where
k—400 ) ) (2.28)
Ik = (b(-xs tv thX1 tht)(phk(Df + P)Wk1 Wk)LZ(Rd+1) )

where ¢ € 65°(Uy,), ¢ = 1 on 7, suppb. Let Uy, a neighborhood of x such that there exists a "> diffeomorphism
F from Uy, to a neighborhood Uy of the origin in RY satisfying,

F(Ux,NQ)={yelUp:y1 >0}
F(Uyy N32) ={y € Up:y =0} (2.29)
(P(x,D)Wy) o F~!' =(D? + R(y, D) + L(x, D))(Wx o F71),

where R is a second-order differential operator, D’ = (Dj, ..., Dg) and L(x, D) a first order differential operator. Let
us set

v =uro F~', Vi = 10711y, =0, (2.30)
then we will have

{ (D + D? + R(y, D") + L(x, D)) vy =iaP'*(aug) o F~' + b ' g o F~ = fi

2.31
Vkly,=0 = 0. (@31)

Making the change of variable x = F~!(y) on the right-hand side of the second line of (2.28), we see that

L= (z;(y, t.hi Dy, B2D)yh2(D; + D* + R(y, D) + L(x, D)) Vi, Vk)LZ(RdH) ,

where b € %OOO(UO x R, x ]R’,f x R;), and ¢ € %OOO(UO), Y =1 on my supp b. To prove (2.28) it is sufficient to prove
that,

lim Jo= li (T "h2(D; + D?+ R(y. D)+ L(x. D v,v) —0,
im Jp= lim Yo(yD Y1 (y)hi(D; + D7 + R(y, D') + L(x, D))V k) 2 ey
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where T = 6(y1, ik DD)® (¥, i D)) x (t, by Dy), 0P x € 65°(Up x Ry x RY x Ry), ovr1 € 65°(Uo), Yoy1 = 1 on
7y supp &P x; According to (2.31) we have,
(Dy + D} + R(y, D) + L(x, D) Vi = fi — i1y,5006(0. D=0 + i 1y, v (T, )8=1
—ilj0,71(D1Vkly;=0) ® 8y, =0

Therefore (2.28) will be proved if we can prove that

lim A,](_O j=1,2,3, where

k— 00

Ay = (001, ik DV)P (Y, hi D) x (1, A D) Yoyrihily s ovi(s, )=, Vi), s =0, T, (232)
A,% = (01, e DYDY, b DY x (&, hg D)oy hg 1o, 71 (D1 vkl =0) ® 8y,=0, Vi)
= (0(y1. i DD (Y, b D) x (¢, hg D) Yovri i fi, Vi) -
Asin [31, A.18]

lim A}l =0. (2.33)

k— 400

To estimate the term A,% we need a Lemma. With Uy introduced in (2.29), we set Uy = {y € Uy : y1 > 0}. We consider
a smooth solution of the problem:

{(Dt—i—D]z—i-R(y, D)+ L(x,D))u=g in U xR, (2.34)

uly, =0 =0.

Lemma 2.4. Let x € 65°(Up) and x1 € 65°(Up) x1 =1 on supp x. There exists C > 0 such that for any solution u
of (2.34) and all h in 10, 1], we have

/ ||(Xhalu)|y._0(t)||det<C( / > Dy u(r>|\L2<U+)dr

<1
h? xu(O 1% (hd10)(0)|
+ o] L [ eawo]
1
B xu(T)| & hell?, ).
S LRECICl s, Ixihgl

Proof of the Lemma. It is analogue to the proof of [31, Lemma A.6]. O

We replace in the previous Lemma g by iaPl/z(auk) oF 14 h]:]gk o F~!and by (2.30), we obtain easily the
following corollary.

Corollary 2.5. One can find a constant C > 0 such that

T
2
/ | Gehidrviyy,—o 0] 32 dr < € / Rtk (12 gy i + |1 mm\wm
0

0
T
2
+f (Hzam,%m”zauk |+ ||>ng||iz) dr
0

<C,

where vy has been defined in (2.30) and X € 65 (RY).
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Let us go back to the estimate of A,% defined in (2.32). We have

T
2 2 2
|43 = Ch o0 DSy =012 g 102V 22 g / | @1k D10y, g O3 s, -
0

Applying (2.17), [31, Lemma A.5] with p =2, =1 and Corollary 2.5, we obtain
‘A%’ < chy —> 0. (2.35)

The term |A,3(| can be treated as the first and the second term in the case 1.
Using (2.33) and (2.35), we deduce (2.32), which implies (2.28) thus (2.27). The proof of Proposition 2.3 is
complete. O

2.3. The microlocal defect measure does not vanish identically
First let us prove that the sequence (1) have mass in a compact domain.

Lemma 2.6. There exists a subsequence k,, there exists R > 0 such that
T
2
/ ”ukv (t)”LZ(er, |x|<R)dt Z 1/2
0

Proof of Lemma. We prove the Lemma by contradiction. Assume that

T

VR > Ry, limksup/ ||uk(t)||i2(xeg’ r<arenydt <3/4, (2.36)
0

where Ry is large enough such that suppa C {|x| < Ro/2}.
Let x € €°(R?) such that x =1 for |x| > 2 and x = 0 for |x| < 1. We set xz(x) = x (x/R) and by the choice of
Ry we have a xg = xra = 0. The function vy := xruy satisfies

Divg + Py = h;:lXng + [P, xrlug.
From [17, Theorem 2.8], we have
T

T
/ 1) 0kl 2 ey < CUE_L o) 72 o + / {x) E_y (h;lngkHP,xR]uk) 172 gy 1) (2.37)
0 0

where E; is the pseudo-differential operator with symbol e; = (1 + p(x,&) + lez)% which belongs to

S(I&1+<x>)", 8).
For the first term of the right hand side of (2.37) we have, where (-, -) means the scalar product in L2(Q),

1E_ v = hl E_ xr P* (BEP) "5y (EPYY (hE PYu(O)3,
= hi (Sy2(hi P)u(0), Syra (hi P)ur(0)), where S = E,%XRP%, and Y2(1) =1~ 19,
= hi (Y2 (h P)S*Syra (i PYu (0), ux (0))
= hi (Y2 (h] PY(REP) ™4 Qxr(h} P4 Yo (h PYug 0), ug (0))
< Chylux (O)]17,
where ¥ € 65°(0, +00) and ¥ = 1 on supp(¥), S*S = P~4 Qxg P, Q = PIxgA_j,and A_; = E* | E_,. We
have used that the operator Q is bounded from L2(R%) to L2(2) (see [31, Lemma 4.2]). i

1
2
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Then from (2.15), we deduce that
k_ljr}rloo ||E_%Uk(0)||iz =0. (2.38)
T
Concerning the term f Il {x)* E,lh,:1 XR 8k ||i2dt, we will prove that it tends to zero.
0
Let Y1 € 65°(R), such that ¥y = 1 on supp .
Since ¥ (h%P)uk = uy then applying 1 — ¥ (h%P) to Formula (2.12), we obtain
h gk = hy "W (hEPYgi — iy 'a(hg PY'ayry (hE PYuk + i "y (R PYa(hi P)' P auy.
Using that yga = 0, we have

h xrgr = hy  xrY (3 P)gi + ih xrvn (b3 P)a(hi P)'auy.
And then

T
/ 1)  E_thy ' xrgrll3.dt
0

T T
< / 100)° E— 1 xrh gy (W2 P g Pt + f 106)° E— w1 (62 Pa(h PY Paug |Pds
0 0
T T
< / 1) E_ xg P2 (12 Pgel Pt + / 1Y Eyxgh 1 (12 PYa 2 PY Paug | 2d,
0 0
where ¥ (1) = 1~ Y2y (). We have,
T
s 12 2 2
f 1000 E— 1w P2 (b2 Pygel2dt < 1 +11. (239)
0
where
T
1=/||<x>SE_1<x>*SxRP‘/2wz<h,%P)<x>sgk||2dr
0

and
T
n=h / 1) E— 1 g (G2 P) Py (2 PY, (x)~1(x)* ga 1 2dt.
0

It follows that the symbol of (x)*E_(x)~* belongs to S((|&] + (x))~") then (x)* E_(x)~ xg P'/? is bounded on
L2(2) (see [31, Lemma 4.2]) and we have

T
I<cC / 106" gel .
0

According to Lemma A4, b ' (x)*[(h} )42 (h7 P), (x)~*] is bounded on L?(£2) and we get
T

n<c / 6 e P
0
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To estimate
T

/ 1x)* E_y xrhy " Y1 (g PYa(hi P)'?auy | dt,
0
we have with 1,(s) = s ™' (s) and ¥ a smooth function such that, ¥ = 1 for |x| > 1 and ¥ = 0 for |x| < 1/2,
Xr(x) = F(x/R),
() E_1 xghi ' W1 (hg PYa = (x)* E_1 xg Phiyro(hi P)a = (x)* E_i xg P Xrh W2 (hi P)a
= (x) E_1(x) " xg P2 (hg P)' > (x)* [ X g, ¥2(hi P))a
+ (x) E_1 (x) 7 xg[(x)*, P1Xrhelv2(hi P), al, (2.40)

where we have used a xg = 0 if R large enough.
By the [31, Lemma A.5] and Lemma A.3 the first term of (2.40) is bounded on L3(Q) by Chg. As [{(x)*, P]isa
sum of term «dy; where « is bounded, (x)* E_;(x)™* xg[(x)*, P] is bounded on L2%(2), and [wz(th), a] is bounded

on L%($2) by [31, Lemma 6.3]. Then the second term of (2.40) is bounded on L?(2) by Chy. Finally, we yield by
Lemma A.6,

T T
/ 1x)* E_1 xghy "1 (h2 P)a(h2 P)'auy||*dt < Crh3 f (k3 P) 2 auy | dt
0 0

< Crhi sup luk(t, ). (2.41)
t€[0,T]

According to (2.14) and (2.15), we conclude that the second term of the right hand side of (2.37) goes to zeros when
k tend to +o00

T
lim / 1) E—thy ' xrexll7dt =0. (2.42)
k—o00

0

T
Now we estimate the term/||(x)‘YE71[P,XR]MkHizdf-

0
Let x1 € 65°(R—1 < |x| <2R+1), x1 >0, x1 =1 on supp(V xr),

T T
J 1 Bt b B2 < [ 163000 EALP i) g dt
0 0

T

4 [ 10080 =) Pl gt
0
T
< CR [k cagoy e < CRP . 2.43)

0

where we have used, first that E£_;d, is bounded on L2, (x)® is estimate by CR® on support of x; and dy xg is
the product of a bounded function by R, second, the symbol of {(x)*(1 — x1)E_1[P, xg] is uniformly bounded in
R™IS(((x) +€])~N, g) for all N. The last inequality uses the contradiction assumption (2.36).

Following (2.37), (2.38), (2.42) and (2.43), we have,

T T
/ ||<x>_suk||22(|x|>2R)dt = / “(x)_svk"%}(Rd) =< CRSk + CR2(S_1)a
0 0
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where 6 — 0 when kK — +o00, C is independent of R and Cg may depend of R. Then we have

T T
2 —s 2
/”uk”Lz(xEQ’ |x|<2R) Z/||(x> uk”Lz(xeSZ, |x|<2R)
0 0
T

T
Z/”(x)_suk”iz(xem _/”(x)ﬂ“k”i%ubzm
0 0
T
= / ||(x)_suk||iz(xeg) — Crép — CRA6-D),
0

This with (2.16) implies a contradiction with (2.36) and proves the Lemma. O

In the sequel, for simplicity, we shall denote the sequence uy, found in Lemma 2.6 by uy. Thus there exist Ry > 0,
ko > 0 such that

T
5 1
||uk(t)“L2(|x‘<R)dt 2 Ev
0

when R > Rg and k > ko.
We consider x; € 6;° (R?) such that

0<x1 <1, xyitx)=1if |x| <Ry +2and supp x1 C {|x| < R; +3},

with R; > Ry.
Let A>1,R>1, ¥4 € 65°(R), ¢pr € 6;°(R) be such that 0 < 4, ¢g < 1 and

va(r)=1lif [t <A, ¢r(t) =1if [t| < R.

We recall that wi (1) = 1qui(2).

Proposition 2.7. There exist positive constants Ao, Ry, ko such that
I¥a(hy D)Gr(EA) (D)2 g 1 > +
AN Dy )QR(Ny [0,T]X1 Wk L2RHG Z 2
R

when A > Ao, R > Ro, k > ko.

Corollary 2.8. The measure . does not vanish identically.

Proof of Proposition. Set ] = (Id—y4 (h%Dt))l[o,T])g uy and I;(‘L’) = .Itis easy to see that 1} € L*(R)

and |$(r)| < % for all T € R.
We have

I =Y ahiD)h2D, (11,7101 W)

1 —a(r)
T

hi~ 5
= TlffA(tht)Xl(uk(o)St:O —ug(T)oi=1)

Ya(hiD)x11j0.11(—h2 Puy + ihga(hi P)auy + hygr)
=Bl + B} + B} + B}.
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From [31, See the proof of Proposition 6.1] we know that ||IZA (h,%D,)S,za 2w < Ch,;], then we deduce that
im [ B2 odt < lim Chih(lug )72 + lua(T)lI7205,) =0
k——+00 KIL2@™" = Shae KTk L2(Q) L2(Q) ’
R

Using (2.22) and (2.15), we can prove easily that

T
. 3,2 . 2 1/2 2 _
Jim [ 1831 = tim [ 02 ) P gy di =0,
R 0

From (2.14) we can see that

T
. 42 . 2 _
Jim [ 1B g dr =€ im [ 1101 g dr =0
R 0

Now, for B,f we argue as in [31, See the proof of Proposition 6.1]. Let § € 65°(0, +00) such 6 = 1 on the support of
¥ and let 6; (s) = s6(s). We have
B = =Y a(hi D) xa Lo, 11hi PO(hi Pyuy
= —Va(h D)o, 11, 01 (h PYlux — Ya(hg Do) Lo, 1161 (hi P) x1ux.

Using Lemma 6.3 in [31] and the fact that

~ 1 ~
1FARE DO 2Ry 12y = O (Z) O P20y 120) = O (D),

uniformly in k, we deduce that

T

22 2 2 1 2
tel0,

R 0

Taking k and A sufficiently large we obtain

1
/ 14 D011 1wk (D12 g = 3. (2.44)
R
Now, we set
= (Id — ¢pr(hg A)Ya(hy Do) ljo. 11 x1 Wk
It is proved in [31] that
W2, de < SR (14 p2 245
” ”LZ(IRd) 1= T( + k)a ( o )
R

where Cg, depends on R; and The proof does not depend on the equation, so it remains valid in our case. Never-
theless we recall the proof in the sequel for the convenience of the reader. Before we give the end of the proof of
Proposition 2.7.

Taking R sufficiently large and using (2.44), we obtain

B

/ IR (g M)W A (BE D) V0,71 X1 Wk (D172, gyt =
R
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h
Return to the proof of (2.45). We have |1 — ¢pr(?)| < C% then we obtain,

h2
/ I 2 oyt < C— / Y 18 vahi D)o, rix i will 2 gy 1
R R J

h2
<l [ Y10 t300 10 100
R J

h? ~
<£y / 19;6(hi PYYra(hi D) Vo, 11 x1uk 72 gy dt
R

R £
J

+ / 19; (1 = B P A D) Lo, 111k |12 1
R

h2
= ?k(c; +CP), (2.46)
where § € 65°(R) satisfying (1) = 1 if € supp(6;) and 66; = 6.
We have by Lemma 6.3 [31]
T
1 -2 2 -2
Cf < Chy / il 2 g dt < chi?, (2:47)
0
and
2 D2 2 ~ 2
C?< f 10,167 P), 1194 (hi D) Lo, 11 X1k I 2y 1
R
< / 1WA (D)o, 11 1wkl 72 g dt
R
T T
< C/ ||)71uk||iz(9)dt < Cg, / II(X>_SukIIiz(Q)d¢, (2.48)
0 0
where %1 € 65°(Q), X1 = 1 on supp(x1).
O

Combining (2.46), (2.47) and (2.48), we obtain (2.45).

2.4. The microlocal defect measure vanishes in the incoming set

In this section we prove that the microlocal defect measure p vanishes in the incoming set.
First remind some notation introduced in [31], section 7. We keep the same notation when it is possible.

We denote by

d
b(x, )= Y b (0)x&.

jk=1
Proposition 2.9. Let mo = (xo, to, £, 70) € T*(R4tY) be such & # 0, 19 + p(x0, &) =0, |xo0| = 3Ro, b(xo, &) <

—368|x0l|&0| for some § > 0 small enough. Then mqg ¢ supp (.
We remind the results proved in [31], section 7, Lemma 7.5 and Corollary 7.6. A part of the proof is in Doi [16].

We use the Weyl quantification of symbol which is denoted by Op™.
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There exists a symbol ® € S(1, g) such that 0 < ® < 1 and a symbol A1 € S(1, g) such that,

8
suppAi C supp ® C {(x, ) € T*([RY), |x| = 2R, b(x,&) < —EIXIIEI, 1§51 = li—O'}, (2.49)

5
{(x, &) e T*RY), |x| = 5 Ro. blx. &) = —=5|x[IE]. 1§ = %} C{(x, &) e T*RY), O(x,&) =1},

®(x, hé) = d(x, &) when |hé| > '52—‘)' and 0 <h <1,

H,®(x, &) <0 on the support of Aj,
A1 >0,

~ 1
[P, Op” (A)] — ZTOPw(HpM) € Op"(S(1, ¢)), (2.50)
there exist two positive constants C, C’ such that,

—Hph1 = Cx) 2 0% (x, £) (x| + &) — C'®?(x, &). (2.51)
Proof. Let | € 65° (R?) such that

. 4 3
¢1(x) = Lif |x] = = Ro, supp1 C {x, |x[ = 2 Ro}. (2.52)

Let M large enough such that,

M
(1 =@ Op” ()1 — ppulu)| < EIIMIIZ-

Here and in the sequel (-|-) and || - || denote the L?() inner product and norm respectively. The cutoff make sense
with this L? product. We set,

N(@)=((M — (1 —o)Op1)(1 — @1)ug(t)|ux (1)),
and we have
M 2 2
7||Mk(¢)|| SN@) <2M|lug()|”. (2.53)

Setting A=M — (1 —¢1)Op(r1)(1 — ¢1), we have,

d d d
7 N0 = (A (O (1)) + (Aug (O] - u (1))

From (2.12) we have

d
itk = —i Puy — hta(hi PY 2 (aup) +ihy g

We obtain,
iN =[P, Alug|ui)
dt
— i N (Aa(h® P) Pauglug) — b (Augla(hi P)' 2 auy)
Fih (Agrlu) — ihy " (Auglgi)
=A1 4+ Az + Aj. 2.59)

For support reasons, we have a(1 — ¢1) = 0 thus we deduce,
M

Ay = —h—k[w(h%P)‘/z(auk)mk) + (uila(hi P)'\* (auy))]

2M
=% Ik P)Y* (aug) 1* < 0. (2.55)
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We have, for a constant C; > 0
Croovs s
A3l = ) e lH1e) (2.56)
To estimate A; we remark that [P, A] = [13, Al and
[P, A1=[P,@110p" :))(1 — 1) — (1 — )P, Op” ADI(1 — ¢1) + (1 — 1) Op™” G.D)[ P, 1. (2.57)
Following (2.49) and (2.52), the support of A; and ¢; are disjoint, thus, taking account of (2.53), we have
I([[P. @110p" (L)1 — @) + (1 — 1) Op™ (WD P, 1] Juk|ur)| < C2N(2). (2.58)

Let d(x, §) € 65°(R*?) supported in {|x — xo| < 1, |€ —&o| < 1}, and d(x0, &) = 1. According to (2.50), (2.51) and
Garding inequality, we get,

(—i(1— D[P, Op” DI — @Duglug) > C3h ' [(x) 7 d (x, hg Dy)ug|* — CaN (r). (2.59)
From (2.57), (2.58) and (2.59) we obtain,

Ay = C3h (x) ™5 d (x, i Dy)ugl|* — CsN(1). (2.60)
Following (2.54), (2.55), (2.56) and (2.60), we have

N'(1) + C3hk_1 1) ™ d(x, hi Dy )ug|* < (1) + CoN (1), (2.61)
where we have set
Cro s s
B(t) = EII(X) gk 11{x) " ur @1

Integrating (2.61) between 0 and ¢ for ¢ € [0, T'] we obtain,

T t
N (@) + Cal 160) ™ d 0, e D320 71 5/,8(t)dt+N(0)+Cg/N(s)ds. (2.62)
0 0

By Gronwall’s inequality we have for ¢ € [0, T'],

T
N(t) < Cq / B(t)dt + CsN(0). (2.63)
0

Using (2.63) in (2.62), we get
l[(x)""d (x, hg Dx)u ||i2([0,T]x§2) = CS||<x>sgk||L2([o,T]xQ)|| (x)_suk”LZ([(),T]xQ) + C9hk||”k(0)||iz(9)-
Following (2.14) and (2.16) we obtain

1)~ d (x, e Dkl — 0 when k — +00.

([0, T1x )

Let x(t,7) € 65° (R?) supported in a neighborhood sufficiently small around (fo, 7o) and taking account that d is
supported in a neighborhood of (xg, &), we have

Il (¢, h)d (¢, hie D )ull 12 g0, 7752y — O When k — +o0,

then (., x2d?) =0 thus (xo, 7. £0. 70) ¢ suppp. O
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2.5. The microlocal defect measure vanishes on {a*> > 0}

The goal of this section is to prove that the microlocal defect measure vanishes on {a”> > 0}. More precisely we
have the following proposition.
Proposition 2.10. Let uy = w(h%P)u satisfying
"3 (Dy + PYug — ihga(hi P)"*(aux) = higr, (2.64)

s 2 2
|| (.X) 8k ||L2([0,T]><Q) + hk IES[gF)T] ||Mk (t) ||L2(Q) + hk k:koo Oa (265)

and

)™ e ”iZqo,T] L. (2.66)

—
X2 k5 too

We assume that the sequence (W) = (1[0, 111qux) admits a microlocal defect measure y then azu =0.

Proof. Taking the imaginary part of the L?([0, T] x ) inner product of (2.64) with uy / hy, we obtain,
Im[(hi(Dy + PYuglug) — i (a(hy P)'/* (aup) lug) = Sm(gelug). (2.67)

Using that P is self-adjoint, we get
p 1
Sm(h / / 3 Diluk Pdxdt) = (43 P) P aup)aeg) = Sm () g1 )" ). 2.68)
0 Q

From (2.65) and (2.66), we have
T

e [ [ D Pxdr = i O g, = ihelinD g, =0
0 Q

and

() gl (6) " wi) | < 1(x)* el 2y 1) " ukcll L2 P 0.

—+00

Following (2.68), we deduce
(h2 P)2(auy)lauy) — 0. (2.69)
k——+00
LetO € ‘5000((0, +00)) with 6 =1 on the support of {. Thus we have O(h%P)uk =uy. Let é(t) =1t~140(r), we have
6 € 65°((0, +00)) and,
(aurlaug) = (a0*(hi PYuylauy) = (a(hg P)'/*0% (hi PYuy|auy)
= ((h} P)'/26%(h3 P)auy|auy) + ([a, (h3 P)/26% (h3 P)luk|auy). (2.70)
From Lemma 6.3 [31], we have
Ila, (hg P)!20% (hi P)lug |l 12 () < Chillugll 2 (y- (2.71)
We have also,
((hg PY'126% (hi Pyauglawy) = | (hE PY'/*6 (g Paug |72,
<ll(hi Py

0,T1x)
k| o, 71xq = ((hig P 2auglauy) 0 (2.72)
from (2.69). Following (2.70), (2.71) and (2.72), we obtain,

(auglaug) — 0. (2.73)
k——+00
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Letb(x,t,&,7) € %5’0 (R? x R x R? x R), we have by standard symbolic semi-classical calculus
(@ (X)b(x, t. g Dy, hy D) Wi|Wi) =(b(x. t, i D, hi Dy) (aWi) la Wi)
+ hi(r(x,t, hip Dy, h%D,)WHWk), (2.74)

where r(x, t, hy Dy, h,%D,) is bounded on Lz([O, T] x Rd). Thus from (2.65), we have,

el (r(x, £, hi Dy, hg D) Wi |Wp)| < Chk”Wk”iz([o’T]de) Mot 0. (2.75)
From (2.73) and using [la Wy |12, ) = llatti 12, (0.7 x5y W obtain,
2 2
|(b(x,t,hDy, h Da(aW%NaW@)LquRQIf;CHaﬂ&HLnyﬁﬁ)kgiaDO. (2.76)

According to the definition of the microlocal defect measure w, (2.74), (2.75) and (2.76) imply the Proposi-
tion2.10 0O

2.6. Propagation properties of microlocal defect measure and end of proof

The statement of our results requires some geometric notions which are classical in the microlocal study of bound-
ary problems (cf. [19], p. 424 and 430-432).
Let M = Q x R;. We set

TyM =T*M\{0}UT*aM\{0}.
We have the natural restriction map
. d+1
T T*RM — Ty M,

which is the identity on T*Rﬁjl \{0} (see [31] for details). Consider, near a point of the boundary z = (x,x’, ) €
dM a geodesic system of coordinates given by the diffeomorphism F in (2.29), for which z = (0,0,7), M =
{(x1,x, 1), x; > 0)} and the operator D; + P has the form (near z)

P =D, + D} + R(x.x", Dy) + S(x, Dy),

with R a second order tangential operator and S a first order operator. Denoting r(x1, x’, £) the principal symbol of
R and ry =r|x,—0, the cotangent bundle to the boundary 7*9d M\{0} can be decomposed (in this coordinate system)
as the disjoint union of the following regions:

o the elliptic region £ = {(x', 1, &, 7) e T*aM\{0}; ro(x',&") +1 > 0},
e the hyperbolic region H = {(x', 1, &', 1) € T*aM\{0}; ro(x',&") +1 <0},
e and the glancing region G = {(x', 1, &', 7) € T*aM\{0}; ro(x',&") + 1 =0}.

For the purpose of the proofs, it is important to consider the following subsets of the glancing region:

e the diffractive region Gy = {¢ € G, 9y, 7|y, =0(¢) < 0},
o the gliding region G, = {¢ € G, 0y, 7|x,=0(¢) > 0}; we set G2=G,U Ge,
o and GF ={¢ € G, H, (05,71 x,=0)() =0, 0< j <k —2, HN (05, 7]1,=0)(¢) #0} k>3, where

T 9g 9x’ 9x! 9E!

+o00
Definition 2.11. We say that the bicharacteristics have no contact of infinite order with the boundary if G = U g" .
k=2
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Now, we recall the definition of v the measure on the boundary. By the Lemma 2.4, we see that the sequence
(110, T]hk( o 9%y is bounded in L2(R; x L?(3%2)). Therefore with the notations in (2.18) and Proposition 2.2, we have
the following Lemma.

Lemma 2.12. There exists a subsequence (Wy, 1)) of (Ws)) and a Radon measure v on T*(0Q2 x R;) such that for
every b € 65°(T*(32 x R;)) we have

1 6W{, 1 aW(,l(k)

lim (Op(b) (x ‘, hal(k)Dx,hOI(k)Dt> hont 7 8 oyt 5 = (1,b).

k— 00

>L2(9S2><IR,)

We give now two results on propagation of support of microlocal defect measure. The first, Proposition 2.13 for
point inside 7*M and the second, Proposition 2.15 at the boundary of M.

Proposition 2.13. Let mo = (xo, &y, to, T0) € T*M and Uy, be a neighborhood of this point in T*M. Then for every
b € €5°(Un,), we have

(w, Hyb) =0. (2.77)

Proof. It is enough to prove (2.77) when b(x,t,&,7) = ®(x, &) x (¢, v) with 7, supp® C V,, C Q. Let g € %5’0(9)
be such that ¢ =1 on V,,. We introduce

i
A= @G D . he D)@hi (Dy + P)1jo, 1ywie, 1o, 11wk) 12 (@xcR)

— (®(x, hi Dy) x (2, hiDt)<P1[0,T]wk, hi(Dz + P)ljo,mwi) 12(oxr)l-
We claim that we have

lim Ag=0. (2.78)

k— 00

We have
i
A= (@ 0x e D)X he D)@hi[Dy, Lio, 111wk, 1j0,71wi) 12(x Ry

— (®(x, hi D) x (2, h%Dt)QDl[O,T]wk, h%[Dls 1[0,T]]wk)L2(Q><R)]
— 23(P(x, hiDx) x (t, hi D)@ gi. 110.11w0) L2 R)
— 2R(P(x, hi D) x (¢, hg D) lio, ria(hg P)' 2awg, Lo, 11wi) 2ok + 0(1),

where we used that (® (x, hg D)) x (¢, h%D,)(p) — (D (x, hi Dy) x (¢, h,%Dt)go)* = 0(1) by pseudo-differential calculus.
It was proved in [31, proof of Proposition A.9] that the first and the second terms tend to zero when k — +-00. Since
gr— 0in leoc, the third term tends also to zero when k — +o00.
For the fourth term, according to (2.74) and (2.76), it is easy to see that it tends to zero. Thus (2.78) is proved.
In another side, it was shown in the Proposition A.9 [31] that
lim Ag =—(u, Hy(®x)).

k— 400

It follows from (2.78), (2.77) that (i, Hpb) = 0 if b = ® x, which implies our proposition. O

We consider now the case of point mgy = (xo, &, fo, T0) € T*R4H! with xo € 092. We take, as in [31], a neighbor-
hood Uy, so small that we can perform the diffeomorphism F described in (2.29).

Let i and v be the measures on T*R4t! and T* (02 x R;) defined in Proposition 2.2 and Lemma 2.12. We denote
by (& and v the measures on T*(Uy, x R;) and T*(Uy, N {y1 = 0} x R;) which are the pullback of 1 and v by the
diffeomorphism F:(x,t) > (F(x),1).

We first recall the Lemma A.10 established in [31].
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Lemma 2.14. Let b € G5°(T*(Uy, x Ry)). We can find bj € 65°(Uxy x Ry x R x Ry), j=0,1 and by €
CKOOC’(T*(UXO x Ry)) with compact support in (y,t,n’, ) such that with the notations of (2.29),

b(y,t,1,7) =bo(y, 1,1, ©) + b1y, 1,0/, O+ ba(y, £, 0, D@ + i +r(y, 1),

where r is the principal symbol of R(y, D).

Proposition 2.15. With the notations of Lemma 2.14 for every b € 6;°(T*(Up x Ry)), we have
(ﬁv Hpb> = _(T)‘v b1|Y1=0)‘

Proof. This proof is similar to the one of Proposition A.12 [31]. We recall some results from [31] used to prove
Proposition A.12. O

Lemma 2.16 (Lemma A.13 [31]). Let for j =0,1, b; =b;(Y,t,7', 1) € 65°(Up x R4 and ¢ € 6y (o), ¢ =1
on wy suppa;. Then,

l
h—k[((bo(Ak) + b1 (A DV)@h(Dy 4 P) 1o 11vel 10,7 vk)LgF

_ /((bO(Ak) + b] (Ak)thl)(Pl[O,T]Uk, h%(Dt + P)I[O,T]vk>dY]
Uy
i
= —h—k([hi(Dt + P), (bo(Ax) + by (Ak)thl)‘Pl[O,T]]UH1[0,T]vk)Lz+
— (10, Y, ¢, hg Dy, hg D)@y, —o110,71 (hi D1vk v,=0) | 110,71 (hi D1vgyy, —0)) [2(Rd-1 xR)- (2.79)
Here (., .) denotes the bracket in D' (R;).

Lemma 2.17 (Lemma A.15 [31]). Let for j =0,1,2, b; =b;(Y,t, 1/, 1) € 65°(Up x R?) and ¢ € Gy (o), ¢ =1
on sy suppb;. Let us set

L{ = (b;(A)@(hk D) 110, 1wk, Lo, rve) 2 -
Then we have for j =0, 1,2

lim L7 = (i, bjni).

k—+oo ¢

The previous Lemmas still hold in our case, since they are independent of the equation.

Lemma 2.18. Let b =b(Y, t, 7', T) € 65°(Up x Rt and ¢ € C5°(Uo), ¢ =1 on wy suppb;. For j =0, 1 we set,
1,5 = (h; "b(AR@(hk D) hE(D; + P)Lo,ryvklliorve) 2 »
ka = /(hlzlb(Ak)QD(thl)j1[0,T]Uk|h1%(Dt + P)ljo,rjve)dY.
Uy

Then lim I} = lim J! =0.

k—+o00 k—+o00
Proof. The proof is similar to the one of Lemma A.14 [31]. We have,
| ) )
Il = l—.[(hkb(l\k)&:o(p(hkl)ﬂj (0, )11j0,71ve) 12 — (kb (Ak)Si=1 ¢ (hi D1)’ vk (0, )1 10.71vk) 12 ]

+ (b(Ak)(/)(thl)j1[0,T]8k|1[0,T]Uk)L§r + (b(Ak)Qo(thl)j1[0,T]a(hip)]/2avk|1[(),T]Uk)L2+~

From Lemma A.14 [31], the first and the second terms of the RHS in the previous identity tend to zero.
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Using that || gkl ;2 — 0, we can prove that the third term tends also to zero.
Following Lemma A.6 and (2.73) the forth term tends to zero. We conclude that / kj tends to zero. For J, kj we argue

asfor]kj. O

Proof of Proposition 2.15. From Proposition 2.3 (t + p)u = 0, so we have

(I, Hyb) = (i, Hy(bo + b1n1)).

Let consider the identity (2.79), by Lemma 2.18, the LHS tends to zero when k — +00. By the semiclassical symbolic
calculus, we have

i 2 .
—[K*(D; + P), (bo(Ar) + b1 (Ah D)@l = Y cj(A)@(hi D1/,

hi =
where ¢; € €5°(Up x R4, @1 =1 on suppg, and {p, by + by} = 22: cjn{. Hence, using Lemma 2.17 and
Lemma 2.12, the RHS of (2.79) tends to =

— (i, Hp(bo + b1n1)) — (V, b1jy,=0).

when k — +o00.
We conclude that

(L, Hyb) = (i, Hp(bo + bin1)) = —(V, b1y, =0),
which proves the Proposition 2.15. O

Proposition 2.19. With the notations of [31], we have
+o0
v(Gau (g =0
k=3

Proof. The proof is the same as of Lemma A.17 in [31]. O

By measure theory methods (see [8,9] and [31]), the propagation of the measure p along the generalized bicharac-
teristic flow is equivalent to Propositions 2.13, 2.15 and 2.19.

Conflict of interest statement
There is no conflict of interest.
Appendix A

In this appendix, we prove some Lemmas used above.

We recall the Helffer—Sjostrand formula (see [15]) used extensively in this section. To introduce it we recall some
notations.

Let 6 € 65°(R) and let ¢ € 65°(R) such that p(t) = 1if || < 1 and () = 0if [t| > 2. Let N > 2, we set

N

(q)
i)=Y T Lioyigo).

g=1 q!

then 6 € G (R?) and satisfies

. _ . 1 - -
136(t, )| < Clo|N where 36 (t, o) = 500 +id,0)(t. ). (A.1)
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We call 6 an almost analytic extension of 6. Let P a self-adjoint operator. We have the following Helffer—Sjostrand
formula

1 (-~
O(th) =—— / a0(t,0)(z — th)_ldtdo where z =t +io. (A2)
T
R2
The formula does not depend of N and ¢. We recall the estimates proved in [31], Lemma A.22, we have for f =
(z—h?P) 'y and Imz #0,

(s
1> PA 12 ) 10D f 20 + WAV S W) + 1S W2y < € Il - (A3)

Let h, a sequence such that #, > 0 and h, — 0 when n — +o0. In the sequel, for simplicity we denote such a
sequence by h. We say h — 0 instead of 4, — 0 when n — +o00.

Lemma A.1. Let uy, and gy satisfying
h2(D; + P)uy, — iha(h®>P)' 2 (auy) = hgy in [0, T] x Q
up=00n[0,T] x 02

and we assume that ||{x)~ <1, h|lup(0)|? — 0 and || (x)* — 0 when h — 0. Then

2
”h”LZ([o TIxQ) = L2(Q) 8nll7240.71x )

suphup(t)]122,6, — 0.
tel0,T]

Proof. Let k(1) = h|luj(t)|? using hd;up, = —ih Puj, — a(h*P)'/*(auy) + ign, we have

L2(Q)

K (t) = 2%Re(hdup(t)|un(t))
=2Re(—ih Pup(t)lun(t)) — 2Re(a(h® P)Y2 (aup) (1) [un (1)) + 2Re(ignlun).

Using
Re(i Pup(t)|un(t)) =0,
and
Ne(a(h? P)' > (aup)(®)|un(t)) = Re((h* P)'*(aup) (1) |laup (1)) > 0,
we obtain
K'(6) < 201x)° gn (Ol 120 I10X) " un () 12 -
Thus
k(t) <k(0) +201(x) gnll 20, 715 I146) ™ unll 120, 71x 2 -

The assumptions and the definition of k imply the Lemma. O
Let ¢y :R— Rsuchthat y(rf) =0ift <a ort > where 0 <« < .

Lemma A.2. Leta € ‘KOO(IR") and s < 1, there exist C > 0, hg such that, if 0 < h < hg we have, for all u € L2(S2),

1(x)* [a. ¥ (h* P)I(h* P)'/? < Ch*||ull3, (A4)

u ”L%Q) @

Proof. We prove (A.4) for u € 65°(2).
Taking the adjoint, (A.4) is equivalent to

I(h* ) [a, ¥ (h? P)](x)* Ch?|lul?,

u”LZ(Q) ()’

which is equivalent to

() la, ¥ B PR Y Bya ()3 +h2V)la, (B> P)(x) ulu) < CR||ul 2 g -
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Thus it is enough to prove

1hdy,[a, ¥ (B> P)1(x) ull < Chllull;2(q)- (A.5)
and

IRV 2 [a, ¥ (h* P))x) ull < Chllull2(q)- (A.6)

Now we prove (A.5). Following the Helffer—Sjostrand formula, where 1 is an almost analytic extension of v, we
have

hil T, 4 (2 P)](x)* = _% / 3 b, [, (c — HP) () dedo
= %/ 5&(Z)haxj (Z — th)—l[a’ 7 — hZP](Z _ th)_1<x>sdtdO.
- % / 0y (hdy, (2 — h*P)~'a,z — h*P1(x)" (2 = h*P)~'dido + A, (A7)

_ L[5 12 py—1 12 1 2py\—lpas o 32 12 py—1
where A = 0V (2)hoy;(z—h"P) la,z —h"Pl(z—h"P)" [{x)",z—h"Pl(z —h"P)” dsdo.
T .
We have
d
la,z — h?P] =h22aj(x)8xj +h%e(x), (A.8)
j=1
where o; and ¢ are compact supported. Following (A.7), we have two types of terms to control.
First we remark that

d
(B> " atj(x)dy; + he(x)(x) = hB;,; + h*d(x),

j=1
where 8; and d are compact supported, following (A.7) and estimates (A.3) (with N = 3) we obtain
2 py—1 2 2 2 py— {lzN)?
|hdx;(z —h"P)~ " (h"Bjdx; + h"d(x))(z — h”P) ulle(Q) <Ch |2||u||L2(Q) (A9)

|3m
Thus following (A.1), we have

I [ 0% (2)hdy; (z — h* P)™' (W B;dx; + h*d(x))(z — h* P)"'udtdo|| 2 gy < Chllul 12 (q)- (A.10)
Second, we have

d

[(x) 2= h*P1=h* > yi(x)dy, + h*y (x),
k=1

where |y (x)| + |y (x)] < C(x)*~! < C’, with the above notations, we have following (A.3),
lhdy, (z — h* P)~" (P (x)dy; + h*c(x))(z — h* P) " (W2 yi(x)dy, + WPy (0) (2 — h* P) |

5 {lzl)? (A.1D)
<cn? BT llullz2(q),

thus, following the proof of (A.10), we prove (A.5).
To prove (A.6), following the Helffer—Sjostrand formula we have,

1 (-~
hV'2a, ¢ (h* P))(x)* = — / IV (hV'* (@ —h*P) [a,z — h* P1(z — h* P) "' (x)*dtdo.
bid
With the notation above, it is enough to prove

{z])’

d
1hV'2(z = PPy (0 ) 0 j(x)dy; + ()@ — B2 P)  x) ull 12y < Ch—— S

o lullz2(q)- (A.12)
=1
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Writing (z —h2P) "1 (x)* = (x)*(z —h>P) "1 4+ [(z — h*P)~!, (x)*], the first term is estimated following the proof of
(A.9). To estimate the second term, we follow the proof of (A.11). Thus we obtain (A.12) which achieve the proof of
Lemma. O

Lemma A.3. Let s € [0, 1] and x a smooth function such that x =1 for |x| > 1. We set xg(x) = x(x/R). There exists
C > 0 such that for all u € L*(2),

(B2 PYY2 (x)S [y (P, xg1ull < Chllu].

Proof. The proof is very close to the one of Lemma A.2. By the same argument it is sufficient to prove
lhdx; (x)* [ (h* P), xglull < Chlull, (A.13)
1RV2 ) [y (h*P), xrlull < Chlul. (A.14)

From the Helffer—Sjostrand formula, we obtain (as in (A.7))

hdy, (x) (¥ (h*P), xg] = % / 3V (2)hdy, (z — h*P) " (x)*[(z — h*P), xg(z — h* P)"'dtdo (A.15)
- % / IV (@hdy, [(x)*, (z — h*P) [z — h*P), xg(z — h* P)~'dtdo.

Modulo negative power of Jmz, in the first term of (A.15) h8xj (z — h2P)~! is bounded on L2(2) and, because
{(x)* /R is bounded on the support of x'(x/R), we can write (x)*[(z — h2p), Xr] as a sum of term a(x)hzaxj. This
yields that (x)*[(z — h2p), xXrl(z — h2P)~! is bounded on L%() by Ch modulo negative power of Imz. This gives
the result for the first term in (A.15).
Writing
[(x)*, (z =2 P) 1= —(z = h*P)"'[(x)*, 2 — h*P1(z — h*P) "

and arguing as for the first term, we obtain (A.13). By the same arguments and using that 2V 1/2(z — h>P)~! is
bounded on L2(£2) modulo negative power of Imz (see [31, Lemma A.22]), we obtain (A.14). O

Lemma A4. Let s such that |s| < 1, let b € €°°(Q) such that |b(x)| < C(x)* and |0y;b(x)| + |a§jxkb| <C{x)* 1,
there exist C > 0, hg > 0 such that, if 0 < h < hg we have, for all u € LZ(Q),

1) [y (B2 P). blull 12 () < Chllull 12(q)-
Proof. By Helffer—Sjostrand formula, we have, with the notation of Lemma A.2,

—s 2 1 .7 -5 2 py—1 2 2 py—1
(x) [y (h P),b]:;falﬂ(z)(x) (z—h“P) '[z—h"P,bl(z—h"P) "dtdo (A.16)

d
- % / 0P (@) @ = hP) (B2 )iy +h2y (1) (@ — h2P)~d1do,
k=1

where |y (x)| + |y (x)] < C(x)* .
If s > 0, following (A.3), we have

d
_ _ _ Z
1)@ = B2P) 02 3 (0 +h2y () (@ — h2P) 1u||Lz(msc;z%||uan(m, (A17)
k=1 '

thus, following the proof of (A.10), we achieve the proof of Lemma in this case.
If s <0, we write

)@= P) T =@ =rP) T ()7 = =R P) T ), = PP — P P)
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Putting this in (A.16), we obtain two terms. The first gives

d
Iz = h* P (x) (Y i (), + B2y ()@ = B2 P) a2y < cn B el 12(g)- (A.18)

~
P [Smz|

The second gives

d d
1z =2 P)" (WY () + B F ())& = B2P) T (0 )y (x)dy, + h*y () (2 — k> P) |
k=1 k=1 (A.19)
{lz1)?

< Ch* =" ||ull.
|Smz|

because |74 (x)| + |7 (x)| < C(x)™*~!. Following (A.18), (A.19) and the Helffer—Sjostrand formula, we obtain the
Lemma. 0O

Remarks A.S. In the Lemma A.4, we can remove the assumption |s| < 1, by commuting (x)* with (z — h2p)~!
several times, but Lemma A .4 is sufficient for us in the sequel.

Lemma A.6. Leta € ‘ﬁooo(Rd), there exist C > 0, hq such that, if 0 < h < ho we have, for all u € L*(),

1(R* Y 2ayy (0 Pyull3 s g < CHP ul}a g + Cllaulys

()"
Proof. Writing
(> P)'2ay (B> Pyu = (h* P)'[a, yr (h* P)]u + (B> P)!/>y (h* P)au,
then using the Lemma A.2 with s =0,
1(h? PY!2ay (h* PYull} 2 g < 00 PY P la, r (B PYIul 7o ) + 1B PY/ 2 (B Paul 7
< Ch|ull3 gy + Cllaul}a g,

which proves the Lemma. 0O

Lemma A.7. For all s € [—1, 1], there exists C > 0 such that for all u € %OW(Q) and all h € (0, 1], we have
1x) 9 (h? P)(x) "*ull 2y < Cllull2(g)-

Proof. We have by Lemma A.4

1) W (R PY (x) " ull 12y < 1 (R Phull 2y + I1(x) T¥ (h*P), (x) " Tull 12
< ||1ﬂ(h2P)M||L2(sz) + Chllull2(q),

which proves the Lemma. O

Lemma A.8. Let @ € (—1,1) and s € [—1, 1], then there exist C; > and C> > 0 such that for all u € (KO‘X’(Q), we
have

+00 I =
Cy 1 M) Y iy Pyulfa gy < Dy 2 19 Ui PYx) ullF 2 gy < Co Y Iy 2 ) W (B Pl 2 g
n=0 n=0 n=0

where W was defined in Section 2.1 and h, =27".
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Proof. We have

+o00
19 (g PYx) ull 32 g = 1V (g PYXY Y 9 (e PhuelF o g
k=0
n+l1
<20y (hy PY(x)* D v (i Phull} s
k=0

+2[1 (b P)(x) Z Y} Pyl o) =2A +2B.

k=n+2
To estimate A, we can write
n+1 n+l1
A <20V Y (hy P) Y U (M Phull} s g + 2000 (hy P), (x)°1 ) W (B Phull} g = 241 + 240
k=0 k=0

By support properties of ¥y and by the Lemma A.7, we have

n+1 n+1
Av =1V g Py D W Pulyag < 1) D" Y Pul}s g, (A.20)
k=n—1 k=n—1

By Lemma A .4 we see easily that

n+1

Ar < ChyII(x)* Y W (g PYulla -
k=0

Summing with respect n, we obtain

n+1 n+1 2
Zh 2201000 S w B Pyl g, <Z(Zh U (n ,:“||<x>fw(h£P)u||Lz(Q))) . (A21)
k=0 n=0 \k=0

We have h, @t 1hy = 2-(=e)i=ky=k < g=(I=a)n=k) ang (2=(1=®)J); € ¢! because 1 — @ > 0. We can con-

sider the right hand side of (A.21) as a convolution ¢! % ¢> and we obtain the estimation of this term by
+00

C X hy 1) ¥ (hy Pyull3 (o Which estimates, with (A.20), the term A.

n=0
Now we estimate B. By support properties of ¥ and Lemma A.4 it follows that

k+1
B = ||y (hj P)(x) Z YHEP) D Y Pulag,
k=n+2 j=k—1
+o00 k+1
=Py Y L) WP Y (3 Pul}a g,
k=n+2 j=k—1

k+1 2

<C Z il () Y w3 Pl g

k=n+2 j=k—1

Summing with respect n, we obtain

400 k+1 2
D Z hll(x)* Y w3 Pull 2
n=0 k=n+2 j=k—1

k+1

+00
<> Z ) Y v Pl

n=0 \k=n+2 Jj=k—1
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We have h;"‘h}f"‘ =2~ UH)k=m)p—n < o—(U+a)(k=n) apq 2-1+e)Jy ¢ ¢! since 1 + o > 0. We can conclude as for
the term A above. We have proved the right inequality of the Lemma.

We prove the other inequality.

We have,

1) ¥ (i PYull 2 g = 1) 9 (B P) () ZWFH X)ull 72,

k=0
n+1
<2V YU PYx) Y Y IEPY(x) 7o g
k=0
+2[14x) ¥ (hy P) (x) Z Y PY(x) ull} g, =2D +2E.
k=n+2
We have by properties of support of v,
n+1 n+1
D <2|Y(hyP) D W PYx) ullfag + 2003 (hy PYNX) ™ D wr (B P (x) ull7 s -
k=n—1 k=0

The estimate of the first term is clear, for the second using Lemma A .4, we get

n+1

Zh 2L ¥ (i P kzowﬂm X ul32q
2

400 /n+1
-y (Zh;aﬂhz (h;“||w<h%P><x>Su||Lz<m)) :

n=0 \k=0

We have h,; ‘”lhz <2~ (=06 and we can conclude as above by convolution argument.
For E, it follows from the support properties of ¥, Lemma A.7 and Lemma A .4,

k+1
E =|/(x)* ¥ (h7 P)(x) Z V(hP) Y WP ) ull7a g,
k=n+2 Jj=k—1
+00 k+1
<Yy Py D 1) WP Y v P (x) ullfag,
k=n+2 j=k—1
400 k+1
<ClE Y B Y v P ulja g,
k=n+2 j=k—1
k+1 2
<C Z hiell D w5 PYx) ull 2,
k=n+2 Jj=k—1
Summing with respect n, we obtain,
+00
> B ) Y (P Z Y (i PY(x) ull2 g
n=0 k=n+2
2
+00 k+1
= Z h i [ g Y w3 PYx) ul 2
n=0 \k=n+2 j=k—1

We have h,; “h,l*'“ <2~ (=4 apnd we can conclude by convolution argument. [
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Lemma A.9. Let s € [—1, 1], @ € (—1,3/2) there exists C > 0 such that for all u € L%(Q), we have

+00
Yo N [ (g PY, ad e P Pathe PY P} o) < Cllul ]2 g -

Proof. Following the properties of ¥/, we have

+o0
(hPY'2 =Y "hih o (h% P)

J=0

where ¥o(c) = o '/2y (o) and

+00
(e PY ™2 =" hi “h i (hy P)

n=0

where /1 (¢) = 6 ~%/?y (). Thus we must prove,

th 1Y R R ) [ (B P), alyo (B3 PYavn (hy Pull ]2 ) < Clliel ]2 - (A22)
(j,n)eN#*2

Let us introduce for each k the following partition of N2,
Al ={(j,n)eN? k>j—2ork>n—2, and j >n—2},
A2 ={(j,n)eN? k> j—2ork>n—2, textandj <n — 3},
A} ={(j,n)eN? k<j—3andk <n—3}.

In the sequel, for each set A,’; we will prove (A.22).
Let Y € %OO (0, 400) such that i, = 1 on the support of /. We have,

th 1D Ak B Y T B P), alya (] PYYo(h PYavr (g Pyul s g < 24 +2B,
(j.n)eA}

where

A= th 1Y bRy ) T (B P), alya (B PYaro (k] PYY (i Pyul 7

(jin)eA}

+00
<CY m | DD W) T (B P), alya (B PYaro (] PYyr (g PYull 12

k=0 (j.n)eA}
|j—n|<1

o0
<O DD BRIy (W2 Pyull 2y | (by Lemma A4). (A.23)
k=0 \n<k+4

We have hzﬂ_ah;l“" =2~ (k=mB/2=a)p—n/2 < 2=(k=1)B3/2=) gpd we can see (A.23) as a convolution £! * £2 if
a < 3/2 which prove (A.22) for this term.
For B, we can see that

+00
B=Y 'l D IRy R k) T (B P), alya (B P) o U P, alyn (hyy Phul 3o g

k=0 (jm)eA}
<2C+2D,
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where

+00
C=Y 'l Do R R )P W P, allyo(hF P, alyra (B3 PYyyn Uy Phul7 s g
k=0 (jn)eA}

In the last sum |j — n| < 1, then we can estimate this term as the term A.
We have

~+00
D=3 m MY W R ) [ (B P), al[¥a (k5 P, [Yo(h5 P), allyi (hy Pull ]2 g
k=0 (jm)eAl
2

400
S S mnP R 2 Pyull 2y | (by Lemma A4 and Lemma A.10).
k=0 "\ (j,n)ea}

In A ,lc, we have j > n — 2 then the sum over j gives a constant time /,,. Then,

2
+00
3/2—
DSCZ Z hk/ ah,ﬁﬂlllﬁl(h,%P)ulle(Q)
k=0 \n<k+4
+00
scy m 2 D0 mP | DD WG Puljag, |-

k=0 n=<k+4 n<k+4

by Cauchy—Schwarz inequality and as all the sums converge if o € (—1, 3/2), we obtain (A.22).
Now we will estimate the sum over A,%. We have with the function i, defined above, as 1//0(}1;}))1//2(]’!%])) =0,
because j <n — 2,

+00
Yom YD R R W (B P), alyo (3 PYavss (hyy PYn (hy Pul 72 g
k=0 (jin)eA?

+00
=Y i D TR R ) T (B Y, alyo (B P)a, Gy PYL (g PYW (i Phul 32 g
k=0 (j.n)eA?
2
+oo
<C Z Z hi/z_ahjflh,zl"’“ ||1//1(h,%P)u 220 (by Lemma A.4 and the Lemma A.10).
k=0 \ (j,m)eA?

As Y h;l < Ch;l, we can end the proof as for the term D above.
j<n-3

Finally we treat the sum over Ai. We have, as w(h%P)wo(h§ P)=0.

+00
Dom Y R R [ (B P), alyo (B3 PYavn (i PYull}a g,
k=0 (j,n)eA}

—+00
=Y i D TR R ) Y (B PYavro(hG PYwa (B3 PYavra(hyy PYyr U Phull 7 g
k=0 (jm)eA;

<2E +2F,

where
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+00
E=Y "'l Do Ry R ) (B P)lla, Yo(h3 P)], ¥a (k5 P)lla, Yo (hy PYT (i PYull 7 g
k=0 (jn)eA?
2

400

1/2—
2| X ! “hihy T Y (i Py 12
k=0 \ (jmeA}

If (j,n) e A3 we have j =k + 3 then the sum over j is less than Ch,. We obtain,

+o00 2
3/2—
E<CY | Y m P ny 2Pyl 2
k=0 \n>k+3
+00
scy w7 Y m | X it Pl g,
k=0 n>k+3 n>k+3

+0o0
<C Y hlulfaig) < Cllul g,
k=0
And we have

+00
F=Y "' Do iRy ) v (b P)lla, Yo (h3 )1, a5 P) W Uy PYavr Gy PYull 7

k=0 (j.n)eA?
[j—n|=<1
2
+o00
<CY 7 D Bty Pyullagy | (by Lemma A.10)
k=0 n>k+3
+o0 too
<Cy m7 0w DD WG Pulag | <C YRl
k=0 n>k+3 n>k+3 k=0

Which achieve the proof of Lemma. O

Lemma A.10. Let b € €°°(2) with support in {|x| < R}, let 01, 02 € 65°(R), let s € [0, 1] there exist ho > 0 and
C > 0 such that for all u € L>(2) and h € (0, ho) we have,

1(x)° 1161 (B P), b1, 62(h* P)1ull 12 < Ch? llull 2(g)-

Proof. We give only a sketch of proof, we use the same technic than before. By the Helffer—Sjostrand formula, we
have
1 - _ .
1161 (* P), b162 (h* P)Ju = — / 361 (11, 01)302 (12, 02)[[(z1 — h*P)~", b], (z2 — h*P)~'ld1do,
R4

where z =(z1,z2) and z; =¢; +io;.
First, we can write

[[(z1 — h*P)~, b1, (z2 — h*P)™ 1
=(z1 —h*P) (@ — K2 P) [z1 — h*P.,b), 20 — h*P)(z1 — h*P) ' (zo — B*P) 7!,
and

[z —h*P,bl,za — P P1=h* Y yj(x)d5 +h* Y yj(x)d; +h*po(x),
.k J
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where the y’s are compactly supported. Second, as
()@ =R P) @ = WP =@ = P P) @ = R P) T )
+[(0), @1 = h*P) Nz — h?*P)~!
+ @ =P (), (22 = h*P) 7],
and [(x)*, (z — h*P) "= —(z — h2P)"'[(x)*, (z — h* P)](z — h* P)~!, then we can obtain the Lemma by using the

estimate (A.3) and writing the commutator [(x)*, (z — th)] as in the Formula (A.16). O

Lemma A.11. Let s € [—1, 1], o < 3/2, there exists C > 0 such that for all u € LZ(Q), we have

+00
Yo h N ahg PY Py (h P), al (g PYPull} ) < Cllul ]2 g -
Proof. We follow the same strategy than the one for the proof of Lemma A.9. We have to prove,

th 1Y Ry R ) avo (] P (hg P, alyri (b Pl 7 ) < Cllul - (A.24)
(j,n)eN2
If |j — k| > 2 and |n — k| > 2, the corresponding term in the sum is null. If |j — k| <1 (the case |[n — k| <1 is
symmetric and let to the reader). We consider two cases, the first if n > k 4 2, term A in the sequel, and the second if
k > n+ 2 term B in the sequel.

2
+00 g_
A<yl DT m PRI avo (B PYY (] PYayra(hE PYy (hE Pull 2
= k|<1
|1J13k|+§2
2
+00 "
—1/2—«

=CY | D TR (B P)la, vy PYW (i Pull 2

k=0 \n=k+2

2
= 1/2
- —a

=CY | X P R i Pyl g

=i n>k+2

+o00
gczh;Ha Yoom Y G Pl g,

k=0 n>k+2 n>k+2
<thk||u||Lz(Q) CllulF2 g,

2

B<CY | > n P ne ) awoh: Pywa(hd Py (h Pay (h2 PYull 2q

k=0 \ |j—k|<1

k>n+2
2
+o0 "
—1/2—«
<O DD m PR N (B P, [y (P, ally (2 Pull 12
k=0 \k>n+2
2

+oo

<Y DD BRI 12 Pyull 2

k=0 \k>n+2
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+00 2
<cy | Do 27 ®ORO g () Pull g
k=0 \k>n+2
< Cllul7a g

because the last term can be seen as a convolution £! x ¢2 if @ < 3/2. The estimations on A and B prove (A.24). O
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