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Abstract

This article is devoted to the Cauchy problem for the 2D gravity-capillary water waves in fluid domains with general bottoms.
Local well-posedness for this problem with Lipschitz initial velocity was established by Alazard—-Burq—Zuily [1]. We prove that the
Cauchy problem in Sobolev spaces is uniquely solvable for initial data %-derivative less regular than the aforementioned threshold,
which corresponds to the gain of Holder regularity of the semi-classical Strichartz estimate for the fully nonlinear system. In order

to obtain this Cauchy theory, we establish global, quantitative results for the paracomposition theory of Alinhac [5].
© 2017 Elsevier Masson SAS. All rights reserved.
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1. Introduction
1.1. The equations

We consider an incompressible, inviscid fluid with unit density moving in a time-dependent domain
Q={tx,y)e€l0,T]xRxR:(x,y) € Q}
where each 2, is a domain located underneath a free surface
Y ={(x,y) eRxR:y=n(, x)}

and above a fixed bottom I' = 0€2; \ X;. We make the following assumption on the domain:
€2, is the intersection of the half space

Qr={(x,y)eRxR:y=n(t,x)}
and an open connected set 25 containing a fixed strip around X, i.e., there exists 4 > 0 such that

{(x,y) eRxR:inx) —h <y=n( x)}C.

This assumption prevents the bottom from emerging or even from coming arbitrarily close to the free surface and thus
avoids the emergence of contact lines, which are not the subject of this paper. In what follows, we shall prove that this

assumption can be propagated in short time if it is satisfied initially.
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The velocity field v admits a harmonic potential ¢ : 2 — R, i.e., v =V, y¢ with Ay ;¢ = 0. For the Zakharov
formulation of irrotational water waves, we introduce the trace of ¢ on the free surface

Y, x) =@, x,n(, x)).

Then ¢ (¢, x, y) is the unique variational solution of
Ay =0in 2y, o]z =9, e@)r=0, (1.1)
v being the outward normal to the bottom I". The Dirichlet~-Neumann operator is then defined by
99
Gy =1+ 18P (5| ) = @y@)t. .01, 20) = den(e.x) @@ ., ).

The gravity water wave problem with surface tension consists in solving the following system of (1, ) (see [14] or
Chapter 9 of [20]):

n =Gy,

1 2 1(3xn3xl/f+G(n)w)2 . (1.2)
aﬂ/f+gn+H(n)+§|8x1ﬂ 5 [ERERTE =0

where H (n) is twice the mean curvature of the free surface:

xn
Hy=—d, [ —21 ).
! <¢1+|axn|2)

Finally, we note that the vertical and horizontal components of the velocity can be expressed in terms of 1 and ¥ as

Ny + Gy
1+ [3:n|?

B =(v))|z = . V=(u)lg =0 — Boxn. (1.3)

1.2. The problem

We are interested in the Cauchy problem for system (1.2) with sharp Sobolev regularity for initial data. For previous
results on the Cauchy problem, we refer to the works of Yosihara [33], Coutand—Shkoller [12], Shatah—Zeng [26-28],
Ming—Zhang [24] for sufficiently smooth solutions; see also the works of Nalimov [25], Craig [13], Wu [31] [32],
Christodoulou-Lindblad [11], Lindblad [22], Lannes [19] for gravity waves without surface tension. In terms of
regularity of initial data, the work of Alazard—Burq—Zuily [1] reached an important threshold: local wellposedness as
long as the velocity field is Lipschitz, in terms of Sobolev embeddings, up to the free surface. More precisely, this
corresponds to initial data (in view of the formula (1.3))

d
(0. o) € H' 2 (RY) x H'(RY), 5>+ 2.

This is achieved by the energy method after reducing the system to a single quasilinear equation using a paradifferen-
tial calculus approach. However, observe that the linearization of (1.2) around the rest state (0, 0) reads

0 +i|DF®=0, ®=[DIIn+iy
which is dispersive and enjoys the following Strichartz estimate with a gain of % derivative

el .1 <Col®Pli=ollgs, VoeR. (1.4)
Liw, 8 *

x

Therefore, one expects that the fully nonlinear system (1.2) is also dispersive and enjoys similar Strichartz estimates.
Indeed, this is true and was first proved by Alazard—Burg—Zuily [2]: all solutions

(n.9) € C°([0. TT; H+3 (R) x H* (R), S>2+% (1.5)

possess the hidden regularity
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(1. 9) € L*(0, TT; W5 (R) x W™ 5 (R)). (1.6)

Compared to the classical (full) Strichartz estimate (1.4), the estimate (1.6) exhibits a loss of % derivative and is
called the semi-classical Strichartz estimate. This terminology comes from the work [9] for Schrodinger equations on
manifolds. In fact, slightly earlier in [10] the same Strichartz estimate was obtained for the 2D gravity-capillary water
waves under another formulation. We also refer to [18] for another proof of (1.6) and the semi-classical Strichartz
estimate for 3D waves.

It is known, for instance from the works of Bahouri—-Chemin [6] and Tataru [29] [30], that for dispersive PDEs,
Strichartz estimates can be used to improve the Cauchy theory for data that are less regular than the one obtained
merely via the energy method. We refer to [7], Chapter 9 for an expository presentation concerning quasilinear wave
equations. Our aim is to proceed such a program for the gravity-capillary water waves system (1.2). For pure gravity
water waves, this was considered by Alazard—Burq—Zuily [4]. Coming back to our system (1.2), from the semi-
classical Strichartz estimate (1.6) for s > 2 + % it is natural to ask:

Q: Does the Cauchy problem for (1.2) have a unique solution for initial data
1 1 9

(0. ¥0) € H'T2(RY) x HYRY), s>2+ s—7=7"

In the previous joined work [16], we proved an “intermediate” result for s > 24 1/2 —3/20 in 2D case (together with
a similar result for 3D case), which asserts that water waves can still propagate starting from non-Lipschitz velocity
(up to the free surface). See [4] for the corresponding result for vanishing surface tension. Our contribution in this
work is to prove an affirmative answer for question Q.

Let us give an outline of the proof. In [15], using a paradifferential approach we reduced the system (1.2) to a single
dispersive equation as follows. Assume that for some s > r > 2

(7. 9) € CO10, TT: HF2(R) x H' (R)) N LH([0, TT; W2 (R) x W (R)) (1.7)

then after paralinearization and symmetrization, (1.2) reduces to the following equation of a complexed-valued un-
known ®

P+ Tyd®d+iT, d=f (1.8)

for some paradifferential symbol y € £/ and the source term £ (¢) satisfies the tame estimate

1Ol < F([a0.v o) ey ) 1+ 10OVO)] g )

2

here F is some universal nonlinear function.
Such a reduction was first obtained in [1] for solutions at the “energy threshold” (1.5). Observe that the relation

1
s > r > 2 exhibits a gap of % derivative in view of the Sobolev embedding from H* to c, ? (see Definition A.1).
Having in hand the blow-up criterion and the contraction estimate in [15] at the regularity (1.7), the main difficulty
in answering question Q is to prove the semi-classical Strichartz estimate for solution ® to (1.8). Compared to the
Strichartz estimates in [16] we remark that the semi-classical gain in [2] (when s > 2 + %) was achieved owing to
the fact that in one spatial dimension, (1.8) can be further reduced to an equation whose highest order term is just the

Fourier multiplier | Dy | 5 :
8D+ Ty, ® +i|Dy2® = [ (1.9)

This reduction is proceeded by means of the paracomposition of Alinhac [5]. Here, we shall see that in our case
we need more precise paracomposition results for two purposes: (1) dealing with rougher functions and (2) deriving
quantitative estimates. This will be the content of section 3 and can be of independent interest. After having (1.9)
we show in section 4 that the method in [2] can be adapted to our lower regularity level to derive the semi-classical
Strichartz estimate with an arbitrarily small ¢ loss of regularity.

1.3. Main results

Let us introduce the Sobolev norm and the Strichartz norm for solution (7, ) to the gravity-capillary system (1.2):
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Moy (T) = [|(n, ¥l
No (T) = [[(n, ¥l

Mo (0) = l(n. ¥)le=oll |

o+l ’ o+l ’
L0, T H” "2 (R)x H? (R)) 2 (R)xH? (R)

L4(0,T1; WH%'OO(R) X W2 (R))’

Our first result concerns the semi-classical Strichartz estimate for system (1.2).

Theorem 1.1. Assume that (n, V) is a solution to (1.2) with

(7.9) € CO10, TT; H'F2(R) x H* (R) N LH([0, TT; W2 (R) x W' (R)),

(1.10)
s >r > 3 + 3
and
inf dist(n(#), ) >h > 0. (1.11)
1€[0,7]
For any n < % there exists a nondecreasing function F independent of (n, V) such that
Ny 14, (T) < F(M(T) + Ne(T)). (1.12)

As a consequence of Theorem 1.1 and the energy estimate in [15] we obtain a closed a priori estimate for the
mixed norm M(T) + N, (T).

Theorem 1.2. Assume that (n, V) is a solution to (1.2) and satisfies conditions (1.10), (1.11) with

1 1
2 - , -, h>0.
<r<s 2+u u<4 >

There exists a nondecreasing function F independent of (n, V) such that

My(T) + No(T) < F(F(M,0) + TF(M(T) + No(T))).

Finally, we obtain a Cauchy theory for the gravity-capillary system (1.2) with initial data %—derivative less regular
than the energy threshold in [1].

Theorem 1.3. Let 1 < i and2 <r <s— % + w. For any (ng, ¥o) € H TS (R) x H®(R) satisfying dist(no, ') > h > 0,
there exists T > 0 such that the gravity-capillary waves system (1.2) has a unique solution (n, V) in

L0, TT; H*+2(R) x H*(R) N L4([0, TT; WH2°(R) x W"®(R)).
Moreover, we have

(7. 9) € CO10, T]: HY2(R) x H*(R)) Vso <s,
and

h
inf dist(n(¢), " —.
dnt_dist(n(0),T) > 5

Remark 1.4. The proof of Theorem 1.3 shows that for each pu < }—1 the existence time 7 can be chosen uniformly for
data (no, ¥o) lying in a bounded set of H*® +5 (R) x H*(R) and the “fluid depth” A lying in a bounded set of (0, +00).

Remark 1.5. We do not know yet if the semi-classical gain is optimal for solutions at the regularity (1.10). However,
some remarks can be made as follows. On one hand, regarding Strichartz estimates for (1.8), since the symbol y is
x-dependent, trappings and thus loss of derivative may occur. As an example, the semi-classical Strichartz estimates
are optimal for Schrodinger equations posed on spheres (see section 4, [9]). On the other hand, if one wishes to



H.Q. Nguyen / Ann. I. H. Poincaré — AN 34 (2017) 1793-1836 1797

eliminate the geometry by making changes of variables, then as we shall see in Proposition 4.3 and Remark 4.4, there
will appear a loss of % derivative in the source term, which turns out to be the least allowable loss for the semi-classical
Strichartz estimate (see the end of the proof of Theorem 4.14).

Remark 1.6. The linearization of (1.2) in 2 spatial dimensions (1, ¥ : R* — R) enjoys the semi-classical Strichartz
estimate with a gain % derivative (see [18]). It was proved in [18] that the same estimate holds for the nonlinear
system (1.2) when

5
(1. 9) € CO0. T): H' P2 (R?) x H'(R), s > S +1.
If the preceding regularity could be improved to (% derivative)
(1. 9) € CO0, TY; H'F3 x HY) N L0, T]; W'+ x W),
1
s—=>r>2,
2
the results in [15] would imply a Cauchy theory (see the proof of Theorem 1.3) with initial surface
3
meH IR, 5> S+ 1,
which is the lowest Sobolev regularity to ensure that the initial surface has bounded curvature (see the Introduction
of [16]). Note that according to [4], in the absence of surface tension, the problem is well-posed even if the initial
curvature is unbounded (in all spatial dimensions) or even not in L?(in2 spatial dimensions).
2. Preliminaries on dyadic analysis

2.1. Dyadic partitions

Our analysis below is sensitive with respect to the underlying dyadic partition of R¢. These partitions are con-
structed by using the cut-off functions given in the following lemma.

Lemma 2.1. For every n € N, there exists ¢,y € C* (RY) satisfying

1, iflgl<27",
_ 2.1
b () 0. iflg|>2mH 2.1
V(a, B) eN? x N¥,3C, 5 > 0,Vn € N, || x#8%p) (x) |1 ey < Carp- (2.2)

We postpone the proofs of the results in this paragraph to Appendix B. In fact, to guarantee condition (2.2) we
choose ¢(,) with support in a ball of size 27" 4 ¢ for some ¢ > 0.
We shall skip the subscript (n) and denote ¢ = ¢, for simplicity. Setting
O =0(p) keZ, go=¢=0v. ¢=x ~ X-1. k=~ P11 =0(5). k= 1.
we see that
suppgo C Co(n) :={& e R? : [g] < 2"t}
suppp C C(n) :={€ e RY : 270+D g < 2nH]y (2.3)
supp i C Cr(n) :={€ e R? : 2k=01FD g < pk+01+D) "y > 1
Observe also that with
No:=2(n+1)
we have

CimyNC(n)=0 if|j—k|= No.
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Definition 2.2. For every ¢ = ¢, define the following Fourier multipliers

Su(€) = pr(E)ia(®), ke Z, Awu(E) =g (£)i(E), k>0,

Denoting u; = Axu we obtain a dyadic partition of unity

o0
u=Yy up. (2.4)
p=0

where n shall be called the size of this partition. Remark that with the notations above, there holds

q
No=S50. I Ap=S4 Sgr1—S,=2g41.
p=0

Throughout this article, whenever R? is equipped with a fixed dyadic partition, we always define the Zygmund-
norm (see Definition A.1) of distributions on R¢ by means of this partition.

To prove our paracomposition results we need to choose a particular size n = ny, tailored to the diffeomorphism,
in Proposition 2.9 below, whose proof requires uniform bounds for the norms of the operators S;, A; in Lebesgue
spaces and Holder spaces, with respect to the size n. This fact in turn stems from property (2.2) of ¢,).

Lemma 2.3. ]. For every a € N4, there exists Co, > 0 independent of n such that

: i(aled_d
Vj, V1< p<g<oo, + 0% Aju] g ey < Ca2 M ) Ly gy

|0%Sul

L4(RY)
2. For every u € (0, 00), there exists M > 0 independent of n such that

VjeN, Yue WHCRN | Ajul e gay < M2 ullyinos ey -
As a consequence of this lemma, one can examine the proof of Proposition 4.1.16, [23] to have

Lemma 2.4. Let i > 0, p ¢ N. There exists a constant C,, independent of n, such that for any u € W (RY) we
have

1
C_ﬂ el ooy < Nullcr < Cpllullyyuoo gy -

Moreover, when p € N the second inequality still holds.

By virtue of Lemma 2.4, we shall identify W”'OO(R”’) with CF (Rd) whenever u > 0, u ¢ N, regardless of the
size n.
For very j > 1, the reverse estimates for A ; in Lemma 2.3 1. hold (see Lemma 2.1, [7]).

Lemma 2.5. Let o € N¥. There exists Co(n) > 0 such that for every 1 < p < 0o and every j > 1, we have
|2l o gay = Cam)2 0 |8 A ju] 1y oy -

Applying the previous lemmas yields

Lemma 2.6. /. Let j1 > 0. For every a € N? there exists Co > 0 such that

Cazp(lalfu) ||3°‘v||C,Ha\ ’ if lal >
Yo e CLRY), Yp=0, [0%(Spv)| oo = § Ca l10%0] o, if 1ol < 1t 2.5)
Cap IVllcs s if o] = 2.

2. Let 1 < 0. For every a € N there exists Co > 0 such that
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Yv e CE(RY), Vp=>0,

0% (Spv) | oo < Ca2P11 ]l e (2.6)
3. Let u > 0. There exists C(n) > 0 such that for any v € S’ with Vv € Cf_l (R we have

[v—Spv]|, 0 < C)27P* || V| 2.7)

Cit—l .
2.2. On paradifferential operators

In this paragraph we clarify the choice of two cutoff functions y and ¢ appearing in the definition of paradifferen-
tial operators A.3 in accordance with the dyadic partitions above. Given a dyadic system of size n on R?, define

X6 = ¢p-nepE) 2.8)

p=0

with N = N (n) > n large enough. It is easy to check that the so defined x satisfies (A.3) and (A.4). Plugging (2.8)
into (A.2) gives

T =Y [ [0, v@)a0. me,0vmicndnde
p=0

= Z Spra(x, D)(wwp)(D)u(x)

p=0

Notice that for any p > 1 and n € supp ¢, we have || > 27". Choosing ¥ (depending on ) verifying

Yy =1 iflp|=27", vm=0 iflyp<2™""!

gives

Tau(x) = Z Sp—na(x, D)Apu(x) + S_ya(x, D)) (D)u(x). 2.9
p=1

Defining the “truncated paradifferential operator” by

o0
Tau=Y_S,_nalpu, (2.10)
p=1

then the difference T, — T}, is a smoothing operator in the following sense: if for some « € N¢, 8%y € H~ then
(T, — T,)u € H* since V¢ is supported away from 0. We thus can utilize the symbolic calculus Theorem A.5 for
the truncated paradifferential operator 7,u when working on distributions u as above. The same remark applies to the
paraproduct T P, defined in (A.11). In general, smoothing remainders can be ignored in applications. However, to be
precise in constructing abstract theories we decide to distinguish between these objects.

Definition 2.7. For v, w € S’ we define the truncated remainder
R(v, w) = va — va.
Compared to the Bony’s remainder R (v, w) defined in (A.12), there holds

N
R(v,w):R(w,w)+Z(Sk_NvAkw+Sk_NwAkv). 2.11)
k=1

Remark 2.8. The relation (2.11) shows that the estimates (A.13), (A.14), (A.15) are valid for R.
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2.3. Choice of dyadic partitions
Let« : Rf — R‘Z’ be a diffeomorphism satisfying

3p >0, .k € CL(RY),
dmog >0, Vx € R‘li,

detlc/(x)| > my.

We equip on thl the dyadic partition (2.4) with n =0 and on R‘f the one with n = ng large enough as given in the next
proposition.

Proposition 2.9. Let p, g, j > 0. For g9 > 0 arbitrarily small, there exist F|, F> nonnegative such that with

no = Fi(mo, || ;=) €N,  po=Fa(mo, K’Hcio)GN,

and No = 2(nog + 1), we have
|Sp’ I —&| = 1,
if either (§,m) € C;(n) x Cy(1), p=0, j>qg+No+1
or [§] <270 pec, (1), pzpo. 0<j<q—No—1.
Proof. We consider 2 cases:
@) p=0,j>q+ No+ 1. Using Lemma 2.3 we get for some constant M| = M(d)
|Spi () — &| = [E] = IS ()] = 29717771700 — vy || o)
> 2M070FD — My | e 2 2 = My ] e

We choose n > [logy (M1 |[«'||,« + 1)] to have
(ii) j <q — No — 1. Note that for any g9 > 0, owing to the estimate (2.7), there is a constant My = M»(d, &p) such
that

> 1.

k' =8

and consequently, for some increasing function F

[det S| = |detse’| = M2~ PO F (i o) = (2.12)
if we choose
1 2M
p=mim o ol F (e )] 41 .13)

We then use the inverse formula with adjugate matrix (Spc’)~ - -adj(S,«") whend > 2 to get forall d > 1,

- delS K

[(sp) ™| = mio (1+c@|e]i) =k

It follows that

1 24— 2—j—(n+1)

1
|Spk’ 0 — €| = a1k 27— = D

> lzN()—l—(n-‘rl) _ 1 > lzn _ 1
- - K
Choosing n > [1 +1In K] + 1 leads to ‘Sp/c’(y)r] — §| > 1. The Proposition then follows with pg as in (2.13) and

no=[logy(My |'| ,c + D] +[1+InK]+1. O
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3. Quantitative and global paracomposition results
3.1. Motivations

The semi-classical Strichartz estimate [2] for solutions to (1.8) relies crucially on the fact that a para-change

of variables can be performed to convert the highest order term 7), to the simple Fourier multiplier |Dx|%. This is
achieved by using the theory of paracomposition of Alinhac [5]. Let us recall here the main features of this theory:

Theorem 3.1. Let Q1, Q5 be two open sets in R? and k : Q1 — Q0 be a diffeomorphism of class CPT', p > 0. Then,
there exists a linear operator ks : D'(Q2) — D'(Q1) having the following properties:
1.k applies H} () to zgc(Ql)fo” all s e R.

2. Assume that k € Hr'H withr > 4. Letu e H .

KAuzuox—Tu/OK/c+R (3.1)

(22) with s > 1 + %. Then we have

with R € HP9(Q)), e=min(s — 1 — 4,7 +1-9).
3. Lethe 2’" There exists h* € " with ¢ = min(t, p) such that

4 Thu = Tk yu + Ru (3.2)

where R applies H;, () to HISOC”'“ (22) for all s € R. Moreover, the symbol h* can be computed explicitly as in

the classical pseudo-differential calculus (see Theorem 3.6 below).

Letu € £'(2), suppu =K, ¢ € C5° (1), ¥ = 1 near «~1(K). The original definition of K4 in [5] is given by

oo p+No
Kiu=>" > AjApuck) (3.3)
p=0,j=p—No

for some Ny € N and some dyadic partition 1 = A j depending on «, K.
This local theory was applied successfully by Alinhac in studying the existence and interaction of simple waves for
nonlinear PDEs. The equation we have in hand is (1.8). More generally, let us consider the paradifferential equation

u+Nu+iTyu=f, (t,x)e(0,T)xR, (3.4)

where u is the unknown, 7} is a paradifferential operator of order m > 0 and Nu is the lower order part. Assume
furthermore that h(x, £) = a(x)|€|™, a(x) > 0. We seek for a change of variables to convert 7}, to the Fourier multi-
plier |D,|™. Set

X
1
x(x) = / a”m (y)dy
0

and let « be the inverse map of x. Suppose that a global version of Theorem 3.1 were constructed then part 3. would
yield

k43 Thu = Ty ju + Ru
and the principal symbol of #* (as in the case of classical pseudo-differential calculus) would be indeed |£|™. However,
to be rigorous we have to resolve the following technical difficulties.

Question 1. A global version of Theorem 1, that is, in all statements H; (R) is replaced by H*(R).

loc

Question 2. If the symbol £ is elliptic: a(x) > ¢ > 0 then the regularity condition x € C P+1(R) is violated for
)= —— " k(@) = e
K'(x)=———=am(k(x))>cm.
x' (ke (x))

So, we need a result without any regularity assumption on « but only on its derivatives; in other words, only on the
high frequency part of «.
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Assume now that equation (3.4) is quasilinear: a(¢, x) = F(u)(¢, x). We then naturally consider for each ¢, the
diffeomorphism

X

X (x) = / F@u)™"(t, y)dy
0

and this gives rise to the following problem

Question 3. When one conjugates (3.4) with «7; it is requisite to compute
0 (kju) = k4 (0pu) + R. (3.5)

This would be complicated in view of the original definition (3.3). In [2] the authors overcame this by using Theo-
rem 3.1 2. as a new definition of the paracomposition:

kK*u=uok — Tyopk.

For this purpose, we need to make use of part 2. of Theorem 3.1 to estimate the remainder k7 (Tju) — k*(Tju). This
in turn requires Tpu € H® with s > 1 4 % orue H* withs >m+1+ %, which is not the case if one wishes to study
the optimal Cauchy theory for (3.4) since we are always 1-derivative above the “critical index” u =m + %.

Question 4. Does a linearization result as in part 2. of Theorem 3.1 for u € H*(R) with s < 1 + % hold?
Let’s suppose that all the above questions can be answered properly. After conjugating (3.4) with «* the equation
satisfied by u™ := k*u reads
qu* + Mu* 4+ |Dy|"u* =k*f + g (3.6)

where g contains all the remainders in Theorem 3.1 2., 3. and in (3.5).

To prove Strichartz estimates for (3.6), we need to control g, as a source term, in Lf Lz norms, which in turns
requires tame estimates for g. It is then crucial to have quantitative estimates for the remainders appearing in g and
hence quantitative results for the paracomposition.

3.2. Statement of main results

Let « : R‘li — Rg be a diffeomorphism. We equip on R‘Z’ and Rf two dyadic partitions as in (2.4) with n =0 and
n = ny, respectively, where ng is given in Proposition 2.9.

Notation 3.2. 1. For a fixed integer N sufficiently large (larger than N given in (2.8) and Ny = 2(ng + 1)) to be chosen
appropriately in the proof of Theorem 3.6, we set for any v € S’ (R”ll) the piece

l,= Y A (3.7)

lj—pl<N

2. For any positive real number y we set u— = if w ¢ Nand u_ = u — ¢ if s € N with ¢ > 0 arbitrarily small so
that uw — e ¢ N.

Henceforth, we always assume the following assumptions on «:

Assumption L.

p>0: dyk e CLRY); FaeNd r>—1: 3%k e HTI7I0I(RY. (3.8)

Assumption II.

Img > 0,¥x eR{ ¢ |detk’(x)| = mo. (3.9)
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Definition 3.3 (Global paracomposition). For any u € S ’(thl) we define formally
o0
K;‘u = Z[up oklp.
p=0

We state now our precise results concerning the paracomposition operator K;.

Theorem 3.4 (Operation). For every s € R there exists F independent of k such that

Vu € C5(RY),

* /
Kgu s S-F(mOa |K ”Loo)”u”Cia

Vie H'RD), |

\ < F(mo,
HS

Kgu k[ oo Nt s -

Theorem 3.5 (Linearization). Let s € R. For all u € S’(R‘zi) we define
Riipet =t ok — (K;fu + TM/OKK) .
@) If0<o <1, p4+0 >1andr + o > 0 then there exists F independent of k, u such that

K/”cfj)(l +| 3)?0’(“1-1’“—'“0\ ) ([l g1 T ||”||C§3)

where § =min(s + p,r + o).
(ii) If o > 1, set e =min(o — 1, p + 1)_ then there exists F independent of k, u such that

IRzineull g5 < F(mo,

IR ineull gz < F(mo. i lleo) (14 050k || yri—iwgr ) (|| jromt + Nl co )
where s =min(s + p,r + 1 + ¢).

1803

(3.10)

Theorem 3.6 (Conjugation). Let m, s € R and t > 0. Set ¢ = min(z, p). Then for every h(x, &) € I'", homogeneous

in & there exist

o h*e X,
e F nonnegative, independent of k, h,
e ko=ko(d,7) eN

such that we have for all u € H® (R‘zl),

* *
Kg Thu = Th*Kgu + Reonju,

conjU || gs—m+e = (M0, ||K || co) Mz (115 Ko + K\ g+i—ao ) 1 HS
|Reonju Fmo, ]| corMz (s ko) (14 8%k y1-aq ) 1

(the semi-norm M (h; ko) is defined in (A.1)). Moreover, h* is computed by the formula

[p] [p]
1 1L ldetdyr ()]
h*(x, &)=Y k5= —3!Dj(h R, THE) ),
(x,8) ;:o: ; j}zoﬁj! (D] (1 (k00 Rexe 1) 1 L m )

1
R(x,y) = ’/ oxk(tx 4+ (1 —t)y)dz.
0

Remark 3.7.

@3.11)
(3.12)

(3.13)

e The definition (3.10) of Ryine involves T}, which does not require the regularity on the low frequency part of

the diffeomorphism «.

e Part (i) of Theorem 3.6 gives an estimate for the remainder of the linearization of /cgf u where u is allowed to be

less regular than Lipschitz.
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e In part (ii) of Theorem 3.6, the possible loss of arbitrarily small regularity in ¢ = min(o — 1, p 4+ 1)_, according
to Notation 3.2 2., is imposed to avoid the technical issue in the composition of two functions in Zygmund spaces
(see the proof of Lemma 3.10). On the other hand, there is no loss in part (i) where o € (0, 1).

e In the estimate (3.12), u is assumed to have Sobolev regularity. Therefore, in the conjugation formula (3.11) the
paradifferential operators 7}, and 7+ can be replaced by their truncated operators Ty, and T}+, modulo a remainder
bounded by the right-hand side of (3.12).

3.3. Proof of the main results
Notation 3.8. To simplify notations, we denote throughout this section C* = C%(R?).

3.3.1. Technical lemmas
First, for every u € 8’ (Rg) we define formally

Rou = Kju— Z[u,,ospx]p. (3.14)
p=0

The remainder R, is p-regularized as to be shown in the following lemma.

Lemma 3.9. For every i1 € R there exists F independent of k such that:

Vo e HURY), [Rev] ey = F o, €' o) [0 s (14 [0k | fri1-co) -

Proof. By definition, we have
Rev=— [vp08,k —vyokl, ==Y [A)],.
p=0 p=0
Each term A, can be written using Taylor’s formula:

1

Ap(x) = / v;,(/c(x) F1(Spr(x) — Kk (x)))de(Spr (x) — Kk (x)).

0
1. Case 1: p > po. Setting y(x) =k (x) + 1 (Spk (x) — k(x)), one has as in (2.12) |det(y")| > 52, hence

1

/ v;,(/c(x) +1(Spr(x) — K (x)))de < F(my, K’Hcp) v;, o (3.15)
0 L2
Then by virtue of the estimate (2.7) we obtain
Yoz po. | Apl . =277V PO FGno, | cprep =277 Fmo. [ e (3.16)
with
= 2
DB [ g
P=p0

2. Case 2: 0 < p < po. We have by the Sobolev embedding H9¢/?*! < [
1

/ v;,(/c(x) +1(Spk(x) — K (x)))dt < ‘

0 LOC

AR T T

L>®

Applying Lemma 2.5 we may estimate with szo f2 < F(my, ||k ||Cp) 0%k ||H,Jrl o]
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o0 oo
e =Sple= D0 Najele= 3 2700 a0%]
j=p+l1 j=p+l1

o0
< Z z—jlaolz—j(r+1—|ao|)fp < F(mo,
Jj=p+l1

e 17 ey

where we have used the assumption that r + 1 > 0. Therefore,

¥p<po. [Aple = Fono. [ o) [ |t [0 ey G.17)

3. Finally, noticing that the spectrum of [A |, is contained in an annulus { M ~12P < |&| < 2P M} with M depending
on ng, the lemma then follows from (3.16), (3.17). O
Lemma 3.10. Let . > 0 and e =min(u, p + 1)_. For every v € C“(R‘zl), set
rp:=S8p(wok)—(Spv) o (SpK).
Then for every o € N there exists a non-decreasing function F, independent of k and v such that

|07y oo < 2P0 Fo (6| o) 0l e -

Proof. We first remark that by interpolation, it suffices to prove the estimate for « = 0 and all |«| large enough. By
definition of ¢ we have v o k¥ € C? with norm bounded by }"(HK/ ”C/’) lvllcm-
1. @ = 0. One writes

rp=Spvok)—vok)+(—S5pv)ok+ (Spvok —SpvoS§yk)

and uses (2.7) to estimate the first two terms. For the last term, by Taylor’s formula and (2.7) (consider u© > 1, =1 or
< 1) we have

[Spv ok —SpvoSpic| o < [[Spv"] oo [ = Spr || oo = C27P% 0l "] s -

Therefore,

Irpll oo = €277¢ (Il o kclice + Ivlice + vllen ||| ) -

2. |a| > p + 1. The estimate (2.5) implies

H Sp(voi)@

yoo = Co 2”199 Iy okl e .
On the other hand, part 2. of the proof of Lemma 2.1.1, [5] gives

H(S,,v o Sp/c)(“)

Lo S G2 ) vl

Consequently, we get the desired estimate for all |«| > 1 4+ p, which completes the proof. O

Lemma 3.11. Let v € C°°(R‘21) with supp 0 € C4(0). Recall that No = 2(no + 1) with no given by Proposition 2.9.
(i) For p>0, j > g+ No+ 1 and k € N there exists Fi independent of k, v such that

(vo pr)|

(ii) For p> po, 0 <€ <t <q— Ny —1andk €N there exists F independent of k, v such that

gy S22 Il Fimo,

[l co):

e/
Z (v o SpK)j < 27 tkppk=p)+ vl 2 Fr(mo,

j=t L2 (Rd)

K/”cp)'

(iii) Set Rpu =[up o Spilp — (up o Spk). For any p > po, there exists Fy, independent of k, u such that

|Rpul 2 <2772 lup | 2 Filmo,

Kl”cp)‘
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Proof. First, it is clear that (iii) is a consequence of (i) and (ii) both applied with k > p. The proof of (i) and (ii)
follows mutadis mutandis that of Lemma 2.1.2, [5], using the technique of integration by parts with non-stationary
phase. We only explain how to obtain the non-stationariness here. Let ¢ = 1 on C(0) and supp@ C C(1). The phase of

the integral (with respect to y) appearing in the expression of (v o S,«); and Zﬁ-lzz(v o Spk)j is
Spr(Y)n — y§

where,

o in case (i), (1.§) € supp(@(277-) x suppp(2~/>),
e incase (ii), (n, &) € supp(¢(277-) x supp¢(2~*-) with ¢ = £ or £’ + 1, which comes from the fact that

14

e ie) =) — g7 .

j=t

In both cases,
|9y (Sprc () — yE) | =[Sk’ In —&| = 1

by virtue of Proposition 2.9. O

3.3.2. Proof of Theorem 3.4

By Definition 3.3 of the global paracomposition «yu = Z‘;Ozo[u pok]p.Since each [up, ok], is spectrally localized
in a dyadic cell depending on ng = F(m, ||k’| L), the theorem follows from Lemma 2.3 after making the change of
variables y = k (x).

3.3.3. Proof of Theorem 3.5

Using the dyadic partition u =), _u, and the fact that S, — Id in &’ we have in D’ (Rf )

p=0
UOK = Zup oK ZZZ(MP 0 Sg41K —up oSqK)—i—ZupoSoK.
p=0 p=0g>0 p>0
Denoting by S the first term on the right-hand side, one has by Fubini’s theorem,
S=Y ) wpoSpnix—upoSg)+ > Y (upoSyik —upoSy)=:(I)+ ().
9=00=<p=q 920 pzq+1
For (I) we take the sum in p first and notice that Sy = Ag to get
()= (Squ 0 Syr1k — Syt 0 Syic).
q=0
For (11) we write
D= > (upoSypik —upoSk)=» (upoS,k—uoSok).
p=10<g=<p—1 pz1
Summing up, we derive
wok = upoSyk+ Y (SguoSs i1k — SquoSek)=: A+ B. (3.18)
p=0 q>0
Thanks to Lemma 3.9, there hold
A=Y upoSyk=kju+Reu, with (3.19)
p=0
|Reu]| gysp < Fmo.

K eo) | pomr (U4 970 || e - (3.20)
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On the other hand, B = 420 B, with

. /
By :=S4u o0 Sy166 — Squo Sy =rgr1kg+1 + Sq—n+1(U 0 K)kg11

where
1
rgy1 = /(Squ/)(tSqHK + (A —=1)Syk)dt — Sq_N+1(u’ 0K).
0

By the definition of truncated paradifferential operators
D Sy 1@ ok)kgi1 =Y Sp N oK)y = Tyock. (3.21)
q=0 r=1
Thus, it remains to bound
qu+1lfq+1 = Z IgKq-
q>0 g1

(iYCasel:0<o<1,0+p>1
In this case, we see that u o x € C?, hence (u o k) € C°~! with norm bounded by F(my, |
using (A.22) withae =1 —0, B = p_ yields

K’ ”Cﬂ) lullco . Then,

]

| ok o = H(K/)_l(uo’c)/ o1 =T Mo €flen) cr- |@ow)] ot

By writing (') ™" = gieyadic’) we get easily that | (<)~ ., < F(mo,

«’'|| o) and hence

HM/OKHCU—I E‘F(m(L K/HC/J)HMHCU .

Now, we claim that

Vg >1, Va e N,

1397 | oo < 290€41-9) 7, (g,

i [ o) Nl o - (3.22)
Since 0 — 1 < 0 it follows from (2.6) that

[0 Sy—n ' 0K) | o < Ca290 = | 0 k|| oy < 290412 F (o,

K/Hcp) ”M“C‘r .

Thus, to obtain (3.22) it remains to prove

Vg > 1, Yo € N,

0% (Squt' (Sqr))|| ;oo < 29141 T, (o, |

k|| o) el o - (3.23)

By interpolation, this will follow from the corresponding estimates for « = 0 and || > 1 + p. Again, sinceo — 1 <0
we have (3.23) for = 0.

Now, consider |a| > 1+ p. By the Faa-di-Bruno formula ((S,u’) o (S,«))® is a finite sum of terms of the following
form

t
A= (Sgu)™ TTIes, )77,
j=1
Where 1 < |m| < |a|1 |V]| > 1, |Sj| > 1, th:l |S]|)/] =, Z;:l sj =m.
By virtue of (2.5), one gets

CoHMID oo iyl =12 p

71 .
L (s )Hm =1 C 1« - if |yl —1<p

H(Sq’()(m
C,247 ||K/||CP’V17>0 if |yj| —1=p.

< Cazq(\yjl—l)(l—w%l) “"/”cp )

Consequently,
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t
[TiSa0PPi || < Coaete=Imb =gtz /)i
Jj=1 L>®
Combining (3.24) with the estimate (applying (2.5) since m + 1 > o)

S ™| = Cu2 7 o
yields

[ S/ (SykD | oo = 224 o[ o) Nl
with

0
o] — 1

which concludes the proof the claim (3.23).
On the other hand, according to Lemma 2.5 (i7) for any ¢ > 1, o € N there holds

M=m+1-o0)+ (Ja| —m)(1 — ) <la|+1—o0,

[5a 2 = Ca2™ g 2 = Ca220700 020, |
< Cazq(la\—|a0|)2—4(r+1—\0€0|)ap — Cazq(ld\—r—l)ap’

with

Y a7 < F(mo.

g=1
We deduce from (3.23) and (3.25) that
0% (rgic) || 2 < 299" Fo ikl o) llull oo ag-
By the assumption r 4+ ¢ > 0 we conclude

1D " rakqllgre < Fllicleo) lullco 020K yrii-ag -
g=1

Combining (3.19), (3.20), (3.21), (3.26) we obtain the assertion (i) of Theorem 3.5.
(ii) Case 2: o > 1. This case was studied in [5]. One writes

€ e 1820 [ yri1-co -

Vo e N?, Vg > 1,

Sg—n' oK) =t5+ Sq—1u' 0 Sq_1k + 54
with

tg=S8g-NW oK)= Sy_1(u' oK), 54 =Sg—1(u' ok) — Sg_1u’ 0 Sy_1k.
Plugging this into r, gives

Tqg=2q —1lqg =5

with
1
g = /(Sq_lu')(tSqK + A =1)8;—16)dt — Sq_lu' o0 8;-1K
0

1 1

:/cq/t/((Sq_lu’))/(Sq_llc—i—stlcq)dsdt.
0 0

Now we estimate the L°°-norm of derivatives of rq- Since

qg—1

Ig=— Z (u/olc)j

j=q—N+1

(3.24)

(3.25)

(3.26)
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we get with e =min(oc — 1, p+ 1)

Vg > 1,Ya €N,

|01 || oo <2711 Fo (1| o) el o - (3.27)

Applying Lemma 3.10 we have the same estimate as (3.27) for s,. Finally, following exactly part d) of the proof of
Lemma 3.1, [5] with the use of Lemma 2.6 one obtains the same bound for z,,.
We conclude by using (3.25) that

|| quKq”Hr+l+s S || 3gOK”Hr+1—a0 -F(”K/ ||Cp) ”u”C“ 5
g=1

which combined with (3.20) gives the assertion (ii) of Theorem 3.5.

3.3.4. Proof of Theorem 3.6
We recall first the following lemma on the boundedness of a class of Fourier integral operators.

Lemma 3.12. (/5, Lemme d), page 111]) Let K C R? be a compact set. Let a(x, y, n) be a bounded function satisfying
the following properties: a is C* in n and its support w.r.t. 1 is contained in K, all derivatives of a w.rt. n are
bounded. For every p € N, define the associated Fourier integral operator

Apv(x) =/ei(x7y)€a(x, y,27P5)u(y)dydé.

Then, there exist an integer k1 = k1(d) and a positive constant C independent of a, p such that with

M = sup a;';a’
el <k; L®(R?xR?xR?)
we have
Yve L2RY), [Apv] . <CM|vl.

Now we quantify the proof of Lemma 3.3 in [5]. Let m, s € R, T > 0, ¢ = min(z, p) and A(x, §) € I'?", homoge-
neous in £. We say that a quantity Q is controllable if || Q|| gs—m+s is bounded by the right-hand side of (3.12) and
therefore can be neglected. Also, by A ~ B we mean that A — B is controllable. Keep in mind that « : R‘li — Rg,
u: R‘2’ — C where R‘f and R‘ZJ are R? equipped with a dyadic partition of size n = ng and n = 0 respectively.

Step 1. First, by Lemma 3.9 we have

ki (Thu) ~ Y [ApThuo Spic], - (3.28)
p=0
Then with v? := (S,_nh) (x, D)uy,
ki (M)~ Y Y [Apfo Sprc], -
p>0g>1
One can see easily that if N is chosen sufficiently larger than ng then the spectrum of v? is contained in the annulus
[g Ry 20701 <) <20t ]
with M| = M{(N, ng). This implies
Apv? =0if |p— gl > M :=M; +no+1=M(N,no),
hence

K;(Thu) = Z [Apvq o SpK]p
lp—ql=M

Set
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Si= 2 ([apv7 0 Spr], = [Ap07 0 Spc], ).

lp—ql=M
=3 ([ap7ospc], —[ap70x],).
lp—ql=M
We shall prove that S;, S are controllable so that
ki (M)~ Y [App7o «l, = > [v7o «, = > [(Sp-n)Apuo «],- (3.29)
p.q>0 q>0 p=0

Following the proof of Lemma 3.9, it can be seen that S, is (o — m)-regularized and thus controllable. We now
consider S;. If we choose N > M + Ny, No = 2(ng + 1), in the definition (3.7) of [-], then

Z Z Aj(Apve o Spic) — Z Z Aj(Apvd o Spi) = Si1— Si2.

= q|<MNo<|J pI<N = q‘<MNo<|J —qI<N

Observe that the pieces A (...) with j close to both p and q canceled out in the above subtraction. S 1 and Sy 2 can
be treated in the same way. Let us consider S;1 =3}, a + > a with

Z ZA(AUOSK) a3 Z ZA(AUOSK)

p</ No lg— p|<M F>I+No lg— P|<M
Ip—jl<N Ip—jl<N

For some positive constants C and kg, where the later is an integer depending only on d, we have
Vg, |vi] 2 = CMG ko) [ Aqul

By virtue of Lemma 3.11 (i) applied with k£ > p,

1

J

< 2. 2 2P EOME (ko) | Aqu | g Fitmo,
p<j—No.lp—jl<N.lg—p|<M

Z C'27IPM MG (h, ko) || Aqu] > Fie(mo,
lg—jl<M+N

< C"27ImmES) M (ko) Fi (mo,

o e

L2

IA

<len

|"/”cp) Z by

lg—jl<M+N

with [|b]l,2 < C |lullgs. Recall that mg is such that |detx’(x)| > myg for all x € R‘li. Then, thanks to the spectral
localization of a} we conclude that (for a different Fy)

1> abllgs-meo < MG (. ko) lull s Ficmo. || o)

J
For the second sum Y_ a2 we apply Lemma 3.11 (if).
Step 2. Recall from (3.29) that
kiTiu=> [Aplp. Ap=((Sp-nh)(x,D)u,)ok
p=0

One writes
Ap(y) = / e COIEGOPEY (S, Nh) (e (y), E)up(y )y dE

where ¢ is a cut-off function analogous to ¢ and equal to 1 on the support of ¢.
In the integral defining A ,(y) we make two changes of variables
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1
Y =k@, &='R7'n, R=R(,2) :=/K’(ty+(1—t)z)dt
0
to derive
K@l
|de tR|

The rest of the proof follows the same method as for pseudo-differential operators (see [17]) except that we shall
regularize first the symbol a,(y, z, 1) of A,: set

Ap(y):/ TGP IR ) (SN (e (), R e (ke (2)) o

by (320 = FE RS ) Sy Sy, Ry o 2
|detR,, |
with
1
R, =R,(y,2) = f Sy’ (ty + (1 — 1)z)dt.
0

By the homogeneity of S,_yh we write a,(y, z, n) = 2P"a,(y, z,277n) and similarly for Zp‘ Then due to the pres-
ence of the cut-off function ¢ one can prove without any difficulty that

VkeN, sup [3%(@p —bp)(y. 2. m)| < k2P Fi(mo,

la|<k

|| co) MG (s k + 1).

Therefore, in view of Lemma 3.12 we see that the replacement of a, with b, in K; Tyu gives rise to a controllable
remainder.
Step 3. Next, we expand b, (y, z, n) by Taylor’s formula at z = y up to order £ = [p] to have

bp(y.2.m) =By + by (. M@ =) + ..+ b (M@ = 0 T @ = !
where b/ is the jth-derivative of b p» With respect to z, taken at z =y and

1

0z =€ [ By i -y - )
0

In the pseudodifferential operator Rf,“ with symbol rf;*] we integrate by parts w.r.t. n £ + 1 times to obtain a sum of
symbols of the form 21’(’"_[_1)7,) (y,z,27Pn),
1
Fo(v 2 =C / 0408, (v, y +1(z — y).m)dr, el = Bl =€+ 1.
0
For |¢|=¢41, |y|=€¢4+1+k, k e Nitholds

oY by(y. 2, n)\ < C2P =P M (h, [p] + 1+ k) Fic(mo, || o))
Lemma 3.12 then gives for some k; = k1(d) € N,
[REFH| =27 2r D | g ) Ficmo, [ ).

Therefore, the remainder ) p[Rf,‘H] p i (p — m)-regularized and thus controllable.
Step 4. We write

Blu(y) = / e OTIMpT (v, 1)z — y) 1 (ke (2))dzdn
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and integrate by parts j times w.r.t.  to get

Blu =/ei(}’_Z)”cf;(y,n)up(fc(z))dzdn-

The key point is that in the above expression above we shall replace u, ok, p > 0 by its approximation [u, o k],
which will contribute in Th*fc;u. In order to do so, we will estimate the L2-norm of the difference

Wy =uporx —[upox]y
as

[Wp 2 <277 Fmo,

e fuplo-

Consider 0 < p < po. We treat separately each term in W), by making the change of variables x +— « (x) to have

[Wpll 2 < F(mo.

N lupl -

For p > po we write
Wp=@Wpok —upoSpk)+ (upoSyk —[upoSpklp)+ (upoSpxly —[upoxlp).

The second term is bounded using directly Lemma 3.11 (iii). The first and the last terms are treated as in the first part
(case 1.) of the proof of Lemma 3.9 (see (3.16)).

Again, by virtue of Lemma 3.12 we conclude that: in «, T,u the replacement of u, o« with [up o k], is (0 + j —
m)-regularized and controllable.
Step 5. Set

Cpu(y) = / e O7e) (v, mlup o i]p(2)dzdy.
We observe that if the cut-off function ¢ is chosen appropriately then all the terms in c{, relating to 3*¢@ are 1 ifa =0

and are 0 if o # 0, on the spectrum of [u), o k],. Therefore, compared to the classical calculus (3.13) for S,_yh we
can prove that

sup [0 (ch = Sp-nh3) (| = C2TPI M ik + 4 DFlmo, [ )

| <k
O<c1=n|=c2
with £; = min(z, p — j). _
Then, Lemma 3.12 implies that in K;f Thu the replacement of C},u with

Dju(y) = / OIS, NI (y, mlup 0 1] (2)dzdy

leaves a controllable remainder of orderm — j —g; <m —&.
Step 6. Summing up, we obtain

[p]

CTu~Y 3 [D;;u]p = %Z [(Sp-nHDE Dy o;c],,]p.

j=0 p j=0 p
Now, notice that if in the definition of K;Thu in (3.28) we had chosen instead of [-], a larger piece [~]/p corresponding

toN >N (remark that such a replacement is controllable according to Lemma 3.9 and Lemma 3.11) we would have
obtained

[p] [p]

K;ThuzZZ[(S,,,Nhj.)(x,D)[u,,ox],,]/=ZZ > AL (Sp-nhD G D)y okl ).

; p ; —
j=0r J=0 P Jk—p|<N

The spectrum of (S,_ Nhjf)(x, D)[up o k], is contained in the annulus
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[e Rt 20 M < ) <0t
for some M = M(]V, N) > 0. Therefore, if we choose N > M(]V, N) then
Ag (S[,_Nhi)(x, D)[u, o;c],,) =0if |k — p| >N,
and thus

[p]
kiThu =YY (Sp-nh§)(x, D)upoxlp. (3.30)

j=0 p

Finally, we write for 0 < j <[p]

Tiguc' = 3 (Sp-nhj)(x DA, Y Tl 0Ky

p q
=Y (Sp-nhDE. DYDY D Aglug ok)
p q ko
lk=gql=N
= > (Sp-nI)(x, DYA, A (ug 0 k).
P -
kq:lk—pl <No lk—q|<

In the preceding expression, the replacement of (S, Nh;f)(x, D) with (§,- Nhjf)(x, D) leaves a controllable remain-
der, so

Tisi*ur~ Y (Sq-nh)@ DA Aklugor) = Y (Sq-nh})(x, D)Ax(ug o k)

k.q

k
|p—k|=No lg—k|<N

lg—k|<N
=) (Sq-nh)(x. D)lug okly.
q
Therefore, we conclude in view of (3.30) that /c;‘ Thu ~ Zgﬂo T;;;K*u.
4. The semi-classical Strichartz estimate
4.1. Para-change of variable

First of all, let us recall the symmetrization of (1.2) into a paradifferential equation as performed in [15]. This
symmetrization requires the introduction of the following symbols:

_3 3
o y=(1+ @) "7,
L] a)z—éaxag)/,
_1
o g=(1+@n)?) 2,
5
3

o p=(1+@m?) g2 + pC2, where p2 = F(3,n, €)%, F € C®(R x R\ {0}; C) is homogeneous of
order —1/2in §.

Theorem 4.1. ([ 15, Proposition 4.1]) Assume that (n, V) is a solution to (1.2) and satisfies

(n.4) € C°(10, TT; H”%(R) x H*(R)) N L*([0, T; W’+%’°°(R) x W"°(R)),
4.1
s>r>—-4+ —.

2 2
Define
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U=y —Tpn, =Tyn+T1,U,
then ® solves the problem
0P +Tyo®+iT, &= f (4.2)

where there exists a nondecreasing function F : Rt x Rt — R, independent of (n, ) such that for a.e. t € [0, T],

1Ol < F (10O ey ) (THINO1 2y + 1 Ollres) (43)

We assume throughout this section that (1, ¥) is a solution to (1.2) with regularity (4.1). We shall apply our results
on the paracomposition in the preceding section to reduce further equation (4.2) by adapting the method in [2]. Define
for every (¢,x) € [0, T] x R

x(t, x)= / V14 (Byr)(t, y))zdy.
0

For each ¢ € [0, T], the mapping x — x (¢, x) is a diffeomorphism from R to itself. Introduce then for each ¢ € I the
inverse  (t) of x (¢).
Concerning the underlying dyadic partitions, we shall write

n@), ¥):Ry— Ry, «k(): Ry — Ry,

where, R; is equipped with the dyadic partition (2.4) of size n = 0 and R is equipped with the one of size n = ng as
in Proposition 2.9: ng = Fj (mo, |’ || 1)- Since

1

/
K= @cx) ok T+ (9ym) ok (x)2
we get
mo = (1 + ||axn||§?oL§,o) <k'(x)<1, VreR. (4.4)

Therefore, up to a multiplicative constant of the form F (|0, 7]l L® L)c()o) we will not distinguish between R; and R; in
the rest of this article.

As mentioned in the introduction of our paracomposition results, we shall consider the linearized part of K; asa
new definition of paracomposition. More precisely, we set

U=k*®:=dox — T(aX(p)OKK, 4.5)
where, for any function g : I x Ry — C we have denoted

(gor)(t,x)=g(t,k(t,x)), V(,x)el xRy.
Let us first gather various estimates that will be used frequently in the sequel. To be concise, we denote

N=F(lo vl _ 1 )
Ly

(Hy % xHS)

where F is nondecreasing in each argument, independent of 1, ¢ and F may change from line to line.
Lemma 4.2. The following estimates hold

NPl e <N,

1

2 100 ley, =N (1401 1o+ 1Ol )
3l —1l 1 <A,

L>®H,
4
5

=

t X
N3l <N,
il <N,
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(s—D_,00 < N,

6. 1851, oy,
Tl =1y <N,
LOC

S—

H. 2

8. 10,0 X (e <N (1+ 19Dy )-

Proof. The estimates 1., 2., 3. can be deduced straightforwardly from the definition of ® and the regularity of (7, ¥)
given in (4.1).
4. By definition of y,
" 1
N~}
ot = [ a0, 00, (14 (@0 »)) " ay “6)
0

so by Holder’s inequality we get
| x (¢, 01 < 188 @l 2 | Fo (Byn () | 2
where Fy(z) = §+1 . Using (A.23) and Sobolev’s embedding gives || F (9yn(1))| ;> <. On the other hand, using
Z X
the first equation in (1.2) and the fact that s > 2 we obtain

18Ol 2 < IGMY Ol gy < NGY Ol et <N,

where we have used in the last inequality the continuity of the Dirichlet-Neumann operator from H*~! to H* (see
Theorem 3.12, [3]).
o x

5. This follows from 4. by using the formula 9,x = — a5 Ok and noticing that 9, x > 1.

6. With F(z) = \/% — land G := F o (dyn) we have
Z

ek =1+Fo@mnok=1+Goxk %))

B (Oxx) ok
From 3. and Sobolev’s embedding, d,n € L?OC;E_I C Ly W)Es_l)_’oo (recall Notation 3.2 2. for the notation w_). This
together with the fact that F € C;°(R) implies G € L° W;‘Y_l)*’oo and

”G”LS"W)ES*”*’OO <N. (4.8)

Then, bootstrapping the recurrence relation (4.7) we deduce that dyx € Ly W,E(‘Yfl)*]‘oo and

|0,k ||L?OW)[(S71)7LOC <N. 4.9)
Now,set u=(s—1)— —[(s — 1)-] € (0, 1). Again, by (4.7)

AL™D-1 5 00y = gl D-1(G o 1) (4.10)

is a finite combination of terms of the form

A=[@Gox][]are, 1<g=<ls—D-1yj=1 Y yi=[s—D-] 4.11)
j=1 j=1

Using (4.9) and (4.8) it follows easily that A belongs to W *°(R?) with norm bounded by A and thus 6. is proved.
7. First, the nonlinear estimate (A.23) implies that G = F o 9,1y defined in the proof of 6. satisfies

Gl 1 <N (4.12)
L

S—
2
7 Hx

Then changing the variables x — x (x) in (4.7) gives

1
/|2
lock = Uiz <Gl perz [ x| oo <N
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Now using (4.7), (4.9) and induction we arrive at

10xk = 111, oo yris—n-1 <N (4.13)
t X

Next, set u = (s — %) —[(s—1)_]€ [%, % + €], ¢ arbitrarily small (so that p € [%, 1)). To obtain 7. we are left with

the estimate for the H*-norm of a)E(‘Y‘”*]axK. This amounts to bound

1) —1)_
0" G o) — o TGP
|x_y|1+2u ray

4.14)
R2
where BJ[C(‘Y_D’](G o k) is a finite linear combination of terms of the form A in (4.11). Inserting A into (4.14) one
estimates successively the difference of each factor in A under the double integral while the others are estimated in
L®°-norm. This is done using (4.12), (4.13) for Sobolev-norm estimates and (4.8), (4.9) for Holder-norm estimates.

8. By definition of y, it holds with Fy(z) = \/11_2
Z

0;0x x (£, x) = Fo(0xn)0x 91 = Fo(0xm)dx G (M.
Then, applying the Holder estimate for the Dirichlet—-Neumann operator in Proposition 2.21, [15] leads to
1:G ¥l < 1:GY g2 <N (14 Dl )

hence 8. O

The main task here is to apply Theorem 3.5 and Theorem 3.6 to convert the highest order paradifferential opera-
tor T, to the Fourier multiplier | D, | %

Proposition 4.3. The function u defined by (4.5) satisfies the equation

(8,+TW8X+i|Dx|%)u=f (4.15)
where

W =(Vok)@rxok)+dxok (4.16)
and for a.e. t €[0,T],

Oy <F(U oy ) (T IO g+ I Ollye). (*.17)

Proof. We proceed in 4 steps. We shall say that A is controllable if for a.e. r € [0, T'], || A(?)|| . is bounded by the

right-hand side of (4.17) denoted by RHS.
Step 1. Let us first prove that for some controllable remainder R,

K* (0 ®) = (3 + T3, )0 0x ) u + Ry. (4.18)

By definition of k* we have

[N

k*(0;P)=0,Pox — T(axalq))o,(lc =0;(Pok)— (0, Pok)ox — T(axa,q>)OKK.
Therefore,

K¥(0,®) =0, (k*P) + A| + A2 (4.19)
A= T(3%¢0K)3,KK7 Ay = T(ax@o,(a,/c — (05D o k)0sk.

1. Since the truncated paradifferential operator T(axz%,() o,k Involves only the high frequency part of ¥ we have

2
K

3 (4.20)

2
410 <N @20 o)k o

‘Lg@
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From Lemma 4.2 2., 5. there holds

o SN(I HlnOl ot ||w(r)||W,,oo).

H(afqn oK)k (L

On the other hand, Lemma 4.2 7. gives || 83/{ || H#% < N, hence A; is controllable.
2. To study A», one uses d;k = —ab with a = (9;x) ok, b = dxk. Set c = (0, P) o k then
3y (k¥ ®) = be — Tob — Ty ok,
hence
Ay = —T.(ab) + abc = Type + R(c, ab) = T,Tpc + Ry + R(c, ab)
= Tu(bc — T.b) — T,R(b,c) + Ry + R(c, ab)
= Tu(3x (™ ®)) + Ty Ty, ck — Ty R(b, ©) + Ry + R(c, ab)

where Ry = Tabc — TaTbc.
(i) The symbolic calculus Theorem A.5 implies for a.e. f € [0, T']

IR2 (DNl s < K (lla@)llyyroo 16N oo + lla(®)l oo 1B Iy1.ce ) @)l s -
Now, from Lemma 4.2 6. and the fact that s — 1 > 1 one gets ||b||LocW1‘oc> < M. On the other hand, Lemma 4.2 4., 8.
t X
gives, respectively,

la@®lize <N, lla(®)lly1~ < RHS.
Applying Lemma 3.2 in [1] and Lemma 4.2 1., 6. yields
||C(t)||L;>°H;"1 <N. (4.21)

Therefore, || Ry ()| ys is controllable. o
(ii) In view of Lemma 4.2 2., 4., 7. the term T, Ty, .k can be bounded as

I(TaTo,cx) ]| s <N lla®) ] oo 35 (t) ] 100

2
82 (1) H ., SRHS.

(iii) The estimate 7. in Lemma 4.2 and Sobolev’s embedding imply that [[b]], cors—1 < N. Then according to (A.14)
t *
and the fact that s > 2 we obtain

| TR B, YD) s <N Nla@ L 16Ol o1 el -1 SN

By the same argument, to estimate | R(ab, ¢)(1)| g it remains to bound ||(ab) (t)”q which is in turn bounded by
[[(@b) ()]l y1.00. From Lemma 4.2 1. and 4. we have

la@® L + 16@) ]l Lo <N

On the other hand, the estimate 6. (or 7.) of that lemma gives ||0,b| L < N Finally, we write dya = [(9;0x x) o k]3xk
and use Lemma 4.2 8. to get ||dxal| L~ < RHS.

We have proved that modulo a controllable remainder, Ay = Ta, o it. Consequently, modulo a controllable remain-
der, Ay = Tj, yor . Then putting together this and (4.19), (4.20) we end up with the claim (4.18).
Step 2. With the definitions of Ry;;. and Res,j in Theorem 3.5 and Theorem 3.6 we write for any & € I'}!

K*Tp® = Tk * D — Ryjne (Th ®) + T+ Rijne ® + Reonj ®. 4.22)
It follows from Lemma 4.2 7. that

<N.

10xk — 1], 0o ps—1 < ||0xk — 1] _
Lrcs L H,

Nl—

Therefore, k satisfies condition (3.8) with

1
p=1, r1=s—§, g =2 4.23)
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where we have changed the notation in (3.8): 990, € HnH1-lool o avoid the r used in (4.1) for the Holder regularity
of . On the other hand, we have seen from (4.4) that ¥’ > mg and thus the Assumptions I, IT on « are fulfilled.

For the transport term, the symbol is A (x, &) =iV (x).
(i) Now one can apply Theorem 3.6 with T = p = 1 (hence ¢ = min(z, p) = 1) to have

B (x,&) =iV ok(x) =i(Vok)(0yx ok)é

K'(x)

and ata.e.t €[0, T],

||RC0njd)||Hs S ]:(m09 |

< lepmitiko) (14 0%y )10l
Regarding the right-hand side, we bound

[+ Mulls + 3% 3 <N M@ ko) < RS

Cy o2

hence,

||Rconjq)(t) ” HS <RHS.
(ii) The term TpxR};,. P is bounded as

I T3 Riine® (Ol s < Mg (h*) [Ryine® (0| o1
where M} (h*) < N. Applying Theorem 3.5 (ii) with ®(1) € C2, 0 =r, e =min(c — 1,1+ p)_ > 1 we have

1
E:min(s+,o,r1~|—1+s)=min(s—|—1,s—E—i—l—l—e):s—l—l,

IR;ine® ()|l gys+1 < F(mo,

"/Hcf)(l +

02| )1 O] o + 190y ) <RES.

(In the last inequality, we have used Lemma 4.2 1., 2.)
Therefore

1 T Riine @ () || gs < RHS. (4.24)
In (4.22) we are left with the estimate for Ry;,. (T, ®). Notice that since M& (h) <N, with v = T; ® one has
vl gs—1 <N, llv@®) ]l -1 <RHS.

Then, by virtue of Theorem 3.5 (ii) applied to vand 0 =r — 1, ¢ = min(r — 2, 2)_ we have

1 1
E:min(s+1,s—§+1+s)>s+§,
||Rlinev||Hs+% <RHS.

Summing up, we conclude from (4.22) that
K*Tp® = Tp*® + Ry, || R2(2)|l s < RHS.

Step 3. We now conjugate the highest order term 7,, & with «*. This is the point where we really need Theorem 3.5 (i)
for non-C! functions. Recall the formula (4.22) and the verifications of Assumptions I, II given by (4.23) and (4.4).

3
With o = (1 + (3,)) "%, we have that y = co|§|>/? satisfies M (y) < N. Theorem 3.6 applied with m = 3/2,
T =1 then yields

o N HE.
Y (x, &) =ykx), =)= (cook)(x)——=|[§]|2
k' (x) K'(x)

for 1/k/(x) = (x' o k)(x) = (cook)(x); and (ata.e. r € [0, T])

3
[Reoni®] 3,1 = F o, || )M (v ko) (1 + Hazfc)

o3 1@l <A

)
)
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The term T},+Ry;,. P (2) is estimated exactly as in (4.24) noticing that y* now is of order 3/2 we get

”Ty*Rlineq)(t) ”Hsfl <RHS.

2

_3
Consider the remaining term Ry, T, ®(¢). Since T), ®(¢) belongs to Ci Zandr — % can be smaller than 1, we have

to use in this case Theorem 3.5 (i):

1 3 | 5—mi 3 { 1 [N 1
0—5, p+o—§> , s—mln((s—i)—f— ,(s—i)—i—z)—s—i,
”RlineTyCD(t)HHs,l < F(mo, ’K’Hag)(l + 33"‘ i )(”qu)(f)”Hk% + Hqu)(t)”cg)~
We conclude in this step that
K*T, ® = |Dy|16*® + Rs, IRs0)1l .y <RHS.

1
Step 4. Since w € I'; with the semi-norms bounded by /N, one gets by virtue of Theorem 3.4 and Theorem 3.5 (ii)

I T @@ 1 <N.
H "2
Similarly, f(z) € H® — Ci_% with s — % > % we also have
[ s .-y <RHs.

Putting together the results in the previous steps, we conclude the proof of Proposition 4.3. O

Remark 4.4. In fact, in the above proof, we have proved that
K* (B + Ty ) D(1) = (B + Twd )™ @ (1) + f1(7)
with

LA <N (119014 p o+ 1Y Olless ).

The loss of % derivative only occurred in Step 3 and Step 4 when conjugating «* with T, ® and Tj,, where in Step 3
we applied Theorem 3.6 with p = 1,7 = % and thus ¢ = 1. The reason is that we want to keep the right-hand side
of (4.17) to be tame. On the other hand, if we apply the mentioned theorem with p = % then it follows that

K*T, ® = | Dy |2k*® + R

with
1ROl = Fr (100 ey VR (N0O Wy )

If we assume more regularity: s > 2 + % then by Sobolev’s embedding || R3(2)|| ys <N and thus we recover Proposi-
tion 3.3, [1] (after performing in addition another change of variables to suppress the %-order terms).

In the next paragraphs, we shall prove Strichartz estimates for u solution to (4.15). To have an independent result,
let us restate the problem as follows. Let I = [0, T'], so € R and

W e L®([0, T1; L (R)) N L*([0, T]; WI®(R)),
1 4.25)
feL*I; H* 2(R)).

If u € L°°(1, H*(R)) is a solution to the problem

(8,+TW8X+i|Dx|%)u=f (4.26)
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we shall derive the semi-classical Strichartz estimate for u (with a gain of JT — ¢ derivative). Remark that the same
problem was considered in [2] at the following regularity level

WeL®(0,T]; HH"'(R)), feL®U;H'R)), s>2+ %

We shall in fact examine the proof in [2] to show that our regularity (4.25) is sufficient. It turns out that for the
semi-classical Strichartz estimate, the loss of % derivative of the source term f is optimal.

Recall that u is defined on R equipped with a dyadic partition of size ng. Then as remarked before, up to a
multiplicative constant of the form F (][0, n|| L L;c), which will appear in our final Strichartz estimate, we shall work
asif ng =0.

4.2. Frequency localization

In order to prove Strichartz estimates for equation (4.26), we will adapt the proof of Theorem 1.1 in [2]: microlocal-
ize the solution into dyadic pieces using Littlewood—Paley theory and establish dispersive estimates for those dyadic
pieces. The first step in realizing this strategy consists in conjugating (4.26) with the dyadic operator A; to get the
equation satisfied by A ju:

1 ) 3 1 1
(3z + z(TWax + 0. Tw) +l|Dx|2>AjM =A;f+ EAj(TBXWM) + E([TW7 Ajlocu + 0c[Tw, Ajlu).  (4.27)

After localizing u at frequency 2/ one can replace the paradifferential operator Ty by the paraproduct with § i-NW
as follows

Lemma 4.5. ([4, Lemma 4.9]) For all j > 1 and for some integer N, we have
TworAju=S8; _yWoAju+ Rju
NTwAju==208S;-NWAju+Riu

where Rju, R}u have spectrum contained in an annulus {c12/ < |&| < ¢227} and satisfy the following estimate for all
S0 € R:

IRjull gror) + ”R}MHHSO(Rd) = C(SO)”W||W1,00(Rd)||u||H50(Rd)'

From now on, we always consider the high frequency part of u, that is A;u with j > 1. Combining (4.27) and
Lemma 4.5 leads to

(a+ %(S,-,Nwax + 0. Sj-w W) +i1Dx|?) Aju =
Ajf+ %Aj(Taxwu) + %([TW, Aj1oxu + 0x[Tw, Ajl)u + Rju + Rju. (4.28)
Next, as in [6,29,4] we smooth out the symbols (see for instance Lemma 4.4, [4])
Definition 4.6. Let § > 0 and U € S'(R). Forany j € Z, j > —1 we define
S5;(U) = ¥ 2~ D:)U.
Let x0 € C°(R), supp x C {3 <|§] <4}, & =L in {3 < |§| <2). Define

a®) = xo@)IE13, h=277,
Ls=0;+ %(S(,/—N)(SW <0y + 0 - Ssi—myW) + iXo(hé)lDﬂ%
Using (4.28), we have
LsAju=F;, where (4.30)

(4.29)
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1 1
Fi=Ajf+58;Towu) + 5([TW» A 10w + 05 [Tw, Ajlu) + Rju + Riu+
1
5{(S(j,N),;W = S W) A+ 8 (Sy-ns W = S W) Aju ). @43D)
4.3. Semi-classical parametrix and dispersive estimate

Recall that ¢ is the cut-off function employed to defined the dyadic partition of size n =0 in paragraph 2.1. To
simplify the presentation, let us rescale the existence timeto 7 =1 and seth =27/, j>1,

Eo=L>([0, T]; L®(R)), E;=L*[0,T]; W'*(R)).

The main result of this paragraph is the following semi-classical dispersive estimate for the operator Ls.

Theorem 4.7. Let § < % and ty € R. For any ug € L! (Rd) set ug p = @(hDy)ug. Denote by S(t, to)uo,, solution of
the problem

Lsup(t,x)=0, up(ty,x)=ugn(x).
Then there exists F : Rt — RY such that
_1 _1
1S, to)uo,nllpocray < FUIWIE)h™*1t — 102 luo,nll 1 (rey (4.32)

forall0 <t —to| <h? and 0 <h < 1.

We make the change of temporal variables t = h Sy (inspired by [21]) and set
Wi (0. x) = S(j—nysW(oh, x), (4.33)
and denote the obtained semi-classical pseudo-differential operator by
1
Ls = hdy +h? Wy (hdy) + Shox Wi+ ia(hDy). (4.34)

For this new differential operator, we shall prove the corresponding (classical) dispersive estimate:

Theorem 4.8. Let § < % and og € [0, 1]. For any ug € LYRY) and uo,n = @(hDy)ug, denote by g(o, 00)uo,p solution
of the problem

LsUp(o,x) =0, Un(oo,x) =uonx).
Then there exists F : Rt — Rt such that
~ _1 _1
1S(o, o0)uo.nllpoorey < FUWIE) A~ 210 — o0l ™ 2 lluo,nll 11 (re) (4.35)
forall o €0, 1].

Theorem 4.8 will imply Theorem 4.7. Indeed, the relation
Lsup(o,x) = /’Z%E(suh(o'h%, x),
yields
$(0. o0)uo n(x) = S(h20. h200)ug 1 (x).
If Theorem 4.8 were proved then via the relation ¢ = oh? ,
I1S(, to)uonllLee = IS (o, 00)u0, 1 || Lo
< F(IWIlg) ™20 — 00| 2 lluo.nll 1 ey
< FAWleg) ™4t — 1012 o all 1 ey

which proves Theorem 4.7.
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For the proof Theorem 4.8, we use the WKB method to construct a parametrix of the following integral form

~ 1 i ~
Unloo) =4 // FWOREN O ¢ 7 & hyugp(2)dzds (4.36)

where
(i) the phase ¢ satigﬁes p(o =0)=x&,
(i) the amplitude b has the form

b(o.x,& h)=b(0,x,& h)i(x —z—0d () (4.37)
with ¢ € Ci°(R), ¢(s) =1if [s| <1 and ¢(s) =0if [s] > 2.
We shall work with the following class of symbols.

Definition 4.9. For small /¢ to be fixed, we set
0= [(a,x,g,h) R he(0 hy), o] <1,1< ]| <3}.

If m € R and p € RT, we denote by Sy (O) the set of all functions f defined on O which are C*° with respect to
(0, x, &) and satisty

0% f(0,x,&, h)| < Ceh™ ™, YaeN, Y(o,x,& h)€O.

Remark 4.10. Recall that

Wi(o,x) = S—ns(W)(chZ,x) =2 "N D)W (oh, x).
Hence, for any « € N, there hold

19 Wi(0, )] < Cah ™ [ W(ah?, )|,

a+1 —Sa 1 (4.38)
[05 7 Wh(o,x)| < Coh™*[|[W(ohZ, ) |lyic.

The following result for transport problems is elementary.

Lemma 4.11. If v is a solution of the problem
(O +m(E)dx +if)v(o,x,§) =g(0,x,8), ulo=0=2z€C,

where f be real-valued, then v satisfies

lv(o, x, &) <z +/ lg(o’, x4+ (6’ —0)a'(§),8)|do’.
0

The existence of the parametrix is given in the following Proposition.

Proposition 4.12. There exists a phase ¢ of the form

90, X, &, h) = xE —0a®) +hiy(0,x,6.h)
with 0,y € st)(O) and there exists a symbol b € Sg((’)) such that with the amplitude Edeﬁned by (4.37), we have

Ls (e%'f’E) —ehi®p, (4.39)

where for any N € N there holds

sup
o€l0,1]

//e%(w(g’x’s’h)_zg)r(avxvZ,E,h)uo,h(z)dzdé

H'(Ry)
<hVFn (IWllg, + 1W I, ) luopll L wy- (4.40)
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Proof. We proceed in several steps.
Step 1. Construction of the phase ¢.
We find ¢ under the form
1
o(t,x,E,h)=x¢ —ca)+h2iy(o,x,,& h) 4.41)

where i solves the following transport problem

I +a'(E)x Y = —EWn,

Ylo=0=0.

Denote m™* = max{m, 0}. Differentiating (4.42) with respect to x and £ then using Lemma 4.11 together with (4.38)
and Holder’s inequality we derive

(4.42)

1050 (0, 1, £, )] < Cralo | 3R 2CHDT W 4o, (4.43)
for (o, k) € N? and (o, x, €, h) € O.
Remark that in [2] where W € L ([0, T], W-*°(R)), one has the better estimate
— —_ 1)+
|05 ¥ (0, x, 6, )] < Cralo |hCHTDTNW 07y i) (4.44)

However, (4.43) is enough to get 3, € Sg((’)) which is one of our main observations in making the argument of [2]
work. Consequently, the estimates from (4.17) to (4.30) in [2] still hold and thus we have by (4.29), [2]

My 4
=h (agb +d' ()b +ifb+ ht Zez(h‘sax)lb) CHiYy (4.45)
1=0 Jj=1
with ¢; € S2(0),
11
no=5(; -9 > 0, f=Widet+a"(&)(0,%)° (real valued); (4.46)
and with

1
p(x’ Y) = / ax(p(U, AX + (1 - )‘-)yvs’ h)d)\"
0

the remainders r/s are then given by

1

ri=ch"™! / / f BT e () (1 — )M 1M {a<M> (An+ (p(x, y))Z(w} dadydn, (4.47)
0

M—1

r=>" cp uh"tk / / Mio@(1 = MM a® (o, 3By ] dhdz. (4.48)
k=0 y=x—Ahz
M—-1 k ] '

= > 2 Gkt b = . (4.49)

k=0 j=1
1

r=<h{—a'©+niw}be’ (4.50)

where c, ¢k, m, c} ¢ are constants and ko € Cgo (R), « =1 in a neighborhood of the origin.
Now, combining (4.43) with the fact that W), € S(?(O) (by (4.38)) we obtain the following estimate for f

10502 £ (03,6, )] < [ Fh 70 Fug (IW gy i) IW o, 20 (4.51)
Y(a, k) e N2, Y(o,x,&, h) € O.
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Step 2. Construction of the amplitude b.
According to the WKB method, one finds b under the form

M—1
b= Z hj“"bj (4.52)
=0

where bg solves

dbo +a'(§)dxbo +ifby =0,
bole=0= x1(8)

and bj, j > 1, solves

sbj +a' (€)dxb; +ifb;=— Y1 e (h3,)' b1,
bjlo=0=0.

Owing to Lemma 4.11 and the estimate (4.51), one can use induction for the preceding transport problems (see
Lemma 4.7, [2]) to have

bi(o,x,5,h) =x1(6)cj(o,x,8,h), YVO<j<J-1 4.53)
and the c; satisfies V(a, k) € N2, (o, x, EheO,
1050%cj (0, x, & W) <O iy (IW gy + IWg,) - (4.54)

Step 3. Estimate for the remainder r.
Plugging (4.52) into (4.45) we obtain r = Z§=o rj with rs = hMiopy, 1 ¢. We want to prove (4.40), i.e., for a.e.
tel0,T]and forall j =1, ..5,

H//e%(‘”(“’x’é'h)_zg)r(a,X,z,g,h)uo,h(Z)dZdE

HI(Ry)
<N Fn (W g, + Wl E,) lwonll - (4.55)

Let us denote the function inside the norm on the left-hand side by F f{ . Using integration by parts, the proofs for

I F,{ ”Hxl , J =1,2,3,5 remain unchanged compared to those in section 4.1.1, [2]. The only point that we need to take
care of is the estimate for || F4|| ;1 since r4 contains W, which is less regular than it was in [2]. Recall that

1
re=~h{-d'®+nw o'
l
On the support of all derivatives of ¢ one has |x —z — oa’(§)| > 1. Now, by (4.43)

3oy < Ch¥lo|t <ch?

hence using (4.41) we deduce that

1 1
|9 (p(o, x, &, h) —z8)| = |x —z—0d (§) —h2d:y| > >
for h small enough. Therefore, we can integrate by parts N times in the integral defining F4 using the vector filed
h
L= - 0 .
laf ((p(Ua X, E? h) - Zé)

Taking into account the fact that for all @ € N, on the support of ¢, (x — z — oa’(§)) < C and (due to (4.38), (4.54)
and (4.43))

|0g ra(0, x, &, W) < C(L+ Wi (@)l L)'~ Fo (IW I, + IW g,
10§ (p(o, x, &, h) = 2E)| < CAA+ | W] g )h ™
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we obtain

1EZ @)l g2 < RN A 4 (W) L) Fa (1W Iy + Wl ) X

x / op(2)ldz / X1 (6)]dE

<h"VEDEy (IW gy + IWlg,) o @)l
Similarly, one gets
195 Fy @)l 2 < B NI A 4 18 Wh (o) L) Fn (1W o + IW I, ) o, (D)1 1
<N AL 3 Woh D) ) Fa (1W ey + IW e, ) luo.n @1l
<h VDD Ey (1Wll gy + I1W g ) llion (@)1 -
Therefore, we end up with

sup |[F5} (@)l gy < BV D Fn (WL gy + WL E) o, (@)1
o€l0,1]

which concludes the proof. O
With the preceding Proposition in hand, we turn to prove Theorem 4.8.

Proof of Theorem 4.8. Without loss of generality, we take o = 0. By a scaling argument, it suffices to prove the
dispersive estimate (4.35) for the operator S for o = 1. Indeed, let o1 € (0, 1], making the following changes of
variables

- h
LA W

T= ,
o1 o1 o1

we see that the operator Ls becomes
Ly = e+ R4 Wi o) + 373 05 Wi) + i1 D

where
Wﬂuﬂzoﬁwmnﬁ@y

Observe that there exists C > 0 independent of o1 € (0, 1] for which there holds
[Wil g, + IWal g, = €.

Suppose that the dispersive estimate (4.35) for Ls were proved for o = 1, it then would imply the same estimate
for Ls with T = 1. Calling S the propagator of Ls, we have for all o € [0, 1]

~ - O __ X _ X
S0, Muo(x) = (S(—)i)(—), u(—) =uo(x).
o1 o1 o1

Taking o = o7 then it would follow that

1

Cc _ Co}
== ”"‘OHLI(R) = ”uOHLl(R) < 1
L®®R) A2 h2o |ho1]?

|S@0uo] ey = Hﬂj—i)a ol 1 g, »

which is the estimate (4.35) for Ls at o = o7. Therefore, it suffices to prove (4.35) for o = 1.
Now, in view of (4.36) and Proposition 4.12 we have

LsUpy (0, x) = Fy(0, x) (4.56)
with
sup | 1 Fr (o) 1Ry < CyhN Fy (W gy + IWllE,) luo.nllL(r)- (4.57)

o€l0,1
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By integrating by parts we can show that ﬁh is a good parametrix at the initial time (see (4.53), [2]) in the following
sense

Un(0, ) =uon +von.  vonlgw < Cvh™ luonll i g)- (4.58)
Combining (4.56), (4.58) and the Duhamel formula gives
S(o,0)uon =R+ Ry + R3
with
Ry = Uy (o, %),
Ry = —5(0, 0)vo, 4,
R3 = —fog S(o, r)[Fp(r, x))dr.

We shall successively estimate R;. First, by Sobolev’s inequalities and (4.58),
IR2(0) [l L2 < CIIS(0, 0)vo.ull 1 = Cllvonll gy < Cnh™ uonll 1

Next, for R3 we estimate
o o
[R3(0)llLee < f IS (o, )[FR(r, )]l grdr < / 1 En(r, x) [ gpdr.
0 0

Then, by virtue of the estimate (4.57) we deduce that

IR3 (@)l <h™ Fn (IW gy + I1W g, ) luonll gy
Finally, from (4.36) we have

l7h(6,X)=/K(0,x,z,h)uo,h(z)dz
with
1 i ~
K(o.x.2.h)= —— / h@OXENDF (5 ¢ 2 nde.
2mh

Because o = 1 is fixed, the proof of Proposition 4.8, [2] still works and we obtain for some F : Rt — R™ independent
of all parameters

|

K1 x, 2, ) < —F (IWlle, + IWllE,) -

l—

h
This gives

~ _1
IRI (Dl = 1Un(WliLee <h 2 F (IWllgy + W lEe,) luonllzr-
The proof is complete. 0O

4.4. The semi-classical Strichartz estimate

Combining the dispersive estimate (4.32) with the usual T7T* argument and Duhamel’s formula, we obtain the
Strichartz estimate on the small time interval [0, h%].

Corollary 4.13. Let I, = [0, h%] and uy, be a solution to the problem
Lsup(t,x) = f(,x), up0,x)=0
with suppf C{c1h™" < |&| < coh™'}. Then there exists F : Rt — RY (independent of uy,, f, W, h) such that

_1
lunll Lty 2oy <75 F (IWlge + IWIE) 11ty L20)-
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Finally, we glue these estimates together both in frequency and in time to obtain the semi-classical Strichartz
estimate for u on [0, T'].

Theorem 4.14. Let [ =[0,T] and so € R. Let W € Eg N E; and f € L*(I; H‘YO_%(R)). IfueL®,H*R)) isa
solution to the problem

3
(o + Two +i1D.13 )u =,

then for every ¢ > 0, there exists F; (independent of u, f, W) such that

A

P , 4.59
LT m) v segy Tl @) (4.59)
where

E=IWle, +11Wle + 10xnllLecp -
Proof. Throughout this proof, we denote 7' = F(||W| g, + W g,) and RHS the right-hand side of (4.59). Remark

first that by (4.30) we have Lsuj;, = Fj,, where Fj, is given by (4.31).
Step 1. Let x € C(‘)’O(O, 2) be equal to one on [%, %]. ForO0<k < [Th_l] — 2 define

1 1 t — kh?
B = KBS e+ 28 a0 = () = kO
2
Then
1 gt —kh?
Lsunk = XnkFn+h 2)(( y! )Mh, upk(kh, ) =0.
2

Applying Corollary 4.13 to each uj,  on the interval [, ; we obtain, since xj x(¢) = 1 for (k + %)h <t<((k+ %)h,

u

l h||L4((k+%)h%7(k+%)h%);Lw(R))

L 1% (ke

<h s]—“(a)(IIFh||L1(1h,k;L2(R))+h zllx( 5! )uh”Ll(Ih,k;LZ(R)))
2

TN
<h sf(a)(’“‘ FER N 242 22y + ||“h”L°°<1:L2<R>>)‘

Raising to the power 4 both sides of the preceding estimate, summing over k from 0 to [Th_%] — 2 and then taking
the power 1/4 we get

1 _1
ot crszoemyy < FE (B Full a2y + -l o 2y )- (4.60)

Setv=1_35. Multiplying both sides of the above inequality by B0+ 3+ and taking into account the fact that u,

and Fj, are spectrally supported in annuli of size 2!, it follows that

— 1 _
||uh||L4(I;L°°(R))h SO+4+U E F(D)(“Fh ||L4(I;HX071+6(R)) + “Mh ”LOC(I;HSO_”(R)))' (461)

Step 2. We now estimate || Fp, || L4 (1 H0- 1 (R)) > where recall from (4.31) that

1 1
Fr=Af+ EAj(Taxwu) + E([TW, Aj19yu + 0x[Tw, Ajlu) + Rju + Riu+

1
S SG-NsW = S-i) W) A ju + 0 (SG-ws W = S W) A ju}. (4.62)

Since W € L*(1, W1-°(R)), we can apply the symbolic calculus Theorem A.5 (i), (i7) to have
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1A (To,wi)ll g o145 ry) + NTw s + 0 Tw, AjTull 4 g prso-1+9 Ry (4.63)
= ClIWll s, w1l oo (1. grso—1+8 Ry -

Next, remarking that the spectrum of A := (S( j—NsW =8N W) 0xAju is contained in a ball of radius C 2/ we
can write for fixed ¢

1A () gso-145 gy < C 27OV N(S; W = SisW)de A jun) (2, )l 2wy
< CUOTIDN(S;W = SisW (e, )l ey 70 un(t, )l o wy-
According to the convolution formula,
(SjW —S;sW)(t,x) =/<7>(z)(W(z,x — 27 )~ W(t,x —277%7)) dz,
R4
where ¢ is the inverse Fourier transform of the Littlewood—Paley function ¢. It follows that
1(S;W = SjsW)(t., Il @y < C27PIW (T, )l oo gy-
Therefore, we obtain
||(Sj5W - Sj W)axAju||L4(1;H»Y0*1+5(R)) <C ||W||E1 ”Mh”Lm(I;HSO(R))- (4.64)
Similarly, it also holds that
19 (SjsW — S W)Aju||L4(1;H~ro4+8(R)) < ClIWIg Nlunllpoor: o ®Ry)- (4.65)
Now, combining (4.63), (4.64), (4.65) and Lemma 4.5 and the fact that 0 < § < % we conclude
||Fh||L2(1;H50—1+5(R)) <Clfn ”L4(I;H50“+5(R)) + | W||E| 1773 ||L°°(I;HS0(R))~ (4.66)
In view of (4.61) we arrive at
sod L -
lunll g4z oo rpyh ™04 < ‘F(:‘)<“fh”L“(I;HXO’H‘S(R)) + ||“h||L°°<I:HS0(R>)>~ (4.67)
1
2

Finally, for every given ¢ we choose § = 5 — ¢ = % — v and end up with the desired estimate:

Csotl
= Slzp lunll g4z oo ryyh ~ 0747 < RHS. O

5. Proof of Theorems 1.1, 1.2, 1.3

Throughout this section, we assume that (1, ¥) is a solution to (1.2) with the regularity given by (4.1):

(. 9) € CO[0, T]; H*FZ(R) x H*(R)) N L*([0, T]; W (R) x W"®(R)),

3 n 1
s>r>—+4-.
22
For any real number o, let us denote the Sobolev-norm and the Strichartz-norm of the solution as
My (T) = M, (0) = - 5.1
s =N, st oy M@ =10 D=l iy (5.1)
No(T) = ||(n, . 5.2
AV =000oboes o (5:2)
From the Strichartz estimate (4.59) we have for any ¢ > 0
11y deoey = Fe (I + 1, 4 oenlogerss ) (L0, ey, + Dilarian)- (53)

We shall estimate the norms of W and u, which appear on the right-hand side of (5.3), in terms of M, and Nj.



H.Q. Nguyen / Ann. I. H. Poincaré — AN 34 (2017) 1793-1836 1829

Lemma 5.1. We have

lullpooqo, 77 55y < F(Ms(T)).

Proof. By definition (4.5), u is given by
u=d®ox — T(axqp)o,(lc = K;(D — Ryine®.

Lemma 5.1 then follows from Theorem 3.4 and Theorem 3.5 (ii). O

Lemma 5.2. We have

Wi, = F(Ms(T)),  WlE, = F(Ms(T))(1 4 Np(T)).

Proof. Recall from (4.16) that W is given by
W=(Vok)(0xxok)+dxok.

First, by Sobolev’s embedding and Lemma 4.2 4., W/ oo o0 < F(M;(T)). To estimate || W| g, we compute
0xW =(0,Vork)(0xxok)dek +(Vo K)(afx 0 K)Oxk + (0;0x X ©K)OxK.

Using the expression (1.3) for V together with the Holder estimate for the Dirichlet-Neumann operator proved in
Proposition 2.21, [15], we obtain for a.e. f € [0, T],

[0x V(DL = }'(Iln(t)IIHH% e Ollgs) (1+ 1Y@ llwroo) - (5.4)
On the other hand, Lemma 4.2 3. gives [|dy x || L0000 < F(M(T)), hence
[1€9x V 0 k) (0x X 0 1) xkl 3100 < F(Ms(T))(1 4 Np(T)). (5.5)

The other two terms in the expression of d, W can be treated in the same way. O

Corollary 5.3. For every 0 < u < %, there exists F : RT™ — R™T such that

el < F(M(T) + N(T)). (5.6)

LA W T R))
Proof. In view of the Strichartz estimate (5.3) and Lemma 5.1, Lemma 5.2, there holds

el ! < F(My(T) + Nr(T))(”f” (5.7

1).
LA W' 2P0 R)) — partwy

On the other hand, from the estimate (4.17) we have

A1 = FMy(T)(A + N (T)),

L4(1;HS‘%(R)) -
which concludes the proof. O

Having established the estimate (5.6) for u, we now go back from u to the original unknown (7, ). To this end,
we proceed in 2 steps:

u=k*® — & — (n, ¥).

Fix € (0, 1).
Step 1. By definition (4.5), Dok =u + Tax%,(/c. It is easy to see that
” TBXQOKK || sl = F(M(T))
L¥H, *
and thus by Sobolev’s embedding and the estimate (5.6)
[®oxll < F(Ms(T) + Ny(T)).

1
LA WE ™ 2T
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We then may estimate
IO s tsnoe = NP0k 0 X ON 100
=@ ox@ll ;,%ﬂmf(llx ON -3 41u.00)

= [@@) ok @)l F(M(T)),

r— 5 +/1 o]
which implies

[Pl < F(Ms(T) + Ny(T)).

1
LYW 2% —

Step 2. By definition of ® and the inequality || - [[co < Cy || - || wo.co for any o > 0, the preceding estimate gives
I Tpnll o1y, T —Ten)ll o1y, SFM(T)+ Ny(T)). (5.8)
LAUIC ) LAUICL )

1. Since

—1/2 _ 1/2
sup My P(pCV2 @)+ sup MIP(pUP (1)) < F(M(T))
t€[0,T] te[0,T]

it follows from (A.6) that

IIT,,(—l/z)nIILA(I;CS,%W = F(Ms (TN o, os-remy = F(Ms(T)).

Consequently, we have

IT,amnll sty SFM(T)+ Ns(T)).
LAUIC, 27

Since pU/? e F}/z is elliptic, applying (A.8) yields n = Ty ,,a/»T,a/»n + Rn where R is of order —1 and for any
o €R,

sup IR0l g, cov1 < F(M,(T)).
te[0,T]

Thus,
||n||L4(1;Ci+M) < F(My(T) + N.(T)). 5.9)
Likewise, we deduce from (5.8) that

Iy — Tl o1y, SFM(T)+ N (T)).
LA:C, 2

SCx

Owing to (5.9) and the fact that | B IIL?cho < F(My(T)), we obtain

Il x,lﬂ < F(Ms(T) + Ny (T)).
L4(I;Cy 2
In summary, we have proved that for all (1, ¥) solution to (1.2) with

(n,¥) € C10, TT; HH3(R) x H*(R) N LA(0, TT; W+ (R) x W™(R)),
3 1 (5.10)
S>r > E -+ 5

there holds for any u < %,
Il . o5y + W”L‘*(z;ci’%“‘) < F(Ms(T)+ N, (T))

and thus (since u < % is arbitrary)

1y, (1) = F(My(T) + N (T)), (5.11)
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where M, (T), N,(T) are respectively the Sobolev-norm and the Strichartz norm defined in (5.1). (5.11) is the semi-
classical Strichartz estimate announced in Theorem 1.1.

Of course, (5.11) is meaningful only if r < s — % + w. Under this constraint, using an interpolation argument
(see [4], page 88, for instance) we can make appear a factor T in front of (M (T) + N,(T)):

N(T) < F (T (My(T) 4+ N.(T))).
On the other hand, in Theorem 1.1 [15] it was proved that the following energy estimate at the regularity (5.10) holds

M(T) < F(F(M,0) + TFM,(T) + NAT)).

Consequently, we end up with a closed a priori estimate for the mixed norm M;(T) 4+ N,(T) as announced in Theo-
rem 1.2:

M (T) + N (T) < ]:(-F(Ms 0) + TFMs(T) + Nr(T)))~ (5.12)

Finally, by virtue of the contraction estimate for two solutions (1, ;) j = 1,2 in the norm M;_; 7 + N,_1 1 estab-
lished in Theorem 5.9, [15] (whose proof actually makes use of Theorem 4.14) one can use the standard method of
regularizing initial data (see section 6, [15]) to solve uniquely the Cauchy problem for system (1.2) with initial data

(no, Yo) € HS+% (R) x HS(R) with s > 2+ % — p forany p < i. The proof of Theorem 1.3 is complete.
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Appendix A. Paradifferential calculus

Definition A.1. 1. (Zygmund spaces) Let
oo
1=Y"4A,
p=0

be a dyadic partition of unity. For any real number s, we define the Zygmund class C; (R9) as the space of tempered
distributions u such that

lullcs :=sup2?” ” AquH oo < F00.
q=0

2. (Holder spaces) For k € N, we denote by Wk (R?) the usual Sobolev spaces. For p=k+o0,keN,o € (0, 1)
denote by W*->°(R?) the space of functions whose derivatives up to order k are bounded and Holder continuous with
exponent o.

Let us review notations and results about Bony’s paradifferential calculus (see [8,23]). Here we follow the presen-
tation of Métivier in [23] and [3].

Definition A.2. 1. (Symbols) Given p € [0,00) and m € R, I"ff (R?) denotes the space of locally bounded func-

tions a(x, &) on R? x (Rd \ 0), which are C* with respect to & for & # 0 and such that, for all « € N and all £ #0,
the function x — 8§‘a(x, £) belongs to W *°(R?) and there exists a constant C,, such that,
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ViElz 5, |
=

a, . m—|u|
a0 o = Call + D"

Leta € Fg (Rd), we define for every n € N the semi-norm
M@= sup sup | (1+1§D""o%a(,6)|
le|<n |§]>1/2

When n = [d/2] + 1 we denote le(a; n)= M;;”(a).
2. (Classical symbols) For any m € R and p > 0 we denote by EZ‘(Rd ) the class of classical symbols a(x, &) such
that

. Al
- (A.D)

a(x,£)= Yy a"/
0<j<lpl

where each ¢~/ ¢ I}~/ is homogeneous of degree m — j with respect to €.

Definition A.3 (Paradifferential operators). Given a symbol a, we define the paradifferential operator 7, by

Tau(€) = Qm) ¢ / X (& =1, maE —n, my mam) dn, (A2)

where (0, &) = [ e *%q(x,&)dx is the Fourier transform of a with respect to the first variable; x and v are two
fixed C* functions such that:

(i) ¥ is identical to 0 near the origin and identical to 1 away from the origin,

(ii) there exists 0 < &1 < &3 < 1 such that

1 if [n] <er(1+ &),
X(n.6)= = (A3)
0 ifnl=ex(1 418D
and for any (a, ) € N? there exists Cq,g > 0 such that
d d aqB —a—p
Y(1.8) e R" xR, 19,/0; x(1.8)| < Co,p(1 +[E]) . (A4)

Definition A.4. An operator 7 is said to be of order m € R, or equivalently (—m)-regularized, if for all u© € R it is
bounded from H* to H*~ and from C to CL™™.

Symbolic calculus for paradifferential operators is summarized in the following theorem.

Theorem A.5 (Symbolic calculus). ([23, Chapter 6]) Let m € R and p € [0, 00). Denote by p the smallest integer that
is not smaller than p and n1 =[d/2] +p + 1.
(@) Iface F(')” (Rd), then Ty is of order m. Moreover, for all i € R there exists a constant K such that

| Tall e r—m < K Mgy (@), (A.5)
1Tall oy en-m < KM (a). (A.6)

(ii) Ifa € Fg(Rd), be F;”/(Rd) with p > 0. Then T, Ty, — Taqp is of order m +m’ — p where

ath:= Y (;’!) 0falx, £)0Zb(x, &).
al<p

Moreover, for all 1 € R there exists a constant K such that
| TaTy = Tass ||y pummrsp < KM (@ n1) M (b) + K M (@) M2 (b n1), (A7)

| 7Ty — Tusn | ju_ qimmreo < KM (@; n0)MG" (0) + K MG (@M} (b5 my). (A8)
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(iii) Leta € T} (RY) with p > 0. Denote by (T,)* the adjoint operator of T, and by @ the complex conjugate of a.
Then (T,)* — Ty is of order m — p where

1
* o —
a’ = Z —i‘ala!ag dra.
lal<p
Moreover, for all | there exists a constant K such that
1T = Tal g pgumes < KM} (@ n1), (A.9)
|(TH* - T5||C¢9Cﬁ,:fm+p < KM} (a;n1). (A.10)

Definition A.6 (Paraproducts and Bony’s decomposition). Let 1 = Z?‘;o A be a dyadic partition of unity as in (2.4)
and N e N be sufficiently large such that the function x defined in (2.8):

X6 = ¢pnepE)

p=0
satisfies conditions (A.3) and (A.4).
Given a, b € &' we define formally the paraproduct

o
TPu= Y S, yalpu (A.11)
p=N+1
and the remainder
R(a,u) = > AjaAgu (A.12)
J-k=0,]j—k|<N-1
then we have (at least formally) the Bony’s decomposition

au=TP,u+TP,a+ R(a,u).
We shall use frequently various estimates about paraproducts (see Chapter 2, [7] and [3]) which are gathered here.
Theorem A.7.

l. Leta,BeR. Ifa+ B > 0 then

IR@ 0N g o) < K oy Il ey (A.13)
IR, M)||Ha+ﬂ(Rd) <K ||a||cg(Rd) ||u||Hﬂ(Rd) ) (A.14)
IR (@, )] o+t ay = K llallco ey 141 op gy (A.15)

2. Let s, 51, 52 be such that so < s> and so < 51 + 52 — %, then

T Paull grso < K llall gsi luell grsa - (A.16)
3. Letm > 0ands €R. Then
IT Paullpgs—m =< K llallcom lull gs (A.17)
IT Paullcs—m < K llallgom llullcy - (A.18)
Proposition A.8.

1. Ifu; € H (RY) (j =1,2) with s1 + 52 > O then
luruall gso < K Nurllgsi Nluzll gsa s (A.19)

ifso<sj, j=1,2,and so < s1+s2—d/2.
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2. If s > 0 then

luruzllgs < K(luillgs luzllpoe + lluallgs lluillpe)- (A.20)
3. If s > 0 then

luruzllcs = K (lluilles lualipoo + lluzlles luillpoo)- (A.21)
4. Let B> o > 0. Then

izl gze < Kl g lluall e (A.22)
Theorem A.9.

1. Let s > 0 and consider F € C®(CN) such that F(0) = 0. Then there exists a nondecreasing function F: Ry —
R, such that, for any U € H*(RH)N 0 L®(RY),

IE@)llgs < F(NUNLoo) 1U 1 s - (A.23)

2. Let s > 0 and consider F € C*°(CN) such that F(0) = 0. Then there exists a nondecreasing function F: R, —
R, such that, for any U € C$(RY)V,

IF@)lles < F(IU L) 1Tl s - (A.24)

Theorem A.10 (Paralinearization). ([7, Theorem 2.92]) Let r, p be positive real numbers and F be a C* function
on R such that F(0) = 0. Assume that p is not an integer. There exists a nondecreasing function F : RT™ — R™ such
that for any u € H*(R%) N C£ (RY),

||F(u) - TPF’(u)u“Hqup(Rd) = -F(||u||Lw(Rd)) ||M||cf(Rd) ”u“HM(Rd) .
Appendix B. Proof of some technical lemmas
B.1. Proof of Lemma 2.1

Let f, e C (R, g€ C>®(R?) be two nonnegative functions satisfying

1 if <27 + 1,
1) =
Fu®) !o, if 7] > 2+ - 1

and

1
§ =0, it 5, /g(t)dt 1.
R4
We then define ¢(,) = f, * g. It is easy to see that ¢(,) > 0 and satisfies condition (2.1). To verify condition (2.2) we
use %@y = f * 9%g to have

B 3% (x) = f X fo(x — )3%g()dy

R4

= Y | G=»P falx =0y ey,
Br+P2=Bpa

= > (O fa) = ((P0%) (x).
Bi1+B2=B

Each term on the right-hand side is estimated by
[P fa) (P07 ) |1 = [OF full 1 [0
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. To

where ” ()Pa%g ” ;1 1s independent of n. It remains to have a uniformly bound with respect to n for ” P £ || Iz

this end, one can choose the following piecewise affine functions

1 if e <27+ 1,
fa®) =10, if t| > 27" + 1,
—A(lf] =27 = ), 2 g <1 <277 4 5

B.2. Proof of Lemma 2.3

1. Let 1 < p < q < oo. The estimates for A; follow immediately from those of §; since Ag = §p and A; =
S;—8j-1, Vj > 1. By Definition 2.2 we have for eachn € N, S;ju = f; * u where f; is the inverse Fourier transform
of ¢;, where ¢ = ¢(,). With r satisfying

1 1 1
+ +
we get by Young’s inequality
” 9%S; |’LI’4>L‘7 = ” 8afj|

The problem then reduces to showing that

Lr-

|69 £;],, < Ca2/0H5—D
which in turn reduces to
‘ 8013:_1‘15(11)

which is true by virtue of (2.2). .
2. The boundedness of the operators 2/#A ;, j > 1 from WH-°(RY) to L (R?) is proved in Lemma 4.1.8, [23].
Following that proof we see that

Lr SCDU

|27ma) <2 [ et idr = 1,

.00 00
R4

where g; is the inverse Fourier transform of ¢; = ¢; — ¢;_1. Owing to (2.2) it holds that

Ve €N, 3C, > 0.9(m) €N x N, [ v (oldr = ¢, 271

Thus, if © € N we have the result. If u =dn + (1 — 8)(n + 1) for some § € (0, 1), n € N we use Holder’s inequality
to estimate

8 1-8
1<2/" (/ le"lgj(x)ldx) </ |x|"+1|g,-(x)|dx> < C, 2/ in=jt =8 _ ¢
which concludes the proof.
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