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Abstract

We show the existence of a global weak solution of the heat flow for Dirac-harmonic maps from compact Riemann surfaces
with boundary when the energy of the initial map and the L2-norm of the boundary values of the spinor are sufficiently small.
Dirac-harmonic maps couple a second order harmonic map type system with a first-order Dirac type system. The heat flow that has
been introduced in [9] and that we investigate here is novel insofar as we only make the second order part parabolic, but carry the
first order part along the resulting flow as an elliptic constraint. Of course, since the equations are coupled, both parts then change
along the flow.

The solution is unique and regular with the exception of at most finitely many singular times. We also discuss the behavior at the
singularities of the flow.

As an application, we deduce some existence results for Dirac-harmonic maps. Since we may impose nontrivial boundary
conditions also for the spinor part, in the limit, we shall obtain Dirac-harmonic maps with nontrivial spinor part.
© 2017 Elsevier Masson SAS. All rights reserved.
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1. Introduction

Motivated by the nonlinear supersymmetric sigma model from quantum field theory, Dirac-harmonic maps are
critical points of an energy functional that couples maps with spinor fields. They were introduced in Chen—Jost-Li—
Wang [7,8]. This subject generalizes the theory of harmonic maps and harmonic spinors. The particular structure of
the coupling which comes from the nonlinear supersymmetric sigma model is crucial for their subtle geometric and
analytical properties. This structure needs to be very carefully exploited and combined with some of the most power-
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ful and advanced techniques and results in geometric analysis in order to derive regularity, existence and uniqueness
results. This is the context of the present paper. We shall discuss and analyze a parabolic version of the model. Since
the action functional contains a field term which is quadratic in the field derivatives and a spinor term which is linear
in the Dirac derivative of that spinor, the solutions of the resulting Euler—Lagrange system, the Dirac-harmonic maps,
consist of a second order harmonic map type system and a first-order Dirac type system. Since the map and the spinor
are coupled in the action functional, the resulting Euler—Lagrange equations are likewise coupled. In order to treat
this somewhat unusual situation, we work with a heat flow that was introduced in [9]. This heat flow is non-standard
insofar as we only make the second order part parabolic, but carry the first order part along the resulting flow as an
elliptic constraint. Of course, since the equations are coupled, both parts then change along the flow. We shall show the
existence of a unique global weak solution under some smallness assumptions on the initial data. As is to be expected
for such problems, we encounter the possibility of finite time blow-up, and therefore the weak solution in general will
not be strong. But at least, it can be continued across such a singularity as a weak solution.

1.1. The Dirac-harmonic variational problem

In order to discuss our results in more detail, we now need to become more technical. Let us first present the
Dirac-harmonic model, which this paper is about. Let (M, g) be a Riemann surface with a fixed spin structure, ¥ M
the spinor bundle over M and (-, -)x ) the metric on £ M. Choosing a local orthonormal basis e¢,,« =1,2 on M,
the usual Dirac operator is defined as § := e, - V,,, where V is the spin connection on XM and - is the Clifford
multiplication. This multiplication is skew-adjoint:

(X-v,0o)sy=—(¥, X -0)su

forany X e '(TM), ¥, p e T(EM).
The usual Dirac operator g on a surface can be seen as the (doubled) Cauchy—Riemann operator. Consider R? with
the Euclidean metric dx? + d y2. Lete; = % and ey = Biy be the standard orthonormal frame. A spinor field on R2is

simply a map ¢ : R> — £R? = C?, and the action of ¢; and e, on spinors can be identified with multiplication with
matrices

(0 1 (0 i
“a=\-1 0) 27\ o)

Ify:= (5; R? — C? is a spin field, then the Dirac operator is

W=y o) law ) T o \aw =2 ow ) (1.1)
0x dy 9z

where

d 1(8 ,8) d 1(8+,8)
—=—(——-i—), —==(—+4i—).
dz 2 0dx ay 0z 2 ox ay

For more details on spin geometry and Dirac operators, we can refer to [18].

Let ¢ be a smooth map from M to some compact Riemannian manifold (N, %) with dimension n > 2. If
¢~ 'TN is the pull-back bundle of TN by ¢, we get the twisted bundle XM ® ¢! T N. Naturally, there is a met-
ric (-, Yy mgp-1Tn ON ZM ® ¢~ 'T N which is induced from the metrics on XM and ¢~ T N. Also we have a natural

connection V on TM ® ¢~ 'T N which is induced from the connections on XM and ¢~ 'TN. Let ¢ be a section of
the bundle XM ® qb_] T N. In local coordinates, it can be written as

Y =9 ®0,(¢),

where each ¥’ is a standard spinor on M and d,: is the natural local basis of TN. Then V becomes

VY = VY @0,(9) + (T Ve )yt @ d, (¢). (1.2)
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where Fj. « are the Christoffel symbols of the Levi-Civita connection of N. The Dirac operator along the map ¢ is

defined by Py := ey - Vo, V.
We consider the action functional

L@ ) = [ (1467 + DV siag 17y )dvol. (13
M

Critical points (¢, ) of L are called Dirac-harmonic maps from M to N. The Euler-Lagrange equations of the
functional L (see [7,8]) are

i i ap k) 0
(49" +Tiug6i0}) 55 @) =R@. D). (1.4)
Dby =0, (1.5)
where {F; «} 18 the Christoffel symbols of the metric / in local coordinates {aiyi} and R(¢, ¥) is defined by

1 ; )
R@.¥) = 3 RGN W Vo' -y ) Z 2 @),

Here Rl’;’j stands for the Riemann curvature tensor of the target manifold (N, /).

By the Nash embedding theorem, we may embed N into some R . Then the Euler-Lagrange equations of the
functional L are

() =P(A(dd(en), e - ¥); V), (1.6)
IV =Aldp(eq), eq - V), (1.7)

where 7(¢) = Ap — A(¢)(d¢, d¢) is the tension field of the map ¢, A is the second fundamental form of N in RV,
A and P are defined as follows

A(d(ea), ea - P) = (V§' - Y)) @ A(dyi, ),
P(A(dP(en). eo - ¥): W) = P(AD,1,0,)): 0,0)Re((y' dg - ).

Here P(£;-) denotes the shape operator satisfying (P(&; X),Y) = (A(X,Y),&) for any X,Y e I'(TN) and Re(z)
denotes the real part of z € C. We refer to [7,8,28,27,11,23,16] for more details.

1.2. The heat flow approach

A key difficulty arises from the fact that the action functional L is not bounded from below. Therefore, classical
variational approaches developed for harmonic maps cannot be applied to study the existence of Dirac-harmonic
maps. There have been other approaches, such as [15,6,2,4]. The methods used and the results obtained in those
papers are rather different from the present ones. [ 15] constructs some explicit examples of nontrivial Dirac-harmonic
maps. Of course, those examples are rather special and cannot replace a general existence scheme. [2] uses methods
from index theory which are very powerful, but again in a more constrained setting. In [6], under the assumption
that the target satisfies some convexity assumption, a subharmonic function is constructed from a solution to which
a maximum principle can be applied. Here, however, we do not want to impose such an assumption on the target
and rather approach the existence problem from a more global perspective for general Riemannian targets. Finally,
Branding [4] treats a regularized version of the flow, where he adds a second order elliptic term to the Dirac equation.
He can treat the resulting flow in detail, but does not show what happens when the regularization term goes to zero,
that is, when we wish to pass to the original system.

Here, we shall pursue that approach that seems most promising to us for addressing the existence question in
general terms. This is a heat flow that couples a parabolic second order equation for the map with a first order elliptic
equation for the spinor. That is, the solution of the first order Dirac type equation is carried along a harmonic map
type heat flow. That harmonic map heat flow is the prototype, and when the spinor vanishes, this is what we get.
However, the case of interest for us is of course when the spinor is not trivial. The Dirac equation for the spinor
might then be considered as a side condition or constraint that depends nonlinearly on the flow. This approach was
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introduced in [9], and their heat flow for Dirac-harmonic maps looks as follows. For ® € CEle(M x (0,T]; N) and
el O*Mx(0,T;ZMQ®'TN)

90 =1(D) —P(AdD(ey), eq - V); W), in M x]|[0,T); (1.8)

JV =A(dd(eq), eq - V), in M x[0,T), :
we impose the boundary-initial data

O(x,t) =¢(x,1), on M x{0}UoM x[0,T]; (1.9)

BY(x,1)=By(x,1), on M x[0,T], '

where ¢ € C2L4(M x {0}UdM x [0,T]; N), ¥ € C1O%@M x [0,T]; EM ® ®~'TN) and B = B is the chiral
boundary operator defined as follows:

B :L*(0M, M @ @ 'TN|yy) — L*>(OM, M @ ' TN|ypm)
1//1—)%(1d:|:7~G)-@[/, (1.10)
where 7 is the outward unit normal vector field on M, G = ie; - e; is the chiral operator defined using a local
orthonormal frame {eo,}ft:1 on M and satisfying:
G’=1d, G*=G, VG=0, GX-=—-X-G, (1.11)

forany X € I'(T M). One can also take B to be the MIT bag boundary operator B;—; ;7 or the J-boundary operator Bf
as considered in [9]. For convenience, in the sequel, we shall only consider the case of chiral boundary conditions and
omit the other two cases of boundary conditions, as the arguments for them are the same.

In [9], a short-time existence and uniqueness result for the flow (1.8) and (1.9) was obtained:

Theorem 1.1 (Theorem 1.3, [9]). Let M (m > 2) be a compact spin Riemannian manifold with smooth boundary
dM, N be a compact Riemannian manifold. Suppose that

¢ € Nr=oC>"*(M x [0,T1; N)
and
¥ €Nr=oC % OM x[0,T; SM ® ®~'TN)
for some O < o < 1, then the problem consisting of (1.8) and (1.9) admits a unique solution
® € Noeras<ry CH14(M x [1,51) N CO(M x [0, T11, N)
and
W e Moeras<r CHOM x [1, s NCHOOM x [0, T1]; SM @ d'TN)
for some time Ty > 0 which is characterized by

limsup [V (-, 1)l cocpry = 0.
I/Tl

For Dirac-geodesics and their heat flows, we refer to [10]. For the evolution problem of regularized Dirac-
geodesics, see [3].

1.3. Global existence and main results

In this paper, we shall study the global existence of the flow (1.8) in dimension dimM = 2 with the following
boundary-initial data:
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O(x,t) =¢), on oM x[0,T];

D (x,0) = po(x), in M; (1.12)
BY(x,t) = Byg(x), on OM x[0,T];

do(x) = p(x), on JOM.

Set
WhA(M, N) = { b e WI2(M,RY) with ¢ (x) € N for a.e.x e M } ,
WIS (M, SM @ I TN) = { Ve WM, M @RY) with ¥ (x) e SM @ ™' TN fora.e. x € M }

Let Ns, be the 8p-tubular neighborhood of N in RY. Then there exists 8§y > 0 small enough, such that the nearest
point projection map Iy : N5, — N is smooth, i.e. |[x — Iy (x)| =d(x, N). Given ® € W12(M, N), we define

Do WHB M, =M QRY) > LY3(M, =M @ RY)
Vi JU — A(dP(eq), e - (DTN g 0 W),
where DITy|¢ : TM @ RN — M ® To N is the projection defined by

N N
ad d
Dlyle(> v *®—) =Y ¥v*® Dllyle(=—). (1.13)
A=1 ay A=1 8y

It is easy to see that P ¥ =PW for W e W43 (M, ZM @ ®~!TN).
Denote the energy of ® on 2 C M by

1
E(®, Q) = 5 / IVO[?dM
Q

and denote the energy of W on 2 C M by

E(V, Q):/|\If|4dM.
Q

For simplicity, E(®) = E(®, M) and E(V) = E(V, M).

When we have a non-vanishing spinor field W, the total energy of the map E(®(¢)) is not necessarily non-
increasing in ¢, in contrast to what one knows for the ordinary harmonic map heat flow. However, by exploring
the hidden structure of our elliptic-parabolic system (1.8) with boundary-initial data (1.12), we can still show that
E(®(1)) is uniformly bounded in ¢ — a key property for our flow, allowing for seeking a global weak solution with
at most finitely many singularities, in the same spirit as is demonstrated by Struwe in [24]. The remaining difficulty
then is that in general we do not have good control of the energy of the spinor field E(\W(¢)) as ¢ approaches the first
singular time 77, when the map blows up.

To overcome this, we shall impose some boundary-initial constraint on ¢y and ¥ry. To be more precise, we shall
first define a constant A = A(M, N).

A:=sup{ A €[0,00]: Forany (¢, ¥) € WM, N) x W3 (M, M @RY), if E(¢) < A?,
then |Vl 145341y < C(M, N, KYP o Nl 473 ary + 1BV s o) }- (1.14)

If in this definition (1.14), we considered ¢ € WP (M, N) with p > 2 and replaced E (¢) with @1l w1.», then the cor-
responding A would be = oo (see Lemma 2.6 or Theorem 1.1 in [9]). However, in the critical case of ¢ € wi2(M, N),
we do not know whether A is co or not.

In fact, the constant A defined above has a positive lower bound (see Lemma 2.9).

More precisely, we have

A 0, (1.15)

> >
T 2A1-Ay A3
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where A1 = A1(M, N) > 0 (see Lemma 2.7) is the elliptic estimate constant for the usual Dirac operator ¢:

1 lwianan < APV asan + 1B lwisanam) . ¥ e WM, =M @RY). (1.16)
Ar = A2(M, N) > 0 is the following Sobolev embedding constant:
1l aan < A2l fllwranan. ¥ F € WHB 1, RY) (1.17)

and A3 > 0 denotes any upper bound of the L°-norm || A|| o) of the spinorial extension of the second fundamental
form A:

LA D(eq), eq - W)| < V2| All ooy [dD| W], (1.18)
for any (&, W) €e WH2(M, N) x WhH43(ZM ® ®~'TN).
Now we are able to state our first main result:

Theorem 1.2. Let M be a compact Riemann spin surface with smooth boundary 9M and let N C RN be a compact
Riemannian manifold. Suppose ¢ € H' (M, N), ¢ € C*t* (M, N), o € C'T4(OM, XM ® ¢~ ' T N) and satisfy the
following boundary-initial constraint:

E($0) + V211BY0l 725y < A%, (1.19)
where A = A(M, N) > 0 is the constant defined in (1.14). Then there exists a global weak solution of (1.8) with the
boundary-initial data (1.12), which is defined in M x [0, 0o) and satisfies

E(o() + / 0, D12dMd1 < E(@o) +VZIBYo |22 0y V120,

MI
N 1 [

E(®(1)) + 3 (- Byo, W)(1) < E(®(s)) + > (1 - Byro, W)(s), VO<s<t<oo.

oM oM

Moreover; there exists an integer K > 0 depending only on M, N, E(¢o), |9l c2+e(gar) and [|1BYo |l c1+eyary and there
exist finitely many singular times {Ty}, 1 <k < K, satisfying

® e Cil (M x ((0,00) \ {TIE_))) and W € €% (M x ((0, 00) \ {Ti}E_))). (1.20)
These singular times are characterized by the condition
limsupE(QD(t);Bllgl(x)) >¢€ forall R>0, (1.21)
i

where € > 0 is the constant defined in Theorem 4.1 and B;‘f (x) is the geodesic ball in M with center x and radius R.

Moreover, we show that at each singular time {7y}, that is, when the energy of the map concentrates, after suitable
space-time rescaling, a bubble, namely, a nontrivial Dirac-harmonic sphere splits off.

Theorem 1.3. Let (®, V) be a solution to (1.8) with the boundary-initial data (1.12) from Theorem 1.2. Suppose Ty
is a singular time, i.e.
limsup E(®(2); Bg] (x))>€ forall R=>0O. (1.22)

xeM

t /Ty
There exz;sf sequences t; /' T, xi = xo € M, ri — 0 and a nontrivial Dirac-harmonic map (EIS, \3) ‘R?2 > N x
(TR?2® @~ 'TN), such that
(1) ifxoe M\ OM, then as i — o0,

®;(x) =D +rix,t;) »> P(x) in CL.(R® and
Wi (x) i= /W (x +rix, 1) = W(x) in CL_(R?).
(@, V) has finite energy and conformally extends to a smooth Dirac-harmonic sphere.

(2) ifxo € OM, then M — 00 and the same bubbling statement as in (1) holds.
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In Theorem 1.3, for a boundary blow-up point, the case that dist(x.9M) g uniformly bounded cannot occur. Oth-

erwise, one obtains a bubbling solution with certain boundary constraints. However this cannot happen, due to the
following result, which can be reduced to the harmonic map case considered by Lemaire [19].

Theorem 1.4. Let (P, V) : Ri — N be a smooth Dirac-harmonic map with boundary data | ar2 = const. and
BwY |3Rz+ = 0 and satisfying

/|V<I>|2dx+f|\11|4dx < 00,
RZ RZ
where Ri = {(x1, x2) € R|x2 > 0} and 8R3_ :={(x1, x2) € R%|xp = 0}. Then ® must be a constant map and ¥ = 0.

With our results for the heat flow, we can now obtain some existence results for Dirac-harmonic maps. This is the
main purpose of the present paper.

Theorem 1.5. Let (@, V) be a solution to (1.8) with the boundary-initial data (1.12) as obtained in Theorem 1.2 and
defined in [0, 00). Then there exists a sequence t; /' 00 such that (P (-, t;), V(-, ;) converges weakly in WL2(M) x
WL43(M) to a Dirac-harmonic map (®og, Vo) € C2T4(M, N) x C'H4(M, M ® T N) with boundary data
Doolom = ¢ and BYoolym = Bo.

If the boundary-initial data are small enough, the map part of the limiting Dirac-harmonic map (®., Vo) obtained
in the above theorem has to be homotopic to the initial map ¢y.

Corollary 1.6. We define a constant €) = €g(N) > 0:
€y = inf{ E@®) | (p,¥): S% — N is a nontrivial smooth Dirac-harmonic map } .
Forany ¢o € H'(M, N)NCO(M, N), ¢ € CFH2 (M, N), Yo e C1H2OM, M @ ¢~ 'TN), if

E(¢0) + V211BY0l1 725, < min (A%, €, (1.23)

where A > 0 is defined in (1.14), there exists a Dirac-harmonic map (¢, V) : M — N with ¢ lying in the same
homotopy class as ¢y.

Remark 1.7. In the case of By = 0, by triviality of ker(]D; B) for a regular map ¢ € WbLrP(M, N) with p > 2 (see
Theorem 1.1 in [9] or Lemma 2.6), ¥ has to vanish and hence our problem (1.8) and (1.12) reduces to the classical
harmonic map flow with Dirichlet boundary condition, which was studied in e.g. [14,5]. In this case, no constraint on
the initial energy E (¢o) is needed to obtain a global weak solution, see [24,5]. In contrast, if the boundary data B
are not identically zero, then, since the boundary data are fixed along the flow, the spinor ¥ cannot be trivial at any
time ¢ € [0, oo]. The finer qualitative behavior at the singularities of our flow will be addressed in subsequent work.

This paper is organized as follows. In Section 2, we recall some lemmas which will be used in this paper, such as
a covering lemma, an interpolation inequality and some elliptic estimates for the first order equation. In Section 3, we
derive some a priori estimates which ensure the local existence for initial data with lower regularity. Also, we prove a
small energy regularity theorem and the uniqueness of the solution in this section. In Section 4, some existence results
including local existence and global existence (Theorem 1.2) are proved and the characterization of the singularities
is derived. In Section 5, we prove Theorem 1.3, Theorem 1.4, Theorem 1.5 and Corollary 1.6.
Notations: Denote Q) = Q x [s,t], Ml =M x [s,t], M T = M x [0, T] and denote the standard Sobolev and Holder
spaces by W, (M), C2Rbe(mT) = C2H+ekt5 (YT) and €10« (MT) := C¥¥2(MT) N {supg<, <7 lutll crsepy <
oo}. Finally,

V(M) :={(®,¥): M x [5,t] > N x (EM @D 'TN)| sup [V®l 24y + sup [1¥]y1a3a
t s<o<t

s<o<

+ sup ||\IJ||L8(M)+/(|8tCI>|2+|VZCI>|2)det<oo}.
s<o <t

M
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2. Preliminaries and some lemmas

In this section, we first recall some lemmas which will be used in this paper and then derive the properties of the
constant A defined in (1.14).

Lemma 2.1 (II, Theorem 2.2 and Remark 2.1, P. 62, P. 63 in [17] or Lemma 4.1 in [12]). For any smooth bounded
domain Q C R? and any function u € H' (), there exists a constant C > 0 depending on the shape of Q2 such that

1
/|u|4dx§C/|u|2dx(/|Vu|2dx+@/|u|2dx), (2.1)
Q Q Q Q

where |2| is the volume of 2.

Lemma 2.2 (Lemma 3.3 in [24]). There exist constants K > 0, Ry > 0 depending only on M such that for any
R € (0, Ro], there exists a cover of M by balls Bljgl (x;) with the property that at any point x € M at most K of the
balls B%? (x;) meet.

Lemma 2.3. There exist constants C > 0, Ry > 0 depending only on M, such that for any T < oo, any u € C®(M7T),
any R € (0, Ro] and any function n € Cg°(Br(x0)),xo € M depending only on the distance |x — xo| and non-
increasing as a function of this distance, there holds

\Vul*ndMdt <C sup / |Vul?(x, )dM - /|v2u|2ndez+R*2/|Vu|2ndet (2.2)
0 T
M <t< B ) T T

where Blg’[ (x0) is the geodesic ball on the M. Moreover, we have

/|Vu|4det <C sup / \Vu|?(x, 1)dM - /|V2u|2det+R_2/|Vu|2det ) (2.3)
M

()C(),t)EMT
BY (x0) M7 M7

Proof. The idea is the same as in Struwe’s paper [24], using the density of step functions in L°° space and the covering
argument in Lemma 2.2. One can refer to Lemma 3.1, Lemma 3.2 in [24] or Lemma 4.1, Lemma 4.2 in [12] for a
detailed proof. O

The next lemma provides a Green formula for the Dirac operator /) along a map ¢.

Lemma 2.4 (Proposition 3.2 in [11]). For any ¥,w € W'3/4(EM @ ¢~ T N), we have

/ ¥, PoydM = / DY, o)dM - / (7 ) (2.4)
M oM

M

where (Y, w) ;= hij(l/fi, w’).

We next present a modified version of Proposition 3.1 in [9], which will play a crucial role in controlling the total
energy of the map along our flow (see Section 3).

Proposition 2.5. Suppose that ¢ € W'">(M, N) and € W43 (M, SM @ ¢ "' T N), then

| / AW I = 20BY 1) < 209 1 4y WPV 1 L473 ay- (2.5)
oM
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Proof. We use the observation of Proposition 3.1 in [9]. Denoting

X = %(W’ea G- Y)ea,

then

and
div X =—ReDvV,G - ¥).

By the boundary trace embedding theorem W43 (M) — L*(dM) (see Lemma 5.19 in [1]), we have v e L2(dM)
and hence X € L'(dM). Combined with the fact that div X € L' (M), by the divergence theorem, we have

|/<X,7>|=|/divx dM|=|/Rew,G~w>dM| < ey IOV L an.
oM M M

Thus,

| / A I> =21BY 1) <20¥ s WPl anary- O (2.6)
M

Next, we recall some elliptic estimates from [9].

Lemma 2.6 (Theorem 1.2 in [9]). Suppose ¢ € wi2r' (M, N), p*>1land y e W-P(M,sM@RN), 1 < p < p*
satisfy

{W/f =, in M;

2.7
B{/j = B'(//(), on 8M,

then there exists a constant C = C(p, M, N, || @[l y1,2p* ) > 0 such that
||1/f||W1,p(M) < C (||§||LP(M) + ||BW||Wlfl/p,p(aM)) .
As a special case of Lemma 2.6, when ¢ = const., we have

Lemma 2.7. Forany 1 < p < oo, there exists a constant C = C(p, M, N) > 0 such that for any ¢ € WP (M, LM ®
RN there holds

||1/f||W1,p(M) <C(p,M,N) (”aw”LP(M) + ||B‘/f||wlfl/p,p(aM)) .

Here, C(3, M, N) = A(M, N) defined in (1.16).
Taking D to be the usual Dirac operator ¢ in Theorem 4.4 of [9], we get

Lemma 2.8 (Theorem 4.4 in [9]). Suppose y € W'"P(M,EM Q RV), 1 < p <oo and f € C*(M,TM @ RV),
0 <o < 1 satisfy

pu=r in M,
then there exists a constant C = C(a, M, N) > 0 such that y € C'**(M, =M Q RV) and

1Y Nl ey < Clo, My N) (13 llcoany + 1B Nl crvaany) -
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Lemma 2.6 provides the elliptic estimate and the uniqueness result for ¢ regular enough, namely ¢ €
WL2P" (M, N) for some p* > 1. However, if ¢ is only in W2(M, N), then the corresponding estimate may not
hold. In this critical case, we need to use the constant A defined in (1.14) in order to obtain the elliptic estimate and
the uniqueness result. Now we show that there is a positive lower bound of the constant A.

Lemma 2.9. The constant A defined in (1.14) satisfies (1.15).
Proof. Let A3z > ||A| 1(n) be a positive constant. For any 0 < A < m, it is sufficient to prove that if E(¢) <
]\'2’ then
1V lwianan < CM, N, YRV Il 145 ar) + 1BV waas an)-
In fact, suppose

Doy =&, in M,
By = By, on 0M,

since DIl y|y is a projection map (see (1.13)), by Lemma 2.7, we have
I llwiasan < At (A (ea). e - DTIN|g 0 ¥l a3 ary + WPpV | 143 oy + 1B llwisaars o)
= A1 (V214N 111 DT lg 0 ¥ llzorsqany + WP L any + 1BYollwissssau) )
< V2A Al L) 1d 2 19 | s ary + APV N 43 ary + A1IBYOllwissars o

< «/zAlAznA”LOO(N) ||d¢||L2(M)||W||WL4/3(M) + A ||lD¢1//||L4/3(M) + A ||B‘1”O||W1/4~4/3(3M)
<2 KA1 A2l All oy I lwransany + DMPeW N 143 ary + ArlIBYollwi/asssou-

Since 2 ZN\A1A2||A||Loo(N) < 1, we get
1 llwiasgn < CM, N, NADsV Nl 4 ny + 1BYollwisanamuy). O
In fact, we can show that the constant A in (1.14) has the following equivalent definition:
A:=sup|A €[0,00]: Forany g € WA (M, N), if E(¢p) < A?, then KerPy; B) =0 and
for any ¢ € Wh43 (M, =M @RYN), there holds

||¢||WI,4/3(M) =CM,N, K)(||ID¢W||L4/3(M) + ||Bw||wl/4,4/3(aM) + ||¢||L4/3(M))}-
(2.8)

To see this, we first show that
Lemma 2.10. Suppose ¢ € W-2(M, N) and € W43 (M, M ® RV) satisfies

Doy =8, in M;
Byr = By, on OM.

If

E@¢) <A%< A%,
where A is defined as in (2.8), then there exists a constant C(M, N, X) > 0 such that

1V llwraman < CM, N, RY(IPo VIl 1453 ary + 1BV lwaas@an)- (2.9)
Proof. In fact, by the definition of A in (2.8), we have Ker(Dy; B) = 0 and

1V w14y < COL N, DYAPGW 1| 45 apy + 1BY s oagy + 19114 ary)- (2.10)
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If the conclusion (2.9) does not hold, there exists a sequence ¢, € WI*Z(M, N), ¥y, € W1*4/3(M, MR RN), satis-
fying

E(¢n) < A% < A%,
but,

1Wallwrasan = 1 (Pg, Wnll Lars gy + 1BV llwissars oar)-

Without loss of generality, we may assume ¥, 1433y = 1. By (2.10), we have

C C
(1- ;)(IIID% 1ﬁn||L4/3(M) + ||Bwn||wl/4-4/3(3M)) = ; ||¢n||L4/3(M)-

Using (2.10) again, we get ||, || y1.4/3(py < C when n is big enough. Then there exists a subsequence of {(¢n, Yn)},
still denoted by {(¢n, ¥)}, and ¢ € WH2(M, N), y € W43 (M, =M @ RV) such that

Yn — ¥ weakly in W3 (M), d¢, — d¢ weakly in L>(M),
Y, — Y strongly in L*(M).
So, we have ||/ [l 4341y = 1. E(¢) < E(¢y) < A% < A% and
Dy =0, in M;
By =0, on O0M.

Since Ker(y; B) =0, we get ¢ = 0. This is a contradiction to || ||L4/3(M) = 1. Thus, the estimate (2.9) follows. O
From Lemma 2.10, it is easy to get the following:
Corollary 2.11. The definition of (1.14) is equivalent to (2.8).

Finally, we provide the e-regularity estimate for the Dirac equation. We remark that the interior regularity for
weak solutions was proved in [23] (Theorem 3.4) and the boundary regularity for weak solutions in the homogeneous
boundary value case was shown in [23] (Theorem 3.5).

Lemma 2.12. Let By C R? and ¢ € W'2(By, N), v € Wh4(By, C2 @ RN) satisfy
Dy =0 on Bj.
Then for any 2 < q < 00, there exist € = €(q, N) > 0 and C = C(q, N) > 0 such that whenever

ldollL2p,) <€
then

¥ llLa ) + ||V’»”||W1_2Lfl = C@q. M llp4cp))- 2.11)

4 (By)2)

Moreover, let BI" = {(x1,x2) € B1;x >0} C R? and BOBT = 8B1+ N{(x1,x2) € B1;x2 =0} If ¥ € Wl’q(B+,
C?®@RY), Byyge W!=1/44@°Bl, C2 @ RY), ¢ € WI2(B}, N) satisfy

Dpyr=0 in Bf;

By = By on BOBIF.

Then there exist € = €(q, N) > 0 and C = C(q, N) > 0 such that whenever

”d¢||L2(Bl+) <€,
then

1V gty < Cla. N)UIYllpag+) + IIBYoll | 244 2 (2.12)
(BY)p) (B W

7W'm(3031+) ’
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Proof. Taking a cut-off function n € C3°(By) such that n|p, ;s =1 and [Vn| < C, by the standard elliptic estimates,
forany 1 < p <2, we have

¥ liwir sy < CUFOVIILe ) + 1Y 1 L4(8,))
=Clddll2pylmvll 20 +1¥llLss))
L2=P (By)

=Celny¥lliwirpy + CllYiiLes,)-

Then we can get the interior estimate (2.11) by the Sobolev embedding theorem.
For the boundary estimates, we also need to choose a cut-off function 7 € Cgo(BlJr) such that n| B}, =1 and

[Vn| < C, by Lemma 2.7, we get

||77'(p||wl P(Bf) = C(Ila(m/f)lle(B+) + ||7'IB'¢IO||W1 1/p. p(dB+))
= C(||d¢||L2(31+)||77¢||Lﬁ(31+) + ||¢||L4(31+) + ”anO”Wl—l/p,p(aBl*))

<Ce ||mﬂ||w1,p(31+) + C(”w”[}(Br) + ”BwOHWl*l/P-P(aOBr))'
Then we can get the boundary estimate (2.12) by Sobolev embedding again. O

3. A priori estimates

In this section, we shall first show some elementary properties of the flow, in particular we show that the energy
of the map E(®(¢)) is uniformly bounded from above. Then, we impose the boundary-initial constraint (1.19) and
prove some a priori estimates, an e-regularity and a uniqueness result, which will be used in the next section to get
the existence results.

First, we need the following proposition.

Proposition 3.1. Suppose (@, V) € V(MT)Y is a solution of (1.8) with the boundary-initial data (1.12), then we have

/(’P(A(d@(ea) eq - V); \IJ) )det __/dt / (Byro, T - W)(1)dt

MT

1 1
Z_E/WO,?-w>(r>+5/<6wo,7~\m<0>. G.1)

aM aM
Proof. Computing directly, we have
d d ;
E{Z)\IJ = E(ea Ve, (W' ®0,1))
= (ea Ve, W ®0y0) + - (ea - W @ Ve, D)
=eq vea( S ) ® 0yt o Ve, ¥ @V dyiteq Vg W ® Ve, dyi + o W' ® Vg Ve, i
t t t
Noting that

Vg Ve,dyi = Ve,V g dyi + RAD(@), dD(ea))dy
t

(Y%

where R is the Riemann curvature operator on (N, k), we get
d d .
EID\II =lD(E\I/)+ea-lIJ’ Q@ R(dP(3;), dP(eq))dyi. (3.2)

Since PV = 0, we have
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d
O:/(\IJ, TDv)aMdr

MT
=/(\D,lD(%W))det+ /(\y, e - W ® RAP (), dD(eq))dyi)dMdt
MT MT

T T
=/Idt+/IIdt.
0 0

On the one hand, by the definition of 5 (see (1.10)), we have
2BU=V+T7 - G-V and 0:%(2&11):23@1:\1&7-6-\11
where W := %\IJ. Combining this with Lemma 2.4 and (1.11), we can get
1=/(zz)\y,\i1>dM—/(7-\1/,\1/):—/(7-\1/,%
aM

M oM

:-/(7-q/,:FW.G-\mz—/(:F?.G-w,?-\11)

oM oM
=—f<w,7-¢>+/<26w,7-\if>,
oM oM

then we have

I=—/<7-‘P,‘if>=/(B\P,7~‘P>=%f<3wo,7-\y).
M aM oM

On the other hand, using the equation of Gauss, we get
= /(xp, e - W' @ R0 DT dD  (eq)dym)dM
M
:/Rmijk(xpm,vqﬂ‘-qf">a,c1>«/dM

M

=/[(A(3ym, i)y AQyi, 3y ) gy — A(@ym, i), A(Dyi, 0)5))RN]
M

AW VR whe, dldM
:2/<A(aym, 3,10, A@dyi, 3,0y Re((B™, VO* - W) 3, b/ dM
M
=2/<P(A(d<1>(ea),ea W) W), 9 D). (3.3)

M
Then the equality (3.1) follows immediately. O

Lemma 3.2. Suppose (o, V) € V(MT) is a solution of (1.8) with the boundary-initial data (1.12), then there holds

E(o() + / 10, B12dMdt < E(@o) +VZIBYo |25 -
Ml

Moreover, E(®(t)) + % f3M<7 - Byrg, W) is absolutely continuous on [0, T and non-increasing.
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Proof. Multiplying the equation (1.8) by 9;® and using the Lemma 2.4, we have

/|8t<1>|2dM—/ACIJ&td)dM:—/(P(A(dCD(ea),ea-\IJ);\II),8,<I>)

M I M

1
1 d —
= | = .
Zfdt /(Bllfo, - Wdt,
oM

s
for any 0 <s <t < T. Integrating by parts, we get

t t

1 (d 1 (d
— | = [ |Vo|2dMdt 8<I>2det=—/—/B T Wdr. 3.4
2/dt/I I +/|z| T (Byo, H ) (3.4)
s M M! s M

So, we have
1 1
E@)+ [ Bofdmar<E@o -+l [ BT w5 [ BT w)
M! {0y xdM {t}xoM
< E(@0) +V21IBY0l 7251,
where the last inequality follows from Proposition 2.5 since Py = 0. Also, we have

t

d 1 1
fE(E[|Vd>|2dM+§ /(7 -Blﬁo,\l—’))dtz—/|8,d>|2det, (3.5)
M

s oM M!

and the claims follow. O

Next, we shall study the flow with the boundary-initial constraint (1.19), namely

E(¢0) + V21BY0l 725y < A,

where A is the constant in Theorem 1.2.

Lemma 3.3. Suppose (®, W) € V(MT) is a solution of (1.8) with the boundary-initial data (1.12) that satisfies the
boundary-initial constraint (1.19). Then

W, Dllwranpn < C(M, E(po) + ﬁllglﬂoll%z(w))IIB¢OIIW1/4,4/S(3M), vVO<r<T. (3.6)

Proof. By Lemma 3.2, we know
E(®(1) < E(¢o) +V2IBYoll7 25y, < A 3.7)
Since W satisfies the first order elliptic equation

DoV =0, in M;
BY = By, on OM,

along the flow, by Lemma 2.10, we have

W, Dllwranan < C(M, E(do) + ‘/EHBI/fO||%2(3M))||B¢O||W1/4’4/3(3M)~ g (3.8)

Lemma 3.4. Suppose ¢pg € H' (M, N), ¢ € H32(dM, N), ¢olam = ¢, Yo € W3/335OM, SM ® ¢~ 'TN) and sat-
isfy the boundary-initial constraint (1.19). Then there exists constants €] = €;(M,N) > 0 and C = C(M,N) > 0,
such that if (&, W) € V(MT) is a solution of (1.8) with the boundary-initial data (1.12) and satisfies
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e(R):= sup E(®(1); B (x))<e forall Re(0,Rl,
(x,t)eMT

then there hold the estimates

C
sup WG, Dl sy < 572 1BYollwasss (3.9)
ooror LYM) = R1/4 w (OM)
and
V2o |2dMdt < C(1 L) B0 CT1 2 Byol® 3.10
| | t < C( +ﬁ) ( ())+F( F 100532y T 1BY0Iy 38,85 51 (3.10)
MT

Proof. By Lemma 2.2, for any 0 < R << 1, we know there exists a cover of M by balls B;‘e” (x;) with the property
that at any point x € M at most K of the balls B%e (x;) meet. By Lemma 2.12 (taking g = 8), Sobolev embedding and
a standard scaling argument, if B% (x;)NOM =@, then
C
IVl L3 By < WHVIHU(BQR);
If B (x;) N M # ¢, then

RI/A4

C
1 sy < or7s (1 ety + R4 1BVl wasss amsyoann)

C
= W(”w”LﬂB%) + ”Bw()”W3/8.8/5(BBZA§Q3M))-

Combining these, we have

C
1 lzsany < 21 iscap o = g I lsan + 1BYollwarssison)
i

C
S R1/4 (||B¢O||Wl/4,4/3(aM) + ”BI/IOHWS/&S/s(aM))

C
< Wlllglﬁollws/&ws(am,

where the third inequality follows from Lemma 3.3.
Multiplying the first equation of (1.8) by —A® and integrating over M7, we obtain

E(@(T))—E(@(O))—i—/|A<I>|2det
MT
:—/8,¢-Ad>det+/|A<D|2det
MT MmT

:—/A(CD)(dCD,dCD)ACDdet—i-/P(.A(d@(ea),ea~\IJ);\IJ)A<I>det
MmMT

MT
1

§§/|A<D|2det+Cf |vq>|4det+/|q/|8det.
e MT MT

So,
1
E(<I>(T))+§/|A<b|2det
MT
§E(CI>(0))+C/|V<D|4det+/|\Il|8det

MT MT



1866 J. Jost et al. / Ann. 1. H. Poincaré — AN 34 (2017) 1851-1882

§E(d>(0))+f|\11|8det+C sup f [VO[>(x, 1)dM

(x0.t)eMT
MmT B¥ (xo)

/|V2<I>|2det+R_2/ VO 2dMd: |, (3.11)
MT MT

where the last inequality follows from (2.3).
By the theory of elliptic equations, there exists a unique solution g € H>(M, RN) for

Ag=0 in M, (3.12)
g=9 on 0M, ’
such that
gl g2y < CM, N) @l 5372 m)- (3.13)
Since & — g € HO1 (M), then by standard elliptic theory, we have
/ |V2®[*dMdt < / IVX(® — g)|*dMdt + / IV2g|*dMdt
MT MT MT
<c / A — @) PdMdt + CODTI¢ 155 0,
MT
:C/ |Ac1>|2det+C(M)T||¢||§I3/2(8M). (3.14)
MT

Combining this with (3.11), (3.9) and Lemma 3.2, we get

E(®(1)) + % / IAD[>d Mdt

mT

§E(d>(0))+/|\ll|8det+C61 /|V2®|2det+R_2/|Vd>|2det
mT mT mT

2 r cr 2 8
=Ce [ |AD|"dMdt+C(1+ E)E(é(O)) + ﬁ(l F 1@ lg3200) + 1BV 388551
MT
Taking €; small enough, we obtain

T CcT
/ [A®PAMdr < C(1+ ) E(@O0) + —5 (1 10325, + IBYO a5 o))
MT

Then the estimate (3.10) follows from (3.14) immediately. O
By taking a similar choice of testing function as in Lemma 3.8 of [25] or Lemma 4.5 in [12], we obtain

Lemma 3.5. Suppose ¢po € H' (M, N), ¢ € H3>(OM, N), ¢olay =@, Yo € W3/E5OM, EM @ ¢~ 'TN) and sat-
isfy (1.19). Then there exist constants €y = e2(M, N) > 0 and C = C(M, N) > 0, such that if (®, V) € VMY isa
solution of (1.8) with the boundary-initial data (1.12) that satisfies

€(R):= sup E(D(); B;‘{I(x)) <€y forall R e(0,Rol,
(x,t)eMT

then there holds the estimate
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E(®(T); BY (x0)) + / V20 PdMd:
(BY (xo)T

T
< E(@(0); By (x0)) + C oz (1 + E@0) + 19135241, + 1BY0llyyass.575 ar))

Proof. Fixing xo € M, taking a cut-off function n € CgO(B%(xo)) such that n|g, =1, |Vn| < % and | V2| < %,
then multiplying the first equation of (1.8) by — A®n? and integrating over M T, we obtain
— f » DAY dMdt + / [AD|*n>dMdt
MT MT
=— / A(®)(dD, dD) AP’ dMdt + / PAAD(eq), eq - ¥); V)ADy>d Mdr,
MT MT
then integrating by parts, we have
1
5 / & |VO|*n>dMdr + / |AD > > dMdt
mT MT

5/|8,<I>||Vd>||2nVn|det+%/|A<I>|2n2det+C/ |Vd>|4n2det+/|\IJ|8n2det
mMT mT mT mT
gg/|a,d>|2n2det+C(5)/ |V<D|2|V17|2det+%/|A<I>|2n2det
mT mT mT
+c/ |V<I>|4n2det+/|‘~I'|8n2det.
MT MT

Noting that
18, ®| < V2|V20| + CIVOP + C|W|* VO,
we get
1 1
5/8,|V¢|2n2det+§/|A¢>|2n2det
MT mT

gaf |V2<I>|2n2det+C(5)/ |V<I>|2|Vn|2det+Cf VO [*n*d Mdt

MT MmT MmT
+/|\I/|8n2det
MmMT
< 2812,.2 C@©) 2 8 2
<@+Ce) [ VDO det—l—? IVO|"dMdt + [ |W[°n"dMd:, (3.15)
mr (B (o) mr

where the last inequality follows from the same argument as (3.11).
Since ®n —gn € HO1 (M) (see (3.12)), then by standard elliptic theory, we have

/ |V2(Pn)[PdMdr < / |V2(®n — gn)*dMdt + f |V2(gn)|*dMdt
mT mT mT

<c / |A(®n — gm)PdMd: + / V2 (gn) PdMd
MT MmT
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sc/ |A<I>I2n2det+C(M)/(|V<I>I2|V77I2+|<I>I2|V2n|2
mT mT
+ V2P0 + Vg2 IVnl* + g2 V2n|*)d Mdt. (3.16)
By (3.15) and (3.16), we get

/8,|Vd>|2n2det+/|V2<I>|2172det
mT mT

R2
M
(BZR()(O))T

Cc@
5C(8+C62)/ V20> n*dMdt + ©) / |V®|2det+/|W|8n2det
mT mT

+C / (IVOPVn* + @ V2y* + Vg0 + Vg2V |* + g1* | Vn|*)d Mdt.
MT

Taking § > 0 and €, > O sufficiently small such that C(§ + Ce) < 1/2, then with (3.9), (3.13) and Lemma 3.2 we
have

/al|vq>|2n2det+/|v2<1>|2n2det
mT mT

- C(é)

T
2 8.2 2
=Rz / IVO|"dMdt + / W["n det—i—Cﬁ(l + ||§0||H3/2(M))

(BY (xo))T mT

T
< Coz (14 E@0) + 191337201y + 1BYO I35 o))

Thus, we get the estimate

E(®(T); BY (x0)) + / V20 PdMdi

(BY (xo)T

T
< E(®(0); B (x0)) + C 3 (1 4+ E@0) + 07200, + 1BVl yssisopr)- O
Next, we obtain the e-regularity

Lemma 3.6. Suppose that ¢o € H' (M, N), ¢ € C*** (@M, N) and Yo € C'T¥@OM, LM ® ¢~ 'TN) satisfy the
boundary-initial constraint (1.19). Let (&, W) € V(MT) be a solution of (1.8) with boundary-initial data (1.12). Given
zo0 = (x0, ty) € M x (0, T, denote PI/{’(ZO) = Bg’[(xo) x [to — R, to]. Assume that ® € c2tel+s (PI/{’(Z()), N) and
v e Cl“""(PIg”(zO), XM @ ®'TN). Then there exist two positive constants €3 = e3(M, N, E (¢), @l c2+e o)
I1BYollci+e(gpy) > 0and C = C(a, R, M, N, E(¢0), ll¢llc2ta gy, 1BYollci+e ) > O such that if

sup  E(®(1), BY (x0)) < €3,

[1o—R2,10]
then

VRIW | o ppt gy + RIV Lot ) = € (3.17)
and forany 0 < 8 < 1,
sup ”llj(t)”CH“(B%/z(zO)) + ”q)”CLO‘ﬂ(PRA/;Z(ZO)) = C(,B) (3-18)

2
10— &= <t=1g

Moreover, if
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sup  sup E(D(1), BY (x0)) <el,
X0€M [1—R2,19]

then

]l + 1P| <C. (3.19)

oM xTr— B2 o) c2leaMxlr—82 ) =

Proof.
Step 1: We derive (3.18) and (3.19) from (3.17).

Taking the cut-off function n € Cyo (P (zo)) suchthat0 <75 <1, ”'P%M(zo) =1,|V/g| < )= 1,2 and |9;n| <

%, set U = n®, then
U—-AU=f in PM(z);
U(x,1) =0, on BM(z0) x {t =ty — R*};
Ux,t)=np,  on M x (to— R* 1),
where

=00 — AP+ 3nd—2VyVd — dAn.
By standard parabolic theory, for any 1 < p < oo, we have
I w2 ot oy = C(”f"L”(P,é”(zo)) + ||77<p||w,3’1(aplé”(zo))) <C(1+llelc2om)

where we used the fact that f € L™ since @ satisfies equation (1.8) and assumption (3.17) holds. Then for any
0<B=1—-4/p <1, we obtain

IN®lcspniptt o S NVUlcasrppce = CIUNy21pp gy = CB(1+ lelc2pm)- (3.20)

Taking the cut-off function x € Cg°(By (z0)) such that 0 < x <1, X|B§‘§¢/4(zo) =land |[V/x| < &7, j=1,2,set
V = x W, then

vV =h, in BM(z0);
BV (x) = x B, on 3IBY (20),

where h = xgW¥ + Vyx - W € L>. By Lemma 2.7 and Sobolev embedding, we have

19wt con < CIV st oy < €+ I1BYoll i) (3.21)

for any 2 < p < co. Combining (3.20) with (3.21), we know gW¥ € C% (B%Z(Z())) and by the Schauder estimates
Lemma 2.8 and taking some suitable cut-off function as before, we have

”qj(t)||cl+a(3£’f/2(Z0)) < C(l + ||BWO||c1+a(aM))(1 + ||<P||c2(aM)) (3-22)

for any 79 — RTZ <t < ty. Then the inequality (3.18) follows from (3.20), (3.22) immediately.
In order to prove (3.19), noting that we can rewrite the equation JW = A(dP(ey), eq - V) as

JU+Q-U=0
where
N N
Q=Y @ @)1= Y (6)A(Ve,1)eq — 0D F (V0 e, )
i=n+l i=n+1

and {vi}fv 141 1s an orthonormal basis of the normal bundle TLN and v = (W), ..., ()N, then for any o — RTZ <

t,s < tg, we have
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BW(, 1) —V(,5)=0 on M.

Since dQ2 = [dv(D), dv(P)], with (3.20) and (3.22), according to Theorem 4.1 in [9], for any 0 < 8 < 1, by Sobolev
embedding, we have

WD) =W ) esarn < CUIRE D) — ¢, $)llzewn) < Cls — tlP.
<C and

2
CLOa(Mx[tg— 8= 10]) —

{a(wc, D= () == DV =W 9))+(Q8) = 0)U(,s)  in M;

So, we get | \W||

3D —AD eCPPRM x 19— & 1)) for any 0<B<I;
DPlagy=¢ €CHY@OM).

Taking some suitable cut-off function and by standard Schauder estimates of parabolic equation, we have & €
C2L4(M x [1g— & 19]) and

|I¢IIC2,1,Q(MX[IO_RT{IOD <C(la,® - Aq)”ca-a/Z(Mx[zO—RTz,zop + I|<I>||CO(MX[IO_R72’IO]) + 1@l c2+a o) < C.

So we have proved (3.19).
Step 2: We prove (3.17).

We follow as similar idea as in [22,20]. Without loss of generality, we may assume R = 1. Choose 0 < p < 1 such
that

(1—p)? sup |[VO|* = maxl{(l—o)z sup |[V®|?}
<

PM (zo) O=o= PM(zo)
and then choose z; = (x1, 11) € P} (z0) such that

IVO|*(z1) = sup IVO|? :=e.
PY (z0)

We claim:
(1—p)’e<4.
We proceed by contradiction. If (1 — p)2%e > 4, we set
ulx,t) = d(x —I—e_%x, H ~|—e_1t) and v(x):= e_‘lT\IJ(xl + e_%x).
Denoting P, (0) = B,(0) x [—r2,0] C R? and
Sy := P (0) N {(x, D1 + e 3x, 11+ '1) € PM(O),
then u € C>19(S), v e CH9¥(S)), and they satisfy

oru =t(u) — P(A(du(ey), eq - v); v), in S (3.23)
ava(d”(ea)vea 'U), in Sl, ’
with the boundary data
1 1
u(x,t) =g@(x1+e 2x), if x1+e 2xe€iIM,;
1 _1 . _1 (3.24)
Bv(x,t) =e #Byo(x; + e 2x), if x1+e 2xedM.

Moreover, we have

sup|[Vul>=¢! sup |VO?P<e' sup |[VOPP<e ! sup |VOP<4
Si P, () PY i) PﬁTp (@0)
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and
IVu2(0) = e VO (z)) = 1.
Since v satisfies the equation gv = A(du(ey), ey - v) and there holds

ldu| <2, sup vl pag) < IWllpaary =€
—1<t<0

where in the last step we have used Lemma 3.3. By elliptic theory, we have

sup (vl <C sup Iollyraayp) < CUBY0lctau)-
—1<t<0 —1<t<0

Next, we want to show that there exists a constant C > 0 such that

1<cC / |Vu|>dxdt. (3.25)
S3/4

If C does not exist, then we can find a sequence {(u;, v;)} satisfying

o = t(u;) — P(A(dui(eq), eq - vi); v;), in 834 (3.26)
Jvi = A(du;(eq), e - Vi), in 834,
with the boundary data
ui(x,t)zgo(xl—i—e_%x), if x1+e_%x68M; (3.27)
Bvi(x,t)ze‘_‘l_‘Bllfo(X] +e_%x), if x —}—e_%xeBM )
and
sup (IVui| + |vi]) = C, (3.28)
S3/4
IVui 7(0) =1, (3.29)
1
/ |Vu; |*dxdt < -. (3.30)
4
S3/4

By Step 1 (since (u;, v;) satisfy (3.26), (3.27) and (3.28)), we have

IVuillcs.srs, , = C(B)
forany 0 < 8 < 1.
Therefore, there exist a subsequence of {u;} (we still denote it by {;}) and a function u € clor (s, /2) such that
Vu; — Vi in CVV/2(S) )

where 0 < y < $. Then by (3.30), we know

/ [Vit|>dxdt =0 (3.31)
S1/2

which implies Vi = 0 in Sy 2. But, (3.29) tells us |Vu|(0) = 1. This is impossible and then (3.25) must be true. Thus,
we have

1§C/ |Vu|’dxdt < C sup / IVO|*(t; + e '1)dx <C sup f IVO|*(1)dx < Ces.
—1<t<0 —1<t<0
S3/4 BM (x1) B (z0)
e2

Choosing €3 > 0 sufficiently small leads to a contradiction, so we must have (1 — p)2e < 4 and then
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(1=3/4)2 sup |VO|*<(1—p)le<4.
P}, (z0)
Since W satisfies the equation J¥ = A(d®P(ey), ey - ¥) and ||d¢||Lw(Pg’74(zo)) <8, Wl sar) < C, by the elliptic

theory of first order equations and Sobolev embedding again, we shall easily obtain

” v ||L°°(P|A/42(Z0)) = C.

Thus we get the inequality (3.17). This finishes the proof of the lemma. O

Finally, we show the uniqueness result.

Theorem 3.7. Let ¢g € H (M, N), ¢oloy = ¢ € H>(dM, N) and g € W335 M, =M @ ¢~ TN) satisfy the
boundary-initial constraint (1.19). Furthermore, suppose that (®;, V;) € V(MT),i = 1,2 are weak solutions of (1.8)
with the same boundary-initial data (1.12). Then (®1, W) = (P2, o) in MT.

Proof. Let W := & — ®y, Q:= W| — Wy and denote |VU | :=|VD |+ |VDy|, |V|:= |¥]| + |V2]|. Since (P;, ¥;) €
V(MT),i =1, 2 are weak solutions to (1.8), we have
[0, W — AW| < |[A(P1)(dP1,dD1) — A(DP2)(d D2, dD2)|
+ [P(Ad D (eq), e - W1); W1) — P(AWdP2(eq), e - ¥2); W)
<C(IWI(IVUP + [VUIIVID) + [VWI(VU| + [V]H) + 1QIIVU|[V]).

Multiplying the above inequality by W and integrating over M’, we obtain

1
E/a,|W|2arMazt—/Avv-Wdet

M M
1

=§/|W|2dM+/|VW|2det

M M!
sc/(|W|2(|VU|2+|VU||V|2>+|W||VW|<|VU|+|V|2>+|W||s2||VU||V|)
i
§C(f|W|4det)l/2((/|VU|4det)l/2+(fIVISdet)l/z)
M? M M!

+C(/|W|4det)1/4(/|VW|2det)1/2((/|VU|4det)1/4+(/IVISdet)1/4)
M! M! M! M

—l—C(/|W|4det)1/4(/|Q|2det)]/2(/|VU|8det)]/8(/|V|8det)1/8
M! M! M! M!

§C8(t)(/|W|4det)1/2+C8(t)(/|W|4det)1/4(/|VW|2dMa’t)1/2
M! M! M!

+Cs(t)(/ |W|4det)1/4(/ QP dMdr)'/?
M M!
forany t € (0, T] and e(t) - O as t — O.
Noticing that Do, W; =0,[ =1, 2, we have
Do, = [§2 — A(D2)(dD2(eq), eq - DIN]|o, 0 )|

= |A(®1)(dq_>1(€a), ey - V1) — A(D2)(dD2(en), eq - DTN |, 0_‘1’1)|

=[(V] °‘lff) ® A(DIIy |, 0 dyi, DTIy|e, 0 yj) — (VS - ‘Pf)
® A(DIIy|o, 0 dyi, DIn|@, 09,;)]
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< |(V<1>i1 W) ® (A(DT o, o dyi, DIIN[o, 09yj) — A(DTIN|e, 0 dyi, DIIN|@, 0 dy)))]
+ (VO - W — VO, - W) ® A(DIIy |0, 0 dyi, DIy |0, 0 35|
<CIW|IVU||IV|+ CIVW]||V],
where 1 <i, j < N and {8},,- }l.=1 is the standard basis of RV .

Since E(®2(1)) < E(¢o) + \/§||B¢O||§2(3M) < A% and BQ2 = 0 on dM, by definition of A in (1.14), we have

12114y < C (INWIVUNV I a5 an) + YWV 45 )
< CHWIlLan VU 2o 1TV 1Lz ary + CHY W20 1TV 124 -
Thus,

120 Laary = CUIS w143 ar
=CIWH 4 VU L4 oany TV 4 ary + CHV W20y 1TV T4 1)

and
t

(/ |Q|2det)l/25C(/(/|Q|4dM)l/2dt)l/2
M

M! 0
t

50(/(/|W|4dM-/|VU|4dM-/|V|4dM)1/2dt)”2
M M M

0

t
+C(//|VW|2dM-(/|V|4dM)1/2dt)1/2

0 M M
1

SC(/(/|W|4dM)1/2-(/|VU|4dM)1/2dt)l/2

0 M M
t
+C(//|VW|2det)”2
oM
t t

SC(//|W|4det)1/4-(f/|VU|4det)l/4

0 0
t

+C(//|VW|2det)l/2

0 M
t t

58(t)(//|W|4det)1/4+C(f/|VW|2det)1/2.
0 M 0o M
Then we get
1

2/|W|2(~,t)dM+/|VW|2det

M M!

§C8(t)(/|W|4det)1/2+C8(t)(/|W|4det)1/4(/|VW|2det)1/2
M! M! M!

4 12, 1 2
<Ce()(| IW*dMdn)'* + > [ [VW2dMdr (3.32)

M! M!
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By the covering Lemma 2.2 and inequality (2.1), we have

t
/|W|4det5C//|W|2dM(/|VW|2dM+f|W|2dM)dt
Mt M M

0o M

<C sup /|W|2dM(/|VW|2det+/|W|2det)

0<s<t
<C( sup f|W|2dM+/|VW|2dM)2. (3.33)
0<s<t
M[

Combing (3.32) with (3.33), we have

1 1
§/|W|2(-,1)dM+§/|VW|2det§£(t) ( sup /|W| . t)dM+/|VW|2dM)

0<s<t

Without loss of generality, we may assume

/|W|2(-,t)dM= sup /|W|2(-,t)dM.
M

0<s<t
Since £(t) — 0 as t — 0, then there exists S € (0, T'] such that

/|W| . S)dM+f|VW|2det—
MS

and W =0in M5. Thus, Q =0 in M* by the fact Ker(]Do; B) = 0. Iterating we obtain the lemma. O
4. Local and global existence results

In this section, under the boundary-initial constraint (1.19), we show the local existence of our flow for some initial
map ¢o € H'(M, N) and then show the existence of a global weak solution, completing the proof of Theorem 1.2.

Theorem 4.1 (Local existence). Suppose ¢pg € H' (M, N), ¢ € C** (M, N), Yo € C1H*OM,EM ® ¢~ 'TN) and
satisfy the boundary-initial constraint (1.19). Then there exists a unique solution (®, V) € Ur/_, V(MT') of (1.8)
with boundary-initial data (1.12) which is defined in M x [0, Ty), satisfying

®eCrM (M x (0,T1), N) and ¥ € C;2* (M x (0, T1), EM ® ' TN)
where Ty is characterized by the condition

lim sup E(®(1); Bﬁ/[(x)) >€¢ forall R>0 4.1)

17T (¢ pem™

and € = min{ey, €2, €3} is a constant.
Moreover, E(® (1)) + % fi)M(7 - Byrg, W) is absolutely continuous and non-increasing in [0, T}).
Proof.
Step 1: There exists a sequence ¢, € C>T%(M) such that
bom —> ¢o strongly in H! (M);
Om = omlos — @ strongly in  C*T@OM).

In fact, let g € C2+*(M) be a harmonic function satisfying (3.12). Since ¢9 — g € Hé (M), choosing ug, € Cg° (M)
such that ug, — ¢o — g in H 1 (M), then ¢g,, = ug, + g is the desired sequence.
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Step 2: Local existence.

2,1,
loc

By Theorem 1.1, there exist 7}, > 0 and ®,, € C
with the boundary-initial data ¢op,, @, Yo.
Since ¢o,, — ¢o strongly in H 1 (M), there exists some R > 0 such that for all x € M,

(M x (0, Tn)), W € C1o0% (M x (0, Tyy)) which solve (1.8)

E(¢om: BY, (1)) < <.

4
Then by Lemma 3.5,if T = O(Rzg), we have
sup  E(®p(-,1); BM(x)) <€ 4.2)
(x,t)eMT

So, combining (4.2) with Lemma 3.5, Lemma 3.6 and Theorem 1.1, we may assume 7,, > T = O(RZE). Using
Lemma 3.2, Lemma 3.3 and Lemma 3.4, we have

||(q>m’ "IJ = C'

Iy yry <
Furthermore, by Lemma 3.6, we have
”\pm”Cl’O-“(MX[S,T]) + ”d)m ||C2-l""(M><[5,T]) < C(Ol, R, 3, T) (43)

According to the weak compactness, there exists a subsequence of {(®,,, V,,)} which for convenience we still denote
by {(®,,, W)}, and a function (P, V) € V(MT) such that as m — oo,

3Py — 0, D weakly in L*MT),
V20, — V2® weakly in L*(MT),
V®, —~ VO weakly in L>*0,T;L*(M)),
W, =W weakly in L0, T; W3 (M),
where L°(0, T'; || - |I) := supg,<7 |l - Il In addition, by the Sobolev embedding theory, we get
V&, - VO  strongly in L*m7)y,
V&, =~ VO weakly in L4(MT),
W, =~ W  weakly in LZ(MT).
Then it is easy to check that (&, ¥) € V(MT) is a weak solution of (1.8) with (1.12) in the sense of distributions.
Moreover, from (4.3), we know @ € ﬂo<s<TC2’1’°‘(M x[s, T,V € ﬂ0<s<TC1'O'“(M x [s, T]) and then (®, W) isa
classical solution of (1.8). The short-time existence Theorem 1.1 guarantees the existence of a solution to (1.8) using
®(T) as the new initial data and the solution can be continued to a larger time interval. Repeating this argument,
the solution can be continued until the first time of energy concentration, that is, when ¢t = T, the condition (4.1) is

satisfied.
Finally, from Lemma 3.2 and Lemma 3.6, we have

1
E@0)+5 /(7 B, W)(0)
oM

is absolutely continuous and non-increasing in [0, 77) and

®eCh M x (0,T)),N)and ¥ € C-%¥(M x (0,T)), EM® ®~'TN). O

loc loc
Remark 4.2. If g € C®(OM, N), Yo € C®(OM, =M ® ¢~ ' T N), then the solution will be regular in M x (0, T}).

Next, we prove our main Theorem 1.2.
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Proof of Theorem 1.2. By Theorem 4.1, there exists an unique local solution (®, W) on M7 satisfying

P e Cpl(M x (0, 1)) and W € C;0* (M x (0, T1)),

loc

where 77 is the first singular time. Next, we claim: there exist (-, T7) € H! (M,N)and V¥ (-,T7) € wla/3 M, ZM®
& (-, T))~LTN) such that

O(,1)— (-, T)) weakly in H' (M),
W(, 1) =~ W(-,T) weakly in W'3(M)

ast— 1.

In fact, by Lemma 3.2 and Lemma 3.3, for any sequence #; — 71, there exists a subsequence (also denoted by #;)
such that ® (-, ;) — ®(-, T1) weakly in H'(M) and W(-, ;) — W(-, T) weakly in W43 (M) asi — oo. So, we just
need to show the weak limits ® (-, 77) and W (-, T}) are independent of the choice of the time sequence. Let s; — T
be another time sequence and the corresponding weak limit (-, Ty), then

/|d>(~,n> — 3, T)PdM
M

= f<cb(-, Ti) — B, T1), D, T1) — O(, 1;))dM + /<<I>(-, Ti) — ®(, T1), D(, 1;)
M M
— ®(,5))dM + /<<1>(-, Ti) — O, T1), D(,5) — B, T1))dM (4.4)
M

for any i > 1. Noting that

1
) e P ,
D, 1) — PC,s0)|"dM = [ | Edtl dM <|si — | IEI dMdt|
M M si Msf(

and erl |%|2det < C (see Lemma 3.2), letting i — oo in (4.4), by Holder’s inequality and the fact ®(-,#) —
& (-, T1) weakly in H!(M), we obtain

/ |D(, T1) — 6(, T1)|2dM =0.
M

Thus, ®(-, 7)) = 6(-, T1), and with Lemma 2.10, the uniqueness of the weak limit W (-, 77) follows immediately.
Since 7T; is a singular time, there exists at least one singular point {(x', 77)} satisfying

limsup E(®(1); BY (x')) > € for all R > 0. (4.5)
t /Ty

Then, we have
E(®(Ty)) = lim E(®(Ty), M\ By (x"))
R—0
< lim liminf E(®(r), M \ BY (x"))
R—0 t /T,
= lim liminf (E(® (1)) — E(®(t), BY (x")))
R—0 t /T,
< liminf E(®(¢)) — lim limsup E(®(¢), BY (x!
< liminf E(&(@) — lim limsup E(2(1), B (')

<liminf E(® (1)) — €
t /Ty

and
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1/5’ - Biro, W) (T1) = %@i;gf/(ﬁ - B, W) (1)

2
aM aM
where equality follows from the trace theory. Thus

1 .. 1 _
E@(T)+5 [ (7 By, 0)(T) < limint (E@) + 5 [ (7 - wBpo.)0) -2 4.6)
1
oM oM
By Theorem 4.1, we can continue (®, W) to some larger time interval [0, 73] by solving (1.8) with the new initial data

®(T1) on [T1, T2] and piecing together the solutions at 77. It is easy to see that (®, W) is a distribution solution to
(1.8) on all of M2 and satisfies

1 1
E@@)+5 [ (7 -Byo. 0)0 = E@6) -+ 5 [ (7 -Bro. 9))
oM oM
for any 0 <s <t < T». Iterating this process, we obtain a global solution defined on M x [0, c0). Let {Tk}f:1 be the
singular times at which (®, W) can attain singularities. According to (4.6), we have
1 L. 1
E(@(Tx)) + 5 f (7 - By, W)(Tx) < liminf (E(@ ) + 5 / (7T - B W)(1) — &1
K
oM oM

| K
< E(@0) + 5 /(7 - Bijrg, W)(0) — Z?-
aM k=1
Then

E(®(Tx)) < E(®(0)) + % /(7 - By, W) (Tg)| + %| /W - By, W) (0)| — K€
oM IM
< E($0) +V2IIBY0l 725y, — KE
This implies

2

€
Hence there are at most finitely many singular times. O

5. Behavior of singularities

In this section, we shall study the behavior of singularities of the global weak solution derived in the previous
section by using blow-up analysis. Theorem 1.3, Theorem 1.4, Theorem 1.5 and Corollary 1.6 will be proved in this
section.

Proof of Theorem 1.3. Let 77 be a singular time, i.e.

limsup E(®(z); BY (x)) > € for all R > 0.
xXeM
t /Ty

From Lemma 3.6, we know

®e M x [T -8, T)))

loc

for some small § > 0. Then by the standard blowup argument, there exist sequences t; /' T1, x; = xo € M, r; - 0
such that

E@(t), BY (x;)) = sup E(@(t), B (x)) =
(x,1)eM [T, —82,5;]
BM (x)cM, r<r;

. 5.1)

AL
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By Lemma 3.5, for any T1 — 82 <s <1 < Ty, we have

~ =S
E(®(1;); BY (x)) < E(®(5); By} (x)) + C lrz :
i
where C := C(1+ E(¢o) + ||¢||§13/2(M) + ||BI//0||§}V3/8,8/5(6M)) > 0 is a constant. Denoting T = %, then we have
€
E(®(s); By, () = 5 (5.2)
for any s € [t; — Triz, t].
We first prove the second statement (2).
Step 1: Let xg € 9 M and we prove the statement (1) under the assumption that
. dist(x;,0M)
limsup —— — o0
i—00 ri
By taking subsequences, we may assume lim;_, oo w — 00. Assume t; — % > T} — 82, define
Bi :={x e R’|x; +rix € Bé”(xo)}
and
ui(x,t) :=d(x; +rix,t —i—r?t)
vi(x, 1) =1 Wx; +rix, b ).
Then (u;, v;) lives in B; X [—%, 0] which tends to R* x R_ as i — oo and satisfies
dyui = (i) — P(A(du(eq), e - v1)ivi),  in B x [—25,0;
321 (5.3)
Jvi = A(du;(eq), eq - i), in Bi x[=7>.,0]
with the boundary data
ui(x, 1) = @(x1 +rix), if xitrixedM; (5.4)
Bvi(x,t) = JTiByo(xi +rix),  if xi+rix€dM. '
By Lemma 3.2 and Lemma 3.3, we have
0 1
f / |0;u; |>dxdt < / f |0, ®|>?dMdt — 0, asi— oo, (5.5)
—T B; fi—”,'QT M
and
sup ”vi”L“(Bi) = sup ||\II||L4(M) =C, (5.6)
%5;50 TI*SZStSTl
sup |lduill2gy < sup  IdPll 2 = C. (5.7

£<[<0 T1_82§t§T|
4r[2_ -

By (5.1), we can see that

N M|

sup  sup / |Vui|*(y, t)dy < sup E(®(1), BM (x)) =
—T<t<0x€eB; , (x,0)eBM (x0) x[T1 —82,1;]
Breans; BM(x)CBY (xp). r<ri



J. Jost et al. / Ann. 1. H. Poincaré — AN 34 (2017) 1851-1882 1879

So, for any x € R2, when i is sufficiently large, we have

€
sup / [Vui Py, )dy < = (5.8)
—T<t<0 2
B (x)
Combining (5.6), (5.8) with Lemma 3.6, we have
sup  [lv; (-, f)||cl+a(Bl/2(x)) + sup  flui(, f)||cl+a(31/2(x)) =C (5.9)
-T<t=0 ~T<=0
which tells us
sup ”Ui('st)”ClJrOf(RZ) + sup ”ui('yt)”ClJrOf(RZ) = C. (510)
—%SISO loc —%SI‘SO loc
From (5.10) and (5.5), we can find o; € [—%, 0] such that as i — o0, there holds
/|a,ui|2(x,ai)dx+o (5.11)
Bi
and
i s o)l o1t gy + Ui (0D | v 2y = C- (5.12)

Therefore, there exists a subsequence of (u; (-, 0;), v; (-, 0;)) and a limit field (5, \17) eC 110 . (R?) such that
ui(-,o0;) —> d in CIIOC(RZ) and
vt o) =¥ in CL.(R.

Setting ¢ = o; in the equation (5.3) and letting i — o0, it is easy to see that (&, U) is a Dirac-harmonic map with
€ ~ ~
1= IVl 2®2y + 1V L4w2) < C,

where the above inequality follows from (5.6), (5.7) and (5.2). Taking f; + rizai as the new time sequence, then we get
that

®; (x) = u;(x, 07) = D(x; +rix, t; +170;)
Wi (x) =vi(x,07) = /riV(x; +rix, ¢ +F,~20i)

is the desired sequence in the theorem.

dist(x;,0M)
T

Step 2: If xg € dM, then limsup;_, ., — 00.

If not, there exists a converging subsequence of M
i
dist(x;,0M)

T

. Without loss of generality, we may assume

— a as i — o0. Then
B; —» R2 :={(x',x?)|x* > —a).
Noting that for any x € {x?> = —a} on the boundary, x; + r;x — xg and
ui(x,t) =@x; +rix) if xi+rixeoM;
Bv;i(x, 1) = /riByo(x; + rix) if xi+rixe€dM;
By Lemma 3.6 and (5.1), for any Bg(0) C R2, R > 0, we have

sup ”Ui(', t)HCHO‘(BR(O)ﬁB,') + sup ||I/ti(', t)”Cll;;a(BR(O)ﬂBi) <C. (513)

T
—5=<t=0 —5=<t=0

Using a similar argument as in Step 1, we can obtain a C'! field (D, V) satisfying
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€ - ~
7 S IV®lla@) + 1Pz < C. .19
and a sequence o; € [—%, 0] such that as i — oo, there hold

lwi (-, 01) — Pllc1 0By = 0

i (-, 0i) = WllergnBg0y — 0

for any R > 0 where Br(0) C IR? is the standard ball with radius R and centered at 0. Moreover, (CT), \Tl) is a Dirac-
harmonic map satisfying

1(5) :P(A(da)(ea),ea . (Ivl); ‘I~l), in RZ; (5.15)
JU = AdP(ea). eo - D), in RZ, '
with the boundary data
(x,1) = R2;
D=9, on B @ (5.16)
BY(x,1) =0, on 0RZ.

Then, by Theorem 1.4, we get o= @(xp) and U = 0. This contradicts (5.14). The second statement (2) is proved.
For the first statement (1), the argument is almost the same as in Step 1, so we omit it. The proof of theorem is
finished. O

Now, we begin to prove Theorem 1.4.
Proof of Theorem 1.4. Denoting
L Z—=1 5
z):=i — :R7. — B;(0
f @ PR 1(0)

where B;(0) = {u + iv|u® 4+ v? < 1} C R? is the unit ball, it is well known that f is conformal satisfying
4
w2+ (v —1)2)2
and f(i) =0, {f(x1,x2)|x; €R, x; =0} =09By \ {{}. Defining
u? + (v—1)>2
2

then (&, W) : By \ {i} = N x ®~'TN is a smooth Dirac-harmonic map with the boundary data D'[yp,\(i) = const.
and BY'[5,\(;y = O satisfying

/|vq>’|2dx+/|\1ﬂ|4dx<oo.
B B

(fH*(dzdz) = (du® + dv?)

O =do f! and V= Vo 1,

It is known that the equation of ®’ can be written as an elliptic system with an anti-symmetric potential [27,11,23]:
AP =Q. VP,

with Q € L?(By, so(N) ® R?) satisfying |Q| < C(|V®’| + |¥'|?). Then by taking pure Dirichlet conditions in the
boundary regularity Theorem 1.2 in [23] (or see Remark 1.3 in [21]) and bootstrapping, we get ® € W>?(By) for
any 1 < p < 0o. By the boundary elliptic estimates of first order equations of W', we shall get ¥’ € W!7(By) for
any 1 < p < oo. Furthermore, by the standard bootstrap method, we can get higher regularity, i.e. (&, ¥’) can be
smoothly extended to B;. By Lemma 2.6, we get W' =0 in Bj. Thus, ®’ is a harmonic map from B; to N with
constant boundary data. By the result of Lemaire [19], ® is a constant map. Then ® must be a constant map, ¥ = 0
and we finished the proof. O
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Without the continuity of local energy near the singular time (see Lemma 3.5), we don’t know whether the singular
set at time infinity (if 7 = oo is a singular time) is a finite set or not (see [13,26] for a similar phenomenon in the
cases of higher order heat flows). However, thanks to the weak compactness Theorem 1.9 in [27], we can still prove
the existence Theorem 1.5.

Proof of Theorem 1.5. By Theorem 1.2 and Lemma 3.3, we know

o
//Iatd>|2det+ sup E(®(-, 1))+ sup II\IJ(',t)||W1_%(M)§C<oo.
0 M

0<t<oo 0<t<oo

Thus, there exists a time sequence 7 /' 00 and (P oo, Woo) € W2(M) x W43 (M) with boundary data ®eolgy =
@ € CT (M) and B |y = B € C'H* (9 M), such that

10: @ C 1)l L2(pr) = O
and
(q)(a tt)a \I"(v tl)) - (CDOOv ll'lOO)

weakly in WL2(M) x W43 ().

By weak compactness Theorem 1.9 in [27], we know (P, W) is a weakly Dirac-harmonic map from M with
boundary data ®o|gy = ¢ € C2H (M) and BWo|yy = By € C1T4(OM). Then, using the same argument as in
the proof of Theorem 1.4, we get ®, € C¥ (M) and W4, € C1HY(M). This finishes the proof. O

Proof of Corollary 1.6. We shall first show that the constant €y = €g(N) > 0 is well-defined. We claim: there exists
a constant €(N) > 0 such that, for any smooth Dirac-harmonic map sphere (¢, V) : $2 — N, if E(¢) < e(N), then
both ¢ and  are trivial.
In fact, by Proposition 5.2 in [16], we have
IV lpar3(s2y < CUPY N a3 (s2)s

where C > 0 is a universal constant. By standard elliptic estimates and Sobolev embedding, we have

||W||L4(s2) < C||¢||Wl,4/3(52)
<CUIPY¥lLanszy + 1Yl Le3s2)
= Clg¥llLam(s2)
= Cllldoll¥ Il L4 s2)
= C||d¢||L2(52) ||W||L4(s2) = CE(N)||¢’||L4(S2)'
Choosing € (N) > 0 sufficiently small, we have ¢ = 0. So

d@lllwias2) < CIIABI L4/3(s2)
< CllldoPll a3 (s2)
=< CllldolliL2s2)lldll Lacs2)
< CllldolllL2(s2)Ilddlllyw1.a3s2y < CE(N)IIA Pl w1473 (s2y-

Again, taking €(N) > 0 sufficiently small, ¢ has to be a constant map.

Next, it is sufficient to prove that no blow-up will occur along the flow. In fact, if the flow blows up at some singular
time T < oo, then by Theorem 1.5, some nontrivial Dirac-harmonic spheres appear. Assume (213, U) is one, then by
Theorem 1.5, it is easy to see that

E(®) < limsup E(P).

t—>T

However, by Lemma 3.2, we have
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€0 < E(®) < limsup E(®) < E($0) +V2IBY0l 725, < min {A%, ).

t—>T

This is a contradiction which finishes the proof. O
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