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Abstract

We consider the diffusive Hamilton—Jacobi equation, with superquadratic Hamiltonian, homogeneous Dirichlet conditions and
regular initial data. It is known from [4] (Barles—DaLio, 2004) that the problem admits a unique, continuous, global viscosity
solution, which extends the classical solution in case gradient blowup occurs. We study the question of the possible loss of boundary
conditions after gradient blowup, which seems to have remained an open problem till now.

Our results show that the issue strongly depends on the initial data and reveal a rather rich variety of phenomena. For any smooth
bounded domain, we construct initial data such that the loss of boundary conditions occurs everywhere on the boundary, as well as
initial data for which no loss of boundary conditions occurs in spite of gradient blowup. Actually, we show that the latter possibility
is rather exceptional. More generally, we show that the set of the points where boundary conditions are lost, can be prescribed to
be arbitrarily close to any given open subset of the boundary.
© 2017 Elsevier Masson SAS. All rights reserved.
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1. Introduction

We consider the initial-boundary value problem for the diffusive Hamilton—Jacobi equation:

uy — Au=\|Vul?, xeQ,t>0,
u(x,t)=0, xeo, t>0, (1.1)
ulx,0) =up(x), xeg.

Throughout this article, we assume that 2 is a C?*t* gmooth bounded domain of R”, p>2and

uoeX:z{veCI(ﬁ); v>0andv=00n9Q},
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endowed with the C! norm. This problem has been studied by many authors in the past decades (see e.g. [22, Chap-
ter 40] and the references therein).

By standard theory [10], it is known that problem (1.1) admits a unique, maximal classical C! solution > 0, such
that u € C21(Q x (0, T*)) and u, Vu € C(Q2 x [0, T*)). Here T* = T*(ug) € (0, o] denotes its existence time and
the differential equation and the boundary conditions are satisfied in the pointwise sense for ¢ € (0, T*). Moreover,
the solution satisfies the maximum principle estimate

lu@®lloo < lluollos, 0<t<T¥,

and the classical C! solution can only cease to exist through gradient blowup:
T <00 = lim ||Vu(t)|le = 00.
t—T*

Actually, Vu remains bounded away from the boundary and gradient blowup occurs only on 92 (see [25]). Further-
more it is known (see, e.g., [1,2,23]) that T* < oo whenever the initial data is suitably large. We also recall that this
phenomenon does not occur when 1 < p <2.

On the other hand, it was proved in [4] that problem (1.1) admits a unique global viscosity solution u € C (Q x
[0, 00)), where the boundary conditions have to be understood in the viscosity sense. Throughout this article, we shall
denote this solution by u without risk of confusion, since the two solutions coincide on [0, 7*). (The result in [4] is
actually valid for any u( € Co(S2), but this need not concern us here.) Moreover, u is actually smooth away from the
boundary, namely

ueC>1(Q x (0, 00))

and it solves the PDE in (1.1) in the classical sense in 2 x (0, 00) (see Section 3 for details). It was next proved in [20]
that for t > Tp = To(||uollco) sufficiently large, u is actually a classical solution again, namely u € C 2.1(Q x (Tp, 00))
with u(-,#) =0 on 0L2.

When gradient blowup occurs, the question of possible loss of boundary conditions for t > T* (hence actually in
[T*, Tp]) has remained essentially open. Namely, it is unknown whether or not u satisfies the boundary conditions
u=0o0ndQ x [T*, Ty] in the classical sense. In what follows, we say that loss of boundary conditions occurs at a
point xg € 92 if u(xg, t) > 0 for some ¢t > T*.

The goal of this article is to give some answers to this question. A main conclusion is that loss of boundary
conditions after gradient blowup may or may not occur, depending on the initial data. Furthermore, in case it
occurs, the structure and size of the set of the points where boundary conditions are lost, strongly depends on the
initial data. This is somewhat surprising and shows that the problem reveals a rather rich variety of phenomena.

Throughout this paper, we denote by ¢; the first Dirichlet eigenfunction of —A in €2, normalized by fQ p1dx =1.

2. Main results

For any ug € X, we define the loss of boundary conditions set by

L(ug) = {xo € 9L, u(xg,t) > 0 for some t > 0}.

Our first result shows that there exist initial data for which the loss of boundary conditions occurs everywhere on
2£2, and moreover can be achieved at a common time.

Theorem 1. Let p > 2. There exists ug € X such that L(ug) = 02 and that, moreover,
u(x, t) > co, x €09,

for some ty, co > 0. Furthermore, the same remains true for any vy € X with vo > uy.

Our next result shows that, at the opposite, there are gradient blowup solutions for which no loss of boundary
conditions ever occurs.



A. Porretta, Ph. Souplet / Ann. 1. H. Poincaré — AN 34 (2017) 19131923 1915

Theorem 2. Let p > 2. There exists ug € X such that T*(ug) < oo and L(ug) =, i.e.,

u=0 ondQ2x (0,00).

At least in one space dimension, one can show that such ug are rather exceptional (see Remark 2.2 for more
comments).

Theorem 3. Let p > 2, n = 1 and let ug be as in Theorem 2. Let vg € X, with vy # ug and denote by v the corre-
sponding global viscosity solution of (1.1).

(i) If vo > uo, then L(vo) # .
(ii) If vo < ug, then T*(vp) = o0.

Our last two results are concerned with some “intermediate” ranges of uy. We first consider initial data which are
large in an integral sense (hence need not be the same as those in Theorem 1) and show that, as the size grows larger,
the loss of boundary conditions occurs “near” every point of 9€2.

Theorem 4. Let p > 2. For any € > 0, there exists a constant M = M (2, p, €) > 0 such that lfo upp1dx > M, then
Sfor any xq € 092, we have L(ug) N Bg(xg) # 0.

Notice that, due to the continuity of u up to the boundary, L£(up) is a (relatively) open subset of 9€2. Our last result
shows that one can find solutions for which the loss of boundary conditions occurs essentially only on a prescribed
open subset of €2, and at a common time.

Theorem 5. Let p > 2. Let w be any open set of R" with w N 92 # @. Let ¢ > 0 and set w, = w + B¢ (0). There exists
ug € X such that

wNoR C L(ug) Cw, NN

and such that, moreover,

u(x,t9) >cy, x€wnai2, 2.1)

for some ty, cg > 0.

Remark 2.1. We note that some solutions with single-point gradient blowup on the boundary (at 7* (1)) may develop
loss of boundary conditions on some open subset of the boundary after 7*(uq). Indeed, a closer inspection of the
proof of Theorem 5 shows that one can construct uy which satisfy the conclusions of Theorem 5 and at the same time
verify the assumptions of [15, Theorem 1.1], guaranteeing single-point gradient blowup on the boundary, for suitable
domains of R.

Remark 2.2. As shown by Theorem 3, the solutions constructed in Theorem 2 constitute (strong) thresholds, real-
izing the transition from global classical existence to loss of boundary conditions. This parallels the phenomenon of
transition from global existence to (complete) blowup for the reaction—diffusion equation

u; — Au=u? (2.2)

(see [18,22], and the recent work [21] where the notion of strong threshold is studied). In this respect, gradient blowup
without loss of boundary conditions plays the same role as “incomplete blowup” in the case of equation (2.2), which
is the threshold behavior for supercritical p (i.e.,n >3 and p > (n +2)/(n — 2)).

For related results on the continuation of solutions after gradient blow-up, see [8,9,26]. We refer to [2.,8,6,5,3,12,
24,25,11,15,19] for other aspects of gradient blowup phenomena, and to [13,14] for some physical background.
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3. Preliminaries

We set Q = Q x (0, oo) and denote the function distance to the boundary by
8(x) = dist(x, 0€2).

We set 2, = {x € Q; 5(x) > n} and recall that Q; is smooth for n > 0 small. Moreover, denoting by v, the outer
normal unit vector and do, the surface measure on 0€2,, we have the property

lirr%) doy = /da and lirr}) V.v,doy = / V.vdo, Ve (C(Q)". (3.1)
n— n—
9%y, 90 9y, 99

We shall also need the following uniform version of the Poincaré inequality (see, e.g., [17]). Let k € [1, 00). For each
& > 0, there exists a constant C = C(£2, ¢, k) > 0 such that

/|v|"sCf|Vv|kdx, ve |J ve W (@) vpens, o =0) (3.2)
Q Q X0€IN

(v = 0 being understood in the sense of traces if v is not continuous).

We now turn to properties of the unique global viscosity solution u of (1.1). We refer to [7,4] for more details about
viscosity solutions theory. We first recall that the global viscosity solution can also be viewed as the limit of global
classical solutions of regularized problems. Namely, for each integer j > 1, we set

Fj¢)=min(|§|7, jP2€]?), &eR",
and, for up € X, consider the problem
atl/lj—Al/ljZFj(Vuj), xe, t>0,

uj(x,t)=0, xe€dQ, >0, (3.3)
uj(x,0)=up(x), xe€.

Since each F; has at most quadratic growth, problem (3.3) admits a unique global classical solution u ; > 0. Moreover
uj is nondecreasing with respect to j by the comparison principle, and it is known (see [7] and [20]) that

Im uj(x,t) =u(x,1), (x,t) € Q.
Jj—00

As a consequence of this approximation procedure, one for instance easily recovers the maximum principle esti-
mate

u(®) —v(®lloo < llo — volloo, >0 (3.4

for all ug, vp € X (which yields in particular the continuous dependence in L*°).
Next, as a consequence of uniform interior estimates for the approximating solutions u ;, one shows that

ueC> (0 (3.5)

and that u solves the PDE in (1.1) in the classical sense in Q. For that purpose, by standard parabolic regularity, it
suffices to prove that Vu ; is bounded on compact subsets of Q, independently of j. Such a bound can be proved by
a Bernstein argument with cut-off (see e.g. [16] in the elliptic case and [25] in the parabolic case; more specifically,
this follows from a simple modification of the proof of [25, Theorem 3.2]).

Moreover, we have the following time-derivative estimate.

Lemma 3.1. Let ug € X and let u be the corresponding global viscosity solution of (1.1). Then, for all t > 0 we have
us (-, t) € L*°(2). Moreover, for all ty > 0, there exists a constant C(ty) > 0 such that

ur(Dlloo = C(t0), 1 =10. (3.6)
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Proof. We may assume without loss of generality that #g € (0, T*(ug)). Let ¢t > tg and h > 0. By estimate (3.4), we
have

lu(t +h) —u@)lloo < llu(to +h) — u(to)lloo-
Recall that u € C>1(Q x (0, T*)) N C>1 (2 x (0, 00)). Dividing by % and letting h — 0, we deduce that

llur () lloo =< llus (10|l oo

and the lemma is proved. O

On the other hand, we know that Vu also satisfies the following Bernstein estimate: for each 7 > 0, there exists a
constant C () > 0 such that

IVu(x,n)| <C)s VP V%), xeQ, r>r1. (3.7)

This is proved in [25] for classical solutions, i.e., on (0, T*(ug)), but the proof remains valid for the global viscosity
solution, using (3.5) along with estimate (3.6).
Finally, we give the following lemma, which will be useful for the proof of Theorem 3.

Lemma 3.2. Let ug, vo € X and A > 1 be such that vg > Aug and denote by u, v the corresponding global viscosity
solutions of (1.1). Then

v>Au in Q2 x (0,00).

Proof. Let j > 1 and let u;, v; be the solutions of the approximating problems (3.3). Setting u ; = Au j, we see that
;= Ay — Fj(Vay) =2 min(|Vu17, 77721V ) = min( = Va1, 7720V )|
< x[min(|wj|1’,j1’*2|wj|2) —min(|w,-|1’,jP*2|w,-|2)]
=0= 3;1)/' — Avj — Fj(ij)
in Q. We deduce from the comparison principle that u; < v; in Q and the result follows by passing to the limit
j—o00. O

4. Proof of Theorem 4

We first prove Theorem 4, since the result is (independently) used in the proof of Theorem 1. We adapt eigen-
function arguments used in [1,23] to prove gradient blowup for weak or classical solutions. It turns out that these
arguments can be modified to establish the loss of boundary conditions for global viscosity solutions, making use of
the Bernstein estimate (3.7).

Recall that we denote by ¢ the first Dirichlet eigenfunction of —A in €2, normalized by fQ prdx=1andletA; >0

be the corresponding eigenvalue. Let 0 < 7 < ¢ < oo and let n > 0 small. Since we only have u € C zlcoyn (o),
we cannot directly integrate in 2. Instead, we multiply the PDE in (1.1) by ¢; and integrate by parts on £2;. This

yields
t 1
[fuwldx]l =//¢1Audxds+//|Vu|p(p1dxds
2y ' T Qy Ty
t t t
://uA(pldxds+/ /((mVu—uV(p1)~vnda,,ds—l-//wmp(pldxds.

T Qy T 9, T Qy
Recall that

c18(x) < @1(x) = 28 (x), x e, (4.1)
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and

fS_ﬂ(x)dx <oo, forallge(0,1) 4.2)
Q
(see e.g. [23]). Using (3.7), (4.1) and (3.1), we obtain

t
’f / OV - vy doyds| < C(0)t / 5P=2/0=V(x) dg,

T 8, 0%,
SC(T)”](P*Z)/(P*I)/‘da’7
0%,

< C(r)P=2/P=D 0, asn— 0.

Also we note that, for all > 0, we have

/ IVu@®)|P o1 dx < C(t)/&‘p/(p_l)(x)é(x)dx =C(1) / s~VP=D(x)dx < o0, (4.3)
Q Q Q

owing to (3.7), (4.1) and (4.2). Using (3.1) and the fact that u € C(Q), we may pass to the limit  — 0 to get

t t t
t
[/ u(pldx] :—Alffuwl dxds—//uavgpl dcds—l—//Wulp(pl dxds.
T
T Q T Q

Q T IQ
Using u > 0 and 9d,¢1 <0 on 9€2, and then passing to the limit 7 — 0, we get, for all ¢ > 0,

1 t
/u(t)(pl dxz/-uogm dx+//|Vu|”(p1 dxds—)q//ugol dxds, 4.4)
Q Q 0 Q 0 Q

hence in particular the finiteness of the integral of the gradient term in (4.4). Let k € [1, p/2). By Holder’s inequality,
we have

_ k/p —k/(p— (p=K)/p
k k k k

[ rvutax= [1vutd?ort i ax < ([ ivurorax)” ([ o0 an)
Q Q Q

Q
hence

(/|Vu|kdx)p/k §C(k)/ IVulP g dx, (4.5)
Q Q

owing to (4.1) and (4.2). In particular, in view of (4.3) and of u € C (0), we have
u(t)y e WHk(Q), forallz > 0. (4.6)

Now assume that there exist ¢ > 0 and xo € €2 such that u = 0 on (32N B, (x0)) x (0, 00). Fixing any k € (1, p/2),
and taking (4.6) into account, we may apply the Poincaré inequality (3.2). This along with Holder’s inequality and (4.5)
yields

(f u(pldx)p < (/ ukdx)p/k < C(s)(/ |Vu|kdx)p/k < C(s)/ IVulPo; dx.
Q Q

Q Q
Going back to (4.4), it follows that, for all # > 0,

t

P
/u(t)wl dxzfuowl dX+Co/[</u<p1 dx) —cf} ds, 4.7)
Q Q 0 Q
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for some constants cg, c; > 0 depending on e. Assume that

/u()(p] dx > 2cq.
Q

It then easily follows from (4.7) that [, u(t)@1 dx > [quop1 dx > 2c; for all t > 0. Consequently

t
(o)) p
/u(r)wl dxzfuo(pl dx + ?/</ - dx) ds=:H(1), t>0,
0

Q Q Q

hence H'(t) > (co/2) H?, which implies the finite time blowup of fQ u(t)p1 dx. But this is a contradiction with the
fact that u € C(@) (or with the estimate fQ u)prdx < [u®)|lco < lluollco). O

5. Proof of Theorem 1
We shall modify an argument from [15] based on a radial auxiliary problem and a scaling argument. Consider the

auxiliary problem

V,— AV =|VV|P, xeB(0), t>0,
V(x,t)=0, xedBi(0), t>0, 5.1)
V(x,0) = Vo(x), xeBi(0),

where Vo € C1(B1(0)), with Vp radially symmetric and supported in Bj,2(0). As a consequence of Theorem 4, proved
in the previous section, we may choose V{ such that loss of boundary conditions occurs for V. Since V is radially
symmetric, it follows that there exist #g, co > 0 such that

V(x,t9) =co forall x € 9B;1(0).
Next, since d€2 is smooth, one can find p > 0 such that, for all xo € 92, there exists x; = x1(xg) such that
B,(x1) CQ and 0N 3dB,y(x1) = {xo}. (5.2)
We now use the scale invariance of the equation and set
wxo; x, 1) =pP V(™ x —x1). p7%t),  (x.1) € B,(x1) x [0, 00),

with 8 = (p — 2)/(p — 1). A straightforward computation shows that w(xp; -, -) is the solution of (5.1) with B (0)
replaced by B, (x1) and Vj replaced by pﬂ Vo(,o_1 (x — x1)). Now choose ug € X such that

uo = pP I Vollos  in Q= {x € 2 p/2<8(x) <3p/2).

For any x¢ € 9€2, the function w(xo; -, 0) is supported in B, /2(x1) C @/, owing to (5.2), hence ug > w(xp; -, 0) in
Ep (x1). By the comparison principle, it follows that u > w(xp; -, -) in §p (x1) x [0, 00), hence in particular,

u(xo, p10) > w(xo; X0, p°10) = pﬁV(,O_l(XO —x1),10) = cop? > 0.

The conclusion for uq follows. The assertion for vg > ug is then an immediate consequence of the comparison princi-
ple. O

6. Proof of Theorem 2

Fix ¢ € X, ¢ #0 and, for A > 0, consider u; the solution of (1.1) with initial data ug = A¢. By, e.g., [23] we know
that T*(A¢) = oo for A small and T*(A¢) < oo for A large. We may thus define

A =inf{A > 0; T*(A¢) < 00} € (0, 0).

We shall prove that u,+ has the desired properties.
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First, since u; = 0 on 32 x (0, co) for all A € (0, A*), it follows from the L° continuous dependence estimate (3.4)
that

u»=0 onad2 x (0,00).

Next, by [23], the trivial solution is asymptotically stable in X. Namely, there exists g = €o(£2, p) > 0 such that,
for any vg € X,

lvollx <eo = T*(vo) =00 and rlg})lo lv@llx =0.
On the other hand, by [20], we know that there exists 7o > 0 such that
u(t)eX forallt>1# and lim |uy=(?)||x =0.
—00

Consequently, there exists #| > fy such that [lu,=(#1) || x < €0(2, p).
Now assume for contradiction that T*(A*¢) = oo. Then by continuous dependence in X of classical solutions,
there exists > 0 such that

if [\ —A*| <7, then T*(A) > 11 and ||uy(t1)||x < 0.
By the above asymptotic stability property, it follows in particular that T*(A¢) = oo for all A € (A*, A* + n). But this
contradicts the definition of A*. The proof is complete. O

7. Proof of Theorem 3

Assume without loss of generality that 2 = (—1, 1). Set

_ p=2
B=(p-2/(p=1. cp=(p-2""p-1rl.

For any wg € X, denoting by w the corresponding solution of (1.1), we know from [6] and [22, Theorem 40.14] that,

if T*(wg) < 0o, then

. w(x, T*(wo))
lim —————— =¢,,
X— X0 5B (x)

Next, for any ¢ > 0 and any xg € {—1, 1}, we claim that

for some xg € {—1, 1}. (7.1)

Go.0) =0 — limsup 250 (7.2)

w(xp, 1) = imsu <cp. .
o 3P0 P

Consider the case xg = —1 (the other case being similar). For a fixed ¢ > 0, we let

yx) = (wy(x, 1) = Cr(x + 1)+,
where C; = C(¢) is given by (3.6). The function y satisfies

y/ + 37 = (Wax — CD X{wy>C x+1)) + (W — Ci(x + 1))i7 fora.e. x € (—1,0].
For a.e. x € (—1, 0] such that w,(x, t) > Ci(x 4+ 1), we thus have

(V' + ) (x) < (wxx — C1 + lwe|P)(x, 1) <0

by (1.1) and (3.6). Therefore, we have y’ + y? <0 a.e. on (—1, 0]. By integration, it follows that y(x) < ((p — ) (x +

1 1
1)) 77T, hence wy(x,t) < ((p —1)(x+1)) » T+ Cjon (—1,0]. Assuming w(—1, ¢t) =0, a further integration then
yields

we, ) <c,x+DP+Cr1(x+1),  xe(=1,0],

and claim (7.2) is proved.
Let now ug € X be such that T*(ug) < oo and

u=0 ondQ x (0, 00). (7.3)
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We first prove assertion (i) and consider vg € X such that vy > ug and vg # ug. Pick #y such that 0 < g < T*(vg) <
T*(ugp). It follows easﬂy from the Hopf Lemma that v(-, #p) > Au(-, tp) in Q2 for some A > 1. By Lemma 3.2, we
deduce that v > Au in © X [fy, 00). Next applying (7.1) with w = u, it follows that there exists xo € {—1, 1} such that

. v(x, T*(uo))
limsup —————
X—>XQ 8‘3()5)

As a consequence of (7.2) applied with w = v, we deduce that v(xg, T*(up)) > 0.

To prove assertion (ii), we consider vy € X such that vy < ug and vy # ug. Picking #o such that 0 < t9 < T*(ug) <
T*(vo) and arguing similarly as before, we deduce that v < Au in Q X [fo, 00) for some A < 1. By (7.3) and (7.2)
applied with w = u, for any ¢ > o and any x¢ € {—1, 1}, it follows that

v(x,t)
8P (x)

> Acp > Cp.

lim sup
X—>X0

<Aicp <cp.
As a consequence of (7.1) applied with w = v, we deduce that 7*(vy) = oo. The result is proved. O
8. Proof of Theorem 5

First, following [15, Lemma 2.3], we fix a smooth function 2z > 0 in R” such that
1, xew
h(x) = (8.1)
0, xeR"\w;

and we consider the elliptic problem

{ —AY =1, xeQ,
(8.2)
v =h, xecdq.
We have
—Alciy)=c1 = |V(ay)|?, xeQ, (8.3)

) _ —1
with ¢ := ||V1/f||L£/(g) > 0.

Next, by the continuity of ¥ in ©, we may find p € (0, £/3) such that
Y >1/2 in{x eQ; dist(x, w N 9R) <2p}. (8.4)

Taking p smaller and owing to the regularity of d€2, we may also assume that for all xo € €2, there exists a point
x1 = x1(xg) such that

B,(x1) CQ and 09QN03B,(x1) = {xo}. (8.5)

Now let Vp be as in the proof of Theorem 1. Taking p even smaller, we may also assume that
c

PP IVolloe < 5
We may thus choose u#(p € X such that

up=0 1in{x e Q; dist(x,wNIQ) > 2p},

ug < %1 in {x € Q; dist(x, v NINQ) < 2p}
and

ug > /0’3||V0||OO in QZ ={x € Q; §(x)>p/2and dist(x, w N dN) <3p/2}. (8.6)
In particular, in view of (8.4), we have

ug <c1y in Q.
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By (8.3) and the comparison principle, we deduce that

u=<ciy in Q x (0, 00),
hence in particular £(ug) C ws N 3€2, due to (8.1), (8.2).

On the other hand, for each x¢ € w N 92, we can prove the loss of boundary conditions at xy by arguing similarly

as in the proof of Theorem 1. Namely, recalling (8.5), we set

wxo; x, 1) =pPV(p~'(x —x1), p7%),  (x,1) € Bp(x1) x [0, 00),
where V is as in the proof of Theorem 1 and 8 = (p —2)/(p — 1). The function w(xo; -, 0) is supported in B, /2(x1) C
QZ, owing to (8.5), hence ug > w(xp;-,0) in Ep(xl) by (8.6). By the comparison principle, it follows that u >
w(xo; -, +) in Ep (x1) x [0, 00), hence in particular,

u(x0, p*t0) = w(xo; x0, p2t0) = PPV (0" (xo — x1), 10) = cop” > 0.
Therefore, w N 32 C L(up) and (2.1) holds. The theorem is proved. O
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