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Abstract

It is well-known that the dynamics of biaxial ferromagnets with a strong easy-plane anisotropy is essentially governed by
the Sine-Gordon equation. In this paper, we provide a rigorous justification to this observation. More precisely, we show the
convergence of the solutions to the Landau-Lifshitz equation for biaxial ferromagnets towards the solutions to the Sine-Gordon
equation in the regime of a strong easy-plane anisotropy. Moreover, we establish the sharpness of our convergence result.

This result holds for solutions to the Landau—Lifshitz equation in high order Sobolev spaces. We first provide an alternative proof
for local well-posedness in this setting by introducing high order energy quantities with better symmetrization properties. We then
derive the convergence from the consistency of the Landau-Lifshitz equation with the Sine-Gordon equation by using well-tailored
energy estimates. As a by-product, we also obtain a further derivation of the free wave regime of the Landau-Lifshitz equation.
© 2018 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

The Landau-Lifshitz equation
dm—+m x (Am — J(m)) =0, (LL)

was introduced by Landau and Lifshitz [20] as a model for the magnetization m : RNV x R — S? in a ferromagnetic
material. The matrix J := diag(J1, J2, J3) gives account of the anisotropy of the material (see e.g. [19]). The equation
describes the Hamiltonian dynamics corresponding to the Landau-Lifshitz energy
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ErL(m) = % / (IVm|* + rim7 + A3m3).
RN

The two values of the characteristic numbers A := J, — J; and A3 := J» — J3 are non-zero for biaxial ferromagnets,
while Aj is chosen to be equal to O in the case of uniaxial ferromagnets. When A3 < 0, uniaxial ferromagnets own an
easy-axis anisotropy along the vector e3 = (0, 0, 1), whereas the anisotropy is easy-plane along the plane x3 = 0 when
A3 > 0. The material is isotropic when A; = A3 = 0, and the Landau-Lifshitz equation reduces to the well-known
Schrodinger map equation (see e.g. [10,30,6,1] and the references therein).

In the sequel, we are interested in the dynamics of biaxial ferromagnets in a regime of strong easy-plane anisotropy.
The characteristic numbers A and A3 satisfy the inequalities 0 < A1 < 1 < A3. More precisely, we assume that

1
Ali=o0e, and Az:i=-—. (D
P

As usual, the parameter ¢ is a small positive number, whereas o is a fixed positive constant. In this regime, the
Landau-Lifshitz equation recasts as

mses
8tm+mx(Am—aomlel— ):O,
£

with e := (1,0, 0). In [29], Sklyanin observed that the solutions of this equation are governed by the Sine-Gordon
equation in the limit ¢ — 0 (see also [12]). In the physical literature, this approximation is widely used for under-
standing the properties of the experimentally measurable quantities in ferromagnets (see e.g. [24]). In order to clarify
this approximation, it is useful to introduce the hydrodynamical formulation of the Landau-Lifshitz equation.

Assume that the map m :=m| + imy corresponding to a solution m to (LL) does not vanish. In this case, it can be
written as

i = (1 —m3)? (sin(g) + i cos(@)).

The introduction of the phase function ¢ is reminiscent from the use of the Madelung transform [21] in the context of
nonlinear Schrodinger equations (see e.g. [9] for more details). This transform leads to a hydrodynamical version of
the Landau-Lifshitz equation in terms of the variables u := m3 and ¢, which is given by the system

du =div ((1 —u?)Ve) — ﬂ(] — u?)sin(29),
3 = —dlv( ) + u(| Y —ulVP + u<k3 " sm2(¢))

Under the scaling in (1), this hydrodynamical system is related to the Sine-Gordon equation in the long-wave
regime corresponding to the rescaled variables (U, ®.) given by the identities

u(x,t) =eUy(Vex,t), and ¢(x,1) =D (Vex,1).
The pair (U, ®.) indeed satisfies

(HLL)

9 Us =div ((1 — 2U2)VD,) — (1 — £2U2) sin(2®,),
2 2 2 4 vU, 4 VU, |? 2 2 (HLL:)
0, = U (1 — £20 sin2(®,)) — & d1v<1_82§]3> U, ey — e2UL |V 2,
As ¢ — 0, the limit system is formally given by
U =Ad — sm(2CI>)
(SGS)
0,d="U.
Therefore, the limit function @ is a solution to the Sine-Gordon equation
9 ®d — AD + % §in(2®) = 0. (SG)

Our main goal in the sequel is to provide a rigorous justification for this Sine-Gordon regime of the Landau—Lifshitz
equation.
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1.1. Main results

In order to analyze rigorously this regime, we introduce a functional setting in which we can legitimate the use
of the hydrodynamical framework. This condition is at least checked when the inequality |m3| < 1 holds on RY . In
terms of the hydrodynamical pair (i, @), this writes as

lul<1 onRN. 2

Under this condition, it is natural to work in the Hamiltonian framework in which the solutions m have finite Landau—
Lifshitz energy. In the hydrodynamical formulation, the Landau-Lifshitz energy is given by

Evp(u, @) ==

\V/ 2
3 | (G + 0= ITpP 4 a1 = u)sin’ () + haid). )

1-—
RN

As a consequence of this formula, it is natural to work with the non-vanishing set
NYRY) = {(u, ) e H'(RY) x HL (RY) 1 ju] <1onRV}.

In this definition, we have set

Sll’l

HI, Ry :={ve Ll (RY): Vve L2 R") and sin(v) € L*(RY)}.

The set Hslin(RN ) is an additive group. It is naturally endowed with the pseudometric distance

1

sm(v1 v) = (” sin(v) —v2) ”L2 + ”vvl Vv, ”iz)z’

which vanishes if and only if v; — vy € wZ. This quantity is not a distance on the group H, 11 (RM), but it is on the
quotient group H ; (RN )/7Z. In the sequel, we identify the set H ! (]RN ) with this quotient group when necessary,
in particular when a metric structure is required. This 1dent1ﬁcat10n is not a difficulty as far as we deal with the
hydrodynamical form of the Landau-Lifshitz equation and with the Sine-Gordon equation. Both the equations are
indeed left invariant by adding a constant number in 7Z to the phase functions ¢, respectively, ®. This property
is one of the motivations for introducing the pseudometric distance dslin. We refer to Appendix A for more details
concerning this distance, as well as the set Hslin (RM).

Our derivation of the Sine-Gordon equation also requires to control the non-vanishing condition in (2) along the
flow of the Landau—Lifshitz equation. In dimension one, it follows from the Sobolev embedding theorem that the
function u is uniformly controlled in the non-vanishing set A'V(R). This property does not remain in higher dimen-
sions. In the sequel, we by-pass this difficulty by restricting our analysis to solutions (u, ¢) with additional regularity.
There might be other ways to handle this problem. Requiring additional smoothness is also useful for our rigorous
derivation of the Sine-Gordon regime.

Given an integer k > 1, we set

NVERY) = {(u, ) € H*®RY) x HE RY) 1 Ju| <1 on RV}, )

sin

Here, the additive group HX (RV) is defined as

sin

HE (RY):={ve L, RY): Vve H*'(RY) and sin(v) € L*(RY)}.

sin

As before, we identify this group, when necessary, with the quotient group Hsk (RN)/7Z, and then we endow it with
the distance

1

décin(vl, n) = (” sin(vy — vz)”iz + ||Vv1 —Vu, “21(7])2. “

With this notation at hand, the vanishing set N'V(R") identifies with NV (RV).
We are now in position to state our main result.
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Theorem 1. Let N > 1 and k € N, with k > N/2 + 1, and 0 < ¢ < 1. Consider an initial condition (U, ®?) €
NVKFZRNY and set

K= U2 o+ e VUL | o + 1 V02 + [ sin(@2) | -
Consider similarly an initial condition (U°, ®°) € L>(RV) x Hslin(RN), and denote by (U, ®) € CO(R, LZRN) x

Hslin(RN )) the unique corresponding solution to (SGS). Then, there exists a positive number C, depending only on

o, k and N, such that, if the initial data satisfy the condition
CoekV<1, ©)

we have the following statements.
(i) There exists a positive number

T, > TICQ)Z’ @)

such that there exists a unique solution (Us, ®.) € C°([0, T.], NVFTL(RN)) to (HLL,) with initial datum o, @Y.
(i) If @Y — ®0 € L2(RYN), then we have
3
[@cC.0) = @0 2 = Co (00 = @0 o+ [U2 = U°] 482 K2 (14 K2)7) e, )

forany 0 <t <T,.
@@i)) If N >2,0or N=1and k > N/2 + 2, then we have
” Ué‘('v t) - U(9 t) ”L2 + ”V©€(’ t) - V®(7 I)HLZ + ” Sin(q)S('a t) - q)(ﬂ t))” L2
9
< C. ([0~ U]+ 1990~ V0P .+ [sin(o — 09+ 6K2 (14 K2)°) v

forany 0 <t <T,.
(iv) Take (U°, @°) € H*RN) x HXTH(RY) and set
g = K A U g+ [V g+ [ sin( @) 1
There exists a positive number Ay, depending only on o, k and N, such that the solution (U, ®) lies in

co(Io0, T, HY@RN) x H<H (RMY) for a positive number

sin

1
T, >T) > YWPIER (10)

Moreover, when k > N /2 + 3, we have
[UC.t) =UC 0| s + [ VR 1) = VO, )| s + | sin(@e (-, 1) — @ 0))|| e
< A, M+ (11)
. 3
X (U2 = U oo+ [ V0L = VOO s+ [ sin(@ = &) i + %2 (1 +0)°).
forany 0 <t <T}.

In arbitrary dimension, Theorem 1 provides a quantified convergence of the Landau-Lifshitz equation towards the
Sine-Gordon equation in the regime of strong easy-plane anisotropy. Three types of convergence are proved depending
on the dimension, and the levels of regularity of the solutions. This trichotomy is related to the analysis of the Cauchy
problems for the Landau—Lifshitz and Sine-Gordon equations.

In its natural Hamiltonian framework, the Sine-Gordon equation is globally well-posed. Its Hamiltonian is the
Sine-Gordon energy

1
EsG(®) =5 / ((3:8)* + Vo[ + o sin(p)?). (12)

RN



A. de Laire, P. Gravejat / Ann. I. H. Poincaré — AN 35 (2018) 1885-1945 1889

Given an initial condition (°, ®') € H! (RV) x L*(RY), there exists a unique corresponding solution ® €
COR, HL (RM)) to (SG), with 3, € CO(R, L?(R")). Moreover, the Sine-Gordon equation is locally well-posed in
the spaces HX (RM) x H*~!(RM), when k > N /2+1.In other words, the solution ® remains in C°([0, T1, HX (RM)),
with 8, ® € C°([0, T, H*~1(RN)), at least locally in time, when (¥, d) € Hskin(RN) x HF=1(RN). We refer to Sub-
section 1.2 below for more details regarding these two results and their proofs.

In contrast, the Cauchy problem for the Landau-Lifshitz equation at its Hamiltonian level is far from being com-
pletely understood. Global weak and strong solutions are known to exist (see e.g. [16,1] and the references therein),
but blow-up can occur (see [23]).

On the other hand, the Landau-Lifshitz equation is locally well-posed at the same level of high regularity as the
Sine-Gordon equation. In the hydrodynamical context, this reads as the existence of a maximal time T« and a unique
solution (U, ®) € C°([0, Timax), NVF—L(RN)) to (HLL) corresponding to an initial condition U0, ®% e NVKRN),
when k > N /2 + 1 (see Corollary | in Subsection 1.3). Note the loss of one derivative here. This loss explains why
we take initial conditions (U?, ®%) in N'V¥+2(RV), though the quantity KU is already well-defined when (U?, ®?) e
va+1 (RN ).

In view of this local well-posedness result, we restrict our analysis of the Sine-Gordon regime to the solutions
(Ug, ®;) to the rescaled system (HLL,) with sufficient regularity. A further difficulty then lies in the fact that their
maximal times of existence possibly depend on the small parameter ¢.

Statement (i) in Theorem 1 provides an explicit control on these maximal times. In view of (7), these maximal
times are bounded from below by a positive number depending only on the choice of the initial data (U, 80 , CIDS). Note
that, in case a family of initial data (US, <I>2) converges towards a pair (U 0. 3% in HK(RN) x Hskin RNy as e — 0, it
is possible to find a positive number T such that all the corresponding solutions (U, ®,) are well-defined on [0, T].
This property is necessary in order to make possible a consistent analysis of the limit ¢ — 0.

Statement (i) only holds when the initial data (U‘,E0 , dbg) satisfy the condition in (6). However, this condition is
not a restriction in the limit & — 0. It is satisfied by any fixed pair (U°, ®°) e NV¥*1(RV) provided that ¢ is small
enough, so that it is also satisfied by a family of initial data (Ug , ¢g), which converges towards a pair (U?, ®°) in
H*@®RN) x HX (RV) as e — 0.

Statements (i7) and (iii) in Theorem 1 provide two estimates (8) and (9) between the previous solutions (U, ®;)
to (HLL,), and an arbitrary global solution (U, ®) to (SGS) at the Hamiltonian level. The first one yields an L2-control
on the difference ®, — P, the second one, an energetic control on the difference (U,, ;) — (U, ®). Due to the fact
that the difference ®, — & is not necessarily in L2(RN), statement (ii) is restricted to initial conditions such that this
property is satisfied.

Finally, statement (iv) bounds the difference between the solutions (U, ®,) and (U, ®) at the same initial Sobolev
level. In this case, we also have to control the maximal time of regularity of the solutions (U, ®). This follows from
the control from below in (10), which is of the same order as the one in (7).

We then obtain the Sobolev estimate in (11) of the difference (U, &) — (U, ®) with a loss of three derivatives.
Here, the choice of the Sobolev exponents k > N /2 4 3 is tailored so as to gain a uniform control on the functions
U, —U,V®, — VO and sin(d, — ) by the Sobolev embedding theorem.

A loss of derivatives is natural in the context of long-wave regimes (see e.g. [3,4] and the references therein).
It is related to the terms with first and second-order derivatives in the right-hand side of (HLL,). This loss is the
reason why the energetic estimate in statement (iii) requires an extra derivative in dimension one, that is the condition
k > N /2 + 2. Using the Sobolev bounds (30) in Corollary 2 below, we can (partly) recover this loss by a standard
interpolation argument, and deduce an estimate in H LRNY x Hszi:l (RN) for any number ¢ < k. In this case, the error
terms are no more of order &2 as in the right-hand sides of (8), (9) and (11). Our presentation of the convergence
results in Theorem 1 is motivated by the fact that a control of order & is sharp.

As a matter of fact, the system (SGS) owns explicit travelling-wave solutions. Up to a suitable scaling for which
o =1, and up to the geometric invariance by translation, they are given by the kink and anti-kink functions

c

V1 =¢2 cosh(%)
—c

for any speed ¢ € (—1, 1). The hydrodynamical Landau—Lifshitz system (HLL,) similarly owns explicit travelling-
wave solutions (U, ., P ) with speed ¢, for which their exists a positive number A, depending only on ¢, such that

ut(x, ==+

. and ¢E(x.r)=2arctan (f i ) (13)
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1Uee = ufll2 + 1V ®ee = VT Iz + I sin(@ee =@ 2 ~ Ae.

Hence, the estimate by &% 1in (8), (9) and (11) is indeed optimal. We refer to Appendix C for more details about this
topic, and more generally, about the travelling-wave solutions to the Landau-Lifshitz equation.

As a by-product of our analysis, we can also analyze the wave regime for the Landau-Lifshitz equation. This regime
is obtained when the parameter o is allowed to vary so as to converge to 0. At least formally, a solution (U ¢, P¢.»)
to (HLL,) indeed satisfies the free wave system

.U =AD,
' (FW)
3,@2 U,

when ¢ — 0 and o — 0. In particular, the function @ is solution to the free wave equation
8” CD - Aq) == O

The following result provides a rigorous justification for this asymptotic approximation.

Theorem 2. Let N > 1 and k e N, withk > N/2+ 1, and 0 < e, 0 < 1. Consider an initial condition (U 8 o 8,0) €
NVKH2Z(RNY and set

Ko = U2 gt + el VUL | i+ V00 | i 02 | sin@L )] 1o

Let m € N, with 0 <m < k — 2. Consider similarly an initial condition (UO, CIJO) € H’”’I(RN) x H™ (RN), and
denote by (U, ®) € COR, H™" L (RN ) x H™(RN)) the unique corresponding solution to (FW). Then, there exists a
positive number Cy, depending only on k and N, such that, if the initial datum satisfies the condition

Cuek?, <1, (14)

the following statements hold true.
(i) There exists a positive number

1
Ieo = 5)

C.max{e, o} (1 + K0, )23

such that there exists a unique solution (Ugq, Pe o) € CO([O, Tg,g],J\/'VkH(RN)) to (HLL,) with initial datum
( 5 Al (8),0)'
(i) Ifcbg’a — @0 e H™(RN), then we have the estimate

|Ueo 1) =UCO|| s + [ ®@eo 1) = @C. 0|y < Co(1417) (H ULy = U°| e

(16)
+ ” <I>2’ CDO” Hm +max{£ az } ]CO (1 + ;C(g)’g)max{lm})’
forany 0 <t <T, 5. In addition, we also have
” Uso (-, 1) = U, 1) “I-.I['*l + H Do, t) —P(-, 1) ” e < C*(l + t) (” Uga . U0||H[71 "

+ || @g’ q>0|| ¢+ max {s a} ICO (1 n ,Cg’a)max{z,e})’
foranyl <f <mandany0<t <T;,.

The wave regime of the Landau-Lifshitz equation was first derived rigorously by Shatah and Zeng [28], as a
special case of the wave regimes for the Schrodinger map equations with values into arbitrary Kihler manifolds. The
derivation in [28] relies on energy estimates, which are similar in spirit to the ones we establish in the sequel, and a
compactness argument. Getting rid of this compactness argument provides the quantified version of the convergence
in Theorem 2. This improvement is based on the arguments developed by Béthuel, Danchin and Smets [2] in order
to quantify the convergence of the Gross—Pitaevskii equation towards the free wave equation in a similar long-wave



A. de Laire, P. Gravejat / Ann. I. H. Poincaré — AN 35 (2018) 1885-1945 1891

regime. Similar arguments were also applied in [7] in order to derive rigorously the (modified) Korteweg—de Vries
and (modified) Kadomtsev—Petviashvili regimes of the Landau—Lifshitz equation (see also [15]).

In the remaining part of this introduction, we detail the main ingredients in the proof of Theorem 1. We first clarify
the analysis of the Cauchy problems for the Sine-Gordon and Landau-Lifshitz equations.

1.2. The Cauchy problem for the Sine-Gordon equation

The Sine-Gordon equation is a semilinear wave equation with a Lipschitz nonlinearity. The well-posedness analysis
of the corresponding Cauchy problem is classical (see e.g. [27, Chapter 6] and [11, Chapter 12]). With the proof of
Theorem | in mind, we now provide some precisions about this analysis in the context of the product sets HS’jn (RN x
Hk—l (RN ).

In the Hamiltonian framework, it is natural to solve the equation for initial conditions ¢ (-, 0) = qbo € Hslm(]RN )
and 8,¢(-,0) = ¢' € LZRY), which guarantees the finiteness of the Sine-Gordon energy in (12). Note that we do
not assume that the function ¢° lies in L2(RY). This is motivated by formula (13) for the one-dimensional solitons
¢i which lie in Hslm(]R), but not in L2(R). In this Hamiltonian setting, the Cauchy problem for (SG) is globally
well-posed.

Theorem 3. Let o € R*. Given two functions (¢°,¢') € Hslm(RN) x L*(RN), there exists a unique solution
¢ € COR, ¢° + H'(RN)), with 3,¢ € CO(R, L2(RN)), to the Sine-Gordon equation with initial conditions (¢°, $).
Moreover, this solution satisfies the following statements.

(i) For any positive number T, there exists a positive number A, depending only on o and T, such that the flow

map ($°,¢") > (@, 3 ¢) satisfies
(@€ 0. $C.0) + [0 (1) = 0G0 o = Al (6°.8°) + 0! = 6] ,2),

Jfor ar}y t € [=T, T). Here, the function ¢ is the unique solution to the Sine-Gordon equation with initial conditions
@°.oh).
(ii) When (]50 € H;n(RN) and ¢' € H'(RYN), the solution ¢ belongs to the space C°(R, ¢° + HZ(RN)), with

3¢ € CO(R, H'(RM)) and 8;,¢ € CO(R, L*(RN)).
(iii) The Sine-Gordon energy Esg is conserved along the flow.

The proof of Theorem 3 relies on a classical fixed-point argument. The only difficulty consists in working in
the unusual functional setting provided by the set H 1 (RN ). This difficulty is by-passed by applying the strategy
developed by Buckingham and Miller in [5, Appendlx B] (see also [13] for similar arguments in the context of the
Gross—Pitaevskii equation). In dimension N = 1, they fix a function f € C*°(R), with (possibly different) limits
07 at o0, and With a derivative f’ in the Schwartz class. Given a real number p > 1, they consider an initial
datum (¢° = f + %, ¢1), with (¢°, ¢') € LP(R)?, and they apply a fixed-point argument in order to construct the
unique corresponding solution ¢ = f + ¢ to the Sine-Gordon equation, with ¢ € L*>°([0, T'], L? (R)) for some positive
number 7. This solution is global when ¢ lies in W7 (R). In view of Lemmas A.1 and A.3 below, this result includes
all the functions ¢° in the space Hslm (R) for p =2.

Our proof of Theorem 3 extends this strategy to arbitrary dimensions. We fix a smooth function f € Hg;’(RN )=

ﬂk>1Hsm (RM), and we apply a fixed-point argument in order to solve the Cauchy problem for initial conditions
¢ e f+H'R") and ¢! € L2(R"). We finally check the local Lipschitz continuity in H} (RY) x L2(RN) of the
corresponding flow.

With the proof of Theorem 1 in mind, we also extend this analysis to the initial conditions ¢° € Hsljn (RV) and
¢! € H*"1(RV), with k € N*. When the integer k is large enough, we obtain the following local well-posedness

result.

Theorem 4. Let 0 € R* and k e N, with k > N/2 + 1. Given two functions (¢°, ¢) € Hslin(RN) x HF-L(RM),
there exist a positive number T, max, and a unique solution ¢ € CO([O, max), ¢>0 + H* (RNY), with 3¢ € CO([O, max),
H*1RM)Y), to the Sine-Gordon equation with initial conditions (¢°, ¢'). Moreover, this solution satisfies the follow-

ing statements.
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(i) The maximal time of existence TX . is characterized by the condition

lim df,($(.1).0) =00 if T,y < oo.

= I'max

(i) Let0<T < Tk

max-*

such that the flow map (¢°, p1) > (¢, 8;¢) is well-defined from the ball
B(@° 0", R) = {(@°. ") € HE, RY) x H*'®RY) 1 dk @°, %) + 16" — ¢'ll 1 < R},
10 CO([0, T, HX (RN)) x H*~1(RN)), and satisfies

sin

There exist two positive numbers R and A, depending only on T, dk ((]50, 0) and ||<]§l | =1,

sin

a9 0. B 0) + 99y = B0 o = A(d(0°.6°) + 01 =6 i),

for any t € [0, T]. Here, the function @ is the unique solution to the Sine-Gordon equation with initial conditions
@% "),

(iii) When ¢° € HATY(RN) and ¢! € HXRN), the function ¢ is in CO([0, T,,), ¢° + HXFI(RN)), with 8,¢ €
cO([o, Tr{‘lax), H*@®RNY) and 8,;¢ € C°([0, Tlfm), H*YRNY). In particular, the maximal time of existence Tx§$<l sat-
isfies

k+1 k
ij;( = Tmax'

(iv) When 1 < N < 3, the solution ¢ is global in time. Moreover, when N € {2, 3}, the flow remains continuous for

k=2.

Theorem 4 follows from a fixed-point argument similar to the one of Theorem 3. The control on the nonlinear
terms is derived from a uniform bound on the gradient of the solutions. This is the origin of the condition k > N /241
for which the Sobolev embedding theorem guarantees a uniform control on the gradient. This condition is natural in
the context of the spaces HS"in(RN ). Indeed, a function f € HS"in(RN ) is not controlled uniformly (see Remark A.2,
and the discussion in Appendix A). At least in principle, the classical condition k > N /2 is not sufficient to handle
the nonlinear terms of the Sine-Gordon equation.

The maximal time of existence Tn’gax in statement (i) can be estimated by performing standard energy estimates.
When 1 < N < 3, this leads to the global well-posedness of the Sine-Gordon equation in the space Hskin(RN ) X
H*T(RN) for k > N/2 + 1. Actually, it is possible to extend this global well-posedness result to dimensions 4 <
N < 9. This extension relies on the Strichartz estimates for the free wave equation (see e.g. [18]), and the use of
fractional Sobolev spaces. A blow-up in finite time is possible when N > 10. For the sake of simplicity, and since this
is not our main goal, we do not address this question any further. We refer to [31] for a detailed discussion on this
topic, and for the construction of blowing-up solutions to related semilinear wave systems.

When 1 < N < 3, the fixed-point arguments in the proofs of Theorems 3 and 4 provide the continuity of the flow
with values in CO([0, T1, HX (RN) x H*=1(RV)) for any positive number T, except if k =2 and 2 < N < 3. We fill
this gap by performing standard energy estimates. We conclude that the Sine-Gordon equation is globally well-posed
in the spaces HX (RV) x H¥(RN) forany 1 <N <3 and any k > 1.

Note finally that the previous well-posedness analysis of the Sine-Gordon equation translates immediately into the
Sine-Gordon system (SGS) by setting u = 9;¢.

1.3. The Cauchy problem for the Landau—Lifshitz equation

The Landau—Lifshitz equation is an anisotropic perturbation of the Schrodinger map equation. Solving the Cauchy
problem for this further equation is known to be intrinsically involved due to the geometric nature of the equation (see
e.g. [1]). The situation is similar for the Landau-Lifshitz equation, but one has also to handle the anisotropy of the
equation.

The natural functional setting for solving the Landau-Lifshitz equation is given by the energy set

ERM):={ve Ll (R, S :VveL*RY)and (v, v3) € L*(RY)?}.
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We endow this set with the metric structure provided by the norm

1
. 2 2 2 2 V2
lollze = (lvillz + lv2lizee + V2172 + lvsllz)

of the vector space
Z'®RYy:={ve Ll (RY,R*) : Vv e L2®RY), v, € L2 RY) and (v1, v3) € L2RY)?}.

With this structure at hand, the Landau—Lifshitz energy is well-defined and continuous. The uniform control on the
second component v, in the Z'-norm is not necessary to guarantee these properties, but it is in order to ensure the map
I - || z1 to be a norm. This uniform control is not the only possible choice. Our choice is motivated by the boundedness
of the functions v in £RY).

To our knowledge, establishing the global well-posedness of the Landau-Lifshitz equation for general initial data in
the energy set £(R") remains an open question. We do not address this question any further in the sequel. However,
it is possible to construct global weak solutions by adapting the construction by Sulem, Sulem and Bardos [30] in
the case of the Schrodinger map equation. Due to the requirement of additional smoothness in order to handle the
Sine-Gordon regime, we instead focus on the local well-posedness of smooth solutions.

Given an integer k > 1, we introduce the set

ERY) = {ve ERN): Vv e HFIRY)),

which we endow with the metric structure provided by the norm

1
o] e == (||v1||§,k + w2l Zee + 1VV2I 3+ llvsllz) 2,
of the vector space
ZF®RYy = {v e LI, RV, R?) : (v, v3) € LA®RM)%, v € L2 (RY) and Vv € H* ' (RM)}. (18)

Observe that the energy space £(RY) identifies with £ (RY).
When & is large enough, we show the local well-posedness of the Landau—Lifshitz equation in the set EF(RV).

Theorem 5. Let A1 and A3 be non-negative numbers, and k € N, with k > N /2 + 1. Given any function m° € EX(RN),
there exists a positive number Tmax and a unique solution m : RN x [0, Trax) — S? to the Landau—Lifshitz equation
with initial datum m®, which satisfies the following statements.

(i) The solution m is in the space L°°([0, T1, EK(RN)Y), while its time derivative 3,m is in L ([0, T1, H*~2(RN)),
for any number 0 < T < Tpax.

(ii) If the maximal time of existence Tmax is finite, then

Tmax
/ IV, )2 di = 00, (19)
0

(iii) The flow map m® v+ m is well-defined and locally Lipschitz continuous from EK(RN) 10 C°([0, T1, E--1RN))
for any number 0 < T < Tpax.

(iv) When m® € ELRN), with € > k, the solution m lies in L®([0, T1, EERN)), with ,m € L*®([0, T],
HZ’Z(RN))for any number 0 < T < Tnax-

(v) The Landau-Lifshitz energy is conserved along the flow.

Theorem 5 provides the existence and uniqueness of a local continuous flow corresponding to smooth solutions of
the Landau-Lifshitz equation. This kind of statement is standard in the context of hyperbolic systems (see e.g. [32,
Theorem 1.2]). The critical regularity for the equation is given by the condition k = N /2, so that local well-posedness
is expected when k > N /2+ 1. As in the proof of Theorem 4, this assumption is used to control uniformly the gradient
of the solutions by the Sobolev embedding theorem.

In the isotropic case of the Schrédinger map equation, local well-posedness at the same level of regularity was
established in [6] when N = 1 by using the Hasimoto transform, and in [22] in arbitrary dimensions by using parallel
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transport (see also [34,30,10] for the construction of smooth solutions). Our proof of Theorem 5 is based on a more
direct strategy. We introduce new quantities, which improve classical energy estimates. This approach applies to
the isotropic situation of the Schrédinger map equation, as well as to the anisotropic setting of the Landau—Lifshitz
equation.

In contrast with the proof of Theorem 4, we do not rely on a fixed-point argument, but on a compactness argument.
Due to this difference, the solutions m corresponding to initial data m° € EK(RV) are not necessarily continuous
with values in EK(RY), but they remain bounded with values in this set. Continuity is recovered with a loss of one
derivative, that is in £5~1(R"), and the flow map is then locally Lipschitz continuous. By standard interpolation, the
solutions are actually continuous with values in the fractional sets

ERY):={veE®Y): Vvve HIRY)},

assoonas 1 <s <k.

More precisely, the construction of the solution m in Theorem 5 is based on the strategy developed by Sulem,
Sulem and Bardos [30] in the context of the Schrodinger map equation. The first step is to compute a priori energy
estimates. Given a fixed positive number 7' and a smooth solution m : RY x [0,T] — S? to the Landau—Lifshitz
equation, we define an energy of order k > 2 as

EfL () :=% Z /(|a,agm|2+|Aagm|2+(A1 +x3)(|vagml|2+|va§‘m3|z)
ol =k =2y (20)

k310 2+ [3ms ) ) (e, ) dx,

for any 7 € [0, T]. Here as in the sequel, we set 3% := 9y, ... 0y, forany o € N N We can differentiate this quantity
so as to obtain the following energy estimates.

Proposition 1. Let 1| and A3 be fixed non-negative numbers, and k € N, with k > 1 + N /2. Assume that m is a
solution to (LL), which lies in C°([0, T, EFt2RN)), with 3;m € C°([0, T], H*(RN)).
(i) The Landau-Lifshitz energy is well-defined and conserved along the flow, that is

El () = ELL(m(-, 1)) = E[}(0),

foranyt [0, T].
(ii) Given any integer 2 < { <k, the energies EfL are of class C' on [0, T, and there exists a positive number Cy,
depending only on k, such that their derivatives satisfy

[ELL] @ < C(1+ 1m0l 0o + Im3 G DllF 00 + VM, 0)1300) T (), 1)

foranyt €0, T]. Here, we have set EfL = Zf-:l E{L.

We next discretize the equation by using a finite-difference scheme. The a priori bounds remain available in this
discretized setting. We then apply standard weak compactness and local strong compactness results in order to con-
struct local weak solutions, which satisfy statement (i) in Theorem 5. Applying the Gronwall lemma to the inequalities
in (21) prevents a possible blow-up when the condition in (19) is not satisfied.

Finally, we establish uniqueness, as well as continuity with respect to the initial datum, by computing energy
estimates for the difference of two solutions. More precisely, we show

Proposition 2. Let A and 13 be non-negative numbers, and k € N, with k > N /2 + 1. Consider two solutions m and
i to (LL), which lie in C°([0, T1, EXFT(RN)), with (3,m, 8,m) € C°([0, T1, H*"'(RN))?, and set u := 1 —m and
v:=(m+m)/2.

(i) The function

1
e (1) :=E/|u(x,t)—ug(x)ez|2dx, (22)
RN
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is of class C' on [0, T, and there exists a positive number C such that
[€)L] @) < C(1+1VimC. Ol 2 + IVmC. Ol 2 + i G0l g2 + llmi ¢ 0Ol 2
+ 3¢ 0l 2 + ImaC Ol g2) (e G0 —ud eall3» + ul, Dz + VuC. D172 + IVu3ll32).

foranyt e[0,T].
(ii) The function

(23)

1
¢l ()= 5 / (IVul* + |u x Vo +v x Vul*)(x, 1) dx,
RN

is of class C! on [0, T, and there exists a positive number C such that

[el ] =CA+1VmC.Dlw + VARG, D1) (IuC, Ol + VUl 0)]135) %

X (L4+IVm(, D)l + IVm G, D)l Lo + 1VmG, Ol gy + VG, ) ).
(iii) Let 2 < € <k — 1. The function

1
2

(24)

CHOETIY / (|at8;“u|2+|Aa$u|2+<x1+A3>(|va$u1|2+|va§u3|2)

o=t =25y

+ o (10 P+ [05us ) ) (x, 0 dx,
is of class C' on [0, T, and there exists a positive number Cy, depending only on k, such that

[ef )< ck(l VM, O30 + IV Ol + 1VmE, Ol 7 e + [ V()7 o5)
o+ Seza (11 G Ol 2 + i 0l + s G Dl + im0l 2) ) (SEL0) + Dl ).

¢ .\ J
Here, we have set Gy = ijo (T

When ¢ > 2, the quantities (’EfL in Proposition 2 are anisotropic versions of the ones used in [30] for similar
purposes. Their explicit form is related to the linear part of the second-order equation in (3.3). The quantity GEL is
tailored to close off the estimates.

The introduction of the quantity Q?iL is of a different nature. The functions Vu and u x Vv + v x Vu in its definition
appear as the good variables for performing hyperbolic estimates at an H !-level. They provide a better symmetrization
corresponding to a further cancellation of the higher order terms. Without any use of the Hasimoto transform, or of
parallel transport, this makes possible a direct proof of local well-posedness at an H*-level, with k > N /2 + 1 instead
of k > N /2 + 2. We refer to the proof of Proposition 2 in Subsection 3.3 for more details.

With the proof of Theorem | in mind, we now translate the analysis of the Cauchy problem for the Landau—Lifshitz
equation into the hydrodynamical framework. We obtain the following local well-posedness result, which makes
possible the analysis of the Sine-Gordon regime in Theorem 1.

Corollary 1. Let Ay and )3 be non-negative numbers, and k € N, with k > N/2 + 1. Given any pair u®, $°) €
NVKERN)Y, there exists a positive number Tmax and a unique solution (u, ¢) : RN x [0, Tmax) = (—1, 1) x R ro (HLL)
with initial datum (u°, ¢°), which satisfies the following statements.

(i) The solution (u,$) is in the space L®([0, T1, NVKRN)), while its time derivative (d;u,d;¢) is in
L®([0, T1, H*"2(RM)?), for any number 0 < T < Tpax.

(ii) If the maximal time of existence Tmax is finite, then

Tmax
f (H% ’ +H(l—M(wl‘)z)%vqb(',t)Hiw)dt=oo, or lim |u(, 1|~ =1.
0 -t

1= I'max

LOC
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(iii) The flow map P, d)o) — (u,¢) is well-defined, and locally Lipschitz continuous from N VE@RN) 1o
CO([0, T1, NVF=L(RN)) for any number 0 < T < Tpax.

(iv) When (u®, ¢°) € NVERN), with £ > k, the solution (u, ¢) lies in L°°([0, T1, NVERN)), with (d,u, 3;¢) €
L®([0, T1, H*=2(RN)?) for any number 0 < T < Tiax.

(v) The Landau-Lifshitz energy in (3) is conserved along the flow.

Remark 1. Here as in the sequel, the set L°°([0, T'], H® k (RM)) is defined as

sin

L([0, T1, B (RM)) := lveLlOC(RN % [0, T1,R): sup |[sin((-, )12 + IVVC, Ol gt <oo},
0<t<T

for any integer k > 1 and any positive number 7. This definition is consistent with the fact that a family (v(-, ¢))o</<T

of functions in H k (RV) (identified with the quotient group HX k (RN)/mZ) is then bounded with respect to the

sin sin

distance d;‘in. In particular, the set L= ([0, T], NV¥(RY)) is given by
([0, T1, NVERY)) := {(u,¢) eLL RN x[0,T],R?): [ul <1onRY x [0, T]

andsup_[lu, D)ll ot + [ sin(@ 02 + IV (. Dl s < o).
0<t<T

The proof of Corollary 1 is complicated by the metric structure corresponding to the set sm(]RN ). Establishing
the continuity of the flow map with respect to the pseudometric distance dfin is not so immediate. We by-pass this
difficulty by using some simple trigonometric identities. We refer to Subsection 3.5 below for more details.

Another difficulty lies in controlling the non-vanishing condition in (2). Due to the Sobolev embedding theorem,
this can be done at an H¥-level, with k > N /24 1. However, this does not prevent a possible break-up of this condition
in finite time. Statement (if) exactly expresses this simple fact. In the hydrodynamical setting, blow-up can originate
from either blow-up in the original setting, or the break-up of the non-vanishing condition.

1.4. Sketch of the proof of Theorem |

When (U g, dDS) lies in N'VK2(RY), we deduce from Corollary | above the existence of a positive number Tpax,
and a unique solution (U, ®,) € CO([0, Tmax), NV (RY)) to (HLL,) with initial datum (U, ®?). The maximal
time of existence T a priori depends on the scaling parameter ¢. The number Tp,,x might become smaller and
smaller in the limit ¢ — 0, so that analyzing this limit would have no sense.

As a consequence, our first task in the proof of Theorem 1 is to provide a control on Ty,x. In view of the conditions
in statement (i) of Corollary 1, this control can be derived from uniform bounds on the functions Ug, VU, and V®,.
Taking into account the Sobolev embedding theorem and the fact that k > N /2 + 1, we are left with the computations
of energy estimates for the functions U, and @y, at least in the spaces H*(R"), respectively Hﬁn (RM).

In this direction, we recall that the Landau—Lifshitz energy corresponding to the scaled hydrodynamical sys-
tem (HLL,) writes as

1 VU, |? ,
Ee(Ue, @) =5 / <8271 — 8§U2 + U2+ (1 -2UHVO > +0(l —£U?) sm2(¢>£)).
&
RN

Hence, it is natural to define an energy of order k € N* according to the formula

|V3°‘U
E (U, @) 1= 5 Z / g 2;2 F 102U + (1 — 2UD)| V2 D, 2
\a\ =k—1p (26)

+o(l - 2U?)9 sin(©€)|2>.

The factors 1 — U, 52 in this expression, as well as the non-quadratic term corresponding to the function sin(®;), are
of substantial importance. As for the energy E. (U, ®;), they provide a better symmetrization of the energy estimates
corresponding to the quantities Ef(Ug, ®,) by inducing cancellations in the higher order terms. More precisely, we
have



A. de Laire, P. Gravejat / Ann. I. H. Poincaré — AN 35 (2018) 1885-1945 1897

Proposition 3. Let € be a fixed positive number, and k € N, with k > N /2+ 1. Consider a solution (U, ®;) to (HLL,),
with (Ug, ®,) € CO([0, T], N VK3 (RN)Y) for a fixed positive number T, and assume that

. 2,21
inf 1—-&°Uf>-. (27)
RN x[0,T] 2

There exists a positive number C, depending only on k and N, such that
3 .
(£ @) = € max {1,03} (1+ %) (IIsin(@c ¢, ) + U0 + VO D
FIVUC D0 + 1d* e (D)1 + €2 1d2Ue (. D13 0 (28)
+ eV Dl (I, + VU0 x) ) 2 o),

foranyt €[0,T] and any 2 <€ <k + 1. Here, we have set Elg‘“ = Z’;:% Eé

As a first consequence of Proposition 3, the maximal time Tmax is at least of order 1/ (||U£|| gk + e||VU§|| Hk +
VOOl i + [ sin(D?)]| 74)%, when the initial conditions (U2, ®?) satisfy the inequality in (6). In particular, the de-
pendence of Tpax on the small parameter € only results from the possible dependence of the pair (Ug, @2) on €.
Choosing suitably these initial conditions, we can assume without loss of generality that T;y,x is uniformly bounded
from below when ¢ tends to 0, so that analyzing this limit makes sense. More precisely, we deduce from Proposition 3
the following results.

Corollary 2. Let ¢ be a fixed positive number, and k € N, with k > N/2 + 1. There exists a positive number Cl,
depending only on o, k and N, such that if an initial datum (USO, q)g) € NVK2(RN) satisfies

Cot (100 + e[V s+ |90 s+ | sin@0) ] ) < 1. )
then there exists a positive time

1
T, > . -,
Co (U2 gt + £NVUL g+ 1Dl s + 1| sin( D) | ¢

such that the unique solution (Ug, ®.) to (HLL,) with initial condition (US , CI>2) satisfies the uniform bound

1
e|UeC. 0] 1 = 5
as well as the energy estimate
|00 e + e[ VU D] gt [ VO D g+ [ sin(@e € 1) e
0 0 0 . 0 (30)
< Cu([UL] e + | VUL e + [ e + [ sin(@D | ).

forany 0 <t <T,.

Remark 2. In the one-dimensional case, the conservation of the energy provides a much direct control on the quantity
e||Ug || Lo . This claim follows from the inequality

| Ue |13 5282/|U;(x)||U8(x)|dxgs/(szu;(x)2+U8(x)2)dx.
R R

When ¢||U, 2 lL~ < 1, and the quantity ¢ E,(0) is small enough, combining this inequality with the conservation of the
energy E. and performing a continuity argument give a uniform control on the function U, for any possible time.

As a further consequence of Proposition 3, Corollary 2 also provides the Sobolev control in (30) on the solution
(Ug, @), which is uniform with respect to €. This control is crucial in the proof of Theorem 1. As a matter of fact,
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the key ingredient in this proof is the consistency of (HLL,) with the Sine-Gordon system in the limit ¢ — 0. Indeed,
we can rewrite (HLL,) as

U, = AD, — $sin2d,) + &?RY,

€1Y)
3P = U, +&2R2,
where we have set
RY == —div (U2 V®,) + 0 U2 sin(®,) cos(®;), (32)
and
R® := —o U, sin®(®,) — div (%) + &2, % — U |V, % (33)

In view of the Sobolev control in (30), the remainder terms RY and R® are bounded uniformly with respect to
¢ in Sobolev spaces, with a loss of three derivatives. Due to this observation, the differences u, := U, — U and
e := @, — ® between a solution (U, ®,) to (HLL,) and a solution (U, ®) to (SGS) are expected to be of order &2,
if the corresponding initial conditions are close enough.

The proof of this claim would be immediate if the system (31) would not contain the nonlinear term sin(2®;). Due
to this extra term, we have to apply a Gronwall argument in order to control the differences u, and ¢,. Rolling out
this argument requires an additional Sobolev control on the solution (U, ®) to (SGS).

In this direction, we use the consistency of the systems (31) and (SGS) so as to mimic the proof of Corollary 2 for
a solution (U, ®) to (SGS). Indeed, when & = 0, the quantities Ek in (26) reduce to

1

3 /|8°‘U|2+|8°‘Vd>|2+a|8°‘sm(cl>)|2>
o=k =1

When (U, ®) is a smooth enough solution to (SGS), we can perform energy estimates on these quantities in order to
obtain

Lemma 1. Let k € N, with k > N /2 + 1. There exists a positive number A, depending only on o, k and N, such that,

given any initial datum (U°, ®°) ¢ H*"1(RN) x HSkm(RN) there exists a positive time
1

Ty >
— . 2’
A*(”UO”HI{—I + ||V(I)O||Hk—l =+ | Sln(®0)||Hk71)

such that the unique solution (U, ®) to (SGS) with initial condition (U 0 39 satisfies the energy estimate
N1UC, Ol g1 + IV, D a1+ sin( D, D)) o
<A*(||U°||Hk_1 FIUVEOY| et + | sin(CDO)IIHk—l),

forany 0 <t <T,.

In view of (SGS) and (31), the differences v, = U, — U and ¢, = &, — P satisfy

dve = Age — o sin(@e) cos(®; + D) + &RV, 34)
01 e = Vg + SZRE’.

With Corollary 2 and Lemma 1 at hand, we can control these differences by performing similar energy estimates on
the functionals

o=y 3 / (10%ve 2 + 109V 2 + 012 sin(ge) ). (35)
loel=k—1 5y

This is enough to obtain



A. de Laire, P. Gravejat / Ann. I. H. Poincaré — AN 35 (2018) 1885-1945 1899

Proposition 4. Let k € N, with k > N/2 + 1. Given an initial condition (U2, ®%) € NV¥*2(RN), assume that the
unique corresponding solution (Ug, ©.) to (HLL,) is well-defined on a time interval [0, T] for a positive number T,
and that it satisfies the uniform bound

e|Uc 1) 1o < (36)

1
ﬁ )
for any t € [0, T]. Consider similarly an initial condition U, % e LZ(RYM) x Hslin(RN), and denote by (U, @) €
COR, LZ(RN)Y x HL (RN)Y) the unique corresponding solution to (SGS). Set u, :=U; — U, ¢, := O, — ®, and

sin

Ke(D) = max (Vs gk +-£IVUeC 0Nt + V@ 1)+ 1 sin(@e )l ).

(i) Assume that <I>2 — @Y e L2(RN). Then, there exists a positive number Cy, depending only on o and N, such
that

lgeCo 0l = Ca (1192l + 10012 + 62 Ko (1) (1 4+ 2K (T) + Ke (1)) ) €, (37)

foranyt e[0,T].
(if) Assume that N > 2, or that N =1 and k > N /2 4 2. Then, there exists a positive number C», depending only
on o and N, such that

e G )l 22 + IV, Ol 2 + [ sin(ge (-, 1))l 2 < C2<||M2||L2 +1IV@2 12 + [l sin(@) )1 .2

2 Ko (T) (14 2K (T2 4 Ko (1)) ) €2, o
foranyt e[0,T].
(iii) Assume that k > N /2 + 3 and that the pair (U, ®) belongs to C°([0, T1, H*(RY) x HXT(RN)). Ser
ie(T) ==K (T) +lg[1&>;] (IIU(-, Dllgr + IV, )l g + [ sin(P(, l))llHk)-
Then, there exists a positive number Cy, depending only on o, k and N, such that
e G, Ol -3 + 1V, Ol g3 + [ sin(@e (- D) | e
= Ce (Nl i + 1962 s + 1 sin(@D)l s (39)

2
+ &2k (T) (14 6%k (T + (1 + SZ)KS(T)3)> (Crllte (Tt

foranyte[0,T].
We are now in position to conclude the proof of Theorem 1.

Proof of Theorem 1. In view of Corollaries | and 2, there exists a positive number C,, depending only on o,
k and N, for which, given any initial condition (UB, CDQ) e NVK2(RN) such that (6) holds, there exists a num-
ber T, satisfying (7) such that the unique solution (U, ®.) to (HLL,) with initial conditions (U?, ®%) lies in
C0([0, T,1, N V¥ (RN)). Moreover, the quantity /C.(T¢) in Proposition 4 is bounded by

Ke(Te) = CKe(0).

Enlarging if necessary the value of C,, we then deduce statements (ii) and (iii) in Theorem 1 from statements (i) and
(i) in Proposition 4.

Similarly, given a pair (U°, ®°) € H*(RY) x HXT!(RY)), we derive from Theorem 4 and Lemma 1 the existence
of a number 7 such that (10) holds, and the unique solution (U, ®) to (SGS) with initial conditions (U 0 <DO) is in
cO([o, T, H KRNy x H k+1 (RV)). Statement (iv) in Theorem 1 then follows from statement (iii) in Proposition 4.

s
This completes the proof of Theorem 1. O
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1.5. Outline of the paper

The paper is organized as follows. In the next section, we gather the proofs of Theorems 3 and 4 concerning the
Cauchy problem for the Sine-Gordon equation. These results are well-known by the experts, but we did not find their
proofs in the literature. For the sake of completeness, we provide them below.

Section 3 is devoted to the analysis of the local well-posedness of the Landau-Lifshitz equation in the original and
hydrodynamical frameworks.

In Section 4, we collect the various elements concerning the derivation of the Sine-Gordon regime in Theorem 1
by addressing the proofs of Proposition 3, Corollary 2, Lemma 1 and Proposition 4.

We similarly clarify the derivation of the wave equation in Section 5.

In Appendix A, we describe the main properties of the sets HS"in(RN ), while Appendix B gathers the tame es-
timates that we use in our computations. Finally, Appendix C contains more material about the solitons for the
one-dimensional Landau-Lifshitz equations and their correspondence with the solitons for the Sine-Gordon equa-
tion.

2. The Cauchy problem for the Sine-Gordon equation in the product sets H;;n(]RN ) x HF-1(RN)

In this section, we assume, up to a scaling in space, that o = £1, and we refer to Appendix A for the various
notations concerning the spaces Hskin RM).
2.1. Proof of Theorem 3

The proof follows from the following proposition.

Proposition 2.1. Let f € Hsoifl’ (RM). Given two functions ((po, ¢1) e HY@®RY) x L2 (RN), there exists a unique function
¢ € COR, H'RM) NC (R, L>(RN)) such that ¢ = f + ¢ satisfies the Sine-Gordon equation with initial conditions
(@° = f +¢°, ¢1). Moreover, this solution satisfies the following statements.

(i) For any positive number T, the flow map ((po,d)l) — (@, 0:¢) is continuous from HIRY) x L2RY) 10
CoU=T,T1, H' ®R™)) x C°(=T, T1, L*R")).

(ii) When ¢° € H*(RN) and ¢' € H'RN), the function ¢ belongs to the space C°(R, H*(R)) N C! (R,
H'RN)) NC3(R, L2(R)).

(iii) The Sine-Gordon energy Esg is conserved along the flow.

Proof. We decompose a solution ¢ to the Sine-Gordon equation as ¢ = f + ¢. The function ¢ then solves the
nonlinear wave equation

o .
g —Ap=Af — ) sin(2f + 2¢), (2.1

with a Lipschitz nonlinearity H (¢) := —o sin(2 f +2¢) /2. Therefore, we can apply the contraction mapping theorem
in order to construct a unique local solution. Its global nature, the continuity of the corresponding flow and the
conservation of the energy then follow from standard arguments in the context of the nonlinear wave equations. For
the sake of completeness, we provide the following details.

The Duhamel formula for the nonlinear wave equation (2.1) with initial conditions (¢(-,0) = ¢°, 3,¢(-, 0) = ')
writes as

t
(1) = A(@)(-, 1) :=cos(t D)° + %gﬂ —/Sin((t—r)D) Dfdr
0
- (2.2)
_,_/My(w)(.,f)dn

0

where we set, here as in the sequel, D := +/—A. In order to solve this equation, we now apply the contraction mapping
theorem to the functional A in the function space Co([—T,T1, H (RN)) for a well-chosen positive number 7.
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Let k € N. Given a function g € H k(RN)Y, we know that
cos(tD)g € CO(R, H*®RM)) nC (R, H* ' (RN)), (2.3)
and
D/sin(tD)g € C°R, H* 7/ RY)) nCc (R, H* 7~ (RN)), (2.4)

for any integer j > —1 (see e.g. [33]). Since Df isin H®®RN) := ﬂf‘;l HY(RN), the first three terms in the definition
of the functional A are well-defined and belong to CO(R, H'(RY)) nC!(R, L>(RM)).
Let T > 0. Since f isin Hslin(]RN), the function H (v) belongs to CO([=T,T], HY(RY)), when v lies in this space.
In view of (2.3) and (2.4), the last term in the definition of the function A(v) is therefore in CO([—T, T'1, H*(RN)) N
C'([-T,T], H' (RN)). Hence, the map A is well-defined from CO([—T, T], H'(RV)) to CO([-T, T], H'(RM)) N
CY([—T, T1, L>(R")), and its time derivative is given by
t
GAW)(, 1) =— sin(tD)Dga0 + cos(tD)<p1 + / cos((t —1)D) (H(U)(., T)+ Af) dr,
0
when v € CO([—T, T], H'(RV)).
Given two functions (v1, v2) € C°([—=T, T1, H' (RV)2, we next have

t

A(m)(-,t)—A(m)(.,t):f

0

Sin((t%)m (H@n(.1) = Hw)(. 1)) dr.

Since
||H(U]) — H(v) ”CO([—T,T],Lz) = ”U] - v2||CO([—T,T],L2)’

and since the operators sin(vD) and sin(vD)/(vD) are bounded on L2(RN), uniformly with respect to v € R, we
deduce that

A1) — A llcoq—r, 71,51 = TV1+ T2|v; — vlleoq—r.71,L2)-

Taking T = 1/2, we conclude that the functional A is a contraction on CO([—1/2,1/2], L*(R")). The contraction
mapping theorem provides the existence and uniqueness of a solution ¢ € CO([—1/2, 1/2], H'(R")) to the equation
¢ = A(p), which is also in C LR, L2RY)) due to this fixed-point equation. Since the existence time 7 = 1/2 is
independent of the initial conditions, we can extend this unique solution on R. Note finally that the function ¢ = f 4+ ¢
solves the Sine-Gordon equation with initial datum (¢° = f + ¢°, ¢! = ') (at least in the sense of distributions).

In order to prove (i), we make explicit the dependence on the initial conditions (¢°, ¢!) of the functional A by
writing Ao ,1. Given another pair of initial conditions (@, @Y € HY(RN) x L*RY), we infer again from (2.3)
and (2.4) that

”Asa(’«p' (W) = Ago 51 (V) ”CO([—T,T],Hl) +| I Ao 1 (V) = 3 Ago 51 (D) ||C0([—T,T],L2)
<201¢° = @l +V1+ 120" =@ 2+ TA+VI+TH|v = Blleog_r.77.22)-

for any functions (v, V) € (-1, T1, HY?. Taking T = 1/4 so that T (1 ++/1 + T?2) < 1, we deduce the existence
of a universal constant K such that the solutions ¢ and ¢ corresponding to the initial conditions (¢°, ¢!), respectively

(@°, @), satisfy

le = 0leoqy 1my + 100 =3Bl coq1 1712 < K(10° = &l +llg" = @'ll.2).

1.1
A covering argument is enough to establish the continuity of the flow with respect to the initial datum.

When the initial datum (¢°, ¢') lies in H>(RY) x H'(RY), it follows from (2.3) and (2.4) that the first two
terms in the definition of the functional A are in CO(R, HZ(RY)) N ¢ (R, H!(RY)). Due to the smoothness of the
function f, this is also true for the third term, while we have already proved this property for the fourth term, when



1902 A. de Laire, P. Gravejat / Ann. I. H. Poincaré — AN 35 (2018) 1885-1945

¢ isin COR, H'(RM)). As a consequence, it only remains to invoke the equation ¢ = A(¢) in order to prove that the
solution ¢ is actually in CO(R, HXRM)) N C (R, H'(RY)). Coming back to (2.1), we conclude that the solution ¢ is
also in C2(R, L%(RN)).

In this situation, we are authorized to differentiate the Sine-Gordon energy and to integrate by parts in order to
compute

iE -.0)=0
o sg(@(-,1)=0.

Therefore, the energy of a solution ¢ € CO(R, H2(RM)) nC' (R, H'(RY)) N CO(R, L2(RY)) is conserved along the
flow. In the general situation where the solution is only in C°(R, H'(RV)) NC!(R, L>(R")), the conservation of the
energy follows from the continuity of the flow by applying a standard density argument. O

With Proposition 2.1 at hand, we are in position to show Theorem 3.

Proof of Theorem 3. Consider initial cond1t10ns (9% ¢" e HY (RY) x H'(RY). Lemma A.1 provides the existence

of two functions f € HX(RV) and ¢° € H'(RV) such that ¢° = f + ¢°. In this case, the space ¢° + H'(RN)

S1n
is equal to f + H'(R™). Proposition 2.1 then provides the existence of a solution to the Sine-Gordon equation

¢p=f+¢eC'R,¢°+ H' RYN)), with 3,¢ € CO(R, L>(RY)), for the initial conditions (¢°, ¢!).
Concerning the uniqueness of this solution, we have to prove that it does not depend on the choice of the function f.
Given an alternative decomposition ¢° = 7 + @° and the corresponding solution ¢ = f + ¢, we observe that

F=f=¢"-¢g"cH'®RY).
Hence, the function f f + ¢ is a solution in CO(R, H'(RN)) N C (R, LZ(RN )) to (2.1) with initial conditions
(¢°, qb ). Since w is the unique solution of this equation, we deduce that ¢ = f — f + @, which means exactly that

p=29.

Statements (if) and (iii) are then direct consequences of (ii) and (iii) in Proposition 2.1. Concerning (i), we come
back to the contraction mapping argument in the proof of this proposition. We make explicit the dependence on the
parameters in the definition of A and H by writing A 0 ,1 and Hy. We check that

RO H () ”CO([—T T1,L2) = < | sin(f - h HL2 +llv = vlicoq-r.77.22):
when (f, f) € HL (RV)? and (v, 9) € CO([—T, T, H'(RV))2. Applying (2.3) and (2.4), we obtain

Sin
”A(pO‘(ﬂ',f(v) - A¢°,¢1,f'(f)) ”CO([—T,T],HI) + || 8;A(p0,¢lyf(v) - 8tA¢0’¢l’f'(ﬁ) ||C0([—T,T],L2)
<2e® = &%) ;i + A+ VI+T) @' = @' 2 +2T|Vf = V]l
+TA+VI+T)(sin(f = Dl 2+ o = leng_rry i)

for any (@°, 3% € H'@®RM)? and (¢!, @!) € L2RN)2. Taking T = 1/4, we are led to the existence of a unlversal
constant K such that the solutions ¢ and @ corresponding to the initial conditions (¢°, '), respectively (¢°, 1),
satisfy

||¢’ 4"“00([ Lo, +” g — 8t¢”co([—§,§],L2)
<K (I =l + o = s+ 15 = L,z )
Invoking the estimates in Lemma A. 1, this inequality can be translated in terms of the functions ¢ and ¢ as
Hd) - q‘g + J; - fHCO([—%,%],Hl)dl_” at¢ - atd;HCO([_JT»}T]sLZ)
L (40 70 1_ 71 2.5)
<K(dsm(¢ ¢ )+ ||¢ —¢ ||L2)'

It remains to use the inequalities

Isin(@ — @)ll;2 < Isin(f — A2+ llg — Gl 2 < dl,@°, %) + llg — @lI,2,
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and

IV — VYl 2 <IVF —VFll2+1Ve — V@l 2 <di (0%, %) + Ve — V@l 2,

to obtain the estimate in (i) for T = 1/4. The general case follows from a covering argument. O
2.2. Proof of Theorem 4
We split the proof into three steps.

Step 1. Local well-posedness in the product sets H s]jn(RN ) x HF-L(RM).

Concerning the existence and uniqueness of a solution, we apply again the contraction mapping theorem Consider
initial conditions (qbo qb ) e Hg’in(RN) x HF=L(RN), write ¢0 f+ go with f € Hﬁ;’(RN) and (p e HF1(RN),
and set ¢ = ¢1. Going back to the Duhamel formula in (2.2), we derive from (2.3) and (2.4) that the first three terms
in the definition of the functional A are in C°([0, T'], H*(RN)) NC' ([0, T1, H*1(RN)). Concerning the last term, we

invoke the Moser estimates in Corollary B.2 and the Sobolev embedding theorem in order to check that

IVH@) | gt < C(1+ V0152 + IV AT (1901 gt + IV fll i)

when v € H¥(RY). Here as in the sequel, the positive number C only depends on k and N. Due to the Sobolev
embedding theorem, the functional A is well-defined on CO([0, T1, H*(RY)), with values in C°([0, T], H*(RV)) N
cl ([0, T1, H*~1(R")). Moreover, we check that

IA@ leoory.m% <N Ne + A+ Dl g + TIf e + T2 (I sin(Hll 2 + il 2)
+CT(L+ Vol + IV AN (1Yl et + 1V f i),

when v belongs to C°([0, T], H*(RV)). Note here that A actually takes values in CO([0, T'], H**'(RV)) N
cl([0,T1, H*(RN)), when ¢° € H:TH(RY) and ¢! € HF(RM).
Next, we again deduce from Corollary B.2 and the Sobolev embedding theorem that

(2.6)

IVH (v1) — VH ) || gr-1 =||V(sin(v; — vz) cos(2f + v1 +12)) |}Hk .
<C(1+ Vol + IVuallf < + IV I ) x
X (1+ Vo1l gt + V02l et + IV Fll grer) o1 = v2ll e,
when (v, 1) € Hk(RN)Q. When v; and vy belong to CO([O, T], Hk(RN)), we obtain

14@D = A@)lleogo,r, ) = CT(Tllor = valleogo. 22 + o1 = v2lleogo, 1y 0y % o

X (1 + ”vvl ”](CZO([O’T]’Hk) + ”VUZHIE'O([O’T]’Hk) + ”vf”IéO([O’T]’Hk))>

At this stage, we set Ro := [|¢°|| mk + ol gk-1. In view of (2.6) and (2.7), there exists a positive number Tp such
that the functional A is a contraction on the closed ball

Bg = {veC%([0,T1, H*®R™)) : [vlicoqo.r1. %) < R}-

The existence and uniqueness of a local solution ¢ = f + ¢ to the Sine-Gordon equation with initial conditions
(¢°, ') then follows from the contraction mapping theorem. The property that it belongs to C%([0, T, max) o0 +
HF (RM)), with 0 € CO([O, max) H*= L(RNM)), as well as the local Lipschitz continuous dependence on the ini-
tial datum in (ii), can be derived as in the proof of Theorem 3 (invoking, when necessary, the Moser estimates and the
Sobolev embedding theorem).

Concerning the characterization of the maximal time of existence T

max> We infer by contradiction from the previous
contraction argument that we have

lim (g, D)l e = 00 if TF < oo0.

max
t— Tmax
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The characterization in (i) then follows from the formula ¢ (-, ) = f + ¢(-, ), which guarantees that
lo oDl = 1 f 1l <y @C0),0) < oG Dl e+ 11 F 1l

for any ¢ € [0, Té‘lax).

When ¢ € Hsli: 1(}RN ) and ¢! € HF(RY), it follows from the fixed-point equation that the solution ¢ is
in C([0, TX,), ¢° + HL(RN)), with 3¢ € CO([0, TX.,), H*(RV)). By uniqueness of the solution, the func-
tion ¢ is the restriction to the interval [0 ) of the solution ¢ in CO([0, TXE]), 90 + H¥FI(RN)), with 8,¢ €
CO[0, TX+1y, H*(RN)). Hence, we have

’ “max

k
’ Tmax
k k+1
Tmax = Tmax :

The equality in this formula is then a consequence of the characterization in (i).

In order to complete the proof of (iii), note that the Moser estimates and the Sobolev embedding theorem also guar-
antee that the function sin(2¢) belongs to co(o, Tlﬁax), HFLRN )). As a consequence of the Sine-Gordon equation,
the function ;¢ is therefore in CO([0, TX ), H*~1(RV)).

At this stage, it only remains to establish statement (iv). We first address the question of global well-posedness.

Step 2. Global well-posedness when 1 < N <3.

In view of statement (iii) in Theorem 4, the maximal time of existence Tr]fmx is equal to Trlfl’;{x, where ky denotes the

smallest integer larger than N /2 + 1. As a consequence, we are allowed to reduce the proof to the case k = ky. We
then argue by contradiction assuming that T,’;gx is finite, and we obtain a contradiction by controlling uniformly the
quantity akv (¢ (-, 1), 0) on the time interval [0, Trﬁg’x).

sin
With this goal in mind, we introduce the function

— 1 £—1 2 yé 2
Ei(1) = > 0, D" p(x, 1)+ (D ¢ (x,1))" ) dx,
RN
for any 1 < ¢ < ky. This function is well-defined for any ¢ € [0, T,ﬁ’g’x). By Theorem 3, the solution ¢ belongs to
CO(R, ¢° + H%(R)), with 3,¢ € CO(R, H'(R)). Hence, there exists a positive number & such that

/ sin (¢ (x, 1)) dx + E1(1) + E2(1) < &, (2.8)
RN

for any 7 € [0, Trﬁg’x). Since ky = 2 when N = 1, the bound in (2.8) is enough to complete the proof in dimension one.
Assume now that N =2 or N =3 in case ky = 3. When ¢ € H* (RV) and ¢! € H3(RY), the quantity E3(z)

sin
is differentiable on [0, T,ﬁgx) by statement (iif) in Theorem 4. Moreover, we can use the Sine-Gordon equation and
integrate by parts in order to obtain

EL(t) = —% / D?sin(2¢) (x, 1) 8, D*¢ (x, 1) dx.
RN
This provides the estimate
1 1 .

E5(1) < 7 E3 ()2 ]| D*sin2¢) (-, ) ;2 (2.9)
The chain rule then gives

| D?sin29) ||, <21D*¢ll,2 + 4 V|7 4.
Combining the Sobolev embedding theorem and the bound in (2.8) is enough to obtain

| D?sin29)| ,» < K (&2 + £3).
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where K refers, here as in the sequel, to a universal constant. In view of (2.9), there exists a positive number £z such
that

E3(1) < &3,
forany ¢ € [0, Tlﬁﬁ’x). By a standard density argument, this bound remains true when ¢° € Hgin RNyand ¢! € H2(RV).
This concludes the proof of Step 2.
Step 3. Continuity of the flow map on Hszin(RN) x HY(RN) when2 < N <3.

More precisely, we fix two initial conditions @ = f+¢° ¢"), with f e HS (R and ¢° € H?(R). We derive
from Theorem 3 the existence and uniqueness of a corresponding solution ¢ = f + ¢ to the Sine-Gordon equation,
with ¢ € CO(R, H2(R")) and 8,¢ € C°(R, H'(RM)). Given any positive number 7', our goal is to establish that

max ](ds%n(qbno, 0.0 0)+ [ 9pu(-. 1) — 81¢('J)HH1> -0, (2.10)

te[-T,T
for any sequence of solutions ¢,, to the Sine-Gordon equation corresponding to initial data (¢2 , ¢,£) € HS2in RY) x
H'(RV) such that
0 0 1 1
by — & gz + 11y — & Ml — 0, (2.11)

as n — oQ.
In order to establish this statement, we take a sequence of initial conditions ((;3?, =f+ (ZJ?,, é ,1,), with ((ﬁg, qS,l,) €

H*([RM)2, such that
@) —¢%in H*®RY), and ¢, — ¢'in H'RY), (2.12)

as p — oo. We denote by cﬁp = f + @, the corresponding solutions to the Sine-Gordon equation. By Steps 1 and 2,
they belong to CO(R, f+H 3(RM)), with Blgi;p e COR, HE(RYM)). As a consequence of the Sine-Gordon equation,
the derivative 3¢, is therefore in CO(R, H'(RV)).

On the other hand, we deduce from the proof of Proposition 2.1 that there exists a positive number A, not depending
on m and p, such that

|6m = @pllcoqrrym + 10:bm = 3plicog_r.71.02) < A(IGm — Epllggt + I, — Bll12), (2.13)

for any integers (m, p) € N2, Hence, it follows from (2.12) that

||¢p ||CO([7T,T],H]) F0ebplicoq-7.711.02) = A, (2.14)

where A refers, here as in the sequel, to a further positive number not depending on p.
We next prove that (¢p,) pen and (9,¢p) pen are Cauchy sequences in CO([—T, T1, H?), respectively CO([—T, T,
H'). We first establish their boundedness by arguing as in Step 2. We introduce the quantities

1 ~ ~
E ()= / (18,98, (. D2 1D, (x. 012 d.
RN

which are well-defined and of class C! on R in view of the differentiability properties of the functions <2>p. As in
Step 2, we compute

[E)T () =—0 / 0SBV p, 0V plpn < 20V, ¢, DIl 2EL ()2
RN

In view of (2.14), this inequality guarantees that the quantity Eé’ is bounded on [T, T'] uniformly with respect to
the integer p. In turn, this proves that the sequences (qugp)peN and (8,V<5,,)neN are bounded in CO([—T, T, L?).
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Combining (2.13) with the Sobolev embedding theorem, we conclude that
18:V 80l oz 71,02 + 1D Bpllcoq-r.71.02) + IV@plicog—r.7.16) < A- 2.15)

Given two integers (m, p) € N2, we next introduce the difference z := q~>m — (13 » = ®m — @p, and we consider the
quantity

_ ! 2 2 2
SEy(t) = 3 [0;Vz(x,1)|” 4+ |D"z(x,1)|" ) dx
RN

which is well-defined and of class C' on R. Since the difference z is solution to the wave equation

0117 — Az = —o sin(z) COS(&m + (5[7)’
we obtain by integrating by parts that

SEN(t) =—0 / (V(sin(z) cos(@m + p)), 9 Vz)pn

RN
This provides the estimate
1 . ~ ~

SEN1) = 8E2(0)® (1V2C, 0l 2 + IsinGzC D) (1Y G Dl s + 198 01l 15)).

which we bound by

1 2
SEy(1) < ASE2() (I, — ol gt + 1y — Bpllz2)® (14 I — @pll g + s, — ¢,,||Lz)
in view of (2.13), (2.15) and the inequalities

sin(z(-, D))|[z3 < [l sin(z(-, t))II’ = lz(, t)IILz~

Finally, we are led to

Wl

=0 ~0 A =0 ~0 1 71 2
SE2(t) < A(SE2(0) + (1@ — Ppll gt + 1 — Dplir2)* (14 1@ — @pllgt + b — B, 1112)7 ), (2.16)

for any ¢ € [T, T']. Invoking (2.13), this shows that (¢,,) pen and (8,(13[,)[,61\1 are Cauchy sequences in CO([—T, T],
HZ), respectively CO([—T, T1, HY). Since their limits in CO([—T, T], Hl) and CO([—T, T1, Lz) are equal to ¢, re-
spectively 9;¢, by the continuity of the flow in these spaces, we conclude that

|60 = @l coq_r.71.12) + 19:Pp = Bdlicoq—7. 71,11 = O, (2.17)

as p — oo.
With this density property at hand, we are able to establish the continuity of the flow. We argue as in the proof
of (2.17). Coming back to (2.11), we find functions f, € RY) and (pn € H*(RV) such that ¢0 fu+ (p,?, and

sm (

A2 (fus )+ 190 — @0l 2 < Kd2, (02, ¢, (2.18)

for a universal constant K. Here we have set, as above, ¢° = f + ¢°. Given any fixed integer n, we introduce initial
conditions (q&n,P =fut+g . o) p)» with (@) » ¢> o) € H>®(RM)2 such that

@, —¢)in H*®RY), and ¢, ,— ¢, in H'(RY), (2.19)

as p — oo. We denote by 43,,, p = fn + @n, p the corresponding solutions to the Sine-Gordon equation. They belong to
COR, f, + H3*RN)), with 8¢, , € COR, H*(RM)) and 3¢, € CO(R, H'(RY)), and we also derive from (2.17)
that

|@n.p = @nll co_7. 71,12y + 18 Bn.p = Biullcoq—r.71, 1) = O, (2.20)

as p — o0.
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Going back to (2.5), we next have

16 = Bpllcoqr.7p.11) + 13:Pn.p = Dibplleog—r.11.02) < A(dgn Py s 8p) + 165, — Byl 12), (2.21)

where the positive number A depends, here as in the sequel, neither on #, nor on p. As for (2.14), this yields

”(ﬁ"yP”cO([_T,T],Hl) + ”atqsn,p”CU([_T’T],LZ) <A,
and we can derive as in the proof of (2.15) that
~ 5 -
19:Y 80, pll o 7.71.02) + 10° . pllcoq—r, 71,22 + 1V, pllcogr.77,16) < A-
We then follow the lines of the proof of (2.16). Setting z, = ¢, , — ¢, and
1
8E2p(t) = 3 / (|8;Vzp(x, D + |D2Zp(x, t)|2) dx,
RN
we compute
1 . Z
SEL@) <8EL ™7 (19250l + [ sinz,p () ),
so that, by (2.21),
1 . 2
SEY (1) <SEJ(1)2 (IIan = V£l +lsin(fn = HII;,
2
H UV p (1) = Vop (Ol 2 + 1@n, p( 1) — @p (-, f)”zz)'
In view of (2.18) and (2.21), this provides the estimate
2~ 2~ 7 7
| D%Gn.p=D6pl oz 71.11) + 13 Yn,p — 3 Vpllcoq-1.17.22)
~ ~ ~ ~ 2
A(d5n(¢0 %) +d5n (@ 5. ) + 11y, — Splln) x (2.22)
~ ~ ~ ~ 1
< (14 d5, (¢ ¢°) + d3n by . 00 + by, — bpllat).
In view of (2.12), (2.17), (2.19) and (2.20), we can take the limit p — oo in (2.21) and (2.22) in order to write
lon — 90”(30([_7*!7*],1_12) +110:¢n — 0@ llcoq—1, 71, 1Y)
2 1
< A(d5a @0, 87) + 1y — ¢ 111)* (14+d3, 8. %) + gy — &' llan)
The convergence in (2.10) finally results from (2.11), (2.18) and the identity ¢, — ¢ = f,, — f + @, — ¢. This concludes
the proofs of Step 3 and of Theorem 4. O
3. The Cauchy problem for the Landau-Lifshitz equation
In this section, the parameters A; and 13 are fixed non-negative numbers.

3.1. Density in the spaces EK(RN)

The proof of Theorem 5 below relies on a compactness argument, which requires the density of smooth functions in
the sets EK(RYN). Recall that these sets are equal to Z kKRN, S?) for any integer k > 1, where the vector spaces ZK@RN)
are defined as in (18). In particular, the sets £¢(R") are complete metric spaces for the distance corresponding to the
Z¥-norm. Using this norm, we can generalize [9, Lemma A.1] to arbitrary dimensions in order to check the density
of smooth functions.
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Lemma 3.1. Let k € N, with k > % Given any function m € EX(RN), there exists a sequence of smooth functions
my € ERN), with Vi, € H®(RN), such that the differences m,, — m are in H*@®RN), and satisfy

my, —m—0 in H*®RY),
as n — oo. In particular, we have

lm, —m|| z&« — O.

Remark 3.1. This density result is not necessarily true when k < % (see e.g. [26, Section 4] for a discussion about
this claim).

Proof. The proof is reminiscent from the one of [9, Lemma A.1], which relies on standard arguments introduced
in [26]. For the sake of completeness, we recall the following details.

We consider a function x € COO(RN ), with a compactly supported Fourier transform, and such that || <1, ¥ =1
on the unit ball B(0, 1), and x = 0 outside the ball B(0, 2). We set

un(x)=anx(n(x—y))m(y)dy,
RN

for any n € N* and x € RV, Since x belongs to the Schwartz class, the functions y, are well-defined and smooth on
RY, and their Fourier transforms are equal to

£

() =7 (2)ee).

As a consequence of this identity, their gradients w, belong to H OO(RN ), and the differences w,, —m are in H k (RN ),
with
pn —m— 0 in HY®RY), (3.1
as n — 0o. However, the functions u,, are not S?-valued, so that they do not belong to the energy space £(RV).
In order to fill this gap, we deduce from (3.1) and the Sobolev embedding theorem that
linl =1 e = 0,

as n — oo. Therefore, the map m, = u, /|| is well-defined for n large enough, and it satisfies the conclusions of
Lemma3.1. O

3.2. Proof of Proposition |

Let T be a fixed positive number. Concerning the conservation of the Landau—Lifshitz energy, it follows from the
smoothness assumptions on the solution m that the function EiL is of class C! on [0, T'], and that its time derivative
is equal to

[Ell_L]/(t) = / (E)tm, —Am+Amie; + A3m363>R3 (x,t)dx.
RN
In view of (LL), this expression identically vanishes, so that the Landau-Lifshitz energy is indeed conserved along
the flow.
We now turn to the proof of (21). Combining the assumptions in Proposition 1 with the Moser estimates in
Lemma B.1, we check that the second order derivative 9;,m is well-defined as a function of CO([O, T,H k_z(RN ). In
view of (20), the energies EfL are of class C! on [0, 7], and we can integrate by parts in order to obtain the formula

[EfL]/(t) = Z / (3t3§m, ay (3nm + A%m — (A +23) (Amyer + Amszes)
lel=t=2pw (3.2)
+ AiAz(mye +m3€3))>R3(x, t)dx,
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for any ¢ € [0, T']. On the other hand, we derive from (LL) the identity

0ym + A*m — (A + )\3)(Am161 + Am3e3) + A1A3 (mlel + m3e3) = F(m), 3.3)

where we have set

Fmy= Y (ai(2<a,-m,ajm>R3ajm—|ajm|za,-m)—28,-j(<a,~m,a,-m)R3m))
1<i,j<N

+ A (div ((m% — Zm%)Vm + (mym — m%el + mimse3)Vm| + (mymze; — mam — m%eg)Vm3)
+Vmq - (m1Vm — mel) + Vmj - (meg — m3Vm) +m3|Vm|263
+ (m1Vm3 — m3Vm1) . (lee3 — Vm3el) +A1m%(m161 — m))

(3.4)
+ kg(div ((m% — Zm%)Vm + (mymses —mym — m%el)Vm] + (m3m — m%e3 + m1m3el)Vm3)
+ Vms - (m3Vm — me3) +Vmy - (mel — m]Vm) +m |Vm|261
+ (m1Vm3 — m3Vm1) . (lee3 — Vm3el) + A3m§(m3(33 — m))
+ A3 ((m% + m%)m + m%m363 + m%mlel).
In order to derive this expression, we have used the pointwise identities
(m, dim)ps = (m. dim)gs + |9m|* = (m, igjm)gs + 2(dim, d;jm)gs + (djm, dim)ps =0,
which hold for any 1 <i, j < N, due to the property that m is valued into the sphere S.
Combining (3.2) with (3.3) and (3.4), we obtain
ERGEDY / <3,a§g‘m, a;;'F(m)>R3 (x. 1) dx, (3.5)
lal=t=2y

for any ¢ € [0, T']. In order to establish the bound in (21), we need to control the derivatives 9 F(m) with respect
to the various terms in the quantity EfL by applying the Leibniz formula and the Moser estimates in Lemma B.1.
We face the difficulty that the derivative 0% F'(m) contains partial derivatives of order £ 4- 1 of the function m, which
cannot be a priori controlled by the quantity EfL.

In order to by-pass this difficulty, we decompose the derivative 9% F (im) as

0L F(m)=G"(m)—2 Y 8%0;;((dm, djm)gs)m, (3.6)
1<i,j<N

where the function G% (m) satisfies

IG*(m) (-, )l 2 < C(1+ lmi -, DllF oo + 1m3C, Dll7 00 + VMG, )132) / Z5 (0, (3.7)

for any ¢ € [0, T']. Inequality (3.7) is a consequence of the Leibniz formula and the Moser estimates in Lemma B.1.
The use of theses estimates is allowed by the uniform boundedness of the gradient Vm, which results from the Sobolev
embedding theorem and the assumption k > N /2 + 1.

We then introduce the remaining term of the decomposition of 9¢ F (i) into (3.5), and integrate by parts in order
to write

/(a,a;‘m,agai,»(w,-m, ajm>]R<3)m>]R3

RY (3.8)

= — / 8?3]((3,‘"1, ajm)R3)<<at8§‘8im, m>R3 + <a;3;xm, aim>R3>,
RN
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forany 1 <i, j < N.Invoking once again the Leibniz formula and Lemma B. 1, we directly check that

‘/(a;‘aj(w,»m,ajm)Rg)(a,agm,al-m)R3)(x,z)dx < CIVm(, D) =, (1) (3.9)

RN

On the other hand, we can invoke the Landau-Lifshitz equation and the Leibniz formula in order to write

3% 9; ((3m, 3;m)ps) (8,92 m, m)gs

=— Z ( ) 8 m,0; m)R3)<8£m X Bg*fﬂ(Am — Amie; —A3m3e3),m>R3,

B=a*

where 8x°‘* 1= 07 9;. For =0, the quantity in the right-hand side of this formula vanishes. This cancellation is the key
point in order to infer again from Lemma B.1 that

‘/(a;g‘a,(w,-m,a,m)Rg)(a,ag*m,m)R3)(x,z)dx
RN

<CeIVm(, D)l (IVmC, D)l + Imi G, Ol + Im3C, 0)llpe) £pp (0).

We finally gather this estimate with (3.5), (3.7), (3.8) and (3.9) in order to derive (21). This completes the proof of
Proposition 1. O

3.3. Proof of Proposition 2

We first compute the equation

du=—vx (Au—Jw) —ux (Av—1J(©), (3.10)

where we have set J(u) := Ajuje; + A3uzes and J(v) := Ajvie; 4+ A3vzez. Under the assumptions of Proposition 2,
the time derivative 0;u lies in CO([O, T], L2(]RN)), so that the function u — u° belongs to the space cl(o, 11, LZ(RN)).
Since ”(1) and ug are in LZ(RN), the quantity QEEL is well-defined and of class C' on [0, T]. When 1 <{¢<k—1,it
similarly follows from the smoothness assumptions in Proposition 2 that the quantities @fL are well-defined and of
class C! on [0, T']. We now split the proof of their control into three cases according to the value of £.

Case 1. ¢ =0.

In view of (22) and (3.10), we obtain after integrating by parts,

N
[ (t)—/(z —8jugez,vx8ju+ux8jv>R3
RN Jj=1
+ <u - ug e, v x J(u)+ux J(v)>R3)(x, t)dx,
for any ¢ € [0, T']. The estimate in (23) is then a consequence of the Holder inequality and the fact that |v| < 1.

Case2./=1.

We similarly derive from the definition of the function QS{L that

N
[inL]/(t) = / (— (01, Au)ps + Z(u X 9;v+ v X du, 0 (u X dv+v x 3,-u)>R3)(x, tdx.

BN i=1
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In view of (3.10) and after some integration by parts, the first term in the right-hand side of this formula writes as

/<8tu Au)Rg(x t)dx = Z/ u X 0;v+v X diju, 0 Au)Rg(x t)dx—l—jl(t)
RN IRy
where we have set
N
J@) = Z / (051, 030 X J () + v x 8 J () +u X 8;J ()3 (x, 1) dx.

i:lRN

Therefore, we have

N
[el ] =310+ Z/(u X ;v + v X diu, 0 (u X v+ v X du) — 8,-Au>R3)(x, 1) dx. (3.11)

i=lgy

At this stage, we have to compute the time derivative in the right-hand side of (3.11). We first check that the
function v is solution to the equation

1
dv=—vx (Av—J(v))— ik (Au—Jw)).
In view of (3.10) and using the identities
LA
(u,v)ps =0, and |v] +Z|u| =1, (3.12)
we are led to the formula
3 (1 X 3iv + v X 1) = 8 Au— du (4<u Au)gs + (v, Av)Rg) — 00 (. Av)gs + (v, A)gs)
1 1
u <(8,-v, AU)]R} + Z(&iu, AM)]Rfi — <U, 8iAU>]R3 — Z(M, BlAu)Rx) (313)
v <(8iv, Att)gs + (3itt, Av)gs — (, i Av)gs — (v, 8 Au)g ) +idu,v).
In this expression, the term depending on the anisotropic vectors J (u#) and J (v) is given by
. 1
i, v) = — 8 J (u) + du (Z(u, J(u))Rs + (v, J(v))Rs) + 07 ((u, J (V) g3 + (v, J ())g3)
1
+u ( —(0v, J(V))p3s — (8 u, J(u))ps + (v, 0; J(V))p3 + - (u 0; J(u))Rs)

+v ( —{0;v, J(u))gs — (Oiu, J(V))g3 + (u, 3; J (V))r3 + (v, aiJ(“)>R3)-

This anisotropic term is not difficult to estimate, but we have to find a cancellation in the other terms in order to prove
the bound in (24).
In this direction, we first differentiate the identities in (3.12) in order to get

(, Av)gs + (Au, v)p _—22 dju, 3;V)gs3,

and
1 2 1 2
(v, Av)ps + Z(u, Au)ps = —|Vv|* — Z|Vu| .
Similarly, we have

N
(u, 0; Av)ps + (0; Au, v)p3 = 22 (0;ju, 0jv)Rs + (0ju, a”u)Rg) (0;ju, Av)ps — (Au, 0;v)p3,
j=1
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and

1
(v, BiAv)R3+Z (u, 0i Au)ps

N
1 1
= —ZZI ((Bijv, 0jv)gs + Z(a,-ju, 8ju)R3) — {(0;v, Av)p3 — Z(B,-u, Au)ps.
j:
Introducing these identities into (3.13), we get

N
3 (u X 3v+v x du) = Au+2v Za,-(wiv, dju)ps + (diu, a,-sz) + 3@, v) +il(u, v), (3.14)
j=1

where we have set

N
1
L, v) :=(|vv|2 n le'z) B +2> (8ju, 8jv)gs v
j=1

N
1 1
+2u ((Biv, Av)gs + 7 (O, Auygs + ) (100, 9,0)20 + (0, aju>R3)>.
=1

At this point, we come back to (3.11). We use the cancellation of the terms 9; Au in (3.11) and (3.14), and integrate
by parts in order to obtain

N
[(’ELL]/(z) =3}(t) + Z / <u X 0;v+v X 8iu,j%(u, v) —i—jé(u, v))(x, t)dx
i=lgy

N (3.15)
_222 (((Bjuxaiv,v)Rz—i—(uxaijv,v)Rs—i—(uxaiv,ajv)Rz)x ’

j=li=lpy
x ((3v, dju)gs + (B, 8jv)R3))(x, 1) dx.
With this formula at hand, we can prove the bound in (24). Indeed, we first check that the last terms in (3.15) satisfy

/ ‘((Bju X 0;v, V)p3+{u X 0;jv, v)gs + {u X 9;v, 8jv)R3) ((8,~v, 0ju)ps + (ju, 8jv)R3)
RN

=K1 Vol 1 Vull 2 (190l [ Vull 2+ (1Yl + [0l 42) Tl ).

where K refers, here as in the sequel, to a universal constant. Coming back to the definitions of the functions jé(u, V)
and j_%(u, v) and using the inequalities |u| <2 and |v| < 1, we check that

133G, 012 < K (IVull g2 + [V 0ll 2 lull o),
and

133 e, )1l 2 < K((IIVUII%DO +IVul o) 1Vull 2 + (1Yol 10l g2 + 1 Vull o llull2) ||“||L°°>~
This provides the estimate

/(u X 3iv + v x du, 13 (u, v) + 33w, v)) < K (IIVull 2 + Vol 2 flull L) x

RN

X ((1 +HIVol7e + 1Vul7) IVull 2 + (IVll 2 + 1Vl 0l g2 + 1 Val po llull 2) ||”||L°°>~
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Finally, we bound the quantity J i (t) by
131®O] = (IVu G, Ol 2 + 1VoC O 2 u Olle) VU, Ol 2.
Gathering all these estimates of (3.15), and recalling that
IVullzo + Vvl < K([Vmllze + [ Vi]| L),
and

lall g + ol g < K (Il g =+ 1l )

for 1 < j <2, we obtain (24).
Case3.2<{<k-—1.
The proof is similar to the case £ = 1. We now integrate by parts in order to obtain the formula

Jo= > /ata u, 3% 8nu—|—A2u—(A1+X3)(Aulel+Au3e3)
lo =2

+1ir3(urer + u3€3))>R3 (x,)dx,
for any ¢ € [0, T']. Coming back to (3.3), (3.4) and (3.6), we obtain

[ef ] ) =30 + 350, (3.16)

where we have set

Hy= Y /(B,Bgu,G“(rh)—G“(m))R3(x,t)dx,
lerl=t =2y
and
Bo=2 > N /(a,agu,agaij(<a,-m,a,~m>R3)m—a 3ij (9, 91 ) g3 i) s (x, 1)dx.

lal=¢-21<i, j<N gy

We now deal with the quantity 35, which is the more difficult term to control in order to derive the bound in (25).
Expressing the integrand in the formula for Jg(t) in terms of the functions u and v, we get

3% 0;j ((9;m, 9;m)p3)m — 0% 9;; ((0im,djm) g3 )m
=3x aij((aiu, 8jv)R3)v + 3?3,‘]'((8,'% 8ju)R3)v
1
+ 020;7 ((9;v, 0jv)p3 )u + Za;jal-j(w,»u, 3ju)gs)u.
Concerning the last two terms in this identity, we can rely on the Moser estimates in Lemma B.1 in order to obtain
/(8z8§§‘u,3§‘8ij((8iv,8jv>R3)u)R3 < CIVulize IVl e lull oo 18;05 ull 2,

RN

and

/(Btajfu, 350 ((Biue, 3jul s )ut)gs | < ClIVuellpoe | Vaell e lluall oo 11895 w2,
RN

where C refers, here as in the sequel, to a positive number depending only on k.
The estimates of the two other terms follow from integrating by parts and using (3.10). Indeed, this provides the
identity
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/(a,afu,a;}aij((aiu,ajv>R3)v>R3
]RN
= f 950, (051, )3 ) (059 (1 x (Av = J(0)) +v X (Au— J (u))), v)ps.

RN
We then directly derive the bound

‘ / 959, ((3;u, 0jv)g3) (05 0i (u x (Av = J (), v)gs | < Cllull L= Voll e + I Vollzoo flull ¢) x
RN
X (190l ge-2 + IV 0l ) Nl oo + IV 0lzow Nl e + Nl et ).
On the other hand, we can invoke the Leibniz formula in order to write
E3
(090; (v > (Au— T ), V)ps = Y (“ )(afv x 3% P (Au — T W), v)gs,
p<a*

with 8)‘2‘* = 02 9;, as before. As in the proof of Proposition 1, we again observe a cancellation for 8 = 0. This is enough
to guarantee that

‘/3?3j(<3iu,3jv)Rs)<8?3i(vX(Au—f(u))),v)Rs < C(llull Vol ge + IVollzee llull ge) x
RN

% (19912 + 190l 0) Nl oo + 190l el e + el e )-
Collecting all these estimates leads to the inequality
750 < C((IIVM(~J)IIL°0 IVl Ol ge + 1IVoC, Ollzee V0G0l ge) lul, Dl 130, 0] e
+ (Ilu G, Dl (IVVC Dl ez + IV D ge) + 1VOC Ol luC, )l ge + lul, Dl gre-1) x (3.17)
X ([l Dl VUG DIl e + VG 1) e ||M('J)||1-‘1@))-
We next turn to the quantity 3{ , which we simply bound by
@) < Z |0:0%uC, )] 2 |G¥ ). 1) — GX(m) (. 1) | - (3.18)

loe|<€-2
Coming back to the definition of the nonlinearity G* and using as before the Moser estimates in Lemma B.1, we can
compute
|G* () — G¥(m)| SC((IIvIIm + I Vullpoo [ Vull e 4+ 1Vl oo [Vl e ) llull oo
+ (L4 IVulgoe + V07 ) Nl e + 8oz (101l e llull e + ull e—2)
+ Se=2((Ilvill 2 + 1ozl 2) el oo + lluerll 2 + ||u3||L2)-

Combining with (3.16), (3.17) and (3.18), we obtain (25). This ends the proof of Proposition 2. O
3.4. Proof of Theorem 5

The construction of the solutions splits into three parts. We first consider an initial datum m® € E(RY), with
vm® e H*®[RY), and we construct the unique corresponding maximal solution m to (LL). We next establish that
the corresponding flow map is well-defined and locally Lipschitz continuous from £¥(RV) to spaces of the form
CO([0, T1, Exv—1(RN)). Here, the notation ky refers to the smallest integer such that ky > N /24 1. In particular, we
are allowed to extend uniquely the flow to the whole set £V (RY). We finally check that the corresponding solutions
to (LL) satisfy all the statements in Theorem 5.



A. de Laire, P. Gravejat / Ann. I. H. Poincaré — AN 35 (2018) 1885-1945 1915

Step 1. Construction of smooth solutions to (LL).

Let m0 € ERN), with Vim® € H®(R"). Note that the existence of such initial conditions is a direct consequence
of Lemma 3.1.

In order to construct a solution m corresponding to this initial datum, we rely on the bounds in Proposition 1. Due to
the Sobolev embedding theorem, the quantity Ef’{ corresponding to a smooth enough solution 1 : RN x [0, T,,] — S?
satisfies the differential inequality

(=] ) < Cy (14 37 0 5 (0),

for any ¢ € [0, T,]. Here as in the sequel, the notation Cy refers to a positive number, depending only on k. As a
consequence, we obtain the estimate

TN (0) eCn!

= (1) < - - r (3.19)
(1+ 35 (0)2 — =} (0)2 *hn )2
when
kN (2
1 14+ 320
t<T*kN:= ln( + LL()).
2Cky

=i} 02

We next iterate this argument for any integer k > k. Given a positive number 0 < T < min{7, Tf N1, we similarly
derive from Proposition | that

k
(=6 ] @ =< G (14 21 @0?) Z{L0),
for any ¢ € [0, T']. We then infer from (3.19) that

(1+ = (0)2) 25, (0) !

I B 02 = 5} 02T

) < (3.20)

In view of the definition of the quantity EfL, the functions m and d;m are uniformly bounded in ZKRYN), respectively
H*=2(RN), on the time interval [0, T'].

Arguing as in [30], we check that the a priori bounds in (3.19) and (3.20) remain available when the equation
is discretized according to a finite difference scheme. The existence and uniqueness of discretized solutions follow
from the standard theory of ordinary differential equations. Classical weak compactness and local strong compactness
results, as well as a standard diagonal argument, provide the existence of a maximal solution m : RY x [0, Timax) — S?
to (LL) with initial datum m°. This solution m is in L% ([0, T], ZX(RV)), with 8,m € L°°([0, T], H*=2(RN)), for any
number 0 < T < Thyax and any integer k > k. In particular, it is a smooth solution to (LL).

Note that its maximal time of existence Tpyax does not depend on the integer k. This follows from (3.20),
which guarantees that its maximal time of existence Tlﬁax as a solution in L*([0, T1, Z¥x(RY)), with 9,m €
L°*°(0,T], H k’z(RN ), forany 0<T < Trﬁax, is characterized by the condition

t —1>Han§ = (1) = o0,

if this maximal time is finite. As a consequence of this property, we obtain

k  _ pky .__
Tmax - Tmax T Tmﬁ)ﬁ

for any k > ky.
Note also that we are allowed to invoke again Proposition 1 in order to prove the bound

Sk (1) < Cp 3k, (0) o (HIVmE9) o) ds 3.21)
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for any 0 <t < Thmax and any k > ky. Therefore, if the maximal time of existence Tmax is finite, it satisfies the
condition

Tmax
/ IV (-, )| dt = 00
0
We ﬁnally turn to the question of the uniqueness of this solution. We fix an integer k > k. Given an initial con-
dition m° € £(RY), with Vmo € H > (RNM), we denote by 72 : RN x [0, Tmax) — S? a corresponding smooth solution
to (LL). Set T, = min{Tmax, Tmax}. The solutions m and s belong to CO([0, Ty), EMNFTL(RNY), with (9,771, d;m) €

CO([O, T.,),H kn— I(RN ))2. Therefore, we are allowed to invoke Proposition 2 in order to find a positive number Cy
for which the difference u := m — m satisfies

(S50 < Ce(1 + 5 () + =F.9))7 (S5O + a0 13 + 1Vud112,),

for any 0 <t < T. On the other hand, we infer from the Sobolev embedding theorem that

0 2 k—1
lu-, 1) —uzezlzoo < Ce Sy (0).

This is enough to obtain the bound

k
max &7 (1) = S () els 0O LN
te

k
+ (18130 + 1VuI2,) (e O OFELOTELON s ),

for any 0 < T < T,. Here, the quantity i)]ﬁL is defined with respect to the solution 7. In view of the definition of the
quantity G'III, this provides the estimate

2 0 2
max Vu(-,t S+ |u(-,t) —use )
tem(n GOs + D) —ud e ]2

' Sk k 3.
<Cr(IVu I3 + 117 + N3 )efo Gl O+ ) ds (3.22)

k
i3 (efo G OHELOTELON s ),

We conclude that the difference u identically vanishes on [0, 7;) when m° = m°. This proves the uniqueness of the
solution.

Step 2. Unique extension of the flow map.

Given an integer k > ky, we now consider an initial datum m° € EX(RV). Lemma 3.1 provides the existence of a
sequence of initial conditions mg e ERN), with Vmg € H®(RN), such that

mg -m® =0 in Hk(RN),

as n — oo. Let m, be the corresponding smooth solutions to (LL) constructed in Step 1 above. Combining this
convergence with (3.20), we check that the quantities Z]]iL" defined with respect to the solutions m, are bounded on

the time intervals [0, T'] forany 0 < T < Tf ¥ uniformly with respect to n large enough. As a consequence of (3.22),
the sequence (m,),en is a Cauchy sequence in CO([0, T'], EK~1(RN)).

Let us denote by m its limit. Note first that this limit is independent on the choice of the sequence (mg)neN. Note
also that it is an (at least) weak solution to (LL) with initial datum m? due to the Sobolev embedding theorem of
H*T®RN) into CO(RM). Actually, it is the unique solution in C°([0, T'], EX~1(RV)) to (LL) with initial datum m?,
which is a limit of smooth solutions to (LL). Finally, since the quantities Ef]'j are bounded on [0, 7], uniformly

with respect to n, so is the quantity EfL. In particular, the function m belongs to L*°([0, T], &k (RN )), with o,m €
L*®(0,T],H k _2(RN )). Moreover, since k > N /2 + 1, it follows from the Sobolev embedding theorem and standard
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interpolation arguments that
Vm, — Vm  in C°([0, T] x RY),

asn — Q.

Concerning the maximal time of existence of this solution, we denote by T,f‘ the supremum of the positive times T
for which there exists a sequence of initial conditions m2 € ERN), with Vmg € H®(RN), such that the corresponding
solutions m, are well-defined in L ([0, T, EKRN)), with 8,m,, € L®([0, T, H*~2(RN)), and satisfy

m® — m®in EKRY),  m, — min ([0, T1, EVRY)), and Vm, — VminC°([0, T] x RY), (3.23)

as n — 0o.

We first claim that the solution m in this statement is uniquely defined on the time interval [0, 7). When TX <
Tf N this follows from the previous construction. When T > Tf N, we fix a number 0 < T < T and consider two
sequences of smooth solutions m,, and n,,, which satisfy the properties in (3.23) for two possible solutions m and .
The solutions m, and mi, satisfy the bound in (3.21) on [0, T'], and the left-hand side in this bound is uniformly
bounded with respect to n due to the convergences in (3.23). As a consequence of (3.22), the sequences m, and 1,
own a common limit m = 7 in C°([0, T], E¥~1(RV)). This proves the uniqueness of the solution m satisfying the
properties in (3.23).

Our goal is now to establish that either T = oo, or

T

Ik ::/ IVm (-, 1)||3 « dt = 0.
0

Note first that Tf is well-defined and positive due to the inequality Tf > T,f ¥ 'We now argue by contradiction as-
suming that Tf and the integral If are finite. We again fix a number 0 < T < Tf , and consider a sequence of
smooth solutions m,,, which satisfy the properties in (3.23). Invoking (3.21) and (3.23) as before, we check that
the quantities Z]EL" are bounded on [0, T'] by a positive number ¥, depending only on ZfL(O) and Iff. As a con-
sequence of (3.19) and (3.20), we can extend the solutions m, on a time interval of the form [T, T + t,], where
the positive number t, only depends on .. Moreover, due to (3.22), the sequence (m,),cN is a Cauchy sequence
in C°([0, T + 7.1, X" 1(RN)), and we can check as before that it satisfies the properties in (3.23) for a solution m,
to (LL), which is equal to m due to the previous unique determination of this solution. Applying this argument to
T = TF — t/2 leads to a contradiction with the definition of the maximal time 7. Hence, either T = oo, or the
integral I is infinite.

Note finally that, due to this characterization, the maximal time of existence T,f does not depend on the possible
choice of the integer k. We denote by Tpax this maximal time in the sequel.

Step 3. Conclusion of the proof of Theorem 5.

Let k > ky. Step 2 above provides the existence of a unique solution m : RY x [0, Timax) — S? to (LL) correspond-
ing to an initial datum mY, which is the limit (according to the properties in (3.23)) of smooth solutions to (LL). This
solution is in CO([O, Tax), k-1 (RM)). Its maximal time of existence Tiax satisfies the statement (ii) in Theorem 5.

Concerning statement (i), we consider a sequence of smooth solutions m, converging to m on a time interval
[0, T], with 0 < T < Tipax. We then combine as before (3.21) and (3.23) in order to check that the quantities E',I(f
are bounded on [0, T'], uniformly with respect to n. Statement (i) then follows from a standard weak compactness
argument.

Statement (iv) is a direct consequence of the previous construction of the solution m, while the conservation of the
energy in (v) results from a standard density argument. This property is indeed satisfied by smooth solutions in view
of Proposition 1.

Concerning the local Lipschitz continuity of the flow map in statement (iii), we fix a solution m : RN % [0, Trmax) =
S? with initial condition m° and a number 0 < T < Tynax. We set

S =2+ 2f0) (14 Celo (HITnEoliz) ),
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where Cy is the constant in the right-hand side of (3.21). We notice that the inequality in (3.19) remains available (for
smooth solutions) when ky is replaced by k for a possibly different positive number Cy, and we fix a positive number
71, such that

(S — 1) eC
1
(14 (S — 1)2 = (Sr — 1)2e2Gew)2

<Zr,

for this further number Cy. Here, the number 74 is tailored such that, if the quantity f)']iL (0) corresponding to a smooth
solution m is less than X7 — 1, then the quantity ifL(t) is bounded by X7 on [0, 7¢].

We finally introduce a sequence of smooth solutions 1, : RY x [0, T] — S?, which satisfy the properties in (3.23).
Due to (3.21), we can also assume that the corresponding quantities EfL" satisfy the bound

k,n
max 2.7 (1) < Xr.
1€l0,T] i () = %7

We are now in position to establish the local Lipschitz continuity of the flow.
Given a positive number R, we take an initial datum m° € E(RY), with Vi® € H®(R"), such that

7% —m] ;i <R,
and consider the corresponding smooth solution 7 : RN x [0, fmax) — S2. For R small enough, we have
SO <zr -1

In view of (3.21) (with ky replaced by k), we infer that Timax > Tk, and that the quantity f]]ﬁL(t) is bounded by X7 on

[0, t]. Invoking (3.22), we next find a positive number A7, depending only on k, T and X7, such that

max [, 1) = mu(, Dl g1 < Ap i’ —m})ll 71 < ArR, (3.24)
te[0,7¢]
for any n € N. Taking the limit n — oo, this inequality remains true for the difference m — m. As a consequence
of the Sobolev embedding theorem and standard interpolation theory, we next find two positive numbers Ay and oy,
depending only on k, such that
max ||V (-, 1) — Vm(-, 1)L < AgATFR* EIT_O”‘. (3.25)
t€[0, k]
We finally come back to (3.21) in order to obtain
SL() < Cu S (0)elo (HITmEDIR s +24L AT RT3 [V )l oo +4AT AT B2 E7) ds

s

for any ¢ € [0, 7¢]. For R small enough, we infer that
() <Tr—1, (3.26)

for any ¢ € [0, min{zy, T'}].

When T > t;, we iterate this argument on the time interval [0, 27]. Since f)k(rk) is less than X7 — 1 by (3.26),
the maximal time of existence Tmax is more than 27, and the quantity f)’ﬁL(t) is bounded by X7 on [0, 27%]. Esti-
mates (3.24) (with m,, replaced by m) and (3.25) follow for the same constants A7, Ay and «. For R small enough,
we derive (3.26) on the time interval [0, min{2ty, T'}].

Arguing inductively, we conclude that there exists a positive number R such that, if

% —m®|l < R,
then the maximal time of existence Tmax of the solution m is larger than, or equal to 7, and we have

max [, 1) = m(, Dl ze-1 < Ar i —mO| zer.
1€[0,7]

It only remains to apply a standard density argument in order to replace the smooth solution /7 in this inequality by
an arbitrary solution. The flow map is then well-defined and Lipschitz continuous from the ball B(m° R) of € k (RM)
towards C°([0, 71, E¥~1(R). This concludes the proof of Theorem 5. O
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3.5. Proof of Corollary 1

Consider an initial datum (u°, ¢°) € NV¥(RY) and set

m® = (0"sin(¢"), p° cos(@”), u’),
with ,0O = (1 — u%)?)V/2. Assume first the existence of a solution (u, o) : RY x [0, Tmax) — (=1, 1) x R to (HLL)
with initial datum (uo, ¢0), which satisfies the statements in Corollary 1. Let 0 < T < Tphax be fixed. Since k — 1 >
N/2, it follows from statement (iii) in Corollary 1 and the Sobolev embedding theorem that u is continuous from
[0, T] to Cl? (RN ). Moreover, we claim that

nT = max |ju(-,1)|r= < 1. (3.27)

1€[0,T]

Indeed, due to the non-vanishing condition in (4), the number 57 is less than or equal to 1. Assume by contradiction
that it is equal to 1. In this case, there exists a number 0 <t, < T such that

(-, t:)llLoe = 1.

On the other hand, the function u(-, t,) lies in H k=1 (RN ). By the Sobolev embedding theorem, it converges to O at
infinity. As a consequence, there exists a position x, € R such that

i (xse, 1) =1,

which contradicts the non-vanishing condition in (4).
Set p:= (1 —u?)1/2, and

m:= (,0 sin(¢), p cos(¢), u)

Since nT < 1, there exists a smooth function F : R — R such that F(x) = (1 — x2)!/2 for any |x| <n’. In
particular, we can combine statement (i) in Corollary 1, and inequality (B.1) for this function in order to prove
that the map p is well-defined, bounded and continuous on RN x [0, T, with o:p € L*°([0, T], H*2(RN)) and
Vp e L=([0, T], H*"'(RV)). Applying Lemma B.1 again, and using Corollary B.2, we deduce that the function m
lies in L>°([0, T1, EX(RN)), with ;m € L®([0, T], H*"2(R")). A direct computation then shows that this function
is a weak solution to (LL). As a consequence of the uniqueness property in Theorem 5, it is the unique solution to (LL)
with initial datum m°. This provides the uniqueness of the function u, which is equal to the third component m3 by
definition. Concerning the phase function ¢, we can combine statement (iii) in Corollary 1, and Corollary A.1 in order
to prove that it is continuous on RY x [0, T]. Moreover, it satisfies the identity

e,‘¢ _m3 +imy
(1 —mdz

on RY x [0, T]. Due to the continuity of the function m on RN x [0, T], the continuous solutions of this equation
are unique up to a constant number in 7Z. Since ¢ (-, 0) = ¢°, this number is uniquely determined, so that ¢ is also
uniquely determined. In case of existence, the solution (u, ¢) is therefore the unique hydrodynamical pair correspond-
ing to the solution m to (LL) with initial datum m° (as long as this hydrodynamical pair makes sense).

Concerning existence, we first check that m is in EKRN). Indeed, since u® € H¥(RN) with k > N /2, it follows
as before from the non-vanishing condition |u°] < 1 that

0=l < 1. (3.28)

Arguing as above, this guarantees that the function m" is in £¢(RY). Theorem 5 then provides the existence of a

unique solution m : RY x [0, Tiax) — S? to (LL) with initial datum m°.
Set

Tmax = sup{r € [0, Thmax) : |m3| <1 on RN x [0, r]}.

We deduce from statement (iii) in Theorem 5 and the Sobolev embedding theorem that the function m3 is continuous
from [0, Thax) to Cg(RN ). Since mg =uY, it follows from (3.28) that Ty is a positive number. Similarly, we show
that
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Aim lm3 (Dl e = [lm3 (s Tmax) 2o = 1, (3.29)

when Tmax < Tmax-
Let 0 < T < tax. Arguing as for (3.27), we obtain

nT = max ||m3(, 0| < 1. (3.30)
1€[0,T]

Set p:=(1 — m%)l/ 2 As before, the function 1 /p is well-defined, bounded and continuous on RY x [0, T], with

3;(1/p) € L=([0, T1, H*"2(RN)) and V(1/p) € L>®([0, T], H*(RN)). As a consequence, we can lift the solution m

as

m = (psin(¢), p cos(}), m3),

where the phase function ¢ is uniquely defined by the condition ¢ (-, 0) = qbo, and continuous from RY x [0, Tmax)
to R. Since

0o 0 iV
Sin((p):%, 3t¢:<”’”p4;’">c and W:(mlpizm)(c’

we also observe that sin(¢), 9;¢ and V¢ liein L([0, T'], L>(RN)), L>®([0, T1, H*"2(RN)), respectively L>([0, T'1,
H*1(RN)) for any 0 < T < Tmax. In particular, the function ¢ belongs to L*°([0, T'], Hskin(]RN)).

At this stage, we set u := m3 on RY x [0, Tmax). Then, the pair (u, ¢) lies in L°°([O0, T],NVk(RN)), with
Bu, 3,¢) € L°°([0, T, H*2(RN)), for any 0 < T < tpax. A simple computation shows that it is a strong solu-
tion to (HLL) with initial datum (u©, ¢0). Statements (iv) and (v) in Corollary | are then direct consequences of the
same statements in Theorem 5.

We also derive from statement (iif) in Theorem 5 that the functions p sin(¢) and u are in oo, 71, H k=1 (RN)),
while the function pcos(¢) lies in CO([0, T1,C)(RY)), with V(pcos(¢)) € C°([0, T1, H*~>(R")). Combin-
ing (3.30) with Lemma B.1, we check that the function 1/p is continuous from [0, T] to Cg(RN), with V(1/p) €
Co([o, T1, H*2(RN)). By Lemma B.l again, the function sin(¢) is in CO([0, T1, H*="Y(RN)), therefore in
CO([0, T1, CY(RM)), while cos(¢) lies in CO([0, T1,C)(RY)), with Vcos(¢) € CO([0, T1, H*=2(RY)). Finally, we
rely on the identities

V¢ = cos(¢)V(sin(¢)) — sin(¢)V(cos(¢)), (3.31)

and
Sin (¢ (- 12) = @, 1)) = (sin (¢, 12)) = sin (# (-, 1)) ) cos (9, 11))
+sin (9 (. 1) ((cos (¢, 1) = cos (6. 12))),

in order to conclude that the phase ¢ belongs to CO([O, T], Hlf*l(RN)). Hence, the flow map (uo, gbo) = (u, @) is

sin
well-defined from NV¥(RYN) to CO([0, T], NVE~1(RN)). In order to complete the proof of statement (iii), it remains
to address the continuity of this map.
Consider initial data (ug, ¢,(1) ) € NVKRN) such that

(3.32)

ud —u® in HX®RY), and ¢?— ¢° in HE (RY), (3.33)
as n — 00. Applying Corollary B.2 provides
sin(@? — ¢°) - 0 in H*RY),
so that by the Sobolev embedding theorem,
sin(¢? — ¢°) — 0 in C)(RY).
Hence, there exists an integer £ such that

¢2 —¢%>¢n in CS(RN).
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In particular, we have

sin(g)) — (=1)*sin(@”) inCP(RY), and cos(¢)) — (—1)*cos(¢?) inCPRY).
Combining (3.33) with the identity

(—=1)*sin(@y) — sin(¢”) = (=1)* sin(@; — ¢°) cos(¢”) + sin(@”) (=) cos(@, — ¢°) — 1),
we are led to

sin(@?) — (=1)*sin(¢® in H*®RY), and Vcos(@?) — (=) Vcos(@”) in H*I(RY).
Similarly, we infer from (3.33) and Lemma B.1 that

pd— p* inCHRY) and Vp)— Ve in HIRY).
Setting

my = (=D pysin(@)), (=) p) cos(gy), uy).
with ,o,? =(1— (ug)z)l/z, we deduce from Lemma B.1 again that

mg —-m® in é’k(RN),

as n — oo.
We now rely on statement (ii7) in Theorem 5. For n large enough, this statement guarantees that the solutions m,,
to (LL) with initial data mg are well-defined on the time interval [0, T'], and that they satisfy the convergences

max. [mn () =m0 iy — 0, (3.34)

as n — oo. By uniqueness, the solutions (u,, ¢,) to (HLL) with initial data (ug, ¢2) are well-defined on [0, T].
Moreover, we have

mu = (=1 py sin(@n), (= 1) py cos(¢n), un ),

where we have set p, := (1 — (u,)?)"/2. Arguing as before, we derive from (3.34) that

up —u  inCY([0, T1, H*"'®RY)), (=Dsin(¢n) — sin(¢) inC°([0, T1, H* ' (RY)),

as well as

(—1)¥cos(¢n) — cos(¢) in C°([0, T], CPRN)),

and

(—=1)*V cos(¢n) — Veos(g) in CO([0, T], H*2(RN)).

Invoking analogues of (3.31) and (3.32), we conclude that
¢n— ¢ inC(0, T], Hf ' (RY)).
This completes the proof of the continuity of the flow map.

We finally turn to the characterization of the maximal time of existence. Due to the previous correspondence
between the solutions to (LL) and (HLL), the maximal time of existence of the solution (u, ¢) to (HLL) is equal to
Tmax- When Tmax < Tmax, formula (3.29) provides the second condition of statement (i7) in Corollary 1. Otherwise,
the maximal time of existence of (u, ¢) is equal to Tpnax, and the condition in Theorem 5 then translates into the first
condition of statement (ii) in Corollary 1. This concludes the proof of this statement, and of Corollary 1. O
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4. The derivation of the Sine-Gordon equation
4.1. Proof of Proposition 3

Set p. :=1— 82U82. With this notation at hand, we can rewrite (HLL,) as

0Ue = pe ADe + Ve - VO, — %108 sin(2;),

4.1
8 ®e = Up — & AUs — § VU, - V(L) — £2U, VO, > — 062U, sin(®,),
while the energy of order ¢ is given by
ELU,, ®,) = Z |V8"‘U 1+ 109U, |2 + pe V0% D o
o (Us, @¢) = P P Pe | 2+ ope |9 sin(Pp) [ 4.2)

Ialll

In view of (4.1), the time derivatives 9, U, and 9, ®, belong to C([0, 71, H*t1(RV)), when the pair (Ug, ;) lies in
CO([0, T, NVKH3(RN)). For 2 < € < k + 1, the energy EX(U,, ®,) is therefore of class C! on [0, T]. In view of (4.1),
its time derivative can be decomposed as

5
[ELUe. )] (1) =) T; ).

j=1
where we set

o .
7 := Z YU, 8;’(,05 Ad, +Vp, -V, — Epe s1n(2d>€)),
|la|=€—1

RN
2
1
=) fpsa @, a“( - —AUS - %VUE (—) — U, VO, ? — 082U, sin2(<I>€)>,
| Z Ps Pe
ERES /—a“Uga“(pg Ad,+Vp, - VO, — 2,05 sm(2<1>8))
|e| (
Iy =0 Z Pe 8)‘6"(sin(<l>5))x
lerl=t =15y
o & g2 1 2 2 2 .2
x 9° <cos(<I>5) (U — = AU, — = VU, - v(—) — 20U, VD, |? — 082U, sin (q>€))),
Pe 2 Pe
and
S = —g? Z /Ug 3 Us) |va“q> 1> — |V8°‘U8|2+0|3°‘s1n(<1> )|2)
|oe|=0— 1

In order to establish (28), we now bound all these quantities. For the sake of simplicity, we drop, here as in the sequel,
the dependence on ¢ € [0, T].

We first collect the estimates for the functions U,, ®, and p; that we are using for controlling the quantities Z;.
Concerning the function p,, we infer from (27) and direct computations the uniform estimates

o=t Ve lie <2670 s VU, and [V ()], <8I0 IV UL, 4)

N =

as well as

1
1% pelloe + (- )| = IV VeI + 1V 11147 U 1) (44
&
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Here as in the sequel, the notation d° f stands for the second differential of the function £, while C refers to a positive
number, possibly different from line to line, and depending on k and N, but not on ¢ and o. Applying Lemma B.1
with F(x) =1 — x, and using (27), we also get

192 pell 2 < Ce21Uellzoe 1Uel . @.5)

for any 1 < |a|=m <k + 1. Similarly, we can find a smooth function G € C°(R), with G(x) = 1/(1 — x) for
|x] <1/2, so that, by (27), 1/ps = G(eU;). Applying again Lemma B.1, we are led to

1
ag(g) HLZ =< CSZHUs“LOO ”UE”Hma (46)

forany | <|o|=m <k+ 1.
Coming back to the definition of z’g“, we deduce from (4.2) that

1 1
182 Uell 2 < 25T 2, e]82 VU, |2 < (22512, .7
as well as
1 1
o2 182 sin(®,)[l,2 <2(ZET1)2, and |39V, )2 <2(2E)2, (4.8)

for any 0 < || < k. It then follows from Corollary B.3 that

. 1 . 1
min {02, 1}|13%V cos(®e)ll 2 < C(Ilsin(@e)ll oo + |V Pl o) (Z5H1)2, 4.9)

when 0 < |a| <k.
We first estimate the quantity Zs. In view of (4.3), we have

|Zs| < 4e*| Ui~ 113, Uell L EL.
Since
18 Uell oo < |A® || oo + 26| Us |l o [V U || o | V@l oo + o || sin(De) [l oo,
by (4.1) and (4.3), this is bounded by
|Zs| < 8| Usllzoe (1Al + e2(|Ue Lo VUl oo [V ®e o + o || sin(®) [ ) TEFL. (4.10)

We next split the quantity Z; as

3
- Zzl,mv
m=1

with

Tin= Y, /a Us (0 98 AD, + Vs - 34V D, + 3V p, - VD),
lel=t—1p

o o
Tipi= Y /a“Ug( < >afp€ W PAD + > ( )afws.ag—ﬂvq%),
1<prze1 VP 1<ppze—a P

lo|=— 1
p<a =
o .
Ti3:=— 5 Z U, 8)‘?‘(,08 sm(2CI>8)).
lor|=¢—1

RN
The quantity Z; ; contains the higher order derivatives. It cannot be estimated according to (28) without taking into
account cancellations with the similar parts Z, | and Z3 1 of the quantities Z,, respectively Z3. Hence, we postpone

the analysis of Z; 1, and first deal with Z; 5. Indeed, we can bound directly this term by combining the estimates in
Lemma B.1 and Corollary B.1 with (4.3), (4.4) and (4.5) in order to get
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[ Zi2] < CNUel et (19 el 1V el e + 1> @l 1V e | e + 1l pell oo IV el e-2).
(4.11)
< Ce (Ve (IVUell + 142 e + 1d2Us 1) + I VU I ) L.

We next control Z; 3 by taking advantage of a cancellation with the quantity Z4. As before, we decompose this
quantity as

3
Iy = 214,;11,
m=1
with
Tyi=0 Y fpg 3% (sin(®,)) 9% (cos(®)Us),
ol =1
Tyi=—o0s® Y /pg (sin(®,)) 0 ( AU, cos(®, ))
=1
1
Tisi=—o0e® Y /a“ (sin(®;)) (cos((bg)(VUg-V<2—>+U8|V<I>g|2+aU8sin2(d>8))).
Pe
jo=t—1 55

Applying the Leibniz rule, we observe that

Tis+Tai=0 ». > (Z)/(pg @ (sin(®,)) 9 (cos(®)) 3% P U,
RN

loe]=€—11<|B|<t—1
B=a

— 92U, 057 (sin(@0)) 8f (o cos(®,)) ).

Hence, we deduce from (4.3), (4.5), (4.7), (4.8) and (4.9), as well as from Corollary B.1, that
Ti3+Taa| < CG(II sin(®e) || gre—1 (I1V cos(®e) | oo |Ue || gre—2 + || cos(Pe) || gye—1 [1Ue || <)
+ 1Uell e (II sin(@e) [ ge—2 (1 VpellLoe + 1V cos(@e)ll L) 4 [ sin(Pe) | oo (Il oe | e
+ 11cos(Pe) | o1 + Se2llV pellLoe [ cOS(Pe) || gre—2 + Sex2 |V cos(Pe) || oo IIpsllm_z)>) (4.12)

< Cmax {o, 1}((|I sin(@e)llzoe + VPl zo0) (Il sin(@e)llzoe + U 10

+ 2 Uell (IVUellzow + 1 5in @l 222) (1 + [ sin(@e)ll oo [V ) ) ZEH.

Note that this estimate is the only one, which contains terms without multiplicative factor €.
Estimating 74 3 is also direct. In view of (4.3), (4.6), (4.7) and (4.8), we notice that

1 f+1Y 2
V09 ()]s = Colein 19Ul (2

1
| U V@] et < C(I1UENI oo VDl + [V De 7o) (ZET1)2,
and
1
o3 | U sin(@)?| et < C(IUell I sin(@p)ll L + 02 [ sin(®,)[1F0) (ZEH1)2.
Using (4.9), we are led to
[Zas| = Cmax {1, 03} & (ellUellz [VUe 1 + (I 5in(@e) | + [V Pello) x

(4.13)
X (Ve + 1 5in(@e) 1 + IV Delle + 1Uellzo IV Deloe + &2 1Uell IV UelFc) ) SEH.
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Concerning 74 », we use a further cancellation with the quantity Z3. Set

with

Ty =6 ) /—a“Ug (Vps VD, +04Vp, VO + Y <2>8fp58§‘ﬁAd>s>,

o=t g 0<|l<I
p<a
o o
T3p=e> ) /—8“U8< <'B>3fpg W PAD + > (ﬂ)afvpg-agﬂvq>8),
o=t 2<|p|<t 1<|pl<e—1
p=a B<a
T33:=—o0¢&’ Z f—a“vus 3¢V (pe sin(®;) cos(®y)).
lo|=— 1

The identity

1 1 1
— AU, cos(®,) =div (— VU, cos(dbg)) - V(— cos(CDE)) -VU,,
0

& & &

provides

I42—O’8 Z f( s1n(<I> )))( (iVUECOS(CDE))>

Ia\ll

— pe 0% (sin(Py)) ( (VUE . V(écos(@ﬁ))),

after integrating by parts. Hence, we have

I33+I42—J82 Z /(8“ sm(CDE))

lal=t—1gy

X (Vpg . 83(% VU, cos(cbg)) — pe Y (VUE . V(pi cos(@s)))>

b (ngaf(piC"S(‘I’e))aﬁé‘V(sin(@g))'ag—ﬂwe

1<|Bl<t—1
B=a

_ 1 3% (ps cos(®,)) 32 VU, - ag—ﬂv(sin(q>6))>>.

&

A further integration by parts then transforms the third line of this identity into
B 1 o . a—p
pe O (p— cos(cbg)) 0%V (sin(®,)) - ° vug)
&
RN

1 1
- / 8% (sin(®;)) <af(— Cos(tbg)) Ve - 0 EVU, + pe afv(- cos(CDg)> N TRAIA
\ Pe Pe
R

1
+ pe P (p— cos(<I>g)) a;‘—ﬂAus)
&

1925
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In order to bound these various terms, we first infer from (4.3) and (4.4) that
[9(es cos@o)| .+ [9(5- cos(@) | = CEIUelLn VU + sin@0ls 190, 11).

and

1 .
|4°(- cos@) | = C(Nsin@olis 1@l + Vel
&

+ 2 (Ul 142U e + (1 + €2 UelF0) IV Ue ) ).

Similarly, if follows from (4.5), (4.6), (4.7) and (4.9) that

1 1
| oe cos(®e) | e + ‘ P et ‘ 0

1 ) ,
T} (IIsin(@) [ oo + VD, [l o0 + el|Up [l 1o ) (SET)2.

SCmax{l,
o2

Hence, we derive as before that

[ Ts.3+ Tao| =Cmax {1, 0 e (e IVUITw (1 + 21 UelF) + (I5in(@0) 1 + [V Pe 10 x
X (IV®ellzoe + el VUell o + el VDell e + elld*Usl|oe + elld? el )

5 5 3 “4.14)
+ &2 Usll (IVUs Lo + IV ®e iz + elld?Uslloe) + & | Usll oo |V U | oo x
x (IIsin(@e)ll oo + IV Pell 1) (IVUe I + ||Vd>s||Loo)) s+
Coming back to 73 2, a simple computation shows that
| Z5.2| < Ce*(ell VU130 + ellUe ll oo | D*Upll oo 41U || oo | D> gl o0 ) BETL (4.15)

It then remains to split the quantity 7, as

3
Iz=212,m,
1
Thy:= Y /,083 @, (80‘U5—82 3 ( ) (E)B;‘_ﬂAUg

lo|=€p 0<|B8l=<1
f<a
g? 1 1 5
——(v( ) va“Ungva“( )-VUE+2UE-8§(|V<D£| )))
2 Pe Pe
|
Thpi=—e> Y /,058 @, ( ( )8}?(—)8)‘2‘_‘3AU8
lal=t g P Pe
B=a

1 o— o .
ty (ﬁ)vaﬁ( ) vortu.+ Y <ﬁ>ansax ﬁ(|V<1>g|2>>,

1<|pl<t-1 1<|pl<t
< p<a
T3 :=—o0&” Z fpg 3¢ D, 3% (U, sin®(dy)).

lo|=Cpy
We can derive as before the inequality

1To2| < Ce(IVe N0 + 2| Uell oo 1A% Uplloe + €2 VUg 17) SEF. (4.16)
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Using the inequality
[ sin(@e)? ] ;0 =2 sin @) cos(®e) Vebe | o1 = C(Isin(@e)llzoe 10l ¢
F V@l zoo (I sin(De) || ye-1 + I sin(Pe) | oo | COS(CDS)IIngl)),
we also compute

1 . .
[Z23] = € max{o, o7} e (Isin(@e) o + (1 Ue 11 I 5in(@) | + Vel Ve
(4.17)

Ul Ve ) ) S5,

At this stage, we are left with the quantity ‘H :=7; 1 +Z» 1 + 73,1, which contains the higher order derivatives. We
again control this quantity by integrating by parts in order to make clear the cancellations between the different terms.
More precisely, we collect the terms of H as

7
H=> Hp:= / > (05Ue (pe 0 MG + V- VOE D) + p 07V, - IV U, )

m=1 RN la|=€—1
+e2/ > (a;‘Acbg U, — 9y e 8;‘AU8) —52/ D e Ue 98D 92 (IV D)
B lal=t oy lal=t

1
+82/ > p—a;‘Uga;‘vpg.vq%Jr/ > U0V, - VO,

g lal=t € gy lal=t-1
Voe /1 1
+82[ 3 ( Pe -(—a;;'cbg 8°VU, + 82U, 8;‘V<I>g> _ P g, a;'v(—) -VU8>
=t Pe 2 2 Pe
o =
8
w2 [ YN M(a“_ﬁAU 3D, + U, a“—ﬁAcb)
ps X & Yx & x Y& Yx e J-
o lel= =)

Integrating by parts directly provides

Hi=H,=0.
We next write H3 as
s 282/ 3 0 Up 020 <2aqu>8 VD, — ag(|vq>£|2)) - 282/ 3" e U890, 80V D, - V.
p lal=¢ gy lal=¢

Applying the Leibniz formula and using Corollary B.1, we first check that
209V, - VO, — 8% (IVD [P |2 < Clld* el [|Del e

when || = £. Hence, we derive from (4.3) and (4.8) that

¢ f > peUs 020, (2a;;‘wbg Vb, — a,?(|vcl>a|2>)‘ < Ce?| Ul |d* @ |l Lo 25T
gy lal=t

On the other hand, an integration by parts yields
—282/ > e U 38D, 09V D, - Vb, =82/ > div (pe Us VO ) 37 D, |2,
Ry lal=t RN lel=t
so that we finally obtain

[Hal = Ce(1Ue o 12 @elle + (1+ €2 UelF o) IV Ue i [V o0 ) BEH. (4.18)
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We argue similarly for the term H4, which we decompose as

U, U
7—[4=s2/ > = 8chg.(angg+2s2Uga§VUg)—2s4/ D U VU, - VD,
oy lai=t P* g o=t 7°

Since
|09V pe + 262U 92 VU | > < Ce* VU, || oo 1Us |l e,

when || = £, and

U U VO

284/ Y = aeu, a§VUg~vq>€=—s4/ 3 div (g) (32U),
Pe Pe

la|=¢

RN RN 1=t

we have
[#a| = Ce? (Vs 142 @l + (14 €2 UelFo0) IV Vel 2w |V @l ) EH. (4.19)
We identically estimate the term Hs so as to get
[Hs| < Ce*(I1Us Nl oo 1d> @l oo + |V U |l oo |V Dell o) EETL (4.20)
We now turn to the term Hg. We recall that
v(i) _ 262 ngvus'
Pe pg

Hence, we can write Hg as

v
H6=e2f Z( pg-(anEBfVUE+8?U58fV®s)
Pe

g lel=t

U, 0¢VU U, VU,
+82p€33®gVUs'(%—8§( spz g))
&

Pe
We can integrate by parts the first line of this identity in order to obtain

82/2

oy lal=t

Pe . (agcbg 0*VU, +8%U, agvcbg) = —82/ 3 div(

v v
p£> 8@, 8% U,.
Pe oy lai=¢ Pe

Combining this formula with the estimate

e ]
p? T\ p2

we are led to the bound

12 = C(+ 21Ul 7o) IV Uellos 1Uell e

[Ho| = Co* (1 +E21Ue ) IV Ue o + 1Ue 2 142U 1) BE (4.21)

We finally address the term H7. A first integration by parts gives

B
9
H7:_82/ >y (x—pg (3¢ PVU, - 39V, +32VU, - 32 PV d,)

&
N la|=t|B]=1
R B«

af Pe
Pe

+ v( ) (0%PVU, 99D, + 8°U, ag—ﬂwbg)).
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Integrating by parts once again the first line provides

N
7'[7282/ o (a;f(%g) I FVU, - 90 PV,

la|=¢ |B]=1
RN B

<a
axﬁps
- v(—) (09 PVU, 99D, + 0% Uy ag—ﬂvq>€)>.
Pe
In view of (4.4), (4.5), (4.7) and (4.8), this can be controlled by

[#7] < €& ((1+ 2NV IF) 1V Ue e + Ul 22w 142U ) B (4.22)

We finally put together all the estimates from (4.10) to (4.22). The estimate in (28) then follows from the bounds
1 .
ellUsllLe = 7 and || sin(Pg) |l <1,
and the inequality 2ab < a* 4 b®. This concludes the proof of Proposition 3. O
4.2. Proof of Corollary 2

Consider first an initial condition (U, S, CI>2) e NVH4@RN) such that (29) holds for some positive number C to be
fixed later. In view of Corollary 1, there exists a maximal time of existence Tpax, and a unique solution (U, ®,) €
CY([0, Trmax), N VK3 (RN)) to (HLL,) with initial datum (U 2 , @2), which satisfies all the statements in Corollary 1.

Invoking the Sobolev embedding theorem, we can find a positive number K, depending only on k and N, such
that
K - 1
Ce V2
when C, > v/2K 1. Setting pg :=1— 82U€2 as before, we derive from the continuity of the solution in VE=I(RN) that
the condition (27) in Proposition 3 is fulfilled for any time small enough. Hence, the quantity z’g“ is well-defined,
and the stopping time

e U] oo < e KA U7 | e <

1
T, := sup [z €10, Tinax) : 5 < il]gN e (x, 7) and TXF1 (1) < 255+1(0) for any 7 € [0, z]], (4.23)
Xe

is positive.
Moreover, the quantity E’;“ is of class C! on [0, T}), and there exists a positive number K;, depending only on o,
k and N, such that

(S5 0 = Ko 2@ (Isin(@e () + UG 0 + IV D0 + IVUC DI
120, () + 2 1d2Ue (Dl + 8 [T P () [ (IV DDl + VU D)),

forany 0 <t < T,. Since k + 1 > N /2 + 2, we can again invoke the Sobolev embedding theorem and use the bounds
in (27), (4.7) and (4.8) in order to find a further number K3, depending only on o, k and N, such that
Isin(®e (- )1 Foe + 1Ue ()70 + 1V Pe -, D10
VU D70 + 1d*@e (D)0 + 21d°Us (-, DI Ee < K3ZEH ).

(4.24)
This gives
1
[EISC—H]/(I‘) < K>K3 (E’g+l(t)2 + 8K32 Elg+l(t)%),
for any 0 <t < T,. Coming back to (4.23), we next simplify this inequality as

[2517 (1) < KoK (1 + (262K; E’;H(O))%> sk ()2,
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In view of (27) and (29), there also exists a number K4, depending only on o, k and N, such that

262K T4 (0) < 2K K452(H U\ i + | VU] i + | VY i + | sin(@d)]| Hk)z <1, (4.25)
when C, > 2K3K,4. We conclude that

[Z1) (1) < 2K2 K3 S ()2,

At this stage, we set
T. = ;
4K K33 (0)

and we deduce from the previous inequality that

ENO o),
1 — 2K, K335 (0)r
when we additionally assume that ¢ < T;. In view of (4.24) and (4.25), we also have

(4.26)

) <

1
el G, D)l < eK3 BEF1(0)? < %
so that
inf pe(e.)> 1.
xeRN 2

Finally, we derive as before from the Sobolev embedding theorem that

t
[(
0
In view of the characterization for the maximal time Tp,.x in Corollary 1, this guarantees that the stopping time T is

at least equal to T,. We finally derive from (27), (4.7) and (4.8) the existence of a number K5, depending only on o,
k and N, such that

U0 e + €| VUG D || e + [ VO | i + | sin(@e ) | e
< K5k (n} <Ks(25541(0))?
<K s (J00l e+ #1900+ 902 e+ [sinc@D] ).

2 Ke

VU, (,s)
2K> K3 =

+00

LOO

t
1 2
ol ||pg(-,s)ZV<I>s(-,s>||Lw>ds < K6/ it (s)ds <
pE("s)z 0

In view of (4.26), we similarly obtain

1
T: > . 2"
4K K3 Ka (U2l i + el VUL i + IV D] i + || sin(D) | )

It then remains to suppose additionally that the number C, satisfies the conditions Cy > (2K4)%K5 and C, >
4K, K3 K4 in order to complete the proof of Corollary 2 when (US, (Dg) e NVFHRN).

We finally rely on the continuity of the flow with respect to the initial datum in Corollary 1 in order to extend
Corollary 2 to any arbitrary initial conditions (UB, @2) e NVK2(RN) by a density argument. [

4.3. Proof of Lemma 1

When (U, ®%) ¢ H*@RY) x H, k+1 (RM), it follows from Theorem 4 that there exists a maximal time of exis-

sin
tence Tmax, and a unique solution (U, ®) € CO([0, Tmax), H*(RY) x HATH(RN)) to (SGS) for this initial datum, with
(3,U, 3®) € CO([0, Tmax), H*'(RY) x H¥(RN)). In this case, the functions ¢ > E{;(U(-, 1), (-, 1)) are well-
defined and of class C! on [0, Tmax) for any 1 < £ < k. Moreover, we deduce from (SGS), an integration by parts and
the Leibniz formula that
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le|=¢—1 B£0

B=a

[ESU. (=0 Y Z(Z)/afcos(cb(x,t)) (ag*ﬂU(x,t)agsin(qn(x,t))
N

30U (032 sin(@(x, 1)) dx,

for any ¢ € [0, Tnax)- In particular, the Sine-Gordon energy EéG = Egg is conserved along the flow. When ¢ > 2, we
can invoke Corollaries B.1 and B.3 in order to check that

(5. @) 0) = A(IUC DI + IVOC, D F + 1 sin(@C, 1)) x

x (IESG(U, @)1() + [ESG W, )10)).

Here as in the sequel, the positive number A depends only on o, k and N. Using the Sobolev embedding theorem, we
conclude that the quantity 2]§G = le: 1 EéG satisfies the inequality

[ZE6 (U, @)1 (1) < A[SEG (U, ®)1(1)%,
for any ¢ € [0, Tinax). In particular, we have
TG (U, ®)(1) <235 (U, ©)(0),

whent <T,:=1/2A EgG(U, ®)(0)). In view of statements (i) and (iii) in Theorem 4, we infer that T, < Tpax, and
we also obtain the existence of a positive number A,, depending only on o, k and N, such that the solution (U, ®)
satisfies the statements in Lemma 1 for the number 7.

In order to conclude the proof of Lemma 1, we finally invoke the continuity of the flow with respect to the initial
datum in Theorem 4 in order to extend Lemma | to the solutions (U, ®) to (SGS) corresponding to any arbitrary

initial conditions (U?, ®%) € H¥—1(RN) x Hskin(RN ) by a density argument. O

4.4. Proof of Proposition 4

When (U2, ®%) e NVFF2(RV), the pair (U, ;) lies in CO([0, T], NVFFI(RN)), so that the quantity e (T) is
well-defined. Moreover, it follows from the Sobolev embedding theorem that

max (U (Dl HIVUs () [ + el dUs (1)l
te[0,T] 4.27)
118in(@e (D)l + 1VPs (Dl + [420e (D)l ) < Co(T).

Here as in the sequel, the positive number C depends only on o, k and N. Combining this inequality with the Moser
estimates in Lemma B.1 and Corollary B.3, we are led to

max [[RY (-, )l ger < CKo(T)? (1 + Ke(T)). (4.28)
t€[0,T]

Similarly, we derive
max. IRZ (-, )l e < CK(T) (1 + (1 + 5K (T)?). (4.29)
tel0,

Here, we have also used (4.5) and (4.6), which remain available due to condition (36). With these estimates at hand,
we are in position to establish the three statements of Proposition 4.

Step 1. Proof of (37).
In view of statement (iv) in Corollary 1, and Theorem 4, the functions ®, and ® are in c([o, 11, Cbg + L2(RNY),

respectively CO([0, T], ®° + LZ(R™)). Since CDS — @Y e L2(RV), the function ¢, belongs to C°([0, T'], LZ(RM)).
Moreover, we can write the Duhamel formula corresponding to (34) in order to obtain the identity
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sin((t — s)D) y

t
e (-, 1) =cos(tD) <p2 + w v2+/ <82 cos((t — s)D)R;I’(-, s)+ D

0
X (82R£J(~, $) — o sin (e (-, 5)) cos (e (-, 5) + D, s)))> as.

for any ¢ € [0, T']. Here, we have set D = «/—A as before. In view of (4.28) and (4.29), this provides

t
e Ol 2 <N2ll 2+ Celvl]l 2 +c/<r — ) lge -, $) | 2 ds
0

+ CE2 K (Tt (14 (1 + > + DK (T)? + 1K (T)°).
Set X (1) := g2l .2 + C [yt — ) @e (-, )l 2 ds, and F(t) := Ct[[v0]| 12 + Ce2Ke (Tt (1 4 (1 + €% + 1)Ko (T)? +
ths(T)3). The function X is of class CZ on [0, T], and it satisfies
X"(1) =Cllgs(-,Dll2 < C(X (1) + F (1)),

for any ¢ € [0, T']. Since X (0) = ||<p2|| 12 and X’(0) = 0, integrating this differential inequality yields
t
X (1) < 192112 cosh (VCr) +\/Ef F(s) sinh (VC(t — s)) ds,
0
so that
t
lpe . )12 < ll@2ll 2 cosh (VCr) + F (1) +«/E/ F(s) sinh (VC(t — s)) ds.
0

Estimate (37) then follows from the identities
t
C/s sinh (x/E(t — s)) ds = sinh(\/Et) — \/Et,
0
and

1
CJE/ s2 sinh (v/C(t — 5)) ds = 2 cosh(+/Cr) — 2 — C1?.

0

Step 2. Proof of (38).

Assume first that (U, ®°) ¢ H'(RY) x HZ (RV). In this case, the pair (3,U, 8,®) lie in CO(R, LZ(RV) x

sin
H'(R")) by Theorem 3. Since (3 U, 3; ;) belongs to C°([0, T, H*(RY)?) when (U?, ®%) e NVFT2RY), it fol-
lows that the energy (’EéG in (35) is of class C L on [0, T']. Moreover, we have

(el () =0 f ve (x, 1) sin(ge (x, 1)) (cos(%(x, 1)) — cos (®e(x, 1) + D(x, t))) dx
RN
+82/ (RY (x, ) ve(x, 1) + VRE (x,1) - Vg (x, 1) + 0 sin(gs (x, 1)) cos(ge (x, 1)) RY (x, 1)) dx,
RN

for any ¢ € [0, T']. We bound the first integral in this identity by
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o f Ve (x, 1) sin(@e(x, 1)) (cos(tpg(x, 1)) —cos(Pg(x, 1) + P(x, t))) dx < 20%QE§G(I),
RN

whereas the second integral is controlled by
&? / (RY (x, 1) ve (x, )+ VRS (x, 1) - Voo (x, 1) + 0 sin(@e (x, 1)) cos(ge (x, 1)) R (x, 1)) dx
RN
et U @ 2 @ 2
<Qfsg(t)+ (IIR O+ IVREC DI + o IRE ¢ DI172).
We then deduce from the Gronwall lemma that
E6(1) < c(eéG(O) +’34,é?§"%] (IR ¢, 0l172 + o IREC D72 + IVREC, z)niz)) e

When N >2,0or N =1 and k > N/2 + 2, we can control uniformly with respect to ¢ the right-hand side of this
inequality by (4.28) and (4.29). This leads to the bound in (38) when (U°, %) € H'(RY) x H2 (RY). We then
complete the proof of (38) by a standard density argument.

Step 3. Proof of (39).

Let2 < £ <k —2. Since the pair (0;v,, 9;¢.) belongs to CY([0, T1, H*1(R¥)?2), we can differentiate the quantities
GéG in (35) and invoke (34) in order to obtain

[ ] ) =0 Z / 3 sin(e,) 9y (vg cos((pg)) — 97, Ba(sm((pg) cos(d, + CD)))(x t)dx
|la|=C— ]
(4.30)

&2 Z / a”vga“RU+a“V<pg ICVRY + 09 sin(g.) 9% (cos(ge) R ))(x dx,
lor|=€—15

after an integration by parts. In order to bound the various terms in the right-hand side of this identity, we first apply
the Sobolev embedding theorem in order to get the bound

max (0G0l 4+ i@, D)z + IVEC.)l10) < Coe (7).
Combining (4.27) with Corollary B.3, this gives
[ cos(®e (-, 1) £ D D) || e §C(|| Sin(® (1) £ P D)|| oo | VR 1) EVOC 1) | e
+ [V 1) £ VO, 1) o || sin(De (-, 1) £ B, 1)) | m—Z)

<Cie(T)%.

Setting GF—2 := ]E;% (‘EgG and assuming that k > N /2 + 3, we also derive from the Sobolev embedding theorem
that

” UE(" t)” L + || Sin(@e('v t))” Lo® + ” V(pé‘('s t) HLOO = CGk_z(t)%

As a consequence of Lemma B.1, we are led to the following estimate of the integrals in the first line of (4.30)

‘ / (ag sin(ge) 0% (ve cos(pe)) — 9%, 9 (sin(pe) cos(d>8+d>))>(x,t)dx

<C(14x:(T)%) &2 (1).
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Concerning the second line, we similarly check that

(a;;‘vg 0%RY + 9%V, - 9%VRS + 0:0% sin(p,) 0% (cos(ge) RS))(x, 1) dx

RN
sc(es O+ (IR O y + IVRE o0y + ke (MRS (L D17 + IR CL O )
Using (4.28), (4.29) and the Sobolev embedding theorem, we finally obtain
[e66] ) = C((1+x(MHS20) + 8k (1)1 + e (1) + e (D (1 4+ K (T))) ).
In view of Step 2, this inequality also holds for £ = 1. Hence, we have
[6572] (1) <C (1 + ke (1)) & 2(1)
+ Cetiee (1) (14 ke (D + 84 (1) (14 ke (T))).

Estimate (39) is then a direct consequence of the Gronwall lemma. This concludes the proof of Proposition 4. O
5. The derivation of the wave equation

Our aim is now to prove Theorem 2, which shows that the dynamics of the Landau-Lifshitz equation can be approx-
imated by the free wave equation as &, 0 — 0. This relies on arguments and estimates similar to the ones developed
in the previous sections, with some modifications so as to take into account the smallness of the parameter o .

First, we could use Proposition 3 in order to control higher order derivatives. However, if o is small, we can obtain
better estimates by considering the energy of order k > 2

Sk 1 2|V3 Ue,o|? " 2 2772 o 2
E (Usaa sa) —_ Z —2U2+|8xU€,U| +(1_5 Uggo’)lvax q>s,a| )
\al k— 1 &0

Setting E! := E¢ (U5, ®¢0), and
k= Zig, (5.1)

for k > 1, we are led to the following estimates.

Proposition 5.1. Let ¢ < 1 and o be fixed positive numbers, and k € N, with k > N/2 + 1. Consider a solution
WU, Peo) to (HLL,), with (Ug 5, e o) € CO([O, T1, NVk+3(RN))for a fixed positive number T, and assume that

1
inf 1—¢*U2, > ~. (5.2)
RN x[0,T] ' 2

There exists a positive number C, depending only on k and N, such that

[Ef] @) < cEiH! (r)(snvcbe,gc, Dl +€NUeo G D100
(5.3)
+ 1% Ue o (D + 0 (14 [V 0 (- 0E) ),

foranyt €[0,T], andany?2 <{¢ <k + 1.

Proof. We proceed as in the proof of Proposition 3 and keep the same notation, for which we have

[Eﬁ]’(t) =T+ + 15 +1s,
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where fs is equal to Zs without the last term o |0 sin(®€)|2. Using (5.2), the inequality 2ab < a? + b2, and the fact
that 0 < ¢ < 1, we deduce from the proof of Proposition 3 that

i+ Tio+Toa+ Do+ T31 + Tsp + Is| < c(enwbg,a 310 + €U 3100 + € 11d* U, ||%oo) st

In order to estimate the remaining terms, we rely on Corollary B.2. In view of Corollary B.1, we obtain

1T23] = Co (11pews e 1SIQPe ) et + e e l5in @ o)l 220) (571)2
= Co (14 1V @0 152 + 21 Ueo el sin(@e o)l ) T,
Proceeding in a similar way, we also get
|To3| + |Z5.3]| < Ceo (1+ Vel ) EETL
This completes the proof of (5.3). O
In order to state the consequences of Proposition 5.1, we introduce the quantity

Koo 1) = [Us.o o0 g + 6| VU (o0 | i + |V Beo (D) i + 02 | sin(@eo (-, 0) | -

Corollary 5.1. Let ¢ < 1 and o be fixed positive numbers, and k € N, with k > N /2 + 1. There exists a number A, > 1
such that, if an initial condition (Ug o Cbg ) EN VE+2(RN) satisfies
Aele s (0) <1,
then there exists a positive time
1

Teo >
9 _ k b
)max{2, 3}

A, max{o, s}(l + f)lgﬁ'l )

such that the maximal time of existence of the solution (U; o, ®¢,») to (HLL,) with initial condition (Uga, <I>g,(,) is
greater than T, . Moreover, we have

V26||Ue.o (D)l 1o < 1,

and

Keo(t) < AxKe,5(0),
foranyt €0, Ty 5]

Proof. The proof follows the same lines as the proof of Corollary 2. Indeed, the same arguments show that the
stopping time

T.:=sup {t €10, Tmax) : % = xiergN Pe.o(x, 1) and TE! (1) <255F1(0) forany T € [0, t]},
is positive, and that there exist two positive numbers K and K>, depending only on k and N, such that
K1 E51(0) < Koo (0% < K2 545410, 5.
Since i); is constant in time, we infer from Proposition 5.1 and (5.1) that the following differential inequality holds
[E51) (1) < K3 max {o, e} 51 (1) (1 4 S 4 ilg+l(t)§)’

for any ¢ € [0, T*) and a further positive number K3. In view of the definition of T* and the fact that k > 2, we can
enlarge K3 such that

)

p k
[5517 (1) < K3 max {o, £} 5+ (1) (1 n i’;*l(O))de{z’z}
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for any ¢ € [0, T*). Setting

In(2)
T o =

~ P ky?
K3maxo, e}(1 + 5+ (0)) ™)
we conclude as in Corollary 2 that f* > T¢.». Bearing in mind (5.4), the other statements follow also as in Corol-
lary 2. O

We now conclude the

Proof of Theorem 2. The proof is simpler than the one of Theorem 1. Let T; , be the time given by Corollary 5.1,
and fix T € [0, T; & ]. Setting v; o 1= Ug o — U and ¢, o := P, » — P, we derive from (HLL,) and (FW) that

Veo = Apeg — % sin(2®; 5) + SQREU,
(5.5)
at(ps,a = Vg0 +82R§>a

with Rg and R;D as in (32) and (33). We next deduce from Corollary 5.1 and the Sobolev embedding theorem that
max ([Ueo G0 ot [VUeo €0 o+ e|dUsio 0 o+ [ V00 0] ) S CReo @, (56)

where C refers, here and in the sequel, to a positive number depending only on N and k.
Let 0 <m <k — 2. We have

1 .
o2 max |[sin2®eo (1) 2 < Keo (0), (5.7)
1€[0,T]
and we infer from (5.6), Lemma B.1 and Corollary B.2 that
max [|5in@®e 00 0 < C(Keio ) + Ko ), (58)
forany 1 < £ <m, and
max. IRE .||y = C (Koo (0) + K0 (0)) + 0K 0 (0)"F). (5.9)

Similarly, we have

max [|RY (0] 2 = C(0Ke.0(0)” + Ke 0 (0)),

and

max IRV (.0 gt < C(0Keo (0 + Ke o (0)° + 0 Ke o (0)F),

for 2 < £ < m. Therefore, using the embedding L*(RN) into H~'(RN) if m = 0, we conclude that

max. IRY C.0)|| jyr < C (0K, (00 + K0 (0) + 0K (0)"F1). (5.10)

In view of (5.5), the Duhamel formulation is given by

Ve, (-, 1) =cos(tD)vY , — Dsin(tD)g? ,
t

+/ (cos((r —)D)(e2RY (- 5) - %sin (2®c.0(.))) = e3sin((t — HD)DRE (. s)) ds,
0

sintD) |
D vs,a

Qe (1) = cos(t D), +

t
+/ (M(SZRQ(-, $) = 2 5in (20,5 (-,)) ) + e2cos(t — HDIRY (- s)) ds,
D 2
0
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for any ¢ € [0, T']. Therefore, we are led to

e Co )l gm=t + 1.0 Co Dl = C(1+2) (02 ggner + Nl
(5.11)
+ max (osin@®e o (. )lmt +2IRY C.5)lgnor + 2 IREC)llam)).

Thus, the estimate (16) follows from (5.7), (5.8), (5.9) and (5.10).

For 1 < ¢ < m, the estimate in the homogeneous Sobolev spaces is similar to (5.11). We only replace the norms
H™ and H™! by HY and H'"!, and the term 1 + 2 by 1 4+ ¢ in (5.11). Then, the estimate (17) follows as before
using (5.8) instead of (5.7). O
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Appendix A. Properties of the sets HX (RY)

In this first appendix, we collect some useful properties of the sets Hskin(RN ). In particular, we underline the
reasons why the Cauchy problem for the Sine-Gordon equation in the product set Hskin RN x H*=1(RN) cannot be
immediately reduced to the usual Sobolev framework.

Let k € N* be fixed. Recall first that the set Hskin(]RN ) is not a vector space. Indeed, the constant function 7 belongs
to this set, but not the function 77 /2. On the other hand, it is an additive group due to the trigonometric identities

sin(—¢) = —sin(¢), and sin(¢; + ¢) = sin(¢y) cos(P2) + sin(¢h) cos(¢y).

Since any function in the space H k(RN) belongs to H, k (RM), we infer that

s

®RN) c HE ®RN). (A.1)

sin

H*@®RY) + HY

sin
Concerning the topological structure of the set Hskin (RM), we identify this set with the quotient group Hskn RN /77,

1
and we endow it with the metric structure provided by the distance dfin in (5).

In many places, we do not work with the distance dskin, but instead with the quantity

1
— gk : 2 2 2
16111 = dba(@.0) = (I sin@)I2> + 1V ).
This is an abuse of notation since this quantity is not a norm. However, we have the classical identity
k
db (@1, 82) = 11 — 2l e
so that the quantity ||@|| 4« satisfies the triangle inequality. Note also the useful estimate
s
Pl e =< Nl aes (A2)

when ¢ € H*(RN).
Coming back to (A.1), we provide a decomposition of any function ¢ € Hskin
¢ € H*RN) and f € HX(RV).

sin

(RN) as a sum ¢ = f + ¢, with
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Lemma A.1. Given any function ¢ € Hskin (RN), there exist two functions f € HS‘i’ﬁ (RM) and peH K(RNY such that
p=f+e

loll e < V20Vl i1,
and
1/ e < Al@ll s
for any £ > 1. The positive number A in this inequality only depends on k and .
Proof. Consider a function x € C° (RM), with supp ¥ € B(0, 2), and such that
X¥=1onB(0,1), and 0<¥<I.
Set
f=%x¢. and §=(1-%)9
so that ¢ = f + ¢. By the Plancherel theorem, the function ¢ is in H*(R"), and it satisfies

lelliz2 < IV@ll2,  and Vel gt < VO it

Concerning the function f, we check that

IIsin( )2 = lIsin(p —@)lIz2 < I sin(P)ll 2 + ll@llz2 < [Isin(@)lI 2 + [Vl 2,

and we also compute
—1, ~ = —_
IV 1130 sAf(1+|s|2) IXREPIVOE)Pde < A V|2, O
]RN

This decomposition is enough to establish the density of smooth functions.

Lemma A.2. Given any function ¢ € H;‘in(RN), there exist functions ¢, € Hg;’(RN), with ¢, — ¢ € LEZ(RN), such
that

l¢n — &Il gx — 0, (A3)

as n — oo. In particular, we have

A (@0, ®) = ipn — $ 11z — 0.

Proof. Let us decompose the function ¢ as ¢ = f + ¢, with f € HX(RY) and ¢ € H*(RV). By standard density

s
theorems in the Sobolev spaces, there exist smooth functions ¢, € H °(RM) such that

lon — @l gr = 0,
as n — oo. Setting ¢, = f + ¢,, we have ¢, — ¢ = ¢, — ¢ € L>(RV), so that

én — Sl gx = llgn — @ll g — 0.

Moreover, we derive from (A.1) that the functions ¢, are in Hg; (RV). The last convergence in Lemma A.2 follows
from (A.2) and (A.3). O

In our analysis of the Sine-Gordon regime, it is important to control uniformly the function ¢ € Hskin (RN), at least
when the integer k is large enough. In order to obtain such a control, we study the behaviour at infinity of the functions
in the space Hs]in (RM) in the spirit of the work by Gérard [14] about the energy space of the Gross—Pitaevskii equation.
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Lemma A.3. Let ¢ € H! (RV).
(i) For N = 1, the function ¢ is uniformly continuous and bounded on R, and there exist two integers (£, £7) € 72
such that

¢ (x) — £,

as x — +00. Moreover, the differences ¢ — £*m are in L>(Ry.).
(i) For N > 2, there exists an integer £ € 7 such that

¢ —txr e H'(RY).

Proof. When N = 1, the Sobolev embedding theorem implies the uniform continuity of ¢, and then of sin’(¢). Since
this function is integrable on R, it converges to 0 as x — +00. As a consequence of the continuity of the function ¢,
there exist two integers (£1,£7) € 7?2 such that we have the convergences in (i). In particular, the function ¢ is
bounded. Moreover, we have the pointwise inequality |¢(x) — £+ 7| < m/2 for x large enough, so that the Jordan
inequality gives

2 N .
;|¢(X) —€Tm| < [sin(@(x))].

This is enough to prove that the functions ¢ — £+, and similarly ¢ — £~ 7, are in L>(R4.).
The proof of (ii) is similar. Let us consider two functions f € H°(R"N) and ¢ € H'(RV) such that ¢ = f 4+ ¢. By

sin
the Sobolev embedding theorem, the functions f and sin®( f) are uniformly continuous. The existence of an integer £
such that

fx) — L,

as |x| — oo, follows as before. The property that f — £ is square integrable results again from the Jordan inequality.
In view of the decomposition for ¢, this is enough to guarantee that ¢ — £ lies in H'(RY). DO

Remark A.1. When N > 2, the quotient group Hslin(RN )/ Z reduces to the Sobolev space H'(RY). In view of (A.2),
the H!'-norm controls the quantity || - | ! » but the opposite is false. Given a function x € C* (R™) such that

x =1on B(0,1), and x =0 outside B(0,?2),
we can set
X
du ) =nx (),
n
and check the existence of a positive number A, depending only on N, such that

a2 > Anllnl .

for any integer n > 1.

When N > 2, we recover the uniform continuity and the boundedness of a function ¢ € HS"in RM) assuming that
the integer k is large enough.

Corollary A.1. Let N > 2 and k > N /2. The functions ¢ € HX

in (RN) are uniformly continuous and bounded, and
there exists an integer £°° € 7. such that

d(x) —> £m, (A.4)

as |x| — oco. When N > 3, there exists a positive number A, depending only on k and N, such that

¢ —€¥mll Lo < AVl a1 (A.5)
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Proof. Lemma A3 provides an integer £>° € Z such that the function ¢ — £ is in H*(R"). The uniform continuity
and boundedness of ¢ then results from the Sobolev embedding theorem, as well as the limit in (A.4).

Estimate (A.5) is a consequence of the Sobolev and Morrey inequalities. Set ¢ =2N if k > N/2+ 1, and g = gx
otherwise, where the number gy is defined by the identity 1/q; = 1/2 — (k — 1)/ N. There exists a positive number A,
depending only on k and N, such that

1-N -~

p(x) =W = Alx =yl 2|IVPllrs = Alx =yl 7 |V@ll gr-r1,
for any (x, y) € R2N . On the other hand, it follows from the Sobolev embedding theorem that

¢ — £°°n||Lﬁ < A[V®] 2.
Combining these inequalities, we deduce from the Holder inequality that

1
lp(x) — € m| < 7( / lp(x)—¢(y)ldy + / () —fooﬂldy)
[B(x, D]
B(x,1) B(x,1)
<A(IVQllysr + 16— €2l o ) < ANVl .

This concludes the proof of Corollary A.1. O

Remark A.2. For N = 1, though the functions ¢ € Hslin (R) are bounded and have limits 0*7 at +00, there are no
positive numbers A4 such that

19 — L@y < Azl sy (A.6)

for any ¢ € H!

«in (R). For instance, the even functions ¢, given by

nmw if0<x <nm,
¢n(x)=12nmw —x ifnmr <x <2nm,
0 if x > 2nm,
satisfy
3nw
Ign — Gyl sy =nm, - and Ngullyy @y =1/ =

with £ = 0. Inequality (A.6) cannot hold for n large enough.

Remark A.3. When N =2 and k > N /2, the Sobolev embedding theorem provides the existence of a positive num-
ber A, depending only on k, such that

g —L€m||L= < Allp — L7 | .
On the other hand, there is no positive number A such that

I — €710 < Allgl (A7)
Indeed, let us consider the functions v, defined by

nmw ifOfrfr,ﬁ:%,

vp(r) = 117'[(71[1(1’:631(_,:;1)(”) - 1) ifrn <r<sy:= lr’:(j:g) )

0 ifr>s,,

for any integer n > 3. Given a non-negative and non-increasing function x € C°°(R) such that

x=1on(—oo0,—1], and x =0on][l,c0),
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we set

G (x) =n (1 — x (rn +2 = x1) + va (XD x O +2 = lxDx (1x] — 50 +2),

for any x € R2. The functions ¢, are smooth and compactly supported, so that they belong to the space H, e (R?),
with limits at infinity £;°7 = 0. On the other hand, we check that

| v _of
Igullz =nr. I|s1n(¢n>llL2—0< m) and Vgallz2 O( 1n<1n(n>>>’

for n — oo, while
k _ J/nIn(n)
D ¢n”L2 = O<1n(1n(n))>’

for any k > 2. This contradicts the existence of a positive number A such that (A.7) holds.

For N = 1, the limits at infinity £*7 of a function ¢ € H! (R) can be different. This set does not reduce to a

sin
collection of constant translations of the space H'(R). When N =2 and k > 2, the uniform norm of a function

¢ € HX (R?) is not controlled by the quantity ||¢|| HE - At least in these two cases, bringing the Cauchy problem for

sin

the Sine-Gordon equation in Hin(RN ) x H*1(RNY) back to a standard Sobolev setting is not immediate.

Appendix B. Tame estimates and composition in Sobolev spaces

For m € N, we denote by H™(R") the homogeneous Sobolev space endowed with the semi-norm

L gm =D 1% f 1l 2.

lot|=m

We recall the following Moser estimates (see e.g. [25,17,2]).

Lemma B.1. (i) Let (f,g) € L°(RN)2 N H™(RN)2. The product fg is in H™(RN), and there exists a positive
number C,, depending only on m, such that

I1f gll g < Coamax {1l fllzoo g g ILf Wl g lzoe } < Con (1L oo g m + 11f W o g N 2o%)-

More generally, given any functions (f1, ..., fj) € L®@RNY 0 H™RN)/, there exists a positive number Cjm, de-
pending only on j and m, such that

1% fi-- 3“’f1||L2<ijmaX [T sellzos 1l g
i<y

forany o =(ay,...,a)) € NV such that Z{:l loj| =m
(ii) Let m € N*. When f € L°(@RN) N H™(RY) and F € C"™(RYN), the composition function F(f) is in H™(RN),
and there exists a positive number Cy,, depending only on m, such that

1Pl < Con max. ||F“>||Loo IAIS A - (B.1)

As a direct consequence of Lemma B.1, we obtain the following useful estimates.

Corollary B.1. Let m € N, with m > 2, and («, B) € N*N, with |a| = m and B < «. There exists a positive number

Cun, depending only on m, such that we have the following estimates.
O IFIBl =1, Ve L°@®RY)YN H* I(RY) and g € L*RN) N H" 1 (RN), then

IDP £ D Pell 2 < Coomax {1V £l gl -1, IS 1l m NIl ).
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@) If 1Bl =2, D*f € L°RN)N H™2(RN) and g € L°(RN) N H"2(RN), then
IDP £ D*Pg|l 2 < Cumax {|D* £l gl gma. I f | gm Igllzo>}-
@i If1<|Bl<m—1,VfeL*®RYYNH" YRY) and Vg € L°RN)n H™ Y (RN), then

IDP £ D*Pellp2 < Cpmax {1V £z gl fm—t, £ | -1 V€Il 250}

Our previous analysis of the Sine-Gordon regime of the Landau-Lifshitz equation requires bounds on the functions
sin(f) and cos(f), which do not depend on the uniform bound of the function f. We indeed do not control this
quantity in the Hamiltonian framework under our consideration.

In this direction, we derive from Lemma B.1 the following bounds, which only depend on the uniform norm of the
gradient V f.

Corollary B.2. Let m € N, with m > 2. There exists a positive number Cy,, depending only on m, such that

IsinC )l g + Il cosCO N gm < Con(L+ UV FITZDIY F | gm-r1 (B.2)
for any function f :RY — R, with Vf € L*RN) N H"L(RN).

Proof. The proof is by induction. For m =2, we directly check that

Isin(A)ll g2 + llcos(Hll g2 < 2(IV £l 21V fllzoe + 1D* £ I 2).

Let us assume that (B.2) holds for any 2 < £ < m. It results from Lemma B.1 and the inductive assumption that
I sin( ) gmer = 11c0s(F) V f | g <Co (I cos(Loe IV £ gm 4 I cos(O | g IV f 1l %)

Con(ILf Il gmer + (1 + IIVfII'feEl) IV £l =1 IV fllLoe)

<Cu(L+ IV FIT) IV fll .

The proof for cos(f) follows in the same manner. O

IA

In some parts of our proofs, we need to avoid the polynomial growth on the norm ||V f|| L in Corollary B.2. For
this reason, we establish the next bounds with an at most linear growth in terms of the norm ||V f|| p.

Corollary B.3. Let m > 2. There exists a positive number Cy,, depending only on m, such that
I cos(/ ) gm < Con (I sin() lILoe + IV f 1l o) max { [ sin() g1 1| g } (B.3)
for any function f : RN — R such that sin(f) € H" '(RN), Vf € L°®RN) and V f € H"'(RV).
Proof. Lemma B.1 indeed provides
I cos()l g = ISIn(f) V 1l -1 < Cop max { | sin(f) | o 1 £ 1| g, 1V S Il £oo | SO g1}
which yields (B.3). O

Appendix C. Solitons of the Landau-Lifshitz equation

Solitons are special solutions to the one-dimensional Landau-Lifshitz equation, which take the form

m(x,t) =me(x —ct),

for a given speed ¢ € R. The profile m,. is solution to the ordinary differential equation

—cmi, +me x (m] — kilmclier — Azlmelzes) = 0.
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Fig. 1. The curves Ep, (m;F ) and Epp (m. ) in dotted and solid lines, respectively.

In the case of biaxial ferromagnets, we can assume, without loss of generality, that A3 > A1 > 0. Set ¢* := )\é/ 2_ )»}/ 2.

For |c| < ¢*, non-constant solitons m, are explicitly given by the formulae
+ +2y4
a (I = (a;)")?2
mg (x) = (% tanh(pgx), ——<7— ),
cosh(ue x) cosh(ue x)

up to the geometric invariances of the equation, which are the translations and the orthogonal symmetries with respect
to the lines Req, Res and Res. In this formula, the values of af and ,ufF are equal to

Lo
s a3 F (A3 +1r—cDH?—4rn3)2\2
¢ 203 — A1) ’

and

1
L (M= (A — D —4ra3)7\ 2
ne = > :

with §, =1, if ¢ > 0, and §. = —1, when ¢ < 0. Note that

(1) =1 @) + 231 — @H)?).

The Landau-Lifshitz energy of the solitons m*

- isequal to

ErL(m?) =2u7.

The solitons form two branches in the plane (¢, ELL).
The lower branch corresponds to the solitons m_, and the upper one to the solitons m as depicted in Fig. 1. The
lower branch is strictly increasing and convex with respect to ¢ € [0, ¢*], with

1
E(my)=217 and E(m3)=2(A1A3)4.

The upper branch is a strictly decreasing and concave function of ¢ € [0, ¢*], with

1
Em{)=2)7 and E(n%)=2(0nh3)7.

The two branches meet at the common soliton m . = m:;

In the limit A; — O, the lower branch vanishes, while the upper branch goes to the branch of solitons for the
Landau-Lifshitz equation with an easy-plane anisotropy (see e.g. [8]).

In the sequel, we focus on the solitons m corresponding to the lower branch. Since a_ is a strictly decreasing and
a continuous function of ¢, with

VA3 )%
N/SEV/EY A

the function m_ = [m_ ]| + i[m_ ]2 may always be lifted as

ag =1 and ac_*:(
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i = (1= mZB)? (sinp.) +i cos(¢.)),
with

2 k() — sinh(u-
@ (x) =2mctan<((ac) + sinh (H’cf)) sinh(u_ X)>.
2%

When ¢ = 0, we observe that

1
@, (x) =2arctan (e_)‘lzx>. (C.1)

Let us now fix a number 0 < ¢ < 1, and set A; = ve and A3 = 1/¢, so that ¢* = 1/51/2 — (ve)l/z. Given a number
0 <7 < 1, we are allowed to consider the solitons m_ with speeds ¢, =7/ /2 when ¢ is small enough. In this regime,
the parameters a,, and . satisfy

2.2 2.2 2 4y 4
vToE veTe(8 —7t° +31t%)e
a,-=1- 5~ ( 3 ) +O(86),
€ 2(1 —19) 8(1 —1%)
and
2.2

o= (7)1 g +0)

when ¢ — 0. Here as in the sequel, the notation O(ek) stands for a quantity, which is bounded by Ce¥, where the
positive number C only depends on v and t. Coming back to the scaling performed so as to obtain (HLL,), we
compute

1
(11— 12)% cosh <—(V2+O(82))(1x_n)>
(1-12)2

)

Ue, (x,1) :Zé[mZE(x_U) VT 4+ O@E2)

D=

&

and

x—tt W7 4+ OE))(x — 1)
D, (x,1):= (pcg(g—%) = 2arctan ((1 +0(e?) (exp(— 0 _TZ)% )+O(82)>).

In view of (13), the pairs (U, , ®.,) form a family of solitons for (HLL,) with speed t, which converge towards the

soliton (U, ®.) with speed 7 of the Sine-Gordon system in (SGS). Actually, the pairs (U, , ®.,) and (U, ®;) are
identically equal for 7 = 0. When 7 # 0, they satisfy the estimates

U, — Uell e + I sin(@¢, — @)l 2 + | e, — Pell a1 < Cre?,

for & small enough and any integer k. Here, the positive numbers Cy only depend on v, T and k. Moreover, we can
check that

5
U, — U iT2-2t2 4174 272 2 d 2
U, —Uelle  vit@—2e2+7 )(/(Cosh(tz;xsmh(x)) 7)() ,
R

g2 e=0 (] — 12)% — 272 474 cosh(x)?2

Since the integral in the right-hand side of this formula is positive, this equivalence proves that the estimates of order
&2 in Theorem 1 are sharp.
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