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Abstract

Through the application of layer potential techniques and Gohberg—Sigal theory we derive an original formula for the Minnaert
resonance frequencies of arbitrarily shaped bubbles. We also provide a mathematical justification for the monopole approximation
of scattering of acoustic waves by bubbles at their Minnaert resonant frequency. Our results are complemented by several numerical
examples which serve to validate our formula in two dimensions.
© 2018 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

The purpose of this work is to understand acoustic wave propagation through a liquid containing bubbles. Bubbly
media have fascinating acoustic properties. For example, a very small volume fraction of air bubbles in water is
enough to modify the effective velocity of sound in the medium [11,18,24,28]. Our motivation is the use of bubbles
in superresolution medical ultrasonic imaging [20]. At particular low frequencies known as Minnaert resonances
[34,31], bubbles behave as strong sound scatterers. The enhancement of their acoustic signature allows ultrasonic
techniques to detect, localize, and characterize them inside a visco-elastic opaque medium [28]. Bubbles are present
in many other important applications. The extraordinary acoustic properties of bubbly media are being used to design
new acoustic materials. The Minnaert resonance of the bubbles persists when they are no longer in a liquid, but in
a soft elastic medium [16,32]. Spherical bubbles have the remarkable property to oscillate harmonically, pulsating
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with a breathing mode characterized by their Minnaert frequencies, provided that the contrast in density between the
gas inside the bubbles and the surrounding liquid is high [23]. Many interesting physical works have been devoted
to the acoustic bubble problem such as superabsorption of acoustic waves [32,33], subwavelength focusing using
ultrasound time-reversal mirrors [28], and appearance of band gaps in structured bubbly media [30]. Nevertheless,
the characterization of the Minnaert resonances for arbitrary shaped bubbles and the analysis of the propagation of
acoustic waves inside bubbly media at the Minnaert frequencies have been longstanding problems.

In this paper we derive original formulas for the Minnaert resonances of bubbles of arbitrary shapes in both two and
three dimensions using layer potential techniques and Gohberg—Sigal theory [8]. Our formulas can be generalized to
multiple interacting bubbles. They are expressed in terms of the capacity and the volume of the bubble. We also provide
a mathematical justification for the monopole approximation and demonstrate the enhancement of the scattering in the
far field at the Minnaert resonances. We show that there is a correspondence between bubbles in water and plasmonic
nanoparticles in that both raise similar fundamental questions [4,5,13]. However, the mathematical formulation of
Minnaert resonances is much more involved than the formulation of plasmonic resonances, which are characterized
in terms of the spectrum of the Neumann—Poincaré integral operator [1,2,12,25].

The Minnaert resonance is a low frequency resonance in which the wavelength is much larger than the size of
the bubble [19]. Our aim in this paper is to provide for the first time a mathematical framework for investigating
bubbles as subwavelength acoustic resonators and rationalizing their extraordinary acoustic properties. Our results
have important applications. They can be used to show that at the Minnaert resonance it is possible to achieve su-
perfocusing of acoustic waves or imaging of passive sources with a resolution beyond the Rayleigh diffraction limit
[9,10]. Foldy’s approximation applies and yields to the conclusion that the medium surrounding the source behaves
like a high contrast dispersive medium [22]. As the dispersion is small, it has little effect on the superfocusing and
superresolution phenomena. Effective equations for wave propagation in bubbly liquids have been derived in the low
frequency regime where the frequency is much smaller than the Minneart resonance frequency [14,15,26]. In this
paper, however, we are more concerned with acoustic wave propagation in the resonant regime and in the behavior of
bubbles as subwavelength resonators.

The paper is organized as follows. In Section 2 we consider the scattering of acoustic waves in three dimensions
by a single bubble and derive its Minnaert resonances in terms of its capacity, volume, and material parameters. In
Section 3 we derive the point scatterer approximation of the bubble in the far-field. In Section 4 we perform numerical
simulations in two dimensions to illustrate the main findings of this paper. The paper ends with some concluding
remarks. In Appendix A, we collect some useful asymptotic formulas for layer potentials in two and three dimensions.
Derivations of the two-dimensional Minnaert resonances are given in Appendix B.

2. The Minnaert resonance

We consider the scattering of acoustic waves in a homogeneous media by a bubble embedded inside. Assume that
the bubble occupies a bounded and simply connected domain D with D € C!-* for some 0 < s < 1. We denote by
pp and «p the density and the bulk modulus of the air inside the bubble, respectively. p and « are the corresponding
parameters for the background media R\ D. The scattering problem can be modeled by the following equations:

1 2
V.--vu+Zu=0 inR\D,
P K
1 w? .
V:-—Vu+—u=0 inD,
Pb Kb 51
uy —u_=0 onadD, 21
1 du 1 du
——| ———| =0 ondD,
povi, ppdv|_
us :=u —u' satisfies the Sommerfeld radiation condition.

Here, 9/0v denotes the outward normal derivative and |+ denote the limits from outside and inside D.
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We introduce four auxiliary parameters to facilitate our analysis:

v=\/E, vp = @, k=wv, kp = wvp. 2.2)
K V «p

We also introduce two dimensionless contrast parameters:

s ke _w _ [ooe 2.3)
o k v PKp
By choosing appropriate physical units, we may assume that the size of the bubble is of order 1 and that the
wave speeds outside and inside the bubble are both of order 1. Thus the contrast between the wave speeds is not
significant. We assume, however, that there is a large contrast in the bulk moduli. In summary, we assume that § < 1
and T = O(1).
We use layer potentials to represent the solution to the scattering problem (2.1). Let the single layer potential 8;‘)
associated with D and wavenumber k be defined by

SAVAICE / Gx,y, )y (y)do(y), xe€dD,
3D
where
eiklx=y|
Gx,y,k)y=———
4r|x — |
is the Green’s function of the Helmholtz equation in R3, subject to the Sommerfeld radiation condition. We also define
the boundary integral operator IC]B* by
G (x, y,k)
K5 = [ 222Dy 0)da). xeop.

av(x)
D

Then the solution # can be written as [7]

[um+8K[y),  xeRAN\D,
u(x) = { Slg’[lﬁb], veD. 2.4)

for some surface potentials v, ¥, € L>(d D). Using the jump relations for the single layer potentials, it is easy to
derive that ¢ and v, satisfy the following system of boundary integral equations:

Alw, 8)[V]=F, (2.5)

where

Skb _Sk wb uin
.A(a),S):( b kp* b k*>’qj:< >’F: qun ) -
L+ KRt —s(h1d + K 4 s

One can show that the scattering problem (2.1) is equivalent to the boundary integral equations (2.5).

Throughout the paper, we denote by # = L?(dD) x L?>(dD) and by H; = H'(dD) x L?*(dD), and use (-, -) for
the inner product in L? spaces and || || for the norm in . Here, H! is the standard Sobolev space. It is clear that
A(w, 8) is a bounded linear operator from H to Hy, i.e., A(w, 8) € L(H, H1).

The resonance of the bubble in the scattering problem (2.1) can be defined as all the complex numbers @ with
negative imaginary part such that there exists a nontrivial solution to the following equation:

Aw, §)[¥]=0. (2.6)

These can be viewed as the characteristic values of the operator-valued analytic function (with respect to w) A(w, §).
We are interested in the quasi-static resonance of the bubble, or the resonance frequency at which the size of the
bubble is much smaller than the wavelength of the incident wave outside the bubble. In some physics literature, this
resonance is called the Minnaert resonance. Due to our assumptions on the bubble being of size of order one, and the
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wave speed outside of the bubble also being of order one, this resonance should lie in a small neighborhood of the
origin in the complex plane. In what follows, we apply the Gohberg—Sigal theory to find this resonance.
We first look at the limiting case when 6 = w = 0. It is clear that

Sp —SD)

A ::A(0,0):( \
0 —3I1d+Kp 0

2.7)

where, for ¥ € L2(3D) and x € 3D,

1
Solvi) =~ [ Fda .
aD

L [ (x=y) -
—H‘ Wlﬁ()’)da(”-

oD
Let Ajj be the adjoint of A.

Kplylx)

Lemma 2.1. We have

(i) Ker(Ay) =span{Wy} where

wea(2)

with g = Sl_)1 [1] and the constant oy being chosen such that |Vl = 1;
(ii) Ker(Aj) =span{®o} where

Do = Bo (£0>

with ¢o = 1 on 0D and the constant By being chosen such that || ®o| = 1.

The above lemma shows that w = 0 is a characteristic value for the operator-valued analytic function A4 (w, §). By
the Gohberg—Sigal theory [8], we can conclude the following result about the existence of the quasi-static resonance.

Lemma 2.2. For any §, sufficiently small, there exists a characteristic value wy = wo(8) to the operator-valued an-
alytic function A(w, 8) such that wy(0) = 0 and wqy depends on 8 continuously. This characteristic value is also the
quasi-static resonance (or Minnaert resonance).

We next perform asymptotic analysis on the operator A(w, §). Using the results in Appendix A, we can derive the
following result.

Lemma 2.3. In the space L(H, H1), we have
A,8) := Ay + B(w, 8) = Ao + 0 A0 + 0* Azo + @ A3.0 + 8. A1 + 80’ Ag1 + O (™) + 080,

where

A . ‘L'USDJ —USD,l A _ ‘szzSD,z —U28D’2 A . ‘L’3U38D,3 —U3SD,3
1,0= 0 0 ’ 2,0 = ‘E2U2ICD,2 0 ’ 3.0 = ‘CSUSICD’3 0 ’

0 0 0 0
Aot = (o —(%Id+l€£,)>’ Avr = (o —v2/cD,2>'

We define a projection Py from #H to H; by
PolV] := (¥, Wo) Do,
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and denote by
Ao = Ay + Po.
The following results hold.

Lemma 2.4. We have

(i) The operator Ay is a bijective operator in L(H, H1). Moreover, Ag[Wy] = ®o;
(ii) The adjoint of Ay, Ao*, is a bijective operator in L(H1, H). Moreover, Ao*[CDO] = Y.

Proof. By construction, and the fact that Sp is bijective from L?(dD) to H'(3D) [6], we can show that AO isa
bijective. So too is Ao*. We only need to show that Ao*[CDO] = Wy. Indeed, we can check that P;[0] = (6, ®o)Wo.
Thus, it follows that

Ay [®0] = PE[ o] = (Do, o) Wo = Vo,

which completes the proof. 0O

Our main result in this section is stated in the following theorem. It characterizes the Minnaert frequencies in terms
of the shape of the bubbles.

Theorem 2.1. In the quasi-static regime, there exists two resonances for a single bubble:

Cap(D) 1 . Cap(D)? 3
5) — 57 — 5+ 0(82),
w0,0(8) 202V ol(D) 187n:2vVol(D) o6y
Cap(D) 1 . Cap(D)’ 2
H=— | — T s P 54 0052).
@0,1(8) 202V ol (D) lgnthVol(D) +oen

where Vol(D) is the volume of D and Cap (D) := —(y, 1) = —(SB1 [1], 1) is the capacity of D. The first resonance
wo,0 is called the Minnaert resonance.

Proof. Step 1. We find the resonance by solving the following equation

A(w, 8)[Ys]1=0. (2.8)

Since A(0, 0)[Vp] = 0, we may view W; as a perturbation of Wy and write it as Ws = Wy + W;. In order to uniquely
determine ¥, we assume that

(Y1, Wo) =0. (2.9)

Note that we let the coefficient of W to be one for the purpose of normalization. Since W is defined up to multiplica-
tive constant, (2.9) holds without loss of generality by changing Wo+ W to Wo+ (W1 — (Wo, W1)Wo) /(1 + (Yo, ¥1)).
Step 2. Since Ao = Ao+ Po, (2.8) is equivalent to the following

(Ag — Po + B)[Wo + W] =0.

Observe that as the operator Ao + B is invertible for sufficiently small § and w, we can apply (Ao + B)~! to both
sides of the above equation to deduce that

Wi = (Ao + B) ™ Po[Wol — Wo = (Ao + B)~'[Po] — Yo (2.10)
Step 3. Using the orthogonality condition (2.9), we arrive at the following equation:

Alw, 8) = ((/Io—}—B)’l[(bo],\I/o) —1=0 @2.11)
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Step 4. We calculate A(w, §). Using the identity
Ao +B)" = (Id + AO_IB)_I A= (Id Ay B+ Ay 'BA B+ ) A
and the fact that
Ay~ 101 = W,
we obtain
A, 8) = —o (A10[¥ol, Do) — ” (Az,0[Wo], Do) — @’ (A3 0[Wol. Do) — & (Ao,1[Wol. Do)
+0? (AI,OAO_IALO[\I’O], ¢o) + o’ (AI,OAO_IAZ,O[‘I/OL fDo) + o® (Az,ofio_lAl,o[‘I/o], ‘DO)
+ws (A1,0A071A0,1[‘I’0], %) + ws (-AO,IA()ilAl,O[\IJO]v q>0>
0 (Anodo Arodo AolWol, @o) + O + 0(?),
It is clear that AT’O[CDO] = 0. Consequently, we get
A, 8) = —o” (Az,0[Wo]. Do) — @’ (As,0[Wo]. Do) — & (Ao,1[Wol., Do)
0 (Az0do” A1 olWol. @0) + 8 (Ao Ao ArolWol, B ) + 0 (@) + 0.
In the next four steps, we calculate the terms (Az0[Wol, @o), (Az0[Wol, @o), (Ao1[Wol, o),

(Az,o«io_lfll,o[‘lfol, q)o) and (Ao,lv‘{o_lfll,o[‘llo], CPO)-
Step 5. We have

(A2,0[Wol, Do) = a0 fot?v? (Kp,2[Wol. ¢0) = ctofot*v? (o, Ky 1[¢0])
=—aoﬁor2v2/da(x)sgl[l](x)/dyG(x,y,O)
D

aD

:—aoﬂorzvzfdy/da(x)(}(x,y,O)Sl_)l[l](x)
D aD

:—aoﬂorzvzfdy
D

= —apfot*v*Vol(D).
Step 6. On the other hand, we have

(As,0[Wo]. @) = oot v (V0. Ky 31d0]) = 20 for’ v’ (wo, ﬁvw(m)

— apBor3v3Vol(D)-— (551[1], 1) — —apBor3v3Vol(D)——Cap(D).
4 4
Step 7. It is easy to see that

0,1[%ol, @o) = — (Yo, o) = —aofo (Sp [11. 1) = appfoCap(D).
(Ao,1[Wol, o) = — (Y0, o) Bo(Sp'I11,1 poCap(D)

<~ —1
Step 8. We now calculate the term (.Ao, 1Ao  ArolWol, <I>o). We have

Alo[Wo] = ((t - 1)v69D,1[1ﬁ0]> _ ((r - I)U%CQP(D)) ’

* — 0 = 0 = 0
Ao, 1[Pol = (—(%1d+ Kp) [¢o]) B <—¢0) a <1)
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We need to calculate

&'(o):

Assume that

Yo\ _ Splys — ] 0\ (1
(Ao + Po) ( y ) = <(—%1d+IC*L‘))[y;,]> + (b, Vo) + (v, ¥0)) (¢0) = <O)

By solving the above equations directly, we obtain that y, = %WO, y= —%1//0. Therefore,

- (1 Ly,
o-\o —1o
It follows that
(Ao o™ ArolWol, @0) = (x = v g=Cap(D) (o, ¢) = (1 = D)vz=Cap(D)aofo.
b4 8

Step 9. We calculate the term (AQ,OAQ_IALO[\IJO], CD()). Using the results in Step 8, we obtain

(Az0ds ™" A1 olWol, @0) = (Ao Arol%ol, 43 ol @01

i(t —1 2.3

- %Cap(maoﬁo (0. K 5[h0])
i(1—1)t%03

= =T Cap(D)Vol(Dyaofi

Step 10. Considering the above results, we can derive

it’(r + Dv*Vol(D)Cap(D) ,
>’
87

— Cap(D)é —

/ _ 2
A(w, 8) = apfo <t2v2Vol(D)a)2+ i(t = DvCap(D) w(S)

8
+0(@") + 0@,
We now solve A(w, 8) = 0. It is clear that § = O (w?), and thus wo(8) = O(+/3). Write
@0(8) = @18 +azd + 0(82).

We get
372 it2(t 4+ Dv3Vol(D)Cap(D 3 \3
rzvszl(D)(als%+a25+0(5%)) 4+ @+ Do Vol(D)Cap( )(a13%+a25+0(5%))
8
i(t — )vCap(D)>? _
—Cap(mys - );’ (D) (8% +@d+06H)s+06> =0.
T

From the coefficients of the § and § 5 terms, we obtain
t2v?Vol(D)a? — Cap(D) =0,

it2(r + Hv3Vol(D)Cap(D) ; i(t — vCap(D)?
ay — aj

2720% Vol(D)ayay + =0,

8 8

which yields

Cap(D)
a==* | 557,
202Vol(D)

i(t + HvCap(D) ,  i(r —1)Cap(D)? i(t+1D)Cap(D)? i(t — 1)Cap(D)?
- 167 N Jenc2oVol(D)  l6nt2uVol(D) | l6xt2uVol(D)
_ —iCap(D)?
~ 8nt2vVol(D)'
This completes the proof of the theorem. O
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A few remarks are in order.

Remark 2.1. Using the method developed above, we can derive the Minnaert resonance for a single bubble in two
dimensions. The main differences between the two-dimensional case and the three-dimensional case are explained in
Appendix B.

Remark 2.2. Using the method developed above, we can also obtain the full asymptotic expansion for the resonance
with respect to the small parameter 6.

Remark 2.3. In the case of a collection of N identical bubbles, with separation distance much larger than their char-
acteristic sizes, the Minnaert resonance for a single bubble will be split into N resonances. The splitting will be related
to the eigenvalues of a N-by-N matrix which encodes information on the configuration of the N bubbles. This can be
proved by a similar argument as in [9].

Remark 2.4. Taking into consideration the above theorem, we can deduce that if the bubble is represented by D =B

for some small positive number ¢ and a normalized domain B with size of order one, then the Minnaert resonance for
D is given by the following formula

_ 1| [ CapB) (1 . Cap(B) 3
@00®) =7 [\/ 22Vol(B) . Bruval(B) T 0(82)] '
4

Remark 2.5. In the special case when D is the unit sphere, we have Cap(D) =4x, Vol(D) = Tﬂ Consequently,

Cap(D) V3 1
R _ 3.
202V ol(D) Up
Cap(D)* 3

8rt2vVol(D) 2120

Therefore, the Minnaert resonance is given by

1 ‘
@0.0(8) =v3—87 —i———56+ 0(82),
Up

272y

3 3 1 3
= [ =2 =itk |— + 02D,
P 27\ px p

3. The point scatterer approximation

We now solve the scattering problem (2.1) with u” = ¢*¢*_ This models the case when the bubble is excited by
sources in the far field (throughout the paper, a point x is said to be in the far field of the bubble D if the distance
between x and D is much larger than the size of D).

We need the following lemma.

Lemma 3.1. The following estimates hold in H.:

_ . 1
(Ao + B)~'[F1=u"(yo) (_{%) + 0+ 0().
2
Proof. Let FF = F| + F>, where
in 0]
p <u (()yo))7 Fy=F—F = (53521))

E]
It is clear that F> = O (w) in H;. Using the fact that
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Ao+B) ' =4 + 0 +06),
we obtain
(Ao +B)7'[F1= (Ao +B)~[Fi1+ (Ao + B) [ Fal,
— A '[P+ 0@) + 06),
. 1
— " (y0) ( 20 ) + 0+ 0),
—3%0

which is the desired result. 0O
The following monopole approximation holds.

Theorem 3.1. In the far field, the solution to the scattering problem (2.1) has the following point-wise behavior
u* (x) =g(@,8, D) (1 + O (@) + 0(8) + o(1) u ()G (x, yo. k).

where Yy is the center of the bubble and the scattering coefficient g is given below:

(i) Regime I: v K \/g,
2

(w8, D)= 0(%) + 0(w); 3.0
(ii) Regime II: % =0(1),
_ Cap(D)
8.8, D) = Ty (3.2)

where

Cap(D)$ (t + DvCap(D)w (1t —1)Cap(D)?$
w = 5> fd —
M=\ 22ve(y 7 87 87120Vl (D)

are the real part of the Minnaert resonance frequency and the damping constant respectively. In particular, the
Minnaert resonance occurs in this regime.
(iii) Regime III: /8 <« w < 1,

8
8,8, D) =Cap(D) + 0(5)- (3.3)

Proof. Step 1. We write W = au'” (yo) W + W with (¥, ¥g) = 0. Then,
(Ao — Po + B)lew'" (yo)Wo + W11 = F
implies that
(1d = (Ao +B)™Po ) laeu™ (o) Wo + W11 = (Ao + B)'[F],
which yields
au'™ (yo)Wo + W1 — au™ (y0) (Ao + B) ™ @0 = (Ao + B)'[F].
As aresult, we get

i, (A+B7FLY)  (Ao+B)I[F] W)
au'™ (yo) = - =— s :
1= ((o+B) '], o) @, 8)

Wy = (Ao + B)F1+ au' (y0) (Ag + B) " [do] — au™ (o) Wo.
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By Lemma 3.1, we have

. 1
Wy = u'(yp) < 21‘/’0 ) + O(w) + 09).
—5%0

Step 2. We calculate the scattered far field. Note that

S5 ol (x) = / G x, v, KYo(y)do(y) = / G (%, y0, ) (1 + 0(@) + o)) Yo (3)do (y)

oD oD
= G(x, 0, k)(1, S 11 + O(w) + o(1))
=—Cap(D)G(x, yo, k) (1 + O (w) + o(1)).

Therefore,

. 1.
u' (x) = (apoeu' (o) — Eu’”(yo) + 0(w) + 0(8)Sh (o) (x)

. 1.
= —(apau" (yo) — Eu’"(yo) + O(w) + 0(8))Cap(D)G(x, yo, k)(1 + O(w) +0o(1)),

=g(®,8, D)u" (y0)G(x, y0, k) (1 + O () + O(8) + o(1)),
where we have introduced
1
g, 8, D) =—(apxx — E)Cap(D)-

g is called the scattering coefficient of the bubble.
Step 3. We prove that

[0*12v2Vol(D) + 8Cap(D)] fo + O (bw) + O(w?)
—2A(w, 8) '

o=

Let F = F| + F,, where
uin 0
=) mmron= ()

Then

(Ao +B)~'[F1]. Wo) + (Ao +B)'[R1. %)~ h+1h
A(w, 8) T A,
It is clear that F, = O (dw) in H1, and thus

au'™(yo) = —

L= ((Ay+B) '], W) = 0(w).
We now investigate I = ((Ag + B) [ F11, Vo). We have
I = ((Id — Ay "B+ Ay BA B+ .04 TR wo)
= (Ao '[F11. Wo) — (BAy ' [F11. @) + (BAo ' BAy ' [Fi1. ®0) + ...

= (F1, ®0) — (Ao [F11. B*®o) + (Ao~ BAg [F1]. B [®o]) + ...
~ —1 ~ =1~ —1
=—(Ao [F1],B* [®o]) + (Ao BAy [F1l, B [Do]) + ...,

+ -1
where we have used the fact that (F;, ®9) =0 and (4y )*[Yo] = Po.
Note that

B*[@0] = A} o[®o] + 0> A3 o[@o] + 0 A3 o [®o] + 8AF 1 [Po] + O () + O (8?).

(3.4)

(3.5)
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Using the facts that
-1 . 1
Ao [F1]=Mm(yo)< 21% ) + 0(w),
—3%0
and
. . 202 KCH
Lol =0, AL o[®o] =,30( v 32”’0]) ,

3..31%
z‘,o[cbo]:ﬁo(’ v ’C§~3[¢°]), A5 11Dl = —Po (?)

we can conclude that

1= (Ao [, @ A5 gl @0 + 845 ,[@0] + 0Ge) + 0())

1.
= 31" (0)fo [0 (o, V2K y[d0]) + (Y. D) | + 0(6w) + 0(?),

1 )
= (a)ztzszol(D) + (SCap(D)) Bou'™ (o) + O (5w) + O(@),
which completes the proof of (3.5).
Step 4. Recall the formula for A(w, §) in the previous section and (3.5), we have

28(w,8,D) —?t?v*Vol(D) — 8Cap(D) + O ($w) + O ()

= , - -1
Cap(D) — t202Vol(D)w? + A DICaD) 3 _ Cap(p)s — L=NCRDE )5 4 0 () + 0 (82)

The asymptotic behavior of g in different regimes follows immediately from the above formula. This completes the
proof of the theorem. O

Remark 3.1. Using the method developed above together with the results of Appendix B, we can derive a similar
monopole approximation in the far field for a single bubble in two dimensions.

4. Numerical illustrations

In this section we perform numerical simulations in two dimensions to analyze the resonant frequencies for two
scenarios. We first analyze the single bubble case for which a formula was derived in Theorem B.1. We then calculate
the resonant frequencies for two bubbles and compare our results with the single bubble case.

4.1. Resonant frequency of a single bubble in two dimensions

To validate the Minnaert resonance formula (B.6) in two dimensions we first determine the characteristic value
w of A(w, §) in (2.6) numerically. We then calculate the complex root wy of (B.6) that has a positive real part.
Comparing w, and o, over a range of appropriate values of § allows us to judge the accuracy of the formula.

In order to perform the analysis in the correct regime, which was described in Section 2, we take p = « = 1000
and pp, = K} = ¢, where ¢ is chosen such that the wave speed in both air and water is of order 1 and 8 € {1077}, i €
{1,...,5}). We use 2° points to discretize the unit circle used in the calculation of the layer potentials that form A.
Calculating w, is equivalent to determining the smallest w such that A4 (w, §) has a zero eigenvalue. We have

we = mi(rcl{a)| AMw) =0} Aeo(A(w,$)),
we

and we approach A(w) = 0 as a complex root finding problem which can be calculated using Muller’s method [8,17].
Muller’s method is applied again in order to find the root w satisfying (B.6). The resonant frequencies w. and wy,
along with the relative errors, for specific values of § are given in Table 1. In Fig. 2 it can be seen that the relative error
becomes very small when § < 1, confirming the excellent accuracy of the formula. In particular, we note that when
8 = 1073, which is close to the usual contrast between water and air, the difference between w, and w + is negligible
with a relative error of only 0.0652%.
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Fig. 1. When the bubbles are close together the resonance may be much more pronounced. Here we have |A| as the distance varies from d = 0.1
(blue dots) to d = 0.5 (orange dots) and J(w) = —0.0008i. We have resonance at the symmetric mode w; &~ 0.0041 — 0.0008; when d = 0.1. The
resonant frequency of a single bubble is w. = 0.01856427 — 0.00387243i. (For interpretation of the colors in the figure(s), the reader is referred to
the web version of this article.)

4.2. Resonant frequencies of two bubbles in two dimensions

In this subsection we numerically solve the two bubble case and analyze it with respect to our results for the
Minnaert resonance of a single bubble. In the case of two bubbles we have two resonant frequencies, w; and w,, that
correspond to the normal modes of the system [21,29]. These frequencies are not in general equal to the one bubble
resonant frequency w.. The interaction between the bubbles gives rise to a shift in the resonance frequencies. The
symmetric mode wy typically shows a downward frequency shift and occurs when the bubbles oscillate (collapse and
expand) in phase, essentially opposing each other’s motion. The antisymmetric mode w, shows an upward frequency
shift and occurs when the bubbles oscillate in antiphase, facilitating each other’s motion.

To account for the interaction between the two bubbles the matrix A in (2.5) is replaced with

k k k
SD’”l . —SDl . 0 _Slk)l’Dz
1 , 3k 1 Sk Sk
Ao (0.8) = —3ld+Kp" —8(31d+Kp)) 0 K5, b,
2 ) - —Sk Skb —Sk )
%c)z*’Dl 1 D kp % 1 D k%
, b ,
0 —ICDLD] —§Id+ Dy —8(51d+/CD2)

where the operators 85")“ and IC%},* are given by
ij ij

Shop, = [ Gleyow(dat). xeoD,
aD;
and

0G(x, v,k
Kk, W1(6) = / Gy K)o do (). xeaDr

ov(x)
aD;

The variation in the eigenvalues of A, with respect to the input frequency, and hence the shifting of the resonant
frequencies, is highly sensitive to the ratio of § = pp/p to kp/k, with it being at a minimum when these quantities
are equal. In order to make the results more clearly visible, while keeping the simulation in the correct regime, let us
take p, = 1.1 and k5, = 0.1. For reference, we note that the resonant frequency for a single bubble in this regime is
w. =0.01856427 — 0.00387243i.
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Table 1

A comparison between the characteristic value w, of A(w,§) and the root of the two
dimensional resonance formula (B.6) with positive real part w f, over several values of 3.

) we wf Relative error
107! 0.261145 — 0.150949i 0.250455 — 0.134061i 5.8203%
102 0.075146 — 0.023976i 0.074681 — 0.023687i 0.6727%
1073 0.021001 — 0.004513i 0.020987 — 0.004508i 0.0652%
1074 0.005950 — 0.000959i 0.005949 — 0.000959i 0.0062%
105 0.001714 — 0.000221 0.001714 — 0.000221i 0.0030%

7

Relative error of o [%]

0
1e-1 1e-2

1e-3 1e-4
)

1e-5

1987

Fig. 2. The relative error of the Minnaert resonance w. obtained by the two dimensional formula (B.6) becomes negligible when we are in the

appropriate high contrast regime.

Table 2

The normal modes of the two bubble system shown in Fig. 4. They are quite
close to the resonant frequency of a single bubble in this regime, in contrast
to the strong frequency shifts observed when d < a and d > a.

d=10 d =100
o8 0.01722793 — 0.00407516i 0.01819212 — 0.00316674i
Wa 0.02025476 — 0.00349214i 0.01905723 — 0.00470526i

We now identify two regimes in terms of bubble separation distance d. The first occurs due to strong interaction
when d is less than the radius of the bubbles. In this regime the resonant frequency shift may be much more pro-
nounced. For example, when d = 0.1 we have w; ~ 0.0041 — 0.0008i, while w, ~ 0.7435 4 0.0032:. This regime is

shown in Fig. 1 for J(w) = —0.008i.

When d is greater than the radius of the bubbles, yet not very large, we have a somewhat stable regime featuring
small to moderate resonant frequency shifts. It is natural to expect that as the distance between the bubbles increases,
the eigenvalues of the two bubble system approach those of the single bubble system. And indeed that is the case as

can be seen in Fig. 3 where w has been restricted to R.

As with the three dimensional case, however, we require a complex « with negative imaginary part in order for .4
or Aj to become singular. This can be seen in Fig. 4 for d = 10 and d = 100. Table 2 shows that the normal modes
are quite close to the single bubble resonant frequency in this regime.
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(a) The distance between the bubbles is varying from 0.1 to 1.
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®

(b) The distance between the bubbles is varying from 10 to 100.

Fig. 3. |A| when w € R for A € o (A) (black crosses) and A € o (Ay) (colored dots). The distance increases as the dots change from blue to orange.
Although the eigenvalues of .A; approach those of A as the distance increases, they don’t go to zero when w is real. Here, o (A) and o (A) are
the spectra of A and A5, respectively.

5. Concluding remarks

In this paper we have investigated the acoustic wave propagation problem in bubbly media and for the first time
rigorously derived the low frequency Minnaert resonances. Furthermore, we have provided a mathematical justifica-
tion for the monopole approximation. Our results are validated by several numerical experiments in two dimensions.
The techniques developed in this paper can be used in characterizing bubbly media from spectroscopic measurements
of the velocity and attenuation of ultrasound waves. They can be easily extended to viscous liquids [27]. They defi-
nitely open a door for a mathematical and numerical framework for investigating acoustic wave propagation in bubbly
media. Based on the framework introduced in this paper, we have very recently investigated the superabsorption effect
that can be achieved using bubble metascreens [3]. We have also mathematically justified Foldy’s approximation and
quantified time-reversal and the superfocusing effect in bubbly media probed near and below their Minnaert resonant
frequency [11]. Finally, based on our results for systems of plasmonic nanospheres [36], we are currently developing
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(b) The distance between the bubbles is 100.
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Fig. 4. The eigenvalues of A (black crosses) and .A; (blue and green dots) may go to zero in the regime where the bubbles are a moderate distance
apart, provided w has some negative imaginary part. The frequency shift is less pronounced when d = 100 as opposed to d = 10 due to the decrease
in the interaction of the bubbles with each other.

accurate and fast numerical schemes for solving acoustic wave propagation problems in the presence of closely spaced

bubbles.
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Appendix A. Some asymptotic expansions

We recall some basic asymptotic expansion for the layer potentials in three and two dimensions from [8]; see also

the appendix in [4].
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A.l. Some asymptotic expansions in three dimensions
We first consider the single layer potential:

S@W](x):/G(x,y,k)w(wdo(y), x €D,
oD

where
eiklx—y|
Gx,y,k)=————.
= e o]
We have the following asymptotic expansion:

00
SgZSD—I-ijSD’j, (A.1)
j=1

where
. S j—1
S IV == / %w)dam
aD

In particular, we have

1
Spl¥r](x) = — / V0o (), (A2)
7lx — |
oD
SpaY 1) =~ / Y()do(y), (A3)
JT
oD
1
Sp VI =~ / x = YW ()do (). (A4)
oD

Lemma A.1. The norm ||Sp |l 2123 py. ' (9 py) IS uniformly bounded with respect to j. Moreover, the series in (A.1)
is convergent in L(L*(dD), H' (3 D)).

We now consider the boundary integral operator ICIB* defined by

0G(x, v,k
K 1) = f 0620 (o (y). xeaD.
Iv(x)
aD
We have
K* = Kb+ kKp1 +k*Kpa+..., (A5)
where

. 9(ilx — j—1 i 1 '
Koyl = ——— [2E =D ey = YD 3G = ) v (5)do ().
4r jlov(x) 4!
oD oD

In particular, we have

Kp,1=0,
-v(x)

1 —
Kpatilw = g [ 2 0do ),
oD

Kp3l¥1(x) = é / (x —y) V@)Y (o (y).
oD
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Lemma A.2. The norm |Kp jll (125 py) is uniformly bounded for j > 1. Moreover, the series in (A.5) is convergent
in L(L*(dD)).

Lemma A.3. The following identities hold:

(i)
. R (N RSP By
halito = [ v —x| da(y)_Sn/v il Iy—x|
9D b

palll(x) = /(y—X) v(y)do(y) = T2 A (y—X)dy—?3V01(D) —Vol(D)

(it)

A.2. Some asymptotic expansions in two dimensions

In two dimensions, the single-layer potential for the Helmholtz equation is defined by

S’z,[w](x)=/G<x,y,k>w(y)do<y>, x oD,

aD

where G(x, y, k) = —%Hél) (k|x — y]) and Hé]) is the Hankel function of first kind and order 0. We have

i 1 . ;
— 2 Hy" (klx = y1) = —Inlx =yl + e+ (b Inklx =yl + ) (klx =y,

j=1
where
D nk+y-m2— L b (GO b m2— - !
=—(n —In2) — - P = i=b;j —In2—- — — -
= o v A T T T AR Al R 2 =)
and y is the Euler constant. Especially,
b 1 1 ( 2 — 1 in)
=——,c=——(( —-In2-1-——).
T T e 2
Thus,
e .
Sk =8k + Z (7 1nk) S5, + Zszsgﬁj, (A.6)
where
Sﬂ[w](X)=SD[W](X)+77k/Wd0, (A7)
and

S = [ bjix =3P 1o )
3D
Spyl¥1e) = / e = yI¥ (b Inlx = y[ + )Y (y)do (y).
aD
We next consider the boundary integral operator IC’B* defined by

3G (x. y. k
K’B*[w](x)=/Mw(y)da(y), xeaD.

v (x)
aD
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We have
oo o0
k, 2j 0 2j 1)
K™ =15 + 3 (kK nk) K3+ S kKR,
j=1 j=1

where

Blx — P
K1) = f b I do (),

av(x)
aD

K [y x) = f

oD

3(lx =¥ ®In|x — y| +¢;))
v(x)

Lemma A.4. The following estimates hold in L(L*(dD), H' (3 D)) and L(L*(dD), L*>(3 D)), respectively:

St =85 + K2 mkSp), + k2S5, + 0(k* Ink);
K5 =Kp + kKD, + KLY + 0k Ink).
Lemma A.S. The following identities hold:
(i)
(K [11(x) = 4By Vol (D)

(it)

(P [11(x) = (2by +4¢1) Vol (D) + 4by /m Ix — yldy,

D

where by and &1 are the complex conjugates of by and c;.

Proof. First, we have

K" =5 [ 20— xv0)do)
aD

[ dly—x|?
1| ————do(y)
/ ov(y) Y
aD
:El/Ayly_x|2dy
D
=4b,Vol(D).

Il
Sa

We now prove the second identity. We have

@) [ A[ly —xPP(biInfx — y| +&1)]
D)) = f o do(y)
oD
=/Ay[|y—x|2(511n|x—y|+El)]dy
D

=4¢,Vol(D) + b; / Aylly — x*In|x — y[ldy

D

v (y)do(y).

(A.8)
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=451vO1(D)+131/41n|x—y|]dy+151/2dy+131/|y—x|2A1n|y—x|dy
D D D
= (2by +4El)Vol(D)+4l31/1n|x — yldy,
D

where we have used the fact that

/|y—x|2A1n|y—x|dy=O, forx €D .
D

This completes the proof of the Lemma. O
Appendix B. The Minnaert resonance in two dimensions

In this section, we derive the Minnaert resonance for a single bubble in two dimensions using the same method
we developed for the three-dimensional case. The main differences between the two-dimensional case and the three-
dimensional case are as follows: (1) the single layer potential Sp may not be invertible from L%(dD) to H (D) in
two dimensions, while this property always holds in three dimensions. We refer to [8,35] for more detail on this issue;
(2) there is a logarithmic singularity in the asymptotic expansion of the single layer potential S Il‘) for small k. These
create some difficulties which we address here.

Recall that

Skh —Sk
A(w,5)=< D . by )
—Md+ Ky —8(31d+ K5

where the boundary integral operators S;‘) and IC]B* are defined in Section A.2 together with their asymptotic expan-
sions.

We denote by
Skb _ &k
Ao::< 1.2 D), (B.1)
—51d + K7} 0

where Sé‘) (resp. S’g’) is defined by (A.7) (resp. with k replaced by k).
Note that the kernel space of the operator —%I d + K7, has dimension one. We choose g to be the real-valued
function in this kernel space which has unit norm in L2(8 D). We have K7, [¥o] = %1/’0- One can show that

Spl¥ol=y0 ondD (B.2)

for some constant y (see [8,35]). Here and after, we also denote ¢ = 1 on d D. There are two cases:

(i) Casel: yp=0.
(i) Case II: yp # 0.

In case I, it is clear that Sp is not invertible from LZ(dD) to H! (D). In case II, we can show that Sp is invertible

from L2(dD) to H'(3D).
In Case II, we remark that (1, ¥o) # 0. Indeed, assume on the contrary that (1, y9) = 0. Then

(Splvol, ¥o) = vo(1, ¥o) =0,

which further implies that o = 0. This contradiction proves our assertion.

Lemma B.1. In both cases, the operator 3;") is invertible in L(L*(dD), H1 (3 D)).
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Proof. We first show that Sg is injective. Assume that
Sply)=Splyl+m(y, 1) =0 for some y € L*(D).

In Case I, we have Sp[y] L ¥ in L2(3D), therefore, Nk (y, D(1, ¥p) =0. Since (1, ¥o) # 0, we obtain (y, 1) =0. It
follows that Sp[y] = 0. But this implies that y = ¢y for some constant ¢. Using the condition (y, 1) = 0 again, we
derive ¢ = 0, which shows that y = 0.

In Case II, we have Sp[vg] # 0. Since Sp[y] = —nk (v, 1), we see that y = ¢y for some constant c. Therefore,

yoc + nic(Wo, 1) = c¢(yo + nk (Yo, 1)) = 0.
Note that yy + nr (Yo, 1) # 0, which follows from the fact that both yp and (¥, 1) are real numbers while 7y is a
complex number with nonzero imaginary part. Thus we have ¢ =0, and y = 0 follows immediately.
The surjectivity of S’l‘) follows from the fact that S;") is Fredholm with index zero. This completes the proof of the
lemma. O
We have the following properties for the operator Ay.

Lemma B.2. We have

(i) Ker(Ag) =span{Wy} where

\Il() =0 <a1/$0>

with
Tk ’ in Case I,
Nk
a =
v+ o0 cuo

Y0 + (Yo, po)nik

and the constant o being chosen such that | Wyl = 1;
(ii) Ker(Apj) =span{®Po} where

Do = Bo ((l?o)

with ¢o = 1 on 0 D and the constant By being chosen such that || ®g|| = 1.

Proof. We first find the kernel space of Ag. Assume that

Syl — Syl 2
A yb)z( pLYb D =0 forsomey,y, € L“(0D).
0<y (—%Id+IC’;,)[yb] Y Yb (dD)

We have
Splyp — y1+ 0k, (¥, 1) =k (y,1) =0 onaD, (B.3)
1
(—51d+IC’g)[yb] =0 ondD. (B.4)

From (B.4), we see that yj, is a multiple of vry. We let y, = 9. We now find the function y.
In Case I, we have Sp[yp, — y] L Y. Similarly to the proof in Lemma B.1, we can derive that y = ¢ for some
constant ¢ which satisfies

Nk, (Yo, 1) — nre(o, 1) =0.

Thus, it follows that ¢ = ng, /7.
In Case II, Sp is invertible. From (B.3), we can derive that o — y is a multiple of 19, which further implies that
y = ¢y for some constant c. Plugging this back to (B.3), we obtain
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(I = )yo + nr, (Yo, 1) — mre(o, 1) =0.
Therefore,

_nt Wo, do)nk,
Yo+ (Yo, o)k

Note that yp + (Yo, ¢o)nr # 0 because the n; has nonzero imaginary part. This completes the proof of the first part of
the Lemma.

The second part of the Lemma follows easily from the fact that the operator 3;‘) is injective. This completes the
proof of the Lemma. O

We next perform an asymptotic analysis in terms of § and w on the operator A(w, 3).

Lemma B.3. In the space L(H, H1), we have

A, 8) := Ay + B(w, 8) = Ao+ 0*InwAj 1.0+ ©* A1 20 + 8401 + O(8w* Inw) + O (0* Inw),

where
1 2 1 2
U;%Sg)l _Uzsg)l v} (ln vbS(D,)l + S(Dﬁ) —v? (ln vS(D?1 + S(D’)l)
ALo=1 5 o) S Ae=1 () @ ’
S o7 (nupky), + K5, 0
and

0 0
Aot = (0 —~(A1d + K3 ) '
We define a projection Py by
PolW] := (¥, Wo) Do,
and denote by
Ao = Ao+ Po.
With the help of Lemma B. 1, we can establish the following results.

Lemma B.4. We have

(i) The operator Ao is a bijective operator in L(H, H). Moreover, Ao[\IJO] = dyp;
(ii) Ao* is a bijective operator in L(H1, H). Moreover, .Ao*[@o] =Y.

Our main results in two dimensions are summarized in the following theorem.

Theorem B.1. In the quasi-static regime, there exist resonances (or the Minnaert resonance) for a single bubble. Their
leading order terms are given by the roots of the following equation:

Yo :| 2 1 @_
(Yo, 1) 4vol(D) by

where the constants by, c¢1 are defined in Section A.2, yy in (B.2) and a in Lemma B.2.

o lne + [(hwb F14 Z—l) - 0, (B.5)
1

Proof. Asin Theorem 2.1, we can show that the resonances are the roots of the following equations
A@,8) = ((Ao+B)~ [P0l Wo) =1 =0,

By a direct calculation, we further have
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A, 8) = —0” Inw (A1,1,0[Wol, Do) — @ (A1,2,0[¥ol, o)
—8 (Ao,1[¥ol, @o) + O(w*Inw) + 0 (3w* Inw).

It is clear that

(_,41 1 0) [(I)()] — (ﬂolb(lcg,)l) [1]> ,

s 1 =

(-/l120) [ 0]_< b[l Ub(K:g,)l) [1] I_K(D,)l) [1])
34y D ,

0 0
Ao [Wo] = = '
0.1[%ol (—aovg(%ld-l—/CB)[GWO]) (—aoaviwo)
It follows that

(A11.0[%ol, ®0) = @0Bo(Wo. vE(KYH)*[1]) = aoPo(Wo. v34b1 Vol (D))
= 4aoBovyb1 Vol (D) (Yo, 1);

(A12.0Wol, ®o) = aofo (Yo, vlInvs (K 11+ (K5 [11)
= 4aoBov Invpby Vol (D) (Yo, 1) +

aoBovi | Vo, 2b +451)V01(D)+4l;1/1n|x — yldy
D

= 2o} Vol (D) (4bi Invy, + 4by + 4c1) (Yo, 1) + 4braoovi (Yo, / In|x — yldy)
D
= 4aoBov2Vol(D)(by Invpby + by + ¢1) (o, 1) — 4b1aofovivo Vol (D);
(Ao,1[Wol. @o) = —aoBoavy (Yo. 1),
where we have used the fact

Wo. / Infx — yldy) = / o()do (x) / Infx — yldy = / dy / Infx — ylYo()do (x)
oD oD

D D aD

=/—VodY=—V0V01(D)
D

in the second equality above. Therefore, we derive that

4b1 Vol (D)(Yo, Do’ Inw + 4|:V01(D)(b1 Inwvy, + by + 1) (Yo, 1) — b1y0V01(D):|a)2

—a8 (Yo, 1) + O(w* Inw) + 0 (Bw* Inw) =0.

This completes the proof of the lemma. O

Remark B.1. In the special case when D is the unit disk, we have Vol(D) = & and yy = 0. Therefore, the Minnaert
resonance in two dimensions is given by the roots of the following equation:
1 aé

a)zlnw—i-(lnvb—i-l—i-z—i)wz—aa—o. (B.6)

Remark B.2. We can use the same method as in Section 3 to derive the point scatterer approximation for the scattering
by a single bubble in two dimensions.
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