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Abstract

We study the initial-boundary value problem for the derivative nonlinear Schrodinger (DNLS) equation. More precisely we
study the wellposedness theory and the regularity properties of the DNLS equation on the half line. We prove almost sharp local
wellposedness, nonlinear smoothing, and small data global wellposedness in the energy space. One of the obstructions is that
the crucial gauge transformation we use replaces the boundary condition with a nonlocal one. We resolve this issue by running
an additional fixed point argument. Our method also implies almost sharp local and small energy global wellposedness, and an
improved smoothing estimate for the quintic Schrédinger equation on the half line. In the last part of the paper we consider the
DNLS equation on R and prove smoothing estimates by combining the restricted norm method with a normal form transformation.
© 2018 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

The main purpose of this paper is to study various aspects of the derivative nonlinear Schrodinger (DNLS) equation
as an initial-boundary value problem posed on the half line. The Cauchy problem on R associated with this equation,

ey

{i% + g —i(lq1?q)x =0, xeR, 1R,
q(x,0)=G(x),

describes a variety of physical phenomena and has been extensively studied in the last 20-30 years. The model (1) was
derived in [38] and [39] as a model for the propagation of circularly polarized Alfvén waves in magnetized plasma
with a constant magnetic field. It also arises in the study of wave propagation in optical fibers [1]. The equation appears
in many other contexts and for more information the reader can consult [41], [9], and the references therein.
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We concentrate on the initial-boundary value problem with a Dirichlet boundary condition on the semi-infinite
interval (0, 00):

{iqt+q“—i<|q|2q)x=o, x eR*, 1 eRY, @
q(x,0)=Gx), ¢(0,1)=H().

Here G € H*(RT) and H € H 2Szt_H(IRJF), with the additional compatibility condition G(0) = H(0) for s > % The
compatibility condition is necessary since the solutions we are interested in are continuous space—time functions for
s > % This problem bears significant physical importance as described in [9]: “Solutions of the DNLS equation under
both the vanishing boundary conditions (VBC) and the nonvanishing boundary conditions (NVBC) are physically
interesting topics. For problems of nonlinear Alfvén waves, weak nonlinear electromagnetic waves in magnetic and
dielectric media, waves propagating strictly parallel to the ambient magnetic fields are modelled by the DNLS equation
with VBC while those oblique waves are modelled by the DNLS equation with NVBC. For problems in optical fibers,
pulses under bright background waves should be modelled by NVBC.”

The DNLS equation on R is known, [42], to be locally wellposed in H* for any s > % This result is sharp since
for s < % the data to solution map fails to be uniformly continuous, see [42] and [3] for the detailed argument. For
earlier partial results on smoother spaces, see [45,46,24,23,25,40]. Global-in-time existence and uniqueness in the
energy space H'! was proved in [40] assuming the smallness condition |G || 12 < V27 . This result was improved in
[43] to obtain global wellposedness below the energy space using the high low frequency decomposition method of

Bourgain [8]. Global wellposedness for any s > % was obtained in [10,11] using the almost conservation law method

also known as the /-method. The endpoint, s = % global theory was established in [37]. All the above results have the
same smallness assumption which was needed because the energy functional is not positive definite. The smallness
condition was later weakened to |G|z < VA4 for energy data, see [47] and [48]. For the analogous result with
initial data in H®, s > %, see [22]. The optimality of the constant /47 in the smallness condition is an open problem,
in particular there are no known blowup solutions even for negative energy. For global wellposedness in weighted
Sobolev spaces with the smallness assumption replaced by certain spectral assumptions one can consult [35,36].

The equation on the real line is completely integrable and it has infinitely many conservation laws. It thus can be
analyzed by the inverse scattering transform, see e.g. [28,32,31,35,36]. For initial-boundary value problems a variant
of the inverse scattering method has been developed in [20] and applied to many dispersive equations. In particular,
for the smooth solutions of the DNLS equation on the half line see [33] and [34]. Our work in this paper does not rely
on the integrability structure.

We study the DNLS equation on the half line by an adaptation of the restricted norm method (X** method) to
the initial-boundary value problems developed in [18,19]. The method is based on ideas that were applied earlier to
dispersive equations on the half line and especially for the NLS and the KdV equations in low regularity spaces in the
papers [12,26,27,4,5]. A well known problem in the theory of the DNLS equation is that the bilinear X*? estimates
fail for the equation (1). Nevertheless one can use a gauge transformation that replaces the problematic term (|g|%q)
with a quintic term which contains no derivatives and a derivative term that has a better convolution structure on the
Fourier side, see equation (4). In this paper we follow the same approach and thus define the gauge transformation”

gaf(x)=f(X)CXP(—ia/|f(y)|2dy), aeR.

If g solves (2), then u = G, q satisfies

i+ uxx — Qo+ Dutty —i Qo+ 2)ulux + Qe+ Dlul*u =0, x,teRT, 3)
u(x,0)=gx), u,t)=nh@),

where g(x) = Gy G(x), and

2 We note that this gauge transformation is slightly different than the one that is commonly used in the literature; this version is more suitable for
the boundary value problem.
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hoy=Hexp (i / g0 0Pdy) = Hyexp o / iy, 0%dy).
0 0

The second equality holds since the gauge transformation is unitary. The equation (3) has a counterpart on R, which
is identical without the boundary value #.
We will first establish the local wellposedness of (3) in the case « = —1. The equation then becomes

“)

iy + ey 4 iUty + %|u|4u =0, x,teRT,
u(x,0)=gx), u,1)=nh@).

The second step will be to establish the theory for any other «. This is trivial in the case of the real line case since
the gauge transformation is a bi-Lipschitz map between Sobolev spaces, see [10] and Lemma 7.2 in the Appendix.
However, because of the dependence of the boundary data on the L? norm of the solution in the gauged equation,
the local theory on the half line for any other « requires an additional fixed point argument that allows us to pick the
boundary data for « = —1 problem suitably, see Section 4.2.

Wellposedness of (3) or (4) means local existence, uniqueness and continuity with respect to the initial data of
distributional solutions. More precisely we have the following definition:

Definition 1.1. We say (3) is locally wellposed in H*(R*), if
iyforany ge H*(RT)and h e H = (RT), with the compatibility condition g(0) = h(0), the equation has a distribu-
tional solution

25+1
ueCOH ([0, TIx R)YNCYH, * (R x [0, T]),

where T =T ([ gl zs ®+)» ||h||H2s4+1 (R+)),

2s+1
i) if g, — g in H*(R*) and h,, — h in H>T (R*), then u, — u in the space above,
iii) u is the unique such solution.

Our first theorem establishes almost sharp local wellposedness (up to the endpoint s = %). We note that the half-
integer values of s cannot be attained due to functional analytic reasons. This difficulty is shared by other initial
and boundary value problems. For the cubic NLS equation, see [27,5,18]. In what follows we exclude s = % for this
reason, not because it is an endpoint.

Theorem 1.2. Fix s € (%, %), s # % Then for any fixed o € R, (3) is locally wellposed in H®(R™) in the sense of
Definition 1.1.

As mentioned above we start with the case ¢ = —1, cf. equation (4). In this particular case we also obtain a
smoothing estimate:

25+1

Theorem 1.3. Fix s € (%, %), s # %, and a < min(% —, %, 25 — 1). Then for any g € H*(RT) and h e H™2 (RT),
with the compatibility condition g(0) = h(0), the solution u of (4) satisfies

u(x, 1) — Wi(g, h)(x) € COHST ([0, T] x RT),

where T is the local existence time, and Wé (g, h) is the solution of the corresponding linear equation.

Notice that Theorem 1.3 explicitly states that the nonlinear part of the solution is smoother than the initial data and
the corresponding linear solution. This smoothing estimate plays a central role in the uniqueness part of Theorem 1.2
for « = —1 and thus for any «, since it shows that if we approximate any solution with a smoother solution (uniqueness
of which is known by energy methods) the time interval on which this approximation is valid depends only on the
norm of the less regular solutions. This argument, see [13], provides uniqueness for rough solutions at any regularity
level that the solutions exist. For details see Section 4.
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Remark 1.4. The a priori estimates we need to obtain in order to prove Theorem 1.3, in particular Proposition 3.5
and Proposition 3.6, also imply almost sharp local wellposedness and smoothing of order a < min(4s, %, % —s) for
any s > 0 for the L?-critical quintic NLS equation iu; + u,, & |u|*u = 0 on the half line, which as far as we know
is a new result by itself. In addition, these estimates imply a new smoothing estimate for the L2-critical quintic NLS

equation on R of order a < min(4s, %) improving earlier smoothing estimates obtained in [29] and [14].

We next establish the global wellposedness in the energy space for the equation (3) for any «, in particular for
the equation (2). For boundary value problems with nonzero boundary data this is not an immediate consequence of
the local theory since the local differentiation laws do not always lead to conservation laws. Nevertheless, in order to
extend the solutions to all times we only need an a priori bound of the H' norm of the solution. On the half line this
is indeed the case as we prove the bound for small initial and boundary data in the energy space. The proof is done in
two steps. First we obtain the bounds in the case that o = —% where the differentiation laws take the simplest form,
and then we prove similar bounds for the DNLS equation (3) for any « by substituting the gauge in the local energy
identities:

Theorem 1.5. For any o € R, there exists an absolute constant ¢ > 0 so that (3) is globally wellposed in H LR
provided that ||g|| g1 r+) + 12l g1 r+) < c.

We note that the smallness condition in Theorem 1.5 is natural since even on the real line one requires smallness
assumptions as the energy is not positive definite.

In the last part of the paper we consider the derivative Schrodinger equation on the full line (1). We combine the
xs-b theory with the theory of normal forms as was developed in [2] and [15] for the periodic KdV equation to obtain
the following smoothing theorem:

Theorem 1.6. Fix s > % and a < min(%, 2s — 1). For any g € H* (R) the solution u of

®)

{ iy + Uy +iutie + Slul*u=0, x,1eR,
u(x,0) =gx)

satisfies
u—e'"ge COHST ([0, T] x R),

where T is the local existence time.

This result can be iterated to hold for all times, see [15], under the small L? assumption that guarantees global
existence. Since the gauge transformation is continuous in Sobolev spaces, see Lemma 7.2 in the Appendix, this
theorem immediately implies that

Corollary 1.7. Fix s > % and a < min(%, 2s — 1). For any G € H*(R) the solution q of (1) satisfies

q—Gi1(e"*(G-1G)) e CHI ([0, T] x R). (6)

This improves a smoothing result® that was obtained in [43] for equation (1).

We now briefly discuss the organization of the paper. In Section 2 we define the notion of a solution, discuss the
solution of the linear equation, and obtain an integral formulation on the full line that we need in order to run a fixed
point argument, see equation (14). We thus are looking for a fixed point in the space

X5P(R x [0, T]) N CPHS ([0, T] x R) N CBH,% R x [0, T]). (7)

3 Although it is not stated explicitly in [43], the assertion (6) follows from the a priori estimates obtained there for the smaller range a <
min(§, 2s — D).
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It is a well known fact that (see (15) below for the definition of the X**? norm) X*?(R x [0, T]) C C,OH;([O, T] x

R) for any b > % However, to close the fixed point argument we need to take b < % and prove the continuity of

the solution directly by additional estimates. In Section 3 we prove the linear and nonlinear a priori estimates that
are useful in studying wellposedness of the derivative NLS on the half line. In Section 4 we establish the local
wellposedness theory for general o, see Theorem 1.2. In Section 5 we obtain the global wellposedness with small
mass and energy by proving a priori bounds on the energy norm. Section 6 is devoted to the derivative NLS equation
on the real line. In particular, we apply a normal form transformation and prove multilinear estimates that we use
to obtain an improved smoothing bound for the equation. Finally in the Appendix, we record a lemma that we use
repeatedly throughout the paper and prove another lemma on the Lipschitz continuity of the gauge transformation in
Sobolev spaces.

1.1. Notation

We define the Fourier transform on R by

7(6) = Fg(€) = / =% g (x)dx.
R

We also define the Sobolev space H*(R) via the norm:

1/2

gl = gl = ( / (&) 12(6)1%d8 )

R
where (£) := /1 + |&|2. We denote the linear Schrodinger propagator (for g € L>(R)) by
Wag(x, 1) =" g(x) = F~' [ 750 ] ).
For a space time function f, we set the notation

Do f (1) = f(0,1).

Finally, we reserve the symbol 1 for a smooth compactly supported function of time which is equal to 1 on [—1, 1].
2. Notion of a solution

Throughout the paper we have s € (0, %), s % %, % We define H*(R™) norm as

gl s @y == inf {118l s w) : §(x) = g(x), x > 0}.

We say g is an H*(R) extension of g € H*(RT) if g(x) = g(x) for x > 0 and || g||gs < 2|lgll gs r+)- Note that, if
g € H*(R™) for some s > %, then by Sobolev embedding any H* extension is continuous on R, and hence g(0) is
well defined. We have the following lemma concerning extensions of H*(R™) functions, see [12] and [18]:

Lemma 2.1. Let h € HS(R™) for some —% <s< %
D) If =5 <5 <3, then | x.00hll i ®) S Il s .

i) If 3 <s < 3 and h(0) = 0, then || 0,002l s ®) < Il s (re+)-

To construct the solutions of (4) we first consider the linear problem:

{iu,—}—uxx:O, xeRt, reRT,

u(x,0) =g(x) € HS(R™), u(O,t):h(t)eH%(R+), ®

with the compatibility condition 4(0) = g(0) for s > % Note that the uniqueness of the solutions of equation (8)
follows by considering the equation with g = h = 0 with the method of odd extension.
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We refer the reader to [5] and [18] for the derivation of the solution of (8), for ¢ € [0, 1]. We write
u(t) = Wi(g, h) = Wy(0, h — p) + Wr(t)ge.
where g, is an H* extension of g to R satisfying ||g. || #s®) S Ilgll ms m+)- Moreover,
p(6) =n(1) Do(Wrge) = n(O)[Wr(1)gel|,_»

which is well defined and is in H>7 (R*) by Lemma 3.1 below. In addition, following [5] and [18] we write
W((0, h) = Wih + Wah, where

Wih(x, 1) = % / e HIHIPY B (— g2)d, 9)
0
Wah(x., 1) = % / PP BT (B2, (10)
0
Here by a slight abuse of notation
h(&) = F(x0,00h) (&) = / e h(rydt. (11)
0

By a change of variable we have

e¢]

[ (B BRCEE dp < xoohl p

0

12)

S IRl 2se
H

®) 7 (RY)

where the last inequality follows from Lemma 2.1 under the compatibility condition 4 (0) = 0.
Note that W is already well defined for all x, r € R by (9). We also extend W5 to all x as in [18] by

Wah(x, 1) = % / P 1=P% o (Bx) BR(B)dB, (13)
0

where p(x) is a smooth function supported on (—2, 00), and p(x) = 1 for x > 0. Therefore the solution Wé(g, h) of
(8) for t € [0, 1] is now well defined for all x, t € R, and its restriction to R™ x [0, 1] is independent of the extension

8e-
‘We now consider the integral equation

t
u(t) =n()Wy(g, h) +n(r) / Wr(r — ') F () dt’ — n(t)W(0, ) (1), (14)
0
where
t
1
F) = n(t/T) iy + 3 lul*u) and q (1) = n(t)Do(/ Wh(t — t’)F(u)dt’).
0

Here Dy f(t) = f(0,1). In what follows we will prove that the integral equation (14) has a unique solution in the
Banach space (7) on R x R for some 7" < 1. Using the definition of the boundary operator, it is clear that the restriction
of u to RY x [0, T] satisfies (4) in the distributional sense. Also note that the smooth solutions of (14) satisfy (4) in
the classical sense.

We will work with the space X*P(R x R) (see [6,7]):

lull oo = [FC ) (0 6" 122 (15)
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We recall the embedding X s.b - Ct0 H; for b > % and the following inequalities from [6,21,17]. For any s, b we have

IO Wrgllxse S g llas- (16)

Forany s e R, 0 < by <%,and0§b2§1—b1,wehave

t
Hn(t) / Wt~ F@ar | SIFlgn. (17)
0

Moreover, for T < 1, and —% <by<by < %, we have
In(t/TYFllxsoy ST PHIF oy (18)

Finally, recall that, see e.g. [44, Lemma 2.9], for any translation invariant Banach space B of functions on R x R, the
a priori estimate | Wrgllg < |lgll g implies that

Juls < el oo forany b> 3. (19)
3. A priori estimates
In this section we provide a priori estimates for the linear and nonlinear terms in (14).
3.1. Estimates for the linear terms

We start with the following Kato smoothing type estimates which convert space derivatives to time derivatives.
These estimates justify the choice of spaces concerning g, / in Definition 1.1.

2541

Lemma 3.1. (Kato smoothing inequality) Fix s > 0. For any g € H* (R), we have n(t)Wrg € C)?H, * (R xR), and
nWrg w1 S8l @®)-
Iiwsel,_, 2 5 lelivcn

2(s—1)+1
In addition, for s > %, and for any g € H*(R), we have n(t)d, Wrg € CBHt 4 (R xR), and

[nox Wrgl| w1 S Nglas@®)-
LeH, ¢

Proof. The first part is the well known Kato smoothing theorem, see e.g. [18]. The second part follows from the first
part for s > 1 since d, commutes with Wg. For s € [%, 1), note that

F (s Weg) (1) = i / e+ ) EGE)dE = i / e+ £ ER(E)dE + i / Bt + £ g (E)dE.
&<l [E]>1

2s—1
We estimate the contribution of the first term to H, * norm by

/ ||<r>2“4—"ﬁ(r+52)||L%|§(5)|d55 / 12@E)1dE S N8Nz S lgllas-
[§1<1 |E]<1

By a change of variable, the contribution of the second term is bounded by

| [ i+ oiigeevmae] , < | [+ 0 T e + 1™ @6 VPN
1 1

L? L2

By Young’s inequality, we estimate this by
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25—1

1)+ 7l

P T EEYD)

S lglias.
Li>l ~

The continuity statement follows from this and the dominated convergence theorem. O

Lemma 3.2 and Proposition 3.3 below show that the boundary operator belongs to the space (7).
Lemma 3.2. Let s > 0. Then for h satisfying x0,00)h € H* T R), we have

25+1
W((0,h) € COHY (R x R) and n(1)W,(0,h) € COH, * (R x R).

In addition, for s > % and for h satisfying x(0,00)h € st4_+1 R), we have

2s—1)+1

N Wh©0,h) € COH, * (R xR).

251
Proof. For the first part see [18]. To prove that n(z)d, Wah € Cg H, * (R x R), write

Wah = / FBOF(e " B9) (B)dp = / T/ ) @)ds = / FEo) e ™y (xE)de,
R R R

where f(x) = e~ p(x) and ¥ (B) = Bh(B%) x[0.00) (B). We therefore obtain

3, Wah = / EFE) (e Py ) (xE)dE.
R

_The claim follows from using the Kato smoothing Lemma 3.1 and dominated convergence theorem noting that
Ef@ el

~ ~ 25—1
Finally, note that Wih = Wry{r, where ¥ (B8) = ﬂh(—ﬂz)x[om) (B). The claim n(t)o, Wih € CQH, * R xR)
follows as above from (11), (12), the continuity of Wg(#), and Kato smoothing Lemma 3.1. O

We also record the following bound from [18]:
Proposition 3.3. Let b < % and s > 0. Then for h satisfying x0,00)h € HZﬁT+1 (R), we have

In@W5 0. Wlixss S Ix.c0hll 201
H " (®)

The following proposition is a Kato smoothing type estimate for the nonlinear Duhamel term:

Proposition 3.4. Fix b < % For any smooth compactly supported function n, we have

t 1

, , I F 1l xs.~b, 0<s=<jy,

HT} W]R(t —t)th 25+1 S 1 5

C'H, * (RxR) NFI 1 2smiap + [ Fll s, 7 <s=3.

0 : X2 4
In addition, we have

; vl l<s<3
/ / Xs:=bs 2="=2
niy | Wr(t —1t")Fdt 21 S 3 5
) CYH, ¥ (RxR) IIFIIX%,M + 1 Fllxs-b, 5 =<s5=3.

Proof. For the first part see [18]. The second part follows from the first for s > 1 since 9, commutes with Wg. For

% < < 1, the proof is based on an argument from [12], also see [18].



M.B. Erdogan et al. / Ann. I. H. Poincaré — AN 35 (2018) 1947-1973 1955

It suffices to prove the bound above for nDQ( f(; Wr(t —t)o, Fd t’) since X*? norm is independent of space
translation. The continuity in x follows from this by the dominated convergence theorem as in the proof of Lemma 3.1.
Note that

t t
Do( f WR(t—r’)ader’) —; / / e e P E fYdr dE.
0 R O

Using
t
~ o~ - itE*+0) _
F(f;',/):/e”)‘F(E,A)dk and /e”@zH)d[/: 3—2
i(A+£°)
R 0
we obtain
; pith _ p=its®
D (/W t—1)9 th’):ifi F(e, ndedn.
0 R(1 —17)0x i()»+§2)§ (&, 1)d§
0 RZ

Let ¥ be a smooth cutoff for [—1, 1], and let ¢ =1 — 1. We write

—1t§
— — 2 I
1) Do /Wﬂw (Yo, Fdi’ —n(t)/ o O+ R e
o—it€ 2
+n()/ (ng)w (0. +EHEF G, )\)déd/\—n(t)/ (ng)‘” O+ EHEF (5, N dEd
=I+I1I+1II.
By Taylor expansion, we write
eitx_e—it,éz i o0 (— lt) e 1
Torm LT e
which leads to
= |'7(f)fk||Hl m k-1
e H/ O €)Y O P E D]
k=1
- 1 251 2vk—1
SY e fare
k=1 R
S |

By the Cauchy—Schwarz inequality in & we estimate this by

([ ([ er2a)( [ eiFenra)a]”

R [A+£2|<1 [A+£2|<1
21 T
SiFlosp (075 [ 02 ag) " < IFI .
A
[A+£21<1

The last inequality follows by a calculation substituting p = £2.
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For the second term we have

11 Sl |05
w2t @~ A+

R

25H<“%/<A+s>
R

By the Cauchy—Schwarz inequality in & we estimate this by

[0 ([ g e[| 5 Pentasyo]
R

25-1 (£)2~2% 172
1P (077 [ ) S IF s,

To obtain the last inequality recall that % <s<landb < %, and consider the cases |£]| < 1 and || > 1 separately. In
the former case use (A + £2) &~ (1) and in the latter case use Lemma 7.1 after the change of variable p =& 2,
To estimate || 11]| e ® we break the £ integral into two pieces |£| > 1 and || < 1. We estimate the contribution

of the former piece as above (after the change of variable p = £2):

25—1 25—1
[ (0)% S|
R \,D\>1 R \ﬂ\>1

3 ’

By the Cauchy—Schwarz inequality in A integral noting that b < % we bound this by

/ / bIF(f,A)Izd/\dp] SIF Ly
lo|>1 R

We estimate the contribution of the latter term by

x-1,1&)
(r+82)

In@e™ & | s x_1.1(E) _
/ g2t AL \F (£, 2)|dEd.

L+ EHEF ,Addng
] VEAFEDIEF(E, 1)|dE
R2 R2
For b < % this is bounded by || F'|| yo,-» by the Cauchy—Schwarz inequality in £ and A integrals. O
3.2. Estimates for the nonlinear terms
In this section we establish estimates for the nonlinear term in (14) in order to close the fixed point argument and
to obtain the smoothing theorem.

We start by recording a priori estimates that follow from (19) and well known dispersive estimates for the linear
Schrédinger evolution, for details see e.g. [30,42,43]:

(@)

”<ﬁ>v

Interpolating both (20) and (21) with Plancherel identity we obtain

< I/l L2 (Kato smoothing inequality), (20)

LeL2 "™

Lire SIEI 12, (Maximal function inequality). (21

H( T+§2(5__T)) Loo—Lz~||f||L2 , (22)
H( 4f(i:; N >v L Lo S - (23)

Sobolev embeddmg implies that
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(L8 )L, S 2= p <o 4

1 1 1 1
)2 (g
We also have the Strichartz estimate

fE ) \V
(m) ||f||L2 . (25)

Interpolating (25) with Plancherel identity, we have
fé. o0 v

(<r +s2>%‘%+)

Interpolating (25) with (24), we have

()

()7 T(r+&2)2
Using (26), (27), and Holder’s inequality, we have

Ly~

LeLs ™~

LprN||f||L2 , 2<p<e6. (26)

SIfllzz - 6<p<oo. 27)

Lir ™

fE, ) v fE V2 1
((f+g2)c+) [<(E)%_C+(r+§2)%—) ] L2+N||f||Lz , 0<c< 3 (28)
Similarly, using (22) and (23), and Holder’s inequality, we have
1
&2\ fE ) V2 _ 3
. 2
Corei) (G Tl =1, 29)

We start with smoothing estimates for the quintic term in (14):

Proposition 3.5. For fixed s > 0 and a < min(4s, %), there exists € > 0 such that for % —e<b< %, we have

el ] gora-s S Nl -

Proof. By writing the Fourier transform of |u|*u = uiiuiiu as a convolution, we obtain

ul*u (€0, 0) = / W(EL 1), 12)(Es, T3) 7 Es, Ta)H(Es. T5).
E0—&1+52—&3+84—85=0

T0—T1+ 02 —13+14—15=0

We define
fE D) =[E DIE (T +62)".
By duality, it suffices to prove
(o) g 0. 10) [T £ €. 7)) _
1—1] 1(8))° H, o{tj +&; £)b

I .=

§0—&1+52—83+64—§5=0
T0—T1+ 72— 13+74—15=0

SIAR 2 IIgIILz .

By symmetry, we can restrict ourselves to the case |&1| > |&| > |&3] > |&4| > |&5|, which implies |&1| 2 |£o]. We write

(£2)0F (£3) 0+ (£4) 3 (E5) 5 (£o)*a

I < sup
(&) [T )

g0, 10) f (&2, 12) f(&3, 13)

X
<<52>°+ (E3)0% (10 + £2) (v2 + ED)P (13 + E2)7
§o—&1+62—63+864—65=0
T0—T1+172—13+ 174 —715=0

(€12 £ ) fEata) (s, Ts) )
(E4)T (E5)3 (11 + EX)P (14 + E2)D (15 + £2)°
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Note that for s > 0, the supremum is finite provided that a < min(1/2, 4s). Therefore, using (28) with ¢ = 2_ and
(29), as well as the Plancherel identity and the convolution structure, we get I < || f ||5 2 llgll L2, O

We also need the following smoothing bound for the terms arising in Proposition 3.4:

Proposition 3.6. For fixed 0 < s <3 and —§ <a < min(4s, %, % —§), there exists € > 0 such that for % —€e<b<
é, we have

Naltull ) 20w Slul,,.

Proof. As in Proposition 3.5, by duality it suffices to prove that

2s+2a—1-4b

(o)} (10 +60) T gGo. ) [Ty &1 7))
[T (6% (x; + £2)

I :=

< > 2 .
IIfIILétIIgIILm

§0—&1+62—&3+64—65=0
©0—T1+2—13+1—15=0

We proceed by considering three cases.

Case 1. 2 s<sta<j; 5 . Since a < é,wehaves > 1. Note that

(0 +£7) < <smax>2j;r11ax5<rj +E7).

Without loss of generality, let max ;—; 2y = (15 + 552). ‘We have

2s+2a—1-4b

-1-4b i
{zo + SO) < (Emax)' 072 2b
5 ~ 1
G +€0" I+ €Dt
Using this, the Cauchy—Schwarz inequality, and integrating in the t variables, we bound I by the square root of

(é()) (émax)zs+2aili4b

[T )

||f||12 ||g||2z sup
50 §1+52—83+64—85=0
The supremum above is bounded by sup(£o) (£max )24~ ~*?, which is finite provided that a < 2b. This completes
Case 1.
1

We now consider the remaining case ; <s +a < % By symmetry, we can restrict ourselves to the case |&1| >
|&2] = |&3] = |&4] > |&5|, which implies |&1] 2 |&o]. We will consider the cases s +a < 1 and s 4+ a > 1 separately. In

both cases we use the simple observation that ay > ax > --->a, > 1 and by > by > --- > b, imply H’;’:l aj_bj <1,
provided that };_; b; > 0.

Case2. 5 <s+a < 1. Using (29) for f (51, 71), f (64, 74), and f (s, 7s), and using (28) with ¢ := 3=2=24 — € (g, 7)
for g(&o, 10), f (&2, 12), and f (&3, t3) as in the proof of Proposition 3.5, it suffices to observe that

1

(£2) 27 (E3) TN (£) 3 (E5) 3™ (B0)?
(€)1~ [T (&)
which holds true for a < min(4s, 2)

Case 3.1 <s-+a < 3. Using (29) for f(£1,71), f(&2, 72), and f (&3, 73), and using (28) with ¢ := 3=2=24_ € (0, 1)
for g(&o, 70), f(§4,r4) and f(&s, t5), we have
1

(E2)3 (61 (6T E) T ()2
2

(E1)7~ [T )

since a < min(4s, %). O

sup

sup
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We finish this section with analogous smoothing estimates for the derivative nonlinearity in (14). The following
proposition is a variant of an estimate from [42]:

Proposition 3.7. For fixed s > % and a <min(2s — 1, 41_1)’ there exists € > 0 such that for % —e<b< %, we have
2-— 3
iz | gssas S Nl s

Proof. Passing to the Fourier side and by duality as in the proof of Proposition 3.5, it suffices to prove

/ (g0) (&) g (0. T0) [ T2y &) 7))
[T €) [Timo () + €27

< 3
SIFI el
§o—&1+&2—&3=0

T0—T1+12—13=0
Note that
3 . -
[Ti—o(zj +&7)2
[Tt +€0" 2 (0 — e — g3 - =00
=0 max (t; +gj2)7+
0<j<3

Using (20) and (21) and observing that

mm(@i)‘l“éﬂ‘l‘ (&) ()8 gty <a§->z<s,->l<ask>l
(&) L €2 7T ENT 4+ (E)T (8T
it suffices to prove that
(<so>s+“<s1>ﬂ<sz>‘*s<ss>* ()% (€))% (808 )<
su 1 o max 3 3 3 )~
fo—bite—b=0 " ((Eg— £1)(Eg— E3))2  Osijks3distinet (£)3 4 (£,)3 4 (£,)3
Renaming the variables &, ..., &3 according to their size as |£yin| < |Emid] < [Emax1| = |Emax|, We have
<\§,->l 3(E})
max
0<i, j,k<3, distinct (S )4 + (E])
Therefore, we need to bound
(E0)* 9 (E1) ™ ()1 (63) " (Emia) ¥
Su

1 1°
So—b1+52-5=0 (5o —&1) (60 —&3))27  (Smax)?
The case |&g — &1 < 1 or &g — &3] < 1 is immediate. Thus it suffices to prove that

)

1

€0+ (mia)
<§k> (Smax)

Blw| Bl—
Bl—| &=

EN[S)

1

(E0)*THEN) T &) T ED) TS (Emia) ®
(Eo—E1)2 (B0 —&3)7  (Emax)d

when & — &1 + & — & =0 and |&;| < |&3], by symmetry.
In the case |&] < |&3] < 1621 ~ &, we have

<1 (30)

~

30) <
(1) (50 — &1)2 (Eo—$3> “(&)° -3

For s > Z’ we bound this by (£§9)¢~ it < 1 provided that a <z .For 1 3<s< 4, we have the bound

| Gy it Pk Al 3” < (o) bra—s—minG—13-9+ < |
(E1) 72 (E0) 2 (80 — £3)3 5 (£0)° T ()Mt 3=

provided that a < min(z, 2s — 1). In the first inequality above we used &y — &3 = &1 — &>.
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In the case |&1] < |&3]| &~ |&o| and |&3]| > |&;]|, we have the bound

(E0) ™3 (£1) ™5 (€)1 75 ((81)F + (E2) %)

1 <) T E) T <
(60)27 (51 —&2)2—

COBS

[SIE

provided that a < %
In the case |&1]| < |&3| =~ |&2| and |&3] > |&p|, we have the bound

(Eo)* T (£3) 32 ((B) & + (81) )
(£1) (B0 — £1)2~

30) < S gyt E) i <

provided that a < s.
In the case |&|, |£2] < |€1| & |&3], we have the bound

(30) S (60)F(62) ' 63) 2T (G0)F + (82)) S (80T E) T S

provided thata < 1. O

Proposition 3.8. Forﬁxed <s<3 and a<min(2s — 1, %, % — 8), there exists € > 0 such that for % —e<b< %

we have

2— 3
||u Uy ||X%_2.y+2a4—1—4b S el

Proof. As in Proposition 3.5, by duality and letting b = 5 —, it suffices to prove that

i 3
o)} €28 0. 1) [Ty £E1.7))

Do e T80T 113, e
(t0+§ _]_[j 1(E))S r]+§j)7— £t £

§o—&1+6—5=0

T0—T1+172—13=0

First consider the case s +a < 5. As in the proof of Proposition 3.7, we have

1
323 2a 1—13'—0<Tj+§2>7+

Org]%(f +E )2t

(T0+$0 +$ 2 (o—EDGo—&)) ©

Using (20), (21), and defining &,,;4 and &, as in the proof of Proposition 3.7, it suffices to prove that

(002 (61) 7 (82) 7 E3) ™ (Emia) ¥ _
sup Sl

3— 25 2a 1
So—§1+62-6=0 ((§o — §1) (60 — £3)) (§max)®
The case |&g — &1 S 1 or [Eg — &3] < 1 is immediate. Thus it suffices to prove that

<1

| s

<$0>%(§1)_S<§2>1_S($3>_S (Emia)?
(Eo— &) TF (0 — &) (Emax)

when & — &1 + & — §3 =0 and |§;| < |31, by symmetry.
In the case |&1] < &3] < |£21 &~ [€ol, we have

5
(Eo)a™*
3—2s—2a

(Eo) T F " (go) minGs 3

provided that a < min(%, 2s —1).

S <1

3—-2s—2a ~
f)_

€2y
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In the case |€1] < |&3] ~ [§o| and |§3] > |€2], we have

GD S (60) T (60~ (€)1 7 (11| + |2

(E0) TF (B — ) A

which is bounded for a < s.

1549 V1s
((;0)) <§ 2 é >3<%-22:>2a <$0> 1_74_ +<$2>1_7+7
1°(§1 — &

)

In the case |€1] < |&3] ~ [§2| and |§3] > [€o], we have

L —5 _3_S+£+
(31)§(§0)2<&><s@2>52}3zs G IODE < i s ) ¥ <
0—5sl1

-

provided that a < s.

In the case [ol, |&2] < [§1] ~ |83], we have

(B1) S (602 (E2) 7 &3) ™~ H ¥ (lgol + 1&2)F S 1

provided that a < s.

Bl

When 5 < s +a < 5, we always have s > 1. Renaming the variables &1, &, §3 according to their size as |§yin| <
[Emial < |&max|, we have
(10 + &7) S max((Emax)’, (11 +E7), (12 + ), (13 + ).
When the maximum is one of the (t; + & 2, say (13 + £5), we have

%Zsa

3
(TO+§() l_[ Tj +§ <Tl+$12>%_<7,'2+%'22> <7:3+$ ) 43= 25 2a
j=1

1 S_ _
201+ D)0+ DT () T
Therefore, by the Cauchy—Schwarz inequality (as in the proof of Proposition 3.6), it suffices to prove that

(E0)(£2)?
"t N [
050—§1+E2—§3=0 max J=1ed

<1.

Using Lemma 7.1 and |&,,4x| 2 |&0l, we bound the integral by

2s+2a—4+d d
/ <sl>2§§§i — £ —53>i—§3<s3>2s S {E) T (E) TR = (£0) TP S

provided that a < 1.

When the maximum is (&4 )2, we have

’%25(1

(to + 5()

3 3
3 25 2a
Hr,+s 2 (Emax) Tl +&hz
j=1 j=1
Therefore, using (20) and (21) as in the proof of Proposition 3.7, it suffices to prove that
L s e s e — ta—3+ (Emid)
(£0)2 (£1) ™ (E2) 70 (E3) 7 () AT
<‘§max)

<1.

P R

We bound the multiplier by

(Emar) T3 (Epa) 3
(&1)5(62)5 (&3)°

: 1
provided thata < 5.

< () i)t

@max)S(émid)x ~

O
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4. Local theory: the proof of Theorem 1.2 and Theorem 1.3

We start with the proof of Theorem 1.2 for « = —1, see (4). Recalling (14), we first prove that

1
Tu(t) = n(t)Wé(g, h) + in(t)/ Wr(t —t")F(u)dt' — n(t)Wé(O, q), (32)
0

has a fixed point in X5P Here s € (%, %), s # %, b < % is sufficiently close to %, and

t
Fu) = n(t/T)(int, + %|u|4u) and g (1) = n(t)Do(/ Wt — /)F(u)d/),
0

and

Wi(g. k) = Wr()ge + W§(0.h — p). p(t) =n(t) Do(Wr(t)ge)-
By (16), we have

IMWr()gell s SIgellas S NIgN s ®+)-

Combining (17), (18), Proposition 3.5, and Proposition 3.7, we obtain

X.v+a,%+ rg ”F(M)HXJ+¢1,—%+

t
@) / Wi (t — 1) F () dr’|
0

15 — 15
ST (Pt |l gsras + Ml ull gsras) STl + 11l ). (33)
Using Proposition 3.3, Lemma 2.1 and noting that the compatibility condition holds we arrive at
n ol —=p ) CLIN — P)X(©0,00) 1l 2st1
In@W5(0,h — p)Dllxse SNk~ p) I
H % ®)

SIh=pl acn  SUAL 20 +pl 2 SR 20+ liglaso-
H, ®*) H * R H, (N H, ®R*)

t t t

In the last inequality, we used Lemma 3.1. Finally,

In@W§(0, q) Dl xs+ar S g x©0,00l 20tart Sl 26+
H 4+ ® H 4 ®

By Proposition 3.4, (18), and Propositions 3.5, 3.6, 3.7, 3.8, we have

1_p— 3 5
llgll 2startl N IIFIIX%‘2<A~+«2>—3+ + IIFIIXW,_%+ ST2 (IIMIIXS,;, + IIMIIXS,h). (34)
H ®)

t

Combining these estimates, we obtain

1 5
ITulxss S ghsee) + A1 2 LT S (TSP T Y B

This yields the existence of a fixed point u of " in X**. Now we prove that u € C? H; ([0, T) x R). Note that the
first term in the definition (32) of I is continuous in H*. The continuity of the third term follows from Lemma 3.2
and (34). For the second term it follows from the embedding X*" 2+ ccC tO H; and (17) together with Proposition 3.5.

25+1
The fact that u € C)?HITJr (R x [0, T']) follows similarly from Lemma 3.1, Proposition 3.4, and Lemma 3.2.
The continuous dependence on the initial and boundary data follows from the fixed point argument and the a priori
estimates as in the previous paragraph. In order to do this observe that by Lemma 4.1 below, given g, — g in H*(RT)
and an H* extension g, of g, there are extensions g, . of the g, so that g, . — g. in H*(R).
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It remains to prove the uniqueness part of the theorem. Before that, we prove Theorem 1.3. Recall that
t
u—Wy(g. h) = —n()Wg(0,q)(®) + in(t)f Wr(t — ) F(wdt'.
0

By (33) and the embedding X* ¢ e OH35%4 the second summand is in CO H . The first summand also belongs
to COH:+* by Lemma 3.2 and (34).

4.1. Uniqueness of solutions

We now discuss the uniqueness of solutions of (4). The solution we constructed above is the unique fixed point
of (32). However, it is not a priori clear if there are no other distributional solutions, or if different extensions of the
initial data produce the same solution on R*. We resolve this issue for s > 2 first. Take two H* local solutions u1, u>.
We have

. P, Y 1 L, 1
iy — )i + (1 — u2)xx + iufiiry + Slur[*uy — iudiz, — 3luzl*uz =0,

35
(up —u2)(x,0) =0, (U1 —u)(0,1)=0, xeR", teR". (33)

Multiplying the equation by 1 — u, and integrating, we obtain (in the local existence interval)

Illuy — uzll3 S lluy — w2l 3(1+ Nt 13,2 + lluzll32) S llut — ua 3.
This implies uniqueness for s > 2.
Implementing the smoothing bound in Theorem 1.3 we now prove the uniqueness for 3—1 < § < 2; the argument
can be iterated to obtain uniqueness for all s € (%, 2),s # % Let u, v be two H*(RT) solutions as in Definition 1.1
starting from data g, /. Take sequences {g,} C H>(R™) converging to g in H*(R*), and {h,} C H 3 (R™) converging

tohin H = (R*). Let u, be the unique H 2(R*) solution on [0, T},]. By continuous dependence this implies that
u = v = limu, provided that the existence times, 7,,, do not shrink to zero. To see that 7, = T,,(||g|| u+, ”h”HZT] ),

we use the smoothing estimates noting that u,, agrees with the solution we obtained. Write

IT ) 2o S lignllz + Il 5 + Tt (e + 1)

Slgnllzz + Ihnll s + T Ugnlls + Ihnll 2521 +1)°

Shgall + lhall 5 + T Ugllas + 1Al 21 + 1.

Since ||gnll g2 = llgnllas 2 Il a5, and similarly for 4, we can pick T, depending only on ||g|| zs and ||h||stT+1.
We finish this section with a lemma that was used above which also implies that the solutions we constructed are
5 .
limits of H2~ solutions.

Lemma4.1. Fixs > 0and k > 5. Let g € H*(RY), f € H*(R™), and let g, be an H* extension of g to R. Then there
is an H* extension f, of f to R so that

lge — fellus®) S 1&g — fllas®+)-

Proof. Fix ¢ € H*(R) supported in (—oo, 0]. We claim that for any € > 0, there is a function ¢ € H*(R) supported
in (—o0, 0) such that ||¢ — Y| gs(r) < €. Indeed, observing that T_s/(-) = ¥ (- +68) — ¥ () in H*(R) as § — 0T, the
claim follows by taking a smooth approximate identity k,, supported in (—%, %) for sufficiently small §, and letting
¢ = (1_s¥) *x k, for sufficiently large n.

To obtain the lemma from this claim, let fbe an HK extension of f to R and i an H* extension of g — f to R
with |2 gs®) S lg — fllms®+)- Apply the claim to ¢ =g, — f — h with € = ||g — f| gs@+). Letting fo = f + ¢
yields the claim. 0O
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4.2. The proof of Theorem 1.2 for general @ € R

In this section we obtain the local wellposedness of derivative NLS on R*:

(36)

{ iqr +qex —i(lq1?q)x =0, x eRT, 1 eRT,
q(x,0)=G(x), ¢q0,1)=H(1).

The same argument applies to any other gauge G, .
Let
u(x,r)=é' S |‘1(y”)|2dyq(x, N =eé [ |”(y")‘2dyq(x, 1), t,xeR™".

We note that if u solves (4) with g(x) = ¢’ [Z |G(Y)|2dyG(x), and h(r) = ¢’ Io ‘“(y”)lzdyH(t), then g solves (36). Note
that this constitutes a different boundary value problem than (4), since the boundary value depends on the value of the
function in the interior of the domain. Hence, the essential part of this process is finding 4 of the form e!” ) H (z), so
that the solution u of (4), with data g, &, satisfies

(0.¢]
[ npay=ya. reto.1
0
The following lemmas establish this and allow us to obtain the local wellposedness of (36).

Lemma 4.2. Given G € H*(R1) and H € HZSTJrl (RY), there is a unique real valued function y € H¥ ([0, T]) such
that the solution u of (4) with data g(x) = ¢' [ |G(y)‘Z”lyG(x), and h(t) = ¢!V D H (1), satisfies

y(r>=f|u(y,r>|2dy, 1 e [0, 7],
0

Here T =T (|G| gs, ||H||H2S4+1 ). Moreover, y depends on G and H continuously. Furthermore, y € H'([0, T1) for

13 3 3,3
s€(3,3)andy € H2([0,T]) fors € (5, 5).

Proof. Fix G and H as in the statement. Given a real valued function y € H BH ([0, T']), denote the solution u by
u”. We will prove the theorem by applying a fixed point argument to the map

F@ =1 172+,
for sufficiently small 7. Let

Krr={¢ € H (0, TD : |$llarqo.ry < 1,60 = g2+

The following claim finishes the proof:
Claim. For s € (%, %), there exists 7' > 0 as in the statement of the theorem so that f maps K 241 , to Ky 7, and it
4 9

is a contraction on K1 7. Similarly, for s € (%, %), f maps K1  to K3 ., and it is a contraction on K3 ;.
4 9 2 ’ 21

Proof of the Claim. Fix s € (%, %). By the local theory,
1
If 2oy S T2CIGps MHI 2eer Iyl 2ss -
4 Hod

Therefore it suffices to consider ||9; f (y)|| L2([0.T])- We calculate

— 1
3 f(y) =23(h(t)ux (0,1)) — Elh(t)|4~ (37

Recall that u” solves the equation
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u? (1) = Wy(g, h) + n(t)/ Wr(t — )’ /T)Nw”)dt’ — n()W§(0,q7),
where
o’ & =00 [ Walt = /NG ).
0
Therefore

£0.0) = Do (Wie. ) + (6 [ Walt = /TNG)dt' = (@) Wi0.47)):
0

We bound the H€ norm (for 0 < € < 2s ! =—) as follows

luk 0, ) me < llgll bz TR 1+ In(t/TYN@?)|| b te T llq” [
Slglas + ||h||H2s4+1 + lln(t/TYN )| po-be S S Cligls. I 2
=3

2

In the first inequality we used Lemma 3.1, Lemma 3.2, and Proposition 3.4. The last inequality follows from the local
theory.
Using this bound in (37), we obtain

10 f Wl 20,71 S Al oo, 7y 1k (0, D[l L2+ + In* 220, T])
STV H o ) (O, )| e + T2 IH o0 S T CuGigs IHI auen Iyl 20s1 -
H 4 H 4

In the last step we used

ligllas S IIGllgs, and

IRl 2601 Sle |
H 4 ([0,T])

IH| (II)/II

25+1 25+
H 4 (0,TD H 4 ([0 T])

2 (0,71 )” e (.1’

This and similar bounds for the differences complete the proof for s € (5, 5) by choosing 7' small.
Fors € (%, %), it suffices to consider ||9; f (y)|| o 0.1 Interpolating with the L? bound above, it suffices to prove

that

19: f ()l

<Cic H
H2+e .1 = IGllgs, I HI 2311 vl 23317

which follows from similar arguments using Lemma 3.1, Lemma 3.2, Proposition 3.4, and the local theory. O

Remark 4.3. Note that for s € (%, %), a slight variation of the proof above utilizing the fractional Leibniz rule and
Sobolev embedding theorem yields that y € H'*€ for some € = e(s) > 0.

Lemma 4.4. Fix s € (%, %), s # % Let u be an H® solution of (4). Then for any « € R

. oo 25+1
el ST 0Py (1) e COHP ([0, T] x R)NCOH, * (R x [0, T).

2541
Proof. Since u € Cl0 H([0,T]xR)N C)?Ht 4 (R x [0, TY), the first inclusion follows from the Lipschitz continuity
of the gauge transformation, see Lemma 7.2 in the Appendix, also see [10]. For the second inclusion first note that

oo
2 25+1
/Iu(y,t)l dyeH, *
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for x =0 by Lemma 4.2; the proof is identical for fixed x # 0. By Taylor expansion and the algebra property of
Sobolev spaces, this implies that

A L e
for all x. For the continuity in x we consider the differences. By the algebra property of Sobolev spaces and considering
the Taylor expansion of exponentials, it suffices to note that

X!

00 00 x
H/|u(y,t)|2dy—/|u<y,r>|2dyH S/}Ilu(y,t)lzll z%dysfﬂu(y,nhz zpdy =0,
H, H, H,
X x/ X

X

asx’ —x. 0O

It is easy to see that using Lemma 4.2 and Lemma 4.4 one can construct solutions of (36) in C? Hi ([0, TIxR)N

2541
C)(C)H, * (R x [0, T]) which depend continuously on the data. Note that the local existence time depends on 7 in

Lemma 4.2, which depends only on ||G|| gs, ||H”H2xz~l .

It remains to establish the uniqueness of the solutions, which follows from the previous argument for s > 2; see
the discussions around equation (35) in Section 4.1. For s < 2, the smooth approximation argument in Section 4.1

requires that for smooth G,,, H, converging to G, H in H%, H 2 respectively, we find y,, as in Lemma 4.2 on an
interval [0, T,,], with T, = T,, (|G || gs, | H || 4 ! ). This follows from Lemma 4.2 and the remark following its proof,

. 3 . .
since for s € (%, %), say, we can construct ¥, € H2 on [0, T,,], with 7;, depending only on |G, || us, || Hx ”HZSZ" .

5. Global wellposedness in the energy space

In this section we prove Theorem 1.5. We first consider the global wellposedness of (3) for o = —%:

{iut+u”—i|u|2ux=0, x eRt,t eRT, (38)

u(x,0)=gx), u(,t)="hn().
Noting the identity
3 (|uPuctty) = 83t |u|?) — 03 Gty |u ), (39)
one can easily prove that the following energy functional is conserved for the problem on R:
E_1(u) = lusll}, +33fuﬁx|u|2.
7 (R) 2
R

Substituting u =G_ 14, we see that the energy for derivative NLS on R is

2 EN _ o2, Lo
E(Q) = ”q}CHLZ(R) + E\S/qqul + E”q”LG(R)'
R

In what follows, with a slight abuse of notation, we use E_ 1 and E also to denote the functionals where R is replaced
by RT.

To prove the global wellposedness of (38) in the energy space we need to find an a priori bound for the H'!
norm of the solution. To this end we use the following identities which can be obtained using (39) and justified by
approximation by H? solutions of (38):

2 NP -
O lul? = =23 (u D) + 5 (ul*)z, (40)
1 VI
3 (lux ] + Eﬁ(uxuwﬁ)) = 2N (u i)y — Eﬁ(uutmﬁ)x, (41)

Ay (lux]?) = —i iy, — (uity) - (42)
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Similar identities were used in [5,18] for the NLS equation on the half line. Integrating these identities on [0, #] x
[0, o0), we obtain

t t
— 1
lu®3 — gl =23 / 2 (0, $)h(s)ds — 2 / lh(s)|*ds,
0

0
t t

E_ju®)—E_j(3)= —2m/ux(o,s)ﬁ(s)ds + %S/mh/(sﬂh(s)lzds,

0 0
o0 o0
I; = /|ux(0 )| ds-z/uuxdx— / ’dx—i—z/h(s)W(s)ds.
0

Also note that by the Gagliardo—Nirenberg inequality one can obtain
E_y(u) = Juxl72(1 = Cllul7).

for some absolute constant C. Therefore, in the case ||u || we have

L2 - 2C’

lul?> < c(1+ /1),
luxl?s < e(1+VT)).

Iy < lull 2 lluxll 2 +c,

where ¢ = ¢(C) < 1 depends on ||g]| g1 + ||| ;1. Combining these inequalities, we obtain

I,<2c+c\/7.

We conclude that /; < 4c¢, and hence ||u ||2 2¢, ||ux ||2 < 2c. This implies that there exists an absolute constant ¢ > 0
so that (38) is globally wellposed in H'(R*) provided that gl g1 r+) + Al g1 g+ < c. This yields Theorem 1.5 for
a=—1

To obtain the global wellposedness of derivative NLS,* plug u = g_% q in the identities (40)—(42), and integrate on
[0, £] x [0, 00) to obtain

t t
—_— 1
91— 1613 =25 [ (G_4),0.0C ;00515 - 5 [ 116) as,
0
1 t
Elq0) = EG) =20 [(G_10).0.9T_ 100,985+ 33 [ @ 1010.96_ 1) 0.)|HO)Pds.
0 0
t o0
L= [ 16 0.9Pds =i (G0 Tj0) dx
0 0

[ee} t
~i [ 646107 6Ydx +i [ G_19)0.9G 00,9
0 0

In addition, the definition of the gauge transformation and the x-integral of (40) give

Gy @5 .9 SIH' @)+ HEF + HGPIG_1)x0,9)]

4 For other values of « the proof is similar.
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Furthermore, by the boundedness of the gauge transformation in H' and in L?, and the Gagliardo—Nirenberg inequal-
ity we have the lower bound for the energy as above. We thus obtain for small data

g1, < e(1++/1p),
lgxl?s < e+ VI + 1),

3
L<c+VIL+1%).

This concludes the proof of Theorem 1.5 for o = 0.
6. Derivative NLS on the real line

In this section we prove Theorem 1.6 providing an improved smoothing estimate on the real line by applying a
normal form transform to the equation (5). Following the differentiation by parts method of [2] (also see [14] for an
application on R), we obtain

Proposition 6.1. The solution u of equation (5) satisfies

. . , 1
i (e_”Au - e_”AB(u)> = "8 (R@) + S lul*u + NRi () + N Ry (), (43)
where
=~ Soug Uz, U,
B () = f R =t
E—&)+E1—E3=0 b=z =3
&—E11,[E—&3]=1
Ru)(é) = / Eoltg, Ug, U,
E—£1+5—5=0
l6—511<1 or |E—&3] <1
T Eoug U, We,
NRy(u)(§)=2 / ,
L S
—E1+5 &=
|s Eil,[E— 53|>1
TR §augy Wey g,y
NRZ(“)(&):_ / P 2 PN
E—£)+ir— 52_51 Tk
E—&11.16— S3|>1

Here ug(t) == u(g, t) and we (t) := w(g, t) with
. , 1
w=ie"[0,(e7"Pu)] = —iutuy — §|u|4u.
Proof. The following calculations can be justified by smooth approximation. First observe that

9 (e u) = e_”A(iu, + uxx) =—ie "M wluy) — Ee_”A(Iu|4u).

On the Fourier side, we have

. . . P2 R Y IR ) _
—i F (™" WPur)) () = — / ¢S Eug g ug, = —e" Rw)(§) — / S Eug gy ug,
§—&1+6—86=0 E—&1+&—83=0
[E—&1],1E—&31=1

We rewrite the integral above as
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ir(E2_g24 82 g2 2 T o
—i9, ("B (©)) +i / TR T (Mg " ug e )

§2 -8 +6 &
E—E14+85—-E3=0
[E=&1,1E-&3=1
= —id,(¢"E Bw)(®)) + & NR @) (&) + €€ NRy(u) (£).

The equality follows from the definition of w and the symmetry in &1, €3 variables. O
The following proposition estimates the terms that appear in (43).

Proposition 6.2. For fixed s > %, and a < min(2s — 1, %), we have

3
1Bl gsta S Nullys,
IRGON sva-+ < Maellys

4 5
uetae] oo ys S s

|NRi(u) +NR2(u)\

M,,+Nllull gl

o0l

where w = —iuu; — §|u|4u.

Proof. First note that the bound for |u|*u follows from Proposition 3.5.
By writing f(§) = (£)°|ug|, the following inequality implies the bound for B:

H / (E)FE) T FEDf(E) (&) <IfP
(€ —E1)E — &) (E) (&) g~ LY

§—51+6—5=0
By the Cauchy—Schwarz inequality and symmetry, this boils down to showing

<S>2s+2a (§2)2—2s
sup < 00.

£ (€ —&1)2(E —&)2(EN> (&3)>
it

This supremum is finite by considering the cases |&1| 2 |&2| > €], |&2] = |€], |€1] 2 |€] > |&2].
By duality, renaming the functions, and symmetry, the bound for R follows from

o) &) Thoo fEt)
217 3 2l+N||f||L2'
(€)% (&) (10 + £ 2 [T=y (7 +87)2 £

§o—&1+62—83=0,|60—&1 <1

T0—T1+172—13=0

,,,,,

Assume that (tg + 53) = moax 3(1’ i+ 5]2), the other cases are similar. This implies that
]:

(to+£5) 2 (o — £1) (B0 — £3)) = (B0 — ED (&1 — &2)).
Using (&) = (§1), (§3) =~ (£2), and letting p = &y — &; in the & integral, we bound the left hand side by

ENYUEN B fp+EL, 11—+ 1) fELT) f G 1) fp+ £, T3)

: ] 1 i dpd&id&dridradrs.
(P& — )1 (1 +ED) T+ ED T (1 + (0 + 82)2) 2T 1R

lol<1

a 1-2s
Noting that M < p_%+ for a < min(2s — 1, %) and |p| < 1, and integrating in p, we obtain the bound
(pE1—82))2"

/' fo+é,u—n+w)féE,t)fE, ) f(p+&,13)
(T2 + )3T (13 + (p + E)2) 2T

sup d&1dé&ydTidnydrs.

1969
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By the Cauchy—Schwarz inequality and Fubini’s theorem, the integral above is bounded by the square root of

fPo+&,1—n+1)fiE n)
/ (ts + (L EDD)T déidtidtidéydr X
frELT) o+ 6. 13) §
dédridrrdérdts < )
/ (4 E &rdnidrdé T_%NllfllLgr

We now consider N R;. By duality and renaming the functions, it suffices to prove that

B (E) (13 + £ [y £ 50 7))
(B0 — £1) (B0 — £3) (E1)* (3)® (10 + £2) 2~ (11 + £2) 1+ (mp + £2) 2+

SN -
§o—&1+62—5=0

T0—T1+172—13=0

We will consider the following cases:
(134&3) < (10 + &) and jmax (x; +&7) S (B0 —&1) (€0 — &)

The remaining cases are similar. In the former case, by the Cauchy—Schwarz inequality we bound the left hand side
by the square root of

/ M? £2(&, ©0)

(1 +EDT (r + 81 Hf(s””K”f”gz o / M

§0—&1+6—5=0 Eo—&1+6—5=0 /=] So §1+62—83=0
0—T1+0—13=0 0—T1+ 0 —13=0

g0yt gt

_ ) . . . .
where M = Fo=E) Eo—E G & The supremum is finite as it was considered for the B term above.

In the latter case when (&g — &1) (&0 — &3) = .moax 3(rj + EJZ), we have
j=

=u,...,

(3 +83)8
(60 — &1) (6o — &3) (10 +6) 7 (1 + €D H(ma +£3) 7
’S 5 5 1 1 1 1 :
(Eo— &) (50— &)8 (o + &0 2T (m +ED T (mp +£7) 2T
Using and (20), (21), and defining &,,;4 and &,,,, as in the proof of Proposition 3.7, it suffices to prove that

(E0)S T (Ey) 1= (Emia)

sup 5 s - < 00.
So—61+62-863=0 (§o — §1)3 ™ (50 — §3) 8 (51)°(63)" (Emax)?

This bound follows from the bound for (30) above in all cases except |§1]| < |&3] < |€2] = |&pl. In this case, we bound

the supremum by

(g0 it
sup 5 5 (44)
£o— %;lrizléo 0 (o — &1)8 (&0 — &3)8 7 (£1)5(&3)° 73

For s > , we bound (44) by (9)*~ 2+ which is bounded provided that a < 5 . For 2 3<s< 8 , we have the bound

(44) < sup . 1(&0)4 i : < sup(%’o)%+a_s_min(%_s's_%)+,
fo— fézﬁz‘&l (E0)B8 7 (E0) "4 (&1 —&)8 (&) T8 &

which is finite provided that a < min(2s — 1, %). For <5< g, we have the bound

(44) Ssup(E0)* T <00
&

provided that a < 2s — 1. The proof for N R; is identical to the proof for NR|. O
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The following lemma provides a bound for ||w ||X 3 that arise in the estimate for the terms N R{ (1) and N R>(u)

3
8

in Proposition 6.2.

Lemma 6.3. For s > % we have

< 3 5
ol g S, + el

3
8

Proof. We will only provide the bound for the cubic part since the quintic part follows easily from Sobolev embed-
ding. As in the proof of Proposition 3.7, it suffices to prove that

wp LG0T ()15 (E3)™ (Emia)
—a+e-5=0 ((Eo— £ (E0 —E))F  (Emax)

The case |&g — &1] S 1 or &g — &3] < 1 is immediate. Thus it is enough to prove that

(£0)* (61)* (62)' *(63) ™" (bmia)?

(Eo— £ (Eo—£3)3  (Emax)

is bounded when &y — &1 + & — & =0 and |§;| < |&3[, by symmetry.
In the case |£1] < |&] < |&2] ~ |€ol, for s > 3, we have

_8’
(60) 1

)’
3 < 00.
3

(45)

wu \/
ST

E o)

45) < 3 3 S
(E1)5 (8o — &1)8 (80 — £3)8(&3)° 3
whereas, for % <s< %, we find
Ok _ (g0

(453

(xz\.n oolu-

=S

(£1)F 8 (£0) § <sl—sz>%*<§o>s—i (&)
In the case [£1] < |&3] ~ [%]| and |&5] > |&], we have
(51)73@2)17‘: < @Hg <1
(E)F(E —E2)F T (E3)R (En)

In the case |£1] < €3] ~ |&] and |&5] > |&], we have
(E0)* (1)~ (£3) 8 25(<so>4+<sl>2)

(60 —51)g
In the case |&ol, [&2] < |1&1] & &3], we have

(453

(45)< < (E0) TR (E3) SR ((B0) T + (E1)F) S L.

(45) < (E0)* (E2) " (83) "2 ((&0) 7 + (E2)F) S 1.

This completes the proof of the lemma. O

Proof of Theorem 1.6. Integrating (43) on [0, ] we obtain

1
, . , 1
u(t) — g = Bu(r)) — " B(g) +i / e I8 (R(u) + E|u|“u + NR{(u) + NRy(u))ds
0
The claim follows from this using the bounds in Proposition 6.2, the inequality (17), and the embedding X** ¢ C ? H;
forb>1 O
2
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7. Appendix

In this Appendix we discuss two lemmas. For a proof of the first one, see [16]. The second one is from [10] but we
provide a proof for completeness.

Lemma7.1.If >y >0and B+ y > 1, then

1 —
/ (x —ar)P(x —a2)de Slar —az) M gplar — a),

where
1 B>1
¢p(a) ~ {log(l+{a)) B=1
(a)l =P B<l.

Lemma 7.2. For s > % the gauge G, f(x) = f(x) exp( —ix fxoo |f(y)|2dy) is Lipschitz continuous on bounded
subsets of H®.

Proof. Let |gllzip :=llgllz> + Ilg"ll L. Sobolev embedding gives

x
| exp(—"“/lf(yﬂzdy)ﬂup51+||f||%p, s>%.
¢

In addition, by interpolation between L? and H!, we have

I fglles SN flasligliip, s €011,

which completes the proof for s € (%, 1].
Fors e (1,2],let g =exp (—ia [°|f(y)|*dy), and note that

I fgllas SUFglpe +1F glgst + 128l gt SUgheip(IF Iz + 1 Mg+ 1 o) ST+ UF I3

For s > 2 the same argument works inductively. O
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