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Abstract

We present several results suggesting that the concept of Cliinverse (limit structural) stability is free of singularity theory.
An example of a robustly transitive, Cliinverse stable endomorphism with a persistent critical set is given. We show that every
Cl-inverse stable, axiom A endomorphism satisfies a certain strong transversality condition (7'). We prove that every attractor—
repeller endomorphism satisfying axiom A and condition (T') is Cl.inverse stable. The latter is applied to Hénon maps, rational
functions and others. This leads us to conjecture that C!-inverse stable endomorphisms are exactly those which satisfy axiom A
and condition (7).
© 2012 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.

Résumé

Nous présentons différents résultats suggérant que le concept de C L_stabilité (structurelle de la limite inverse) est indépendant de
la théorie des singularités. Nous décrivons un exemple d’un endomorphisme robustement transitif et C Lstable ayant un ensemble
critique persistant. Nous montrons que tout endomorphisme axiome A et C I_stable vérifie nécessairement une certaine condition
de transversalité forte (7"). Nous démontrons que tout endomorphisme attracteur—répulseur vérifiant la condition (7') est C 1 stable.
Ce dernier résultat est appliqué, entre autres, aux applications de type Hénon et aux fractions rationnelles. Cela nous amene a
conjecturer que les endomorphismes C I_stables sont exactement ceux qui vérifient I’axiome A et la condition (7).
© 2012 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.

1. Introduction

There exist various concepts of stability for dynamical systems. When dealing with endomorphisms it makes sense
to consider the inverse limit which is defined in the sequel. A C'-endomorphism f is a C'-map of a manifold M
into itself, which is not necessarily bijective and which can have a nonempty singular set (formed by the points x s.t.
the derivative T f is not surjective). The inverse limit set of f is the space of the full orbits (x;); € M% of f. The
dynamics induced by f on its inverse limit set is the shift. The endomorphism f is C'-inverse limit stable if for every
C! perturbation f’ of f, the inverse limit set of f’ is homeomorphic to the one of f via a homeomorphism which
conjugates both induced dynamics and is C-close to the canonical inclusion.
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When the dynamics f is a diffeomorphism, the inverse limit set M r is homeomorphic to the manifold M. The
Cl-inverse limit stability of f is then equivalent to the C'-structural stability of f: every C'-perturbation of f is
conjugated to f via a homeomorphism of M.

A great work was done by many authors to provide a satisfactory description of C!-structurally stable diffeomor-
phisms, which starts with Anosov, Smale, Palis, de Melo, Robbin, and finishes with Robinson [14] and Mafié [9].
Such diffeomorphisms are those which satisfy axiom A and the strong transversality condition.

Almost the same description was accomplished for C!-structurally stable flows by Robinson and Hayashi. The
inverse limit set of a flow is a one dimensional foliation. The structural stability of a flow is also equivalent to the
Cl-inverse stability. A flow ¢ is structurally stable if the foliation induced by ¢ is equivalent to the foliation induced
by its perturbation, via a homeomorphism of M which is C%-close to the identity.

The descriptions of the structurally stable maps for smoother topologies (C”, C°°, holomorphic...) remain some
of the hardest, fundamental, open questions in dynamics.

One of the difficulties occurring in the description of C”-structurally stable smooth endomorphisms concerns the
singularities. Indeed, a structurally stable map must display a stable singular set. But there is no satisfactory description
of them in singularity theory.

This work suggests that the concept of inverse limit stability does not deal with singularity theory.

For other perspectives, let us mention that the concept of inverse limit stability is an area of great interest for
semi-flows given by PDEs, although still at its infancy.

The work of the first author was done during stays at IHES (France), IMPA (Brasil) and Facultad de Ciencias
(Uruguay). He is very grateful to these institutes for their hospitality.

2. Statement of the main results

Let £ be a C'-map of a compact manifold M into itself. The inverse limit of f is the set

M= {x=()icz € ME: f(x)=xip1 Vi €2},

The set M f 1s a compact metric space endowed with the metric:
d(xi, yi)
dix,y) =) —o,
nez

with d the Riemannian metric on M. The map f induces the shift map f (x)i = xj+1. We remark that M £ is equal
to M and f isequal to f if f is bijective. The global attractor of f is defined as My = ﬂn>0 f"(M).For j € Z,let:

JTjI)C:(xi),' GMZ|—>)C]' eM.

Wenotethatnjof fonlefandn](Mf)—Mf
Two endomorphisms f and f’ are C'-inverse limit conjugated, if there exists a homeomorphism /4 from M f
onto M f7» such that the following equality holds:

hof:foh.

Definition 2.1. An endomorphism f is C'-inverse limit stable or simply C'-inverse stable if every C!-perturbation
f' of f is inverse limit conjugated to f.

Let K s be a compact, f-invariant subset of M (f(K ) C Kr). Then Ky is hyperbolic if there exist a section E*
of the Grassmannian of 7'M | K y and a Riemannian metric satisfying for every x € K y:

o T f(E*(x)) C E*(f(x)),
e the action [T} f] induced by f on the quotients Tx M/E*(x) — TyyM/E*(f(x)) is invertible,
o [T fIES(xX)|| < land [T f17'] < L.

We notice that actually E*(x) depends only on xo = mo(x). It can be denoted by E* (xo).
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On the other hand, there exists a unique continuous family (E“(x)), of subspaces E“(x) C Ty,M, indexed by
X e (I?f = K% N A7f, satisfying:

T f(E“@) = E"(F () and E“(x)® E*(x0) = Ty M.
For € > 0, the €-local stable set of x € Ky is:

WEx; f)={yeM: Vi >0, d(fi ), f* (y)) e, and d(f (x), f1(»)) = 0, i — +00}.
The e-local unstable set of x € K £ st
W”(x‘?):{yelvf' Vi <0, d(x;,y;) <e¢, andd(x;, y;) >0, i —> oo}

We will write W/ (x) and W (x) for W} (x; f ) and W (x; f) whenever the dynamlcs involved is clear. Let us
justify why we have chosen wé (x) 1ncluded in M whereas W” (x) is included in M f- One can prove that (for € small
enough) the local stable set is a submanifold whose tangent space at x equals E*(xp); however the following is in
general not a manifold (not even a lamination).

WE ) = WE(x: ) =g (W ) N My

The e-local unstable set is a manifold embedded into M by 7p; its tangent space at xq is equal to E*(x). In general the
unstable manifold depends on the preorbit: the unstable sets of different orbits in 7, ! (xo) are not necessarily equal.

An endomorphism satisfies (weak) axiom A if the nonwandering set §2 ¢ of f is hyperbolic and equal to the closure
of the set of periodic points.

In this work, we do not deal with strong axiom A endomorphisms which satisfy moreover that the action on each
of the basic pieces of §2 is either expanding or injective. This stronger definition is relevant for structural stability
[11,12], but it is conjectured below to be irrelevant for inverse stability. Note also that the present definition of axiom A
endomorphisms is more general than the original one of [11] which assumes that the critical set does not intersect the
nonwandermg set.

We put 2 = Q7 N M 7. In Section 4, we will see that 2 r is the nonwandering set of f Actually if the f- perlodlc

points are dense in §2; then the ¥ -periodic points are dense in 2 - For the sets of the form 7, Y(B(x,e) N2 f» with
x €2y, e>0and N € Z, are elementary open sets of 2 v and contain periodic points.

Also if 2 is hyperbolic the restriction of f to 2 r is expansive. For the € unstable manifold W/ (x) intersects
WZ(x) at the unique point x since g r(gstrlcted to WX (x) is a homeomorphism and o W} (x) intersects W} (7o (x)) at
the unique point 7o (x), for every x € 2 7.

Remark 2.2. Every axiom A endomorphism f has its inverse limit ? which satisfies axiom A* in the meaning of [4];
this implies ergodic properties such as the existence of the maximal entropy measure for f and so for f.

Definition 2.3. The d)glamics f satisfies the strong transversality condition (T) if:
Foralln >0, x € 2 and y € 27, the map f" restricted to 7o W/ (x) is transverse to W7 (y). In other words, for
every z € ;oW (x) N fH (WS (y)):
(T) T f" (Lo We' () + Ty We (v) = Tpn (o) M.
Definition 2.4. AS endomorphisms are those which satisfy axiom A and the strong transversality condition (7).

A first result is:

Theorem 2.5. Let M be a compact manifold and f € C' (M, M). If f is C'-inverse stable and satisfies axiom A, then
the strong transversality condition holds for f.

The second one concerns the converse:

Definition 2.6. An axiom A endomorphism f is attractor-repeller if 2 is included in the union of two compact
hyperbolic sets R and A ¢ such that there exist:
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(a) aneighborhood V4 of Ay in M satisfying (1),~o f"(Va) = Ay,
(r) aneighborhood Vg of Ry in M satisfying Ry = ﬂn>0 f~"(Vg) and moreover f_l(Rf) =Ry.

The set Ry is called a repeller and Ay an attractor.

One can show that if f is an endomorphism whose nonwandering set satisfies (a) and (r) with Ay and R hyper-
bolic, then f is axiom A and so attractor—repeller.

It is not true in general that 2y = A ¢ LI Ry when f is attractor-repeller. Indeed, the endomorphism f(x) = x2—1
defined in the real axis has its nonwandering set equal to the union of a (super)-attracting periodic point of period 2
and two repelling fixed points. Moreover, if Ry is defined as the union of the preimages of the fixed points, it is
immediate that f is attractor—repeller.

Theorem 2.7. Let M be a compact manifold and f € CY(M, M). If f is an attractor-repeller endomorphism which
satisfies the strong transversality condition, then f is C'-inverse stable.

It follows immediately from the theorem of Aoki, Moriyasu and Sumi in [I] that: if an endomorphism f is
C!-inverse stable and has no singularities in the nonwandering set, then f satisfies axiom A.

In Section 4, we will study the dynamics and the geometry of the inverse limit of every AS endomorphism. This
enables the first author with A. Kocsard to generalize Theorem 2.7 to the general case of AS endomorphisms by
adding analytical techniques to arguments of Section 5. It seems also possible to generalize Aoki-Moruriyasu—Sumi
theorem to endomorphisms with singularity. This would complete the following conjecture (sketched in [13]):

Conjecture 2.8. The C'-inverse stable endomorphisms are exactly those which satisfy axiom A and the strong
transversality condition (T).

2.1. Application of Theorem 2.7

Example 2.9 (Rational functions). Let f be a rational function of the Riemann sphere. Let us suppose that all its criti-
cal points belong to basins of attracting periodic orbits, or equivalently that its Julia set is expanding. By Theorem 2.7,
f is Cl-inverse stable. Note that C!-perturbations of f may have very wild critical set. See [8] for a nice geometrical
description of the inverse limit of f.

Example 2.10 (One-dimensional dynamics and Hénon maps). Kozlovski, Shen and van Strien showed that a (C°)-
generic map f of the circle S' is attractor—repeller [7], and so C!-inverse limit stable, by Theorem 2.7.

Let f/(0,y) = (f(0) + y,0) be defined on the 2-torus T2 which enjoys of a canonical Abelian group structure.
Aside finitely many attracting periodic points, the nonwandering set of f’ consists of an expanding compact set of
f times {0}. This product R is a hyperbolic set for f’ and a repeller (for the restriction of f’ to M), as stated in
Definition 2.6. It follows that f” satisfies the requirements of Theorem 2.7. This implies that if g € C!(T?, R) is close
to 0, then the inverse limits sets of f and of the map:

©.y) > (f(O)+y,80.y)),

are conjugated.

For instance, take f (x) = x2 + ¢ with ¢ € (=2, 1/4) attractor—repeller on the one-point compactification of R. The
infinity is an attracting fixed point with basin bounded by the positive fixed point p of f and its preimage. Let p be a
smooth function with compact support in R and equal to 1 on a neighborhood of [—p, p].

For such a ¢ and then b small enough, the global attractor of the Hénon map (x, y) > (x> 4 ¢ + y, bx) of R?,
equal to the one of (x, y) — xr+c+ v, p(x) - b - x) without the basin of (oo, 0), is conjugated to the inverse limit

The same example works with f a hyperbolic rational function of the sphere. This generalizes many results in this
direction to the wide C!-topology (see [5] which contains other references).
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Example 2.11 (C! robustly transitive, Anosov endomorphism with persistent critical set). Przytycki showed that
an Anosov endomorphism without singularities is inverse stable [12]. Latter Quandt generalized this for Anosov
endomorphisms, possibly with singularities [13]. These results are consequences of Theorem 2.7.

The simplest known example of Anosov endomorphisms is action of linear maps on the quotient R?/Z?, for
instance:

n 1
A_[l 1], nef{2,3,...}1.

A constant map is a trivial example of an Anosov endomorphism. Let us construct an example of Anosov map
whose singular set is persistently nonempty and whose nonwandering set is the whole manifold.

Begin with a linear map A of the plane as above. Close to the fixed point one can use linear coordinates to write
the map as

k!

where 0 < u < 1 and A > 1. Let € be a positive constant and let ¥ be a nonnegative smooth function such that

¥ (0) =1 and ¥ (x) =0 for every |x| > €. Assume also that ¥ is an even function having a unique critical point in
1 : . — — qin( 2y

(—¢, €). Let ¢ be the C' function defined by: ¢(y) = 0 for every y ¢ [0, €] and ¢’ (y) = sin(==) for y € [0, €]. Let f

be the C!-endomorphism of the torus equal to

Fy) = (x, ny — ¥ (x)e(y)

on the 2e-neighborhood of 0 and to A off.

Let g be the real function y — puy — ¢ (y). There are regular points with different numbers of g-preimages. The
same occurs for f. Consequently f has a singular set which is persistently nonempty.

We remark that f is Anosov. For the A-stable direction is still preserved and contracted; the action of T'f on the
stable foliation normal bundle is still A-expanding.

Moreover the stable leaves are irrational lines of the torus, uniformly contracted. Given a segment / contained in
a stable leave and a number A > 0, there exists a positive integer ko such that any component of f~*(I) has length
greater than A for every k > ko. From this it comes that given nonempty open sets U and V, f~%(U) contains a
sufficiently long segment, and thus it intersects V for every k large. In other words, f is mixing. It follows from
Theorem 2.7 that every C! perturbation f of f is inverse conjugated to f. As a map is transitive if and only if its
inverse limit is transitive and projects on the whole manifold, we conclude that f” is transitive.

Example 2.12 (Products). Theorem 2.7 shows also the inverse stability of product of an Anosov endomorphism with
an attractor—repeller endomorphism.

Example 2.13. (See Maiié and Pugh [10].) Maiié and Pugh gave an example of C!-£2-stable endomorphism for which
the singular set persistently intersects an attracting basic piece. Their example is clearly not C”-structurally stable but
according to Theorem 2.7 it is C!-inverse-limit stable.
3. Proof of Theorem 2.5
We begin this section with two well known facts of transversality theory.
Claim 3.1. Let N1 and N be two embedded submanifolds of M.
() The set of maps f € CY(M, M) such that f"|Ny is transverse to N, for every n > 1 is residual.
(i) If f is a C' map and f|Ny is not transverse to N», then there exists a C' perturbation f' of f such that

f ~L(No)N N contains a submanifold whose codimension is less than the sum of the codimensions of N1 and N.

Let f bea C 1-invers(e_ stable gﬂdomorphism satisfying axiom A. For each small perturbation f’ of f, let h(f’) be
the conjugacy between M s and M ;.
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We will assume by contradiction that the transversahty condition fails to be true. This means that there exist n > 0,
X € Qf yefRyrand z e fTH(W(y; f)) NmoW(x; f) such that Eq. (') does not hold. Note first that z ¢ §2, by
hyperbolicity of the nonwandering set.

Moreover, by density of periodic orbits in 2 7 after replacing f by a perturbation, we can assume that x and y are
periodic points. To simplify the calculations, we can suppose that x and y are fixed points by considering an iterate
of f.

The conjugacy h(f’) was asked to be close to the inclusion of M f into M Z. By expansweness of 2 7., if a per-
turbation f’ is equal to f at the nonwandering set £2 ¢, then 2(f”) is equal to the inclusion of 2 - We will produce
perturbations f’ and f” of f that are equal to f on £2.

The second item of Claim 3.1 can be used to produce a perturbation f’ of f such that

FN(WE (v 1) N oW (x: 7)
contains a submanifold of dimension p > u + s — m, where u is the dimension of mo W/ (x), s is the dimension of
W (x) and m the dimension of the manifold M.

On the other hand, the first item of Claim 3.1 implies that for generic perturbations f " of f, the restriction of (f”)*
to oW (x; ¥ is transverse to Wi(y; f”) for every pos1t1ve integer k.

If € > 0 is sufficiently small, the maps f' and f” are injective restricted to the closures of moW(x; f’) and
moW(x; ") respectively. This implies that the restrictions of 7p to the closures of W¥(x; f) and W¥(x; f”) are
homeomorphlsms onto their i 1mages

For y emn, ({y}) note that (W (y; 7)) and Ty (W (y; f)) are equal to the stable sets W* (y f) and
W (y; ) respectively.

Consequently A= Wi (y; N W (x; ¥7) contains a manifold of dimension p whereas A” := W(x; N
WS (y; f ") is a (possibly disconnected) manifold of dimension u +s —m < p.

We assumed that f is inverse stable, so the map ¢:=h(f")Loh(f)isa con]ugacy between f’ and f” which
fixes ya and x. Thus ¢ must embed A’ into W (x; f”) nw(y, f”) = Un>0 f”"(A”)

As f " is homeomorphism, a manifold of dimension p, contained in A’, is embedded by ¢ into the manifold
Un>o0 F/"n(A") of dimension less than p. This is a contradiction.

4. General properties on axiom A endomorphisms

This section is devoted to ! the study of the geometry and the dynamics of the i Inverse limit of AS endomorphisms.

Let us first remark that 2 = = % N M r is also the nonwandering set of f Indeed, an elementary open set V
of My has the form ([],_y M x U x [[;.y M) N Mp=T1,ep /" N(U)N Mg, where U is an open set in M.
Therefore f (V) intersects V for n > 0, iff f"(U) intersects U.

A compact hyperbolic set KcMm has a local product structure, if there exists € > 0 small, such that for every
palr of nearby points x, y € K =K ZnM f» the set W¢ (x) intersects W[ (x) at a unique point [x, y] which belongs
to K r- Here € is sufficiently small so that in particular W (x) is embedded by mo. The following is classical in the
diffeomorphism case:

Lemma 4.1. If K is a basic piece of an axiom A map f, then K f has a local product structure.

Proof. If x, y are close enough then 7o W' (x; f ) intersects 7o W (y; f ) at a unique point z. Thus for € > 0 small
enough, it holds that for every pair of periodic points x’ y close to x, y, the local unstable manifold 7o W' (x'; f )

intersects o W (y/ v f ) at a unique point z’. As oW (X ; f ) 1nte£§ects oW (x'; f ), the point z’ is nonwandering.
Thus z is nonwandering and also its preimage [x, y] by mo| W (x; f). O

The existence of a local product structure is useful to shadow:
Lemma 4.2. A hyperbolic compact set K equipped with a local product structure satisfies the shadowing property:

there exists n > 0 such that every n-pseudo-orbit (x;)icz in an n-neighborhood of K is e-shadowed by an orbit (y;)icz,
in K.
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Proof. The proof of this lemma is treated as for diffeomorphisms [15, Prop. 8.20]. O
The following is going to be used many times.
Lemma 4.3. If f satisfies axiom A, then M 7 is equal to the union of the unstable manifolds of 2 f’s points.

Proof. Every pomt has its -limit set in £2 f.andsoforn >0 large the points f "(x) are close to 2 7. By shadowing
we show that such f ~"(x) belong to local unstable manifolds of 2 f£’spoints. O

As a consequence of the above lemma and condition (7'), for every AS endomorphism f, every x € 27, n > 0,
and every z € f"(W{(x)) N My, it holds that:

T f" (T M) + Tpniy (W (x5 ) = Ty M. (4.1)

In other words, each iterate of f is transverse to each local stable manifold.
4.1. Spectral decomposition and filtration

Let f be a C! endomorphlsm of a compact manifold M, and f the assomated homeomorphism of the inverse
limit M 7. Let (A; W ;—; be a family of disjoint, f -invariant compact subsets of M f-

A filtration adapted to (A;); is a family of open sets (U; )N * o Which satisfies the following properties:

(i) ¥=UycUrC - CUi C CUN—Mf,
(ii) forevery i, cl(f(U ) C U,, -
(iii) forevery 1 <i <N, A; =),z f"WUi \ Ui—1).

We notlce that if there exists a filtration adapted to (A;); then the limit set L r of f is included in |_| A;.
Given an f -invariant, compact subset A, let us define:

WA =[x eMs d(F" @), 4) 220}, WA i={xeMs d(F" ), 4) = 0).
Given two ?—invariant, compact subsets A and A, we put A > A" if W*(A) \ A intersects W*(A’) \ A’. We remark
that if there exists a filtration adapted to (A;);, then the following properties hold:

(a) the limit set (ij of ? is included in | _|; A;,
(b) foralli, j, A; > Aj implies i > j.

Actually the two above properties are also sufficient conditions to have a filtration:

Proposition 4.4. (See Theorem' 2.3 of [15].) Let (A,')lN: | be a family of disjoint, (f—invariant compact subsets of M f-
If properties (a) and (b) hold, then there exists a filtration adapted to (A;) lN: 1

As for attractor-repeller f, conditions (a) and (b) are satisfied for (I?f u Zf, it holds:

Corollary 4.5. There exists an open neighborhood U of R rin M f such that:
N7 W=R; a(f'w)cu. |JTFW=Ms\Ay.

n<0 n>0

In general, for an axiom A endomorphism f, let |_|l 1 52; be the spllttlng of £y into max1mal transmve sets.
These sets are closed and f-stable: f(£2;) = £2;, for every i. Put .Q, = .QZ N Mf We n0t1ce that .Qf =L, .Q The
families (£2;); and (.Q ); are called the spectral decomposition of respectlvely £y and 2 f-

1 Actually the cited theorem asks (f to be a homeomorphism of a manifold, but this fact is useful uniquely to choose (U;); among the submani-
folds with boundary.
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Proposition 4.6. For every AS endomorphism f, we can index (ﬁi)i such that for all i, j, ﬁi > ﬁj implies i > j.

Proof. The proof is done as for diffeomorphisms: it follows from the fact that if .Q > .Q then there exist periodic
points PE .Q and q€ .Q such that W¥( p) intersects W* (q) and that for any r € 2 . W (q) intersects W9 (r). O

Corollary 4.7. There exists a filtration adapted to the spectral decomposition (5,-),- of every AS endomorphism.
4.2. Stratifications of the inverse limit by laminations

We are going to study the geometry of the inverse limit M 7 of AS endomorphisms. This set is in general not a
manifold not even a lamination (see for instance Example 2.10). However we are going to stratify it by laminations.
This will be suitable to construct the conjugacy in the attractor—repeller case. Let us recall some elements of the
lamination theory applied to hyperbolic dynamical systems.

A lamination is a secondly countable metric space L locally modeled on open subsets U; of products of R” with
locally compact metric spaces 7; (via homeomorphisms called charts) such that the changes of coordinates are of the
form:

¢ij =¢j Oqﬁi_liU,‘ CR" x T, — Uj CR"x T;,
(e, 1) (g, 1), ¥ (x, 1),
where the partial derivative w.r.t. x of g exists and is a continuous function of both x and ¢, also ¥ is locally constant
w.r.t. x. A maximal atlas £ of compatible charts is a lamination structure on L.
A plaque is a component of q)l._l(R" x {t}) for a chart ¢; and ¢ € T;. The leaf of x € L is the union of all the

plaques which contain x. A leaf has a structure of manifold of dimension n. The tangent space T L of L is the vector
bundle over L whose fiber T L at x € L is the tangent space at x of its leaf.

Proposition 4. 8 Let K be a hyperbolic compact, invariant set of an endomorphism f which has a local product
structure. Let K :=KZnM f- Then the local unstable manifolds (W (x))xck form the plaques of a lamination
on W} (K ) = U, eig W¥(x). Moreover the local stable manifolds (W (x))xek form the plaques of a lamination on

W(K) =, ex WE).

Proof. The proofs of both statements are s1m1lar and so, we shall only show the on(z_regardlng wk (K ). Let us express
some charts of nelghborhoods of any x € K that span the laminar structure on W¥(K). By the local product structure,
for every pS K close to x, the intersection of W} (X) with W (x) is a point ¢ = [X’ x]in K. Also we can find a family

of homeomorphisms (¢;); which depend continuously on ¢ and send W (¢) onto R?. We notice that the map:
y (3i(). 1) € RY x WEx)

is a homeomorphism which is a chart of lamination. O

Corollary 4.9. Let §2; be a basic p(iece of an AS endomorphism f. Then the unstable manifolds of points in 2 i form
the leaves of a lamination on W*(82;).

Proof. We recall that there are open sets U; and U;_ such that:

2= ﬂ T U\ Ui, Cl(?(Ui)) cui, d(FWUi—) C Ui

First let us notlce that W“(.Q ) C U;. By f 1nvar1ance of W”(.Q ), it is included in ﬂneZ f ;).
Letx € W”(.Q ), there ex1sts N > 0 such that f N (x) is included in the interior of Uf_,. Itis also the case for a
neighborhood U of x in W* (.Q,).

FNW) Ut W@ c U n () 7 W

nez
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As the decreasing sequence of compact sets ((]7_1’ W) N Mez 7”(U,-)) p>0 converges to §i in the Hausdorff

topglogy, for p large, (f_p(U ) lies in a small neighborhood of §i. By shadowing, ?‘P(U ) is included in Wé‘(ﬁi).
As f? is a homeomorphism, we can push forward the lamination structure on U. [

The above proof can be also applied for attractor-repeller endomorphisms. Indeed, it uses only the existence of a
filtration and of the local product structure (in order to shadow).

Let us recall that by Lemma 4.3, if f (_is attractor—repeller or AS, then the unstable manifglds of the nonwandering
set form a partition of the inverse limit M . Thus from the results above, the inverse limit M ¢ is stratified by a finite
number of laminations, the leaves of which are unstable manifolds.

As a consequence of the strong transversality, it follows also a similar partition by stable manifolds of a neighbor-
hood of M y. However, as this construction holds on the manifold M and not on the inverse limit, let us first recall
some general definitions and facts about transversality.

We recall that a continuous map g from a lamination £ to a manifold M is of class C! if its restriction to every
plaque of £ is a C! map of manifolds and the induced map Tg: TL — TM is continuous: the restriction Tg :
T L — Tg(xyM depends continuously on x even transversally.

For instance the restriction of g to any of the above laminations by unstable manifold is of class C!.

Let £’ be a lamination embedded into M. The lamination L is transverse to L' via g if for every x € £ such that
g(x) belongs to £, the following equality holds:

Tg(T L)+ Tg(x)ﬁ/ = Tg(x)M.

Claim 4.10. There exists a lamination L g L on LN g N (L)) the plaques of which are intersections of L-plaques
with g-preimages of L' -plaques.

Proof. Let us construct a chart of £ h, £’ for distinguished open sets which cover LN g~!(£'). Letx € LN g~ (L)),
let ¢ : U — R? x T be an L-chart of a neighborhood U of x and let ¢’ : U — R x T’ be an £'-chart of a neighbor-
hood U’ of g(x).

Foreacht € T,let T'(t) be the set of ' € T’ s.t. gop~ L (RY x {r}) intersects ¢’ ~1(RY x {t'}). Let P, i be the g-pull
back of this intersection. We notice that P; » depends continuously on (z,1') € | |,c; 7'(r) asa C _manifold of M.
By restricting U, P, ;s is diffeomorphic to R4*4' " via a map ¢, ; : Py — R4~ which depends continuously
on ¢, t’. This provides a chart:

Ung ' (U) — RH " x| | T'(0),
teT
.X'EP;J/_) (¢t,t’(x)’(t7t/))' ]

The above claim is useful for the following proposition:

Proposition 4.11. For every AS endomorphism f, for every basic piece $2;, there exists a neighborhood V; of
WS(82;) N M s which supports a lamination by stable manifolds.

If f is furthermore attractor—repeller, then a neighborhood of W¥(A ) N My supports a lamination by stable
manifolds.

Proof. We are going to prove only the second statement on attractor—repeller endomorphisms f since the proof of
the first statement is a simple combination of it with the argument using filtration of Corollary 4.9.

We recall that by Proposition 4.8, the set W} (A ) supports a structure of lamination by local stable manifolds.
On the other hand, the manifold M is a lamination formed by a single leaf. We wish to use Claim 4.10 with g = f",
L:=W!(Ay)and L' =M.

However f” is not necessarily transverse to Wi (Ay) of My, and so WS(Ar) = Un>0 FTH(WE(Ay)) is in general
not endowed with a structure of lamination.

Nevertheless, by Eq. (4.1), transversality occurs at a neighborhood U, of My N f~"(WZ(A)). This implies the
existence of a structure of lamination £° on U N W*(Ay), with U := Un>0 U, O
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Thus M r is stratified by laminations by unstable manifolds and a superset of M is stratified by laminations by
stable manifolds. We can even show a frontier condition on these partitions [2].

By transversality condition (7'), these lamlnatlons are pa1rw1se transverse via mg. Indeed every x in one of these
unstable laminations is equal to an iterate f "(y) with y € W/ (.Q) and f" o ;g is equal to g o f . As the unstable
and stable lamlnatlons are left invariant by f and f respectlvely, it follows that their transverse intersection is left
invariant by f This leads to the following:

Pr0p0s1tlon 4.12. For every AS endomorphism f, every basic pieces $2; and £2j, the transverse intersection
wH (.Q ) Mz, WE(82;) defines a lamination on a subset of Mf left invariant by f The supports of the laminations
(wu (.Q ) Mz WE(£2;))i, j form a partition of Mf

Of course the same holds for attractor—repeller endomorphisms which satisfy condition (7'), let us introduce a few
notations. _
The space M ; is stratified by the three following laminations:

e the 0-dimensional lamination W”(A f) My WS (Af) (leaves are points) on A 1
o the 0-dimensional lammatlon W”(R ) rh,m WS(R f) on
o the lamination £ := W”(Rf) Moz WS(Af) on Mf \ (Af u Rf).

These laminations are goi&g to be useful to prove structural stability theorems. In [14], structural stability is shown
by using Robin’s metric on M :
doo(x, y) =supd(x;, yi).
i€
This metric is actually equivalent to a Riemannian metric on the leaves on the laminations associated to every AS
endomorphism f:

Proposition 4.13. For € > 0 small enough, for every i, j, for every leaf L of W”(ﬁi) Mz, W (82}), the following
hold:

(1) foreveryxe L,y ¢ L, ds(x,y) > ¢,
(ii) the metric d restricted to L is equivalent to a Riemannian metric on L.

Proof. The first statement is an immediate > consequence of the expensiveness of the basic pieces.

Let us prove the second statement. As f is an isometry for do, it is sufficient to prove this for x € W”(SZ ). We
recall that for e small enough, the restriction 9| W (x) is a C 1 -embedding. Then for y du-close to x, xg is d-close
to yo. By hyperbolicity of £2;, the sequence (d(x_x, y—x))k>0 decreases exponentially fast to 0. Therefore:

doo(x, y) = supd (xk, yi).
k>0

For N large enough, the sequence (d (xx4n, Yk+n))k>0 decreases exponentially fast to 0. Therefore:

doo(x,y) = O<s]1(1£Nd(xk yk)—og}{aé d(f*xo), f*O). O

5. Proof of structural stability Theorem 2.7

We construct the conjugacy for perturbations of an attractor—repeller endomorphism f which satisfies the strong
transversality condition (7).

By Proposition 1 of [13], the hyperbolic continuity theorem holds for the inverse limit of hyperbolic sets. In
particular

Corollary 5.1. For f' C'-close to f there exists an embedding h of Xf W (Ef onto Zf/ U ﬁf/ - 1\7f/, and such that
?/ oh=ho (f|(1?f u (A_f. Also h is CO-close to the canonical inclusion of Zf U (I?f into M”.
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We are going to extend the conjugacy 4 to M 7. First we need the following:
sge ;1 I - . <~ urs <
Proposition 5.2. For f' C*-close to f, its inverse limit satisfies M 1 = W"(R ) U A pr.

Proof. For the proof of this proposition, it is convenlent to e extend canonically the dynamlcs of f and f "to M”Z. Let
V1 and V2 be small open neighborhoods in M?% of R r and A r respectively. We recall that R + has a product structure,
and so R r does. By shadowing, V; and V; satisfy:

ﬂ f/n(VI)CWeu(Rf’) and ﬂ f/n(Vz)zwéu(X//):Xf/
n=>0 n=0
As the w- limit setisincludedin Ry LA L by compactness there exists N large such that (fN M Z) c Wiy (f_N W).

Consequently M,u C f/N(MZ) cviu f/ N(V»), for f' close enough to f. Using the f invariance of Mj/ the
latter is included in W“(R U Af/ O

Now it is possible to follow a similar construction as [6].
By Corollary 4.5, there exists an arbitrarily small open neighborhood U of R fin M £ such that:

dA(F ') cU and ()T "W)=Ry.

n=>0

By shadowing, a sufficiently small U is 1ncluded in W”(R [2) where € > 0 is supposed sufficiently small so that
mo|W. (x) isa C! embeddmg, for every X € Rf Let Dy:=U\ f 1(U)

We notlce that |,z f (Dp)=WH (R AN I3 7~ A domain with this last property is called a fundamental domain
Sfor Wt (R 1) -

Leto™ Dy := f! (cl(Dg) \ Dy). In the last section we are going to prove the following:

Lemma 5.3. For f’ sufficiently C'-close to f, there exists a homeomorphism hy from a small open neighborhood V
of cl(Dy) into L ¢ such that:

(i) the map my o h# is C! close to 1,
(i) for all x e Af, yE Rf, z € Wi(x; f) N W”(y f) N Dy, the point hy(z) belongs to W?(h(x); f )N
WH(h(y); ),
(iii) for everyz € 0~ Dy, we have hy o f(z) f/ o h#(2).

We define /# on Ly via the following expression:
h:xeLlys— Fhohgo f"(x), ifxe (f”(Df), neZ.
We notice that for every x € Ef, we have:
Floh@)=hof ().

This expression complements the above definition of # on R r and A r as hyperbolic contmuatlon

It is easy to see that the restriction of 4 to Ly is continuous. Moreover for every x € R Y€ A f» the map h
sends W* (x; f) N W4(y; f) into W* (h(x); f YN W (h(y); f ). As moreover g o h is C!-close to g, the map h is
injective. N -

To prove that /& sends M £ onto M f7» we need to prove first the global eontlnulty of h. In order to do so, it remains
only to show that the definition of 4 on £ ; and the definition of / on R ru A 1 fit together continuously.

Proof of the continuity at the repeller. Let (x"),>0 be a sequence of points in £y converging to x € R f- We want
to show that (h(x"))n>0 converges to h(x).
The union of W} (x’; f) among x" € W/ (x; f ) is a distinguish neighborhood of x in the lamination W* (R ).
Thus, for n large, there exists x'" € WS (x; f ) such that x" belongs to W/ (x'"; f ). Actually for n large, the
point x” is much closer to x’” than €. Also (x/"),, converges to x.
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As each x'" is in R ., for n sufficiently large, the point /(x") belongs to W (h(x'"); f ). By continuity of /| R f
and of the holonomy of W/ (Rf/) any limit p01nt z of (h(x""))n>0 belongs to W” (h(x); f ).

We can do the same proof for the sequence ( f (x”))n>0, from which we get that any limit point of (h o f @E"Nn>0
belongs to W (h(Fr ")) f ). By usmg the equality 4 o f x") = f’k oh(x") and the cont1nu1ty of f we note that
the iterate f’k(g) is a limit point of (ko f (x™)),,. Thus f’k(g) belongs to W¥(ho f (x); f )= Wg(f’k oh(x); f )
for every k > 0. By expansion along the unstable manifolds, the point z must be 2(x). O

Proof of the continuity at the attractor. Let (x"),>0 be a sequence of £ approaching to x € Xf. We are going to
show that (2(x")),>0 approaches i (x), by the same way as above, but this time we work on M.

Indeed, by taking a distinguished neighborhood of the lamination W*(A ), we have that any limit point z of
(h(x™"))n>0 satisfies that 7o (z) belongs to W (7t o h(x); f’). The same holds for 7 o f k(z) = m_x(2): it belongs
to WS (mw_i o h(x); f'), for every k > 0. By contraction of the stable manifold, this means that 7_(z) is equal to
7_k o h(x) for every k > 0. In other words, z is equal to £(x). O

Surjectivity of . The proof is not obvious since W* ((E ) is not always connected and lands in the space M  which
is not necessarily a manifold and not even a lamination, but as we saw stratified by laminations. The surjectivity of &
is a consequence of the following proposition:

Proposition 5.4. Let f be an AS C'-endomorphism. Let f' be a C'-perturbation of f. If there exists an injective map:
h: A?f — A?f/,

<« <~ <~
which is C-close to the canonical inclusion M =M 2 and satisfies f'oh =ho f, then h is surjective.

Proof. For every basic piece £2; of f, let us show that the image of & contalns the unstable set of the corresponding
basic piece .Q/ of f’ given by hyperbolic continuity (given by [13]). As the M =Ll W“(.Q 1) by Proposition 5.2,
the map & turns out to be surjective.

Let € > € > 0 and suppose that & is sufficiently close to the canonical inclusion, such that by shadowing and
expansiveness, for every x € 2 i» the map £ sends the local unstable manifold W (x) to a subset of Wg” (h(x)) which
contains i(x). As h is a homeomorphism onto its image, its restriction to this manifold is a homeomorphism onto its
image which is an manifold of the same dimension. Thus A(W} (x)) is an open neighborhood of (x) in WA (h(x)). By
compactness of 2 i, there exists n > 0 such that for every x € .Q,, the open set 1(W}(x)) contains W”(h (x)). This
implies that the image of / is a superset of W“ (.Q ) Wthh contains the fundamental domain W” (.Q )N\ f - 1(W“ (.Q )
for W“(SZ ). By conjugacy the image of h contams W“(.Q ). O

Proof of Lemma 5.3. Let V be a precompact, open neighborhood of Dy in W/ ((E AN R rCLy.
Lemma 5.5. There exists I : V O Dy — Ly a homeomorphism onto its image such that:

e Foreveryz eV, the pomt 1(2) belongs to W*(h(x); f )N WH(h(y); f ) if z belongs to W* (x; f) N We(y; f)
with x € ff andye Af,
e the map i := oo I is C'-close to mo|V when f' is close to f.

Proof. Let N > 0 be such that f (V) has its closure in WS(A £)- Let us first notice that the images by 7y of
W (h(x); f ) and W7 (h(y); f ) depend contmuously on f/, x and y for the C ! topologles

Forz € V, let L be the set of pairs (x, y) € Rf X Af such that z belongs to W/ (x; f) N f_N(Wg(J_c; (f)). Put:
L= |J W DT VW) and L= | WEh@: T)0T N (W (hG): T))-
(x,y)€L; (x,y)eL;

We remark that £ and £ are manifolds, and £, contains the £ ¢|V-leaf of z. Indeed 9 embeds £, since it embeds
W3, (x), for every x xe Rf
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To prove the lemma, we endow the lamination £ 7|V immersed by o with a tubular neighborhood, that is a family
of C!'-disks (Dy)y'ec, embedded into M, such that for z € V:

e D, is transverse to oL, and satisfies D, Mo L, ={z},
o the disks of each small £ ¢-plaque form the leaves of a C I_foliation of an open subset of M,
e these foliations depend C'-continuously transversally on £ V.

By [3, Prop. 1.5], any C'-immersed lamination has a tubular neighborhood.
For f' sufficiently close to f, the submanifold 7oL’ intersects D; at a unique point io(z), for every z € V. By

transversality, the map ip: V — M is of class C!.
We put 1 (z) := (mo| W (h(x); f N l(zo(z)) with z € WX (x; f) Such a map satisfies the required properties. O

Let W be a small neighborhood of ™ D¢ such that the closures of W and ?(W) are disjoint and included in V.
Let us modify / to a map hy which satisfies moreover that for every z € W:

hyo f(z) = ohs(z).

We define Ay on ?(W) asequal to 7 and on W as equal to h; := (f’_ olo (f

Between, iy will be such that it respects the lamination £ ik and remains C'-close to 1.

To this end, let us define a map hy : V — M equal to ip on f(W) and to 7 o h1 on W.

Take a C'-function p equal to 1 on W with support in a small neighborhood W of W (disjoint from f (W))in V.
Let exp be the exponential map associated to a Riemannian metric of M.

Put:

hyizev s | FPuelP@  exp i (oo @)l ifzeW,
- io(z) otherwise.

The map h> is of class Clas composition of cl- -maps. Moreover it is C-close to 7y since ig and g o h; are C!-close
to mp. In partlcular for f’ close to f, h is an immersion of the lamination £ |V . We notice that > sends L s plaques
included in W U f (W) into the mo-image of L s/-plaques.

In order to construct the map hy : Dy — Ly from h;, we take a tubular neighborhood (Dg)zev of Ly (see the
definition in the proof of the above lemma).

For z € V, the point h,(z) is close to mp(z) and so belongs to a unique disk Dy with 7’ € Eé. Also 710£; intersects

D, at a unique point. Let h4(z) be the preimage of this point by 7o L.
We note that /4 sends each L ¢-plaque included in V into an Lf/-pl_aque. By smoothness of the holonomy between
two transverse sections of a C!-foliation, the map g o h4 is of class C'. This concludes the proof of Lemma 5.3. O
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