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Abstract

In this work we study the renormalization operator acting on piecewise smooth homeomorphisms on the circle, that turns out
to be essentially the study of Rauzy—Veech renormalizations of generalized interval exchange maps with genus one. In particular
we show that renormalizations of such maps with zero mean nonlinearity and satisfying certain smoothness and combinatorial
assumptions converge to the set of piecewise affine interval exchange maps.
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1. Introduction and results

One of the most studied classes of dynamical systems are orientation-preserving diffeomorphisms of the circle.
It may be classified according to their rotation number p( f) which, roughly speaking, measures the average rate of
rotation of orbits around the circle. When p(f) € Q then f has a periodic point and all other orbits will converge
to some periodic orbit both in the future and in the past. If p(f) is irrational then f has not periodic point and its
dynamics depends on the smoothness of f. Denjoy result ensures that if f is C? then it is conjugate to the rigid
rotation of angle o (f). In this context, it is a natural question to ask under what conditions the conjugacy is smooth.
Several authors, Herman [4], Yoccoz [17], Khanin and Sinaf [7,14], Katznelson and Ornstein [6], have shown that if
fis C3 or C**" and p(f) satisfies certain Diophantine condition then the conjugacy will be at least C!.

A natural generalization of diffeomorphisms of the circle are diffeomorphisms with breaks, i.e., f has jumps in
the first derivative on finitely many points. In this setting Khanin and Vul [9] show that for diffeomorphisms with one
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break the renormalization operator converges to a two-dimensional space of the fractional linear transformation. Our
first main result generalizes results of Khanin and Vul [9] for finitely many break points. A key combinatorial method
in our proof is to consider a piecewise smooth homeomorphism on the circle as a generalized interval exchange
transformation.

Let I be an interval and let A be a finite set (the alphabet) with d > 2 elements and P = {I,: o € A} be an
A-indexed partition of I into subintervals.> We say that the triple (f,.A4,P), where f:I — I is a bijection, is
a generalized interval exchange transformation with d intervals (g.i.e.m. with d intervals, for short), if f|;, is an
orientation-preserving homeomorphism for each o € .A. Most of the time we will abuse the notation saying that f is
a g.i.e.m. with d intervals. The order of the subintervals in the domain and image constitute the combinatorial data
for f, which will be defined explicitly in the next section.

When f;, is a translation we say which f is a standard i.e.m. Standard i.e.m. arise naturally as Poincaré return
maps of measured foliations and geodesic flows on translation surfaces. But they are also interesting examples of
simple dynamical systems with very rich dynamics and have been extensively studied for their own sake. When
d = 2, by identifying the endpoints of /, standard i.e.m. correspond to rotations of the circle and generalized i.e.m.
correspond to circle homeomorphisms.

In another article, Khanin and Sinai [7] show a new proof of M. Herman’s theorem. From the viewpoint of the
renormalization group approach they show the convergence of the renormalizations of a circle diffeomorphism to the
linear fixed point of the renormalization operator for diffeomorphisms of the circle. We use a similar approach to study
generalized interval exchange maps of genus one.

1.1. Renormalization: Rauzy—Veech induction

To describe the combinatorial assumptions of our results, we need to introduce the Rauzy—Veech scheme. This is
a renormalization scheme. Renormalization group techniques are a very powerful tool in one-dimensional dynamics.
For example see Khanin and Vul [9] for circle homeomorphisms and de Melo and van Strien [3] for unimodal maps.

Following the algorithm of Rauzy [12] and Veech [15], for every i.e.m. f without connections, we define the
Rauzy—Veech induction by considering the first return maps f;,, of f on a decreasing sequence of intervals /", with
the same left endpoint as /. The map f;, is again generalized i.e.m. with the same alphabet .4 but the combinatorial
data may be different.

Given two intervals J and U, we will write J < U if their interiors are disjoint and x < y for every x € J and
y € U. This defines a partial order in the set of all intervals. Denote the length of an interval J by |/].

Let f:1° — I° be a g.i.e.m. with alphabet A and 7 : A — {1, ...,d}, with j =0, 1, be bijections such that

Iy < 1g
iff mo (o) < mp(B) and

fo) < fIp)

iff my (o) < 1 (B).

The pair m = 7 (f) = (7o, 7r1) is called the combinatorial data associated to the g.i.e.m. f. We call

p=mony {1, ..., d} = (1,...,d} 1)

the monodromy invariant of the pair w = (g, 7r1). When appropriate we will use the notation p = (p(1) p(2) ... p(d))
for the data combinatorial of f. We also assume that the pair 7 = (g, 771) is irreducible, i.e., forall j € {1,...,d — 1}
we have 1 oty ({1, ..., jH AL .., j)

For each ¢ € {0, 1}, define a(¢) = ng_l(d). If 1y 0)| # | f (Ua(1))| we say that f is Rauzy—Veech renormalizable (or
simply renormalizable, from now on). If |Iy0)| > | f({a(1))| we say that the letter (0) is the winner and the letter

a(1) is the loser. We say that f is type O renormalizable and we can define a map R( f) as the first return map of f to
the interval

1" =1\ f(a).

3" All the subintervals will be bounded, close on the left and open on the right.
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Otherwise |Iy0)| < | f(Ix(1))l, the letter (1) is the winner and the letter «(0) is the loser, we say that f is type 1
renormalizable and we can define a map R( f) as the first return map of f to the interval

1121\1,1(0).

We want to see R(f) as a g.i.e.m. To this end we need to associate to this map an .4-indexed partition of its
domain. We do this in the following way. The subintervals of the A-partition P! of I' are denoted by IO}. If f has
type 0, I} = I,. If o # «(0), 1;(0) = I0) \ f(y)) and when f has type 1, I} = I, if o« # a(1),a(0), 1;(1) =

f‘1 (f Ua) \ 1x(0y) and ];(0) =1, \ Io}(]). It is easy to see that in both cases (type 0 and 1) we have

R(f)(x) = { 200, ifx € Loy,

f(x), otherwise

and (R(f), A, P!) is a gi.e.m., called the Rauzy-Veech renormalization (or simply renormalization, for short)
of f.If f is renormalizable with type € € {0, 1} then the combinatorial data 7! = (7101, nll) of R(f) is given by

1

e

=TT,
and

Ti—g(a), if m_g (o) < 1 ((€)),
(@) = {m_s(oo +1,  ifme(a(e) <m_e(@) <d,
Tie(a(e) + 1, ifmi_e(a)=d.

Since 77! depends only on 7 and the type ¢, we denote r, () = 7.

A g..e.m. is infinitely renormalizable if R"(f) is well defined, for every n € N. For every interval of the form
J =la, b) we denote 9J = {a}. We say that a g.i.e.m. f has no connection if

fM(01y) #£dlg forallm>1, a, B € Awith () # 1.

This property is invariant under iteration of R. Keane [5] show that no connection condition is a necessary condition
for f to be infinitely renormalizable.

Let ¢, be the type of the n-th renormalization, «,(e,) be the winner and «, (1 — &,) be the loser of the n-th
renormalization.

We say that infinitely renormalizable g.i.e.m. f has k-bounded combinatorics if for each n and 8, y € A there
existny, p >0, with [n —n;| <k and |n —ny — p| <k, such that o, (&5,) = B, @p, 4 p(1 — &4,4p) =y and

Opy+i (1- 3n1+p) =0pn+i+1 (£n1+i)

forevery 0 <i < p.

We say that a g.i.e.m. f:1 — [ has genus one by Veech [16] (or belongs to the rotation class by Nogueira and
Rudolph [11]) if f has at most two discontinuities. Note that every g.i.e.m. with either two or three intervals has genus
one. If f is renormalizable and has genus one, it is easy to see that R(f) has genus one.

Given two infinitely renormalizable g.i.e.m. f and g, defined with the same alphabet .4, we say that f and g have
the same combinatorics if 7 ( f) = 7 (g) and the n-th renormalization of f and g have the same type, for every n € N.
It follows that 7" (f) = " (g) for every n, where " (f) is the combinatorial data of the n-th renormalization of f.

Definition 1.1. Let 82+”, k € Nand v > 0, be the set of g.i.e.m. f: I — [ such that
k g

(i) for each a € A we can extend f to I, as an orientation-preserving diffeomorphism of class C2*";
(ii) the g.i.e.m. f has k-bounded combinatorics;
(iii) the map f has genus one and has no connection.

Let H be a non-degenerate interval, let g: H — R be a diffeomorphism and let / C H be an interval. We de-
fine the Zoom of g in H, denoted by Zy(g), the transformation Zy(g) = Aj o g o A2, where A; and A, are
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orientation-preserving affine maps, which send [0, 1] into H and g(H) into [0, 1] respectively. Consider the set
C2([0, 1], R) of all C? functions g :[0, 1] — R with the usual norm

2
de2(f, 8) = Z Sup1]|D(i)f(x) — D(i)g(x)

i=0 x€l0,

’

where DY) f and D® g denote the i-th derivative of f and g respectively.
Denote by M the set of Mobius transformations M : [0, 1] — [0, 1] such that M (0) = 0 and M (1) = 1. Note that
M is a one-dimensional real Lie group. Indeed any element M € M has the form
—N
xe2

M= My(x) = 2

14+ x(e™ —1)

forsome N € R and My, o My, = My, n,. Moreover My is the unique Mobius transformation M which sends [0, 1]
onto [0, 1], M(0) =0, M(1) =1, and

1

/ DM (x)
= dx=
DM (x)

0

1.2. Main results

Theorem 1. Let f € B,%*'”. Then there are C = C(f) > 0and 0 < A = A(k) < 1 such that
de2 (2 (R" (), Myz) < CA”
forall @ € A. Here

2 pn
N”—/D R"(NE)
DR™(f)(x)

o

Iy
In particular

de2 (22 (R"(f)), M) < CA".

We can say more about the mean nonlinearities N};. Denote by ¢/, € N the first return time of the interval /7 to the
interval 1", i.e., R"(f)|;» = f4«, for some qy €N.

Theorem 2. Let f € Blzﬂ. Then there are C = C(f) > 0and 0 < A = A(k) < 1 such that

dq icrn 2
‘N&'— i | f (Ia)lfD fx) dx'<CAﬁ. 3)
1] Df (x)

In particular if

2
/ D f(x)dxzo
Df(x)

[0,1]
then |N!'| < CAY™,
The rate of convergence obtained in (3) is enough for our purposes. In the case of circle diffeomorphisms Khanin

and Teplinsky [8] obtained an exponential rate using a different approach.
Our third result is an almost direct consequence of Theorems 1 and 2.
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Theorem 3. Let f € B,%Jr” such that

D? f(x)
dx
Df (x)

[0,1]
Then there are C = C(k) > 0 and 0 < A = A(k) < 1 such that

120 (R () —1d| .o C- V" foralla e A.

The structure of this paper is as follows. In Section 2 we describe general results on compositions of diffeomor-
phisms of class C2*V. In Section 3 we study renormalization of generalized interval exchange maps of genus one and
prove Theorem 1. In Section 4 we codify the dynamics of f using a specially crafted symbolic dynamics to obtain
finer geometric properties of the partitions associated with renormalizations of f and we finally prove Theorems 2
and 3.

This is the first of a series of two papers based on the Ph.D. Thesis of the first author Cunha [1]. In the second
work [2] we continue our study of the renormalization operator for generalized interval exchange transformations of
genus one and its consequences, particularly the rigidity (universality) phenomena in the setting of piecewise smooth
homeomorphisms on the circle.

2. Comparing compositions of C2*t” maps with Mobius maps

In this section, we show some results about composition of C>*"-diffeomorphisms, comparing these composi-
tions with Mobius maps. Let f:[a,b] — [f(a), f(b)] be a C? orientation-preserving diffeomorphism. Define the
nonlinearity function ny : [a, b] — R by

D*f(x) _
Df(x)

np(x)= D(InDf (x)).
Notice that
nog(x) =ny(g(x))Dg(x) +nys(x),

consequently if f; are C2-diffeomorphisms such that f = f, o--- o fi is defined in [a, b] we have

D? f(x) / D?f; (x)
_ ) 4

Df(X) Z sz(X) @

[a,b] =1 fi-ila,p]
If [a, b] = [0, 1] we define
2
Ny = D7/ dx
Df (x)
[0,1]

The nonlinearity n ; defines f up to its domain and image. Indeed, given a continuous function 7 : [0, 1] — R there
is unique Cz—diffeomorphism f:10,1] — [0, 1] such that f(0) =0, f(1) =1 and n y = n. Indeed, see Martens [10]

Jo exp(fg n(y)dy)dz
i exp(fEn(y)dy)dz

Let f:[0,1]1— [f(0), f(1)] be a Cc? orientation-preserving diffeomorphism. If [a, b] C [0, 1], let f = Za.51(f) be
the Zoom of f in [a, b]. Then

fx) =

®)

nznx)=®m-a) -ns(a+xb®-a). ©
Suppose

lnp(x) =np(y)|<Co-lx—yl’ )
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for x, y € [0, 1] and

nflcopo.1 = sup {[ns0)[} <Ci.
xe[0,1]

Then by (7) and (6) we have that

|nZ(f)(x) —NZf) ()’)| <Co- 81+v and |nZ(f)|C0[0,1] <Cp-4, (8)
with x, y € [0, 1] and § = b — a. Note that
: 2
= _ D= f(x)
Nzpy=[(b—a) npla+x(b—a)dx= D70 dx. ©)
0 [a.b]

Proposition 2.1. I:et f:10, 1] = [f(0), f(1)] be an orientation-preserving diffeomorphism of class C*V, [a,b] C
[0, 1] and define f = Zi4,p) f. Then

de2(f, Mv;) =0(s'),

where 6 =b — a.
Before we prove Proposition 2.1 we prove the following lemma:

Lemma 2.2. Let N € R. Let fn :[0, 1] — [0, 1] be a diffeomorphism such that n y(x) = N forall x € [0, 1], f(0) =0,
f()=1.Then

de2(fn, My) =O(N?).
Proof. By (5) we have
Jo eNedz &N —1

foleNZdz eV -1

nGx) =

Therefore,

=N
Nx _q xe2 ‘

| fn () — My ()| =

eN—1 1 ixe? -1
Nx+ 22 oY) x(1- 5 +ow?) ‘
N+2 oW 1T+x(=5 +0(N?)

= x(l+%—%)+O(N2)—x<1+%—%>+O(N2)
=0(N?),

NeNx e%
N—1 [4xEe? —DP

1 2 N 2
e o0 ()
2

|Dfn(x) = DMy(x)| =

=1 +Nx)<1 - %) +O(N?) —e 7 (14 Nx +O(N2))‘

= 1—§+Nx+O(N2)—1—%+Nx+O(N2)

—o(v?),
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N2eNY 27 (=% — 1)

N=1 [4xEe? —1P

|D? fy () = D*My ()| =

NT JFO(NZ))3

_IN+ow?) - (v +o(N2))<1 +

=0(N?). O
Proof of Proposition 2.1. By Eq. (8) we have
IN 7l < |n rlcopo, 18-

To simplify the notation, denote N = N 7 First note that

de2(f M) <de2 (f, fiy) +dea (f M)

447

In view of Lemma 2.2, we only need to estimate the first term of the right-hand side. For this note that N =

I n 7 (s)ds =n () for some ¢ € [0, 1]. If

lnp(x) =np(y)| < Colx —yl",

then by Eq. (8) we have |nf-(x) - ]\7| = |nf(x) —n};(Q)I < Co 817, s0 nf(x) = N+0(5'*"). Then by (5) we obtain

% + x4+ 0(51+”));

f(x):x(l— %

Df(x)=1+Nx — % +0(8");

D*f(x)=N+0(s").

10)

Y
12)

Using the estimates for fy, Dfy and D?f ' similar to those in the proof of Lemma 2.2, the proof is complete. O

From now on let f;:[0,1] — [0,1], i € N, be orientation-preserving diffeomorphisms of class C 24V with

fi(0) =0, f;(1) =1, and such that there exist Cp, C > O satisfying
Ing(x) —ngp(|<Co-lx —yl

and
In g lcopo,1 < C1

for every i € N. Let [a;, b;] C [0, 1], §; = b; — a;, and f, = Za; b (fi), M; = MNf}’
fl’l:fnoﬁ,_lon-oﬂ and M} =M,oM,_10---0 M.

The following proposition is the main result of this section. It compares the compositions of fl ’s and M;’s.

13)

Proposition 2.3. (See also [9].) Let f; be as above. Then for every Cy > 0 there exists C3 > O with the following

property. If Y7, 8; < Ca, then

~. v
n n
-M <C~<max8‘).
|f1 1|C2\ 3 1< j<n J

The proof of Theorem 1 in Khanin and Vul [9] is the main motivation to Proposition 2.3. Since Proposition 2.3
is not stated explicitly in the paper cited above in its full generality, we include the full argument for the sake of

completeness. Before we prove this proposition, we need some lemmas.
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Lemma 2.4. There is C4 = C4(Cq, C2) > 0 such that
LD () <,

forall x € [0, 1] and for alln > 0.

Proof.

Df1 (x) lDfn(f Y@) - Dt (FF72(x)) - D fi (x)

Dfl ) Dfu(f7 ) - D fuct (F20)) - Di(y)

- Zln Dfi(fi @) —mD ()

¥ / "p2j, oy

=1 Df;(S)

D2 fi(zj-1) 2ol
= x)— f
Z “ Dfi(z- 1)| :

for some z;_; € [flj_l(y), flj_ ()]
Therefore by (8) we have
‘ D' ()| _x-| D2 fitzj-1)
it = =D

n
<Cr- Z@/ <Ci1Cr=Cy.
j=1

Taking y € [0, 1] such that Dfl” (y) = 1 we have the result. O

Lemma 2.5. There is Cs = C5(Cq, C2) > 0 such that
|D* f{' ()| < Cs,
forall x € [0, 1] and for alln > 0.

Proof. Note that

D? ' (x)

D fl(x)

_ n szj(f]j_l(x)) D cie

S i wy

<62c42": szj(f{: (x))
SIDFT @)

|D? fi ()| = \ D f )]

1(x)‘ D)

n
<401 ) 8, < 010 =Cs. O
j=1
Lemma 2.6. There are Ce = C6(C1, C2), C7 = (Cy, C2) > 0 such that
L DM W) <, DM <Cr, [DPMP(0)| < Cs
forall x € [0, 1] and for all n > 0.



K. Cunha, D. Smania / Ann. I. H. Poincaré — AN 30 (2013) 441-462 449

Proof. Since M is a commutative Lie group, we have M{ = My, where N = Y Nﬁ. By Eq. (8) we have |Nﬁ | <
C16;, so

INI<Cr-Co.

One can easily use Eq. (2) to obtain estimates for DiM?, i=1,2,3. O

Proof of Proposition 2.3. We write
n
fl”—M;'ZZMfH o fl— Mo fil,
i=1

where M" flo =1d. Then

n+l =

| f1' () = M} (0)] < Z!Mill o fiT) ) = M (Mio fi1) ()]

i=1

<e® Y fio fiT ) — Mio fiT ()]

n
< eC6 . C . Zai1+v
i=1

v
C
<e6-C-<max8') S8;
< max & Z
1

vV
gecﬁ-c-cz-( max 3,~) ,
1<i<n

where C > 0 is the constant given by Proposition 2.1;

n

d_[oME(fio 7 ) - DAE(AT ()

i=1

|Df}'(x) — DM} (x)| =

— DM} (Mio fi' ) - DM (f{7 ) ]D i~ ()

e Z\DMl’ll fio fi7'W) - DA(fi )

DMIH(M,- o fi”' @) - DMi(fi~ ().
Now, add and subtract the term DM’ l( f, 1’ -1 (x)) - DM;( fll -1 (x)) in the above expression to obtain

|DfI(x) — DM (x)| < e - eC6 - Z|Dﬁ W) - DM (fi ()]

i=1

n
+eC e DML (fio T 00) = DML (Mo i1 ()]
i=1

n n
<€C4'3C6'C'Z(Sil+v+€c4'ECG'C7'C'ZSZ~1+V
i=1 i

Ci . ,C Y
<eCoe 6-(1+c7).c-cz.(lmax 5)

<ikn

Now note that

D?f'(x) — D> M} (x) = (D) + (ID) + (IID),
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where

M= ZDZ Fa(fio F7' @) - (DA(FT @)+ (DF @)
- ZDZM,-"H (Mo fi7' @) - (DM (fi~ @) (DF ),
(H)—ZD fa(fio fiT' @) D2A(AT ) - (DA @)’

Y DM (Mo i ) DM ) - (D7 )

i=1

and

(IH)—ZD Ma(fio 7 0) - DA(fi7' @) - D fi )

-3 DM (o 7 ) DM ) - D7 o).

i=1

In (I) we first add and subtract the term
Z D*M}(fio fiT' @) - (DMi(Fi ) (D~ )’
and then we use Lemmas 2.4 and 2.6 with estimates for the first derivative of f 1" and M}, to obtain
(D] <2 max{Co, C1o} - (lmax 8,->V,

IN

where Cg = Cs - C7 - C - e*¢4(e%4 + ¢%6) and C1g = C - C; - Cg - €24 - %6,
In (II), we first add and subtract the term

> DM (Mio fiT ) - DA (fiT ) - (DT @)’

i=1
and then we use Lemmas 2.4 and 2.6 with estimates for the first derivative of fl” and M f’, to obtain
v
()| < 2 max{Cyy, Cra} - ( max 5,-) ,
1<i<n

where Cj1=C-Cy-Cs-C7-e*“ and C1 = C - C; - 264+ Co,
Finally we add and subtract the expression

n
> DM (e 7 @) DM ) - D2 6o
i=1
in (II) and use again Lemmas 2.4 and 2.6, obtaining

)| <2 max(Cr3, Cra) - ( max &),

<ikn

WhereC13:C~C2-C5-eC6 andC14:C-C2-C5-C7~eC6
Taking C3 = 6 - max{Cy, C19, C11, C12, C13, C14} we get the result. O

(14)

(15)

(16)
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3. Renormalization for genus one g.i.e.m.

Let f € B,%‘H’ be a g.i.e.m. with d intervals. If f has only one discontinuity then if we identify the endpoints of its
domain / we obtain a piecewise smooth homeomorphism of the circle with irrational rotation. So we can apply the
Denjoy Theorem for these maps, proving the nonexistence of wandering intervals. That is a main difference between
genus on g.i.e.m. and those with higher genus (even piecewise affine g.i.e.m. with higher genus can have wandering
intervals). In this section we will study this relation between genus one g.i.e.m. and piecewise homeomorphisms of
the circle in more detail. The combinatorial analysis next somehow extends the results of Nogueira and Rudolph [11].

For the sake of simplify the notation, assume that f has only one discontinuity. Note that f can be seen as a g.i.e.m.
in f e B,?Jr] with fwo intervals. Indeed, if I, = (¢, dy), Where dy is the unique point of discontinuity of f, define

Jp = U Ig,

7o (B)<mo(a)
= J I
70(B)>mo ()

Then (f, {A, B}, {Ja, Jp}) is a g.i.e.m. with two intervals. We can either renormalize as a g.i.e.m. with d intervals,
denoted by

Ry(f). RI(f). RY(P), ...

or as a g.i.e.m. with two intervals, denoted

Ra(f), R5(F), R3(f), ...

We call R; the i-th d-renormalization of f and Ré the i-th 2-renormalization of f. If we see f as a homeomorphism
of the circle then we can do the usual renormalization of the circle. This sequence of renormalizations, denoted R! ,(f)
turns out to be just an acceleration of the Rauzy—Veech induction consisting in the subsequence of 2-renormalizations
R;i (f) defined in the following way: np = 0 and n;4; is the first n > n; whose type is distinct from the type of the
n;-th 2-renormalization.

The relation between the d and 2-renormalizations is given by the following proposition.

Proposition 3.1. Let f be a genus one g.i.e.m. with d intervals in By with only one discontinuity, where w1 (op) = 1
and mp(ap) = 1. One of the two cases occurs

(A) We have

U rupc U 5.

w1 (B)Zmi(er) 7o (B) =m0 (o)

Then f is 2-renormalizable of type 0 and Ry(f) = R (f), where n is the first d-renormalization where the letter
oy wins from letter og. Here o is such that f(cq,) € Iy, .
(B) We have

U nc U rap.

70(B) Zmo (o) w1 (B)Zmi (@)

Then f is 2-renormalizable of type 1 and Ry (f) = R};(f), where n is the first d-renormalization where the letter
oy wins from letter a.. Here oy is such that cq, € f(Iy,).

Proof. We are going to prove the claim (A). The proof of the claim (B) is similar. It is easy to see that when the letter
o, wins from the letter o for the first time, it wins with type 0. Using the notation defined in Eq. (1) the Rauzy—Veech
algorithm is given by

(P(D). p@)..... p)..... p@) > (p@)..... p(1). p(s)..... p(d)), A7)
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where s is such that p(s) = 1, and

(p(l),...,p(r), ...,p(d)) L (p(l), .o, p(r), p(d),...), (18)

where r is such that p(r) =d.

As by assumption f has only one discontinuity we have that p = (k...d 1...k — 1), where 71 (1) = k.

We assert that iterating the algorithm N times, with N = s +r <n — 1, where n is such that the letter oz, wins
from the letter o for the first time, we obtain that

pN=(k+s,...,d,k—r,...,k+s—1,1,...,k—r—1), (19)
where 0 <s <d —kand 0 <r <k — 1 are such that
s=#lep=0:0<m<N} and r=#e,=1. 0<m <N}

For N =1 the assertion is true because s =0 and r = 1 or s = 1 and » = 0. Assume that the formula (19) holds for
N — 1. Then by formulas (17) and (18) the assertion holds for N.
We know that &, = 0 and that p"~!(1) =d. So

p=p"=k...dl.. k=1 .25 p =@ jd=11...j-1).

Then p" =(j...d —1d 1...j— 1) which completes the proof. O

Corollary 3.2. Let f be a genus one g.i.e.m. with d intervals in By with only one discontinuity. Then there exists a
sequence m; < m;j41 such that mjy1 —m; <d and

Ry () =Ry ().
The next result gives us a relationship between R (f), R2(f) and R(f).
Proposition 3.3. Let f be a g.i.e.m. such that y (f) is k-bounded. Then for all i > 0
Rig(f) =Ry ()= Ry" (),
Proof. The first equality follows by definition of R, and R,. The second equality follows by Proposition 3.1. O

3.1. Bounded geometry for maps in Blzw

A classical result on the circle homeomorphisms of class P (absolutely continuous homeomorphisms on the circle
with bounded variation derivative) is the following lemma, whose demonstration can be found in Herman [4].

Lemma 3.4. Let f be a g.i.e.m. with genus. Let ng be the first n such that RZO f has only one discontinuity and define
n; such that Ry f = Ri (R}" f). Then foralli >0 and o € A,
exp(—V) < DRZif(x) <exp(V) forallxell,

where V = Var(log Df).

Lemma 3.5. Let f B,%Jr” . There is C1¢ > O such that
exp(—Ci6V) < DR} f(x) <exp(CisV) forallx e I", neN.

Proof. Because f has k-bounded combinatorics, there exists C with the following property: Let i > 0 be such that

ng, <n < ng,,. Then for every o € A there exists a < C such that (RZf)(x) = (RZki F)4(x), for x € 1}}. Now the
lemma follows from Lemma 3.4. O
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Lemma 3.6 (Non-collapsing domains). Let f € B,z—m . There is C17 > 1 such that

1 [17]
roo < 1A <Cy7, forala,BeAandn > 0.
17 B

Proof. Note that by Lemma 3.5 we have that for all « € A
IR"(f)()]
1151
We claim that if the letter «, is the winner in the n-level then
_kti- exp(— 2k + 1)CiV)

h k+1

exp(—C16V) < < exp(CigV). (20)

)

n
| Ia*

R"(H)(1g,)
Indeed, otherwise by (20)

1",

exp(— 2k + 1)C16 V)| 1" - min{|1; |, [R"(f) (I )}
k+1 exp(2KC16V)k

for every o # «,. As a consequence the letter o, will be the winner for at least k consecutive times, which contradicts
f € Bg. So there exists § € (0, 1) such that

|1n+1|
>1-34 (21)
11"

for every n. Note that by (20) we have
|I§+l| < exp(le,V)|I(;Z

14

R"(NH(15)] <

’

)

for every n and . Moreover if «, is the winner and B, is the loser at the n-th level we have
15 < exp@CioV)| 2.
So fix «, B € A. Since B loses transitively from « after at most k renormalizations, we obtain
|1g+k | <exp(2kCisV)|12], (22)
for every n, o and . We claim that
(1 — &)k exp(—2kC16V)

d
Indeed, otherwise by (22)

B
which contradicts (21). O

12| > 7).

3

Lemma 3.7 (Non-collapsing images). Let | € B,%—HL. There is a constant C1g > 1 such that

L _IRNOUDI _

< <Cig, foralla,Be Aandn > 0.
Cis ~IR"(OHUpI

Proof. Follows directly from Lemmas 3.5 and 3.6. O

Proposition 3.8. Let [ < B,%HL and let a, B € A be the winner and loser letters of R"(f), respectively. Then there is
0 < A1 < A2 < 1, such that

I(R" =2 (1)
[(R" f)eI)I
where € € {0, 1} is the type of R"(f).

1< A2, (23)
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Proof. If the quotient in (23) is too close to O then (R" f)!~¢(1 g) is very small compared to /", which contradicts

either Lemma 3.6 or Lemma 3.7. If the quotient in (23) is too close to 1 then |(R"*! f)5(13+1)| =|[(R")*UH| —
[(R" FH)I=¢1 g)| is very small compared to / n+1 what again contradicts either Lemma 3.6 or Lemma 3.7. O

By definition of renormalization operator we know that

gy =1
0.n=\ "\ ).

acA i=0

where \/ means disjoint union. Thus the elements f i (17) for all « € A and for all 0 <i < g7 — 1 form a partition
which we denote by P”. The norm of P" is defined by

[Pr= max {[£ ()]}
0<i<qi—1

The next result says that |P"| tends to zero exponentially fast.

Proposition 3.9. Let f € B,%*'”. Then for n sufficiently large there is A = L(A1, A2) with 0 < X < 1 such that

Proof. Let fin+k (1K) € P"+k There are oj € Aand 0 < i; < qj[j — 1 forn < j <n+k such that

Frlg,) 2o f (1) D frre (1) - o e (1)),
We claim that there exists jo such that o j, is the winner in the jo-th level. Indeed if o = &, = - - - = a4, let jjo be
a level between levels n and n + k such that « wins. Such level exists because f € By. Otherwise there exists jy such
that o j, 11 # aj,. This is only possible if «, is the winner and « j,+1 the loser in the jo-th level. By Proposition 3.8
and Lemma 3.5 we have

Pt Ol gl

Otk j()+1
|fin (Il |f10 (1851
for some A that depends only on V = Var(log Df), A; and A,. O

<A<l

Proof of Theorem 1. Note that
Zp(R"(f)) = qugfl([&l)(f) o0 Zsum(f)oZp(f).

The intervals f/(I"),i=0,...,¢q" — 1, belong to the partition . In particular

ga—1
2|1l <1
i=0

and by Proposition 3.9

sup [ f1(1g)] < [P"| </t
0<i<ql

So we can apply Proposition 2.3 to obtain that

|Z1y (R" () = M| 2 < C3 - 21170,
Recall that M, o Mp = M, 4p. SO

M{ =My,
where (see (9) and (4))

g1
N= Z Zyigm () = Z / D’;J{(ix)) = / l;z]]:nn((;))((;)) x VaeA =
O fia Iy
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4. Symbolic representation

To prove Theorems 2 and 3 we need a finer understanding of the geometry of the partitions generated by the
sequence of renormalizations. To this end we will introduce a certain symbolic representation for the dynamics, that
is somehow a generalization of the symbolic representation introduced by Sinaf and Khanin [14]. Consider the set of
letters

ﬁz{(a,s,n) st.ae A, e€{0,1}, neN}.

Define m3(«, &, n) = n, my(a, €, n) = &£. We will use the notation a; for a; € £ such that 7, (a;) =i.
In this section we construct a symbolic representation for the dynamics of a g.i.e.m. f € By. For each n we consider
the partition of [0, 1] given by

P ={f(1) st.acAdand 1 <i<ql).

Let
a=p0.1\J | a7
nogepn
We will define a function

s:A— LN

in the following way. We have s(x) = (a;)jeN, @ € L. Ifi =0then x € f(Ig) for some B and we define ag = (8, 0, 0).
Ifi >0, let

ki—1(x) :==min{k > 0s.t. fF(x)er’ ™"}

Then either fki-1(x) e I, so fki-1(x) e f,-(Ié) for some B and we define a; = (8,0, 1), or fki-1(x) e '\ I', so

fi—1 (fk"*1 (x)) € fi(lé) for some B and we define a; = (B, 1, 7). Note that in any case fki(x)(x) € Ilf} and p(a;) =0
if and only if k; (x) = k;j—1(x).

4.1. Admissible cylinders and their properties

Given a finite subset S = {n1, na, ..., nx} C N, with #S = k and a finite sequence ay,, ..., a,, € L, with m3(ay,,) =
n; we can consider the word

W = Ay Qpy_, .. Ay, .

For each word we can define the cylinder

[w]l =lan, any_y - any 1= {x € AL Sy (x) =ay, 1<i< k}.

If this cylinder is not empty we will say that the word w is admissible. Indeed we can give a definition of admissible
words just in terms of the combinatorial data of the g.i.e.m. f.

We claim that the set whose elements are the closures of intervals in P is exactly the set of admissible cylinders
of the form [a,a;,,_1 ...ap]. Indeed when n = 0 we have PO = {fy)}aea- Then

fe) = [(,0,0)].

Suppose by induction that we have verified that the set of all elements f? I, 1 <i < g}, is the set of admissible
cylinders of the form [a,a,—1 .. .ag]. Recall that &” (¢), @” (1 — ¢) € A are the winner and loser, respectively, if f;, has
type €. There are three cases:

o Ifa#a"(1 —¢)then [+ C I and Gpi1 =4y - SO

fi (I&'H) =[ap+1ay .. .ao]

forevery 1 <i < qfl‘+1 =g, , where a,41 = («,0,n+ 1) and fi(lg) =lay,...ap].
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o Ifa=a"(l—e)and 1 <i<g¥ © we have

a'(1—¢)
fit(1=e)q; (1;’,;';% 8)) [ans1an - . .ao)

where @41 = (" (1 — &), e,n+ 1) and f'(I}.)) = lan...aol.

e Ifa=a"(l—¢)and 1 < j <qa "1-) e have

ot () 1
fitean ([;;El 5)) lan+1ay - .. aol,

where @, 11 = (@"(1 —¢),1 —g,n+ 1) and fJ(I”n(1 8))—[ ...apl.

As a consequence, for any admissible word of the form a, .. .ap, with a, = («, x,n) we have that the first entry
times k1, kp, ..., k, are constant functions in [a,, . ..aq] and fk" lan...a0l = fu(I}).

Denote by £(ay, .. .ap) the Lebesgue measure of the cylinder [ay, .. . ap]. The proof of Theorem 2 will be based on
the ergodic properties of the sequence of random variables a,, = (o, xn,n), @, € A and yx, € {0, 1} with respect to
the Lebesgue measure.

If the word a;,—1 ... ag is admissible we can consider the conditional probabilities

Lay, ...ag)

14 1...a0) = ——"""_,
(anlan—1-..a0) a1 a0)

Lemma 4.1. Let

/ I
w] = ao .. .an_lan o Aptks
~ i i
w] = ao . .anilan .. .an_l,_k
be admissible words. Denote wy = a;y...a, , and @n =aj ...a,_,. Then:

A. Indeed nl(an ) =mi(a)
Fiaph Fianh.

B. In particular r = j — i is the unique r € Z such that " is a diffeomorphism on [w;] and f" ([w2]) = [@2].
C. The integer r is also the unique integer such that f” is a diffeomorphism on [w1] and f" ([w1]) = [@1].

) =: B and there exist 1 < i, j < qg U such that [wr] = fi(Ig_l) and [@y] =

n—1

Proof. The uniqueness of r follows from the fact that f does not have periodic points. Indeed if ! and f'2, r| < ra,
are diffeomorphisms on [w;] and f"([w;]) = [@;] for some i € {1,2} then the points in d[w;] are fixed points of
f"27"1, which is a contradiction. It remains to show the existence of r. We will prove this by induction on k. Suppose
k = 0. Denote a, = («, x,n). Let € be the type of f,,_1. By the previous discussion about the partitions P", there are
three cases.

Case (i). If « # o1 (1 — ) then x =0 and
[anay,_, ...ap] = f1(12),
[ana,_,...a5) = fi (12

for some 1 <i,j <gqf =q% |, with fi(I§~ ])_[
mi(a,_,) =mi(a, ;). Sotake r =i — j.

)

~—

_y---apl and fI(IgT b = [a’ ..ay]. In particular o =

n—1-

Case (ii). If « = a"~'(1 — &) and x =& then
SO0 (1) = [and),_, .. .a)),
OG5 (1) = [anall_, ... af)].

n—1 T - 1
for some 1 <i,j <q,_, © with [a/ . = fial,. 1(S)) and [a)_,...a5] = I}~ 1(8)) In particular

n—1

o) = mi(a,_,)=mi(a,_,).Sotake r =i — j.
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Case (iii). f e =" (1 —¢) and x = 1 — ¢ then

an l(&)

7 (1) = [and ).
L)
fl+8qn ! (11) [ a,_1- a(/)/]’
forsome 1 <i, j < ‘1371 with[a)_,...a)] = fia " and la)_,...al]l= (12", Again we have « =m(a, ;)=

m(an_l). Taker =i — j.

This completes the proof for k = 0. Suppose by induction we have proved the statement for k — 1 > 0. By the case

k = 0 there exists a unique r such that f"[a;...a,_,ay...an1k—1]1=la]...a),_a,...apyr—1] in a diffeomorphic

way, and moreover r is the unique r such that f"[a(...a)  a,...an4k] = [a ..@) 0y ...a,1k]. By induction
assumption there exists a unique r’ such that f ’[a() .. .a;l_l] = [a{)’ .. a;,’_l] and moreover r’ is the unique integer
such that

flag---ay_1an...ansk—1]=1ag ...a,_1an .. .ansi-1].

So r = r’. This completes the proof. O

Lemma 4.2. There are constants C19 > 0 and 0 < A3 = A3()) < 1 such that

"
o—C1o3d < Lanlan—1 ... an- san s—1---9

X
Lanlan—1...an— san —s—1" (16)

CoAs
Le 193,

provided both words are admissible.

Proof. Let
. . . . .
Ry c r2(1g) c (.
with 1 <i3 < ¢ ~°, be the intervals corresponding to words

(ags .-y 1 anos,-.van), (@Gs- @y anog,....an-1), (ag,....ap_;_1),

71 (an—s)

respectively. By Lemma 4.1 there is j € Z with 1 <i3 + j <g,,_; """, such that
fi3+j(lt;173) flz+j( ) f11+j(1n+1)

are the intervals corresponding to words

" " " " d Vi "
(ao, Y S P/ M ..,a,,), (ao,...,an_s_l,an_s,...,an_l) an (ao, .. .,an_s_l),

respectively. Denote
CfRARTHI- LR
LFaml- |t
We have

[y DF©)ds |2 (apth)

Jyiaseqgny Df (5)ds A

Df (siy+) 1S4 12U

Df Gty | S IF)]

_ DfGsiv+e)
Df (siy+k)

where s;, 1k € fi1+k(1)’,1) and s;,+¢ € fi2+k(lg+1). Furthermore,

Pk+1 =

’
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D i1 i n
LA )} < LS oty gk ()|, 4)

exp{—=C Df (5iy+4)

Then by (24) we have
j—1 j—1
o R M| B I S
t=0 =0
However by Proposition 3.9,

Jj—1 ) Jj—1 ) |fi1+t(1n)|
D) = ol 1) e < Ca0 4,
=0 t=0 |f (IO( )|

where Cpg = C20(C17, C13, A) > 0. Taking C19 = Cy - Coo we obtain the result. 0O

Lemma 4.3. There exists Cy1 = C21(Cr9, A) > 0 such that for all n, m,

/
—C1 < antm, - - an|an IEREEE ao) e
~X // ~ ’
Lansms - - - an|an 1 4
provided both words (ay, ..., a, |,an,...,anym) and (af, ..., a) |, an, ..., ayiy) are admissible.
Proof. The proof follows easily from Lemma 4.2 and the equations
m
/ / /
K(an+m, .. a,,|an - .,ao) = né(an+i|an+i_1, ey sy ao),
i=0
m
" " "
E(an+n1, .. a,,|an - .,ao) = Hﬂ(an+i|an+,-_1, cen Oy, .,ao). O

0

Lemma 4.4. Let ay...a,, k <n, and a’a’

WGy -+ -Gyyy be two admissible words, such that a, = (a, x,n), a,
(o, x',n). Then

/ /
Qe Ay g oo Gy,

is admissible.

Proof. Since ay ...a, is admissible then there exist ag, ay, ..., ar—1 such that ag...ax_1ax...a, is admissible. If
a,a, ., ...a,, is admissible then there exists an admissible word with the form a(/) ..apa, . ...a, ., Note that the
functlons kl(x) =k, ka(x) =k, ..., knym(x) =k, ., are constant in [ay...aya,  ;...a, ] and
KT/ / n
f n[aO .a, an+1 n+m] Cf”(la)'
The functions ki (x) = k1, ko(x) =ky, ..., ky(x) =k, are constant in [ag...a,] and

Arlag...anl = fu(I2).

In particular every x in the nonempty set

J= f fn[ n+l ;l+n1]ﬂAC[ao...an]

belongs to the cylinder [ao ...a ]. Indeed, since x € [ao .a,] we have s;(x) = a;, ki(x) = k;, for

1N A. Then

”an+l n+m

0 <i < n. Note that fk" (x)= fkn (y), for some y € [aO anan+1 n+m
ki (0) = ki (9) — Ky + kn = ki — ky, + ke

forn <i <n-+m, since

bt =iy el



K. Cunha, D. Smania / Ann. I. H. Poincaré — AN 30 (2013) 441-462 459

and moreover if k, < j < k] — k;, 4 k,, then

flay=ftthg er,
since 0< j —ky + k), < k; =k;(y) and if j < k, then

el

because j < k, < k;(x). This implies that 5; (x) =a; forn <i <n+m. O
Lemma 4.5. Let o, € A. For each n there is an admissible word ay, . . . an1y with wi(ay) = B, m1(an+x) = A.

Proof. Firstly we claim that if « € A does not lose in the n-th level then there is an admissible word b, by, 41 such that
71(by) = w1 (by+1) = «. Indeed in this case an(I;}“) C fn(1}). This implies that the word («, 0, n)(a, 0, n 4 1) is
admissible.

Second, if « loses and 8 € A wins in the n-th level then there are an admissible word b, b, 41 such that 8 = 71 (b,,)
and o = 71 (by+1) and an admissible word b b;, . | such that & = 71 (b,) = 71 (b), ). Indeed if f, has type 1 then we
have that Ij] C f, (1), I, is not inside ["*! and enters I"*! after one iteration of f,, landing in f,,(I") = f,+1 (121,
so the word (8,0, n)(a, 1,n + 1) is admissible. Note also that f,(17}) = fn+1(lg+l) so (o, 0,n)(a,0,n 4+ 1) is ad-
missible. If f;, has type O then we have that f,,+1(10’;+1) C fan (I/g’), so the word (8, 0,n)(c,0,n + 1) is admissible.
Furthermore f;,(1}) is not inside / n+1 and it enters 1"+ after one iteration of fn,landing in f;, 4 (Io’le)’ so the word
(a,0,n)(a, 1,n + 1) is admissible.

In particular, using Lemma 4.4 it follows that for every m > 0, p > 0 and « € A there exists a word o =
AmGm41 - - - Ay p Such that y(a;) =« for every m <i <m + p.

Now suppose that 8 wins from ¢ in the (m — 1)-th renormalization. Then as we saw above (8,0, m — 1)(«, €,,,—1, m)
and w are admissible. By Lemma 4.4 there exists a word (8,0, m — 1)a,,ap+1 - . .+ p such that 1 (a4)p) = a.

Finally, since f € By, given «, 8 € A, there exists a sequence of letters «;, and levels n;, i <s,n <n; <njt; <
n+k forevery i < s, such that «p = B, oy = o and «; wins from «; 41 in the n;-th level. So there are admissible words
al....aj  suchthat (a))=a; and 7| (aLM) = a;+1. By Lemma 4.4 there is an admissible word @y, . . . a,, such
that 1 (a,,) = B and 71 (a,,) = .

Since we already proved that there exist admissible words by, ...by,, and cy, ...c,qx such that my(b,,) = «,
1 (bn,) =, w1 (cn,) = B, M1 (cntk) = B, by Lemma 4.4 again there exists a word of type

/ /
by . bpyGngt1 - . Qng—1Cny -+ Cppy
with 71 (b)) = « and 7 (c;l+k) =8. O

The proof of the following lemma is simple:

Lemma 4.6. There exists Cy; > 0 such that for all n, m, and all admissible words ajy . ..a, ., ag...a, . Gy ...dni;m

/ /
—Cn Llanym - - anla,_; ...ap) < c

22
~ " " .
Lanm ---anla,_, ...a

Proposition 4.7. There are C23 > 0 and 0 < A4 < 1 such that
|eanlan— ... a0) — £an)| < Ca3 - 33"

where r = [5].

Proof. Indeed Proposition 4.7 is a Markov ergodic theorem and it can be proved by the methods of the theory of
Markov chains, as in Khanin and Sinai [7] (see also Sinai [13]). Thus, we shall describe only the main steps. Fix an

integer m, m ~ /7, and introduce a new probability measure on the words of the form

a=(anan_1...0n—mikQn—m - - - An—2m+kAn—2m - - - An—3m-+k - - ~Ap—(i—)m -+ - An—im+kAn—im - - .aop)
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by the formula

e/(d) ={L(ag... an—im)g(an—(i—l)m e Opim3|An—im - - - Q0)

X 1_[ Llan—sm - - - An—(s+D)m+k|Gn—(s+1)m - - - An—(s+2)m+k)-

Here i ~ \/g . It follows easily from Lemma 4.2 that

t'(a)
4a)
Lemma 4.6 shows that the Markov transition operator corresponding to £’ for the transition to m steps is a contraction
for the appropriate Cayley—Hilbert metric, and this contraction is uniformly smaller than 1 on each step. Then the
usual Ergodic Theorem for Markov chains shows that the conditional probabilities €' (ay|an—im - . . ap) asymptotically
do not depend on a;,_;y,, . . . ag. Due to (25) the same holds for £(ay, |a,—in - - . ap). This gives the desired result. O

exp(—Cio - A% i) <

CXP(C]Q A5 1) (25)

Denote by £(a, %, n) the Lebesgue measure of the union [(«, 0, n)] U [(«, 1, n)]. Note that

)

Lo, *, n) = ]

Proof of Theorem 2. For simplify the notation we use f, to denote R"(f). Let r = [%]. We rewrite f D ff"((s)) ds in
the following way. By the mean value theorem for integrals

/sz,,(s) ZZ Z / D? f(s)
| DRO T ISUT paneriap i, Dfe) !

>

BeA j=1 fiumc iy

o

D f(x9)
- J ., l In

where x;" € fi (1}). In a similar way we can choose yf € fj (I,g) such that

Df@) ¢ D D f0)) i
[ S as = X Pl

J sUD proh)

So

B
D2fys) | D fxy DAFOHN Lo
/ e YLl X (Df(xj) B >'|f (1z)]

p
i peA j=1 fiumc iy broy)

B
& D f(y%)
DD DY

i(yn
— )l
BeA j=1 fiImc iy Df(y;) “

Due to the smooth properties of f the first term is at most Co4 - )\671), where Cog = Cpq(A, k) >0and 0 < Ag =
Ag(A, k) < 1. We will now analyze the second term:

B
ar D2f ()
20 >

B
pedi=t paperiay PIOY)
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sz()’f) ) Zfi(lg)cfj(lé) | AU
DF (YY) ¢ FIUp)

-y a2

BeA j=1

B
o D2f(yP)
=y >

i S proh |7 ()] - [e(e x| [ (25)]) = £((@. )]

wem). 3 S 20D Zf(yf 1)
i S prof ’

=IV) + V).

By Proposition 4.7 we have that (IV) = O(AA?/;). Now observe that (V) is a Riemann sum for the integral f ] DD ff((;)) ds.

By Proposition 3.9 and v-Holder continuity of %f we have

D> f(s)

ds + 0 (Wk
Df) WO,

V)= E((a, *, n)) .
I

This finishes the proof. 0O
Before proving Theorem 3 we need the following lemma whose proof is left to the reader.

Lemma 4.8. Let a, b € R. Then for every C > 0 there is Co5 > 0 such that if |a|, |b| < C then
Mg — Mp|c2 < Cas - |la — b,
where M, and My, are defined in (2).

Proof of Theorem 3. By assumption [, [I);f(g) ds = 0, so by Theorem 2 we have

D? fu(s) JE
‘/m‘“‘“w” |

Therefore by Lemma 4.8

D2
fn(s)
|M 26, —1d|c2 < Cos - ‘/ -0
Jy Bstas ¢ fts) ¢
< G5+ Cog '/\2/;- (26)

Theorem 1 together with (26) gives us that
|Zi(R"(f)) —1d| - < Ca7 - /\“/— O
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