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Abstract

The paper is concerned with conservative solutions to the nonlinear wave equation us; — c(ut) (c(u)u x)x = 0. For an open dense
set of C3 initial data, we prove that the solution is piecewise smooth in the r—x plane, while the gradient u, can blow up along
finitely many characteristic curves. The analysis is based on a variable transformation introduced in [7], which reduces the equation
to a semilinear system with smooth coefficients, followed by an application of Thom’s transversality theorem.
© 2015 Elsevier Masson SAS. All rights reserved.
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1. Introduction

Consider the quasilinear second order wave equation
ut,—c(u)(c(u)ux)x =0, tel0,T], xeR. (1.1)
On the wave speed ¢ we assume
(A) The map ¢ : R — R, is smooth and uniformly positive. The quotient ¢’(u)/c(u) is uniformly bounded. Moreover,
the following generic condition is satisfied:
du) =0 - ’(u) # 0. (1.2)
Notice that, by (1.2), the derivative ¢’(«) vanishes only at isolated points.
The analysis in [7,3] shows that, for any initial data

u(0,x) = ug(x), u;(0,x) = uj(x), (1.3)
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with ug € HY(R), u; € L2(R), the Cauchy problem admits a unique conservative solution u = u(z, x), Holder contin-
uous in the r—x plane. We recall that conservative solutions satisfy an additional conservation law for the energy, so
that the total energy

El) = %f[u%+cz(u)ui]dx

coincides with a constant for a.e. time ¢. A detailed construction of a global semigroup of these solutions, including
more singular initial data, was carried out in [15].

In the present paper we study the structure of these solutions. Roughly speaking, we prove that, for generic smooth
initial data (ug, u#1), the solution is piecewise smooth. Its gradient u, blows up along finitely many smooth curves in
the r—x plane. Our main result is

Theorem 1. Let the function u +— c(u) satisfy the assumptions (A) and let T > 0 be given. Then there exists an open
dense set of initial data

D C (63(R) n Hl(R)> x (CZ(R) mL2(R))

such that, for (ug, u1) € D, the conservative solution u = u(t, x) of (1.1)—(1.3) is twice continuously differentiable in
the complement of finitely many characteristic curves y;, within the domain [0, T] x R.

Here it is understood that D is open and dense w.r.t. the topology of the space

U = <C3(R) n Hl(R)) x (CZ(R) ﬂLz(R)> (1.4)
with norm
[ (ueo, ”1)”u = luollgs + lluoll g1 + llutllez + llutllyz .

As usual, the C¥ norm of a function f is defined as

k
I fllge = Z(supwff(xn),

=0 xeR

while

1/2
Il = </|f<x)|2dx+/|0f<x)|2dx) :

The assumption (A) implies that c(-) is a Morse function. It plays a key role in our proof. We remark, however,
that the conclusion of the theorem can hold also in some cases where (A) fails. For example, if ¢ is constant, then the
classical d’ Alembert’s formula shows that any solution with smooth initial data will remain smooth for all positive
times.

For the scalar conservation law in one space dimension, a well known result by Schaeffer [17] shows that generic
solutions are piecewise smooth, with finitely many shocks on any bounded domain in the —x plane. A similar result
was proved by Dafermos and Geng [8], for a special 2 x 2 Temple class system of conservation laws. It remains
an outstanding open problem to understand whether generic solutions to more general 2 x 2 systems (such as the
p-system of isentropic gas dynamics) remain piecewise smooth, with finitely many shock curves.

The proof in [17] relies on the Hopf—Lax representation formula, while the proof in [8] is based on the analysis of
solutions along characteristics. In the present paper we take a quite different approach, based on the representation of
solutions in terms of a semilinear system introduced in [7]. In essence, the analysis in [7] shows that, after a suitable
change of variables, the quantities

w = 2arctan(ut +c(u)ux), 7z = 2arctan(u, —c(u)ux),

satisfy a semilinear system of equations, w.r.t. new independent variables X, Y. See (2.16)—(2.20) in Section 2 for
details. Since this system has smooth coefficients, starting with smooth initial data one obtains a globally defined
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smooth solution. To recover the singularities of the solution u of (1.1) in the original 7—x plane, it now suffices to
study the level sets

fw(X,Y)=m}, {(z(X,Y)=m}. (1.5)

Since w and z are smooth, the generic structure of these level sets can be analyzed by techniques of singularity
theory [2,9,10,14,18], relying on Thom’s transversality theorem. One should be aware that, while the map (X, Y) —
(t, x,u, w, z) is smooth, the inverse map (t, x) — (X, Y) can have singularities. This variable transformation is indeed
the source of singularities in the solution u = u(¢, x) of (1.1).

The present work was motivated by a research program aimed at the construction of a distance which renders
Lipschitz continuous the semigroup of conservative solutions of (1.1). Toward this goal, one needs a dense set of
piecewise smooth paths of solutions, whose weighted length can be controlled in time. In the final section of this paper
we thus consider a 1-parameter family of initial data A — (ué, u?), with A € [0, 1]. We show that it can be uniformly
approximated by a second path of initial data A +— (ﬁé, ﬁ}l‘), such that the corresponding solutions #* = ii* (¢, x) of
(1.1) are piecewise smooth in the domain [0, 7] x R, for all except at most finitely values of A € [0, 1]. An application
of this result to the construction of a Lipschitz metric will appear in the forthcoming paper [4].

The remainder of the paper is organized as follows. In Section 2 we review the variable change introduced in [7]
and derive the semilinear system used in the construction of conservative solutions to (1.1). In Section 3 we construct
families of smooth solutions to the semilinear system, depending on parameters. By a transversality argument, in
Section 4 we show that for almost all of these solutions the level sets (1.5) satisfy a number of generic properties.
After these preliminaries, the proof of Theorem 1 is completed in Section 5. Finally, in Section 6 we prove a theorem
on generic regularity for 1-parameter family of solutions.

For the nonlinear equation (1.1), the formation of singularities in finite time was first studied in [11]. Based on the
representations [7,5], a detailed asymptotic description of structurally stable singularities is given in [6], for conser-
vative as well as dissipative solutions.

We conjecture that the regularity property stated in Theorem 1 should also hold for generic dissipative solutions
of (1.1). However, in the dissipative case the corresponding semilinear system derived in [5] contains discontinuous
terms, and smooth initial data do not yield globally smooth solutions. For this reason, the techniques used in this
paper can no longer be applied. We remark that, at the present time, the uniqueness and continuous dependence of
dissipative solutions to (1.1) has not yet been proved, for general initial data (ug, u1) € H L(R) x L2(R).

2. Review of the main equations

Consider the variables

R = ur +cuy,
{ S = u —cuuy, (2.1)
so that
R+S R-S
= —, = . 2.2
U > Uy e (2.2
For a smooth solution of (1.1), these variables satisfy
R —cR, = £(R2—8?),
= cRe = g ) 03
Si+cSe = £(S*—RY).
In addition, R? and S2 satisfy the balance laws
(R?); — (cR®)x = & (R*S — RS?), o
(82) + (€82 = S£(S>R— SRY). '
As a consequence, for smooth solutions the following quantity is conserved:
1 R?+ §?
E = 5(ut2 +ctu?) = % : (2.5)
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X = const.

Y = const.

Fig. 1. Characteristic curves. As new coordinates of the point (¢, x) we choose the values (X,Y) = (x_ 0,7,x), —x1(0,1¢, x)).

One can think of R? and S as the energy densities of backward and forward moving waves, respectively. Notice that

these are not separately conserved. Indeed, by (2.4) energy can be exchanged between forward and backward waves.
It is well known that, even for smooth initial data, the quantities u,, u, can blow up in finite time [11]. To deal with

possibly unbounded values of R, S, following [7] it is convenient to introduce a new set of dependent variables:

w = 2arctan R, z = 2arctanS. (2.6)

Using (2.3), we obtain the equations

2 ¢ R*-§?

Wy —CWy = W(RI—CRX) = 2—01_’_41?2, (27)
2 ¢ §? — R?

Zz+CZx=W(St+CSx)=Z 1152 ° (2.8)

We now perform a further change of independent variables (Fig. 1). Consider the equations for the backward and
forward characteristics:

i = —c@), it =cw), (2.9)

where the upper dot denotes a derivative w.r.t. time. The characteristics passing through the point (¢, x) will be denoted
by

s = x (s, t,x), s x+(s,t,x),

respectively. As coordinates (X, Y) of a point (¢, x) we shall use the intersections of these characteristics with the
x-axis, namely

X =x7(0,¢t,x), Y = —xT(0,1,x). (2.10)

Of course this implies
X —cw)X, =0, Yi+cw)Y, =0, (2.11)
(Xx)r —(cXx)x = 0, (Yx)i +(cYo)x = 0. (2.12)

For any smooth function f, using (2.11) one finds

fitcfs = fxXe + frYi+ofx Xe +cfy Yy

(X +cXy) fx = 2c¢X, fx,

(2.13)
fi—cfe = f[xXi+ frYr —cfxXx —cfyYy = (Yi —cYo) fy = —2cYi fy.
We now introduce the further variables
1+ R? C148?
p= , q = : (2.14)
Xx _Yx
Notice that the above definitions imply
1 —1
=P _ p cos’ v LR - g cos? < (2.15)
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Starting with the nonlinear equation (1.1), using X, Y as independent variables one obtains a semilinear hyperbolic
system with smooth coefficients for the variables u, w, z, p, ¢, namely

{”X =St p. (2.16)
__ sing :
Uy = 49
wy = %(cosz—cosw)q, 2.17)
Ix = %(cosw—cosz)p, .
py = &(sinz—sinw)pq, 2.18)
gx = %(sinw—sinz)pq.

The map A : (X, Y) — (¢, x) can be constructed as follows. Setting f = x, then f =1 in the two equations at (2.13),
we find

c = 2cX;xx, 1 = 2cX,tx,
—c = —2cYy xy, 1 = —2cYy ty,
respectively. Therefore, using (2.15) we obtain
_ 1 _ (14cosw) p
{ X = ax, T 7 ) 2.19)
_ 1 _ (14cosz) g .
Xy = 3y, = ——a
1 (1+cosw) p
Ix = z2x; = ic o
[ fy = L (4cosr)g (2.20)
Yy = —2cY, T 4c :

Given the initial data (1.3), the corresponding boundary data for (2.17)—(2.20) can be determined as follows. In the
X-Y plane, consider the line

w=1{X+Y=0} C R

setting

w = 2arctan R(0, x), {ﬁ 1+ R%(0,x), 221)

u = up(x), { 7 = 2arctan S(0, x), 7 = 1+5%0,x),

at each point (x, —x) € yp. We recall that, at time r = 0, by (1.3) one has

RO, x) = (u; + c(@)ux)(0,x) = ui(x) + c(uo(x))up,x(x),
S§0,x) = (ur — c@ux)(0,x) = ur(x) — c(uo(x))ug,x(x).

Notice that, with the above definitions, the variable transformation A : (X, Y) — (¢, x) maps the point (x, —x) € Y
to the point (0, x), for every x € R.

Remark 1. Since the semilinear system (2.17)—(2.20) has smooth coefficients, for smooth initial data all components
of the solution remain smooth on the entire X-Y plane. As proved in [7], the quadratic terms in (2.18) (containing the
product pg) account for transversal wave interactions and do not produce finite time blow up of the variables p, g.
Moreover, if the values of p, g are uniformly positive along a line {X +Y = «}, then they remain uniformly positive on
compact sets of the X—Y plane. Throughout this paper, we always consider solutions of (2.17)—(2.20) where p, g > 0.

By expressing the solution u(X, Y) in terms of the original variables (#, x), one obtains a solution of the Cauchy
problem (1.1)—(1.3). Indeed, the following was proved in [7].

Lemma 1. Let (u, w, z, p,q, x,t) be a smooth solution to the system (2.16)—(2.20), with p,q > 0. Then the set of
points
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{(t(x, Y), x(X.¥), u(X.Y)): (X,Y)e RZ} (2.22)

is the graph of a conservative solution to the variational wave equation (1.1).

We observe that, while the functions
(X,Y) » u(X,Y), (X,Y) > AX,Y) = (t(X,Y), x(X,Y)) (2.23)

are globally smooth, the map A : R? — R? may not have a smooth inverse. Indeed, A may not even be one-to-one.
Therefore, the solution u(r, x) = u(A~'(¢,x)) can fail to be smooth. This happens precisely at points where the
Jacobian matrix DA is not invertible. By (2.19)—(2.20), singularities occur when cosw = —1 or cosz = —1.

Remark 2. The system (2.17)—(2.20) is invariant under translation by 27 in w and z. We can thus think of w, z as
points in the quotient manifold T = R/2nZ. Throughout the following we take advantage of this fact and regard a
solution of (2.17)—(2.20) as amap (X, Y) — (u, w, z, p, q, x, t) from R2into R x T x T x R x R x R. Observe that
we have the implications

wFE T - cosw > —1,
7 # T - cosz > —1. (2.24)

Remark 3. In general, many distinct solutions to the system (2.16)—(2.20) can yield the same solution u = u(f, x)
of (1.1).

Indeed, let (u, w, z, p, g, x, t)(X, Y) be one particular solution. Let ¢, ¥ : R — R be two c? bijections, with ¢’ > 0

and " > 0. Introduce the new independent and dependent variables ()? , ?) and (,w, Z, p, q, X, t) by setting

X = ¢(X), Y = y(Y), (2.25)

(@, 0,7,5,0(X.Y) = w2, p.q. x,1)(X, Y), (2.26)

¢(X.Y) = q(X,Y) - y'(Y).

Then, as functions of (f , }~’), the variables (#,w,Z, p,q,Xx,t) provide another solution of the same system
(2.16)—(2.20). Moreover, by (2.26) the set

[(([RD). 2 & D a® D) XDer (2.28)
coincides with the set (2.22). Hence it is the graph of the same solution u of (1.1). One can regard the variable
transformation (2.25) simply as a relabeling of forward and backward characteristics, in the solution u. A detailed
analysis of relabeling symmetries, in connection with the Camassa—Holm equation, can be found in [13].

For future reference we observe that
Dy(X,¥) = wx(X,¥) ¢'(X),
Dyg (X, V) = wxx(X,¥)-[¢' )P +wx(X,¥)-¢"(X).

In particular, one has the equivalences

(X,Y) =0 <  wx(X,Y) =0,
FX.Y)=0 =  zyXY) =0,
Wy, wgp)(X.¥) = (0,00 < (wx,wxx)(X,Y) = (0,0),
Gy, 39X, Y) = (0,00 <  (zy,zyy)(X,Y) = (0,0). (2.29)
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2.1. Compatible boundary data

More generally, instead of (2.21) we can assign boundary data for the system (2.13)—(2.18) on a line y, = {X +
Y =«}. Namely:

SRR R CIN oo put AR i a3
for suitable smooth functions u, w, z, p, q. If both identities in (2.16) hold, then

d _ d sin w sinz

gu(s) = gu(s,/c—s) = uyxy —uy = i p—?q. 2.31)
The boundary data should thus satisfy the compatibility condition

50 = B 50 - e ). @32

As remarked earlier, the system (2.16)—(2.18) is overdetermined. Indeed, the function u = u (X, Y) could be recov-
ered by either one of the identities in (2.16). We now prove that, if the compatibility condition (2.32) holds, then any
smooth solution satisfying one of the identities in (2.16) satisfies the other as well.

Lemma 2. Let u, w, z, p, q be smooth functions on R? which satisfy (2.17)—(2.18) together with the boundary condi-
tions (2.30) along the line y,, = {X + Y = «}. Assume that the compatibility condition (2.32) holds. Then one has

sinz

= d forall (X,Y)eR? (2.33)
if and only if
sin w 2
uy = aet) p forall (X,Y)eR". (2.34)

Proof. Consider the smooth, strictly increasing function
u
() = /4c(s) ds.
0
Observe that the identities (2.33), (2.34) are equivalent respectively to
®(u)y = sinz-gq, Pu)y = sinw-p. (2.35)
Assume that (2.33) holds. Then
Y
Pwu(X,Y)) = (X, k — X))+ / [sinz - g](X,s)ds. (2.36)
k=X
Differentiating w.r.t. X, and using the first equations in (2.17)—(2.18) together with the compatibility condition (2.32)

we obtain

Qu)x(X,Y)

@ (u) - [ux —uyl(X,k — X) + [sinz - ¢g1(X, k — X)

Y
+ / [cosz-zxq +sinz-gx](X,s)ds
k=Y
Y

= [sinw- p](X,k — X) + /[

k=Y

c'(u)
8c2(u)

(14 sin(z + w))pq](X, s)ds
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Y
= [sinw- p](X,k — X) + / %[sinw-p](X,s)ds = [sinw- p](X,Y). (2.37)
k=Y

We have thus proved that the second identity in (2.35) holds. This is equivalent to (2.34).
The converse implication is proved in the same way. O

Next, consider initial data for ¢, x, on the curve y, = {X + Y =k}, say

x(s, 6k —5) = x(s), t(s,k —s) = 1(s). (2.38)
Using (2.19)—(2.20) we derive the compatibility conditions
dif(s) _ (I +cosg(s)p(s) I (1 +cosz(s))g(s) ’ (2.39)
s
d_ — (I4+cosw(s))p(s) — (1 +cosz(s))q(s)
a5 = 4e((s)) ' 240

Lemma 3. Let (u, w, z, p, q)(X, Y) be a solution of the system (2.16)—(2.18). Then there exists a solution (t,x)(X,Y)
of (2.19)—(2.20) with boundary data (2.38) if and only if the compatibility conditions (2.39)—(2.40) are satisfied.

Proof. 1. Assume that the equations (2.19)—(2.20) are satisfied for all (X,Y) € RZ. In particular, they are satisfied
along the line y, = {X + Y = «}. This implies

if(s) _ if(s,/{ N (14 cosw)p + (14 cosz)g ’

ds ds 4
where the right hand side is evaluated at (X, Y) = (s, « — 5). Hence (2.39) holds. The identity (2.40) is derived in the
same way.

2. Next, assume that the compatibility conditions (2.39)—(2.40) are satisfied. To prove that (2.19) admits a solution,

it then suffices to check that the differential form

(1 +cosw)p dX — (14 cosz)g av
4 4
is closed. This is true because
(1 +cosw)p sin w 1 4+ cosw
sinw ¢ 14+cosw ¢ . )
= - @(cosz —cosw) pq + 1 @(smz —sinw) pg
= C—/[(l + cosw) sinz — (1 + cosz) sin w] pq = [—M} . 241)
32¢2 4 x
Similarly, to prove that (2.20) admits a solution, it suffices to check that the differential form
(1+cosw)p dX + (14 cosz)g dY
4c 4c
is closed. This is true because
(I +cosw)p
|: 4c ]Y
sinw 1 +cosw , 1 +cosw
T T T4 TP T2 curp 4 Y
sinw ¢ 1+4cosw ,sinz 14+cosw ¢ . .
= - @(cosz —cosw) pg — TC e pq + — . g(smz —sinw) pq
= — —/[(1 + cosw) sinz + (1 + cosz) sin w] pq = [M} . O (2.42)
32¢3 4c X
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3. Families of perturbed solutions

Let a point (X0, Yo) be given and consider the line

Ve = {(X,Y); X+Y=K}, K= Xo + Yo. 3.1)

We can then arbitrarily assign the values of w, z, p, g at every point (X, Y) € y,. Moreover, we can arbitrarily choose
the values of u, x, ¢ at the single point (Xg, Yp). In turn, these choices uniquely determine functions u, x,# on y;
which satisfy the compatibility conditions (2.32) and (2.39)—(2.40).

Based on this observation, we can construct several families of perturbations of a given solution of (2.16)—(2.18).
The main goal of this section is to prove

Lemma 4. Let the assumption (A) hold. Let (u, w, z, p, q) be a smooth solution of the system (2.16)—(2.18) and let a
point (Xg, Yp) € R? be given.

M If (w,wx,wxx)(Xo, Yo) = (7,0,0), then there exists a 3-parameter family of smooth solutions w?,w?, 7%,

p?.4%) of (2.16)~(2.18), depending smoothly on 6 € R3, such that the following holds.
(i) When6 =0¢ R3 one recovers the original solution, namely (uo, wO, 20, pO, qo) =W, w,z,p,q).
(ii) At the point (Xg, Yo), when 8 = 0 one has

rank Dp (w” , w§, why) = 3. (3.2)

Q2) If (w, z, wx)(Xo, Yo) = (7, 7, 0), then there exists a 3-parameter family of smooth solutions w?, w?, 7, pe, qe)
satisfying (i)—(ii) as above, with (3.2) replaced by
rank Dg(w?, 2%, w§) = 3. (3.3)
3) If (w,wy, ()Xo, Yo) = (7, 0,0), then there exists a 3-parameter family of smooth solutions (ug, w?, Z?,
p9, qg) satisfying (i)—(ii) as above, with (3.2) replaced by

rank Do (w?, w%, /@?)) = 3. (3.4)

For example (3.2) means that we can construct perturbed solutions, depending on parameters 61, 6, 63, such that
the Jacobian matrix

d d d
3o, W a0, W a0; W
0 0 4 — 0 0 0
D@(U) ) va wXX) - 30, wx 30, wx 305 wx B (35)
d d d
WU)XX 3—92UJXX @WXX

computed at 6 = 0, has full rank at the point (Xy, Yp).
3.1. Proof of Lemma 4

Let (4, w, z, p, q) be a C* solution of the system (2.16)—(2.18). Given the point (X, Yp), consider the line y, in

For future use, we compute the values of wy, wxy at the point (X, Yp). At any point (s, k — s) € Y, we have
wy —wy = W (s), x—zy =75, gx —qy = q(s).

Here and in the sequel, a prime denotes derivative w.r.t. the parameter s along the curve y,. Using (2.17)—(2.18) we
obtain
,—

wy(Xo. Yo) = W + <10

82 @) (cosz —cosw)q, (3.6)

(X0, Yo) = — 7+ 8662(2) (cos T — cos 2P, (3.7)
N (7)

qy(Xo,Y0) = — ¢ + ——(sinw —sinz)pq, 3.8)

8c2(u)
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where all terms on the right hand sides are evaluated at s = Xj.
A further differentiation yields

d? d

75 w(s) = 15 [wx(s, Kk —5)—wy(s, k — s)] = [wxx + wyy —2wxyl(s, k — ).
Using (2.16)—(2.18) together with (3.6)—(3.8) we obtain

wy x (Xo, Yo)

T ) iy (o5 — cOSTNT + g (W Sin T — Zx SIND T+ g (€057 — cOST
= u COS7Z —CoSw — (wyxy Smw — sin —= (COSZ — Ccosw
82y ) "X 175X CXSMOGT g e x

sinw
= < ) (cosz —cosw) pq

/
8 { w + —(cosz—cosw)q) sinw — Sc—(cosw —cosz)psmz} q

( ) (cosz — cosw) (sinw — sinz)pq

(3.9
and
wyy (Xo, Yo)
o) (cosz —cosw)g + < (wy sinw —Zy sinz) g + ¢ (cosZ —cosw) q
= u _ W =W W7 v < 3 -
862(_) ! ¢ q g2 ¥ Lysinz)q 82 z qy
¢\ sinz
= \s2) 2 (cosZ — cos W) 7°
C/ / /
+tia {@(cosf—cosw)ﬁsmw— (-7'+ 8—(cosw —cos2)P) smz} q
/ c/
* 8c2 (cosZ —cosw) (— 7' + @(Sinw— sinz)pq)
e (3.10)
Hence
wXX(X07 YO) = w” + Zfl — f2 . (311)

We now construct families (%, g%, 7%, p%,?) of perturbations of the data (2.30) along the curve ¥, so that at the
point (Xo, Yp) the matrices in (3.2)—(3.4) have full rank. These perturbations will have the form

wl(s) = w(5)+2?:19iwi(5)’ PY(s) = P(S)+Z —10: Pi(s), (3.12)
Z(s) = 2)+ Lo 0 Zis), 7'(5) = q(s) + X1 6: Qi s),
for suitable functions W;, Z;, P;, Q; € CZ°. Moreover, at the point s = X we set
W’ (Xo) = u(Xo)+ Y 6iU;. (3.13)

i=1,2,3

In turn, the above definitions together with the compatibility conditions (2.32) determine the values of @’ (s) for all
s € R. In particular, for each 6 € R3 we obtain a unique solution of the semilinear system (2.16)—(2.18).

We observe that the functions W;, Z;, P;, Q; can be chosen arbitrarily. Hence at the point s = X, 6 =0, we can
arbitrarily assign all derivatives

d dk d dk d d*_, d d*_,
p 9 q b
do ds* d6 dsk* do ds* do ds*

’
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with k =0, 1,2, .... Moreover, we can arbitrarily choose the quantity %E@(Xo), while all higher order derivatives
% %ﬁe, with k > 1, are then determined by the compatibility condition (2.32).

1. To achieve (3.2), we choose perturbations (u i W, Fad , ﬁe" , 5‘9" ), i =1, 2,3, so that the Jacobian matrix of first
order derivatives w.r.t. 81, 6>, 83, computed at s = X and 8 = 0, is given by

u 0 0 O
w 1 0 0
z 0 0 O
7 0 0 0
Dy | w =10 1 0
w” 0 0 1
P 0 0 O
q 0 0 O
7 0 0 O
At the point (X, Yp), by (3.6) and (3.11) this yields
w 1 0 0
Dg wyx = * 1 0
wxx * ok 1

Notice that, for the third family of perturbations (corresponding to the third column), the first order variations of f;
and f3 in (3.9)—(3.10) both vanish at (X¢, Yp). This achieves (3.2).

2. To achieve (3.3), we choose perturbations (ﬁe" Jw?, Fad , ﬁg" , 6_19"), i=1,2,3,s0that at s = Xy and 6 = 0 one
has
u 0 0 O
w 1 00
z 01 0
Dy 1= 1o o1 (3.14)
j2 0 0 0
q 0 0 O
At the point (X¢, Yp), by (3.6) this yields
w 1 0 O
Dy z =10 1 0]. (3.15)
wy * % 1

Hence (3.3) holds.
3. Finally, we construct three families of perturbations satisfying (3.4). If at (X, Yp) we have ¢’(u(Xy, Yp)) =0,
then the assumption (A) implies

c”(u(Xo, Yo)) # 0. (3.16)
To achieve (3.4), we choose three families of perturbations such that, at s = Xy and 6 =0,
u 0 0 1
w 1 0 0
4 10 0 0
Dy 71 =10 1 o (3.17)
P 0 0 O
q 0 0 O
At the point (Xo, Yp), by (3.6) and the first equation in (2.17), this yields
w 1 0 0
Dg wyx = * 1 * . (318)
' (u) * 0 " (w)

This achieves (3.4). O
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Fig. 2. Two level sets {w =} and {z = 7}, in a generic solution of (2.16)—(2.18). At Py, P, one has w =, wy = 0 while the generic conditions
imply wy # 0, wyx # 0. At the points O, Q> where the two singular curves cross, by (2.17) one has wy = zx = 0, while the generic conditions
imply wy # 0, zy # 0. Hence the two curves have a perpendicular intersection.

4. Generic solutions of the semilinear system

In this section we study smooth solutions to the semilinear system (2.17)—(2.20), determining the generic structure
of the level sets {(X,Y); w(X,Y)=nx}and {(X,Y); z(X,Y)=m}.

Lemma 5. Let the function u +— c(u) satisfy the assumptions (A) and consider a compact domain of the form
r={xn: 1xi=m, yi<mf. (.1)

Call S the family of all C? solutions to the system (2.16)—(2.18), with p,q > 0 for all (X,Y) € R%. Moreover, call
S’ C 8 the subfamily of all solutions (u, w, z, p, q) such that, for (X,Y) € T, none of the following values is attained:

(w, wy, wxx) = (7,0,0),
{ (z, 2y, zvy) = (7, 0,0), (4.2)
(w,z,wy) = (m,m,0),
{ (w,z,zy) = (7, 7,0), (4.3)
(w, wy, c'(u)) = (,0,0),
{ (z,zy,c'(w) = (7,0,0). (4.4)

Then S’ is a relatively open and dense subset of S, in the topology induced by C*(I").

Some words of explanation are in order (Fig. 2). Asking that the values in (4.2) are never attained is equivalent to
the implications

(4.5)

w=mx and wyxy =0 - wxx #0,
z=mxm and zy =0 - zyy #0.

Writing the level curves in the form {w(X,Y) =n} ={Y = ¢(X)} and {z(X,Y) =7} = {X = ¢ (Y)}, this imposes
some restrictions at the points where ¢’ = 0 or ¥’ = 0.
Asking that the values in (4.3) are never attained is equivalent to the implication

[w=n and z = 7] Ei [wx # 0 and zy # O]. (4.6)

This imposes restrictions at points where two level curves {w = 7} and {z = 7} cross each other.

Finally, the lemma states the existence of a perturbed solution such that values (4.4) are never attained. To under-
stand the meaning of this condition, consider a solution which never attains any of the values in (4.3)—(4.4). In this
case, by (2.24) the conditions w = 7 and wy = 0 together imply

'(u)

= m(cosz+l)q # 0.

wy
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X

Fig. 3. A generic solution u = u(t, x) of (1.1) with smooth initial data remains smooth outside finitely many singular points and finitely many
singular curves where u — £00. The curves where u is singular are the images of the curves where w = 7w or z = 7 in Fig. 2, under the map
(t,x) = A(X,Y) at (2.23). Here p; = A(P;) are points where singular curves originate or terminate, while g; = A(Q;) are points where two
singular curves cross.

This is equivalent to the implication
W=7 = (wx,wy) # (0,0).

By the implicit function theorem, the set
Wy = {(X,Y); I X| <M, |Y|<M, w(X,Y):n}

is an embedded 1-dimensional manifold, of class C?, with finitely many connected components. By the first im-
plication in (4.5), there are at most finitely points Py, ..., P, where w = 7 and wy = 0. We can thus decompose
the manifold W), as the union of these points P;, i = 1, ..., m, together with finitely many C? curves of the form
{X=X;(Y); a; <Y < b;}. The same holds for the level set where z = 7.

We shall give a proof of Lemma 5, using Lemma 4 together with Thom’s transversality theorem. For readers’
convenience, we first review some basic definitions [2,12,18].

Definition (Map transverse to a submanifold). Let f : X — Y be a smooth map of manifolds and let W be a sub-
manifold of Y. We say that f is transverse to W at a point p € X, and write f M , W, if

e cither f(p) ¢ W,
e orelse f(p) e Wand Trp)Y = df)p(TpX) +TrpW.

Here T, X denotes the tangent space to X at the point p € X, while T, Y and T, W denote respectively the tangent
spaces to Y and to W at the point ¢ € W C Y. Finally, (df), : T, X + Ty, Y denotes the differential of the map f
at the point p.

We say that f is transverse to W, and write f MW, if f 1M, W for every p € X.

In the special case where W = {y} consists of a single point, f M W if and only if y is a regular value of f, in the
following sense.

Definition (Regular value). Let f : X — Y be a smooth map of manifolds. A point y € Y is a regular value if, for
every p € X such that f(p) =y, one has

TrpY = @df)p(TpX).
Transversality Theorem. Let X, ®, and Y be smooth manifolds, W a submanifold of Y. Let 8 +— ¢? be a smooth map
which to each 0 € ® associates a function ¢° € C°(X,Y), and define ® : X x O Y by setting ®(x,0) = ¢? (x). If
O NW then the set {0 € ©,; ¢° W} is dense in ©.

For a proof, see [2,12].
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4.1. Proof of Lemma 5

1. We shall use the representation

S =85N%NS3NS4NS5NSe, 4.7
where S1, ..., S¢ C S are the families of solutions for which one of the six values listed in (4.2)—(4.4) is never attained
on I". For example, S is the set of all solutions such that

(w,wy, wxx)(X,Y) # (7,0,0) forall (X,Y)eT, 4.8)

while Sg is the set of all solutions such that
(z,zy, W) (X, Y) # (7,0,0) forall (X,Y)eT. (4.9)

Since I is a compact domain, it is clear that each S; is a relatively open subset of S, in the topology of C*(I). In
the remainder of the proof we will show that each S; is dense on S.

2. Let (u, w, z, p,q) be any C? solution of (2.16)—(2.18), with p, g > 0. By a smooth approximation of the data
along the line yp = {X + ¥ = 0}, it is not restrictive to assume that u, w, z, p, g € C*°(R?). We begin by looking at
the first condition in (4.2).

Given any point (Xo, Yp) € I', two cases can occur.

CASE 1: (w, wx, wxx)(Xo, Yo) # (5,0, 0). In this case, by continuity, there exists a neighborhood N of (X, Yp)
in the X-Y plane where we still have (w, wy, wxx) # (w,0,0).

CASE 2: (w,wyx, wxx)(Xo,Yo) = (m,0,0). In this case, by Lemma 4 we can find a 3-parameter family of
solutions (ue, w?, 7%, pg, qe) such that the 3 x 3 Jacobian matrix of the map

(61,62, 63) > (we(X, Y). wh(X.Y), why(X, Y)) (4.10)

has rank 3 at the point (Xo, Yo), when 6 = 0. By continuity, this matrix still has rank 3 on a neighborhood N of
(Xo, Yp), for 6 sufficiently close to zero.

We now choose finitely many points (X;, Y;), i = 1,...,n, such that the corresponding open neighborhoods
Nx,.v,) cover the compact set I'. Call n the cardinality of the set of indices

T = {i; (wwx, wyx)(X;,Y;) = (7,0,0)} @.11)

for which CASE 2 applies. For each i € Z, our previous construction provided a 3-parameter family of perturbations.
Together, all these perturbed solutions depend on N = 3n7 parameters.

3.Let 2 D I be an open set contained in the union of the neighborhoods /\/( x;,v;)»and call B, = {9 eRY; 9] < 8}
the open ball of radius ¢ in RV

We shall construct a family (ue, w?, 7%, pe, qg) of smooth solutions to (2.16)—(2.18), such that the map

(X.Y,0) (w‘)(x, Y). wh(X.Y), why(X, Y)) (4.12)

from 2 x B, into R3 has (7, 0,0) as a regular value. Toward this goal, we need to combine perturbations based at
possibly different points (X;, Y;) into a single N-parameter family of perturbed solutions.

Let (u, w, z, p,q)(X, Y) be a solution to the system (2.16)—(2.18). For each k =1, ..., N, let a point (X, Yi) be
given, together with a number Uy € R and functions Wy, Zi, P, Ok € CZ°(R). By the previous analysis, a 1-parameter
family of perturbed solutions to (2.16)—(2.18) is then determined as follows. For |¢| < ¢ sufficiently small, let

w®,w®, 2% p q°) = Vi(u,w,z, p,q) (4.13)
be the unique solution of (2.16)—(2.18) with data assigned on the line yx = {X 4+ Y = X + Yi} by setting
u' (X, Vi) = u(Xp, Yy) +eUs,

while for (X, Y) € yx

&

w® = w+eW, ¥ = z+¢eZ;, pf = p+ePy, q° = qg+¢0Qy.
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Given (01, ..., 0x), a perturbation of the original solution (1, w, z, p, q) is defined as the composition of N perturba-
tions:
w? w7 p?, q% = \IJfVN 0---0 \IJ?1 (u,w,z,p,q). (4.14)

4. At each point (X;, Y;) with i € Z, we can apply Lemma 4 and obtain three 1-parameter families of perturbed
solutions so that the Jacobian matrix (4.10) has rank 3 on N(x, y,), for all § small enough.

Combining all these perturbations, we obtain an N-parameter family of solutions such that the value (r, 0, 0) is a
regular value for the map (4.12), from Q x B, into R3.

By the transversality theorem, for a.e. 6 the value (7, 0, 0) is a regular value for the map (X,Y) — (w9 (X,Y),
w%(X ,Y), w;‘} (X, Y )) from  into R3. Since © has dimension 2, for ae. 6 the corresponding solution
(ue, w?, 2%, pe, q‘g) has the property that

(w?(X,Y), wh(X,Y), wiy(X,Y)) # (7,0,0)

for all (X, Y) € I". This proves that the set Sy of solutions for which (4.8) holds is dense on S.
5. Repeating the above construction, we obtain that each S;, i =1, ..., 6, is a relatively open, dense subset of S.
By (4.7), the intersection S’ is a relatively open, dense subset of S. O

5. Proof of Theorem 1

We begin by showing that, if the initial data (u, u1) lie in the space f = (C3N HY) x (C*NL?2), then the solution
remains smooth for all |x| sufficiently large. More precisely, we have

Lemma 6. Assume (uo,u1) € U and let T > 0 be given. Then there exists r > 0 sufficiently large so that the solution
u=u(t,x)of(l.1), (1.3) remains C? on the domain {(t,x); tel0, T], |x|>r}.

Proof of the lemma. Introduce the constants

N . I/ ()]
A= sup c(u), K = sup . (5.1)
lu|<1+T luj<i+r 4c(u)

Choose gy > 0 small enough so that the solution to the ODE

£(t) = kEXD), £(0) = &
satisfies
Edr) < 1 forall ¢+ € [0, T].

Since (ug, u1) € U, we have

Iim u#(0,x) = Ilim R(O,x) = lim S(,x) = 0.
[x[—00 |x]—00

|x]—00
Hence there exists ry > 0 large enough so that
lu(0,x)| < 1, |R(0, x)| <0, 150, x)| < eo, forall |x|=ro.

On the domain Q2 ={(¢,x); t€[0,T], |x|>ro-+ it}, astandard comparison argument yields

W, x)| < 1+, RG] < §@) < 1, (5.2)
IS(r,x)| < §@) < 1.
Indeed, as long as |u| < 1 4+ T, integrating R, S along characteristics, by (2.3) and (5.1) one obtains the bounds on
[R]|, |S] in (5.2). On the other hand, as long as |R], |S| < 1, integrating any of the equations in (2.1) we obtain the
bound on |u].
In particular, on 2 the partial derivatives u;, u, remain uniformly bounded. Choosing r = rg + AT, the conclusion
of the lemma is achieved. O
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Proof of Theorem 1. Given initial data (iig, #;) € U, consider the open ball

Bs = {(o.un) €U | wo,un) = Gio, i)y, < 3. (5.3)

Theorem 1 will be proved by showing that, for any (tig, 1) € U there exists a radius § > 0 and an open dense subset
D C Bs, with the following property: For every initial data (uo, u1) € D, the conservative solution u = u(t,x) of
(1.1)—(1.3) is twice continuously differentiable in the complement of finitely many characteristic curves y;, within the
domain [0, T'] x R.

1. Let (i1g, 1) € U be given. By the definition of the space U in (1.4), as |x| — oo we have

o(x) — 0, 1o,x(x) = 0, u1(x) — 0. (5.4)
Hence the corresponding functions R.Sin (2.1) satisfy
R(0,x) — 0, S0,x) = 0 as |x| — 00.

By Lemma 6 there exists r > 0 sufficiently large so that the functions R, § remain uniformly bounded on the domain
{(t,x); te][0,T], |x|>r}. More generally, we can choose § > 0 such that, for every initial data (ug, u1) € Bs, the
corresponding solution u (¢, x) remains twice continuously differentiable on the outer domain

{t.0: ret0.11, 1xI=p}, (5.5)

for some p >0 sufﬁ01ently large. Its singularities can thus occur only on the compact domain [0, T] x [—p, p].

The subset D C B; is now defined as follows. (uq, up) € D if (uo, u1) € Bs and moreover, for the corresponding
solution (u, w, z, p, q) of (2.16)—(2.20) with boundary data (2.21), the values (4.2)—(4.4) are never attained, for any
(X, Y) such that

It is important to observe that, by (2.29), the above condition is independent of the relabeling (2.25).

2. For any (ug,u;) € Bs we now consider the corresponding solution (¢, x,u,w,z, p,q) of the system
(2.16)—(2.20), with boundary data as in (2.21). Let A be the map at (2.23) and let I" be the square with side 2M
in the X-Y plane, as in (4.1).

By choosing M large enough, and by possibly shrinking the radius §, we can achieve the inclusion

[0, T]x [=p,p] C AT), (5.7)

for every (ug, u1) € Bs.

3. We begin by proving that Dis open, in the topology of C3 x CZ. Indeed, consider initial data (uo, u) € D and
let (ug, u})y>1 be a sequence of initial data converging to (uo, u1).

Assume, by contradiction, that (ug, u}) ¢ D for all v > 1. To fix the ideas, let (XV,Y") be points at which the
corresponding solutions (u”, w”, z", p¥, ¢") satisfy

(w”, wh, wi (X", YY) = (7, 0, 0), @', x")(X",Y") € [0,T] x [—p, pl, (5.8)

for all v > 1. By (5.7), since the domain T" in (4.1) is compact, by possibly taking a subsequence we can assume
(X", Y") — (X, Y). By continuity, this implies

(w, wy, wyx)(X,Y) = (x, 0, 0), (t,x)(X,Y) € [0,T] x[-p, pl,

contradicting the assumption (ug, u1) € D.

The other cases in (4.2)—(4.4) are handled in the same way. This proves that Dis open.

4. Next, we claim that D is dense in Bs. Indeed, let (1o, u1) € Bs be given. By an arbitrarily small perturbation
(measured in the norm of /), we can assume that ug, u; € C*.

Using Lemma 5, we can construct a sequence of solutions (1", w", z", p¥, ¢", x", t") of (2.16)—(2.20) such that:

(1) For every bounded set 2 C R? and any k > 1, the C* norm of the difference satisfies

(5.9)

lim )(uv—u, w'—w, 2=z, p'—p, q"—q, x" —x, 1" —1)

V—>00

ck@
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(i1) For every v > 1, the values in (4.2)—(4.4) are never attained, for any (X, Y) € I'.

Consider the corresponding solutions u" (¢, x) of (1.1), with graph
{(u”(x, Y), (X, Y), x"(X.Y)): (X.¥)e ]RZ] C R3.
For t =0, by (5.9) the corresponding sequence of initial values satisfies
Jim [ ©. ) = o exga 7y = O Jim a0, ) = ut e pyy = O (5-10)

for every bounded interval [a, b].
Next, consider a cutoff function n € C2° such that

nx) =1 if [x[<r,

nx) =0 if [x|>r+1, (5.11)
with r >> p sufficiently large. For every v > 1, consider the initial data

iy = nuy+ (1 —nug, iy = nui+ (1 —nup.
By (5.10) we have

vlingo |Gy — uo, @} —upl,, = 0. (5.12)

Moreover, if r > 0 was chosen large enough, we have
w’(t,x) = u"(t,x) forall (z,x) €[0,T]x [—p, o],

while ¥ remains C? on the outer domain (5.5). The above implies (g, uy) € Dforallv > 1 sufficiently large, proving
that D is dense on Bs. .

5. To complete the proof we need to show that, for every initial data (uo, u1) € D, the solution u(¢, x) of (1.1) is
piecewise C? on the domain [0, T] x R.

By the previous arguments, we already know that u is C> on the outer domain (5.5). It thus remains to study the
singularities of u on the inner domain [0, T'] x [—p, p]. For this purpose, call (u, w, z, p,q,t,x)(X,Y) the corre-
sponding solution of (2.16)—(2.20), with boundary data as in (2.21). By (5.7), every point of this inner domain is
contained in the image of the square I" in (4.1).

Consider a point (X, Yp) € I'. Two cases can occur.

CASE 1: w(Xo, Yo) # 7 and z(Xy, Yp) # 7. By (2.19)—(2.20) it follows

det xx Xy \ _ (I+cosw)p (1+cosz)p . (1+cosz)g (1+4+cosw)p
tx tr) 4 4e 4 4c
Hence the map (X, Y) — (x,1) is locally invertible in a neighborhood of (X¢, Yy). We can thus conclude that the

function u is C% in a neighborhood of the point (t (Xo, Yo), x(Xo, Yo)).
CASE 2: w(Xo, Yo) = 7. In this case we have either wx (Xo, Yo) # 0, or else by (2.17)

c'(u)
8¢2(u)
Indeed, we always have c(#) > 0 and g > 0. Moreover, by construction the values (w, z, wx) = (7, 7,0) and

(w, wy, ¢’(u)) = (7, 0, 0) are never attained in I". This implies (5.13).
6. By continuity, there exists ¢ > 0 such that the values in (4.2)—(4.4) are never attained in the open neighborhood

> 0.

wy (Xo, Yo) = (cosz+ 1)g # 0. (5.13)

I' = {(X,Y); |X|<M+e, [Y|<M+e}.
By the implicit function theorem, we conclude that the sets
S = (X, el’; wX,Y)=n}, S ={X,v)el'"; z(X,Y)=m} (5.14)

are 1-dimensional embedded manifolds of class C2.



352 A. Bressan, G. Chen /Ann. I. H. Poincaré — AN 34 (2017) 335-354

We claim that the number of connected components of S that intersect the compact set I is finite. Indeed, assume
on the contrary that Pj, P, ... is a sequence of points in S” NT" belonging to distinct components. By possibly taking
a subsequence we can assume the convergence P; — P forsome P € SYNT. By assumption, (wy, w v)(P) #(0,0).
Hence, by the implicit function theorem, there is a neighborhood N of P such that y = §* N A is a connected C>
curve. Hence P; € y for all i large enough, providing a contradiction.

7. The set of points (¢, x) where u is singular coincides with the image of the two sets $*, % under the C> map

(X,Y) — AX,Y) = (1(X,Y), x(X,Y)).

To complete the proof, we study in more detail the images of the singular sets S, S*.
By (4.5) there can be only finitely many points inside I where w = 7w and wy =0,say P, = (X;, Y;),i=1,...,m.
Moreover, by (4.6), at a point (Xq, Yp) € S N S* we have

wyx 750, Wy = 0, ix = 0, 2y 7'5 0.

Therefore, as shown in Fig. 2, the two curves {w = 7} and {z = 7} intersect perpendicularly. As a consequence, inside
the compact set I', there can be only finitely many such intersection points, say Q; = (X l’ , Yi’), i=1,...,n.
By the analysis in Step 6, the set

SY\{P1, ..., Pn, Q1,..., On}

has finitely many connected components which intersect I'. Consider any one of these components. This is a connected
curve, say y;j C R2, such that w(X,Y) = and wy(X,Y) # 0 for every (X, Y) € y;. Therefore, this curve can be
represented in the form

yi = {(X.Y); X=¢;(Y), aj <Y <bj}. (5.15)

for a suitable function y; of class 2.
8. For each curve y; as in (5.15), we claim that the image A(y;) is a C? curve in the r—x plane. To prove this, it
suffices to show that, on the open interval Ja;, b;[ the differential of the map

Y = (x(¢;(Y).Y), t(¢;j(Y),Y))
does not vanish. This is true because, by (2.20)

(1 +cosz)g

d I _ ’
2y @) = tx 9ty = 09+ = s

Indeed, z # 7 while c(u),q > 0.
As shown in Fig. 3, restricted to the inner domain [0, T'] x [—p, p] in the r—x plane, the singular set A(S™) is thus
the union of the finitely many points

pi = A(P), i=1,...,m,
qi =A(Qi), i:l,...,n,
together with finitely many C? curves I’ i = A(yj). Of course, the same representation is valid for the image A(S%).
This concludes the proof of Theorem 1. O
6. One-parameter families of solutions
In this section we study families of conservative solutions u = u(¢, x, A) of (1.1) depending on an additional pa-
rameter A € [0, 1]. We thus consider a 1-parameter family of initial data
M(nys)") = MO(X’)")v ul(o’xv)‘) = ul(-x9)")’ (61)

smoothly depending on the additional parameter A € [0, 1]. More precisely, these paths of initial data will lie in the
space

X = (C3(R % [0, 17) N L=([0, 1]: HI(R))) x (CZ(R % [0, 17) N L*([0, 1: LZ(R))). 6.2)
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In particular, the map (x, A) — ug(x, L) is three times continuously differentiable and the H I norm of ug(-, A) is
uniformly bounded for all A. Moreover, the map (x, A) — u1(x, L) is two times continuously differentiable and the
L2 norm of u{ (-, 1) is uniformly bounded for all A.

By an adaptation of the previous arguments one obtains

Theorem 2. Let the wave speed c(u) satisfy the assumptions (A) and let T > 0 be given. Then, for any I-parameter
family of initial data (g, ti1) € X and any & > 0, there exists a perturbed family (x, A) — (ug, u1)(x, A) such that

o, uy—4 , 6.3
H(uo uy, uj M1)HX<8 (6.3)

and moreover the following holds. For all except at most finitely many A € [0, 1], the conservative solution u =
u(t,x; A of (1.1) and (1.3) is smooth in the complement of finitely many points P; and finitely many C* curves yj in
the domain [0, T] x R.

Toward a proof, we shall need

Lemma 7. Let the function u — c(u) satisfy the assumptions (A), and let any M > 0 be given.

Then there exists a dense set of paths of initial data D C X such that, if (x,)) — (ug, u1)(x, L) lies in D, then
the corresponding solutions (t,x,u,w, z, p,q) of (2.17)—(2.20) with boundary data as in (2.21) have the following
properties. On the domain T in (4.1) one has

(i) The map (X,Y,A) — (w, wy, wxx) is transversal to the point (7, 0, 0).
(ii) The map (X,Y, L) — (2, 2y, zyy) is transversal to the point (1,0, 0).
(iii)) The map (X,Y,A) — (w, z, wy) is transversal to the point (7, 1, 0).
(iv) The map (X,Y,A) — (w, z, zy) is transversal to the point (7, 1, 0).

(v) The map (X, Y, 1) — (w, wy, ¢’ (u)) is transversal to the point (7, 0, 0).
(vi) The map (X, Y, L) — (z,zy, ¢’ (u)) is transversal to the point (7,0, 0).

Proof of Lemma 7. Consider any point (Xo, Yo, Ag). Then, there exist 3-parameter families of perturbed initial data
(ug, u?), 0 € R3 such that the properties (1)—-(3) in Lemma 4 hold. Indeed, it suffices to repeat all the arguments in the
proof of Lemma 4 regarding A as a constant. For a fixed A = A¢, the perturbations in (3.12) are thus functions of s
only, constant w.r.t. A.

Combining these perturbations, as in the proof of Lemma 5, we obtain a map (X, Y, ,0) — (u,w, z, p,q) for
which all transversality conditions (i)—(vi) are satisfied. By the transversality theorem, for a.e. 6 the corresponding
map (X,Y, L) — w?,w?, 7%, pg, qa) satisfies the same transversality conditions. This achieves the proof. O

Proof of Theorem 2. As in the proof of Theorem 1, we first choose p large enough so that all our solutions will be
C? for (¢, x) in the outer domain (5.5).

For each A € [0, 1], we denote by (u, w, z, p, q, x,t)(X, Y, A) the corresponding solution of the semilinear system
(2.16)—(2.20). We choose M sufficiently large such that, for all A € [0, 1], the inner domain [0, T] x [—p, p] is
contained in the image

AMT) = {(I(X, Y,4), x(X,Y,%); IX|+]Y] SM}.

By performing an arbitrarily small perturbation of the initial path of solutions we obtain a second path A > u(-, 1)
such that, in the corresponding solution (u, w, z, p, g, x,t)(X, Y, A), the transversality relations (i)—(vi) in Lemma 7
hold.

Since the variables (X, Y, 1) € I' x [0, 1] range on a compact, three dimensional set, this implies that the values
in (i)—(vi) are attained only at finitely many points, say (X;, Yi,X;), i = 1,...,n. Hence, for A ¢ {A{,...,A,}, the
solution (¢, x,u, w, z, p, q)(-, -, A) does not attain any of the values in (i)—(vi), for (X, Y) € I". As shown in steps 5-6
in the proof of Theorem 1, the corresponding solution u = u(t, x; A) is then piecewise smooth on the inner domain
[0, T]x[=p, pl. O
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<, A= A> A,
t

X X X

Fig. 4. The singular set for a solution u(z, x; A). When the parameter A crosses one of the critical values A;, the topology of the singular set changes.

Remark 4. For a given solution u = u(¢, x), define its singular set as
§* = {(t,x); uisnotC? on any neighborhood of (¢, x)}.

In the above construction, one can regard A1, ..., A, as bifurcation values, where the structure of the singular set
changes (Fig. 4). On the other hand, for A ¢ {11, ..., A,} the solution u(-, -; 1) is structurally stable. A small pertur-
bation of the initial data does not change the topology of the singular set. Based on the present analysis, we speculate
that a theory of generic structural stability and a global classification of solutions to (1.1) can be developed, in analogy
to the classical theory for ODEs [1,16].
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