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Abstract

In this article, we study the long time behavior of solutions of a variant of the Boussinesq system in which the equation for the
velocity is parabolic while the equation for the temperature is hyperbolic. We prove that the system has a global attractor which
retains some of the properties of the global attractors for the 2D and 3D Navier—Stokes equations. Moreover, this attractor contains
infinitely many invariant manifolds in which several universal properties of the Batchelor, Kraichnan, Leith theory of turbulence
are potentially present.
© 2015 Published by Elsevier Masson SAS.

Résumé

Dans cet article nous étudions le comportment en temps long infini des solutions d’un systtme du Boussinesq partiellement
dissipatif, dont une est parabolique et 1’autre est hyperbolique. Dans ce but, nous introduisons un attracteur universel qui retient
plusieurs proprietés des attracteurs universels des équations de Navier—Stokes en dimension deux ou trois, et qui contient une
infinité de varietés invariantes dans lesquelles plusieurs proprietés universelles de la théorie de la turbulence bidimensionnelle de
Batchelor, Kraichnan et Leith, sont potentiellement présentes.
© 2015 Published by Elsevier Masson SAS.
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1. Introduction

A critical part of understanding turbulence in geophysical flows lies in understanding the large-time dynamics
of the system. A tool that provides deep insight in studying large-time dynamics of certain systems is the study of
global attractors, which typically requires the underlying dynamical system to be dissipative; see for instance [6,7,
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41,44] and the references therein. For instance, in case of the fully dissipative Boussinesq system, which arises in
the study of atmospheric, oceanic and astrophysical turbulence, particularly where rotation and stratification pay a
dominant role [26,36,40,42,46], the study of the long term dynamics via global attractors has been accomplished
in [19]. However, in certain physical regimes, the dynamical system governing geophysical flows is modeled to be
only semi-dissipative. That is, the system is dissipative in some variables, but not in others. This means that the usual
notion of global attractors no longer applies. In this work, we propose a new type of global attractor—which we call a
weak sigma-attractor—that captures the large-time dynamics of a well-known semi-dissipative model for ocean flows
known as the semi-dissipative 2D Boussinesq system [35]. The notion of the weak sigma-attractor, which in some
respects is a hybrid of the attractors of the 2D and 3D Navier—Stokes equations [22,24], exploits the fact that while
only part of the system is dissipative, the other part has a hyperbolic structure that gives rise to certain conserved
quantities which in turn correspond to invariant sets in the phase space. We expect that this approach, which is new
to the best of our knowledge, will be useful in studying the long-term dynamics of many other semi-dissipative
systems.

The global attractor for a dissipative dynamical system is usually defined as either the maximal compact invariant
set, the minimal set which uniformly attracts all bounded sets, or the set of points on complete bounded trajectories.
For many dissipative systems (e.g., the heat equation, the 2D Navier—Stokes equations, the 1D Kuramoto—Sivashinsky
equations, and many others), these definitions are equivalent. For the semi-dissipative Boussinesq system, this equiv-
alence fails, and therefore the definition must be modified. In particular, compactness must be sacrificed. However, as
we will show, it can be recovered in a certain local sense, as the attractor we propose will be shown to be a count-
able union of weakly compact invariant sets that retain several properties of the attractor for the 2D Navier—Stokes
equations. Moreover, the attraction properties we describe will be in the sense of the weak topology rather than the
strong topology. This aspect is similar to the situation for the 3D Navier—Stokes equations [22,24], where, due to the
lack of knowledge about the global well-posedness of the system, one studies a weak attractor rather than a strong
global attractor. However, the system we study is known to be globally well-posed, and thus, the use of the weak
topology is intrinsic to the semi-dissipative nature of the system under consideration. In contrast to this, if the global
well-posedness for the 3D Navier—Stokes equations were to be established, the corresponding weak attractor would
immediately become an attractor in the usual (strong) sense.

A curious feature of the 2D semi-dissipative Boussinesq system (1.1) pertaining to the study of 2D turbulence
deserves mention here. In particular, the equations potentially combine a wealth of turbulent dynamics in a single
system. This is due to the fact that the right-hand side of the momentum equation is a time-dependent dynamical
variable, but that its L? norms are time-independent (1 < p < 00). Thus, the velocity component of (1.1) will indeed
contain turbulent dynamics corresponding to all Grashof numbers, so long as one can establish that arbitrarily large
effective Grashof number — defined as the magnitude of the divergence-free part of the force that drives the velocity
equation — can be achieved for large time. We discuss this issue in greater detail in Section 7. On the invariant sub-
sets mentioned above, the system is expected to have time statistics consistent with the Batchelor—Kraichnan-Leith
[4,33] empirical theory of 2D turbulence, albeit with different Grashof numbers varying from subset to subset. We
can therefore think of the 2D semi-dissipative Boussinesq system as a platform which hosts an enormous variety of
2D turbulent dynamics. It appears to be a model system for the study of attractors, in the same way that C. Ele-
gans and Drosophilia are model species for study in biology. (Similar statements may be made in the 3D case.) We
emphasize that system (1.1) was not created in an ad-hoc fashion to have the particular properties stated above, but
instead arises naturally as a relevant system in geophysics (see, e.g., [26,42,46]). Moreover, understanding the dy-
namics of system (1.1) in the setting of weak (e.g., zero) thermal diffusion is listed as Moffatt’s Third 215 Century
Problem [39].

We will show that for system (1.1), the weak sigma-attractor is not only non-trivial, but it is an extremely rich
proper subset of the phase space. We hope that the study of the long-term dynamics of this system will inspire further
research leading to greater insights into 2D turbulence, and perhaps suggest new approaches to this area.

The paper is organized as follows. In Section 1.1, we describe the semi-dissipative Boussinesq system, which is
the main subject of our study. In Section 2, we lay out notation and preliminary material. In Section 2.1, we recall
well-known well-posedness results which will be useful in the sequel. In Section 3, we prove that smooth solutions to
system (1.1) have the backward-uniqueness property. In Section 4, we propose the notion of a weak sigma-attractor
for system (1.1), describe several new classes of steady states (as well as time variant solutions) of the system, and
state the main theorem on the properties of the weak sigma-attractor. In Section 5, we prove the properties discussed
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in Section 4. In Section 7, we discuss connections to turbulence as evidenced in the 2D Navier—Stokes equations with
forcing in all Fourier modes, while in Section 6, we discuss the projection of the attractor onto the energy—enstrophy
plane. We find certain points in this setting which correspond to steady columnar flows which are in hydrostatic
balance. In Section 7.1, we discuss some open questions related to this study.

1.1. Semi-dissipative Boussinesq system

The semi-dissipative 2D Boussinesq system (without rotation) in the periodic domain € := [0, L]? for time ¢ > 0
is given by

ou+ (u-Vyu+Vp=vAu+6g, inQ xRy, (1.1a)
00+ (u-V)o =0, in Q2 xRy, (1.1b)
V.u=0, in 2 xRy, (1.1¢)

u(x,0) =up(x), 6(x,0)="06y(x), in , (1.1d)

equipped with periodic boundary conditions in space [35]. Here v > 0 is the fluid viscosity. The spatial variable is
denoted x = (x1, x2) € 2, and the unknowns are the fluid velocity field u = u(x, ) = (u1(x, 1), u(x, 1)), the fluid
pressure p(X,t), and the function 6 = 6(x, t), which may be interpreted physically, e.g., as the temperature variable.
We write g = (0, g)7 for the constant, upward-pointing gravity vector, where g is the (scalar) acceleration due to
gravity. It is straight-forward to show the Galilean invariance and mean-preserving property of (1.1). In view of this,
we henceforth assume that [, udx =0 and [, 6dx =0, and similarly for the initial data. Furthermore, all function
spaces used in this work will be assumed to contain only mean-free elements, unless otherwise indicated. We remark
that, with minimal adjustments, the results here are also valid in the presence of a Coriolis rotational term.

2. Notation and some specific preliminaries

Let F be the set of all vector-valued trigonometric polynomials with periodic domain © = T? := R?/(LZ?) =
[0, L]?. We define a space of test functions

Vi={peF:V-¢=0and /w(x)dx:O
T2

We denote by L2 and H™ the usual Lebesgue and Sobolev spaces over T2, and define H and V to be the closures of
Vin L? and H! respectively. We will often use the notation (-, -) to denote pairs, so to avoid confusion, we denote the
inner products on H and V respectively by

2 2
o . o au,- 8vi
(u, v) —ZI/uv dx and ((u,v)):= Z / Ty 3y dx,
s

t,]:sz

and the associated norms, respectively by

il 2 = w2 fufg = ()2
This notation will also be extended to apply to tensors, such as Vu, in the natural way, which should not be a source
of confusion. Note that || - || is @ norm due to the Poincaré inequality, (2.1), below. We denote by V' the dual space
of V. The action of V" on V is denoted by (-, )y . Note that we have the continuous embeddings V <— H — V'.
Moreover, by the Rellich—-Kondrachov compactness theorem (see, e.g., [1,14]), these embeddings are compact due to
the boundedness of the domain T?.

We denote by P, : L> — H the Leray—Helmholtz projection operator (i.e., the orthogonal projection onto
divergence-free vector spaces), and the Stokes operator A := —P, A with domain D(A) :=H? N V. In our case
of periodic boundary conditions, it is well-known that A = —A (see, e.g., [7.43]). Al:H—> Hisa positive-definite,



384 A. Biswas et al. / Ann. 1. H. Poincaré — AN 34 (2017) 381-405

self-adjoint, compact operator, and therefore has an orthonormal basis of eigenfunctions ¢, corresponding to a non-
increasing sequence of eigenvalues (see, e.g., [7,43]). We label the eigenvalues A of Asothat0 <A <Ay <Az <---.
Furthermore, for all w € V, we have the Poincaré inequality,

kollwllzz < [IWllgs Ko :=2m/L. (2.1
Due to (2.1), for w € D(A), we have the norm equivalences

lAW( 2 = [[Wllgz and  [[VW]l 2 = [[W]igp. (2.2)
In fact, for any s € R, one can show that

Iwles = A w2 (2.3)

for w € D(A%/?), where D(A*/2) and A*/? are defined in a natural way by the eigenvalues and eigenfunctions of A
(see, e.g., [7,43]).
We also note the Ladyzhenskaya inequality, which in 2D reads

172
L2

1/2

[B(w, wllz2 < Cllull 5| Aall 5 [[allg:, (2.4)

and the Agmon inequlaity, which in 2D reads

1/2 1/2
e < Cllull,5’l| Aul . (2.5)
We use the standard notation
B(Wi,W2) 1= Py (W1 - V)W2) (2.6)

for wi, wp € V. We note several important properties of B which are proven, e.g., in [7,18,43,45]. The operator B
defined in (2.6) is a bilinear form which can be extended as a continuous map B : V x V — V’. Furthermore, for wy,
wy, w3 eV,
(B(W1,W2),W3)yr v = — (B(W[, W3),W2)yr v, (2.7a)
(B(Wl ) w2)7 w2) \ %4074 = O' (2.7b)

The following inequalities hold for smooth functions:

| (B(W1.w2), w3} | < Clwi |15 IIwy g2 Iwall 2 Iwa Wl (2.82)
| (B(w1.w2), w3) | < Clwi [l 21wl Iwa g Iws ] w2 (2.8b)
| (BOw1, w2), w3) | < Cliwi [l 51 Aws 152 w2 s w3l 2. (2.8¢)
| (B(W1. W2), w3) | < Cllwi [l 2 [lwall}/ P 1A% 2wall 7 w2 (2.8d)

These results also hold if B is extended to allow w, and w3 to be scalar-valued functions in the indicated spaces (we
still require V - w; = 0), and A is replaced by —A.

2.1. Known well-posedness results
The global well-posedness of system (1.1) in the case (ug, 6p) € (]HI3 NnV) x H3 was proven in [5], and in the case
(ugp, 6p) € (H2 NnV)x H3 in [27]. The requirements on the initial data were weakened in [8], where the following

theorem was proven (see also [25,35] for related results and additional discussion).

Definition 2.1. We say that a pair (u, 8) solves (1.1) if (u(z),0(¢)) € H x L? foreach t > 0, u and 6 are both periodic
and mean-free, and they satisfy
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T T
—/(u(s),CD/(s)) ds—i—/(u(s)@u(s),Vd)) ds
0 0

T T
= (ug, (-, 0)) - V/ {(u(s), ®(s))) ds +/(9(S)g, O (s)) ds, (2.92)
0 0
T T
—f(G(S),¢/(S))ds+/(u(S)G(S),th(S)) ds = (00, ¢(-,0)) (2.9b)
0 0

for all mean-free, space-periodic scalar test functions ¢ (x,7) € C°(Q x [0, T]), such that ¢ (x, T) = 0; and for
all mean-free, space-periodic vector-valued test functions ®(x,1) € [C*(22 x [0, T1]? such that V- &(-,1) =0,
o, T)=0.

A pair (u(z),6(t)) € H x L*,teRisa global solution if

oo oo

_/(u(s),CD/(s)> ds + / (u(s) @ u(s), VO) ds
= / ({u(s), () ds / (0(s)g, D(s) ds. (2.102)
—/(0(s),¢/(s)>ds+ / (u(s)0(s), Vo (s)) ds =0, (2.10b)

where ¢ € C®(Q x (—00, 00)) and ® € [C®(Q x (—o0, 00))]? are exactly as before, except that they are assumed
to be compactly supported in time. As mentioned before, the pressure p is recovered via (2.19).

Theorem 2.2. (See [8].) Suppose (ug, 6p) € H X L2. Then, forany T > 0, the systeml (1.1) has a unique solution
(u, 0) such that
ueC(0,T], H)NL*([0.T]. V),  6eC([0,T],L?),

0 00
a—‘t‘ e LX(0,T]. V"), e L0, TLH ).

If additionally, ug € V, then
ue C([0,T], V)N L*([0, T1, D(A)),

all 2 80 4 -1
— e L°([0,T], H), — e L*([0, T],H ).
oy €L7(0.T], H) a7 € (0, T} )

Recently, results on well-posedness and persistence of regularity were improved including the treatment of the
bounded domain setting [34,28,29]. The following two theorems collects some of the results of the aforementioned
works.

Theorem 2.3. (Combined results from [5,8,27-29]) Let s > 0. Suppose ug € H'*S NV, and 6y € H*. Then u €
C ([0, 00), H'™) N L2 ([0, 00), H***) and 6 € C ([0, 00), H*).

Theorem 2.4. (Combined results from [5,8,27-29]) Let s > 1. Suppose ug € H* NV, and 6y € H*. Then u €
C([0, 00), H*) N L% ([0, 00), H2*) and 6 € C([0, o0), H¥).

loc

I In the appropriate weak formulation given in (2.9).
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Next, we recall the well-known result (see, e.g., [13]) from which it follows that the transport equation has unique
solution which preserves all L? norms as well as distribution functions. Recall that for a function ¢ € L*(S), the
corresponding distribution function Fy, : R — [0, 1] defined by

1 1
Fyp(p) := ] Qf X(—o0,p)(@(x)) dx = 1] Hx € 2:9(x) < p}l. 2.11)

Proposition 2.5. Let v e L%(0, T; V) and 6y € L*(R), the Cauchy problem

30 +V - (v0) =0, (2.122)
{ 8 (x, 0) = 6p(x), (2.12b)

has a unique solution 6 = 0 (X, t) such that for a.e. t > 0 and all p € R,

Fo.0)(p) = Fyy (p)- (2.13)
In particular, for all p € [1, 00], and a.e. t > 0,
0@ L, = 160l Lr- (2.14)

2.2. A functional form of the equation

As is customary for the Navier—Stokes equations, applying P, to (1.1a) (see Section 2 for notation) yields the
functional equation

d
d_l; 4 vAu+ B(u,u) = P, (0g). (2.15)
It is straightforward to check that
— 0y, 0, AT
Py (0g) =0g — gV (dy, AT10) = ( N >9g. (2.16)
I-232A

As this is an orthogonal decomposition,

168172 = 11 P> 0)[17> + &>V (3, A'0)17. (2.17)
Thus,
2P @2, = 1612, — (VAT 8,6, VA 9,0
= 1012+ (24710,0,470,,6)
=101, — I(=2)"%0,,013,
= 10172 — IR20117, = | R1O|7 . (2.18)
where R; := (—A)"V 28)6[, i = 1,2 are the Riesz-transforms, which can also be defined by their Fourier symbols
Iéi(k) :=ik;/|K|, i =1, 2 at wave number k = (k1, k).

Due to the mean-free assumption, if one obtains a pair (u, ) which solves (2.15) and (1.1b)—(1.1d), then one can
obtain the pressure p by taking divergence in (1.1a) and noting that

p=—Y Rijwuj)+gA " (0,0), Rij=A""(3,0), (2.19)
iJ
where A~! is taken with respect to the periodic boundary conditions and the mean-free condition. Thus, we will also
refer to a pair (u(z), 8(t)) solving (2.15) and (1.1b)—(1.1d) as a solution to the system (1.1).
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3. Backward uniqueness

Our main result in this section is that the system (1.1) has the property of backward uniqueness for sufficiently
smooth solutions; namely, if two (sufficiently smooth) solutions agree at some point in time, then they agree for all
previous times. While this is known for the 2D Navier—Stokes equations and for the transport equation, the result
for the coupled system (1.1) does not seem to follow in a straightforward manner from the corresponding results
for the uncoupled system. Our technique is inspired by that of [3]. The backward uniqueness result will be useful
in studying the asymptotic dynamics of (1.1). For instance, together with well-posedness, it implies that if any two
global trajectories intersect, then they must be identical.

Let us recall that the method in [3] (which applies to a wide class of fully dissipative equations, including the 2D
Navier—Stokes equations) is to con51der two solutions u; and uy which are not identical at some time, and then to show
that the log of the norm of their difference, o := u; —uy, remains bounded for all future times, so that the solutions can
never coincide in the future (this is what is meant by backward uniqueness). The estimates in [3] typically require one
to show that the Dirichlet quotient A(¢) := ||'fi||12HI W/ ||'ﬁ||i2 grows at most exponentially in time. The lack of diffusion in
(1.1b) poses a hurdle in showing such a bound in our case. However, we show below that by considering instead the
Hﬁllzzl%;ﬂl\gﬁ’ the diffusion in (1.1a) alone is enough to gain the necessary control over both
variables u and 6. Note thatL 1(1)is 1L10t a Dirichlet quotient.

hybrid quantity 7 (¢) :=

Theorem 3.1. For i = 1,2, let (u;,6;) be solutions to (1.1), such that w; € L*°((T1,Tp); H N H3) and 0; €
L®((Ty, T»); H3). If there exists a time T* € (Ty, T>) such that wi(T*) = uy(T*) and 6\(T*) = 0,(T*), then for
a.e. t € (T1, To), we have (u;(t), 61(t)) = (ux(t), 62(2)).

Proof. Denote U :=u; — uy, = 01 — 0, p:= p1 — p>. Then, we have

U+ (u - V)U+ @ VIuy + VP =vAT +0g, (3.1a)
30+ (uy - V)0 + @- V)6, =0. (3.1b)

Suppose that there exists some 7* > 0 for which both W(7*) = 0 and 0 (T*) =0, but that there also exists some
to € (T1, T*) such that U(fy) # 0 or 6 (tp) #£ 0. Due to the continuity in time given by Theorem 2.4, there is an interval
[fo, to + 8) on which W # 0 or 3 = (. Let us denote by [f9, #1) the largest such interval, noting that we must have
u(t;) =0and 6 (t1) = 0. For the remainder of this section, we work on this interval. Taking the inner product of (3.1a)
with U, and with A, and of (3.1b) with , integrating by parts, and using (2.7b) yields

1d - P
37 —[[]17, = —vll3; — (@ V)up, W) + (0g. 1), (3.2a)
1d - - P
5 2 5 = —VIATIZ, — (@ V)uo, AW) + (Bg, AT). (3.2b)
1 d ~

ll@lle — (@ V)6, 6). (3.2¢)

Consider the quantity L defined on [#g, 1) by

1 ! ~12 23712
L(t) :=log | <= — =—Elog(||u||L2+g ||9||L2). (3.3)
VI, 4 g2110117,
Using (3.2a) and (3.2¢), we compute
dL —! (1 e 8 g d ||9|| )
= T A, o~ 2 ~ 7.
dt |7, + 21017, \2dt

VI[[12, 4 (@ V), W) — (Fg. 1) + g2(<ﬁ- V)6,.6)
G117, + &2116117
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[l (@ Vup, @) 1 g*@-V)6,0)

V T~ T~ A A~ ~ A
— ~2 2 ~2 2 ~2 2
12, + 21912, I3, + 21912, 2 12, + 219112,

1
= vl 411+ 5 + I, (3.4)

where we have used Young’s inequality. Thus, in order to find a bound for dL/dt, we search for a bound on the
quotients /, I1, and /II in the right-hand side of (3.4). First, note that, due to (2.8b) and (2.8¢c),

(@ V)up, ) < Cllug g 10| 2 18]l < Cllua iz 18017, + 18015, . (3.5)
(@ V)02, 8) < Cg* | A0l 2 Il 19112 < Cg* A0 1013, + [T, - (3.6)
Thus,
~ ~ 2 152 ~2
(@ V)up, &) Clluall, 1412, )%,
BT 21912 — 112 Hszz ~2 Hzfé'z §C||112||]%11+1, 3.7
13, + 21612, ~ 10137, + 21017, 112, + 211613,
and
215 4 2 a2 ~2
U-V)62,6)  Cg*la|2, 1613, + [l
e £ )213 < s < O A0 + 1. (3.8)
I3, + 21017, I3, + 21613,
In order to estimate /, we compute d1/dt.
- - N (o
AT, — T[], = [AT]7, — —5— =~
L H B, + 8210113,
[ p [ [n [

~n2
> || A@|2, -2

~2 2 ~2 12 2 2
12, + 210112, T2, + 211012, W12, + g21612,

= || A2, — 21 (AW, T) + I2|[0)3

= | At — I1|)%,. (3.9)
Using (3.2), we compute

1l d el gl 012, 5 4 (12, + 8211812,

24t dr @), + 2010012, I3, +&210113, (13, + 216112,

—v[[Ali|12, — (@ V)uy, ATi) + (Fg, All)
912, + 216112,
02, (VIR + (@ Voo, ) - (Bg, ) + ¢ (@ - V)62.9))
(T2, + g21612,)2
—v[| A2, — (@ V)uy, ATl) + (g, ATI)
1§12, + 219112,
VIR, + (@ V). W) - (Pg.6) + 62 (@- V)62, 6)
117, + g216117
—v([ A2, — T][T|2,) — (@- V)uy, AT — IT) + (g, AT — IT)
5112, + g21612,
1517, + g2110117
Using this with (2.8a), (3.9) and (2.8d), we find,

+

(3.10)
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Ldl _ —VIAT - T8, + [l | A2 ]| AT — 78] 12 + 19112 | AT — 78] 2
2dt ~ 17, + 21017,

g W12 162113 116 .2
12, + g211611%,
_ TVIAT - TR, /2 + W | AwallZ, /v + 8210112, /v G
- 112, + g2116711%, 2
<InAuzniz 1 glfally:

v v 2

where we have used Young’s inequality for the last estimate. Applying Gronwall’s inequality on [#o, t), ¢ € [fo, 1)
now yields

1
1(t) < 1(0)eho K& ds 4 l/ef,' K@)ds gy
Vv

0

T*
T 1 T*
< I(O)efo K(s)ds | _/efr K@s)ds g .

Vv

0

1AW, gl62()l55 . .
where K (s) := + 5 Thus, I is bounded on [#y, t). By (3.7) and (3.8), this in turn shows that /I and
II1 are also bounded, so that (3.4) implies that d L /dt is bounded on [fy, t). Integrating in d L /dt in t over [tg, T*), we

find that L is bounded on [y, T*). In particular,

_ ~ o \N—1/2
(12 + g21812, ) (3.13)

is bounded on [z, T*), contradicting the assumptions that u(7*) = 0 and g(T*) =0. O

The global well-posedness results (Theorems 2.2-2.4) imply that (1.1) has a well-defined semigroup operator S(#)
defined for t > 0 by

S(t)(ug, bp) = (u(r), 6(1)). (3.14)

The backward uniqueness result implies that the semigroup is injective on at least the smooth portion of the set which
we will define to be the attractor. This in turn implies that S(¢#) can be extended to hold for negative times on the
smooth trajectories in that set.

4. An adequate notion of an attractor

We look for a notion of an attractor which applies to (1.1). While some analogies with the attractor, ANs, of the
2D Navier—Stokes equations can be made, there are also striking differences. Therefore, for comparison, let us recall
that for the two-dimensional Navier—Stokes equations,

du
dt

(where f € H is time-independent), the global attractor .Ans has the following equivalent definitions (see, e.g., [7,
41)):

+vAu+ B(u,u) = f 4.1)

(I) Ans is the minimal set which uniformly attracts all bounded sets in H as t — oo.
(II) Ans is the maximal compact set of all ug € H such that the solution of (4.1) satisfying u(0) = ug exists for all
t € R (i.e., backward and forwards in time) and satisfies

sup |lu(?)|l;2 < oo. 4.2)
teR
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(II) Ans is the maximal bounded set X C H such that Sns(#) X = X for all r € R, where Sns(¢) is the semigroup
operator for (4.1).

Moreover, it is well-known that the attractor for the two-dimensional Navier—Stokes equations has finite fractal di-
mension (and therefore finite Hausdorff dimension) (see, e.g., [7,6]).

Clearly, any reasonable notion of attractor of a system must include the steady states of the system. While the
above definitions are equivalent ways to define the global attractors for many dissipative systems, this is not the case
for system (1.1) due to the lack of dissipation in (1.1b). Indeed, we will describe below (see Remark 4.1) a set of
steady states which are neither bounded nor finite-dimensional. Next we describe special classes of solutions of (1.1)
which play an important role in our study.

4.1. Special classes of solutions and steady states

Here we will provide three families of explicit solutions of (1.1) corresponding to purely vertical (V), purely
horizontal (H) and plane wave solutions.

(i) Vertical solutions: Let a",6" € L?([0, L]) be an arbitrary periodic, mean-zero function depending only on
the vertical variable: 6¥ = 8" (x,). Set ug =0, and define u{/ = u}/(xz, t) by the following unforced diffusion
problem:

\%4 2.V _
Orut) —vaxzul =0,

4.3)
ul (x2,0) =a"(x),

along with periodic boundary conditions on [0, L] and the mean-free condition. Let p" be defined up to an
arbitrary constant by’

d,p" =g0". (4.4)
It is easy to check that (u1,u2,0, p) = ((uY,uX),BV,pV) is a solution to (1.1a)—(1.1c) with initial data
u1(x,0) =av (x2), us2(x,0) =0, and 8(x,0) =6".

Steady state: It is easy to see that the vertical solution (u",6") defined above converges to the steady state
0,6") as t — oo.

(ii) Horizontal solutions: Let a’, 0" e L?([0, L]) be arbitrary periodic, mean-zero functions depending only on
the horizontal variable: 67 = 6 (x;). Set ulH =0, p =0, and let ug = ug(xl, t) be the unique solution of the
following forced diffusion problem:

H 2 H __ H
Oruty —VBX]M2 =g,

4.5)
ué"(xl,O) =af(xy),

with periodic boundary condition on [0, L] and the mean-free condition. It is easy to check that (uH .01, pH )=
(@t ufly, 0%, p"y is a solution to (1.1a)~(1.1c) with initial data

u1(x,0)=0, ur(x,0)=a’(x;) and 6(x, 0) =64 (4.6)

Since these flows are independent of x;, they can be thought of in a geophysical context as columnular flows.
In Section 6, we show that the steady states corresponding to these flows also arise as solutions lying on the
boundary of a certain set containing the attractor after projecting into the Energy—Enstrophy plane.
Steady state: Let uy = u»(x1) be the unique, mean-free periodic solution of the equation
d? H
v——uz(x1) = —g0" (x1). 4.7
dxj

2 Property (4.4) is often referred to as hydrostatic balance in the geophysical literature.
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One can check that the horizontal solution (u’, 9 defined above converges, as t — oo, to the steady state
uy=0,u2,6 =64, (4.8)

Plane wave solutions: We also consider certain plane-wave (PW) solutions, first introduced in the context of
the Navier—Stokes equations in [23]. Specifically, let f = f(z,¢) and & = h(z) be smooth mean-free functions’
which are L-periodic in z, and fix a non-zero vector k = (k1, k2) € 72 where k; + ky = 0. Below, in (4.13), we
will require f to satisfy a particular heat equation. Define u and 6 by

WWVx, 1) =(fk-x 1), fK-X, 1)), (4.92)
0PV (x, 1) ;= h(k - x). (4.9b)
Note that

ki k
vutW = (ki ki) fok-x,1), VOPW = (k1, ko)h; (K - X).

This implies V - uP¥Y = tr(VuPV) = (k| + k») . =0, i.e., uP" is divergence free. Furthermore, denoting by [-, -]
a vector in R?, we see that

WV V™Y = (ki + ko) f£2[1, 11=10,0] and
WV v)oPY = (ky + kp) fh. = 0. (4.10)

Assume that u?¥ and 0PV defined as in (4.9) give a solution for some pressure p. Substituting these relations
into (1.1a) and (1.1b), with z =k -x and f(x;, x2,t) = f(z, ), we obtain

O f + px, =vIk* foz, (4.11a)
O f + pr, =vIk|* fo, + gh. (4.11b)

Applying 9y, to (4.11a) and 9y, to (4.11b) and subtracting the results, we obtain

(k1 — k2)d; f, = vIK[> (k1 — k2) foze + k18 (4.12)

Since k1 + kp = 0, it follows that k; — kp = 2k;. Dividing (4.12) by 2k; and integrating in z implies 9, f =
vIk|? fr + %gh + i, for some undetermined ¢ = v (¢). Since f and h are mean-free and periodic, we conclude
that ¢ = 0. Thus, f satisfies the heat equation

o f = vk for + Sgh. (4.13)

As usual, we can solve for the pressure by applying 9y, to (4.11a) and 9, to (4.11b) and adding the results to
obtain

Ap(x,t) =gkaoh (k- X,1). (4.14)

This, along with the mean-free and periodic boundary conditions, defines the pressure uniquely. In fact, we can
get a more explicit formula for the pressure gradient by subtracting (4.11b) from (4.11a) to obtain p,, — py, = gh.
Adding (4.11a) to (4.11b) and comparing with (4.13) yields py, + px, =0. Thus,

px =—%gh and py,=1gh. (4.15)
Conversely, let h = h(z) be any mean free, periodic function and let f satisfy (4.13). Define (u, #) by (4.9) and
the pressure by

PW 1 /
pP=p :=—§gH(k-x), where H'(z) = h(z). (4.16)
1

3 We may let & = h(z, t) a priori, but our ansatz for the form of solutions will force 9;7 = 0, so we assume that 4 is time-independent from the
outset.
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It is easy to see that WPV, 0PW) is a solution of (1.1). We note that the solutions of the form (u"¥, 9*W) thus
defined are distinct from (uV, QV) and (uH ,0H ), e.g., since both components of "WV are non-zero. Moreover,
they are steady states if f is time-independent and is given by f = fieady, Where fieady = fsteady(z) is the
unique, mean-free periodic solution of the equation

2

d_Z2 fvteady (x)= g

5 h). @.17)

Steady state: Due to (4.16) and (4.13), it is easy to see that (u"W,6"W) approach a steady state which is a
plane-wave solution corresponding to the same 4 and f = fyeaay Where fyeqay is asin (4.17).

Remark 4.1. The solution families (u",8"), (u’, 0% and (W, 9*V) given above have unique steady states which
they approach exponentially fast in L2. Since these steady states are determined by 8", 6, and h, respectively,
which are arbitrary smooth, mean-free, periodic functions, this show that the set of steady states of system (1.1) is
fairly rich, and in particular, it is both infinite-dimensional (in the sense that it contains infinite dimensional subspaces)
and unbounded.

4.2. Weak sigma-attractor

Definition 4.2. Let S(¢) be the semi-group operator associated with (1.1) via (3.14). We define the weak sigma-
attractor A of the semi-dissipative system (1.1) to be the set of all (ug, 6y) € H x L? with the property that

(1) There exists a global trajectory (u(t), 8(t)) defined for all # € R such that (u(r), 6(t)) belongs to H x L? and
solves (1.1) for all € R and moreover (u(0), 6(0)) = (ug, 6p).
(i1) The trajectory (u(z), 6(¢)) is globally bounded, i.e., the set {(u(z), 6(¢)) : t € R} is bounded in H x L2,

Clearly, it follows from the definition that every bounded, global trajectory {(u(z),0(¢)) : t € R} lies entirely on the
attractor. The justification for referring to A as the weak-sigma attractor will be provided towards the end of this
section. We will show that A is a non-empty, proper subset of the phase space.

We will now justify our terminology, namely that of the weak sigma-attractor, for A. The global attractor for a
dissipative system is often defined as the w-limit set of the compact absorbing ball. However, system (1.1) does not
have a compact absorbing ball. Yet, since ||6(¢)||;2 = ||6ol| ;2 is time-invariant, equation (1.1a), considered alone, has
a compact absorbing ball in H by the standard theory of the 2D Navier—Stokes equations [7]. By varying the value of
160ll 12, one obtains a family of absorbing balls. This observation is exploited in Section 5 to write .4 as the union of
o-limit sets.

Given initial data (ug, 6g) € H x L?, define the dimensionless, time-independent Grashof-type number for (1.1) to
be

0
G gl oIIZLz‘ (4.18)
V2K
Standard energy estimates (see [7]) yield
()2, < e 0 [lug |12, + v2G2(1 — &), (4.19)

Thus, there exists a time #, = f,.(|[ug|| ;.2) such that, for ¢ > ., |[u()||;2 is in the ball of radius 2vG in H. For example,
t, can be taken as

1 llao 17,
t*(HU()”LZ) = ;g max 1, log W . (420)

Definition 4.3. Let us denote the following Cartesian product of balls:

8r
By :={(wo.00) € H x L2 ool <r.lwoll2 <RO)|. - REr) =225
0
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Due to (2.14) and (4.19), for a fixed r > 0, the set B, is semi-invariant for all positive times, i.e.,
S(t)B, C B, forallt >0, “4.21)
where S(¢) is the solution semigroup for (1.1) defined in (3.14).

Definition 4.4. The local attractor at level r, denoted by A,, is defined to be the w-limit set of B, ; that is,

A :=w(B,) = ﬂ WIS () (g, Op) : £ > T, (ug, Hp) € B}, (4.22)

>0

where the closure is taken in the weak topology of H x L2. Note that by the Banach—Alaoglu Theorem, A, is weakly
compact in H x L?. Furthermore, by Proposition 5.3 (in the next section), for each fixed ¢, the map S(¢) : B, — B,
is weakly continuous (i.e., continuous with respect to the weak topology on B,). Thus,

WIS (1) (ug, 0o) : 1 > 7, (g, Op) € By} = S()B,. (4.23)

We will show later that the weak sigma-attractor 4 (defined in Definition 4.2 as the set of trajectories which are
uniformly bounded in H x L%forallte R) is indeed equal to the union of the sets A,, i.e.,

A=A = | 4. (4.24)

r>0 r>0,reQ

where the last equality follows from the fact that the sets A, are increasing in . Since A, is weakly compactin H x L2,
and A is a countable union of weakly compact sets A, this justifies our referring to A as the weak sigma-attractor.
We will show later that in fact A (weakly) attracts all bounded sets.

Let us recall that the weak topology on a separable Hilbert space is metrizable on bounded sets. In fact, one can
define a metric d which is independent of the bounded set so that the corresponding metric space topology coincides
with the weak topology on every bounded set. This metric can be defined as follows. Fix {¢;}2 |, a countable dense
subset of the aforementioned Hilbert space, and let X be a bounded set in it. Define the metric d on X by

o0

1
d(, V) :=Zm|(¢—w,¢j)|, forall ¢, € X. (4.25)

j=1
This metric space topology coincides with the weak topology on X. Henceforth, d will represent this metric on any
bounded set. Due to this fact, namely that on bounded sets, the weak topology coincides with the one given by the
metric (4.25), we have

A ={(ug,0,): 31, = oo and (up ,, 0p,,) € B

such that S(t,)(ug », 60.n) 1]() (ug,6,)}. (4.26)

Remark 4.5. In view of the backward uniqueness of sufficiently smooth trajectories, it is natural to ask whether
there exists a global attractor in a stronger space, such as in V x L2, or V x H', or another space where global
well-posedness holds (cf. Theorems 2.3 and 2.4). In the case of the 2D Navier—Stokes equations with time independent
force in H, it is known that the global attractor in the phase spaces V and H coincide and moreover, it is contained in
D(A) [7,41]. However, unlike in the case of the 2D Navier—Stokes equations, it is not known whether one can bound u
in D(A) uniformly in time. Without such a bound, we are not able to prove the existence of a stronger global attractor
than the one described here.

5. Structure of the attractor

In this section, we will state and prove the main result describing the properties of the attractor. We will need the
following definition for the semi-distance between two bounded sets in the weak topology. For two bounded sets A, B,
we define the semi-distance

dist(A, B) := sup ing d(x,y), 5.1)

xeA Y&
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where d(x, y) is as defined in (4.25). It is easy to check that for two (weakly) compact sets A and B, dist(A, B) =0
if and only if A C B.

We are now ready to state our main theorem summarizing the properties of the weak-sigma attractor defined in
Subsection 4.2.

Theorem 5.1. The global attractor A defined in Definition 4.2 has the following properties.

(i) The relation A= \J A, = |J A, holds, where A, is defined by (4.22).
r=0 r>0,reQ
(ii) A contains all the steady states of (1.1).
(iii) A has empty interior in the strong (and therefore weak) topology of H x L>.
(iv) The weak sigma-attractor A of the system (1.1) is a non-empty, proper subset of the phase space X := H x
L2(R2) which moreover contains infinite-dimensional subspaces of the phase space.
(V) The set A is o -compact. More precisely, A is a countable union of weakly compact sets Ay, r € Q.
(vi) The set A attracts all bounded sets. More precisely, if X C H x L? is a bounded set, then there exists r > 0
such that dist(S(t)X, A;) = 0 as t — oo.
(vil) For eachr >0, the set A,, as well as the set A, is weakly connected.
(viii) The global attractor A is invariant (i.e. S(t)A = A) for all t > 0. Moreover, it is the minimal set that attracts
all bounded sets.
(ix) (Tracking property) Let (u(t),0(t)),t > 0 be a trajectory in H X L2. There exists a global trajectory
(Weo(8), B0 (5)), s € R included in A, with the property that given €, M > 0, there exists T > O satisfying

sup {||u(s +T) =)z + 106 +T)— Ooo(s)llHq} <e. 5.2)
se[—M,M]

Before proceeding to prove the main theorem, we need to establish the following crucial lemma.
5.1. Auxiliary lemma

Lemma 5.2.
Let (g, 60,0) € By and t, — 00 be such that

k
S(tn) (0.1, 00.0) —> (U, 6,) € H x L. (5.3)

Then (ug, 6,) € A. More precisely, there exists a complete bounded trajectory (U, Ooo) With (s (1), O0(t)) € By for
allt € R, such that

(050 (0), 00(0)) = (ug, 64). 54
Moreover, u, € V and there exists a dimensionless, absolute constant C > 0 such that
oo @)l < CR(r)ko Vi eR. (5.5)

Proof. We will start by recalling certain a priori bounds; see [7] and [41]. Let (u(t), 6(t)), ¢ > 0 be any trajectory
starting in B, and observe that (u(z), 6(¢)) € B, due to the semi-invariance of B,. In particular, this means

la@ 2 = R(r) and [0 |gp <7 (2= 0). (5.6)
Moreover, the momentum equation (1.1a) readily yields the bound
! 2119112
g6l
WOW@+v/HMﬂmwh§Wmﬁy+——7LT,®<t§TL (5.7)
VK
0

where the invariance of the L2 norm of 6(-) along a trajectory is also used. Thus, there exists ¢ € (0, T') such that
laoll7, — &*l6oll;
L2 4 L

5.8
Tt e (5.8)

nuamﬁlsz[
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Since the distribution function of 6 remains invariant along a trajectory forward in time, by replacing the initial data if
necessary, we can (and henceforth will) without loss of generality assume that uyp € V and moreover, setting 7 = ])17
0

in (5.8), we may also assume
luollm < 2R (r)xo, (5.9

where R(r) is as in Definition (4.3). With the assumption (5.9), noting that the periodic boundary condition and (1.1c)
implies (in 2d) that (B(u, u), Au) = 0, and consequently, following techniques in [7] (Chapter XIII, pages 111-113),
we additionally have the uniform bound

sup [u() |l < CR(r)ko, (5.10)

t>1
where R(r) is as in Definition 4.3, 1 = 1)17 Additionally, from the first relation in (5.10) and using again

0
(B(u,u), Au) =0, for any t > 0 and T > 0, we have
+T ) )
g°116oll
Ju(z + T3, +2v / JAulZ, < C2R(M5E + 27 5.11)

T

Let now (ug,,,60,,) € B, and the sequence of times #, — oo be such that (5.3) holds. Translating in time by
7, € [0, #], if necessary, we will assume without loss of generality that ug , € V, and that the bound in (5.9) holds
0

. k .. .
for all ugp ;. Since ug , LY u,, it immediately follows that

u, € V and |[u, |l < 2R(r)ko. (5.12)
Set
(0, (1), 6n (7)) := S + 1) (0,1, 00,1), t € [~ty, 00). (5.13)
Note that the trajectories (u, (), 6, (¢)) are defined, for n sufficiently large, on the intervals
M M
Kyv KyV

By (5.6) and (5.10), for n sufficiently large, the pair (u,,6,) is bounded uniformly in LIy, V) x L>®(Iy, L?),
and moreover due to (5.11), u,, is bounded uniformly in L?(Ipy: H?). The above mentioned bounds are uniform with
respect to n, although they may depend on M in general. From the functional equation (2.15), the time independent
L? bound (5.6) on 6, (1), the (uniform in ) bound on u,, in L2(I v H?), and the Ladyzhenskaya inequality (2.4), we
readily obtain that j—tun is uniformly bounded in L2(1y; H). Consequently, {u,} is an equicontinuous family (in time)
in C(Iy; H). Moreover, from the Agmon inequality (2.5), and the uniform L? bound on u,, and (1.1b), it also follows
that %en is uniformly bounded in L4(1 a; H™1) (in fact, one can show that the bound is uniform in LP(I;; H™1) for
any p < 00). Thus, {6, } form an equicontinuous family in C({j; H-1). Now, by the Arzela—Ascoli Theorem and the
Cantor diagonalization procedure, there exists a pair (Woo(+), o (+)) € C((—00, 00); H) x C((—00, 00); H~') and a
subsequence (which we also denote by (uy, 6,)) such that for all M € N,

W, (), 02() =5 (Uoo (), oo (1)) in CUp; H) x C(Iygs HTY). (5.15)
Note that since u,(0) is equal to the u component of S(#,)(Wo ., 6o »), by the limits assured in (5.3) and (5.15), we
have uy, (0) = u,. On the other hand, due to the hypothesis and (5.15),

wk inH~!

0(ty) =6,(0) — 6, and 0(t,) = 6,,(0) —> O(0) as n — oo. (5.16)

Thus, 65 (0) = 6,.
Next, we will show that, by passing through a further subsequence if necessary, we can ensure that for all n € L2,

the functions (0 (+), n) € C((—00, 00); R), and that

0n(-),m) = (fc (), m) in C(Iy; R), asn — oo, (5.17)
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and also that (U (¢),00(t)) € B, Vt € R, ie.,

2.2
r

1000122 < 7% and use (]2, <457, V1 e R. (5.18)
V KO

To see this, note that for any ¢ € H3 (which, in 2D, implies that V¢ € L), we have from (1.1b),

n
[{On(12) — On(11),8) | < / | {(On (s)un(s), VE) |ds
1

< 160l oo 1,222y a2 1y IVE N0l — 111, (5.19)

Thus, for all ¢ € H?, the functions {(6,(-), £)} are equicontinuous on Ij;. Due to the uniform bound on |6, ®ll 2,
we have a pre-compact family. Let {¢ 1}711 be a set of functions in H> which is dense in L2. By the Arzela—Ascoli
Theorem and the Cantor diagonalization process, we may also assume that

(60 (), i) = (00 (), &5) in C(Ipg; R) for all M, j € N. (5.20)

To complete the proof, we show that (6,,(-), £) = (6o (-), ¢) uniformly on I for any ¢ € L?.Let € > 0 and choose j
such that [£ — ¢j| < m. Then,

[ (00 (1) = O (1), £) | < 1{0n (1) = O (1), &) |+ 162 (1) = O (DI 12118 = ¢l 2

€
< {Bn(®) = Om (). £5) | + 21160l .2 2ol (5.21)
This shows that {(6,(-), ¢)} is uniformly Cauchy in C ({)). Since 6, (-) converges to 0o (+) in C(Ijys; H~"), the uniform
limit of (6,(¢), ¢) is (B0 (t), ¢). Due to weak convergence of 6,(¢) and strong convergence of u,(¢), the uniform
bounds (5.18) readily follow. This finishes the proof of the claim.
Next, we will show that (W, Os) is a global solution of (1.1), i.e., we need to show that (W, O ) satisfies (2.9) for
appropriate test functions ® and ¢ (see Definition 2.1). Note that (u,, 6,) satisfy the weak formulation (2.9). Passing
to the limits in the linear terms, due to (5.15), we find

T T
f(un(S),<1>’(S)) ds—>f<uoo(S),d>(S)) ds, (5.22a)
0 0
T T
v f (Ua(s), B(s))) ds — v / (Uoo (s), B(5))) ds, (5.22)
0 0
T T
/ (6u ()2, D(s)) ds — f (6o ()8, B(5)) ds. (5.220)
0 0
T T
/<9n(s),¢)’(s)) ds — /(Goo(s),(i)’(s))ds. (5.22d)
0 0

It remains to show the convergence of the remaining non-linear terms. Let

T
I(n) = / (U, @Uy — U @ U, VO(5)) ds, (5.23a)
0

T
J(n) :=/(un(S)9n(S) — Uoo ()00 (5), VP (5)) ds. (5.23b)
0
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The convergence I (n) — 0 as n — oo follows from the convergence of the u,, component guaranteed in (5.15). To
show J(n) — 0 as n — oo, we write J(n) = Jy(n) + Jo(n), the definitions of which are given below. We have

T

Ji(n) := / (U (s) — U0 (8))6n (), Vo (s)) ds — 0 (5.24)

0

as n — 00, since u,, — u in C (I, H) and 6, is uniformly bounded in L°°(Iy;, H). For J,, we have

T

J2(n) := / (U6 (8) (On (5) — Occ(5)), Vo (s5)) ds — 0, (5.25)
0

due to the fact that ¢ is a smooth test function for each fixed M, SUPsep,, luoo ($) |1 < 00 and 6, (-) = O () in
Cy; H ™.
Since (U (1), 850(1)) is a global trajectory with

(U (1), 00 (1)) € B, forall f € R, (5.26)

it readily follows from (5.10) that |[use(?)|lg1 < CR(r)kp forallzr e R. O

We will also need the next proposition in order to proceed.

egs k
Proposition 5.3. For each fixed t and a sequence (g, 60,n) AN (ug, 6p), we have

S(1) (W00, 00.0) 5 S(2)(ug, o). (5.27)

In particular, for each fixed t, the map S(t) : X — H x L? is weakly continuous, where X is a bounded subset of
Hx L

Proof. Fix T > 0 and let (ug_,,60.,) be the sequence in the hypothesis of the proposition. Due to the weak con-
vergence, the sequence is uniformly bounded in the phase space. Let (u,(¢), 6, (¢)) := S(¢)(W9.,600.0), 0 <t <T.By
arguments similar to the proof of Lemma 5.2, and by the uniform (in n) bounds provided in Theorem 2.2, (u,(-), 6, (-))
converges (in Cle, T]; H x H~") for all € > 0) to a solution (u(-), #(-)) with initial data (ug, 6p). By uniqueness of so-

lutions, (u(z), 0(t)) = S(t)(ug, 6p),0 <t < T. Since (u,(T), 6,(T)) Lk>(u(T), 0(T)) (see the proof of Lemma 5.2),
the proof is complete. The weak continuity of S(7") on bounded subsets now follows from noting that the weak
topology is metrizable on bounded sets. O

5.2. Proof of Theorem 5.1

For the remainder of this section, we focus on proving Theorem 5.1. In particular, we will examine to what extent
A shares the properties (I), (I), and (IIT) with Ans, the attractor for the 2D Navier-Stokes equations.

PROOF OF THEOREM 5.1 (i)

Proof. We first show the inclusion in the “D>” direction. Let (W, 050) € A, for some r > 0. Then, since A, = w(B,),
due to (4.26) and Lemma 5.2, it immediately follows that (Wso, 0x0) € A.

Next, we show the inclusion in the “C” direction. Choose any (ug, 6y) € A, and suppose that (ug, 6y) ¢ A, for all
s > 0. By the definition of A, there exists a trajectory (u(z), 6(¢)) € A such that for some f, (u(zy), 0 (t9)) = (ug, 6p).
Furthermore, (u(z), 6(¢)) is bounded in H x L? uniformly for all # € R, so there exists an > 0 such that (u(z), 6(¢)) €
B, for all t € R. Since (u(t), 6(¢)) is defined for € R, we must have (ug, y) = S(t)(u(tp — 7),0(t9 — 7)) € B, for
every T € R. But, (u(typ — 7),0(to — 7)) € By, s0 (up, 0p) € w(B,)=A,. O
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PROOF OF THEOREM 5.1 (ii)

Proof. Since any steady state is bounded for all times ¢ € R, the proposition follows immediately from the definition
of A. O

PROOF OF THEOREM 5.1 (iii)

Proof. If (u,,6,) € A, then by Lemma 5.2, u, € V. Any open ball in H x L? (in the norm topology) must contain
points whose first component is not in V. Thus, there does not exist an open ball contained in A. O

PROOF OF THEOREM 5.1 (iv)

Proof. Theorem 5.1 (iii) immediately implies that A # X. To show it is nonempty, consider a solution of the form
(u{{, uf, oH, pH), defined in Subsection 4.1. Let us also impose that 8,1451 =0, so that u? = up, where uy = up(x1)
is the unique, mean-free and periodic solution of the equation

d? H

v—sua(x1) = —g0" (x1). (5.28)

dxj
Then (u{i, u?,OH, pH) is a steady state solution of (1.1), so (u{{, uf,@H) € A. Since 87 € L? can be chosen
arbitrarily, .4 contains an infinite dimensional subspace. O

PROOF OF THEOREM 5.1 (V)

Proof. Since A, C A, ifri <rp,itfollowsthat A= |J .A,.To complete the proof, it is enough to show that for
r>0,reQ

every r > 0, A, is weakly compact in H x L?. By the Banach—Alaoglu Theorem, B, is weakly compact in H x L?.
Since S(¢) is weakly continuous, S(¢) B, is weakly compact. Thus, A, := w(B,) is the intersection of weakly compact
sets, so it is weakly compact. O

PROOF OF THEOREM 5.1 (vi)

Proof. Suppose X C H x L? is bounded. Then there exists r > 0 such that X C B,, where B, is the absorbing set
as defined in Definition 4.3. Thus, due to semi-invariance of B, under S(z), we have S(t)X C B, for all t > 0. The
proof now proceeds by contradiction. Assume that the conclusion of the theorem is false. Then there exists a sequence
(u,,6,) € X, t, — oo and € > 0 such that

d(S(ty)(uy,, 0,),y) >eforally e w(B,) = A, C A. (5.29)
However, since S(#,)(u,, 6,) € By, by the weak compactness of B,, there exists yo € B, and a subsequence n; such

that S (tnj)(unj , Hnj) Lk> Yo, or equivalently, d (S(t,,j)(unj , an), yo) — 0. By the definition of w(B,), the point yq €
w(B,) and this contradicts (5.29). O

PROOF OF THEOREM 5.1 (vii)

Proof. Suppose A, is not weakly connected. Then there exist open sets Q1 and O» in the weak topology of H x L?
such that A, C 01U 02, 01N 0y =3, A, N Oy # @, and A, N Oy # &. Recall that A, := w(B,). Since B, is
weakly connected and S(¢) is weakly continuous, S(¢) B, is also weakly connected. Thus, for each n € N, there exists
(uy, 0p) € (S()Br) \ (O1 U 02).

Since B, is invariant under S(¢), (u,, 6,) is bounded. Thus, by the Banach—Alaoglu Theorem, there exists a point
(u,0) e H x L? and a subsequence (uy,, 6,;,) — (u, 0) in the weak topology of H x L2, Since 0; U O, is weakly
open, (u, 8) ¢ O1 U Oy. But, by Theorem 5.1 (vi), A, attracts all bounded sets in the weak topology, so that the weak
limit of (u,, 6,) must lie in A, C O U O»; a contradiction. Therefore, A, is connected.
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To show that A is weakly connected, note that by Theorem 5.1(i), A = U,>0.4,. Furthermore, each .4, is connected
and contains the zero element. Therefore, if O and O, are weakly open sets that separate .4, all .4, must be contained
in the one containing the zero element, so A must be contained entirely in either O; or O3, so that A is connected. O

PROOF OF THEOREM 5.1 (viii)

Proof. Let (ug, 6p) € A. Then there exists a bounded, global trajectory (u(z), 6(t)), t € R passing through (ug, 6p). It
is clear from the definition of A that all points on this trajectory also liec on .A. In fact, since this trajectory is bounded,
it lies entirely in some B, and consequently, in w(B,) = .A,. We may assume, by translating time if necessary, that
(u(0), 0(0)) = (ug, 6p). Then, by (forward in time) uniqueness of solutions,

S@)(u(—1),0(—1)) = (u(0), 6(0)) = (uo, 6o). (5.30)
As remarked above, (u(—1),60(—t)) € A. Thus, A C S(#).A for all + > 0. For the reverse inclusion, simply note
that the (forward in time) uniqueness of solutions guarantees that (u(r), 8(t)) = S(t)(ug, 6p) for all ¢+ > 0, where
(u(),0(1)),t € R is the above mentioned bounded global trajectory. Thus S(¢).A = A.

The fact that A attracts all bounded sets was proven in Theorem 5.1 (vi). We will now prove that it is minimal. Let
A’ be a set which has the property that it attracts all bounded sets and let (ug, 6p) € A. Then there exists a bounded,
global trajectory passing through it. In view of the previous paragraph, we see that the set in the phase space

G={u@®),0():teRYC H x L?, (5.31)
is invariant under the semigroup S(¢) for all r > 0, i.e., S(¢)G = G for all ¢+ > 0. On the other hand, G is a bounded set
in H x L?. Thus, by the assumption that A’ attracts all bounded sets,

lim sup dist(S(£)G, A") = 0. (5.32)

—00

Thus, G C A’, and consequently, (ug, 6p) € A'. O
PROOF OF THEOREM 5.1(ix)

Proof. Note first that since (u(zr), 6(z)), # > 0 is bounded in H x L2, there exists (ug, 6,) and a sequence t, such that

(u(ty), 0(ty)) LY (ug, 0,). By Lemma 5.2, we immediately infer that (u,, 6,) € A. Furthermore, the global trajectory
(W0 (+), B0 (+)) constructed in Lemma 5.2 lies in A and

(uy (2), 0, (1)) := (u(t + 1), 0t + 1), t € [—1p, 00), (5.33)
converges to (Wso(+), Oo(+)) in C([—M, M]; H) x C([—M, M]; H~1 for all M > 0. This concludes the proof. O

6. The energy—enstrophy plane

In this section, we investigate the relationship between the energy and the enstrophy in the conservative set. Here,
we follow many of the ideas of [9—12] which investigated the relationship between energy, enstrophy, and palenstrophy
in the attractor of the 2D Navier—Stokes equations.

For (u, 0) € A, let us define

. ()12, | . ||u(t)||§11 ‘
a2 a7,

After some computation, which was carried out in the context of the 2D Navier—Stokes equations in [2], it can be
shown that

6.1)

2
dy v [leoll, s lulg, g6
dt  2|uf2 V2 7, v,
2 2 2
&*l16oll 0
= v . L2 _Xz _ HW_ gv , (6.2)
2||u||L2 v V L2
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A
Jull?,
p)
v2k3G?

0,
lulfZ, = %02 |y

[ufle = /»;0||u||%2

>
al?,
v2G?

Fig. 1. The projection of the attractor lies inside the shaded region.

2
)2,

where w := <2A — ) u. Let us consider the quantities |[ul|;2 and |[u||g as variables. Level sets of x correspond

a2,
L
to curves along which |u||;> and ||u|/g: are parabolically related. Due to (6.2), if x(¢t) > gl|6oll;2/v, then x must
decrease. Furthermore, due to the Poincaré inequality, we must always have A(¢) > A;. Therefore, trajectories flow
towards the set

glitoll 2
A= {(u, 0):llullfy < === lullz, g, =2 0ulg., 10022 = l6ol2 |- (6.3)
It follows that A C A. See Fig. 1 for a depiction of the projection of A onto the energy—enstrophy plane.
Let us consider the upper boundary of A; that is, the parabola ”u||12811 = % |lal| ;2. Suppose there is a point of

(u, ) which lies on the parabola, and moreover that u = ug is independent of time (a priori, 6 may be balanced by a
time-dependent pressure). Then, since u(z) = ug, we have A(z) = A(0). On the parabola, equation (6.2) yields

[ ) 9
H' g g

0=2Au— 5 — =2Au—A(0)u— — (6.4)
i, v v

so that, in fact, 6(¢) = 6. Taking the inner product with u gives
(g0, u) (g0, u)
v

2[uiZ, = A0)lull7, + = vA(0) = : (6.5)

- 2
I,

Owing to (6.5), and the fact the u is on the parabola, it follows that

f, [E1[E 0
@9 _, o Ml _ sl 66
viul;, lall7, vl
Thus,
(g6, w) = lIgb|l L2 llull 2. (6.7)
By the Cauchy—Schwarz Theorem, we must have that g6 is a scalar multiple of u, say gf = cu where ¢ = ﬁl’z“ L,
2
Applying this to (6.4), we have '
0 a7 0,
200 =20u+ & = (30 + £ )u= (i + )y 6.8)
v v hal2, )2,

. . . L ],
so that u is an eigenfunction of A with eigenvalue % <||u|112-111 + f‘gu(’”’z“) )
L2 L2

Going back to the equation (0, g9)T =gl =cu= c(ul,uz)T, we observe that we must have u; = 0. The
divergence-free condition then implies that dy,u> = 0, so that u- Vu = 0. Moreover, since g6 = cu;, we have 9,,6 =0,
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so that 9,0 = —u - 0 = 0. Thus, 6 depends only on x1, and again since gé = cua, so does u,. The entire system (1.1)
therefore reduces to the following relation:
2
Oy, p — V5 uz = g0. (6.9)

Applying 9y, yields 8%2 p = 0, so that the periodic boundary conditions imply that p is a constant. The relation now
becomes

—vd7 Uy = g0 = cus. (6.10)
The periodic boundary conditions further constrain c¢ to be of the form
2.2
14
c=cy :=an—, for some n € N. (6.11)

Summarizing these observations, we have the following proposition, which essentially appeared in [9] in the context
of the Navier—Stokes equations.

Proposition 6.1. Suppose (u,0) is a smooth, steady state solution of (1.1) which lies on the parabola ||u||112%11 =
% llall ;2 Then uy and 0 depend only on x1, and
gL?
ur=0, ur=cy0, c, :=ﬁfors0meneN (6.12)
vnemw

and up = uy(x1) is an eigenfunction of the operator —831 (respecting the periodic boundary conditions and mean-free
condition).

Remark 6.2. The above proposition implies that steady states on the upper boundary of A are discrete points corre-
sponding to geophysical steady states of stationary columnular flows. Somewhat more generally, it can be shown that
if (u, ) is a smooth flow for which 6 depends upon x; alone, and 6,, # 0 a.e., then (u, 8) is one of the horizontal
flows described by (4.5) and (4.6).

7. The presence of 2D turbulence

The Batchelor—Kraichnan—Leith theory [4,33] of 2D turbulence (inspired by that of Kolmogorov in 3D [30-32])
asserts that, on average, the behavior of eddies in turbulent flows is determined by their length scales. In a relatively
large range of scales [, k*] (called the inertial range) viscous effects are negligible and enstrophy is transferred at a
nearly constant rate n from one length scale to the next smaller one (termed the enstrophy cascade). The dissipation
range consists of the very small length scales where the viscosity annihilates the enstrophy. Heuristic arguments by

1
Batchelor and Kraichnan [4,33] place the dissipation range beyond a wave number «; = (%) where 7 is the

average rate of enstrophy dissipation per unit mass. The main tenets of this empirical theory can thus be summarized
as follows (see, e.g., [2,18,20,21]): (i) a significant amount of enstrophy is in the inertial range [k, ¥ *]; (ii) this range
is wide, i.e. Ky << k* ~ Ky; (iii) the direct cascade of enstrophy (to smaller scales) holds over this range; (iv) the

power law e, 2, ~ % holds for the amount of energy e, 2, contained in the length scales k to 2« for k € [k, k*].
Rigorous justification for parts of the theory has been obtained in the series of works [15,16,18,20,21] among
others. In [15,17], it is shown that many of the ubiquitous averages in empirical turbulence theory, upon the application
of which patterns are observable, can be taken to be finite time averages, albeit on sufficiently long periods of time.
Furthermore in [2] extension of the above mentioned works has been obtained for forcing in all scales. Thus, in view
of the results in [2,15,17], the universal features of turbulence already hold for finite time averages of the form
n
1
(D) := /Cb(u(s))ds, (7.1)

nh—n
n

where @’s are the relevant physical functionals on the phase space H and t, > #; > 0O satisfies
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G
max {t;,tr — 1} >> —-
VK
Here G is the Grashoff number which is a non-dimensionalized version of the L? norm of the driving force in the
Navier—Stokes equations.

In principle, the results in [2] apply in our setting to the velocity equation written in the functional form in (2.15).
However, for the inertial range to be sufficiently large for turbulent patterns to emerge, it is necessary (though not
sufficient; see Remark 7.2 below) for the magnitude of the driving force, as measured by the Grashof number, to be
large. Indeed, it is well-known that the 2D Navier—Stokes equations converge to a steady state if the force is time
independent and the Grashof number is sufficiently small [44,43,45]. Accordingly, let us define the dimensionless
(time-dependent) number G, by

= _ 1P @)DIl2 g
Go=Gs(t):= g L _ g <\/||90||i2 - ||R29(t)||iz>. (7.2)

The o here is used to denote the fact that the norm of the solenoidal projection of the force is taken, rather than the
norm of the force itself. Note that, as in (4.18),one may also consider the somewhat simpler (though potentially larger)
time-invariant, dimensionless number
 2lfoll,2

G .=
2,2
V2K

(7.3)

which obviously satisfies 0 < G, (¢) < G. The effective Grashof number governing the dynamics of (2.15) is defined
to be

G =limsup G4 (1). (7.4)

t—00

Thus, the complexity of the flow, at least in regard to the statistical features, is expected to be determined by G:.
This is borne out by the following result which is analogous to the 2D Navier—Stokes equations. Before stating this
result, let us observe that since 8 € LZ, the distributional derivatives dy,0,i =1,2 belong to H~! and moreover,

10x:6 Ollg-1 S N0D I 2 =160l 2, i =1, 2. (7.5)

Theorem 7.1. Assume that G% < € where € > 0 is sufficiently small and that P5g6(t) converges weakly to f € H
as t — 00. Then u(t) approaches a steady state of the 2D Navier—Stokes equations with time-independent driving
force £. Consequently, if 0,,0(t) converges to zero in H-! as t — oo, or equivalently, if | P (g0)(t)|| ;2 converges to
zero, then u(t) converges to zero in H.

Proof. For notational simplicity, denote F(¢) = P,g60(¢) and observe that F(¢) € H and ||[F(¢)]|;2 < gll6ol| ;2. More-
over, since F(¢) — f weakly, we also have

€]l 2 < litm sup [[F(1) [l 2 < ev?kd. (7.6)
—00

Thus, by shifting time if necessary, we may assume without loss of generality, that

max{[|f]l;2, sup [|F(1);2} < 2ev?g. (7.7)

>0

Furthermore, due to (5.10) in the proof of Lemma 5.2, and by shifting time again if necessary, we also have the
uniform bound

sup [lu(®)|lmm < Cevko, (7.8)
>0

where C is a non-dimensional, absolute constant. Recall also that on bounded subsets of H, the weak topology is
metrizable and a bounded sequence v, — v weakly if and only if I1A=Y2(v, — V)| 12 — 0. Thus,

Jim |ATV2(F @) — B =0. (7.9)
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Let v(¢) be the solution of the Navier—Stokes equation with initial data uyg = 0, and the force given by f. Denote
w =u — V. Then w solves

d
d—vtv + VAW + B w) + Bw.u)=F(1) —f. V-w=0, w(0)=muo. (7.10)
Taking inner product of the above equation with w and by applying Young’s inequality, we readily obtain
d > v o1 5 L1 2
37 Wl + SllA>wiE, = 5=llA 2F@) =Dl + [(B(w,w), w) . (7.11)

From (2.8b), we get | (B(w,u), w) | < ||A%u||L2 ||W||L2||A%W||L2. Thus by Young’s inequality, we have

1d Vool 1 1 | B
577 W32 + Z 1AW, < - A2 (F() = DIz + A2 ull g Wiz

r 1
< S IATIF@) = D7, + CPug i, (7.12)

where the inequality in the second line is obtained using (7.8). If C%€* < %, by Poincaré inequality, we obtain

vk |
%I|W|Iiz+TOIIW||iz < %HA—i(F(t)—f)niz. (7.13)
By Gronwall inequality and (7.9), it immediately follows that lim;_, o, ||[W(#)]| = 0. On the other hand, it is well-known
that if ||f]|;» < ev2/c§ and € is sufficiently small, then the solution to the Navier—Stokes equations corresponding to
the time-independent force f, converges to a fixed point [43—45]. Thus, if € is sufficiently small, v converges to a fixed
point vo € H which satisfies vAvg + B(vg, vo) =f. Since w(t) converges to zero in H, it follows that u(¢) converges
tovgin H.
For the second part of the theorem, observe that by (2.18),

I P80l 12 = 1ROl 2 = 1(A) 285,00l 12 ~ 1185, 0(D) [l (7.14)

It follows that if d,,0() converges to zero in H! as t — oo if and only if || P-g0(¢)]| ;2 converges to zero. Thus one
can apply the first part of the theorem with € = 0 to conclude that u(#) - 0in H ast — oco. O

Remark 7.2. It is useful to examine Theorem 7.1 in light of the examples presented in Subsection 4.1. In the “vertical
solutions” presented in (i), due to (2.18), P,g6(t) = 0 and in conformity to Theorem 7.1, u(#) — 0. On the other
hand, for the “horizontal solutions” presented in Subsection 4.1 (ii), due again to (2.18), || P,g0(t)ll 2 = ll6oll 2.
Consequently, G can be made arbitrarily large, yet the flow is not turbulent as it converges to a (laminar) steady
state. Incidentally, in addition to the example provided by Marchioro [37,38] with forcing in the first eigenmode of the
Stokes operator, this provides another example of solution to the 2D Navier—Stokes equations with arbitrarily large
Grashof number for which the solution converges to a steady state.

Remark 7.3. If one considers equations (1.1a) and (1.1c), this is the usual 2D Navier—Stokes system with forcing g6,
and so the framework developed recently in [2] for 2D turbulence with forcing at all scales applies. Moreover, unlike
the usual 2D Navier—Stokes equations, the forcing here is not ad hoc, but rather intrinsic to the system. Noting
that ||gf|l;2 = |Ig0fll;2 for all ¢+ > 0, it seemingly allows arbitrarily large Grashof number as well. However, due
to the divergence free condition on the velocity field, the effective driving force is given by P,g60(¢). The quantity
|| Pog6(t)|| 12, although bounded above by ||g6y|l;2, can potentially approach zero for large time. Thus, if one can
show that G, = liminf,_, || P80 (?)||;2 can be made arbitrarily large, then one can assert that (1.1a) and (1.1c),
or equivalently (2.15) contains the entirety of Grashof numbers involved in 2D turbulent dynamics. Whether or not
arbitrarily large G, and a truly turbulent flow can be achieved, remains an open question at this point. As observed
in Remark 7.2, one can indeed achieve arbitrarily large G, ; the corresponding flow however approaches a steady
state and is therefore not turbulent. The velocity profile is also laminar; thus it does not yield a turbulent Lagrangian
dynamics either.
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. Open questions

In this paper, we have introduced a notion of an attractor for a semi-dissipative system, i.e., a system which is a

hybrid of parabolic and hyperbolic equations. While in some respects, it shares certain properties with the attractor of

ad

®

(ii)

Co

Ac

issipative system, there are several open questions concerning the attractor A.

We showed that the attractor A is in some respects, a thin set, i.e., it has empty interior. This proof uses the fact that
the velocity component of any point on A is regular (belongs to V). On the other hand, we saw in subsection 4.1
that A contains infinite dimensional subspaces of steady states. In particular, the projection of the attractor on
the temperature component contains all functions of the type 8 = 0(x1) or 8 = 6(x3) or functions of the form
0(x) = h(k - x), for an arbitrary function of one variable /. The question of how rich this set can be remains open.
In particular, if one takes the projection of A onto the temperature component (say Py (u, 8) := 0), the following
questions remain open. (a) Does Pg.A have an empty interior in L2? (b) Is Py.A a proper subset of L>? (c) Is Py.A
dense in L?? It is curious to note that in all the examples of steady states obtained here, the temperature 6 is a
function of only one variable.

We showed that although A is unbounded and infinite dimensional, it is o-compact in the weak topology. In
particular, it can be written as a countable union of weakly compact omega limit sets A, = w(B,) where B, are
absorbing, invariant balls as defined in (4.3). The question is whether the attractor has a pancake-like structure. In
other words, is it true that A=, a)(f?,), where

~ gr
B, = (o, 00) : 6ol 2 =7, [[wollg = R(r) = Z—W2 ? (7.15)
0

If this is the case, the u-component of w(B,) can be regarded as an attractor at level r for the 2D NSE with
time varying force # whose LZ-norm remain fixed at r. The temperature component 6 on the attractor is then a
rearranged version of the initial temperature 6y. The problem with this picture is that an element of the omega
limit set is obtained as a weak limit of points S(¢)(wg ., 6o,,) With (g, 60.,) € Br. In the weak limit, the norms
might decrease, i.e., it is possible that

lim [|S(2) (o, Bo,n)llz2 > || lim S(2)(ao,n, 6o,n)ll2- (7.16)
n—>oo n—o0
This might destroy the simplistic pancake structure described above. Whether or not this happens, and if it does,
what its implication is for the asymptotic dynamics, are questions that remain open. Furthermore, although the
whole attractor is infinite dimensional, is there any kind of finite dimensionality in its constituent pieces A, ?
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