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Abstract

We present a construction of harmonic functions on bounded domains for the spectral fractional Laplacian operator and we
classify them in terms of their divergent profile at the boundary. This is used to establish and solve boundary value problems
associated with nonhomogeneous boundary conditions. We provide a weak-L! theory to show how problems with measure data at
the boundary and inside the domain are well-posed. We study linear and semilinear problems, performing a sub- and supersolution
method. We finally show the existence of large solutions for some power-like nonlinearities.
© 2016 Elsevier Masson SAS. All rights reserved.
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1. Introduction

Given a bounded domain 2 of the Euclidean space RY, the spectral fractional Laplacian operator (—Al|q)*, s €
(0, 1), is classically defined as a fractional power of the Laplacian with homogeneous Dirichlet boundary conditions,
seen as a self-adjoint operator in the Lebesgue space L2(£2), see (2) below. This provides a nonlocal operator of elliptic
type with homogeneous boundary conditions. Recent bibliography on this operator can be found e.g. in Bonforte, Sire
and Vazquez [5], Grubb [16], Caffarelli and Stinga [7], Servadei and Valdinoci [21].

One aspect of the theory is however left unanswered: the formulation of natural nonhomogeneous boundary condi-
tions. A first attempt can be found in the work of Dhifli, Maagli and Zribi [11]. The investigations that have resulted
in the present paper turn out, we hope, to shed some further light on this question. We provide a weak formulation,
which is well-posed in the sense of Hadamard, for linear problems of the form

(=Alg)'u = n  inQ,
1
L ¢ onod2 M
hi
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where h is a reference function, see (8) below, with prescribed singular behavior at the boundary. Namely, A is
bounded above and below by constant multiples of §~?~2%), where

8(x) 1= dist(x, 9Q)

is the distance to the boundary and the left-hand side of the boundary condition must be understood as a limit as §
converges to zero. In other words, unlike the classical Dirichlet problem for the Laplace operator, nonhomogeneous
boundary conditions must be singular. In addition, if the data u, { are smooth, the solution blows up at the fixed
rate 8~?~2%). This is very similar indeed to the theory of nonhomogeneous boundary conditions for the classical
(sometimes called “restricted”) fractional Laplacian — although in that case the blow-up rate is of order §~~%) — as
analyzed from different perspectives by Grubb [15] and the first author [1] of the present note. In fact, for the special
case of positive s-harmonic functions, that is when p = 0, the singular boundary condition was already identified
in previous works emphasizing the probabilistic and potential theoretic aspects of the problem: see e.g. Bogdan,
Byczkowski, Kulczycki, Ryznar, Song and Vondracek [4] for an explicit example in the framework of the classical
fractional Laplacian, as well as Song and Vondracek [24], Glover, Pop-Stojanovic, Rao, Sikié, Song and Vondracek
[13] and Song [23] for the spectral fractional Laplacian. Let us also mention the work of Guan [17], who considered
similar issues in the context of the regional fractional Laplacian and generalizations thereof.

Turning to nonlinear problems, even more singular boundary conditions arise: in the above system, if u = —u?”
for suitable values of p, one may choose { = +o00, in the sense that the solution # will blow up at a higher rate
with respect to §~2~2%) and controlled by the (scale-invariant) one §~2/(?~D_ Note that the value ¢ = +o0 is not
admissible for linear problems. This was already observed by the first author in the context of the fractional Laplacian,
see [2], clarifying earlier work by Felmer and Quaas [12] and this is what we prove here for the spectral fractional
Laplacian. Interestingly, the range of admissible exponents p is different according to which operator one works with.

1.1. Main results

For clarity, we list here the definitions and statements that we use, with reference to the sections of the paper where
the proofs can be found. First recall the definition of the spectral fractional Laplacian:

Definition 1. Let © ¢ RV a bounded domain and let {¢ i) jeN be a Hilbert basis of L2(2) consisting of eigenfunctions
of the Dirichlet Laplacian —A|g, associated to the eigenvalues A, j € N, ie.! @) € HO1 (2)NC>®(Q) and —Agp; =
Ajojin Q. Given s € (0, 1), consider the Hilbert space’

o0 o0
HQ2s):={v= Zﬁjgoj € LX) : Ivllf 05 = Z,\ﬁs 0;1° < o0
j=1 j=0

The spectral fractional Laplacian of u € H (2s) is the function belonging to L?(£2) given by the formula

o0
(—Al)'u =Y A%, ;. )
j=1

Note that C2°(Q2) C H(2s) — L?(Q). So, the operator (—A|q)* is unbounded, densely defined and with bounded
inverse (—A|g) ™" in L3(Q). Alternatively, for almost every x € €,

(=Al) u(x) = PV/[M(X) —u(J(x,y)dy + «c(x)u(x), 3
Q
where, letting pq(¢, x, y) denote the heat kernel of —A|q,

1 See Brezis [6, Theorem 9.31].
2 When Q is smooth, H (2s) coincides with the Sobolev space HZS(Q) if0<s <1/4, HSO(Q) if s € {1/4,3/4}, Hgs (£2) otherwise; see Lions
and Magenes [ 18, Theorems 11.6 and 11.7 pp. 70-72].
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d
J(x,y)= s)/mg:; D4 and K(x) = )/ /psz(t x,y)dy ﬂ% “)

are respectively the jumping kernel and the killing measure,” see Song, Vondradek [24, formulas (3.3) and (3.4)]. For
the reader’s convenience, we provide a proof of (3) in the Appendix. We assume from now on that

Q is of class C11,

In particular, sharp bounds are known for the heat kernel pg, see (27) below, and provide in turn sharp estimates for
J(x,y), see (33) below, so that the right-hand side of (3) remains well-defined for every x € 2 under the assumption
that u € Ciffs () N L'(2, 8(x)dx) for some & > 0. This allows us to define the spectral fractional Laplacian of
functions which do not vanish on the boundary of Q2. As a simple example, observe that the function # = 1 does not

belong to H(2s) if s > 1/4, yet it solves (1) for u =« and ¢ =0.

Definition 2. The Green function and the Poisson kernel of the spectral fractional Laplacian are defined respectively

by
oo
Golx,y) = %/pg(t,x,y)ts_l dt, X, yeEQ,x#y,se(0,1], 5)
0
and by
P3(x,y) = —aa—yG (x,y), xX€EN,ye, 6)

where v is the outward unit normal to 0€2.

In Section 2, we shall prove that PS‘?2 is well-defined (see Lemma 14) and review some useful identities involving
the Green function G¢, and the Poisson kernel Pg,. Now, let us define weak solutions of (1).
Definition 3. Consider the test function space
T(Q) = (—=Alg) " CZ(Q) (7
and the weight

hl(x)=/P§§(x,y)dU()’), x €. 3
aQ
Given two Radon measures u € M(R2) and ¢ € M (9Q2) with

/3(X)d|MI(X) < o0, 1£1(9€2) < oo, 9
Q

a function u € L}OC(Q) is a weak solution to

(~Al)u=p inQ

x_ ¢ onod2 (10)
hy
if, for any ¥ € T (),
s oy
/u(—mQ) Y = fwdu—/a—vdc (an
Q Q a0

3 In the language of potential theory of killed stochastic processes. Note that the integral in (3) must be understood in the sense of principal
values. To see this, look at (33).
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Remark 4. We emphasize that the boundary condition is encoded both in formula (11) and in the choice of test
functions 7 (€2). We shall prove on the one hand that* 7(Q) € C(} (), see Lemma 28, so that all integrals above
are well-defined indeed and on the other hand that all weak solutions enjoy the extra integrability condition u €
L! (2, 8(x)dx), see Lemma 5 below. In particular, equation (11) is a weak formulation of (10), as we state now.

Lemma 5.

1. (Weak solutions are distributional solutions) Assume that u € Lllo (&) is a weak solution of (10). Then in fact,
ue L' (Q,8(x)dx) and (—Alg) u = w in the sense of distributions i.e. for any ¥ € C (), s~ (=Alg) Y is
bounded and

/u(—Am)Sw:/wdu,
Q

Q

moreover the boundary condition holds in the sense that for every ¢ € C(Q)

hi(x)
{8(x)<t}

lim - / 1) 2y dx =/¢>(x> 4z (x)
0

whenever u € M(S2) satisfies (9) and ¢ € L1(Q).

2. (For smooth data, weak solutions are classical) Assume that u € L 110 - (82) is a weak solution of (10), where u €
C%(Q) for some a such that o + 25 ¢ N and ¢ € C(3R). Then, (—A|q)*u is well-defined by (3) for every x € ,
(—AlQ)u(x) = u(x) for all x € Q and for all xo € 0,

)
im = ¢ (x0)-
X;{Z\TO hi(x)

3. (Classical solutions are weak solutions) Assume that u € cxte (Q) is such thatu/hy € C(Q). Let = (—Alg)*u

loc

be given by (3) and { = u/h1|yq. Then, u is a weak solution of (10).

We present some facts about harmonic functions in Section 3 with an eye kept on their singular boundary trace in
Section 4. We prove the well-posedness of (10) in Section 5, namely

Theorem 6. Given two Radon measures u € M(RQ) and ¢ € M(0R2) such that (9) holds, there exists a unique function

ue L}OC(Q) which is a weak solution to (10). Moreover, for a.e. x € L,
u(x) = / (. y) du(y)+/P§z(x,y) de(y) (12)
Q Q2
and
lullLi@s00an < C N, s) (I8ullme + 18 I me) - (13)
In addition, the following estimates hold:
. N+1
lullLr@.smdx) < Cilldpllme) if¢=0andpe [1, m) (14)
lullce@ < Ca(lillz=w + I Mmoe) ifwo CCQanda e (0,2s) (15)
lullczsraz < C3(lntllce@) + I 1Impe)) foCCQand?2s +a ¢ N (16)

In the above C1 = C1(2, N, s, p), Co =C2(2,w, N, s,a), C3=C3(2,w, N, s, ).

4 Butit is not true that C2°() € T ().
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Remark 7. Note that the spectral fractional Laplacian shares the same interior regularity (15), (16) with the fractional
Laplacian (see Silvestre [22]) and the regional fractional Laplacian (see Mou and Yi [20]), since this is due to the
singularity rate of the kernel defining the operators, which is the same for the three of them. In the context of the
regional fractional Laplacian, a representation formula similar to (12) can be derived from Guan [17, Theorem 1.3].
Note that the asymptotic behavior of solutions near the boundary is yet again different in that context.

In Section 6 we solve nonlinear Dirichlet problems, by proving

Theorem 8. Let g(x,t) : @ x R™ — R™ be a Carathéodory function and h : RT — R™ a nondecreasing function
such that g(x,0) =0 and for a.e. x € Qand all t > 0,

0<g(x,1)<h(t)  where h(E > *)seL(Q)
Then, problem

(—Alg)’u= —g(x,u) inQ
u (17)
— = on 02
hi
has a solution u € L' (2, 8(x)dx) for any ¢ € C(3R), ¢ > 0. In addition, if t — g(x,t) is nondecreasing then the
solution is unique.

The above theorem and the linear theory that we developed are insufficient to encompass the large solutions that
can appear and which have a higher rate of explosion. Precisely, with Section 7 we prove

Theorem 9. Let

1
p€<1+s,—).
1—s

Then, there exists a function u € L' (2, 8(x)dx) N C*() solving

(—Alg)’'u= —u’ inQ,
u (18)
— = 400 o0nodf2
hi
in the following sense: the first equality holds pointwise and in the sense of distributions, the boundary condition is
understood as a pointwise limit. In addition, there exists a constant C = C(2, N, s, p) such that

Ogusca_ﬂzjl.

Remark 10. If one replaces the spectral fractional Laplacian by the classical fractional Laplacian (—A)*, then an
analogous of Theorem 9 holds for

1
p€<1+2s, 1“),

— S

see [2], as well as the pioneering works of Felmer and Quaas and Chen, Felmer and Quaas [12,8]. We suspect that
both exponent ranges are optimal.

2. Green function and Poisson kernel

5

In the following three lemmas,” we establish some useful identities for the Green function defined by (5).

5 Which hold even if the domain € is not C1-1.
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Lemma 11. (See [ 14, formula (17)].) Let f € L%(Q). For almost everyx € Q, GG(x,) f € LY(Q) and

(—A|Q)7Sf(x)=/ng(x,y)f(y) dy  fora.e xeX.
Q

Proof. If ¢; is an eigenfunction of —A|q, then

s—1

/Ga(x,y)wj(y) dy = / pa(t,x,y)p;(y)dydt

I'(s)
Q 0 Q
T =S °°s_ B B B
= /F(s)e )»/t@j(x)dl‘ = ﬁ(pj(x)/t le tdl = )Lj wj(x):(—Akz) <pj(X)
0 0

By linearity, if f € L?(2) is a linear combination of eigenvectors f = Z?”z 1 f;go , then

M M
[ 6o Y. Feidy = Y500,
Q j=1 j=1

and so, letting

of :=/ oGy fF() dy, (19)
Q
we have
M
IGGf i = Y25 IFIPAT =1 172 (20)
j=1

Thus the map G, : f — G§, f uniquely extends to a linear isometry from L?(Q) to H(2s), which coincides with
(—A|g)~*. It remains to prove that the identity (19) remains valid a.e. for f € L?>(2). By standard parabolic theory,
the function (¢, x) — fQ pa(t, x, y)dy is bounded (by 1) and smooth in [0, T'] x w for every T > 0, w CC 2. Hence,
forevery x € 2, G§,(x, ) € L'(Q). Assume first that f =y € C2°(2) and take a sequence {{y };cn in the linear span
of the eigenvectors {¢ j}j oy Such that {¥y };cy converges to ¢ in L?(2). The convergence is in fact uniform and so
(19) holds for f = 1. Indeed, by standard elliptic regularity, there exist constants C = C(N, ), k = k() such that
any eigenfunction satisfies

190 [l o) < (€2 llgjll 2@ = (CAE.
In particular, taking C larger if needed,

|2 =€ 1)
S llpoo(Q)

Now write ¥ = Z?il 1’/7 j¢; and fix m € N. Integrating by parts m times yields

~ 1 1 (=n" m
Y= WP/’:—; tﬁA%’:—r AYgj=...= G A"
J J j
Q Q Q Q
which implies that
~ A" ]2
) = ——m (22)
j

i.e. the spectral coefficients of {r converge to O faster than any polynomial. This and (21) imply that {y }; < converges
to ¥ uniformly, as claimed.
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Take at last f € L? and a sequence { Sitren in C°(L2) of nonnegative functions such that { fi }, <y converges to | f|
a.e. and in L2(Q). By (20), G fill 2 < |l fill 2 and by Fatou’s lemma, we deduce that G§,(x, -) f € LY(Q) for a.e.
x €  and the desired identity follows. O

Lemma 12. (See [ 14, formula (8)].) For a.e. x,y € €,
/Gé{s(x,é‘)Giz(E, ) dé =Gg(x, y) (23)
Q

Proof. Clearly, given an eigenfunction ¢;,
(=Ble) " (=Ble) o =14 g = (—ale) g;

so (—Alg) o (—A|Q)S’1 = (—A|Q)’1 in L2(). By the previous lemma and Fubini’s theorem, we deduce that for
peL*(Q)andae. x €,

fG}{s(x,E)G?z(E,y)w(y) dé dy=/G§2(xfy)9"(y) dy

Q2 Q

and so (23) holds almost everywhere. O
Lemma 13. For any € C°(2),

(=Bl Y = (=8) o (=Alg) 'Y = (=Alg)" ™ o (=) 24)
Proof. The identity clearly holds if ¢ is an eigenfunction. If ¢ € C2°(€2), its spectral coefficients have fast decay and

the result follows by writing the spectral decomposition of ¥. Indeed, thanks to (22) and (21), we may easily work by
density to establish (24). O

Let us turn to the definition and properties of the Poisson kernel. Recall that, for x € 2, y € 92, the Poisson kernel
of the Dirichlet Laplacian is given by

9
PL(x,y) = — . GH(x,y).
y

Lemma 14. The function

S 8 N
PQ(X,)’) = _81) GQ(xﬂy)
y

is well-defined for x € Q,y € 0Q and P&(x,-) € C(0R) for any x € Q. Furthermore, there exists a constant C > 0
depending on N, s, Q2 only such that

i 3(x) < Pi(x,y) < C 3(x) (25)
C|x — y|N+2=2s = @20 = |N+2-2s

and
/Gg—%x,wé(s,y) dE = PL(x, ). (26)

Q

Remark 15. When 2 is merely Lipschitz, one must work with the Martin kernel in place of the Poisson kernel, see
[13].
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Proof of Lemma 14. Take x,z € 2, y € 0R2. Then,

Gyl 1 |z — x>

s—1 _ 42 s—1
5 —F(S)(S(Z)Ofpg(t,x,z)t dt = F(s)rS(z)O pa(lz —x|"t,x,2)T°" dr.

Since Q has C1-! boundary, given x € Q, po(-, x,-) € C! ((0, +00) x ) and the following heat kernel bound holds
(cf. Davies, Simon and Zhang [9,10,25]):

3(x)8(y) Lyl 3(x)8(y) €1 —erli—y/i

[ ; ! cltN/ze <pa(t,x,y) < ; A1 N2¢ , (27)

where c1, ¢ are constants depending on €2, N only. So,
128

%m(m —xPPrx, T < Clz —x PN s () TN Re T (28)
and the reverse inequality

1 2s—N-2 s—2—N/2_—1/(c27) |z — x| 2 s—1

—lz— x| s(x)t e < ———pa(lz—x|"t,x, )7

Cc 3(2)

also holds for 7 > §(x)8(z)|z — x|™2. As z — y € 9, the right-hand-side of (28) obviously converges in
L'(0, 400, dT) so we may apply the generalized dominated convergence theorem to deduce that P (x,y) is well-
defined, satisfies (25) and

o0
9 G5 (x, 2) 1 9
PS(x,y)=——G%(x,y)=li Q% f— t,x,y) 'l dr.
o (X, ¥) o, o(x,y) Jim 5@ ro ] palt,x,y)
0

From this last formula we deduce also that, for any fixed x € €, the function P3(x, -) € C(9€2): indeed, having chosen
a sequence {yx }rcny C 0€2 converging to some y € 02, we have

7l dr

o0
1 d 0
| P& (x, yo) — P&(x, y)| < @/ )Wm(z,x, ) = 5= palt,x, )
y y
0

where, by (27)

d 1) 1)
‘a—”‘z“’x’ g )‘ = :zlv/z(ff emah Il < :IN% e forany y € 92,
Vy

so that |PSV2 (x, yi) — P3(x, y)| — 0 as k 1 oo by dominated convergence.

By similar arguments, G¢, is a continuous function on 52 \ {(x,y) :x =y}. And so, by (23), we have
~ L Gl 66 v ds = Py y)
v, Q g Qls,y = g, y).
Q

Let us compute the derivative of the left-hand side alternatively. We have

e GhED) [
/GQ (x,8) 5G) dé = f@t,§,2)ddé,
Q RtxQ

where, having fixed x € €,

1—s
Oa 8 g = Clx — g [L‘)‘S@) A 1} PN 2y el

T'(s)8(z) Ix — &2
For fixed ¢ > 0, and £ € Q\ B(y, &), z € B(y, ¢/2), we deduce that

f.§8,2)=
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ft,6,2) <Clx — g X N2 N2emee/l ¢ L1((0, +00) x Q).
Similarly, if # > ¢,

ft.&,2) <Clx —gP V27N 2 e L1((e, +00) x Q).

Now,
& +00
/”‘I—N—%—Q‘s?z‘zdtslé—ZIZS_N / S TITN2eme T gg,
0 0

Hence, there exists a constant C > 0 independent of ¢ such that

ft, &, 2)dt dE < Ce™™.
(0,6)x B(y,¢)

It follows from the above estimates and dominated convergence that

Phy=tim [ pgzdids = [ Gl o v 29)
(0,450)x9 Q
i.e. (26) holds. O

Remark 16. Thanks to the heat kernel bound (27), the following estimate also holds:
1 1 §(x)8 C d(x)é
LR S <1AL) (y2)> <Gh(x.y) < — (1/\ ) (yz)) (30)
Clx—y"== lx =yl lx —y|" 7 lx — vl

for some constant C = C(£2, N, s). Also observe for computational convenience that

l<1/\ S(x)ts(y)) - s(x)8(y) < <1A S(X)S(y)).
2 lx — yI? $()8(y) +lx — yI? lx — yI?

3. Harmonic functions and interior regularity

Definition 17. A function € L' (2, §(x)dx) is s-harmonic in  if for any ¥ € C2°(£2) there holds

/h(—Algw 0.

Q

The above definition makes sense thanks to the following lemma.

Lemma 18. For any ¢ € C°(Q), (—Alg)*y € Cé () and there exists a constant C = C(s, N, Q, ¥) > 0 such that

I(=Alg)*¥| < C8 in €. (3D
In addition, if >0, ¢ #£0, then
(=Alg)'y < —Cé in 2\ supp . (32)

Proof. Thanks to (21) and (22), (—Alg)’¢ € Cé (€) and

‘(—AIQ)SW
8

o0
sZ@WﬂH;’Hmmmo
j=1

and (31) follows. Let us turn to the case where { > 0, ¥ £ 0. By the heat kernel bound (27), there exists C =
C(2, N, s) > 0 such that
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1 [3(X)5(y) (33)

C|x _ y|N+2S
Now, we apply formula (3) and assume that x € Q \ suppyr. Denote by x* a point of maximum of { and let 2r =
dist(x*, supp ¥r). Then for y € B, (x*), it holds ¥ (y), 8(y) > ¢1 >0, |x — y| < ¢2 and so

A 1] <y <—2FC [S(X)‘S(y) A 1]

2 Nt2 2
lx — ¥l lx = yINF2 L x =yl

(—Alg)" ¥ (x) =— / v(y)J(x,y)dy
Q

<-C
lx —
By (x*)
<—-Cd(x). O

v(y) [S(X)(S(y) /\1} dy

N+2s 2
yINTE L =yl

Lemma 19. The function P(-,2) € LY(2, 8(x)dx) is s-harmonic in  for any fixed z € 9S2.
Proof. Thanks to (25), P4(-,2) € L'(2, 8(x)dx). Pick ¢ € C2°(2) and exploit (24):

/ Po(2) (=Al)* Y = / P& (- 2) (—Alg)* ' [—Ay].
Q Q
Applying Lemma 11, the Fubini’s Theorem and (26), the above quantity is equal to

/szc,z) (—2)y=0. 0O

Q

Lemma 20. For any finite Radon measure { € M(0%2), let

h(x) = /sz(x,z) d¢(z), x €Q. (34)
I

Then, h is s-harmonic in 2. In addition, there exists a constant C = C(N, s, ) > 0 such that

1Al L1 @.50)ax) < ClIEIM@9)- (35)
Conversely, for any s-harmonic function h € LY, 8(x)dx), h >0, there exists a finite Radon measure { € M),
¢ >0, such that (34) holds.
Proof. Since P(x, ) is continuous, / is well-defined. By (25),

d|¢|(z)
§(x)|h <C | ————
@A) < / T

Ele)

so that i € L' (€2, 8(x)dx) and (35) holds. Pick now v € CX(Q):

/h(x)(—mg)swmdx:/ /Pga(x,m(—mgfl/f(x)dx dc(z)=0
Q IR Q

in view of Lemma 19. Conversely, let & denote a nonnegative s-harmonic function. By Definition 17 and by equation
(24), we have for any ¥ € C2°(R2)

0=/h(X)(—A|Q)SW(X)dxZ/h(X)(—AIQ)S_l0(—A)w(x)dx =

Q Q

= [ | [ b omede | -opwax,

Q Q
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so that fQ G;{s (x, &)h(&)déE is a (standard) nonnegative harmonic function. In particular (cf. e.g. [3, Corollary 6.15]),

there exists a finite Radon measure ¢ € M (9€2) such that fQ G}Z_S (x,&h(&)dE = fm Pé (x, ¥)d¢(y). We now exploit
equation (26) to deduce that

f GLo (. 8) | hie) - f PY(E. y)de(y) | dE =o0.
Q 02
Since

1
[oreo { [clwome de |ax= [n-s10r o=~ [hor<cc,
1

Q Q Q Q

it holds fQ Gslz_s (x, E)h(E)dE € C®(Q)NL' (2, §(x)dx). Thanks to (30), we are allowed to let G4 actonit. By (23),
this leads to

/G&(x,@ h(é)—/Pa@,y)dc(y) dg =0.
Q o
Take at last ¥ € C2°(R2) and ¢ = (—A|Q)_11/f. Then,

0= [ | [ Ghexo) |ne) - [ Pacendce | de [ar= [we | e [ Paendco |as
Q Q a0 Q aQ
and so (34) holds a.e. and in fact everywhere thanks to Lemma 21 below. O

We turn now to the proof of some interior regularity estimates which will be later used to establish Lemma 5 on
the relationship between classical and weak solutions. Similar and related results are contained in Mou and Yi [20],
but for a different operator—the regional fractional Laplacian. As in [20, Theorems B, C and D], the idea here is to
reduce the analysis to the fractional Laplacian case, as treated by Silvestre [22].

Lemma 21. Take o > 0 such that 2s +« ¢ Nand f € C% (Q). Ifu € LY(Q2, §(x)dx) solves

loc
(=Alp)'u=f  inD(Q),
then u € Clz(fj“ (), the above equation holds pointwise, and given any compact sets K CC K' CC Q, there exists a
constant C =C(s, N, «a, K, K', Q) such that
leell c2se iy < € (I llcacry + lell L1 51 -

Similarly, if f € L}.(2) and a € (0, 2s),

lullceky =C (||f||L°°(K’) + ||M||L1(Q,,s(x)dx))-
In particular, if h is s-harmonic, then h € C*°(2) and the equality (—Alg)* h(x) = 0 holds at every point x € Q.

Proof. We only prove the former inequality, the proof of the latter follows mutatis mutandis. Given x € €, let

v(x) = / G}Z_S(x, Vu(y)dy.
Q
Observe that v is well-defined and
||U||L1(Q,5(x)dx) <C(Q,N, S)||u||L1(Q,5(x)dx)~ (36)

Indeed, letting ¢ > 0 denote an eigenvector associated to the principal eigenvalue of the Laplace operator, it follows
from the Fubini’s theorem and Lemma 11 that
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fsol (x)/G};S(x, V) lu(ldydx =" / lu(y)| @1 (y)dy.
Q Q

Q
In addition, —Av = f in D'(R2), since for ¢ € CX (),

/v(—A)<p=fu(—Alsz)S<p,

Q Q
thanks to the Fubini’s theorem, equation (24), Lemma 11 and Definition 17. Observe now that if ¢ € C2°(£2), then

400
_ s _ — e tAla
(1) o= [ 1<7"’ : ‘”)m.
0

The above identity is straightforward if ¢ is an eigenfunction and remains true for ¢ € C°(2) by density, using the
fast decay of spectral coefficients, see (22). So,

/u¢dx=/v(—A|Q)l_S¢dx =

Q Q
x N
— - Q
= //vt‘v_l g—e ¢ dtdx =
T(—s) P
0

_tAlSZU
_ s—1
= Fi )//"” (=5 ara
1 tAle
sy
F(l—s)

Choose f € CX(R") such that f = f in K', || fl cagry < CIl fllce (k) and let

and

() = s / x =y~ NF(y) dy

solve (—A)*uw = f in RV It is well-known (see e.g. [22]) that lull costo @y < C ||7||Cu(RN), for a constant C depend-
ing only on s, «, N and the measure of the support of f. It remains to estimate u — . Letting

70 =ew.ios [ e = 3"V 20 Dw) dy,
RN
we have as previously that —A7 = f and

+00

S — / ot (LT
-y : ’
0

- _ oy
where this time e /2T (x) = W fRN e~ T v(y) dy. Hence,

ra —s)(u . Tots—l <(v—5) _e—tA(v—ﬁ))d - Tos 1<e—tAIQv —e—tAv) "
s t t
0

0
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Fix a compact set K such that K cC K” cC K’. Since v — v is harmonic in K’,

||U — §||C2:+a+2(K//) < C”U - E”LI(K/) < C||u||L'(Q,5(x)dx)'

By parabolic regularity,
+oo
(=) —e P (v —D)
/ 71 < p dt = Cllullpr@.s()dn -
0

C2s+a (K)

In addition, the function w = e ~2ley — e~ *27 solves the heat equation inside €2 with initial condition w(0, -) = v —".

Since A(v — ) =01in K’, it follows from parabolic regularity again that w(¢, x)/f remains bounded in C>*%(K) as
t — 07, so that again

+00

—tA|Q _ —tA=
s—1(¢€ vTe v
/ /5 <f) dt = Cllullp@,s(x)dx)- =

CZH'“(K)

Lemma 22. Take « > 0, « ¢ N, and u € C25+°‘(Q) N LY(, 8(x)dx). Given any compact set K CC K' CC K, there

loc
exists a constant C =C(s, N, o, K, K', Q) such that

I(=Alg) ullcek) < € (Iull casraxrn + ull L1 @5y -

Proof. With a slight abuse of notation, we write

(—Alg) uir) = / G5 () u(y) dy.
Q

By Lemma 21 we have

I(=Ale) ™ ullc2vagy < C (||u||czs+a<,«> + ||(—A|Q>S*1u||y<g,,;(x>dx)) <
< C (llullcasracrn + 1l L1 (@500 -
Obviously it holds also
I(=2) o (—Alg)* ullcex) < I(—Alg) ™ ullc2iak)-
By (24),
(—A) o (—Alg) 'u=(-Alg)u  inD(Q),

which concludes the proof. O

Proposition 23. Let f € L' (2, 8(x)dx) and u € L} (). The function

loc

M(X)Z/Giz(x,y)f(y) dy

Q

N +1
bel to LP(2,8(x)d l, —— ).
elongs to LP( (x) x)foranype[ N+1—2s>

Proof. We start by applying the Jensen’s Inequality,

p

Go 0|50 £ (o) dy,

14
f GL, ) O Ay <1156 s / ‘W
@ Q

so that
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p

Gateo )\ 5

p P —
Qf|u(x)| 8(x)dx§||f||LI(Q,5(x)dx);l€ng/‘ 5(y)

and by (30) we have to estimate

1 S(x)Pt!
Sup N—25)p > 7
vea) lx — yl Pl = yP4+8x)8()]
Pick ¢ > 0. Clearly,

1 §(x)Pt!
sup N_29p 2 P
resmze) ) x =l P lx =y 4+ 8x)8(y)]

Thanks to Lemma 40, we may now reduce to the case where the boundary is flat, i.e. when in a neighborhood A
of a given point y € 2 such that §(y) < &, there holds AN 92 C {yy =0} and AN Q2 C {yy > 0}. Without loss of
generality, we assume that y = (0, yy) and x = (x’, xy) € B x (0,1) C RN-1 x R. We are left with proving that

p+1

1
1 X
dx’/de . N
B/ ; [Ix12 + |xy — yj\rlz](]\HS)p/2 [Ix'?+ lxn — yn P+ xnyn]”

is a bounded quantity. Make the change of variables xy = yyt and pass to polar coordinates in x’, with |x’| = yyp.
Then, the above integral becomes

Iyn  1/yn
—(N+1-25)p+N+1 d d 1Y
N o t — : .

N-2 tp+1

(37
0 0

Now, we split the integral in the ¢ variable into fol/ 24 /; 13/22 + fsl/zy V. Note that the exponent —(N + 1 —2s)p+ N +1
is positive for p < (N + 1)/(N + 1 — 2s). We drop multiplicative constants in the computations that follow. The first
integral is bounded above by a constant multiple of

1/yn 1/2 1/yn

/ dp/dt pN(;sz) 72 T2 o RS / dp p(]jvfz 25)p/2
2 TP +1+¢]7 7 2 —25)p

5o 2] (o | N V)

which remains bounded as yy | O since

N —1
The second integral is of the order of
Iyn  3/2 N2 :
/ dp/dt e 1|2](N72S)p/2 . T 1]” =
0 1/2 p
Iyn 172 N2 |
= /d,o/dt 2 1 N2902 T2 1 117
b0 [P [p? +1]
1/yn pN_]_(N_zs)p 1/(2p) |

Il
—
>

[ +1]" @ [14 2]V 72002

pN—1=(N=25)p

[0?+1]"

N
0\8 o
s
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which is finite since p < (N +1)/(N +1 —2s) < N/(N — 2s) implies N -1 — (N —2s)p> —land p>1 >
N/(N +2—2s) implies2p— N+ 1+ (N —2s)p > 1.
We are left with the third integral which is controlled by

L/yn 1/yn

dp p™~ /dt <
2 2 (N+2—2S)p/2
9 (0% +12]

(=)
—_
~

YN 1/(ynp)

d,O pN—(N+1—2S)p dt

](N+2—25)17/2

IA
S

1412
3/(2p) [ +

—
~

YN

< N—(N+1-2s)p

dp p

S

The exponent N — (N + 1 —2s)p > —1 since p < (N + 1)/(N + 1 — 2s), so this third integral is bounded above by
a constant multiple of y Nl N+INHI=29P G hich simplifies with the factor in front of (37). O

4. Boundary behavior

We first provide the boundary behavior of the reference function /. Afterwards, in Proposition 25 below, we will
deal with the weighted trace left on the boundary by harmonic functions induced by continuous boundary data.

Lemma 24. Let hy be given by (8). There exists a constant C = C(N, 2, s) > 0 such that
éa—@—%‘) <h <C§ @29, (38)

Proof. Restrict without loss of generality to the case where x lies in a neighborhood of 9<Q2. Take x* € 92 such that
|x — x*| = 8(x), which exists by compactness of Q. Take I' C d€2 a neighborhood of x* in the topology of 9<2. By
Lemma 40 in the Appendix, we can think of I' C {xy =0}, x* =0 and x = (0, 8(x)) € R¥~! x R without loss of
generality. in such a way that it is possible to compute

8(x) 8(x) /
/|x Z|N+2 2s do(z) = /H /|2+5(x)2 N/24+1-s dz..

Recalling (25), we have reduced the estimate to

/ P3(x,2)do(2) <

FYe)
o (x) d7 S(x)tN=2 J
T ) U212 A+ S(x)2N /2 s T = [t2+5(x)2 Nai=s 1
r/8(x) 8(x)N[N_2 - r/8(x) N2,
N S — -
[8(x)2¢2 4 8 (x)2|NV/2+1-s dt =< 4(x) / [£2 4+ [[N/2+1=s

and this concludes the proof, since

r/8(x)
tN=2 4t
[t2 4 1]N/2+1—s =1. U
0
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In the following we will use the notation

Q8 = _/Péi(-,e)g(O) do ()
a2

where o denotes the Hausdorff measure on 9€2, whenever g € LY(Q).

Proposition 25. Let ¢ € C(0S2). Then, for any z € 922,
]P)ézé’(x) xeQ
—
h(x) oz

’(2) uniformly on 992. (39)

Proof. Let us write

PG (x)
hi(x)

h1(x)¢(z)
hi(x)

1 S
—((Z)‘Z m/Pg(x,G){(e)dff@)—

6
e )/Pg(x 0)I1¢(0) — ¢(2)| do(6) < C8(x)*~ 2?/%@@ =

0
< Csx )/7";( o),

IA

It suffices now to repeat the computations in [1, Lemma 3.1.5] to show that the obtained quantity converges to O as
x—>z. 0O

With an approximation argument started from the last Proposition, we can deal with a ¢ € L!(32) datum.

Theorem 26. For any ¢ € L' (dQ2) and any ¢ € C°(Q) it holds

I P (x)
; f afs ¢<x)dxw—o>/¢(y>c(y>do<y>.
0

{8(x)=t}
Proof. For a general ¢ € L'(3K2), consider a sequence {{k}rey C C(9€2) such that

/ %0 = 0l da) >0, 40)

For any fixed k € N, we have

! Py¢(x)
t / hi(x) ox )dx_/¢(x)§(x)do(x)
{8(x)<t}
1 P4 ¢ (x) — PL Lk (x)
; / h1(x) ¢()C) dx (41)
{8(x)<t}
1 Ps
+ |- f Qlk(x)(p( )dx—/q)(x)gk(x) do (x) )
t hi(x)

{§(x)<t}

+ /¢>(X)§k(X)dG(X)—/¢(X)§(X) do(x)|. (43)
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Call Ay := ¢k — ¢: the term (41) equals

1 Ps Ak(x) 1 PSSZ(xv y)
7 / Thioy SR do)= / - / S dx [ () do ()
{§(x)<t} PYe) 1800 <t}

Call

1 P,
O(1,y) =~ / h(f )y)¢()d
{8(x)<t}

Combining equations (25), (38) and the boundedness of ¢, we can prove that @ is uniformly bounded in ¢ and y.
Indeed,

|®(t, y)| <

191l / |5(X)32S g < 1Pl=@) / 8

—————dx —
t x_y|N+2—2s - t |x—y|N
{6(x)<t} {8(x)<t}
and reducing our attention to the flat case (see Lemma 40 in the Appendix for the complete justification) we estimate
(the * superscript denotes an object living in RV 1)

// |x/|2 e =T /f |§|2 [ep+ 12 /_1 W'

I/AN
Thus fasz (¢, y) i (y)do (y) is arbitrarily small in k in view of (40).
The term (42) converges to 0 as ¢ |, 0 because the convergence

P& Ck(x) xeQ
o) P > @9 @)

is uniform in z € 92 in view of Proposition 25.
Finally, the term (43) is arbitrarily small with & 1 400, because of (40). This concludes the proof of the theorem,
because

|1 Poe(x)
tim / 2w ds /¢(x>;(x>do(x> <
{8(x)<t}

< ||<I>||L°<>((0,ro)xasz)/ICk(y)—é“()’)ldU(y)-i-||¢||L°°(asz)/|§k(y)—§(y)|d0()’)

and letting k 1 400 we deduce the thesis as a consequence of (40). O
Moreover we have also
Theorem 27. For any v € M(L2), such that

/8d|u| < o0, (44)

Q

and any ¢ € CY(Q) it holds

1 Ghu(x)
7 / e PO g Y “

{8(x)=r}
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Proof. By using the Jordan decomposition of . = u* — u ™ into its positive and negative part, we can suppose without
loss of generality that u > 0. Fix some s’ € (0, s A 1/2). Exchanging the order of integration we claim that

Q) 8(x)* Pdx < {Ctz_zs/fs(”zsﬁ(y) > 1 »
{8(x)<t} Cté(y) S(y) <t

where C = C(N, 2, s) and does not depend on ¢, which yields

1 v v
—/ f Go(x, y)h(x) du(y) < Ct!=2 / (N> du(y)+C f S du(y).

t
Q \{s(x)<t} (8=t} {8(x)<t}

The second addend converges to 0 as ¢ | 0 by (44). Since tl_zs/é(y)zs/ converges pointwisely to 0 in 2 as ¢ | 0 and
tl_zs/é(y)zs/ < 48(y) in {8(y) > t}, then the first addend converges to O by dominated convergence. This suffices to
deduce our thesis (45).

Let us turn now to the proof of the claimed estimate (46). For the first part we refer to [11, Proposition 7] to say

_E‘z(x’ y) 8(x)272de < l2723/ / Gz’z(-xv y) 8(x)72$+23/dx < Ct2723/ (st/.
{8()=1} {8()=t}
We focus our attention on the case where 9<2 is locally flat, i.e. we suppose that in a neighborhood A of y it holds
ANaQ C {xy =0} (see Lemma 40 in the Appendix to reduce the general case to this one). So, since §(x) = xy

and retrieving estimate (30) on the Green function, we are dealing with (the ’ superscript denotes objects that live in
RN —1 )

/ / X x?v - . dx’ dxy
5w X" = y'12+ (xn — yn)2 + XN YN [Ix =¥+ (xn — yN)z](N_zs)/2
"y

From now on we drop multiplicative constants depending only on N and s. Suppose without loss of generality y’ = 0.
Set xy = yyn and switch to polar coordinates in the x’ variable:

o 5 2s 3 2s N zdr
dn
/ / +yN(7]—1)2+nyN [ 2+y12v(n_1)2](N—2s)/2

and then set » = yy p to get

t/yn 1/yn
W / nH‘Yf A . dp dn <
0 0 [Pz + (- 1)2](1\1_23)/2 PP+ =12 +1
t/yn 1/yn J
2 3-2s p P
=yv [ 7 3973 3 5— dn.
g S (o2 = 2] P (=12

Consider now s € (1/2, 1). The integral in the p variable is less than

L/yn

P —342s
dp <|n—1|
5-25)/2
[p2+ (= 12>

so that, integrating in the n variable,

0

t/yN

2 3-2s |

Y / P =1 dny <t yy
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and we prove (46) in the case s € (1/2, 1). Now we study the case s € (0, 1/2]. Split the integration in the 5 variable
into f02 and le/ YN the latter can be treated in the same way as above. For the other one we exploit the inequality
P24+ m—12+n=> % to deduce®:

2 ‘ 3-2s o o dp

yNo/n 0 (02 + (n - 1)2+,,](3—2s)/2 T2 (—1)2 dn <
< nyz;ﬁ_zS lfN P dp dn<y2/2ﬂd7’}<y2
) No 0 [02 4+ (n — 1)2]°>2 = NO o =

Note now that, in our set of assumptions, yy = §(y) < t. So y12V <tyy and we get to the desired conclusion (46) also
inthe case s € (0,1/2]. O

5. The Dirichlet problem
Recall the definition of test functions (7).

Lemma 28. 7(Q2) C C(% () N C>®(RQ). Moreover;, for any ¥ € T(RQ) and z € 3L,

a
_8_¢(Z) = [Pgsz(y,Z)(—Alg)stﬂ(y) dy. (47)

v
Q

Proof. Take ¢ € T(2) and let f = (—Alg)* . Since f € C2°(£2), the spectral coefficients of f have fast decay (see

(22)) and so the same holds true for 1. It follows that i € CO1 (R) and T(Q) C Cé (2). By Lemma 11, for all x € Q,

v = [ Ghw ) FO)dy
Q
Using Lemma 14, (28) and the dominated convergence theorem, (47) follows.

Since (—A|g)* is self-adjoint in H (2s), we know that the equality (—A|g) ¥ = f holds in D’(£2) and the interior
regularity follows from Lemma 21. O

Lemma 29 (Maximum principle for classical solutions). Let u € CIZ(;‘CJ“s(Q) NLY(Q, 8(x)dx) such that
(—Alg)’u=>0 inQ, liminfu(x) > 0.

x—>0Q
Then u > 0 in Q. In particular this holds when u € T (R2).
Proof. Suppose x* € Q such that u(x*) = ngnu < 0. Then
(—Alg) u(x™) = f[u(x*) —u(M1J(x,y)dy +x(x"u(x*) <0,

Q
a contradiction. 0O

Lemma 30 (Maximum principle for weak solutions). Let u € M(R2), { € M(0R2) be two Radon measures satisfying
(9) with u > 0 and ¢ > 0. Consider u € L}OC(Q) a weak solution to the Dirichlet problem (10). Then u > 0 a.e. in Q.

Proof. Take f € C°(R2), f =0 and ¥ = (—Alg)* f € T(R2). By Lemma 29, ¢ > 0 in Q and by Lemma 28
—% > 0 on 9. Thus, by (11), fQ uf > 0. Since this is true for every f € C2°(2), the result follows. O

6 In the computation that follows, in the particular case s = % the term |1 — r]|2s*1 must be replaced by —In |1 — n|, but this is harmless.
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5.1. Proof of Theorem 6

Uniqueness is a direct consequence of the comparison principle, Lemma 30. Let us prove that formula (12) defines
the desired weak solution. Observe that if u is given by (12), then u € LY, 8(x)dx). Indeed,

f 015) / Gy (v, ()| dx < / / G (x. Vo1 (1)dx dl(y)
Q Q Q

Q
=5 @ M dlpl(y) = Clidpll mee) (48)
1
Q

This, along with Lemma 20, proves that u € L'(2, 8(x)dx) and (13). Now, pick ¥ € T (2) and compute, via the
Fubini’s Theorem, LLemma 11 and Lemma 28,

/M(X)(—AIQ)W(X) dx =

Q

=/ / o, »du(y) (—AIQ)‘YI/f(X)der/ /Pssz(x,z)dE(Z) (—Ale)'¢(x) dx =

Q Q Q Ve

/ / (. M(=Alg)’ ¥ (x) dx du(y)Jr/ /Pé(x,Z)(—AIQ)SW(X)dx di(z) =

Q Q Q2 \Q

0
/ PO du(y) - / a—‘f(z) ic. O
Q

Q2

5.2. Proof of Lemma 5

Proof of 1. Consider a sequence {ni}xeny C C2°(£2) of bump functions such that 0 <n; <... < < g1 <... <1
and 7 (x) 1 xq(x) as k 1 co. Consider ¥ € C2°(2) and define fi := i (—Alg) ¥ € C°(Q), ¥ :=(—Alg) "  fr €
T(2).

Let us first note that the integral

/u(—mg)sw
Q

makes sense in view of (31) and (13). The sequence { fi }; < trivially converges a.e. to (—A|g)* ¥, while

[V (x) =¥ ()] < / o WI(=AI* ¥ (M- (1 —mk(y)) dy
Q

converges to 0 for any x € 2 by dominated convergence. Since u is a weak solution, it holds
Yk
/Mfk = /kadu—/ld(-
av
Q Q E]9)
By dominated convergence [ u fi = [qu(—Alg)’ ¥ and [ Y diw — [o ¥ dp. Indeed for any k € N,

(=AlQ)° ¥
»1

1
[fil < 1(=AlQ) ¥ and |1/fk|5AT o,
1

Lo ()

where the latter inequality follows from the maximum principle or the representation formula ¥ (x) =
fQ G§(x,y) fr(y)dy. Finally, the convergence
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d
/ ﬂ dt ——0
ov ktoo
aQ
holds by dominated convergence, since
Vg / )
TR dr = s
/ Iy ¢ ot Ji
30 Q
by the Fubini’s Theorem, and P ¢ € L1(Q, 8(x)dx) while | fi] < [(—Alg)*¥| < C8 by Lemma 18, so that

/szé“fkk—T;j/PECf=0
Q

Q

because P, ¢ is s-harmonic and f € C°(L).

The proof of the boundary trace can be found in Theorems 26 and 27, by recalling the representation formula
provided by Theorem 6 for the solution to (10). O
Proof of 2. Recall that u is represented by

u<x>=/G§2(x,ym<y)dy+/Pgé(x,ymy)do(y).
Q o

By Point 1. and Lemma 21, u € c};j“(sz). Moreover, u € L1(2, 8(x)dx) thanks to (13). So, we can pointwisely

compute (—A|g) u by using (3) and (A.1): this entails by the self-adjointness of the operator in (A.1) that
/ (—AlgYuy = f u(~Alg)y = / wy,  forany ¢ € CX(Q)
Q Q Q

and we must conclude that (—A|g)*u = u a.e. By continuity the equality holds everywhere.
We turn now to the boundary trace. The contribution given by Gg,u is irrelevant, because it is a bounded function
as it follows from

dy
|Gou(x)] SCIIMIILDO(Q)/——
J |x_y|N 2s

where we have used (30). Therefore, by Propositions 25, there also holds for all xo € 9€2,
ulx) Gou(x) +Pge(x)

x—>x0,x€Q h1(x) T x> xp.e hi(x)

Proof of 3. By Lemma 22 n € Cj .(2). In addition, we have assumed that ¢ € C(3€2). Consider

¢ (x0)- O

v(x) =f £ (6 y) uy) dy + / PY(x.2)¢(2) do (2)
Q a2

the weak solution associated to data u and ¢. By the previous point of the Lemma, v is a classical solution to the
equation, so that in a pointwise sense it holds

u—v
hy
By applying Lemma 29 we conclude that [u — v| < eh forany ¢ > Oand thusu —v=0. O

=0 ondQ.

(—Al) w—v)=0 in<Q,

6. The nonlinear problem

Lemma 31 (Kato’s inequality). For f € L' (R, 8(x)dx) let w € L' (R, §(x)dx) weakly solve

(—Aly'w=f inQ

Y o0 ono@
— = on .
hy
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For any convex ®:R - R, & € CZ(R) such that ®(0) =0 and ®(w) € L1 (), it holds

loc
(—Alg)’ @ (w) < @' (w)(—Alg) w.

Moreover, the same holds for ®(t) =tT =t AOQ.

Proof. Let us first assume that f € C7 (£2). In this case, by Lemma 21, w € Clz(fj“(Q) and the equality (—A|g)*w =
f holds in a pointwise sense. Then

(—Alg) Pow(x) = /[q>(w(X)) — ®(wyN]J(x,y)dy + Kk (x) P(w(x))
Q

= CD/(w(X))/[w(X) — w1 J(x,y)dy 4k (x) P(w(x))
Q

1
_ / [w(x) — w P I, y) / O (w(x) + 1lw(y) — w1 1) di dy
Q 0

< @'(w(x)) (—Alg) w(x)
where we have used that ®” > 0 in R and that ®'(r) < r®(¢), which follows from & (0) = 0.
We deal now with f € L°°(R2). Pick {f./}jeN C CZ°(R2) converging to f in LY (2, 8(x),dx) and bounded in

L*(£2). The corresponding {w; = Gszj}jeN converges to w in LY(Q, 8(x)dx), is bounded in L*(£2) and without
loss of generality we assume that f; — f and w; — w a.e. in 2. We know that for any ¢ € T(2), ¥ >0

/cb(wj)(_Ak])st/fj ' (w))y.

Q Q

By the continuity of ® and &’ we have ®(w;) - ®(w), ®'(w;) - P'(w) ae. in Q and that {®(w;)}
{CIJ’(wj)}jEN are bounded in L°°(2). Since {fj}jeN is converging to f in L' (€2, §(x)dx), then

jeN»

/q’(wj)(—ﬁkz)slﬁ—>/¢(w)(—A|Q)SW and /fj q’/(wj)lﬁ—)/f‘l’/(w)w
Q Q Q Q

by dominated convergence.

For a general f € LY, 8(x)dx) define fik=(fAJ)V(=k), j, k € N. Also, split the expression of & = &1 — P,
into the difference of two increasing function: this can be done in the following way. The function @’ is continuous
and increasing in R, so that it can either have constant sign or there exists 7o € R such that ®'(¢p) = 0. If it has constant

sign than @ can be increasing or decreasing and we can choose respectively &1 = @, &, =0 or &; =0, Py = — .
Otherwise we can take
®@) t>1 0 t>1
d1(t) = and Or(t) = .
Do) t=1 D(to) —P() =<t

We already know that for any ¢ € 7 (), ¥ >0
/ P(wj) (—Al) ¥ < / fik @ (wj .
Q

Q

On the right-hand side we can use twice the monotone convergence, letting j 1 oo first and then k 1 co. On the left
hand side, by writing ® = &; — &, again we can exploit several times the monotone convergence by splitting

/@(w,»,w(—mg)sw =/<1>1(w,~,k> [(—al) T —/cbl(wj,k) [(—Ale) ¥l +
Q Q Q
- / ®r(w ;) [(—Al) Y1 + f By w0 [(~Al) Y]
Q Q
to deduce the thesis.



N. Abatangelo, L. Dupaigne / Ann. I. H. Poincaré — AN 34 (2017) 439-467 461

Finally, note that ®(¢) =t can be monotonically approximated by

L/, 1 &t 1
q)j(l‘)zz I+j—2+§—2—j

which is convex, C2 and ®;(0)=0.So

/<I>j<w> (—Alg)'y < / £y,
Q Q
Since & () 1 tT and 2<I>’I.(t) P 1 4sgn(t) =2x0,+00)(t), we prove the last statement of the Lemma. O

Theorem 32. Let f(x,t): Q2 x R —> R be a Carathéodory function. Assume that there exists a subsolution and a
supersolution u, € L'(2, 8(x)dx) N L.(RQ) to

loc

(Al 'u=f(x,u) inQ

4
! on AQ “49)
hy

Assume in addition that f(-,v) € L! (2, 8(x)dx) for every v € L! (2, 8(x)dx) such that u < v <u a.e. Then, there
exist weak solutions uy,us € LY(2, §(x)dx) in [u, u] such that any solution in the interval [u, u] satisfies

Uu<ui<u=zuy=<u a.e.

Moreover, if the nonlinearity f is decreasing in the second variable, then the solution is unique.

Proof. According to Montenegro and Ponce [19], the mapping v +— F (-, v), where
F(x,t):= f(x,[t Au(x)] Vulx)), x e, telR,

acts continuously from L'(2, 8(x)dx) into itself. In addition, the operator
K2 LY, 8(x)dx) — LY, 8(x)dx)

v(x) '—>lC(v)(x)=fG§z(x,y)F(y,v(y))dy
Q

is compact. Indeed, take a bounded sequence {v,}, ¢y in L'(2,8(x)dx). Ona compact set K CC €2, u, u are essen-
tially bounded and so must be the sequence {F (-, vy)},cn. By Theorem 6 and Lemma 21, {]C(v,)},cn is bounded in
C;’(‘JC(K) NLP(Q,8(x)dx), pe[l,(N+1)/(N + 1~ 2s)). In particular, a subsequence {v,,}, . converges locally
uniformly to some v. By Holder’s inequality, we also have

”Unk - v”Ll(Q\K,(S(x)dx) = ”Unk - v”LP(Q\K,S(x)dx) ”]lSZ\K ”Lp’(Q\K,g(x)dx)-
Hence,

e = Vi1 @ sydx) = N0ne = Vil s00an 181 L1 @) + CliLavk | L @\ k (x)dx-

Letting k — +o00 and then K — €2, we deduce that /C is compact and by the Schauder’s Fixed Point Theorem, /C has
a fixed point u € L' (R, §(x)dx). We then may prove that u < u < & by means of the Kato’s Inequality (Lemma 31)
as it is done in [19], which yields that u is a solution of (49).

The proof of the existence of the minimal and a maximal solution u 1, u» € L'($2, §(x)dx) can be performed in an
analogous way as in [19], as the only needed tool is the Kato’s Inequality.

As for the uniqueness, suppose f is decreasing in the second variable and consider two solutions u,v €
LY (2, 8(x)dx) to (49). By the Kato’s Inequality Lemma 31, we have

(A1) (=) < xpusulfr,u) — f(x,0)] <0 inQ

which implies (u — v)* < 0 by the Maximum Principle Lemma 30. Reversing the roles of u and v, we get also
w—uwt<0,thusu=vinQ. O
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6.1. Proof of Theorem 8

Problem (17) is equivalent to
(—Alg)Yv=gx PGt —v) inQ
50
Y 0 on 9€2 (50)
hi
that possesses u = P, ¢ as a supersolution and u = 0 as a subsolution. Indeed, by equation (38) we have
0 <Pgue < lIglle(@ht < ClIE L@~
Thus any v € L'(2,8(x)dx) such that 0 < v < PS¢ satisfies
g(x,v) <h(v) <h(es~ 2y e LY(Q, 8(x)dx).
So, all hypotheses of Theorem 32 are satisfied and the result follows. O

7. Large solutions

Consider the sequence {u j}j < built by solving

(—Alg)u;= —uf in Q
- 51
u—]=j on 9€2. G
hi

Theorem 8 guarantees the existence of such a sequence if §=2=29r ¢ L1(Q, §(x)dx), i.e. p <1/(1 —s). We claim
that the sequence is increasing in €2: indeed the solution to problem (51) is a subsolution for the same problem with
boundary datum j + 1. In view of this, the sequence {u} jcn admits a pointwise limit, possibly infinite.

7.1. Construction of a supersolution

Lemma 33. There exist 6o, C > 0 such that
2s

(—Alg)'8™ > =C87%,  ford<dpanda = pat

Proof. We use the expression in equation (3). Obviously,

(—Alg)'8 " (x) = /[5(16)_“ =8 (x, ) dy +8(x) Yk (x) = /[5(X)_°‘ =8N N (x,y)dy.
Q Q
For any fixed x € Q close to 9€2, split the domain €2 into three parts:

Q= yeQ:S(y)z%t?(x)},

Q= yeQ:%S(x)<8(y)<%8(x)},

Q= yeQ:S(y)S%b‘(x)}-

For y € Q, since §(y) > §(x), it holds §(x)™* — §(y) ™ > 0 and we can drop the integral on 2. Also, since it holds
by equation (33)
J(x,y) < m,

the integration on €2 can be performed as in [2, Second step in Proposition 6] providing
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PVf[S(X)_“ — 8N I (x, ) dy = —C8(x) ™% = —C8(x) .
Q)

To integrate on 23 we exploit once again (33) under the form
8(x)8(y)

R R e
to deduce
_ _ sy
/[S(x) =3y “]J(x,y)dyz—CS(x)/u_y'w.
Q3 Q3

Again, a direct computation as in [2, Third step in Proposition 6] yields

/[a(x)—“ —8(y) N J(x,y)dy>—C8(x)" 42 =—C8(x)"*. ]
Q3

Lemma 34. If a function v € LY, 8(x)dx) satisfies

(—Alg)*v e L. (Q), (—Alg)*v(x) > —Cu(x)?, when§(x) < 8o, (52)
for some C, 8 > 0, then there exists u € L' (2, §(x)dx) such that
(=42l u(x) = —ux)?, throughout Q. (53)

Proof. Let A :=CY@P=D v 1and Qo= {x € Q:8(x) <8}, then
(—Alg)" () = — ()P, in Q.

Let also p 1= Al|[(—=AlQ) vl L=\, and define ¥ = uGg,1 + Av. On i we have
(—AlQ)u=pu+Ar(—Al0) v=A[(—Alg) v + A(—Alg) v > —u? throughout Q. a

Corollary 35. There exists a function u € LY, 8(x)dx) such that the inequality
(—Alg)'u > —u?, in Q,

holds in a pointwise sense. Moreover, u < §~2s/(p=1),

Proof. Apply Lemma 34 with v = §=2/(P=1: the corresponding # will be of the form
#=uGHl +r8572/P=0 g

7.2. Existence

Lemma 36. For any j € N, the solution u j to problem (51) satisfies the upper bound
uj < u, in 2,

where u is provided by Corollary 35.

Proof. Write u; = jh| — v; where
(—Alg)*v; = (jhi —v;)’ inQ
vj
hy
and 0 <wv; < jh;. Since (jh1 — vj)p € LfOOC(SZ), we deduce that v; € C;';C(SZ) for any « € (0, 2s). By bootstrapping
v; € C*°() and, by Lemma 21, also u; € C°°(2). This says that u; is a classical solution to problem (51). Now, we

=0 on 092.
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have that, by the boundary behavior of u stated in Corollary 35, u; <u close enough to 92 (depending on the value
of j)and

(—Alg)’ (@—uj) = uj.’—ﬁp, in .

P
-
maxyeQ (uj(x)” — ﬁ(x)”). If m > 0 then (—Alg) (U — uj)(xg) = m > 0: this is a contradiction, as Definition 3
implies. Thus m <0 and u; < u throughout 2. O

Since uf —uP € C(Q) and lim,_, yqu u? = —oo, there exists xo € © such that u;(x0)? — u(xp)? =m =:

1
Theorem 37. For any p € (1 + s, 1
—s

) there exists a function u € L'(2, 8(x)dx) solving
(—Alg)'u=—u? inQ
82 Pu=+400 onif

both in a distributional and pointwise sense.

Proof. Consider the sequence {u;} ;en provided by Problem 51: it is increasing and locally bounded by Lemma 36, so
it has a pointwise limit < i, where # is the function provided by Corollary 35. Since p > 1 +s andu < C§~2/(P~D
then u € L'(2, 8(x)dx). Pick now ¢ € C2°(€2), and recall that 8§~ (=Alg) ¥ € L°°(): we have, by dominated
convergence,

/Mj(—NQ)SW”—OJ/M(—NQ)xW, /”fWW/”pw
Q Q Q

Q

so we deduce

/u(—mg)sw - —/u”w.

Q Q

Note now that for any compact K CC €2, applying Lemma 21 we get for any « € (0, 2s)

lujlice ) = € (11 ) + 111 @ 5w ) = € (1) + 17 1@ 5000 )

which means that {u ; }j n 18 equibounded and equicontinuous in C(K). By the Ascoli-Arzela Theorem, its pointwise
limit # will be in C(K) too. Now, since

(~Alg)’u = —u?  inD'(Q),

by bootstrapping the interior regularity in Lemma 21, we deduce u € C*°(2). So, its spectral fractional Laplacian is
pointwise well-defined and the equation is satisfied in a pointwise sense. Also,
u(x) i)

liminf > liminf =
x—0Q hi(x) x—0Q hi(x)

and we obtain the desired boundary datum. 0O
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Appendix A
A.l. Another representation for the spectral fractional Laplacian
Lemma 38. For any u € H(2s) and almost every x € 2, there holds

(—Alo) u(x) =Pv/[u<x) U Gr ) dy + e (u ),

where J(x,y) and k (x) are given by (4).
Proof. Assume that u = ¢; is an eigenfunction of the Dirichlet Laplacian associated to the eigenvalue A ;. Then,
(—Alg)'u=u, ety = [0 po(t,-, y)u(y)dy =e "iu and for all x € Q

ra-
u(—A|Q)Su()c) =

(u(x) — e’AlQu(x)) :is (A1)

0\8 0\8 “

dt
u(x)—/PQ(f,X,Y)H()’)dy s
Q

i d
= hm/ / pa(t, x, ylu@x) —u(y)ldy +/u(x) 1—/psz(t,x,y) dy ﬂ%
0

0 Q\B(x,e) Q

= PV/[M(X) —uWJ (x,y)dy + k(x)u(x) (A.2)

By linearity, equality holds on the linear span of the eigenvectors. Now, if u € H (2s), a sequence {u,}, < of functions
belonging to that span converges to « in H(2s). In particular, (—A|g)* u, converges to (—A|g)u in L?(R2). Note
also that for v € L(S2),

F(l— 5 // u(x)_etA\szu(X)) T+ v(x)dx| = Z)‘k”kﬁk

so that we may also pass to the limit in LZ2(2) when computing (A.1) along the sequence {u,},cy. By the Fubini’s
theorem, for almost every x € €2, all subsequent integrals are convergent and the identities remain valid. O

< llullaeslvliz g

A.2. The reduction to the flat case

In this paragraph we are going to justify the computation of the asymptotic behavior of integrals of the type

[ Fow.s0 I -shdy w5 b0,
ANQ
where A is a fixed neighborhood of x with A N 92 # @, by just looking at

1

/dtfdy/F<6(x),t,\/|y’|2+ |t—8(x)|2>.
B

0

The first thing to be proved is that
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e = yI? =< Ix0 = yol* + 18(x) = 8(») 2,
where xq, yo are respectively the projections of x, y on 9.

Lemma 39. There exists ¢ = €(2) > 0 such that for any x € 2, x = xo + 8(x)Vé(xp), xo € 92, with 6(x) < € and any
y e Qwithé(y) <eand |yy)—xo| <é

1 3
5 (o =30 41800 = 8I2) = v =y = 5 (Ix0 = ol + 5) =6 %)

Proof. Call Q, = {x € Q:8(x) < &}. Write x = xg 4+ §(x)V3(x0), y = yo + 8 (y) V8 (yo). Then

e = 312 = lxo = yol* +18(x) = 8> + 8118 (x0) — V(y0) > +2[8(x) — ()] (x0 — yo. V(x0)) +

+ 25(y)(x0 — yo, V8 (x0) — V8 (y0)) +28(y)[8(x) — 8(y) (V8 (x0), V8 (x0) — V8(y0)). (A.3)

Since, for ¢ > 0 small, § € CI’I(Q,;) and

V8(x) = BIP < 1811711, I = ¥I7

(x0 = Yo, V8(x0)) = O(lx0 — yoI*)

|(x0 — Yo, V8 (x0) — V8(y))| < [18llc1.1q,y 1x0 — Yol

18) — 8| = 181l c1.1 (g lx — ¥

[{V8(x0), V8(x0) — V8(yo))| < I8l cr1(g,)lX0 — Yol
The error term we obtained in (A.3) can be reabsorbed in the other ones by choosing ¢ > 0 small enough to have

8(3)?V8(x0) — V8 (y0)|* 4218 (x) — 8| - |{x0 — yo. V8 (x0))| + 28(3)|(x0 — yo. V8 (x0) — V8 (y0))| +

1
+ 26(I8(x) =8I - {Vé(x0), V8(x0) — V8 (yo))| = 3 (IXO — yol* + 18(x) — 5(y)I2> .0

Lemma 40. Let F : (0, +00)3 = (0, +00) be a continuous function, decreasing in the third variable. and Q2; = {x €
Q:8(x) < ¢}, with e = £(R) > 0 provided by the previous lemma. Consider x = xo + §(x)V(xg), xo € 02, and
the neighborhood A of the point x, defined by A ={y € Qg : y =yo + 6(y)V8(30), |xo0 — Yo| < &}. Then there exist
constants 0 < ¢ < ¢3, ¢1 =¢1(R2), ca = ¢2(2) such that

cl/dr/dy’F(a(x>,r,cz\/|y’|2+|r—a(x>|2) s/F(a(x>,8<y>,|x—y|)dy <
0 B A

&

< CZ/dt/dy/F(S(x),t,cl\/ly’lz—}-|t—8(x)|2>.

0 B

where the * superscript denotes objects that live in RN 1.

Proof. By writing y = yg + 8(¥)V8(y0), yo € 02 and using the Fubini’s Theorem, we can split the integration into
the variables yg and t = §(y):

&€
/F((S(X),S(y), lx—yDdy= / /F(fS(X),t, |x — yo —tV8(yo)) dt | do (yo).
A Be(x0)N322 \0
Using the monotony of F and the above lemma, we get

&

/F(S(X)ﬁ(y),lx—yl)dyi / /F<5(X),tsc\/|m—y0|2+|3(X)—t|2) dt | do(yo)
A

B (xp)No2  \0
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where c is a universal constant. Representing B, (xo) N 92 via a diffeomorphism y with a ball B, C RVN-1 centered
at 0, we can transform the integration in the yy variable into the integration onto B. The volume element |Dy| will
be bounded above and below by

0<c1 =Dyl =Zca,

in view of the smoothness assumptions on d2. O
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