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Abstract

This paper is devoted to the study of large time bounds for the Sobolev norms of the solutions of the following fractional cubic
Schrodinger equation on the torus:

idu = D%+ |ul?u, u(0,)=up,

where « is a real parameter. We show that, apart from the case o = 1, which corresponds to a half-wave equation with no dispersive
property at all, solutions of this equation grow at a polynomial rate at most. We also address the case of the cubic and quadratic
half-wave equations.
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1. Introduction

In the study of Hamiltonian partial differential equations, understanding the large time dynamics of solutions is
an important issue. In usual cases, the conservation of the Hamiltonian along trajectories enables to control one
Sobolev norm of the solution (in the so-called energy space), but when solutions are globally defined and regular,
higher norms could grow despite the conservation laws, reflecting an energy transfer to high frequencies. Even for
notorious equations, such as the nonlinear Schrédinger equation on manifolds, it is an old problem to know whether
such instability occurs [3], and often still an open question.

Let us start for instance from the particular case of the defocusing Schrodinger equation on the torus of dimension
one, with a cubic nonlinearity:

iou = —0%u + ulu, u,)=up. (1)

Here, u is a function of time 7 € R and of space variable x € T, and ug € H'(T). Equation (1) is Hamiltonian,
and because of the energy conservation, its trajectories are bounded is H I(T). But it is also well-known that (1) is
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integrable (see [14,27]), with conservation laws ensuring that if ug belongs to H*(T) for some s € N\{0}, then the
solution u remains bounded in H*® (this is even true for any real s > 1 [17]).

In order to track down large time instability for Hamiltonian systems, Majda, McLaughlin and Tabak [20] suggested
to replace the Laplacian in (1) by a whole family of pseudo-differential operators: the operators |D|? (sometimes
written as (,/—02)”) for real p. Recall that if w = Y kez wie™®™ is a function on the torus, then

IDIPw =" k| wie'*.
keZ

So we consider the following fractional Schrodinger equation:
idu = |D|"u+ lulu, u(0,-)=uo, 2)

where « is any positive number. If @ = 2, we recognize the classical Schrédinger equation (1). In the case o =1, (2) is
a non-dispersive equation, called the (defocusing) “half-wave” equation:

ideu = |Dlu+ ulu, u(,)=uo. 3)

This half-wave equation has been studied by Gérard and Grellier in [9]. In particular, they show that the dynamics of
(3) is related to the behaviour of the solutions of a toy model equation, called the cubic Szegd equation:

idu = T4 (|ul®u),  u(0,-) = uo, 4)

where 1 := 1p>¢ is the projection onto nonnegative Fourier modes. In a more precise way, equation (4) appears to
be the completely resonant system of (3).
All the equations (2) derive from the Hamiltonian H, (1) := %(|D|°‘u, u) + %”””‘11‘4 for the symplectic structure

endowed by the form w (u, v) = Sm(u, v), where (u, v) := fT uv denotes the standard inner product on Lz(T). The
functional H,, is therefore conserved along trajectories. Gauge invariance as well as translation invariance also imply
the existence of two other conservation laws for equation (2):

. 1 2
Qu) = Ellulle
M(u) := (Du,u), where D :=—idy,

i.e. the mass and the momentum respectively. Starting from these observations, it has been proved that for o = 1,
equation (3) admits a globally defined flow in H® with s > % (see [9]). In the case of the half-wave equation, the
Brezis-Gallouét inequality [4] also ensures that H*-norms of solutions grow at most like e 2/l for some constant
B > 0 depending on s and on the initial data.

The question of the large time instability of global solutions of (2) thus naturally arises: is it possible to find smooth
initial data whose corresponding orbits are not bounded in some H* space, or at least not polynomially bounded?'

The cubic Szegd equation discloses this kind of instability, as recently shown in [10,11]: for generic smooth initial
data, the corresponding solution of the Szegs equation in H* is polynomially unbounded, for any s > % Therefore it
is reasonable to think that the same statement should hold for the half-wave equation (3), though such a result seems
far beyond our reach at the current stage of the theory. Nevertheless the theorem we prove in this paper gives an a
priori bound for all solutions of the half-wave equation:

Theorem 1. Let ug € C*°(T), and t — u(t) the solution of the half-wave equation (3) such that u(0) = ug. Given any
integer n > 0, we have

@)l g0 < CPHP Vi R, 5)
where B can be chosen as By ||ug ||i,,/2 with B, > 0 depending only on n, and where C can be chosen to depend only

onn and |ug|l gi+n.

I we say that a solution ¢ — u(t) is polynomially bounded in H® if there are positive constants C and A (not depending on time) such that for
all 1 €R, u@)llgs < CA+ D™,
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The bound appearing in (5) is an improvement the “double exponential bound” mentioned above. But as a matter
of fact, finding any explicit non-trivial solution of (2) is still an open problem, and nothing is known about the op-
timality of (5). Solution with rapidly growing H*-norms could perfectly well exist. H. Xu [25] typically proved the
existence of exponentially growing solutions for a perturbation of the Szegd equation. Also striking is the result of
Hani—Pausader-Tzvetkov—Visciglia [15], in the context of the Schrodinger equation, as well as its recent counterpart
in [26].

Notice that in the case of the Szegd equation, the best bound quantifying the growth of Sobolev norms of solutions
is eBl7l: it was obtained by Gérard and Grellier in [8, section 3]. Hence (5) is likely to be improved, but recall that,
as far as we know, the only way of proving the simple exponential bound for Szegd solutions makes use of the Lax
pair structure associated with the equation. Elementary methods would only give an e2/’ * bound (see Appendix A).
Unfortunately, such a Lax pair structure apparently does not exist as regards the half-wave equation.

Even so, the proof of (5) in Theorem 1 suggests that we could get a simple exponential bound, instead of e5!* ‘2, if
we could deal with a less than cubic nonlinearity, say quadratic. Putting an L3-norm in the energy 71, instead of the
L* one, would give rise to a nonlinearity of the form |u|u, but the singularity at the origin may lead to solutions less
regular than their initial data. It is possible to avoid this phenomenon by considering a system of two equations rather
than a single scalar one :

i9;u1 = |Dlur + upur,

. u? (6)
i9;ur = |Dluz + —,

2

with (41, u2)|;—¢ = (u?, u(z)). System (6) only involves (analytic) quadratic nonlinearities. It happens that Schrodinger

systems of that kind frequently appear in physics: they are closely linked with the SHG (Second-Harmonic Generation)

theory in optics, and the study of propagation of solitons in so-called x ® (or quadratic) media or materials (for a

review, see e.g. [19, section 4]). Quadratic systems are also relevant in fluid mechanics, to describe the interaction

between long nonlinear waves in fluid flows [13]. From a mathematical point of view, the interest in quadratic systems

is more recent [16].

In the case of system (6), we prove the following theorem:

Theorem 2. Let (uf, u3) € C®°(T) x C*®(T), and t + (u1(t), u2(t)) the solution of (6) such that (u1(0), u2(0)) =
(”(1)’ ug). Given any integer n > 0, we have

Ny ()| gpins N2 ()] gren < CeB M Vi€ R, (7

where B’ can be chosen as B,’l(||u(1)||§{]/2 + ||ug||§{,/2) with Bj, > 0 depending only on n, and where C can be chosen
to depend only on n and on the sum ||u(1)||H|+n + ||Mg||Hl+n.

Let us now return to equation (2). When « # 1, (2) has dispersive properties. Using them for « > 1 and proving
some Strichartz estimate for the operator ¢~//|P . Demirbas, Erdogan and Tzirakis show in [7] that (2) is globally
well-posed in the energy space H b (and even below), with a method relying on Bourgain’s high-low frequency
decomposition.

Still for « > 1, a naive calculation leads to an exponential bound for H*-norms of solutions, i.e. a bound of the
form e2!l, On the other hand, results such as Bourgain’s [2] or Staffilani’s [22] suggest that because of dispersion,
solutions should be polynomially bounded. The polynomial growth of solutions of (2) for & > 1 is also announced to
be true in [7]. Indeed we establish a theorem also involving (part of) the case o < 1:

Theorem 3. Let o € (%, 1)U (,2), and ug € C°(T). There exists a unique u € C*°(R, C°°(T)) solution of (2) with
u(0) = ug. Furthermore, this solution satisfies

lu(®)ll garn < C1(1+ Calt)?, V1 eR, ¥neN, (8)

where
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2n + «
oa—1

2n(23a —2) 10
QRa—1)Bax—-2) 3a-—-2

when a € (1, 2),
A=

whena € (3, 1),

and C1 and C; are positive constants.
In the case when a € (1,2), Cy depends only on ||ugl| ge+n, and Ca can be chosen as Co,,n||u()||’;{a/2 with k 1=

4+ % and Cy,,, > 0 a constant which only depends on o and n.

Here again, it is not known whether (8) is optimal or not. Theorem 3, of course, does not prevent solutions of (2)
from large time blow-up, and proving that some of them go to infinity in a certain topology, even at a very low rate,
would be a big step forward.

Combining Theorem 1 and 3 thus indicate that @ = 1 is an isolate point in the family of equations (2). Notice that,
when o < 1, Theorem 3 includes the existence of a flow, which had not been proved so far. As for the condition o > %,
it appears to be convenient in the proof for technical reasons ; but since the heart of our work is to prove that the case
a =1 is more likely to disclose weak turbulence phenomena than other cases, we postpone discussions and comments
concerning the relevance of the value % until Appendix B.

The proof of Theorems 1, 2 and 3 is based on an idea which appeared in [24] and was later developped by Ozawa
and Visciglia in [21]: in this last paper, the authors use a modified energy method, in order to sharpen H '-estimates
and thus prove well-posedness for the half-wave equation with quartic nonlinearity. To put it shortly, the idea consists
in introducing a nonlinear energy which is in fact a perturbation of the norm one wishes to bound. The perturbation
does not modify the size of the norm, but induces simplifications while differentiating, so that time-differentiation
behaves like an anti-self-adjoint operator.

In the sequel of this paper, we begin by proving Theorems 1, 2, and the first part of Theorem 3, which can be done
by elementary means. Then we address the case of o < 1, using Bourgain spaces as in [1,5,6] — a theory which we
fully develop for the convenience of the reader.

We were about to finish this paper when we were informed of a work by Planchon and Visciglia also applying the
modified energy method to solutions of nonlinear Schrodinger equations on certain Riemaniann manifolds, and for
every power nonlinearity.

2. Thecasea >1

Throughout this section, we suppose that @ € [1,2). We fix ug € C*°(T), and we study ¢ — u(¢), the associated
solution of (2) (or (3), depending on the value of o).

2.1. The modified energy method
Fix n € N. The following lemma gathers some standard inequalities of which we will make an extensive use.

Lemma 2.1. There exists an absolute constant C > 0, a constant Cy depending on o and a constant C,, depending on
n such that, for every t € R,

@) Nu@llgar < Clluoll?.2,

(i) if e > 1, [lu(@)lz= < Calltol,0)2,

lu @)1,
(i) ifa =1, [lu(®)]| L= < Cylluoll3,,, |log (1 4 HE )

C2luoll4,1)5

We justify briefly these inequalities: (i) derives from the conservation of Q + H, together with the Sobolev em-
beddings in dimension one, and (ii) is a consequence of (i) and the injection H @/2 <5 [ As for (iii), it follows from
the classical Brezis—Gallouét inequality: for s > %, and w € H*(T),
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lwlas 12
lwllre < Csllwligi |log| 1+ ———— ©)

lwll 172
(see e.g. [8]). Here, to infer (iii), we begin by squaring the ratio of the two norms, and we then take into account the
fact that the function x — x,/log(1 + lz) is increasing.

X

To prove the estimates we have in mind, we are going to establish an inequality between the H%™-norm of the
solution and its derivative, and apply a Gronwall lemma. As announced, we define for this purpose a well-chosen
nonlinear functional®:

Ean @) = ull? 5 + DI ul|2, +2%e( D1 u, | DI" (julPu)) — S11DIZ " (ul?)12,. (10)

Roughly speaking, &, is a perturbation of the square of the H**"-norm of u (the first two terms) by the means of
two corrective quantities. First of all, let us show that the latter do not substantially modify the size of ||u ”%—I”*"' To
turn this into a rigorous statement, we begin by restricting ourselves to intervals of time on which |[u|| ge+n is larger
than a certain constant M depending on ||ug|| /2, and we show that on such intervals,

1
Enuuzm < Ean () < 20ul3eins (11)

for a suitable choice of M which we precise later.
Set J1(u) := 2Re(|D|*u, | D|" (|u|*u)). We can write’

2
|1 @) S NDIEull 2 1D (ulPw) 2
2
S Nl gectn el oo el

where we used the tame estimates for products in H*, for s > 0. Then interpolate H" between H**" and H%/? (or
just bound the L?-norm by a constant if n = 0), and using Lemma 2.1, get

2—eq.n 2eq.n 2 . . 200
[J1(u)| § ||u||Ha+un ||u0||HZ/2||u||L007 where Eq,p = MIN (1, m) .
On the other side, introducing J> (1) := —||| D| %+”(|u|2) ”22’ we similarly obtain:

2—¢q, 2¢eq, 2
S el e ol a1l oo -

2 2
2@ S Nl llul’ o0 S Hal2

In sight of (ii) and (iii), all these estimates show that J; (u) and J,(u) are of lower order than |ju ||%1a+n. More precisely,
if we now set, for real x,

xEan/? ifoa>1,

_xgl,n/2

2
log{ 14+ 25—
Clluolly 1)
442640

we see that it suffices to request for instance that g, (||u|| go+n) > |luo|| a2 which holds true whenever ||u|| go+n is
greater than a certain M. As a conclusion, (11) is proved on intervals of the form [T*, T'] which satisfy

(D) | grasn > M :=max{M, 2||uo|| ga+n}, Ve € [T*,T], and |u(T*)| ga+n = M.
Now we study the evolution of &y ,(u) on [T*, T]. As the L2-norm of u is conserved, we denote by Jo(u) :=

| D% u ”22’ and compute at once:

8a(x) := ifao=1,

d
770w = 2%Re(|D* 4, |D|1* " u),

2 From now on, the time-dependence of the terms will always be implicit. In addition, we will always restrict ourselves to nonnegative times
t > 0, since it is possible to reverse the evolution of (2) via the transformation u(t) <> it(—1t).

3 The symbol < is understood as refering to constants depending only on n, or absolute constants, whose explicit form is not particularly
meaningful.
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where the dot refers to the time-derivative, and commutes with |D|? for all p. According to equation (2), |D|u =
.. 2
i — |ulu, so

d
77 o) = 23m(|D|**"it, | D|"i) — 2%e(ID|* ik, |DI" (|ul*u)).

Because of the imaginary part, the first term of this sum is zero. As for the second one, it combines with the time-
derivative of Ji(u), and we thus have

d
T o+ Ji1w) =2%e( D" "u, | DI" (ju*u))
= 2%e <8;1|D|°‘u, 8" (it ul + u[|u|2]')> .
Applying Leibniz formula, we get three terms (or only two when n =0) :

29te (3] |D|*u, (87 1)|ul?)

> (Z)[(a;—kma!;quﬂ) + (a§u>a;—k<|u|2)‘>

k=1
+20e (3| D|%u, ud” (|u]?)).

+ 2% (a;g|D|“u,

Each of these terms has to be estimated. The first one and the third one are more tricky, since all the time- and
space-derivative are concentrated on the same function.
First term: A simplification fortunately occurs. Rewrite
3" |D%u =id"i — 9" (|ul*u),

and observe that e (id}u, (8;'11)|M|2) = 0. The first term then equals —29{e(8§‘(|u|2u), (8;'11)|M|2). Let QO be this new
quantity. Assuming that n > 1, we can bound

2 2 4 2
1Q11 < Ml “ull gl oo et e S oall g oo loe e Clloell praen el oo o]l 77 )-

Indeed, because of the equation, we have |||l gs < |lu|| go+s + ||u||%oo lle|| s for any s > 0, so that ||| gn < ||| gre+n
2¢q,
Ha)?

2—&q.n

(using again the property of the interval [T*, T]). Hence |Q1] < Nl yatn Nuoll
above (notice that it is true even if n = 0).

Second term: As announced, we suppose here that n > 1, and fix a k € {1, ---,n}. We must estimate ng) =
2Re(9}|D|%u, (8§_kﬂ)8§(|u|2)). Using the Sobolev embedding H'/4 < L* as well as tame estimates again, write

Jull} with the same &g, as

k .
101 < 107 1D 1l 21107 ikl 1110 (lue ) |

S lullgasnllull qppr g Nulizellull o

Interpolate the H*-norms between H*/? et H**" and get finally

(k) 2-6(an) 1 2420(@n)
101 S el g™ Mol ey Nl oo,

where 0(a, n) := %
In the same way, Q;(k) = 2Ne (97| D|%u, (aﬁu)ag*k(w)') can be proven to be controlled by the same quantity
(with the same exponents).

Third term: This term is the most delicate. We have
29te (8" | D|*u, ud" (ju]>)) = 29%e (aa;’|D|“u, a;;(|u|2)')
~ 2te (aj}(mm“u), a;}(|u|2)') ,
2—6(an) 24+20(at,n)

where the 2 sign means that the equality is true up to terms of order [|u|l ot 1ol Y
trol in the same way as for the second term). Thus we would like to estimate Q3 := 20e(|D|" (u|D|*u), D" (Ju|?)),

||| Lo (which we con-
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but as |u|? is real, it appears, expanding the real part, that Q3 = (|D|" (it| D|%u + u|D|%it), | D|"(Ju|?)"), which com-
bines with the time-derivative of J>(u), and finally leads to the following expression:

(1DI" [@DI*u + DI ~ |DI*@w)]. DI (u?). (12)

Now we have a very simple Leibniz lemma on the operator |D|*, which we will prove in section 2.2:

Lemma 2.2. Let « € [1,2). For any integer n € N, there is a constant C,, > 0 depending only on n, such that for all
function u € H*T"(T),

_ _ _ T
I D1%u 4 u| D"t — | D|* (@) | n < Crllull pogs ™ Netll grain™ -
Such a result is better than the crude L>°-H%*" estimate, because of the exponent of the H*™-norm (which is strictly
less than 1 as soon as @ > 1).
Consequently, expression (12) is controlled by ||u ||§;,ﬁ(,fl ) [luoll
and the third term really matter, whence

2426 (a,n)

Har2 |lu|| Loo as well. To sum up, only the second

2426 (a,n)

d 2-6(an)
‘Eé’a,n(u) Sl gatn ™ Mol yarn " llullzoe.

First, assume o« > 1. In this situation, we can incorporate the L>-norm into the H*/ 2 one (see (ii) of Lemma 2.1),
soforte[T* T],

t

4420 (at,n) 2—60(a,n)

d": S ”u()”Hu/Z f ”u(t)”HoH»n dT.
T*

t t
d d
/ L bunurde| < / ‘Esa,nw)
* T*

Furthermore, remembering our estimates (11) on &, , (1),

t

d 1
/ S-Ewdr| =[E@)®) = E@)(T™)] = Enu(r)ni,m — 20|t (T*)||3q0-

*

Let f(¢) := |lu(t) ”%—106 +n- The above calculation ensures that for some Cy, , > 0 depending on « and n,

t
1
F@©) 47T + Conlluoll 52" / Flo)l-So@n gy
T*

Now 6(«, n) is positive. A “Gronwall’s lemma” argument (which is also known as “Osgood’s lemma”) thus proves
that f(r) <4f(T*)(1 + C|t — T*)4 for t € [T*, T]. Notice that the value of f(T*), i.e. of M, only depends on
the value of ||ug|| ge+n. Moreover, this inequality remains true even for ¢ outside any interval of type [T*, T], so it
globally holds and the first part of Theorem 3 is proved. At last, the constant A can be set to %, ie. 4Zt21°‘ , which
implies the statement.

It remains to consider the case @ = 1. This time, 6(1, n) = 0 for any #n, and in addition, the L°°-norm of u is not
bounded by a constant anymore. Using part (iii) of Lemma 2.1, and going on as in the previous case with an auxiliary

function g(t) = lu(®)|1%,1,,/ C*luol}, 2> we find,

t

g(1) <4g(T*) + Cylluol ;12 / g(7)y/log(1 + g(1))dr,

T*

for all t € [T*, T]. Osgood’s lemma then yields g(z) < Cg(T*)eBmz, and the proof of Theorem 1 is complete.
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2.2. A Leibniz lemma
We eventually turn to the

Proof of Lemma 2.2. Letu=) ,_, upe'? e 4+ (T). We intend to control the H"-norm of F, (u) := it|D|%u +
u|D|*u — | D|*(uu). A straightforward computation yields

+00 ) 400
Fo)= ) e”“‘(Z (|l|°‘+|k—1|“—|k|“)uz—wk>.
k=—00

l=—00

The key idea is to replace |I|* + |k —[|* — |k|* by a more symmetric coefficient, and then to recognize a convolution
product. More precisely, define a continuous function ¢ of the real variable x € R\ {0, 1} with

= xe — 1

o o
lx]2 1 — x|z

(x):

and ¢(0) = ¢(1) =0. For every [, k € Z with k # 0, we then have |{|* + |k — [|* — |k|* = ¢(£)|l|% |k — l|%, which is
true even if k = 0, once we have assigned ¢(£00) = 2, by convention.

Now, to show that ¢ is bounded on R, it suffices to check that it is bounded near 0 and —oo, and then to invoke
the symmetry of ¢ around x = % And actually, since o < 2, limy_ 0 ¢(x) = 0 and limy_, s, ¢(x) = 2. Studying the
variations of ¢ even show that ||¢|| 1~ ®) = 2, and hence is independent of «.

As a consequence,

+00 +00 2
DO T AU+ k=1 — kgt
k=—00 l=—00
+00 +00 2
<203 KPP k=17 gl
k=—00 [=—o0
~+00 +00 2 +00 2
<2 30 D0 Wk =S )| A | ) T k=12 g ||
k=—o0 | ll=—00 [=—00

because of the inequality |k|” < 2"~ !(|I|* + |k — I|"), satisfied for any n > 1, any k and .
When n = 0, the result is immediate, since

400 | 400 2 2

@ o R o 2 o 4
S Y mEk -t =|[ipi%a | =|ipifa) .
k=—00 ll=—0c0 L? L

where i := Y, _; |ug|e’**. Using as always the embedding L* < H!/4, and interpolating between /2 and o, we
get the result.

From here on, we suppose n # 0. We shall deal with the first part of the above sum (the last one follows identically).
We consider two sequences v := (|/| %+"|u1|)lez and w := (|l|% [u—;])iez. With these notations,

+00 +00 2

o o

g 4 2
SO Tk =12 wllu]| = v xw]?,.
k=—00 [I=—00

By Schur’s lemma, [[vx w2 < [[v]lp2llw]l,r. But [Jull,2 < ||“||H%+n- As for ||w]|1, write
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+00
D hwel= Y fwel 4+ Y uxd

k=—00 k|<N [k|>N

[SIE

1
2
1
<| S iwlP| vaNFT+[ Y wmlPa+wP || DD

1+ k|2
|k|<N |k|>N |k|>N + Ikl

2
SV2IN + 1wl VN — lwllpr.

Taking the infimum over N € N, we finally get [[w]l,1 < /llwllpzllwll,1. In our case, |w(,2 < ||u|| , and similarly
Twllp < Nl g4
Now we can conclude:

| Fa )l S Nl g el Nl
o(1+555)  2(1-555)
Shll e g™

which corresponds to the statement. 0O

Remark 1. Lemma 2.2 probably takes the best advantage of the form of (12). There is still a kind of “virial” identity
which holds for any value of «:

d o
—|ul* =i (u|D|%& — | D|*u),
dt
but the inequality [lu|D|it — it|Dlu|| ;2 < llull gi/2llull g1, for instance, is false. As a counter-exemple, choose

inx

1 N e
MN()C):\/WZ .

n=1

and let N — 4-o0.
2.3. Quadratic half-wave equations

We come to the system of equations (6) and the proof of (7). To see the Hamiltonian structure of (6), choose
LZ(T) x L2(T) as a phase space, endowed with the inner product ((u1, u2), (vi, v2)) := (u1, v1) + (42, v2). Taking the
imaginary part of (-, -) as our symplectic form, we infer from a simple calculation that the Hamiltonian H(uy, uz) ==
2[(|D|u1, uy) + (|Dluz, uz) + f11‘ ‘)ie(u u7)] is associated to the system (6)

Notice that the functional 7 is invariant under the flow (uy, up) —~ €fuy, & uz) with 6 varying in R. It follows
then from the Noether theorem that Q(uy, u2) = ||u; ||L + 2||142||L2 is a conservation law for the system (6). As a

consequence, the L2-norms of u 1, U2 stay bounded along the flow lines. In addition, the conservation of H as well as
Q claims the uniform boundedness of ||u1]| 1,2 and |[uz|| y1/2 With respect to time.
Immediately, we get, for each n > 0,

2
Nl gren, luall gron S B0,

where B > 0 is independent of time: this follows from a straightforward application of inequality (iii) in Lemma 2.1.
But now, set F(t) := (||u; ”HH" + ””2”H1+n) Here we won’t repeat the details of section 2.1, but we suppose from
the beginning that F is “big enough”, and we compute

d
WD + 1Dl |

=29 [(1DI"*"i, D" "ur) + (DI, | D]+ |

| S,

= —2%e [(|D|1+"u'l, |D|" (uaiy)) + <|D|1+"u'z, |D|" (

i
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Then, correcting the initial quantity with terms of lower order than F(¢), we rather estimate
A =29 [(DI""uy, 1DV Gizy +uain) + (1014, DI i) ) |

Now apply the Leibniz formula:
A =20e (37| Dlur, (37 u2)ur) + (37 | Dluz, (37 ur)ur)]

n—1
n . h— _ -
+ 2te (a;g|D|u1, 3 <k>[(a§u2)a; T + (9" kuz)aj;ul)
k=0
n—1 n
+ 2%e (8;’|D|u2, Z (k) (a)]fu'])a;l_km)
k=0

+ 2Re (3} | Dluy, uzdy ).

We aim at showing that each of these terms is controlled by F(¢).

13)

Exactly as before, we have a cancellation occuring in the first line of (13): replace u| by i|D|uy, and u5 by i|D|us

(here again the nonlinearities can be neglected), and observe that

23m [ 1Dlur, (37 |D|u2)at) + (37 | Dluz, (3| Dlur)ur)] = 0.

Concerning the second and the third line of (13), straightforward Sobolev estimates and interpolation inequalities

are enough to conclude.

As for the fourth line of (13), where all time- and space-derivatives concentrate on the same function, we need an

172

equivalent of Lemma 2.2 for the operator | D|'/~, namely :

Lemma 2.3 (Kenig—Ponce—Vega, see [18]). For f, g : T — C, we have
IfIDI'g +g|DI" f = IDI*(f)llee S NIDI fllLe D12 gl Lr2 s

provided that 0 < s < 1, s =1 + 52 and s1, s2 > 0, and on the other side, % = p—ll + é with p, p1, p2 € (1, +00).

With this lemma, we can write
29te (9] | Dlu1, uzd}ur) = 2%e(| DI/2(3ur). (|D|2uz)d}ur)
+20e(|D|Y2(3"u1), u2| DIV (" a1))

+2%e(IDI"2(@"u1), D" [u297u7] — (1DI"*u2) 37Ut — un| DIV (37u1)).

We estimate separately
1/2 1/2 —
(14 SNDIV20%u |l s 11D Pua | 07T 2
< u u u n
Slurll 3,2l Nl
02 02
< (||u1||H1/2 + ||“2||H1/2)F(1)~

On the other hand, (15) can be rewritten as 2§Re(|D|1/2(8;’14'1)|D|1/2(8)’}u1), us), i.e.

d , .
= [me ((3§|D|1/2u1)2, u2>] — e ((8§|D|1/2u1)2, uz) .

Thus, perturbing the initial quantity by a term of lower order than F (¢), it is enough to control

e (@101, 1Dl )| < 12 5 Naallgs S 3+ 18031, F ).

Eventually, using L4—L% duality, and Lemma 2.3 with s = %, s] = %, sp=0,and p = %,
that

116)1 S D290 u |l o 11D Puz | a1 37wT 2 S Qud 0 + 16S113,02) F (@),

(14)
15)
(16)

p1 =4, pp =2, we infer
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as above.
To sum up, there exists a constant C,, depending only on #n, such that, for all times t € R, F(t) <4F(0) +
Co (113,12 + 1U3113,1,2) o F(s)ds, which means, by Gronwall’s lemma, that

F(r) < 4F )M V12 1215, )l

This tells us that ||lu]| g1+« and ||u2 || g1+» grow at most exponentially, and Theorem 2 is proved.
3. Dispersion estimates and Bourgain spaces

We come back to equation (2) and to the end of the proof of Theorem 3. We have to deal now with the case when
o < 1. In this case, the boundedness of the H%/?-norm of the solutions is not enough to get a pointwise control of
their L°-norm. In other terms, we need to prove a Strichartz estimate for solutions of (2).

3.1. The Strichartz estimate

From now on, « is fixed, with % <a < 1. For ug € D'(T) and ¢ € R, denote by

+0o0

S@Wug:=e™"PMug = 7 ik’ W,
k=—00

the solution of the homogeneous equation id,u = | D|“u, with value ug at time t = 0.
We are also going to use the Littlewood—Paley decomposition. For this purpose, let ¥ be a nonnegative C* function

on R, such that ¢ > 0 on [% + %, 2— 1—10] and ¢ = 0 outside ]%, 2[. Without loss of generality, we can assume
that Zj‘i‘f ¥ (27/x) =1 o0n[2,400). Let then u € D'(T), and N =2/ for some integer j > 1. We define

D k .
Ayu:=1y <|N—|>u: Z v <|N—|>ﬁ(k)e’kx,

|k\e[%,2N]

and Aju:=u — 1 Ayju. In the sequel, capital letters will always refer to dyadic integers, and we will use the
simplified notation t for a sum over all dyadic integers, starting from 1.
Let us recall a few facts about the Littlewood—Paley decomposition:

u:ZANu, 17)
a3y ZstnANuan, (18)

By the ~~ sign, we just mean that the two quantities, as norms, are equivalent.
We can now state our Strichartz lemma:

Lemma 3.1 (Strichartz inequality). There exists a constant Co > 0, depending on «, such that, for every u € L*(T)
and every N =2/,
le™ P Anull a1y, ooy < < Cyllull 2N2~5. (19)

This lemma also has a non-localized version:

Corollary 3.2. For every y > % — ¢ and every u € H” (T), we have

—it|D|*
le™ PP ull a0,y . Loocryy < Cay lull v
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Proof of the corollary. Using the triangle inequality, (19), and the Cauchy—Schwarz inequality, we can write that

—i o
Ze it|D| ANM

N

< —it]DI% A <cS NI A
= lle Nullpapoo < IANull 2
L4]© N N

—it|D|*
||€ it|D| M||L4Loc=

1
2

1
2
2(y—(L_2
SC<ZNZV||AW||§2) (ZN (- “)) < Caylullzr.
N

N

where the last bound comes from (18). O

Proof of Lemma 3.1. To proove the Strichartz inequality, we proceed in a quite usual manner : we begin by showing
a dispersion estimate, and to conclude, we apply a T'T*-argument, combined with the Hardy-Littlewood—Sobolev
inequality.

Let N =2/, j =1, be adyadic integer.4 For t € R, we have

e MDA yu(x) = Z Anu (ke ke=IK D
keZ

Ik (e (x—y)— k|
:Z/w<ﬁ U (y)el K== IkED) g
keZ

=1 (u*y kN)(X, 1),
where «y stands for the following kernel:

ky(x,t):= Z W ('%) gl (kx—IkI%D)

keZ

Our first step will be to estimate ||y (-, 7)|[zoo(T) for fixed ¢ € (—1, 1), # # 0. Applying the Poisson summation
formula to the function Fy ;(y) := w(|y|/N)e’(y"_|-V|at), which is C® and compactly supported, we have

K.Zv(x’t):Z}‘rx’t(k):Zf;/v):t(zﬂ.n):Z/Zvlp(|$|)ei|:1\’S(35*27111)*[\70%&|Dt:|d;;:7

keZ nez neZR

and to study ||k ||z, we naturally restrict ourselves to x € (—m, 7].
The integrals above will be estimated by a stationnary phase result called the Van der Corput lemma (see [23]):

Lemma 3.3 (Van der Corput). Let ¢, ¥V : R — C be two smooth functions, with W compactly supported on R. Suppose
in addition that there exists A > 0 such that |¢"| > A on supp(¥). Then

/ei‘/’(x)\ll(x)dx < %I&[I\Iﬂ(x)ldx,

R

where C > 0 is an absolute constant.

In our case, the phase reads N&(x —2mn) — N*t|£]%, and we denote it by ¢, (§). Compute ¢/, (§) = N(x —27n) —
aN®t&|£]*72. In particular, ¢, (§) = 0if and only if
_ ot
sgn(§) (NIED' ™ = ——. (20)

—2nn

Because of ¢ cutting all frequences below %, and because of the condition 1 — o > 0, we have (N|£])!™* > 1 on
supp(vr), whereas |to| < 1. Furthermore, when n # 0, |x — 27n|~! <7~ in that case, (20) cannot hold.

4 For N =1, (19) holds trivially.
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So suppose first n # 0. Then ||¢,, ||z supp(y)) = Nlx — 27n| — N%2'~% and integrating by parts, it is easy to
estimate the integral

| d (1 d (VDY)
L= [ 906 g :/N_< _( )) 906 g
! v(ishe™™ds ) Vag g @ i )¢ d

Thus, we have |I,| < CN ||¢,, ”2020 ||l 2, where C is proportionnal to the size of supp(y). Finally, we sum on n:

1-a\ 2 =
> oo, S%Z(M—Zmﬂ—(%) ) 5%2(2n|n|—n—1)_25%7 1)

n#0 n#0 n#0

with C just depending on .
The only difficult part, then, is Iy, because (20) could be satisfied. At this point, we apply Lemma 3.3, and calculate
qb(’)’(g) =a(l — a)N"‘tlgl"‘_2. It is clear that |¢6’($)| >a(l — a)N“|t|22_°‘ on supp(yr), so we have

=

0l =C——,

Vit

where C > 0 is a constant depending on « and .
So far, (21) and (22) show that there exists a constant C > 0, depending only on « and v, such that ||xy (-, 1)| Lo <

Clt|~2N'=%/2 forall t € (—1, 1), t # 0. In particular, for fixed ¢, considering S(¢) A y as an operator mapping L' (T)

to L°(T), we have

(22)

IS@AN N
DANIL1 oo <C——.
L L m

Now comes the 7 T*-argument. Define a linear operator T : u > S(1) A yu. We want to prove that 7 maps L*(T)
into L*((0, 1);, L>(T)), as well as to bound its norm. To this end, we rather study the operator 77*, where T* :
L*3((0,1),, L'(T)) — L3(T) is (a restriction of) the adjoint of T. We can find T* explicitely. Let g € L*3LY: for
ue LX(T),

(23)

1
/[S(I)ANu(x)]g(t,x)dxdtz u,/S(—s)ANg(s,x)
0,1)xT 0 L2(T)

Thus, TT*(g)(1,x) = [y AnS(t —s)Ang(s, x)ds, and by (23), for all 7 € (0, 1),

1 a
N'—2
IT7 @)l = € [ Tl i
0

In the integral of the left hand side, we recognize a convolution product between 7 > ||g(z, )|l .1, and the function

w:ite |t|7Y 2 The Hardy-Littlewood—Sobolev inequalities guarantee that the convolution with w maps L4/3 (0, 1))
to L*((0, 1),). In other terms, |TT*(g)l ;4700 < CN'=/2|\g|| 43,1, which implies that the operator norm of T is
bounded:

1_a
277,

1T 02— 40,1, Lo (my) = €N
This finishes the proof of Lemma 3.1. O

Remark 2. Notice that the results of Lemma 19 and Corollary 3.2 remain true, with the same constants, when replacing
(0, 1); by any time interval of length 1. This follows from the fact that S(¢) is an isometry in any H*(T), s > 0.
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3.2. Bourgain spaces and embedding results

The Strichartz estimate of Corollary 3.2 will enable us to prove the local well-posedness of equation (2) in a certain
Hilbert space, usually called a Bourgain space, which we are now going to define.

Definition. Let u : R x T — C, and s, b € R.

e We say that u € H*Y if for all r € R, u(r) € H*(T), and if in addition, the function 7 > le(®) || 75 (T) belongs to
H"(R). Then, the norm [|u|| ys.» is just the H?-norm of ¢ > [|u(t) || s (T).-
e We say that u € Xf;b if the function v : (¢, x) — S(—#)u(t, x) belongs to H*?. Then, we define lull g5 :=

Ivll s = I1S(=D)ult, )| gs.-

The space X, b is called a Bourgain space. Explicitely,

lullss = —Z/(1+|k| ) (1+ |7 + k)| Fu(z, k), (24)

keZp

where Fu(-, k) stands for the Fourier transform of m with respect to time, i.e. the Fourier transform in both time-
and space-variables.

Bourgain spaces are very convenient for several reasons. Playing on the two exponents s and b, we begin by
showing two embedding results:

Lemma 3.4. For any b > i, we have ||”||L4(R,,L2(T)) S ||u||Xo b.

Proof. Assuming u € Xg*% , write Fu(t, k) = fR Ime_i Tdt, so by the inverse Fourier transform and the Cauchy—
Schwarz inequality (observing that 4b > 1),

2

(B2 = Z—/Fu(r,k)e’”dr
JT

dt
(1 + |7 + k|2 >)%

/ Fu(r P+ [t + k1P d

Summing over k € Z, we find ||u ()| < Cpllul? X020 or equivalently [[ul poo(r, 12(T)) < CIIuIIXo 2. But the equal-

L%(T) —
ity [lull2mw, z2cry) = llull X0.0 also follows from (24) and the Parseval formula. Interpolating between these two
statements gives the result. O

The following lemma is a consequence of the Strichartz inequality.

Lemma 3.5. For any b > % and y > % — %, we have lull Lo, ooy S ||M||Xy,b.

Proof. Let u € Xg’b, and v := S(—f)u. Suppose at first that t — u(z, -) is supported on an interval /; of length 1.
Thus it is possible to apply Corollary 3.2 directly : indeed,

el o, ooy = ISVl L3, 1oy = || SO / b0y dr < / 1S@OB()l g, Ly

L4(,L*) R

2
dt
<Cc|Ip dr <C b()||%, (1 2bd /7 <C .
< /nv(r)nm r < /uv(r)nm( +lebde s | = ol
R R R
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Since ||v|| gy = |lu ||Xy.b, this finishes the first part of the proof.

Now, we remove the special assumption on u. By simple construction, it is possible to find a function ¥ €
Cgo((O, 1)), such that 0 < ¢ <1 on R, and ZneZ 9 (t —n/2) =1, for all r € R. We have

4 4
4 _ n n
el 24, oo (my) = /dt Dty (t - 5) = fd’ 27 (t - E) et Nlzoecmy
R nez, LOO(']T) R nez
_ ni nyp n3 ng 4
‘f"’ 2 o (1=3)0 (=)0 (1=F) 2 (1= 5) Mo
R I’HEZ

ny,n3,na€f{ni—1,ny,n;+1}

< 3 oo~ 2
nez

thanks to the elementary inequality: abcd < %(a4 + b* + ¢* + d*). To each term of the sum, we apply the first part of
the proof, and we find, using the embedding 24(N) < ¢2(N):

4
lull 4w, Loocmy) S (’%Z: ”19 (’ - g) S(=u(t, )H Hy,h)
S(Zle (- 5)semanl],)

SUS(=Dult, )l grs-

The very last bound comes from the following classical lemma:

4
LAR;,L(T))

2

Lemma 3.6. For any b € [0, 11, any function w € H?(R), any smooth ¥ as above, the following norms are equivalent:

1
2
||w||Hh(R>2(ZIIW'—”/@‘U(')"@(R)) -0

nez

3.3. The nonlinear estimate

To solve (2) locally in time, we need to introduce a restriction space. For T > 0, let X, g;”(T) be the set of all
functions u defined on [—T, T'] such that there exists a function 7 € X j{'b with #|[—7, 7] = u. Endowed with the norm

il sy = inf{||12||Xé,h ieXxSt i=uon[-T, T]} ,

X 3'17 (T) is a Banach space, so we can apply Picard’s fixed-point theorem in X j/b (T). From here on, we strictly follow
the scheme of the proof of [5, Theorem 3].

Fix a function ¢ € C(‘)’O (R), such that () = 1 when |t| < 1. Then for T € (0, 1], a solution of (2) on the interval
[—T, T1]is a fixed point of the application

t
Kt u—s o(t)St)ug —i(p(%)/S(f —5) [|u(s)|2u(s)]ds. (25)
0

Thanks to the definition of Bourgain spaces, estimating the first part of K is elementary: ||@(f)S (t)uollxs,b =
@l g w,) luoll 75 (- All the difficulty lies in the nonlinear part, and we now turn to our central proposition.

Proposition 3.7. Let y > 4 — %, b > 1, b’ > 1 such that b + b' < 1. Then

U <
lr@3usll gy < Cllutll o 2l o 3 g0
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Proof. We prove this proposition thanks to a duality argument. Since (XZ"3 Y = Xqo 7=F for any o, B € R, it is
sufficent to show that, for a given ug € X4 v.b , we have

3

[ i) < ol o TT 150 26)
o

RXT Jj=1

In fact, we restrict the proof of (26) to the case of smooth functions u ;, ug, with compact support in time — and then
conclude by density of such functions. To start with, we introduce new functions wg, wi, wa, w3 by

Fw;(t, k) :=(1+|k|2)%(1+|r+|k|“|2)§fu,-(r,k), for j € {1,2,3},
Fuwo(t, k) = (1 + k)" F (1 + |7 + [KI% %) T Fuo(z, k),

and we can replace the right hand side of (26) by [[woll .2 ) Hj’:l lwjllp2®xT)-
To estalish (26), we perform a time- and space-localization. By Lo, L, No, N;, we refer to dyadic integers, and
L := (Lo, L1, Ly, L3) will concern time, whereas N := (Ny, N1, N2, N3) will hint at space. Define, for j € {1, 2, 3},

N 1 . .
M= Y e / (U4 )75+ [+ 101772 Fuj (r, me*™d,
€N 2NL - <jeinjo)<2L,
1 . ! .
w0y =— Y ™ / (L+ 105+ |7 + 01"~ T Fwo(z, n)el'"dr.
Inl€lNo. 2ol

Lo<|t+|n|*|<2Lg
A simple calculus shows that, for j € {1, 2, 3} first,

LiN; — —
" e =C D / (141777 (L4 |7 + PP~ | Fwj(z,n)Pdr

=Nt inie~L

2(B—=b 2(0—
gLJ.(” )Nj(" 2y |Fwj(z,n)|dx,

|n|7Nj|.[+|n|ot‘:Lj

= Cj(Lj,Nj)2
. 2 2 . .
where c¢; (L, N;) satisfies ZLJ, ZNj ¢j(Lj N = lwjll}s g ) (Here, and in all the sequel, the summation over
L; or N; means the summation over all dyadic integers.) We have a similar result for uéONO, so finally, for any
o,BeR,

LiN; —b —

”ij j“Xg.ﬁ,SLf N;-T ij(Lj,Nj), 27
LoN, —b

lug*™ll o S Lo Ng 7 co(Lo, No). (28)

Now we are going to estimate

LiNy_ LaN2 L3N3_ LoN,
I(L,N):= / T T T T
RxT

Notice that integrating on T implies that 7 (L, N) = 0 unless No < 2(N1 + N2 + N3). From now on, we suppose that
this condition is fulfilled. Moreover, the proof below does not take into account the precise role of the u;’s, neither
the conjugate bar, so we can assume that N1 > N> > N3.

Using the Holder inequalities, Lemmas 3.4 and 3.5, and finally (27) and (28), choosing any 8 € (%, b),B € (i, b)),
y' € (% —%.v),webound I (L, N):



J. Thirouin / Ann. I. H. Poincaré — AN 34 (2017) 509-531 525

LN Lo N L3N LoN,
I(L,N) < luy "l par, c2emy - 147 s, pooemy - 143™ 7 s, oocry - g™ NLae, L2 cmy)

LN LoN,
S L IV el IO el PR L Y
(1

3

(LoL1)# (LyL3)P . N
<— (NaN3)Y ——2—TTe¢;(Lj. Nj)
L§ (L1LyL3)b (NIN2N3) =

< Lo Ly* (LaLa) ™" (NaN3) ™" ( ) ]‘[q(L,,N)

where &g, €1, ¢/, ' are some positive constants. Consequently, we can sum on Ly, N3, L3, N3, making use of the
bound ¢;(L;, N;) < |lw; ||L2(erﬂ~) for j € {2, 3}. Then, by Cauchy—Schwarz,

No\” _ _
DS ’(L’N)5<V1> hall 2 llwsll | 3 oo, NoyLg® | [ S ercer, My

Lo,Ly Lp,N2,L3,N3 Lo Ly

No\” 1 1
N N Ko(No)2 K1 (ND) 2 [lwall g2 llwsll 72,

introducing K;(N;) := ZL, cj(Lj, Nj)2 for j € {0, 1}. It remains to sum on Ny, Ni, remembering that Ny < 6Ny,
and using Cauchy—Schwarz again:

Y 1 1
Zl(L N) S Z Z(M ) Ko(No)? K1(2°No)2 wall 2 wsll 2

£=—=3 No

2 2

Zzﬂ ZKo(No) Y KRN | lwallz2llwsll g2

{=-3 No
S llwoll 2 [lwy ||L2 lwall 2 llwsll 2.

Hence (26) is proven, and so is Proposition 3.7. O

Remark 3. The condition b + b’ < 1 has not been used in the proof, except for the fact that b’ < b ; but it will be
crucial in the next proposition.

3.4. Local and global well-posedness

We are now ready to state our

Proposition 3.8. Let y > % — g and % <b < 1. If ug € H”(T), there exists Ty > 0, depending only on |ug| g,
such that the problem (2) admits a unique solution u € Xg’b(T) for all T < Ty. This solution satisfies ||u||

Clluoll v (Ty, where C > 0 is an absolute constant.
If in addition ug belongs to HS(T) for some s >y, then u(t) € H*(T) for all t € [—Ty, Tp).

b <
XP(T) =

Proof. We intend to show that the functional K, defined in (25), is a contraction in some ball of the space X/, ’b(T),
for well-chosen 7.
Since the first part of /C has been previously bounded, we turn to

t

Ma(u) = | (&) f St =9 [lu()Puts) | ds =le (%) / S(=9) [lu()Pus)] ds

0 xLhr) 0 HYD
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Here, we take advantage of the regularizing property of time-integration. Let U € C°(R x T), and b, b as in Propo-

sition 3.7. Set G(¢,x) := ¢ (%) fot U (s, x)ds. For fixed k € Z, a lemma of Ginibre [12, lemma (3.11)] guarantees
that

t
G, Ol gor,) = | (£) / U(s, k)ds ST N0 0N ey g, -
0 HY(R)

with an implicit constant which only depends on ¢, b, b’. Squaring this identity, we find

/ (1 + [t 1F(G) (. b)Pde < TV / (1 + [t )~ | F W)z, ) Pdr.
R R

Eventually, multiply by (1 + |k|?)? and sum over k to get |Gllgys < 710 Ul gyy.—» which remains true, by
approximation, for less regular functions.
As a consequence,

M) ST S0 [ 1@ P [ o = T NPl gy ST Nl
by Proposition 3.7. This calculation is valid for any i € Xf;’b such that it = u on [—T, T]. Thus, we proved that

1—b—b'y, 13
IO by < Nl o R,y w0l mr () + CT el et 7y (29)

So [ stabilizes the ball B centered at the origin, of radius Cllug|l v (for some arbitrary C > @l g (w,))s provided
that T < Ty with

-~ 1
T - C - ||<P||Hb(R,) I=h=b
0o =\—=—"F .
C3Cluoll%;y

Reasoning in the same way, by means of the identity
|u|2u — |v|2v =u(u —v)u+ (u—v)v(u+v),

we show that for T < Tp,> there exists a positive constant ¢ < 1 such that || C(u) — IC(v)||X5,b(T) <c|u-— v||XK,b(T)
for all u,v € !3 Hence K : B — B is a contraction, and has a fixed point, also called u. Since u € B, we have
”””x},"b(r) < Clluoll g (m-

To prove the uniqueness of u, notice first, in view of (29), that any other fixed point of }C in X 4 b (T), as a function of
some X2 ’b(f‘) for some smaller 7 < T, lies in the ball centered at 0 and of radius C ||uo|| g, 0 equals u in that space,
by unicity of the fixed point. Now let v € X(’;’b(T) be another solution of (2). Observe that, because b > %, both u and
v are continuous functions from [—7, T] to HY (T). Define T; := sup{r € [0, T'] | u(¢) = v(¢)}, and suppose 7| < T.
Then, translating time, and restarting the equation with #(77) = v(77) as an initial data, we get a contradiction, by the
previous remark.

Finally, if ug € H*(T) for s > y, and if u is the associated solution in Xg’b(To), let us show that u(t) € H*(T) for
all |¢| < Tp. It is crucial to see, modifying slightly the proof of Proposition 3.7, that whenever s > y > % — %-and b,
b’ as above,

3
luricgusll g < € Y | ajllgge [T sl
j=1 ki j

Given ii in the intersection of the ball of radius C|lug||gs in the space X, g;b (T), and of the ball of radius C’||ug|| g in
the space Xg’b(To), (29) becomes, for T < Tp:

5 Or possibly a fixed fraction of 7.
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~ 1—b—b ) =12 ~
”IC("{) ”thvb(T) E ||‘P ”Hb(Rt) ”"{OHHS(VH‘) + CT ”u ”X(Z’h(T) ||M ”Xf;b(T)

= (el ey +CEC T gl ) ) luoll oy

This shows that if T is chosen small enough, regardless of the size of ||ug|| g5, IC stabilizes the set we described above.
The same can be done while estimating [|K(u) — KC(v)|| X5 (r) and /C therefore has a fixed point & in some Xg;” (T).

Obviously, since X g;” (T) — ng’b(T), we have it =u on [—T, T']. Repeating this argument after translating time and
restarting the equation from u(7T) = u(T), the claim is proved. O

The next corollary follows as an immediate consequence, and uses explicitly the condition o > %:

Corollary 3.9. Let ug € C°°(T). Then (2) admits a unique global solution u € C(R, C*°(T)).
Besides, let b € (%, 1). Forany y € (% — %, %], there exists TO(V), C, > 0, such that for any t € R,

e = Dl gy g, < Cylluoll oy (30)

Proof. It suffices to notice that

e=3emtog<s,
so there exists Tp > 0, only depending on ||ug|| g«/2, such that (2) can be solved locally in Xg/ 2’h(To). But the energy
Ho and the mass Q are conserved along the trajectory, so ||u(¢)|| y«/2 Temains bounded by 2(Hy + Q)(uo). This
proves that the solution is global, and we have u(¢) € C°°(T) for all # € R because of the second part of the previous
proposition. (30) also follows. O

3.5. End of the proof of Theorem 3

All the needed results are gathered: now we can study the growth of the Sobolev norms of the solutions of (2) for
ae 0.
We begin with the H*-norm, introducing as in (10) the modified energy:

Ea() = lull}, + 11D1%ull7, + 20Re(ID|"u, [ul*u) — S(ADI* (ul), [ul),

=1 (u) =D (u)

when u is a solution of (2). J; and J; are of lower order than ||« ||%1a, so that when ||u|| g« is big enough, arguing as in
section 2.1, we have 1|ul|3q < Eu(u) < 2[ull%a.

Let us study the evolution of &, (u). The L?-norm is conserved, so we directly pass on to
%n |DI*ull?, = 2%e(|D|%i, | D|*u) = —2%Re(| D|“i, |ul*u).
This combines with the derivative of Jj(u), and gives rise to two terms:
%[ I1DI%ull7 > + J1 ()] =2%e(| D|*u, i|ul®) + 2Re(|D|*u, u(|ul*)) =: Q1(u) + Q2(w).

Thanks to the equation, a simplification occurs: Q1 (u) = —23m (| D|%u, |u|*u). The Sobolev embedding H?/3 < L1°
and interpolation between H%/? and H® then allows to bound

Q1@ S lulfer,  wheree =& (« = 3) > 0.
On the other hand, Q, (1) combines with the derivative of Jp(u):
Q2(u) + % 1o (u) = (@|D|*u + u|D|%ii — |D|* iiw), (Jul*)).

Since (|u|?)’ = i(u|D|%i —it| D|*u), we bound || (|u|2)'||Lz < |JullLoe ||ue|| e - As for the other side of the scalar product,
we appeal to Lemma 2.3, since o < 1:
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_ _ _ [
| D|*u +u|D|*u — |D|*(uu)ll 2 S D2 ully 4.
At this point, we have a Gagliardo—Nirenberg inequality:
Lemma 3.10. For any p > 2, s > 0, there exists C > 0 such that

2 2
. D > 1-=
IIDF fllzr <€ (IIfIILoo +|iort |7, IIfIILoo”> :

for every function f: T — R.
Choose areal y € (% — % %), for instance y = HT‘", and apply Lemma 3.10 with f = ID|2 Yu, p=4ands=y.
Thus
D12 ullzs SNDIEZ ull 211D ul oo

— the other terms can be neglected.
All these calculations lead to the following fact: there exists a small 8 > 0 (which can be chosen to be 3%;2), and
constants C1, C > 0 such that for all € R,

t
lu(®) e < Cilluol|%a + C2/ (22 () || oo 1D 7Y u(x) || LT
0

Denoting by f(¢) the right hand side of this inequality, and assuming that # > 0 without loss of generality, this implies
that

¢ fi(0)dr

0 _ 0 __
0

1
=< Cz/ (@)l D177 u(D) || Lod
0

< Cov1 - lull 0.7, 1 1D12 77 wll 4 10,17, 1%

r?1 rW1
2
<GVt 30 = KT g oy | D2 M€= KI5 g0y
k=0 k=0 o 0

<C,C,C Vil = [+ t !
= C2Cy Clluollruoll s Vi | —5 |+ 1)\ | T [ £1)
0 0

where we fixed areal b € (%, 1), and used the localized version of Lemma 3.5, as well as (30). This achieves to show
that the H%-norm of the solution of (2) grows at most polynomially, with the power of ¢ being less than %, hence
than 3})[03‘2.

The end of the proof crucially relies on this first step. Indeed, to estimate the evolution of the H*™-norm of u, with
n > 1, we follow exactly the same scheme as for the proof of Theorems 1 and 3 in section 2.1. Each time the L°°-norm
of u appears, we bound it by ||u| g« (recall that o > %). Besides, we do not interpolate the H*-norms between H @/2
and H*'" anymore, but between H% and H* 1",

The only difference is that we need a new (and, to some extent, rougher) version of Lemma 2.2:

Lemma 3.11. Let % < a < 1. For any integer n > 1, there is a constant C,, > 0 (independent of ) such that for all
function u € H*T(T),

1 1
1-i@-1)

_ _ _ 1+ @-1)
| D% + u|D|%i — |D|* (@) || gn < Cllull o * lull ya'tn
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Proof. Denote by L the left hand side of the inequality we intend to prove. Writing u =) ., ure'**, we clearly
have

+00 +00 2
L2= " kPP Y AN+ k=11 — |kI*)uir—
k=—00 [=—0
+00 +00 2| 4o 2
SO DD ke =0l |+ Y k= ]|
k=—o00 | lI=—00 I=—00

where we used the elementary inequality |k|” < 2"~1(|I|* 4+ |k —|") and the triangle inequality associated to the con-
cave function x > x® on R.. Now, define it := ) ; lug e, sothat £ < ||| D"t - | D@ || 2 S Nuell gosiya || asiss.
Interpolating these norms between H% and H**" leads to the result. O

All of this proves that there exists a small 8’ > 0, and constants Cy, C» > 0 such that for all r € R,
t
() 2yaen < CillttoN2asn + C2 f (@155 lu (@) 1552 d.
0

This holds with 6’ = ﬁ(a — %). On the other hand, we know that for some A > 0, u(t)| g« < (1 + |])4 for all
T € R. By Osgood’s lemma, Theorem 3 is then fully established.
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Appendix A. Growth of Sobolev norms for the Szegd equation: an elementary bound

Let ug € C*°(T) with only nonnegative frequencies (which we denote by uo € C°(T)), and consider ¢ — u(z, x)
the solution of the cubic Szegd equation (4) starting from ug at time ¢ = 0: u satisfies id,u = I (|u|>u), and for
all t € R, u(r) also belongs® to C°(T). The purpose of this section is to give an elementary proof of the following

estimate, which is the counterpart of Theorem 1:

Proposition 3.12. For all n € N, there exist positive constants C and B such that

(@) e < CBNP. 31)

C is a constant depending on n and ||ug|| g1+, whereas B can be chosen equal to B, ||“0”§1'/2 (here, B, depends only
on n, not on the considered solution).

We recall here that, though (31) is not the best bound available, it is the best one we can prove without resorting to
the Lax pair formalism. The proof below only relies on the boundedness of trajectories in the space H'/2(T) (which
is due to the conservation of mass and momentum). It also uses a standard fact about Hankel operators.

6 All the claims in this section come from [8] and are proven there.
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Definition. Let v € H}r/ 2(’JI‘) (i.e. v has vanishing negative frequencies). The Hankel operator of symbol v is the

following C-antilinear operator:
. L%(T) — L3(T)
v _

h+— T14(vh).

Proposition 3.13. For h € Lﬁ_(']I‘), we have || Hy, (W)l 2 < [l g2kl 2-

Proof. Expand h =) . hie'™ and v =",  vke'™*. With these notations,

Meh) =) ™ (D uhi

k>0 1>k

A simple application of the Cauchy—Schwarz inequality gives

I @i 72 < YD o | | Dol | = 1R152 Y+ Bl

k>0 \ I>0 >0 k>0

which is the yielded result. O

Since the embedding H'/?(T) < L% (T) fails, Proposition 3.13 is an improvement of the standard L>®°—L? esti-
mate of a product in L?, similarly to Lemma 2.2. It is the key of the

Proof of Proposition 3.12. We compute, for n > 0,

d
o 0 ull? , =2%e @, i, 97" u) = 23m @ (Jul*u), 8" u).

The last equality comes from the equation, and the fact that the frequencies of u are nonnegative (so we get rid of T
here). Then, using Leibniz rule, we expand 9} (Ju|?u) = |u>9} " u + 35—y ("F") @K w1 (01" Fu) 4+ ud 7 u?.
The first term cancels because of the imaginary part, and the “crossed terms” are easily estimated thanks to Sobolev
injections and interpolation inequalities, as in the proof of Theorem 1. As for the last term, we have

g ™ lul?, 0y ") = (M ud ™ [ul?), 877"0) = (Hu (8" ), 0" w),

because |u|? is real. So, by Proposition 3.13, and then inequality (9),

d 2 2 2 2
2
Sl S Mullallel grallulizee S Ml lullyyz log(+ lluli.).

2

and the proof is complete, once we have recalled that ||u|| ;12 < Colluo|| 2

O
Appendix B. Some comments on the threshold o« = %

In this section, we discuss the bound o = % that naturally appears in the proof of Theorem 3.
The crucial point, in the proof above, is to know which Strichartz estimate we are able to establish. In particular,
following the strategy of [5], we would like to know for which values of the parameter y the inequality

||€’i"D|°‘u(x)||L4((0,1)hL4(TX)) < Cllullgr (32)
holds, whenever u € HY (T). If true, (32) would imply that equation (2) is well-posed in H af2, provided that 2y < %,
and we could then adapt the arguments we develop in section 3.5 to prove that solutions are polynomially bounded.
Looking back at (19), and interpolati_ng the L*((0, 1);, L°(T,)) estimate we obtained with the trivial L>((0, 1);,
L3(T,)) one, we find a bound for ||€_”‘D|u’4(x)||L8((0,1),,L4(1rx)), so (32) is proved with y = % — %. The condition

2y < 5 exactly means that o > %
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However, scaling heuristics suggest that the natural value of y should rather be yp := % — - Here, the condition

2y0 < 5 would enable us to extend the conclusions of Theorem 3 until o = %

In [7], by a different method, Demirbas, Erdogan and Tzirakis also prove a Strichartz estimate in the case o > 1,
but their result corresponds to ours (notice that in their work, they use other notations: what they call « is in fact half
ours).

So far, we don’t know if (32) can be proved with y = 3. Usual counter-examples (such as localized functions)
only confirm that the scaling exponent yy is the best we can hope. Besides, the difficulty is not due to the particular
framework of the torus, since when o < 1 the speed of propagation of the waves (i.e. the group velocity) is finite
anyway.
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