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Abstract

A general bilinear optimal control problem subject to an infinite-dimensional state equation is considered. Polynomial ap-
proximations of the associated value function are derived around the steady state by repeated formal differentiation of the
Hamilton—Jacobi—Bellman equation. The terms of the approximations are described by multilinear forms, which can be obtained
as solutions to generalized Lyapunov equations with recursively defined right-hand sides. They form the basis for defining a sub-
optimal feedback law. The approximation properties of this feedback law are investigated. An application to the optimal control of
a Fokker—Planck equation is also provided.
© 2019 The Authors. Published by Elsevier Masson SAS. This is an open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction

In this article, we consider the following bilinear optimal control problem:

o0 o
1 o
inf  J(u, ::—/ t 2dt+—/ut 2 . dt, 1
Y (u, y0) > ly®lly 2 lu (@)l (D
0 0
$y(0) = Ay + X (Njy(0) + Bju (1), fort >0
where: 2)
y(0) = yo.

* Corresponding author.
E-mail addresses: tobias.breiten @uni-graz.at (T. Breiten), karl. kunisch@uni-graz.at (K. Kunisch), laurent.pfeiffer @uni-graz.at (L. Pfeiffer).

https://doi.org/10.1016/j.anihpc.2019.01.001
0294-1449/© 2019 The Authors. Published by Elsevier Masson SAS. This is an open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).


http://www.sciencedirect.com
https://doi.org/10.1016/j.anihpc.2019.01.001
http://www.elsevier.com/locate/anihpc
http://creativecommons.org/licenses/by-nc-nd/4.0/
mailto:tobias.breiten@uni-graz.at
mailto:karl.kunisch@uni-graz.at
mailto:laurent.pfeiffer@uni-graz.at
https://doi.org/10.1016/j.anihpc.2019.01.001
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://crossmark.crossref.org/dialog/?doi=10.1016/j.anihpc.2019.01.001&domain=pdf

1362 T. Breiten et al. / Ann. 1. H. Poincaré — AN 36 (2019) 1361-1399

Here, V C Y C V* is a Gelfand triple of real Hilbert spaces, yo € Y, A: D(A) C Y — Y is the infinitesimal generator
of an analytic Co-semigroup ¢4’ on Y, N ;€ L(V,Y), Bj €Y, and o > 0. Additional assumptions on the system, in
particular a stabilizability assumption, will be made in subsections 2.1 and 3.2. The goal pursued with problem (1) is
the stabilization of the dynamical system (2) around the steady state 0 when a perturbation yy is applied. We denote
by V the associated value function: for ygp € Y, V(yp) is the value of problem (1) with initial condition yy.

Rather than investigating this problem as a mathematical programming problem, which associates an optimal open-
loop control with a given initial value y, we take the perspective of designing an optimal feedback law. The design
of an optimal feedback law is intimately related to the computation of the value function V, which is in general
a very difficult task, since y takes values in an infinite-dimensional space. Even after discretization, the computa-
tion time needed for obtaining V usually increases exponentially with the dimension of the discretized state space,
a phenomenon known as the curse of dimensionality, see, e.g., [8, Preface] and [6, Appendix A]. Nonetheless, the
computation of a feedback law, rather than an open-loop control, is particularly relevant in the context of stabilization
problems.

The goal of this article is to construct a Taylor approximation of the value function at the origin, and to derive
from this approximation a feedback law which generates good open-loop controls for small values of yy. We begin by
proving the existence of a sequence of multilinear forms 7z : Y* — R such that for any p > 2,

P
1
Vo) = T y)
k=2 "

is a polynomial approximation of order p 4 1 of the value function V in the neighborhood of 0, that is to say,

V() = V() = O(lyI5™h. 3)

The sequence (7x)r>2 is constructed by induction. The bilinear mapping 7 is the solution to an algebraic operator
Riccati equation. For all k > 3, the mapping 7 is the solution to the following generalized Lyapunov equation: for all
Z1, ..., 2k € D(A),

k m
1
E : Ti(@1y ooy Zie1, ANZiy Zig s oo 2h) = o E le,k(m, e ZH)s “4)
1= j=

where the operator Ay generates an exponentially stable semigroup on Y and the right-hand side Z']’Ll Rjx is
known and depends on N;, B, T2, ..., Tr—1 in an explicit fashion. The terminology generalized Lyapunov equations
is motivated by the fact that (4) can be seen as a generalization of operator Lyapunov equations, which can typically
be written as follows:

T(Anzi,z2) + T (z1, Anz2) = R(z1, 22)-

To achieve this task and to present the resulting expressions in a convenient manner, we exploit the symmetry structure
of the formal derivatives of V. From the approximation V,, of the value function V, we derive the following feedback
law:

1
(uy(y); = _EDVP()’)(Njy +Bj), Vj=1,....m,

and analyze the associated closed-loop system:

d m
d—y(t) = Ay(t) + Z(Njy(t) + Bj)u,(y(@®)));, y(O0)=yo. )
t o

We denote by U,(yo) the open-loop generated by u, for a given initial condition yy, that is to say, U,(yo; ) =
u,(y(t)), where y(¢) is the solution to (5). On top of (3), we prove that

J (U, (30). y0) < V(30) + Ollyolly ™). (6)

In other words, we prove that the open-loop controls generated by u,, are O(||yoll” *+1)-optimal. We also prove for all
yo sufficiently small, there exists an optimal control & such that
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1U,(00) = il 20,0058y = O(Iyolly %) %)

In the finite-dimensional case, expansion techniques for Lyapunov functions or for the value function associated
with nonlinear control problems have a long history, which dates back at least to [2]. To the best of our knowledge, our
article is the first one dealing with Taylor expansions of any order for infinite-dimensional systems. A sophisticated
analysis is also required for proving the well-posedness of the closed-loop system associated with u,. Moreover, the
convergence rate analysis has apparently received little attention so far, especially concerning the rate of convergence
of the suboptimal controls to the optimal ones. As far as we know, estimates (6) and (7) are new. In this respect, we
are only aware of the analysis done in [15] for systems of the form: %y(t) =Ay(t) +ep(y(t)) + Bu(t).

Let us mention some additional related literature. In [2], the author considers a general stabilization problem for
a nonlinear system that can be expanded in a power series around the origin. It is shown that the optimal control can
be characterized in terms of a convergent power series as well. In [26], the expandability of the optimal control for
nonlinear analytic and differentiable systems is analyzed in detail. As in the other works on this topic, an important
assumption is the local stabilizability of the underlying system. Moreover, it is shown in [26] that the lowest order
terms of the approximation are defined by the linearized dynamics. For nonlinear systems with linear controls, in
[15,16], the degree of approximation of the truncated Taylor series to the optimal control is analyzed. In [12], the
formal power series approach is discussed for the particular case of bilinear control systems. The explicit structure
of the terms up to the third order are given and shown to be unique for locally stabilizable systems. More recent
developments, which are based on Taylor series expansions and their use for a numerical approximation of the value
function can be found in [27] and [ 1], as well as in the survey article [21]. For a further detailed overview on obtaining
optimal feedback controls including numerical experiments in the finite-dimensional case, we refer to the survey [7]
and to the references therein.

In the infinite-dimensional case, we are only aware of the results from [32], where a third-order approximation
for a stabilization problem of the Burgers equation with the control entering linearly is investigated theoretically and
numerically. To the best of our knowledge, a more general analysis of Taylor approximations for infinite-dimensional
control systems does not exist yet. Many researchers have addressed the topic of existence of a solution to the control-
related Hamilton—Jacobi—Bellman (HJB) equations in infinite dimensions. We mention the early monograph [5] and
the seminal series of papers by Crandall and Lions. In [17,18] the HIB equation related to finite horizon optimal con-
trol problems for semi-linear evolution equations with controls entering linearly was investigated and regularity of the
value function was obtained under smallness requirements on the nonlinearity, so that optimal feedback controls could
be obtained by dynamic programming. Existence of a unique solution to the associated HJB equation is obtained by
a smoothing technique based on the Yosida approximation of the value function. Moreover, expansions of the value
function, of the optimal states, and of the optimal controls, with respect to the parameter quantifying the influence
of the nonlinearity, could be obtained. In the present article we focus on the expansion of the value function itself.
Concerning the analysis of abstract control systems we refer to the monographs [4,9,23,34], and the references given
there.

Our article is structured as follows. Section 3 is a preparatory section. We show that if V is Fréchet differentiable,
then it is the solution to some HIB equation. In Theorem 14, we further show that if V' is (p + 1)-times differentiable
in the neighborhood of 0, then D”)V(0) is a solution to a generalized Lyapunov equation. This result motivates the
construction of V. Our main contributions start in section 4. In this section, we rigorously define the sequence of
multilinear forms (7¢)x>2, the polynomial approximations V,,, and the feedback laws u,. In section 5, we prove the
well-posedness of the closed-loop system associated with u,, in the neighborhood of 0. In section 6, we prove the
existence of an optimal (open-loop) control and investigate some of its regularity properties. Section 7 contains our
main results: in Theorem 33, we prove the error estimates (3) and (6). Estimate (7) is proved in Theorem 35.

2. Analytical preliminaries
2.1. State equation
Throughout the article, V C Y C V* denotes a Gelfand triple of real Hilbert spaces, where the embedding of V

into Y is dense and compact and where V* stands for the topological dual of V. Further, a: V x V — R denotes a
V-Y -coercive bilinear form on V x V, i.e. a satisfies the following assumption.
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Assumption A1. There exist v > 0 and A € R such that a(v, v) > v||v[|3, — A|[v||3, forallv e V.

Associated with a, there exists a unique closed linear operator A in Y characterized by D(A) ={ve V: w
a(v, w) is Y-continuous} and by (Av, w)y = —a(v, w), for all v € D(A) and w € V, see e.g. [9, Part II, Chapter 1,
Section 2.7]. Moreover, A has a uniquely defined extension as bounded linear operator in L(V, V*), which will be
denoted by the same symbol, see [31, Section 2.2]. We make the following assumption on the operators N .

Assumption A2. Forall j=1,...,m, N; € L(V,Y) and N]*.‘ e L(V,Y).

Moreover, we assume that B; € Y and we choose « > 0. The inner product on Y is denoted by (-, -) or (-, -)y and
duality between V and V* by (-, -)v, v+. We are now prepared to state the problem under consideration:

o0 o0

1 o

inf  J(u, :=—/ S(u, o t zdt—l——/ u(®) |5 dt, P

vt T30 =5 [ ISG 300l dr + 2 [ u)li (P)
0 0

where S(u, yo; -) is the solution to
{ Sy = Ay@) + X (Njy(0) + Bju, (1), fort >0,

y(0) = yo.

3)
Here, S(u, yo) is referred to as solution of (8) if for each T > 0, it lies in the space
d
W(,T) = {y eL*(0,T;V): V€ L%, T; v*)} )

We recall that W (0, T') is continuously embedded in C ([0, T'], Y) [24, Theorem 3.1]. Let us note that the origin is a
steady state of the uncontrolled system (8). Associated with (P) and (8), we define the value function on Y:

V(yo) = inf J(u, yo).
ueL?(0,00;R™M)

The following lemma summarizes some properties of equation (8). The proof is quite standard and therefore deferred
to the Appendix.

Lemma 1. Assume that Al and A2 hold. For all u € L*>(0, 0o; R™) and for all yo € Y, there exists a unique solution
y to (8) and a continuous function c such that

lyllwo, 7y <c(T, llyolly, ||u||L2(0,T;Rm))~ )

Moreover, there exists a constant C > 0 such that for all T > 0, for all u € LZ(O, o0; R™) and for all yg and yg € Y,
we have

C(T+ m
19103 00,727y < (15013 + Cllull? 2 gmy) €M N2 8, (10)
~ ~ C(T+ RN
15 = Y2 oe0.7:7) < 150 — yoll3 € HI20rmm), (11

If further y lies in LZ(O, 00; Y), the constant C is such that

Cllul? "
1B e 00ciry = (15013 + CUYR g saryy + 101220 sqipemy) ) 0T, (12)
2 2 2 2
||}’||L2(0’OO;V) S C(”)’”Lz(o‘oo;y) + (”yHLOO((),oo;Y) + I)HMHLZ(O’OO;]Rm))v (13)
dy|? ol 2 D)2 14
5 ) — ||y||L2(0YOO;V) + (Hy”LOO(O,oo;Y) + )”u”LZ(O,OO;R”’) . ( )
L=(0,00;V*)

Additionally, limy_ o ||y(T)|ly =0.
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Proposition 2. If problem (P) admits a feasible control (i.e. a control u € L*(0, oo; R™) such that J (u, yo) < 00),
then it has a solution.

The proof uses standard arguments and it is therefore given in the Appendix. Note that in Section 5, we construct
a feedback law generating feasible controls (for small values of ||ygl/y).

Remark 3. We recall some additional properties of the operator A generated by a. First, it is well known that A
generates an analytic semigroup, see e.g. [31, Sections 3.6 and 5.4], that we denote by e4’. Let us set Ag = A — Al,
if A > 0 and Ag = A otherwise. Then — A has a bounded inverse in Y, see [31, p. 75], and in particular it is maximal
accretive, see [31, 20]. We observe that D(Ag) = D(A) and the fractional powers of — A are well-defined. Throughout

D(A) is endowed with the graph norm. In particular, we have D((—Ao)%) = [D(—Ayp), Y]% = (D(—Ao), Y), ! for
the real interpolation space with indices 2 and %, see [9, Proposition 6.1, Part II, Chapter 1].

For the following regularity result, we require the following assumption.

Assumption A3. It holds that [D(~Ao), Y1y = [D(=A}), Y], = V.

(S]]

Sufficient conditions under which A3 holds are given in [25]. One of them is that D(—Ap) = D(—AS). For further
discussion we refer to [9, Part II, Chapter 2.1].

Lemma 4. Let AI-A3 hold. Then, there exists a continuous function ¢ such that for all T > 0, for all yy € V, and
forallu e LZ(O, T; R™) the solution to (8) satisfies y € H! O, T;Y)N LZ(O, T; D(—Ap)) and the following estimate
holds:

IYIa10,7:v)nL20,7:D(—Ag)) = (T Iyollv, lull 20, 7,mm))- (15)

Proof. Let y denote the solution to (8) and define z = (—Ao)% y. Then, z satisfies
$20) = Az(0) + Y1 (Njz(6) + Bj)u (1), fort >0,

| (16)
z(0) = (—=Ao) 2 yo,

where Nj = (—A)ZN;(—Ag)~2 and B; = (—Ag)? B;.
As a consequence of A3 we have that (—Ao)% e L(Y,V*) and (—Ao)’% € L(Y, V). It follows that ]\7]- e L(Y,V*)

and B ;€ V* for all j. Now we can proceed as in the proof of the first part of Lemma | to obtain that z €
H'(0,T; V*)NL?(0, T; V) and this implies that y € H'(0, T; Y) N L*(0, T; D(—Ao)) and that (15) holds. O

Remark 5. For finite dimensional systems with V =Y = R”, Assumptions A1, A2, and A3 are trivially satisfied. In
Section 8, we describe two infinite-dimensional control problems related to partial differential equations for which the
general assumptions are satisfied.

Remark 6. The reader will have noticed that our controls are functions of time, but are fixed with respect to their
spatial distribution. The technical reason for this choice is related to the well-posedness of the control system (8).
Already the properties asserted in Lemma | will not hold for general bilinear control systems. The difficulties are
related to Holder estimates, as detailed in Remark 37 after the proof of Lemma 1.

2.2. Notation for multilinear forms and differentiability properties

We denote by By (8) the closed ball of Y with radius § and center 0. For k > 1, we make use of the following norm:

11 e YNy = max lyily. A7)

,,,,,
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We denote by By« (5) the closed ball of Y* with radius & and center 0, for the norm || - |lyx. For k > 1, we say that
T:Y* - R is a bounded multilinear form if for all i € {1,...,k} and for all zy,...,Zi—1, Zi+1>---» 2k € Yk=1, the
mapping z € Y + T (21, s Zi—15 Z» Zi+1>» ---» Zk) 18 linear and

ITI:= sup [T(y]<o0c. (18)

y€Byi (1)

We denote by M(Y*,R) the set of bounded multilinear forms. For all 7 € M(Y*, R) and for all (z1, ..., zx) € Y*,

k
1T @1y 2l < ITH ] Tzl (19)

i=1

Bounded multilinear forms 7~ € M (Y¥, R) are said to be symmetric if for all z1, ..., zx € Y* and for all permutations
o of {1,...,k},

T @Zo(1)s s Zok) =T (21, oy 2h)-

Given two multilinear forms 77 € M(Y¥,R) and 75 € M(Y*,R), we denote by 7; ® 7> the bounded multilinear
mapping which is defined for all (yy, ..., yrye) € Y4+ by

(T @ TD)1s -y Yit) = Ti(V1s oy YO T2 (VhA 15 o5 Vit£)-

For y € Y, we denote

Y =(y,..,y) erk

Lemma 7. Let T: Y* — R be a multilinear form. Then, T € M(Y*,R) if and only if it is continuous. In this case, it
is also Lipschitz continuous on bounded subsets of Y*. More precisely, for all M > 0, for all y and v € By« (M),

T =TI <kM*NIT| Iy = vlye. (20)
The proof is given in the Appendix.

Lemma 8. Let T € M(YX R). Then, it is also infinitely many times differentiable. In particular, for all y =
31s e k) €Y5and z = (21, ..., zx) € YK,

k
DT (1, ooy YO @15 oe0s Z6) = D TV s Yty Zis Vil oos VE)- 21

i=1
Moreover, for all M > 0, for all y and y € Byx (M),
|DT ()z| <kM*|iz]lyx (22)
DT ()z = DT(z| <ktk = DM* 2 T IF = yllye llzllyx. (23)

Proof. The Fréchet differentiability of 7 € M(Y*,R), as well as formula (21) follows from (20), taking v; = y; +
021, ..., Vk = Yk + 0zx. Formula (22) follows directly from formula (21). Formula (23) follows from Lemma 7, from
(21), and from the following relation:

ITC s zins s = Nzilly I

Finally, one can prove by induction that 7 is infinitely many times differentiable, observing that D7 (y1, ..., yx) X
(z1, ..., 2k) can be written as a sum of bounded multilinear forms. O

The following lemma provides a useful chain rule.

Lemma 9. Let f € Wh1(0, oo; YX) and T € M(Y¥,R). Then, F :=T o f lies in W1(0, o) and satisfies
F't)=DT(f@®)f' (), forae. t>D0.
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Proof. Using the continuous embedding of wil 0,00 Y k) in L*°(0, oo; Yk), we first obtain that

o0

k—1
[ 1EO18 = IT 11y 17y <
0

e ¢]

[ DT o @ 0t <KITILAE oyt 1 10007ty <0
0
Therefore, F € L'(0, 00) and DT o f(-) f'(-) € L' (0, 00). It remains to prove that D7 o f(-) f'(-) is the derivative
of F in the sense of distributions.
Let (f,)nen be a sequence in C'1(0, oo; Yk, with limit f in W1(0, oo; Y%). Let ¢ € C2°(0, oo) be a test function.
By the chain rule, we have

fTO fn(t)fb/(t)dt:—/DTO fa(®) [ (D¢ (1) dt. (24)
0 0

Using the continuous embedding of W10, 0o;: Y*) in L™(0, co; Y*), we obtain that (fn)nen is bounded in
L%°(0, 00; Y¥). Let M > 0 be an upper bound of || [l 100 (0, 00: y*y @nd || f Il oo (0,00: y*)- By Lemma 7,

| / (T o fo=Tof)g'®)dt| <kM U ITIIfu = Fllio,00rm 19 220,00 = 0.
0

By Lemma 8,

| / (DT o fu) £1) = DT o f(1) 1)) (1) |
0

< /\(DTOfn(t)—DTO ) f@0)] |¢>(t)ldt+f\DTOf(f)(f,{(t)—f’(t))\ lp ()] dr
0 0

_ —1
< k(k = DM TN fo = f 1520 00070 1 10,0074 1012000
k—1 —_—
HEM TS = 10,0000 11lL20.00) = 0-

Passing to the limit in (24), we obtain that

/Tof(t)qb/(t)dt=—fDTof(t)f/(t)¢(t)dt,
0 0

which justifies that F is differentiable in the sense of distributions, with F’(-) = DT o f(-) f'(-). This concludes the
proof. O

3. Derivation of a generalized Lyapunov equation

The goal of this section is to prove that the derivatives of V at 0 of order three and more, provided that they exist,
are solution to a linear equation, that we call generalized Lyapunov equation. The existence of a unique solution to
this equation and its use for approximating V and designing feedback laws will be discussed in the following sections.
Rather than postulating this equation, we derive it from the HJB equation under the assumption that V' is (k 4 1)-times
Fréchet differentiable in Y, with k > 3, and under a continuity assumption for optimal controls. We stress that the
assumptions on V, in particular the differentiability at 0, are only used to obtain the generalized Lyapunov equation.
The results obtained in the following sections do not rely on this assumption.
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3.1. Derivation of the HIB equation

We prove in this subsection that the value function V is a solution the Hamilton—Jacobi—Bellman equation (HIB),
under the assumption that V is continuously differentiable and under a continuity assumption for optimal controls.
Following standard arguments, it can be verified that the dynamic programming principle for the infinite horizon
problem holds: for all yg € Y, for all T > 0,
T

Vo) = inf / E(S (s o1 1), u (D) dr + V(S (W, 0 7)), 25)
ueLz(O,r;]Rm)O

where ¢(y,u) = %||y||%, + allull%@n. Moreover, for T > 0, any control u € L?(0, 0o; R™) is a solution to problem (P)
with initial condition yg if and only if uo,;) minimizes the r.h.s. of (25) and u,(;,«) is a solution to problem () with
initial condition S(u, yo; 7).

Proposition 10. In addition to AI1-A3, assume that there exists an open neighborhood Yy of the origin in Y which is
such that the two following statements hold:

1. Forall yo € D(A) N Yy, problem (P) possesses a solution u which is right-continuous at time 0.
2. The value function is continuously differentiable on Y.

Then, for all y € D(A) N Yy, the following Hamilton—Jacobi—Bellman equation holds:
DV(y) Ay + Syl — ii(DV( )(Njy+ B))* =0 (26)
Ay + Sivly 2“,'—1 YNNGY i) =V

Proof. The proof uses standard arguments. Let yg € D(A) N Yy be arbitrary. By assumption, there exists an optimal
solution i to (P) with initial condition yy which is right-continuous at time 0. Let #( denote the limit of « at time 0.
Let y = S(u, yo) be the associated state. Our proof is based on the following relations:

DV (y0)(Ayo+ Y _(N;jyo+ Bj)(uo);) +£(y0, u0) =0, 27
j=1
m
uo € arg min, ez DV(y0)(Ayo + Y _(Njyo + Bj)u;) + £(yo. u). (28)
j=1

Step 1: Proof of (27). By the dynamic programming principle, for all T > 0,

T

V(yo)=/€(§(S),ﬁ(S))ds+V(i(f)).
0
Thus,

4

i /f(y(S) u(s))ds + — (V(y(f) —V()) = (29)
0
For any T > 0, we have y € C([0, T']; Y) and therefore, we can fix o > 0 such that y(t) € Yy, for all t € [0, 1¢].
Relation (27) follows then by passing to the limit in (29), in Y, when T — 0. By continuity of y and u at time 0, the
first term of the left-hand side of (29) clearly converges to £(yg, ug). To prove the convergence of the second term, we
need to prove the differentiability of y at time 0 and to establish a chain rule property. For all 7 € (0, 7p), we have

1 1 1 i
;(y(f) —y0) = ;(EAT}’O - y0) ; Z/ AT ((N;3(s) + B))itj(s)) ds (30)
/= =/;(s)
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The first term of the r.h.s. converges to Ayp. Regarding the second one, observe first that by Lemma 4, y €
C([0, 7o]; V), therefore, since i is right-continuous and N; € L(V,Y), the function f;: s >0 f;(s) € Y is right-
continuous at time 0. We have

1 1 L[
- / A9 fi(s)ds — f;(0) = - f AT (fi(s) — £;(0)) ds + - / (2T £,(0)) — £;(0) ds . 31)

0 0 0
=:(a) =:(b)

Since A generates an analytic semigroup (see Remark 3), there exist M > 0 and w > 0 such that [|e?*| L) < Me®”.
We obtain

1 T
l@ly < - / 14l 1£5(5) = £ O)lly ds = Me™( S[l(l)P]||fj(S)—fj(0)||Y) — 0. (32)
0 s€[0,T Lind

Moreover, for fj(t) = eAtfj (0), it holds that fj e C([0, 7], Y), therefore

T
1 ~ ~ ~ ~
D)y < —/ I fi(t—s)— fjO)lyds < max [|fj(s) — f;(O)]ly — 0. (33)
T s€[0,7] 7—0
0
Combining (30)—(33), we obtain that

1 m
—(3(@) = y@) —> Ayo + Y _(Nj30 + B)) (o),
j=1

‘We now have

1 m
- (VG(@) = V(30)) — DV(30)(Ayo + Z(Njyo + Bj)(uo) )
j=1

Q| =

1
/ [DV(yo + 5 () = y0)) = DV(30)|(7(z) — yo) ds
0

=:(c)
y(@) —y S
S0~ (4w + LN+ B))(wo)))-
j=

+ DV (o)

Clearly, the second term of the r.h.s. converges to 0. Using the continuity of DV, and the fact that (y(t) — yo)/7 is
bounded, we obtain

1
i@ty (_ max 1DVGo+2) - DVool) |- (5@ — )|, — 0
! zeBy (Iy(m)—yolly) Y0 Y0 T (y yo) Y =0
Passing to the limit in (29), we obtain: £(yg, o) + DV (y9)(Ayo + ZT:l (Njyo+ B;j)(ug) j) =0, which proves (27).
Step 2: Proof of (28) and conclusion. Let u € R™ and let # be the piecewise constant control equal to u# on (0, 1)
and equal to 0 on (1, 00). Let y = S(yo, u). Then, by (25), for all = € (0, 1),

T

1 1
- / G (s).uyds + L (VG@) = V() 2 0.

T
0
We can pass to the limit (when T — 0) with exactly the same arguments as the ones used in the first part of the proof.
We therefore obtain



1370 T. Breiten et al. / Ann. 1. H. Poincaré — AN 36 (2019) 1361-1399

m
DV(y0)(Ayo+ > _(Njyo+ Bju;) + £(yo. u) > 0.
j=l1
Since the 1.h.s. in the above expression is equal to O for u = ug, we deduce that it reaches its minimum 0 at u = ug.
The Lh.s. being linear-quadratic with respect to u, the following relation can easily be obtained:

1
(o) = —&DV()’O)(Nij + Bj). (34)

Equation (26) follows then from (27) and (34). O

Remark 11. Note that for the last step of the proof the quadratic nature of the control cost was essential to obtain a
convenient expression for the argmin in (28).

3.2. A generalized operator Lyapunov equation

We prove in Theorem 14 that if V is (k + 1)-times differentiable, then DFV(0) is a solution to a generalized
Lyapunov equation, by differentiating the HIB equation k-times. Note that in this subsection, the k-th derivative
DKV(0) is represented by a multilinear form in M (Y*, R).

The case k =3. We assume that V is four times Fréchet differentiable on Y and that the assumptions of Propo-
sition 10 hold. Note that the differentiability on Y implies the differentiability on D(A). Differentiating the HIB
equation (26) a first time with respect to y in the direction z; € D(A) yields

D*V(y)(Ay,z1) + DV(y)Az1 + (y, 21)y
m
- é X; (D*V(y)(N;y + Bj,z1) + DV(»)N;z1)(DV(y)(N;y + Bj)) =0.
=
Differentiating a second time with respect to y in the direction z, € D(A), we obtain
DV () (Ay. z1,22) + D*V()(Az2. 21) + D*V(y)(Az1, 22) + (21, 22)y
m
— é > (DZV(y)(Njy +Bj,z1) + DV(y)szl) (DZV(y)(Njy +Bj,22) + DV(y)N,Zz)

j=1

> (DVOWy + B, 21,2)) (DVO Wy + B))
j=1

IS

|
Q| m—
.MS

(DZV(y)(szz, 21) + D2V(y)(Njz1. Zz)) (DV(y)(Njy 4 Bj))

j=1
=0. (35

Observing that V(y) > 0 for all y and that V(0) = 0, we deduce that DV(0) = 0. Taking y = 0 in the above equation
and representing D2V(0) as nonnegative self-adjoint operator IT = IT* € £(Y) such that D2V(0)(z1,22) = (z1, z2)y
forall z;, zo € D(A), we obtain

1 m
(A*TIz1, 22) + (MAz1. 22) + (21.22) — — 3 (BiTla))(B!Tzp) = 0. (36)
o paet

Equation (36) is the algebraic operator Riccati equation, see e.g. [13,22]. Throughout the rest of the paper, we assume,
on top of Assumptions A1-A3 that

Assumption A4. There exist bounded linear forms Fi, ..., Fy, € L(Y, R) such that the semigroup e<A+Zlfﬁ=' BiFpt g
exponentially stable on Y.
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Clearly A4 is satisfied if the pair (A, [By, ..., By]) is exactly controllable. A sufficient condition for exponential
stabilizability is also given by the infinite-dimensional version of the celebrated Hautus criterion as detailed in [3], for
example.

Since the pair (A, I) is exponentially detectable on Y, it follows from [13, Theorem 6.2.7] that (36) has a unique
nonnegative stabilizing solution IT € £(Y). Accordingly, we define the operator Ay as follows:

1 m
An: DA CY =Y, D(An)={yeL2(sz)|Ay——§ BjBiTleY},
o
j=1

1 m
Any =Ay — — B B*Ily.
v Any = Ay - — Z jB Ty
j=1
In particular, since IT is stabilizing, we know that the semigroup e’ is exponentially stable on Y. Moreover, since
> j=1Bj B* IT € L(Y), by a perturbation result for analytic semigroups [28] as in Remark 3 we can choose A > 0 such

that —Ag = —A + A/ is maximal accretive. Endowing D(— Ap) and D( Ap) with their graph norms, we have that
the identity operator between these spaces is a homeomorphism D(— Ao) ="D(—Ap). Consequently, the interpolation
spaces defined by the method of traces [9, Part II, Chapter 1, Section 2] are homeomorphic and we thus obtain

[D(—Ao), Nl =1D(= A, Y1 =V.

2

We continue by differentiating a third time with respect to y in the direction z3 € D(A), which for y = 0 leads us to:
DV(0)(Az3, 21, 22) + DV(0)(Az2, 21, 23) + D V(0)(Az1. 22, 23)

1
==Y (D VOB).21.23) + DVONjz3.20) + DVON;21.29) ) (DV(O) (B;. )
j=1

I
Q| =
VM§

(D3V(0)(Bj, 22.23) + D*V(0)(N;23. 22) + D*V(O)(N; 22, Z3)) (DZV(O)(B i zl))
1

J

|
Q| —

(D3V(0)(B,-, 21, 22) + D*V(0)(N;z2, 21) + D*V(0)(N,z1, 12)) (D2V(O)(Bj, Z3)>
1

J

e

We can already observe that this equation is a linear equation with respect to D*1(0). Moreover, using the symmetry
of the derivatives, we can re-write it in the following form:

1
D*V(0)(Anzi, 22, 23) + DV(0)(z1, Anz2, 23) + D¥V(0)(z1, 22, Anz3) = 22 Ratar, 22,29), (37)

where the multilinear form R3: Y3 — R is defined by

m
R3(z1,22,23) =2 Z(HBJ', zD)[(TMz2, Njz3) + (Tz3, Njz2) ]
j=1

m
+2 (NBj. 22)[(Mz1, Njz3) + (Mz3, Njz1)]
j=l

m
+ 22(1'13,', 23)[(TMz1, Njz2) + (Mz2, Njz1)].
j=1
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Lyapunov equation: general case. The derivation of the Lyapunov equation, for a general k > 3, requires some
symmetrization techniques for multilinear forms. For i and j € N, we make use of the following set of permutations:

Sij= {a €Sirjlo)<...<o@ando(i+1)<..<0o( +j)},

where ;4 ; is the set of permutations of {1, ...,i + j}. A permutation o € §; ; is uniquely defined by the subset
{o(1),...,0 (i)}, therefore, the cardinality of S; ; is equal to the number of subsets of cardinality i of {I,...,i + j},
that is to say,

i+
|S,-,j|=< l.J>.

Let us give an example. Representing a permutation o € S4 by the vector (o (1), ..., 0(4)), we have:
S20 = {0 €Sylo(l)<o(@)ando(3) < 0(4)}
=1{(1,2,3,4),(1,3,2,4),(1,4,2,3),(2,3,1,4),(2,4,1,3),(3,4,1,2)}.
Let 7 be a multilinear form of order i + j. We denote by Sym; i (T) the multilinear form defined by

N
Sym; ;(T)(z1, .o, Zitj) = (l +]> [ Z T(ZU(1)7~~.,ZU(i+j))]' (38)

1
UGS,‘J

The two following lemmas contain the main properties related to this specific symmetrization technique which will
be needed. Their proofs are given in the Appendix. Lemma 12 is a general Leibnitz formula for the differentiation of
the product of two functions. Lemma 13 is a symmetry property.

Lemma 12. Ler f: Y — Rand g: Y — R be two k-times continuously differentiable functions. Then, for all k > 1,
forally ey,

k

“Lronem] = Z( )Syml i (D' f () ® D g(y)). (39)

i=0
Lemma 13. Let T{ e M(Y!,R) and T, € M(Y 7, R). Then, forall y € Y,
Sym; ;(Ti ® T)(y®H) = I T2 (y®).
Moreover, if Ty and T, are symmetric, then Sym; ;(Ti ® T2) is also symmetric.

We are now ready to derive the generalized Lyapunov equation.

Theorem 14. Let k > 3. Assume that V: Y — R is (k + 1)-times Fréchet differentiable in a neighborhood of 0 and
that the assumptions of Proposition 10 hold. Then for all 71, ..., zx € D(A),

k

1 m
;DkV(O)(Zl, s Zic 15 ATIZi 5 Tid 1y oo 2hk) = o jz_:le,k(Zl, vy Zh)s (40)

where the multilinear form R j i : Yk — R is given by

Rk =2k(k — 1)Sym; 1 (Cj1 ® Gjx—1)
+Z< >Symzk 1((le+lgjt)®(c/k ,+(k—l)g]k 1))

where
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Cii(z1s o zi) = DTYWO)Bj, 21, o 2i), fori=1, .. k=2

Ir )
Gj.i(z1, s 2i) = —.[ZD’V(O)(zl, er =1 NjZj 21y oo z,')], Jori=1,..,k—1
it
Remark 15. The meaning of the expression on the left-hand side of (40) is the following:

k

Y DVO) (1, zict, ANz Zitts e 28) = DYVO0)(Anzi, 22,0 2)
i=1

+ D"V(0)(z1, Az, 23, s 28) + oo + DXVO) (21, .., Zk—1, ATIZE)-

Proof of Theorem 14. We differentiate the HIB equation k times. First observe that since k > 3,

D*(llyl3) =o0. (41)
We then have

DDV () (AN (21, - 1) =DV (Ay, 21, oy 21)

k
+ 3 D VO o Zimt AL i e 20). (42)

i=1
Therefore, the k-th derivative of y = DV(y)(Ay), evaluated at y = 0, is given by

k

D DVO) (21, zi 1y AZis Zigds e 2. (43)
i=1

For all y € D(A) we set W;(y) = DV(y)(N;y + Bj). It remains to compute the k-th derivative of y € D(A)
W;(y)?* at y =0. Similarly to (42),

D'W;(»)(z1, -, 21) =DV () (Njy + Bj, 21, -o0r 20)

4
+ Y DV e 201, NjZes 21 oons 20,
=1

and therefore,
D'W;(0)=C;; +iG,,. (44)
Using Lemma 12 and observing that DOWj (0) =W,;(0) =0, we obtain

_ (]f ) Symy i ((Cji +iG;.) ® Cpi + (k — )G k). (45)
i=1

We compute now the summands of the above expression for i = 1 and i = k — 1. Note first that
Gi1=0 and Cji(z)= B}kl—lz.
Therefore,
Sym ;_1((Cj1+Gj,1) ® (Cjk—1 + (k — DGjr—1))
=Symy ;1 (Cj.1 ®Cjr—1) + (k— 1DSym; ;_;(Cj.1 ®Gj k1) (46)
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and moreover

k

Sym ;_1(Cj1 ®Cjk—1) (21, oo 20) = ch,l(zz)cj,k—1(z1, coes 2015 20415 +os 2h)
=1

k
= Y BTz, D*VO) @1, s 201, Bjr 215 oonr 20)
=1

k
= ZDkV(O)(Zl,...,zz_l,BjB}‘l'Izz,ZHl, s Zh)-

=1
Combining (45), (46), and (47), we obtain
k
D W ()] @1 s 2) = Y DV @t oy 2ot By B Tze, e ooy 28)
=1

k=2
k
+) (l. ) Sym; i ((Cjii +iG;.) ® (Cjk—i + (k = )G} k=) (21, --es 26)
i=2

+ 2k(k — DSym ;_1(Cj1 ® Gjk—1)(z1, . 2k).
From (41), (43), and (48), we deduce (40). O

4. Construction of the polynomial approximation

(47)

(48)

In this section, we construct a sequence (Tg)i>2, wWith Ty € M(Y k R), which enables us to obtain a polynomial
approximation of the value function V. For all k > 3, 7 is the unique solution to a multilinear equation, with a
right-hand side which depends explicitly on N;, B;, and 75, ..., Tx—1. This multilinear equation is suggested by the

structure of (40). The existence will be obtained under the generic Assumptions A1-A4.

We start with an existence result for multilinear equations with particular right-hand sides, which will be relevant

once we turn to (40).

Theorem 16. Let k > 2. For 1 <i < { <k, let Riy € M(Y*,R). Then, there exists a unique T € M(Y*, R) such that

forall (z1, ..., zx) € D(A),

k
ZT(ZI 9 *cey Zl*l b AHZZ’ Zl+1’ ety Zk) = R(Zl’ ety Zk)’
i=1
where:

m
R@nz) = Y Y Rit(@ls oo Zimts NjZi Zitds oo 201, NjZ0s 20415 oons 20)-
1<i<t<k j=I

Moreover, if R is symmetric, then T is also symmetric.

Proof. Part 1: Existence. For all (z1, ..., zx) € Y*, we define:

o0
Tl 2k) = — / R(eA“'m, - eA”tzk) dr.
0

(49)

Let us justify the well-posedness of 7. All along the article, the constant C is a generic constant whose value can

change. We have
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o0
/|R12(NjeA“’zl,NjeA“'zz,eA“’13,...,eA“’zk)|dt
0

oo
k
A A A
sc/[nN,-e Mzilly 1N sl [Tler zilly |dr
0 i=3
% k
A A A
<c [ [1emzuv hetnizal TThenziy ] ar
0 i=3

Here, the last step follows from the fact that N; € £L(V, Y). Using the generalized Holder inequality, we obtain

oo
/|7312(N,,'6A”ZZ1,N,,'eA“’zz,eA”’zm e ez dr
0
k
Am- Aqn- Am-
<Cle HZI||L2(0,OO;V)||€ “ZI||L2(0,OO;V)1_[||6 zZill L% (0.00:Y)-
i=3

Since the semigroup eA1” is analytic and exponentially stable on Y, it follows from [9, Theorem 2.2, Part IT, Chapter 3]
that

o

k
/ [Ri2(Nje* 2y, Nje*M 2y, e 23, . e* Mg dr < C T T l1zilly- (50)
0 i=1

The same estimate can be derived for the other terms of R. It follows that

% k
/|R(eA“’m,...,eA“’Zk)|drsc]"[nz,»ny, (51)
0

i=1

which proves that 7 is well-defined on Y*. If R is symmetric, then 7 is also symmetric, by (51).
We next prove that 7 is a solution to (49). Let us first assume that (zy, ..., 2x) € D(A%)F and define

F:tel0,00)—~ R(eA”tzl, ez,

We already know that F € L'(0, o0), by (51). In fact, F € W!1(0, o0), with

k
F'(t) = ZR(eA”’zl, @Mz A Az e i k). (52)

i=1
This is seen as follows. For all i < £, for ¢ € [0, o0), we define
Fioj () =Rie(eM 21, oo, Mz 1, Njet Mz ez, e zp oy, Nje Mz, e oy, o, ez,
so that F = Zliidik Z;'n:] Fj¢j. To simplify, we focus on Fi;. By [13, Theorem 5.1.5], AHI exists and Aﬁl €
L(Y,D(A)). Using the commutativity of Ar, Aﬁl, and eA1! | we find that
Fi2;(t) = Ria(N; A e Anzy, NjAG e Aniza, e 23, .. e 20) = Riaj 0 g12(0),

where

R12j 01, oo Y1) 1= R12(NFAGR Y1, Nj AT Y2, Y30 s 1),

g12(t) == (e Anzy, e Anzp, €A z3..., €A1 1),
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Since NjAG! € L(Y), it follows that Rj2; € M(Y*, R). Moreover, for z; € D(A?) it holds that ApeA™ Apz; €
LI(O, 00; Y) and hence, g2 € lel(O, o0; Yk). By Lemma 9 we obtain that Fj»; € WI’I(O, 00) and that
F1/2j ) = 'Rlz(NjeAmAnz], NjeA“tzz, eAMlzs, .., eMizy)
+Ri2(Nje M zy, NjeA Anza, e 23, ..., e zp)
k
+ Y Ria(Nje' Mz, Njeh Mg, ez, ez 1, e Az, e i, e gy,
i=3
Similar formulas can be obtained in the same manner for Fjs;. It follows that F € wil (0, 00) and that (52) holds.
Since R is continuous and ||eA“’z,- 5% [—> 0, we deduce F(¢) t—> 0. Moreover, F € W1(0, c0) implies that it is
—00 -0

absolutely continuous and therefore, for all 7 > 0,
T

F(T)—- F(0) = / F'(t)dt.
0
Passing to the limit when 7 — oo, we obtain

o o0
k
F(0) = —fF’(t)dt:—/ZR(eA“’m,...,eA”’zifl,eA”’Anzi,eA”’ziH,...,zk)dt
0 o i=l

k
= ZT(ZI’ ey Zl*l? AHZZ’ Zl+]’ e Zk)'
i=1

Since F(0) = R(z1, ..., 2k), €quation (49) is satisfied. Since D(A?) is dense in D(A), equation (49) remains valid for
zi € D(A), by continuity. -
Part 2: Uniqueness. Let T € M(Y*, R) satisfy (49) and let us set £ =7 — 7. For all (z1, ..., zx) € D(A)X,

k
D €@, rzint, ANz it - 24) =0 (53)
i=1

For a fixed (z1, ..., 2x) € D(A)*, we define

G:tel0,00) > EEAT 7y, ..., eAN 7).

As in the second part of the proof, we can show that G € W1 1(0, 00), with

k
G'()=) €@z, ...e"zi 1, Ane Mz, ez, e 2p). (54)
i=1
Note that for all ¢, we have that e41'z; € D(A). Hence, we deduce from (53) that G’(¢) = 0 and therefore that G
is constant. For all i, we have |le40z; ||y =2 0, and thus G(¢) =2 0 since & is continuous. This implies that G
—> 00 —> 00

is identically 0. Since G(0) = £(z1, ..., zx) it follows that & is null on D(A)*. By continuity, £ is null on Y*. This
concludes the proof. O

Remark 17. Theorem 16 can be generalized to equations with a right-hand side of the following form:

m
1
R(z1, e 2k) = ROy, oy 2) + Z ZR,( )(Zl,-~-,Zi71,NjZi,Zi+l,---,Zk)

1<i<k j=1
m
2
+ > D R @ i1 NjZi Tt oo 21 NjZos 2egs o 20, (55)
1<i<t<k j=1

where R, (ngl)) 1<i<k, and (R;?) 1<i<¢<k are bounded multilinear forms.
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In the following theorem, we use the nonnegative self-adjoint Riccati operator IT which was defined in (36).

Theorem 18. There exists a unique sequence of symmetric multilinear forms (Tg)k>2, with T € MK R) and a
unique sequence of multilinear forms (R i)r=3,j=1,...m» With R € M(D(A¥, R) such that for all (z1, z2) € Y2,

,,,,,

T2(z1, z2) = (z1, [z2) (56)
and such that for all k > 3, for all (z1, ..., zx) € D(A),
k 1 m
;ﬁ(zl, s Zie 1 ATIZi s Zig Ly ooy Zhk) = E;Rj,k(a, cees Zh)s (57a)
where

Rjk =2k(k — 1)Sym 4_1(Cj.1 ® Gj k1)
k=2
k . .
+ Z (i ) Sym, ;i ((Cj.i +iGj.i) ® Cjr—i + (k —)Gjk—i)). (57b)
i—2

and where
Cji(z1,.nzi) = Tix1(Bj,21,...,2i), fori=1,.. k-2,

17« . (57¢)
g]’,i(zlv"'azl.)z ?[ZI(Z15“7ZZ715N,/Z£7ZE+17-'7ZI)]5 forl:lv-"9k_1'
(=1

Proof. We prove this claim by induction. The induction assumption is the following: for all p > 2, there exists a
unique family (Tx)2<k<p, Tx € M(Y*,R) and a unique family (R )3<k<p, Rjx € M(D(A*R),j=1,....m
such that (56) and (57) hold, for all k =3, ..., p.

For p =2, it suffices to check that (z1,z2) € Y 2 (z1, Iz3) € R is continuous, which directly follows from the
Cauchy—Schwarz inequality and the fact that IT € L(Y).

Let p > 2, assume that the induction assumption is satisfied. Let (Tx)2<k<p, Tk € M(Y*,R) and (Rjx)3<k<ps
Rjxke M(D(A¥, R), j=1,...,m be such that (56) and (57) hold, for all k =3, ..., p.

Let R; p+1 be defined by (57b) and (57¢) (taking k = p + 1). The multilinear mapping R ; ,+1 is well-defined,
since (57b) and (57c) are defined by 7>, ..., 7,. Moreover, R 11 can be written as a sum of multilinear mappings in
which the operator N; appears at most twice. More precisely, since by assumption, 73, ..., 7, are bounded, R 41 can
be written in the form (55). Therefore, by Theorem 16, there exists a unique 7,41 € MY PFLR) satisfying (57a).
By induction, 7, ..., T, are all symmetric. One can easily check that fori =1, ..., p — 2, C;; is symmetric and for
i=1,..,p—1,G;; is symmetric. Therefore, by Lemma 13, R ; , is symmetric and finally, by Theorem 16, 7,
is symmetric. This proves the induction assumption for p 4 1 and concludes the proof. O

Remark 19. In the finite-dimensional case ¥ = R", a multilinear form S € M(Y*, R) can be naturally identified
with a multidimensional array (or tensor) S € R"**" Denoting with vec(S) € R™ the associated vectorization of S
allows to interpret (49) as a linear tensor equation of the form
k

SNUh®- ®L®AL, ®1,® - ® I,)vec(T) = vec(R),

N _\/_—1 ? —/_/

i=1 . .

i—1 k—i

where 1, is the identity matrix in R**" and A, € R"*" denotes a finite-dimensional approximation of the operator

Ap. Let us particularly emphasize that these types of equations can often be efficiently solved by tensor methods, see
e.g. [19].

Remark 20. The technique that we have employed for deriving the Lyapunov equations characterizing the high-order
derivatives is similar to the one used in the literature for general non-linear finite-dimensional problems. It is referred



1378 T. Breiten et al. / Ann. 1. H. Poincaré — AN 36 (2019) 1361-1399

to as Al’brekht’s method. In this general setting, the second-order derivative is still characterized by an algebraic
Riccati equation and the high-order derivatives by generalized Lyapunov equations. In the general setting, a Taylor
expansion of the minimizer of the Hamiltonian must be computed. This is not the case in the present article, since the
Hamiltonian is already quadratic. The Lyapunov equations established in [26, Section 2.3] (in an analytic setting) and
[21, Section 2] (up to the order 4) have the following form, using the notation of the current article:

k
272(2, w2 ArZ,2, 0 2) = Ri(2, o, 2)s
i=1

for all z, and thus the polynomial equality is only established for the diagonal terms z®¥. Let us also mention that our
proof of existence and uniqueness for the Lyapunov equations is new. In the finite-dimensional setting (see e.g. [21,
Section 2]), the proof relies on a calculation of the eigenvalues of the linear mapping T € M(RMH*,R) > &(T) €
M((R™M*, R), where

k
O(T) @10 ow2k) = ) Th(Z1s woes Zim s A Zi Tl o 26)-

i=1

This proof cannot be straightforwardly extended to the infinite-dimensional setting.

For all p > 2, we define the function V), as follows:

p
1
Vpi¥ >R Yy =) o Th(ye ), (58)
k=2

where the sequence (7x)>2 is given by Theorem 18. The definition of V,, is motivated by Theorem 14.

Remark 21. In Theorem 33, we prove that V), is an approximation of order p + 1 of V, in the neighborhood of 0.
This result is obtained without assuming the differentiability of V.

5. Well-posedness of the closed-loop system

In this section, we analyze the non-linear feedback law u,: y € V — R, defined by

p

1 1
(1)) = ==DV,()(N;y + Bj) = _E(Z
k=2

o Ny + By ). (59)

Its form is suggested by (34) and (58). Note that the explicit expression of u, follows from Lemma 8 and from the
symmetry of the multilinear forms 7. In this section, we discuss the well-posedness of the closed-loop system

d m
5Y=AY+;(NN+B])(UI;(,V));, y(0)=yo (60)

for a fixed value of p > 2. We recall that throughout this section and the remainder of the paper, Assumptions A1-A4
are supposed to hold. In Theorem 25, we will establish the existence of a solution to (60), provided that | yg|ly is
sufficiently small. We denote this closed-loop solution by

S(up, yo)-

The distinction with the notation S(u, yg) used for an open-loop control u € L%(0, 0o; R™) will be clear from the
context. We also denote by

U, (yos 1) =u,(S(up, yos 1)) (61)

the open-loop control generated with the feedback law u, and the initial condition yo. We will prove in Corollary 26
that U, (yo) is well-defined in L%(0, oo; R™), provided that || yg ||y is small enough.
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The strategy that we use to prove the well-posedness of (60) is rather standard and has been applied in the context
of infinite-dimensional systems several times, see e.g. [10,29,32]. It consists in proving that the non-linear part of
the closed-loop system satisfies a Lipschitz continuity property. To this purpose, we introduce the nonlinear mapping
F: Ws — L*(0, 00; V*) defined by

p

F(y)=—§Z<N,-y+B,->(Z(k1 Ty + By )
Jj=1 k=3

- —Z( NyT(N;y + By ) + By To(N;y. ) ). ()

It can be expressed as the sum of monomial functions of degree greater or equal to 2. Observe that the closed-loop
system (60) can be written as follows:

d m
V=AY Y Ny + B, (),
j=1

- 1 : ®k—1
—Ay+;<Njy+B,-)(—;§(k TN+ By h)

1 m
=(A—EZBJ-B;‘H)y+F(y)=Any+F(y). 63)
=1

In Lemma 23 we prove that F is well-defined and Lipschitz continuous on bounded subsets (for the L°°(0, co; Y)-
norm), and that the associated Lipschitz modulus can be made as small as necessary, by restricting the size of the
considered subset. The well-posedness of (60) is then obtained in Theorem 25 with a fixed-point argument.

We set

Woo::W(O,oo):{yeL (0, 00; V) : dyELZ(OOO V)}

We recall that W, is continuously embedded in C (0, oo; Y) [24, Theorem 3.1]: there exists a constant Cy > O such
that for all y € Wy,

¥l (0,00;7) < Coll Yl Weo - (64)
The following lemma is a technical lemma, used for analyzing the non-linear mapping F.

Lemma 22. There exists a constant C > 0 such that for all § € [0, 1], forall j =1, ...,m forall k =2, ..., p, and for
all y1 and y € By(§) NV,

I(Njy2 + B)Te(Njy2 + B, 5571 — (Njy1 + BHTe(Njy1 + By, y2X Dl

<C(8lly2 = yillv + lyillv + Iy2llv) ly2 = yilly)-

Proof. Let§ € [0, 1], let y; and y; € By (§). Then we have

I(Njy2 + B)Te(Njy2 + B,y — (Njy1 + B)Te(Njy1 + By, y& )y

<IN G2 = yDTe(Njy2 + B v Dy + 1Ny + BYTe(Nj (v2 — y0). ¥ Dy

=:(a) =:(b)
+ 1Nyt + B)(Te(Njy1 + By = TeW s + By yEE D) llve
=:(c)
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We need to find a bound on the three terms of the right-hand side of the above inequality. Note first that ||N;y; +
Bjllvs <M :=|Njllzcy,v + ||1Bjlly. We have

(@) < INjllcorve vz = yilly 1Tl (KNl zov,vy Iv2llv + ||B/||Y)5k_1,
B) < M Tl INjllcv,yy v = villv 8571,

(© < Mk =D& ITell (INjll v,y Ivilly +1Bjly) Iy2 = yilly-
For the upper estimate of (c), we used Lemma 7 and the fact that
ITe(Njy1 + Bj, s oo I < (INjll cev,yy - It lly + 1B lly ) - I Tl

The lemma follows, since 8~ < § and since V is continuously embedded in Y. O
‘We now prove a Lipschitz continuity property satisfied by F.

Lemma 23. The mapping F is well-defined. Moreover; there exists a constant C1 > 0 such that for all § € [0, 1], for
all y1 and y, € Woo with || y1l L% 0,00:v) <8 and ||y2llL(0,00;v) <9,

IF () = FODI 20,007+ < C1(8 + 19111 1200.00:v) + 13211 2000070 172 = Y1 Wi - (65)

Proof. Observe that F(0) = 0. Therefore, (65) will ensure that F(y) € LZ(O, oo; V*) (at least for ||yl (0,00:v) < 1,
but the well-posedness can actually be checked for any y). Let y; and y» € Wy, be such that ||y ||z 0,00:y) < 6 and
|21l 250 (0.00:¥) < 8. By Lemma 22,

I[(N;320) + Bj)Te(Njy2 () + B 571 0))]
—[(Njy1() + Bj) Te(Njyi1 () + By, y?k_l(‘))]||L2(o,oo;v*)
<C(81y2 = yill2200.00:v) + V11 2200.00:v) + 17211 2200.00: v 172 = Y11 L(0,00: 1)) -
With estimates similar to the ones used in Lemma 22, one can show that
I[N y2(OT2(Njy2() + Bj, y2()) 4+ B T2(Njy2(), y2()) ]
—[NiyiOT2(Njyi() + Bj, y1()) + B T2 (Njyi (), y1(-))] ||Lz(0,oo;v*)
< C(811y2 = y1ll1200,00:vy F U¥11220,00;vy F 19201 220,00, v 12 = Y1l L% (0, 00:7)) -

Using the continuous embedding of W, in L*°(0, co; Y), we obtain (65), which concludes the proof. 0O

With regard to a fixed-point argument, let us consider the linearized nonhomogeneous system associated to (60)

d
i Anz+ f, z(0)=yo (66)

for which we have the following result.

Proposition 24. There exists a constant C > 0 such that for all f € L*(0, 00; V*) and for all yo € Y, there exists a
unique mild solution z € W, to (66) satisfying

Izl wa < C20ll 1l 2000074 + 130011).

In particular, z € Cp([0, 00); Y).

This result can be verified with the techniques of [9, Theorem 2.2, Part II, Chapter 3] and [32]. We are now ready
to prove the well-posedness of (60).
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Theorem 25. There exist two constants 5o > 0 and C > 0 such that for all yy € By (8y), the closed-loop system (60)
admits a unique solution S(u,, yo) € W satisfying

1Sy, yo)llwe < Cliyolly- (67)

Moreover, the mapping yo € By (8o) = S(up, yo) is Lipschitz continuous.

Proof. In the proof, we denote by Cy the constant involved in (64) and by C; and C, the two constants obtained in
Lemma 22 and Lemma 23. We set

1 1 1
C=C+1, so=min(——, , ).
2L 0 g, 207G T DCICy 2C(Co + 201G

Let us fix yp € By (8p). Consider the mapping Z: y € Wy, — Z(y), where Z(y) is the solution of

d
= Anz+ F(y), z(0)=yo,

which exists by Proposition 24. We show that Z is a contraction in

Q:={y € Woo: [¥lws = Cllyolly}-
Note that ||y|lw,, < Cllyolly < Cép forall y €  and that
¥l 2200,00;7) = Collyllwe = CoCo < 1. (68)
Let us show that Z(2) C Q. Let y € Q. Applying Lemma 23 (with § = CyCdp), we obtain
IF D 20,0007 = I1F ) = FOl 20,0007y < C1(8 + C80) 1y e
< C1(CoC8 + C3)Cllyolly < C*(Co+ 1Cidollyolly.
Therefore, by Proposition 24,

IZM W < C2(IIF D 220,00 v%) + 130l ¥)
< C*(Co+ 1C1C28 llyolly + Callyolly < (C2+ Dliyolly,

<1

which proves that Z(y) € €.
Next, for y; and y, € 2 we set z = Z(y2) — Z(y1). Then we have

d
o= Anz+ F(y2) — F(y1), 2z(0)=0.

Taking § = CoCd¢ and applying Lemma 23 and Proposition 24, we obtain

1Z2(v2) = 20D Iwee = lIzllwe < C211F (32) = FOD N 120,00 v#)
< CrC1(8 + 111l 22(0.00:v) + 1321l £2(0.00:v) ) 172 = Y1l wae < C(Co+2)C1C280 1y2 — yillwae -
—_—

=<Cd <Céo <1/2

Hence, Z is a contraction and the well-posedness of (60) follows with the Banach fixed point theorem.
We finally prove that the mapping yo € By (8p) = S(up, yo) is Lipschitz continuous. Let y1,0 and y2,0 € By (o),
let y1 = S(up, y1,0), let yo = Sup, y2.0), let z = y» — y;. It holds

d
= Anz+ F(2) — F(1), z(0)=y20—y1,0-

By (68), we obtain

lyillze0,00:¥) < CoC8p and  |[y2]l25¢(0,00:7) < CoCo.
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Applying again Lemma 23 with § = CoC§p, we obtain that

I1F(y2) = FODIL200,00:v#) < C(Co+2)Cidolly2 — yillwe, -
Therefore, by Proposition 24,
ly2 = yillwe < C2llF(y2) = F(yD I £2(0,00: v+ + C2lly2,0 = ¥1,0lly
< C(Co+2)C1C280 lly2 — yillwe + C2lly2,0 — y10lly-
<1/2
It follows that
ly2 — yillwy, <2Cally2,0 — y1.olly,

which proves the Lipschitz continuity of the mapping yo +— S(u, yo) and concludes the proof of the theorem. O

Corollary 26. Let §g be given by Theorem 25. The following mapping:
Yo € By (30) = Up(30) =, (S(up, yo; ) € L2(0, 00; R™)

is well-defined and continuous. Moreover, there exists a constant C > 0 such that for all yy € By (8p),
V(30) < T (U, (30). y0) < Cliyolly- (69)

Proof. We begin by proving that U, is well-defined and continuous. We actually prove that the mapping is Lipschitz
continuous. Since U, (0) = 0, the Lipschitz continuity ensures also the well-posedness. We set 2 = S(u,, By (0)) C
Weoo. By Theorem 25, there exists § > 0 such that for all y € €2,

I¥llL©.00:v) <6 and [yl 12(0,00:v) < 8-
For all y; and y; € By (),
[TeNjy2 + By 35 ) = TeWyy + By yP* )|
. ®k—1 ) . ®k—1 ) . ®k—1
<T@ (2 = y0). D] + | Te(Njy1 + By, 3™ = Te(Njy1 + By, y257H|
<ITel N 2w,y vz = yilly 8+ ITRH(IN L 2ev.ry Ivillv + 1Bjlly) (e — D82 y2 — yilly.
In the last inequality, we used Lemma 7 and the fact that
ITe(Njy1+ Bj, oo I M Tell (INjll2ev,yy Inllv + 1Bjlly).
As a consequence, for all y; and y, € 2,
_ — 2
[ Te(Njy2 () + B, y$5 71 O) = Te(Njyi O + B, yE T O) 120,000
< C(Iy2 = Y1172 00,0007y + 17117 20,00y 172 = Y112 000.00:7) T 172 = 117200 00:1))
<Clly2 = y1liy,..-

It follows that the mapping: y € Q> u,(y(-)) € L?(0, 00; R™) is Lipschitz continuous. By composition with yo €
By (80) = S(up, yo), the mapping U, is Lipschitz continuous and well-posed.
Let us prove inequality (69). Since S(u,, -) and U, are both Lipschitz continuous, there exists C > 0 such that for
all yo € By (do),
ISp, Yol 22(0,00;v) = Cllyolly and U, (y0)ll12(0,00;rm) = Cliyolly-
It follows that

V(30) < T (U, (50). y0) < C* (1 +)/2 [|yoll7

which concludes the proof. O
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6. Properties of the optimal control

Proposition 27. Let 69 > 0 be given by Theorem 25. Then, for all yy € By (8o), there exists a solution u to problem (P)
with initial value yo. Moreover, y := S(u, yo) lies in Lz(O, 00; V) N L0, 00; Y) and the following estimates hold:

I¥llL(0.00:v) < Cliyolly and  |IyllL2¢0.00:v) < Cliyolly, (70)

where the constant C is independent of yo.

Proof. By Corollary 26, we have V(yp) < C ||yo||2 <C 82 Hence, Proposition 2 guarantees the existence of a so-

lution u to problem (P), with initial condition yg. Let y = S(u, yo). We deduce from V(yo) = ||yl 12(0.00:7) +
2 ”u”LZ(O 00 Rm) that
2C82

”u”Lz(Ooo]R'") C||)’0|| = T and ||Y||L2(Ooo Y) <C||y0||Y §2C80 (71)
Estimate (70) follows then from (12), (13), and (71). O
Proposition 28. The value function V is continuous on By (8¢), with 8o > 0 given by Theorem 25.
Proof. Let &5 > 0. We construct £; > 0 in such a way that for all 39 € By (§9) and yo € By (8p),

1Yo — Jolly <e1 = V(o) — V(o) < &2. (72)

Before defining €1, we need to introduce some constants. By Corollary 26, there exists a constant C > 0 such that for
all yo € By(80), V(30) < Cllyoll§ < C85. We set

1 12 Cs83
83—§m1n[80,(2C) ] and ng.

The constant T is defined in such a way that for each solution u to (P) with initial value yp € By (§p), there exists
T € [0, T] such that || S(u, yo; 7)|ly < e3. Indeed, if it was not the case, one would have

V(o) > / 1SG. o3 ]2 di = T = C82,

in contradiction with Corollary 26. For all yy € By (8¢), it holds: V(yp) < C 82, and therefore, if u is an optimal solution
to (P) with initial value yg, then

||u||L2(Ooo R’") CSO (73)

By Lemma 1, there exist M and L > 0 such that for all u € L?(0, T: R™) with ||u||
and yo € By (d0),

L20.7:Rm) = <2C8?/a, for all yo
1SCu, yo)llLeo.r:v) <M and  [|S(u, yo) — S(u, yo)llL=.7;v) < LlIYyo — yolly- (74)
We finally define
. &2 &3
£1 = min ( , —).
ATML L
We are ready to prove (72). Let 3 and y9 € By (8) be such that || 9 — Yo|ly < e1. Let &z and i be associated optimal

solutions, and let § and y be the associated trajectories. Take T € [0, T] such that ||¥(7)|ly < &3. By (73) and (74), we
have

I1S@i, Jo) — S, o)L=, 7;v) < LlIJo — Jolly < Lei.
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We set y; = S(it, ¥o; ). It holds that

Ivilly < IS, o)lly + 1S, Jo) — S@, o) lly < I¥ (@) lly +Ler < 2e3.
—_——

=&3

Therefore, using the definition of €3, we obtain that ||y;|ly < Jp and thus that

V() < C(2e3)* < &2/2. (75)

By the dynamic programming principle, see (25), we have

V(o) < f O(S(i $o: 1), (0)) dt + V(S yo: 1)) < / O(SGt. So: 1), (D)) dr + £2/2. (76)
0 =y 0

We find now an upper estimate on the integral of the r.h.s. in the above inequality. We have

T T

/K(S(u,ﬁo;t),u(t)) dt=f€(S(ﬁ,ﬁo,;t),ﬂ(t))dt
0 0
T
1 PN L2 S A N2 Neln S 12
=3 1S @, yo; Oy +alla@llgm + I1S@, yo; Olly — 1S@, yo; DIy
0

T
- 1 N - . .
< J(u,yo)+§/<S(u,yo;t)—S(u,yo;t),S(u,yo;t)+S(u,yo;t)>ydt
0

1
=V(Go) + ETLgl 2M = V(5o) + €2/2. 77

Combining (76) and (77), we obtain that V(39) < V(39) + &2. One can similarly prove that V(3) < V(39) + €2, by
exchanging the symbols “"” and “~” in the above proof. Therefore, (72) holds and the continuity of ) is demon-
strated. O

7. Error estimate for the polynomial approximation

In this section, we prove the two main results of the article. In Theorem 33, we give an estimate for the quality of
the feedback law u, for || yo|ly small enough. This will be based on the fact that }V,, provides a Taylor approximation of
V of order p + 1 in a neighborhood in Y of 0. In Theorem 35, we give an estimate for [|i — U, (y0) | 120, 00: rm)> Where
i is a solution to problem (P) with initial condition yp, with yg small enough, and where U, (yo) is the open-loop
control associated with the feedback law u,, and the initial condition yo (see the definition given by (61)).

Our analysis consists first in defining a perturbed cost function 7, which has the property that V), is its minimal
value functional over a set of controls specified below. This is achieved by constructing a remainder term 7, defined
for p>2and y € V by

m 2p

1 p
rp(y)=ZZ Z Z qp.e.j M p,i—e,j (¥, (78)

j=li=p+1t=i—p
where
ap1,ij=Cj1(y),
4p.ij () = #(Cri(Y®) +iG;i (Y®).
Vi=2,...,p—1,
. —_ 1 . ®p
ap.p.i V) = G 9ip )

(79)
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We recall that the definitions of C;; and G; ; are given by (57¢c). The perturbed cost function 7, is defined by

l o0 o o
o
Tpu, yo) :=§/||S(M,yo;t)||§dt+§/IIMll%Rm(l)dt+/rp(S(M,yo;t))dt-
0 0 0

The well-posedness of 7, for a certain class of controls, will be investigated in Lemma 32. Note that rj, is not
necessarily non-negative.

Proposition 29. For all p > 2 and all y € D(A), we have

m

1 1
rp () = =DVp(0)(AY) = 515 + 3= D (DY, (W + B, (80)
j=1

Moreover, for all p > 2, there exists a constant C > 0 such that forall y € V,
2p

rpMI<C D Iy Iyl 1)
i=p+1

Remark 30. Relation (80) states that V), is a solution to the HJB equation associated with the problem of minimizing
Jp (compare with Proposition (10)). This relation is the key tool to establish Lemma 32.

Proof of Proposition 29. Let us prove (80). Let us fix y € D(A). For p = 2, using that the operator IT generating 7>
is the solution of the algebraic Riccati equation, we obtain

m

1 1
— DV, ()(Ay) = 5315 + 5= 3 (DY, )W,y + By))?
j=1

1 1 &
==Ta(Ay,y) = SI¥lly + 5= D _((N;y + B, )’
j=1

m

1 1 « 1
=—T(Ay,9) = S Iyly + 5 ;”5(3,-, e JZI 2Ta(B;, TN}y, ) + TNy, )2

=0

1 m 2 1
=5 Zl [2612,1,j(Y)CI2,2,j(y) +q2.2,;(y) ] = ﬁrz(y)-
]:

Now let p > 3. Our proof is based on Theorem 18. The expressions of the multilinear forms C;;, G;;, and R x
can be simplified when the mappings are evaluated at y®' and y®*, respectively. By definition of C ;i and G;; (see
(57¢)) and using the symmetry of the multilinear forms 7; (proved in Theorem 18),

Cii(y®) =Tix1(B;,y®) and G;i(y®)=Ti(N;y, y® . (82)
Moreover, by definition of R j ¢ (see (57b)) and by Lemma 13, we have

Rk (v = 2k(k = DCj1 (MG a-1 (7
k—2
k L , . ) .
+ (l. ) (C1a ™) +iGi D) (Cami O + (k= )G s (). (83)
i=2
Using once again the symmetry of the multilinear forms 7, we obtain

1 m
®k—1\ __ . ®k
kTe(Any, y )_ZZIR“‘U ). (84)
]:
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We are now ready to prove (80). We first have

P
DV,(»)(4y) =) = 1),77C(Ay,y®"‘1). (85)
k=2 :
Moreover, by (82),
p
1 )
DV,(»)(N;y+B)) = mev,-y +Bj,y®
=2 ’
P 1 . .
= Z i 1)'(gj,i(y®l) +Cjic1 ¥ h)
i=2 ’
Py . . 1
=Cin+ 2 (€0 +iG10%) + 3519100
~ il !

P
= ZQp,i,j()’)-
i=l1

The expression DV, (y)(N;y + B;) is therefore the sum of monomial functions of degree 1, ..., p. As a consequence,

(DV,()(Njy+ Bj))2 can be expressed as a sum of monomial functions G 2, j, Gp.3, ), ---» 4p,2p,j Of degree 2, ..., 2p,
respectively:

2p
(DVo) Ny +B))’ = dpai ). (86)
k=2

We compute now these monomial functions. First,
dp2 ) =p.1; (0 =Cja()* = Ta(B}. )* = (T1B;, y)*.
For 3 <k < p, we obtain

p—2
Gpk i) =241 i NGpk-1.; 0+ D i D aps—ij (V). (87)
—
=:(a) !

=:(b)

The terms (a) and (b) can be expressed explicitly as follows:

2
@ = GG O Cia1 6% H + k= DG (v*7h)
2k " _ 2k(k—1) _
= 2 T B BTy, y¥h + == —C1 ()G k1 6%,
1 k=2 k . . . ,
QEDD (l. ) (C1a ™) +iGi (v®)) (Crami V) + (k= DG s—i ),
Ti=2
and thus, using (83), relation (87) becomes
N 2k x ®k—1y , 1 ok
dp.k,j(y) = FTk(Bij My, y )+ E’Rk(}’ )- (88)
For p+1 <k <2p, we have
P
Gpk i =" api i qpi—i.j)- (89)

i=k—p
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Using (85), (86), (88), and (89), and grouping monomial functions of same degree, we obtain

m

1 1
= DY, 0)(Ay) = 51317 + 5 2 (DY, ()W + B)))’
j=1

1 1 ¢
—52Ta(Any. )+ Iyl =~ 3 Ta(B), )’

j=1

14
Zkl kTe(Ay, y®* 1) — ZRjk()’@k) +— Z quk/(y)—rp(y)

k=3 k p+1j=1
The terms in brackets in the above expression are equal to zero by (84). This proves (80).
Let us prove (81). From (78) and Theorem 18, we obtain that for all p > 2, there exists a constant C > 0 such that
foralli=1,..,p,|gp (V)| = C||y||v Iylly ! We deduce that for all i = p,...2pandall£=i—p,.., p,
1dp.e.jNapi—e; D= CP VI Iyly .

Estimate (81) follows then from the definition of r,,. O

Lemma 31. Let p > 2 and let 69 > 0 be the constant given by Theorem 25. Then, there exists a constant C > 0 such
that for all yo € By (8o),

o0 o0
/ »(30)dr < Cliyoll2™"  and / rp(SCup, yos 1)) dr < Cllyoll 5+,
0 0

where y is an optimal trajectory for problem (P) with initial value Y.

Proof. By Theorem 25, there exists a constant Cy such that for all yyp € By (p),

I¥pllL20.00:vy < Cillyolly and  [lypllLe(0.00:v) < Cillyolly,
where y, = §(u,, yo). By Proposition 27, increasing if necessary the value of C; > 0, for each solution i to problem
(P) associated to an initial value yg € By (§9) we have

I¥I1220,00:v) = Cillyolly and  [[¥llz>(0,00:¥) = Cillyolly.
where y = S(u, yg). Let us denote by C> the constant provided by Proposition 29. We obtain

o0 2]7

/r,,(ya))dr <0 Y 1B gy 9120y
0 i=p+1
2p 2p
+1 j oi—(p+1
<G Y Chlyolly < Gallyolly™ Y ciog P,
i= [7+1 i:p+l

and these inequalities also hold for y,. The lemma follows with C = C; Z C 186_([' oo

i=p+1

In the following lemma, we establish that the control U, (yo) =u,(S(up, yo; -)) obtained from (59) is optimal with
respect to Jp (-, yo) for small values of ||yol|y, over all feasible controls for (P).

Lemma 32. Let p > 2 and let 5o > 0 be given by Theorem 25. Let u be any feasible control for (P) with initial value
Yo € By(80) N V. Then J,(u, yo) and J,(Up(y0), yo) are finite and

Vp (o) = Tp(Up(y0), yo) = Tp(u, yo).
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Proof. We start with a computation for an arbitrary feasible control associated with an initial condition yg €
By (8p) N V. There exists at least one such control, namely U, (yo). Let us set y = S(u, yo). By Lemmas | and 4, we
have that y € HY0,T;Y), for every T > 0. Together with Lemma 31, this implies that 7, (u, yo) and 7, (U, (y0), y0)
are finite. Moreover, for all T > 0, we have y € w1, T;Y) and by Lemma 9, the chain rule can be applied to each
of the bounded multilinear forms which appear as summands in V,(y(-)). Omitting the time variable in what follows,

we obtain

d m m
3 VP ) =DV (Ay + 3 (Njy + Bjuj) = DVy(0)(Ay) + D _u;DVp()(N;y + B)).
j=1 j=1

By Proposition 29,

d 1 1 « “
VPO =10 = Sy IF + 5= 3 (DY, (N y + B)) + Y u;iDV,y(»)(N;y + B))
j=1 j=1

1 - o ¢
= () 5= Y (DV, 0Ny + B)) + D u DV, 0Ny + B)) + 5w,
j=1 j=1 Jj=1

where
1 , i 2
Cpyyw) = SIVIT + 5 D uf +rp().
j=1

Hence, it follows that

m

d 1 2 -
3 PO =600 + % > (uj + =DV, (M(WN;y + Bj)> =—Lp(y,u) + % 3 (= @p0)))”.

Jj=1 j=1
We deduce that for an arbitrary feasible u,
T

Vo) = V0 = - [
0
We also deduce from (90) that for the specific u = U (yo),

T

Vp(yp(T)) - Vp(yO) = _/Kp(ypv Up()’())) de,
0

(90)

O

92)

since for this control, the squared expression vanishes. By Lemma 1, we have lim7_ o y(T) = 0 and

lim7_ 00 yp(T) =0 in Y. Together with the continuity of V,, this implies that
V(1) —— 0 and VY, (y,(T)) — 0.

Finally, passing to the limit in (91) and (92), we obtain
o0 o0
jp(ua Y0) Z/Kp(% u) > Vp()’O) = /Ep(ypa Up(yO)) = jp(Up(yO)’ Y0)-
0 0

The lemma is proved. O

We now prove that V,, is a Taylor expansion of ) and analyze the quality of the feedback law u, in the neighbor-

hood of 0.
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Theorem 33. Let §g > 0 be given by Theorem 25, let C be the constant given by Lemma 32. Then, for all yo € By (),

T WU, (50), y0) < V(o) +2C ol 2T, (93)
V() — Vo (o)l < Cliyoll5H (94)

Proof. We first prove the result for yp € By (80) N V. The following inequalities follow directly from Lemma 31 and
Lemma 32 and from the suboptimality of U(yp):

Vp(30) = T (Up(30). o)l < Cliyollp Vp(yo) = Tp(u, yo),
IV(30) — Jp (@, yo)| < Cliyolly ™, V(o) = T (Up(y0), yo),

where i is a solution to (P) with initial value yg. Therefore,

1 1 _ 1
T U,p(0). y0) — 2CIyoll 5 < V(o) — Cllyoll 3™ < T, yo) — Cliyolly ™
1
<V(0) =T Uy (30). y0) < Vp(0) + Cllyolly
which proves inequalities (93) and (94) for yp € By(dp) N V. By Lemma 7, V, is continuous, by Proposition 28,

V is continuous on By (8p). By Theorem 25 and Corollary 26, the mappings: yo € By (dp) = S(U,(y0), yo) and
Yo € By (80) = U, (yo) are both continuous. Moreover, the following mapping is continuous:

1 o
(1, y) € L2(0,00; R"™) x Woo > 13220,y + 5 141720, ccm)-

Therefore, by composition, the mapping yo € By (do) — J (U (o), yo) is continuous. Finally, since By (8p) NV is
dense in By (8p), we can pass to the limit in inequalities (93) and (94). They are therefore satisfied for all yg € By (6).
The theorem follows. 0O

Remark 34. Inequality (93) gives an estimate for the approximation quality of the feedback law u,, in the neighbor-
hood of 0. In general, an inequality like (94) does not imply that )V is p-times differentiable in the neighborhood of 0.
Indeed, consider the function

x3sin(1/x%)  ifx#£0

xeR—
fix 0 ifx =0.

Then, for all x € R, | f(x)| < |x|?, however, f is not continuously differentiable at 0, since for all x # 0, f’(x) =
3x%sin(1/x%) — 2cos(1/x?), thus f'(x) - 0 when x | 0.

We finally give an error estimate for the closed-loop control U, (yo) associated with u,,, for small values of yq.

Theorem 35. Let 6o be given by Theorem 25. There exist 81 € (0, 6o] and C > 0 such that for all yy € By (1), there
exists a solution u to problem (P) with initial value yo satisfying the following error estimates:

(p+1)/2
Y

— — 1)/2
15 — Sup, yo) lwas < Cliyoll and i —Up(30)ll 12(0.00:mm < Cllyoll 072, (95)

where y = S(u, yo).
Proof. The value of §; is fixed to §p for the moment. We first prove the result for yg € By (1) NV, as in the proof

of Theorem 33. Let u be a solution to problem () with initial condition yo and let y = S(u, yo), up = U, (yo),
yp = S(up, yo). By Theorem 25 and Proposition 27, there exists a constant C independent of yg such that

IVl L20.00:v) < C81, 1Vl 200,00:v) < €815 N¥pllLe.00:v) < C31, 1ypllr2(0,00:v) < Cd1- (96)

Let us emphasize the fact that in the proof, the mapping u,(y(-)) € L?(0, 00; R™) plays an important role. It can be
seen as an “intermediate” control between i and u .
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Step 1: Estimation of [[u(-) —u,(y(-)) ||L2(0,00;Rm). Since yg € V, equality (90) holds for (u, y) = (i, ¥) and there-
fore, for a.e.t >0,
d o — 2
an(i(t)) =—L,(y(0),u)) + ) 2 (i (1) — (1))
j=

Integrating on [0, T'] and passing to the limit when 7 — o0, as in the proof of Lemma 32, we obtain that

—Vp(yo)=—/ﬁ(ﬁ(t),ﬁ(t))dl—/f’p(i(t))dt+%Z[(ﬁj(t) —(llp(i(t))),/)zdt
0 0 =19
=V(o0)
and finally that
2 o
17C) = Uy GO 20 mimy = = (Vo 00) = VOO + / IrpGe)ldr) < Cllyolly ™, 97)
0

as a consequence of Theorem 33 and Lemma 31.

Step 2: Estimation of ||y — y,llw,,. We use in this part of the proof ideas similar to the ones developed for the
well-posedness of the closed-loop system in Theorem 25. We make use of the mapping F, defined by (62). Remember
that this mapping contains the non-linearities of the closed-loop system (see (63)). Let us set

m

FO =3 (N;F® + B)) (il () — (wp(5(1));) € V¥, forae.:=0.
j=1

Omitting the time variable, we have
d m m
—y=Ay+ Z(Nj}_’ + Bj)(u; — (up(y);) + Z(Nj}_’ +Bj)u,(y); =Any+ FQ) + f.

d j=1 j=1

We also have

d
EYp = Al‘l}’p + F(yp)~

Setting z =y — yp, we obtain

d
= Anz+ F()—F(yp)+ f, z2(0)0=0.

We compute now estimates of || F(y) — F(yp) [l 12(0,00: v+) @a0d || f Il 120, 00; v+)» i Order to obtain an estimate of ||z{|w,,
with Proposition 24. By definition of f, we have

m
117 20,000 < 20 (NI Zp vey 131 e 0,001y A+ 1B 1) 12 () = @GO 1720 00
Jj=1

1
< Cliyolly™, (98)
where the last inequality follows from the estimates (96) and (97). Since ||y[l L (0,00;y) < C81 and ||y, |l Lo 0,00;v) <
Cé1, we obtain with Lemma 23 that
I1F ) = Fp)ll2,00: v+ < Ci (C51 + 1Yl 20,00:v) + ||J’p||L2(0,oo;v))||y = Vpllws
<3Ci1Co1llzllwy, - 99)

We can now reduce the value of §; to

1
8, = min (50, —)
6C1C>C
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By (98), (99), and Proposition 24,

Izllwe < C2(IF ) = Fpll 200,00, v) + 1 F 11 12(0,00:v))
=3C1C2C81zllwe + C2C 1 1l 22(0,00; v

1 /2
< 5 lzllwe + Cllyoll P72,

It follows that

+1)/2
Izllw. < Cllyoll P72,

The first estimate in (95) is now proved.
Step 3: Estimation of ||u —u ||L2(0’OO;RWL). Observing that u,(-) =u,(y,(-)), we obtain that
1 — 1t 12(0.00:mm) < 17C) = Wp GO 2 0.00:m) + 1Wp GO = 4p Ol 1200, 00:8)
< Cliyol P02 + u, (5) — wp (7p (D £20,00:8)- (100)

We obtain an estimate of the last term of the r.h.s. by proving a Lipschitz property for the mapping y € Wy, —
u,(y(1) e L%(0, oo; R™). With similar estimates to the ones used in the proof of Lemma 22, one can easily show that
for y; and y, € By (Céy), forall k=2, ..., p,

1 Te(Njy2+ Bj, y$51 = Te(Njy1 + By, y25 DI < C(llya = yillv + Ivillvily2 = villy).-

By (96), [1¥1l20(0,00:v) < C81 and ||y, |l L (0,00;¥) < C&1. Therefore,

Iy (GO = wp D720 ey < CUT = Y0117 20,0007y F 190117200001y 17 = Yol 700, 00:1)
_ +1
< Clly, = 3l < Cllyoll 5"

Combining this estimate with (100), we obtain the second inequality of (95).

Step 4: General case. Let yg € By (81). Take a sequence (yg)keN in By (81) NV converging to yg. As we proved in
the first three steps of this proof, for all k € N, there exists a solution #* to problem ( P) with initial condition ylg such
that

- 1)/2 - 1)/2
155 = S, ¥E)lwa < CIyENY T2 and (17 — U, 56112000 < ClIEIT 7, (101)

where 7% = S(i*, yg). Using arguments similar to the ones used in the proof of Proposition 2, we obtain that there
exists an accumulation point (iz, y) to the sequence (itX, 7*) for the weak topology of L?(0, 0o; R™) x Ws, which is
such that # is a solution to problem (P) with initial condition yy and such that y = S(i, yp). By Corollary 26, the
mapping U, is continuous. Therefore, we can pass to the limit in (101) and finally obtain the estimates

_ +1)/2 _ +1)/2
15 = Sy, yo)lws < Cllyoll % and 1@ = U, G0)ll 20,005 = Clivoll 72,
which concludes the proof. O
Remark 36. The constants &g, §1, and C, which are provided by Theorem 33 and Theorem 35, depend on p.

8. Applications to partial differential equations

In this section, we describe two concrete infinite-dimensional bilinear optimal control problems for which Assump-
tions A1-A4 are satisfied.
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8.1. A boundary controlled heat equation

We begin with a practical example from the production process in steel mills. The temperature evolution y of a
controlled steel profile can be modeled, see [14], according to the partial differential equation

dy .

EZA)} in  x (0, 00),
Vy -n=mu(yg—7y) onl x (0,00), (102)
y(x,0) = yo(x) in 2,

where Q C R? denotes a bounded domain with smooth boundary I' = 82 and m is a smooth function on I'. The control

variable u can be interpreted as the spraying intensity of a cooling fluid with temperature y; € H 2 (I"). Different to
the model discussed in [14], for simplicity of presentation we assume that the material parameters such as the heat
capacity and conductivity are constant throughout 2.

With regard to the abstract framework from Section 2, we introduce the operator

A: D(A) C LX(Q) — L*(),
D(A):{yeﬂz(g)wy.ﬁ:()onr], (103)
Ay = Ay.
We further define the Neumann map N as follows: N'v = y if and only if
y—Ay=0 in Q, Vy-i=-v onT.

It is well-known, see, e.g., [20, Theorem 2.4.2.7/Remark 2.5.1.2] that A/ is a continuous mapping from H I 2(F) to
H2(Q). Finally, from [20, Theorem 1.5.1.2/3] we know that the Dirichlet trace operator C is continuous from H L)
to H'/2(2). With this notation, we may rewrite the dynamics in the abstract form

y(@) =Ay@®) + Ny@)u(t) + Bu(r), y(0)= yo,

where N := (—A + I)N'CM and B := —(—A + I)N' My, and M is the multiplication operator associated with the
localization function m. From the regularity of A" and C as well as available results in the literature, e.g., [22, Ap-
pendix 3A], we can easily show the validity of the Assumptions A1-A3 with ¥ = L?(Q) and V = H'(2), endowed
with the canonical inner products from L%() and H'! (2) respectively. Concerning A4, we refer to [33] where stabi-
lizability by finite-dimensional controllers has been shown for a more general setup which includes the linearization
of the system (102).

8.2. Stabilization of a Fokker—Planck equation

As a second example, we follow the setup discussed in [10] and focus on the controlled Fokker—Planck equation

9
a_’; =PAp+V-(pVG)+uV - (pVa) inQ x (0, 00),
0=(mVp+pVG)-n onT x (0, 00), (104)
p(x,0) = po(x) inT,

where v > 0, Q C R” denotes a bounded domain with smooth boundary I' = 32, and p( denotes an initial probability

distribution with fQ po(x)dx = 1. To apply the results from [10], we assume that & and G € W1 N W>max(2.n) (Q)

and that the control shape function fulfills V& - 7 = 0 on I'. We introduce poo = ji):i:;dx’ where ® =logv + %,
Q

and observe that p, is an eigenstate associated with the eigenvalue 0. While the system is known to converge to this

stationary distribution, this can happen inadequately slowly and a control mechanism becomes relevant. Considering

(104) as an abstract bilinear control, we arrive at

p(t) =Ap@) + Np(u(r), p(0) = po,
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where the operators A and N are given by
A: D(A) C L*(Q) — L* (),
D(A) = {,0 € HX(Q)|(’Vp + pVG) -ii=0on r},
Ap=PAp+ V- (pVG),
N: HY(Q)— L*(Q), Np=V-(pVa).

In order to consider (104) as a stabilization problem of the form (), we introduce a state variable y := p — poo as the
deviation to the stationary distribution. As discussed in [10], this yields a system of the form

y(t) = Ay(t) + Ny()u(t) + Bu(t), y(0)= po— poos
where
B:R— L*(Q), Bc=cNps.

Since fQ Bdx = fQ N pso dx = 0, the control does not influence the one-dimensional subspace associated with pno.
Therefore, a splitting of the state space in the form

Y =L*(Q) =im(P) ®@im(I — P)=:Yp + Yo
by means of the projection P defined by

P: L (Q) — LX), Py=y—/ydxpoo,
Q

im(P) = veLz(Q): /v dx=0;, ker(P)=span{ps},
Q

was introduced in [10]. We thus focus on

yp = Ayp + Nypu+ Bu, yp(0)= Ppy, (105)
where

A= PAIp with D(A) =D(A)N Yp,
= PNIp with D(N)=H" (Q)NYp,
PB,

%) =)

and Ip: Yp — Y denotes the injection of Yp into Y. With system (105), we associate the cost functional

l oo (o8]
J (w, po) =5 / 1Pz, dr +3 / u(r)* dr. (106)
0 0

Let us verify that the Assumptions A1-A4 are satisfied with Y = Yp and V = H'(Q) N Yp, endowed with the in-
ner products from L*($2) and H'(Q) respectively and for the bilinear system (105) with operators A, N, and B.
Concerning A1, we have for every v € V that

a(v,v) = (Vv +vVG, Vv) 2,

- v 1
= DIVl q) = 10V G, Vo) 2| = S 1IV0I T2 g) = 52 IV Gl V1172 0

(€2)
Thus A1 holds with v = % and A = 21_\) ||VG||%OC(Q) Using that P*y =y — fQ Pooy dx 1, we further obtain that

ﬁ*q& =I}N*P*¢p=I}N*"¢p =—1;(VpVa),
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since Va-n=0and I}y =y — éfg Y dx 1. It is now clear that A2 holds. Assumption A3 is satisfied with V =
H'(Q) N Yp, see e.g. [9, Part II, Chapter 1, Section 6]. Finally, the exponential stability of the uncontrolled system
(105) (i.e. with u = 0) implies Assumption A4 with F =0, see [10, Section 4].

In a recent work [11], we have developed a numerical method for solving the generalized Lyapunov equations,
using in particular a model reduction technique. This has enabled us to compute polynomial feedback laws for the
control problem of the Fokker—Planck equation described above, up to the order 6 for a domain of dimension 1 and
up to the order 5 for a two-dimensional domain.

9. Conclusions

Techniques for the computation of a Taylor expansion of the value function associated with an optimal control
problem have been extended to the case of an infinite-dimensional bilinear system. Explicit formulas have been derived
for the right-hand side of the generalized Lyapunov equations arising for the terms of order three and more, and
existence of solutions for these equations has been established. Non-linear feedback laws have been derived from the
Taylor expansions. Their efficiency has been proved theoretically with new error estimates.

Generalizations of our results in several directions appear to be possible and can be of interest. These include
semilinear equations with nonlinearities up to third order as they appear in many biologically relevant systems. It
can also be of interest to investigate a wider class of bilinear control systems related to abstract evolution equations
in a semigroups setting, strengthening if necessary the regularity assumptions on N. Extensions of the approach to
general finite-horizon problems will lead to some interesting theoretical and numerical issues, including the fact that
the generalized Lyapunov equations corresponding to (49) become time-dependent.
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Appendix A. Proofs
In this Appendix, we provide the proofs for several results which were used in the main part of the manuscript.
Proof of Lemma 1. The existence can be proved by standard Galerkin arguments and the a-priori estimates below.

To verify these estimates and to alleviate the notation, we often omit the time variable #. We first prove estimates (9)
and (10). Multiplying the state equation by y and using A1, we obtain

1d dy - -
——lyIF={(=.y)  =Ay.yvev+ Y (Njy. y)vevuj+ Y (Bjyvey u;
2dt dr " [y« y , .
s /:1 J:l
m m
< (MG = vy 1) + D (INjlleev.ry Iyl vty Tugl) + > (1B llv= Iyl fujl). (107)
j=1 j=1

By Young’s inequality,

Vv
INj oy Iyllv Ivly lujl < Znynzv + Cliylly lujl?,

M i (108)
1Bjllvs Iylv lujl < Zlylly +C lujl”

Therefore, combining (107) and (108),

d
Enyn% +llylly < C>Ip I + lulim + 19I5 lulin). (109)
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We integrate (109) (without the term v/|| y||%,) and apply Gronwall’s inequality: for all ¢ € [0, T],

t
t 2
Iy®1 = (Ioll} + C/ i € Jo 110
0

2 2 C(T+Null 2 7.pm))
= (”yOHY + C”“”LZ(O,T;R’”))e L2O.TR™),

Estimate (10) is proved. Using (109) once again, together with (10) and the state equation (8), estimate (9) follows.
Let us prove (11). Let us set §y = S(u, y9) — S(u, yo). We have

d m
3OO =450+ X;Nj6y<t)u (),
J=

therefore, using the same techniques as for the derivation of (109), we obtain

d
3 18915 = C(ISy T + 18y Iy lleln),
and finally, by Gronwall’s inequality,
! 2 ~ c(T "
18V < 18y ¢ Jo 1t < 15 — yo 7 M I20rizm),

Estimate (11) is proved.
We now assume that y € LZ(O, oo; Y). We integrate estimate (109) and obtain

t
YOI < 150017 + C (1317 20,0007y + 181720, 00:m) + € / Iy () [Fm ds.
0

Estimate (12) follows with Gronwall’s inequality. From (109), we also obtain

VIYIG < CIYIT + leelifon + IYIT ulln)-
Estimate (13) follows directly by integration. Finally, for a.e. r > 0,

2 m m
< 3(||A||2£(V,V*)||y||"‘v + ) NGy I I 1 P+ ||B,,~||2y|u,-|2).
V* i
j=1

@
dr ot

Estimate (14) follows directly by integration.

To verify the asymptotic behavior, we use the fact that y € L2%(0, 00,Y) and y € C([0, o], Y) imply the existence
of a monotonically increasing sequence of numbers ()2, such that ||y(#)|ly — 0, #% — oo as k — o0. Since y €
W (0, oco) for any T > 0, we have that

d

d
—(y,yy=2{—y, fora.e.r >0,
dt(y y) <dty y>vw orae.r >

see [30, Proposition 1.2, Chapter 3]. Given any T > 0 and choosing t; > T, we estimate

178
d
Iy(DI3 = Iy @)y — 2/ <ay(t), y(t)> dr
T

Vv

d
< ||y<zk>||2y+2‘

i’ Iyl z2(7,00,v) — O

L2(T,00;V*)

forty — 00, T —> 00. O
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Remark 37. Let us briefly comment on the difficulties arising (already in Lemma 1) when using controls in an infinite-
dimensional space. To this purpose, we take ¥ = L2(Q), V = HY(Q) (with Q c R") and focus on the following state
equation:

y(x, 1) =Ay(x,t) + y(x, Hu(x, t) + Bu(x, 1),

with u(-, 1) € Y. After multiplying the state equation with y (as in (107)), one needs to estimate the term (yu, y)y.
For n =2, the Gagliardo—Nirenberg inequality yields

meHSHNHUﬁMDSCWMMNHWh-

One can then proceed as in the proof of Lemma 1. For n = 3, we obtain with the Gagliardo—Nirenberg inequality and
Young’s inequality the following estimate:

3/2) 11/2 _

v
(i 3y = lully 14y < Clully 112150y < 2151 + Cluly 1315

Hence the r.h.s. of the above inequality is not integrable in time, since we only have u € L>(0, 0o; Y).

Proof of Proposition 2. Since there exists a feasible control and since J is bounded from below, V(yp) is finite and

there exists a minimizing sequence (#,),cN in L2(0, 0o; R™) with associated states y, := S(itn, o). By definition

of J, the sequences (uy)nen and (y,)nenN are bounded in L2(0, 00; R™) and L%(0, 00; Y), respectively. We deduce

from estimates (12), (13), and (14), that the sequence (y,)nen is bounded in W (0, co). Extracting if necessary a

subsequence, there exists (i, y) € L2(0, oo; R™) x W (0, co) such that (u,, y,) — (u, y) in LZ(O, o0; R™) x W (0, 00).
We prove now that y = S(u, yp). Let T > 0, and choose v € W (0, T) arbitrarily. For all n € N, we have

T T

/ (—yn(r) v() / Ayn(t)+Z<N,yn(r)+B )(Un (), V(D)) i (110)
0 0 =

Since % Vn — (% y in LZ(O, T; V*), we can pass to the limit in the Lh.s. of the above equality. Moreover, since
Ay, — Ay in L?(0, T; V*),

T T
[ian@.vwpevar — [uso.oo-var.
0 0
We also have
T T
[ 00O v a8~ [ 6550 000 @, e
0 0
T
<[ [ 13,000 = 50, st 001y 0 + | [ / N3O, vy (1)) = @(1)) ) | (a1
0

Since y, — y weakly in L%(0, T; V) we have that Njy, — N;y weakly in L2(0, T; Y). Boundedness of (Up)neN In
L%(0, T; R™) and the fact that v € W(0, T) C L°°(0, T; Y) imply that ((#p) jv)nen is bounded in L%(0,T;Y), and
thus the first integral on the right-hand side of (111) converges to 0. Next we note that [{N;y(-), v(-))y| € L2(O T).
Together with the weak convergence of u,, to i, convergence to 0 of the second integral follows as well. We can now
pass to the limit in (110) and obtain:

T q T m
/(5 y(0), v(t)>v* = / (AF@O) + Y N3 @u;) + Bjiij (1), v(0))y. , dr,
0 ’ 0 j=1
for all v € W(0, T'). This implies that y = S(iz, yo).
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Finally, since the following mapping is convex:

o o
1 o
(1, y) € L*(0, 00; R™) x W (0, 00) > 5/||y(t)||2ydt+5/||u(t)||§gm dr,
0 0

it is also weakly lower semi-continuous and therefore,
J @, yo) < liminf 7 (u,, yo),
n—00

which proves the optimality of u. O

Proof of Lemma 7. One can easily check that if 7 is not bounded, then it is not continuous at 0. Assume now that 7
is bounded. Let M > 0, let y = (y1, ..., k) € Y¥ and v = (v, ..., V¢) € Y*¥ be such that l¥llyx <M and ||v|lyx < M.
Then, by (19),

| T @1 s v0) = T 314 oo 0| = ‘[T(vl, s V) = T (01, 02, o0, 0]
+ [TO1v2 oo v) = T 12 Y2, 035 s 00 ]
o TG e Vi1 00) = T 1, ---v)’k)]‘
=T (1 = y1.v2, e ) + T (Y1, V2 = ¥2, V3, .00, )
F o T O ey Ye—15 Uk — Y0 |
< kM NITI Iy = vy (112)

The lemma is proved. O

Proof of Lemma 12. We prove the lemma by induction. The case k = 1 is trivially satisfied, since Sp ; and S} ¢ both
consist of the unique permutation of the set {1}.

Let k > 1, let us assume that formula (39) holds. Before proving (39) for k 4+ 1, we make an important observation
on the structure of S; yy1—;, fori =1, ..., k. For any o € S; x+1—i, either 0(i) =k + 1 oro(k+ 1) =k + 1. More
precisely, we can describe S; x+1—; as follows:

Siks1-i = {0 € Ses1:3p € Sinin (01, ootk + 1) = (p(1). e pK). k + 1))
U{o €Si1:3p€Sictariir (0D, o+ ) = (p(1), . pG = Dk + 1, 00), .., p(K)) ). (113)
Let us assume that f and g are (k + 1)-times differentiable. Let (zy, ..., Zx+1) € Yk“, using the induction assumption
and the fact that |S; 4_;| = (’:), we obtain

DM (Mg, voes Zkt1)

k
:D[Z Z le(y)(zp(l)y-..7Zp(i))Dkilg(y)(Zp(i-Q—l),...,Zp(k))]2k+l
i=0 p€S; k—i

k
=Y ) D DGy o 2oty 24D DTN i1y s k)
i=0 p€S; k—i

=:(a)
k

+D 0 ) D MGy o) DT e Epiit s s 2otk Tt ) - (114)
i=0 peS; ki

=:(b)

In the sum involved in term (a), we isolate the value i = k. Note that Si o only contains one permutation, the identity
on {1, ..., k}. We also perform a change of index for the remaining values of i. We finally obtain for term (a) the
following expression:
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k
(@) = Z Z D' F () (Zp(1ys s Zpli—1)> k1) DT g0 @iy ooos Zo)

i=1 pE€Si—1 k+1-i
+ DM )@ e 2k 1)) (115)
Observe that the last term of the r.h.s. can be written as follows:
DUt argM = Y D Gy 2ot 1) D). (116)
PESK+1,0

Isolating the value i = 0 in the sum involved in term (b), we obtain

k
B =" > D F3)Epays e 2pi) PTG @ 411 or 2ot Th41)
i=1 p€Sj k—i

+ fMD g (321, oo zkr1). (117)
Observe that the last term of the r.h.s. can be written as follows:
fOID T e, ur) = Y DOFMD (1 (@p1), - 2pkin)- (118)
PESOk+1

We can now combine (113)—(118). In particular, the terms involved in the sums in (115) and (117) can be combined
together thanks to the representation of S; x41—; provided in (113). We finally obtain

k+1
@+®) =Y D> DFO 1)o@ DT D) Colit1)s o o))
i=0 0 E€S; kt1-i
k+1
k+1 . .
=y < ; )Symi,k+l—i (D' f(») ® D7 g (1) (21, ooos 2k1)-
i=0
In the last inequality, we used that |S; y+1—;| = (“i'l). The Leibnitz formula is proved for k 4 1. This concludes the

proof. 0O

Proof of Lemma 13. The first part of the lemma follows directly from the definition and from the fact that |S; ;| =

(7). Assume that 7 and 75 are symmetric. Letus set f: y € ¥ > T1(y®) and g: y € ¥ > T(y®/). By Lemma 8,
the functions f and g are both infinitely many times differentiable. Applying the Leibnitz formula to fg, we obtain

i+j i+
DHfOO1=) (",

>Symz,i+ (D' f(0)® D" Cg(0)).
=0

The derivatives of f of order k > i are all null and the derivatives of g of order k > j are also all null. Therefore, in
the above sum, all the terms vanish, except the one obtained for £ = i. Moreover, since 71 and 7, are symmetric,

D' f(0)=i!T; and D/g(0)=!T>.
We therefore obtain that
DHLF(0)g(0)] = (i + j)! Sym; ;(Ti ® Ta).

This proves that Sym; j (7'1 ® 7'2) is a symmetric multilinear form, since it can be expressed as the (i 4 j)-th derivative
of an infinitely many times differentiable function. The lemma is proved. 0O
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