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Abstract

We study the problem of null controllability for viscous Hamilton—Jacobi equations in bounded domains of the Euclidean space
in any space dimension and with controls localized in an arbitrary open nonempty subset of the domain where the equation holds.
We prove the null controllability of the system in the sense that, every bounded (and in some cases uniformly continuous) initial
datum can be driven to the null state in a sufficiently large time. The proof combines decay properties of the solutions of the
uncontrolled system and local null controllability results for small data obtained by means of Carleman inequalities. We also show
that there exists a waiting time so that the time of control needs to be large enough, as a function of the norm of the initial data, for
the controllability property to hold. We give sharp asymptotic lower and upper bounds on this waiting time both as the size of the
data tends to zero and infinity. These results also establish a limit on the growth of nonlinearities that can be controlled uniformly
on a time independent of the initial data.
© 2011 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

In this paper we address the problem of null controllability for the so-called viscous Hamilton—Jacobi equations.
Focussing on a simple model example, we consider the system

v —Ay+|Vyld =vx, in(0,T) x £2,
y=0 on (0, T) x 92, (1.1)
y(0) = yo in 2
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where £2 is an open bounded set in RN, N > 1. We assume that  C £2 is an open set (w # £2), the control v belongs
to L*°((0, T) X w), and the initial datum yg belongs to L*°(£2) if ¢ <2, or to Co(2) (ie. Yo 1s continuous in 2 and
yo =0 on 0£2) if g > 2. Note that the sign of the nonlinearity in (1.1) could be reversed changing y into —y, so that
both cases are included in our analysis.

The problem of null controllability means, roughly speaking, that one can find a control v so that the evolution
leads the state y from the initial condition yg to the final condition y(7") = 0. In order to make this question precise,
we recall that there are significant differences between the cases ¢ < 2 and g > 2 as far as the well-posedness of
(1.1) is concerned. We only give here a rough summary and refer to Section 2 for precise statements and references.
If 1 < g <2, problem (1.1) can be dealt with by only using the notions of weak solution (y € L%, T; HO1 £2)N
CY([0, TT; L%(£2)) such that [Vyl? e Ll(QT) and the equation holds weakly) or strong solution (a weak solution
such that y € LP(0, T; W2 (£2)) for every p < oo and y, |Vy| € L®(Q7)). In particular, for every yg € L*(£2) and
every v € L*°((0, T) X w) there exists a unique bounded weak solution of (1.1) which is defined globally in time, and
is a strong solution for ¢ > 0. Therefore, if 1 < g <2, we will say that the initial datum yg € L°°(£2) is controllable
at time T if there exists v € L>°((0, T) x w) such that the corresponding bounded weak solution y satisfies y(7') = 0.
The system (1.1) will be said to be null controllable at time 7T if every yg € L°°(£2) is controllable at time 7. Notice
that we are referring to a global controllability property of the system, namely that it can be controlled to zero in a
time which is uniform with respect to all initial data.

The situation is more delicate if g > 2 since, even if yy is regular, weak or strong solutions may not exist globally
because of gradient blow-up (see [23]). On the other hand, if v =0 and yg € Co(£2), it is proved in [3] that a unique,
globally defined solution exists in the sense of generalized viscosity solutions (see Section 2). Therefore, in the case
q > 2 we define the property of null controllability in the following way. An initial data yy € Co(£2) N W2P(£2) (for
every p < oo) will be said to be controllable at time 7 > 0 if there exist v € L°°((0, T') x w) and a strong solution y of
(1.1) such that y(T') = 0. Note that the strong solution, if it exists, is unique. Finally, for every yg € Co(£2) we denote
by 9 the unique generalized viscosity solution of (1.1) when v = 0; then, we will say that yp € Co(£2) is controllable
at time T if there exists fo < T such that y(#y) € Co(£2) N W2P(£2) and is controllable at time 7. As before, the
system (1.1) will be said to be null controllable at time T if it is so for every yg € Co(92).

A wide literature exists nowadays concerning the problem of null controllability of parabolic equations. In partic-
ular, it is well known that the heat equation is (globally) null controllable at any time 7', as well as a large class of
linear parabolic equations (see e.g. [14,17]). The null controllability of semilinear equations is a much more delicate
question. It was proved in [13,10] (see also [2], or [26] for the wave equation) that the semilinear equation

yt—A)"f‘f(x’y’VY):UXw il’l(O,T)XQ,
y=0 on (0,T) x 382, (1.2)
y(0) =yo in 2

is still globally null controllable at any time 7" whenever the function f(x, s, &) is locally Lipschitz continuous and
satisfies the growth condition

| £ x5, )] < C(1+IsI(log(1 +Is1))” + 151 (log(1 + 161)))

for some y < % and o < % In particular, in this range of growth of the nonlinearity, the semilinear system behaves

very closely to the linear case, since not only every initial datum yg can be controlled to zero but also the control time
can be any T > 0, independently of yp. Unfortunately, it is not known whether the above condition on the growth
of the nonlinearity f(x,s, &) is necessary for the null controllability property to hold. However, in [13] the authors
proved that the null controllability property fails for some f = f(y) such that f(y) ~ |y|log(l + |y|)” as |y| = oo
with ¢ > 2; in that case, there are initial data which can never be controlled since the control mechanism is unable to
avoid the blow-up of solutions. Similar counterexamples were missing as far as the growth of the nonlinearity with
respect to Vy is concerned.

The aim of our paper is to give a more clear picture of what happens in the case f depends on Vy but not on y,
and specifically for the model problem (1.1) when ¢ > 1. On one hand, we prove that, for every ¢ > 1, the null
controllability property for the system (1.1) fails for all 7 > 0, i.e. that the system cannot be controlled in a time
which is independent of the initial data. We actually prove, in more generality, that the same holds for the system
(1.2) for a large class of nonlinearities, including the case f = f(x, Vy) ~ |Vy|(log(|Vy|))* with a > 1. Notice that
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some gap with the positive results proved in [10] still remains, since it is known that, if @ < %, the null controllability
property holds at any time 7', independently of the size of the initial datum. We recall that a similar gap (though with
different exponents (y < 3/2 for positive results and y > 2 for negative ones)) between negative and positive results
also exists as far as the case f = f(y) is concerned. Observe also that, as indicated in [11], the existing techniques for
the control of parabolic equations based on Carleman inequalities will hardly lead to positive results in a larger class
of nonlinearities, i.e. under a weaker restriction on y.

On the other hand, as it happens in the case f = f(y) under suitable sign conditions on the nonlinearity, we prove
that any initial datum yq can be driven to zero in large time (depending on the size of the initial datum to be controlled).
To this purpose, we use a typical strategy; on one hand, whatever 7' > 0 is, sufficiently small initial data are proved
to be controllable; on the other hand, the decay properties of the uncontrolled system make it possible to reduce the
problem, in a sufficiently large time, to the case of small data. As a consequence of this two-step argument, a waiting
time is needed for the controllability of (1.1) to hold, which we estimate in terms of the norm | yg||~ of the initial
datum yy to be controlled.

Our analysis of problem (1.1) can be summarized in the following result, expressing both the existence and the
sharp estimates of the waiting time.

Theorem 1.1. Let us consider problem (1.1) with g > 1; we set

T (yo) := inf{t > 0: (1.1) is null controllable at time t}

and

T(r) :=sup{T (y0), lIyolleo <7}

Then we have 0 < T (r) < oo for every r > 0, and there exist positive constants k, K, A, A (only depending on q,
£2, ) such that
K K

<T(r) <
In(}) ") In(

asr— 0 (1.3)

= —

)

and

M<Tr) < Ar asr — 0. (1.4)

Comparing with the controllability of the semilinear system in the case f = f(y), which we mentioned before
(see [13]), two main features appear from our result. In both cases, a sufficiently fast superlinear growth destroys the
(global) null controllability property which is typical of the linear (or mildly superlinear) case. However, differently
than in the superlinear case when f = f(y), the maximum principle prevents the occurrence of blow-up in (1.1), and
all initial data will be eventually controlled, even if in a delayed time. Indeed, the existence of a waiting time for
the null controllability of (1.1) reminds of what happens in other cases of dissipative operators, e.g. when f = f(y)
has the “good sign” property (see [1]) or in the one-dimensional Burgers equation (see [12]), where a similar esti-
mate as (1.3) was proved. In our context, the lower bound on the waiting time is obtained through the construction
of barrier solutions, i.e. stationary solutions in a domain @ which blow up at the boundary 00O (sometimes called
large solutions). Let us mention that, in case of nonlinear systems and specifically in absorption type problems (when
the nonlinearity in (1.2) satisfies f(y, Vy)y > 0 for any y € R), the existence of universal barriers has often been
used to construct some obstruction to controllability properties (see e.g. [1,14,9]). When dealing with (1.1), the exis-
tence of such barriers, and the failure of the controllability property, are strictly related to properties of the controlled
stochastic dynamics underlying the PDE. Indeed, the possibility to represent the solution of (1.1) as the value func-
tion of a stochastic control problem suggests a possible rough explanation of the above controllability results, see
Remark 4.3.

The construction of stationary barriers or, in an alternative viewpoint, the existence of universal local bounds, allow
us to prove that the existence of the waiting time and the estimates (1.3)—(1.4) also hold for different nonlinearities,
e.g. when f(x, Vy) = h(|Vy]); however, such a construction requires a restriction on the growth of 4, relying on the
fact that foo ﬁ ds < 00. A significant example we deal with is the function 4 (s) = s(log(1 + 5))* with & > 1. In
order to clearly state this extension, let us consider the problem
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yvi—Ay+ f(x,Vy)=vx, in(0,T)x £2,
y=0 on (0,T) x 052, (1.5)
y(0) = yo in £2,
and let us restrict here to nonlinearities having at most a quadratic growth in the gradient, so that globally defined
weak solutions are known to exist. Given yg € L°°(£2), we say that the system (1.5) is null controllable at time T if

there exist v € L°°((0, T') X w) and a bounded weak solution y of (1.5) such that y(7") = 0. Then, T (yo) and T (r) are
defined as in Theorem 1.1.

Theorem 1.2. Assume that f € C1(£2 x RN, R) is such that f(x,0) =0, | Dg f (x, &) is uniformly bounded if § is in
a compact set, and there exist constants B, v, o, y1, L such that, for every x € 2 and & e RV,

Jo> 10 f(x,&) > yIEl(In(IE])" V& 151> L, (1.6)
|fe, &) <B(1+IE1), (1.7)
f(x,8) — D f(x,8) & <y, (1.8)
|Dy f(x,8)| < nil§l. (1.9)

Then, the conclusion of Theorem 1.1 holds true.

As mentioned before, condition (1.6) is only one example of growth which ensures the lower bounds for the waiting
time, that will be proved in more generality (see Theorem 4.2 below). On the contrary, assumptions (1.7)—(1.9) will
be used for the positive result, namely the upper bounds of the waiting time. These latter ones strongly depend on the
decay properties of the system. Note that assumption (1.9), though it is not the most general possible, allows us at
least to include the presence of transport terms in the equation, as well as the case when f(x,&) =h(|&]) + g(x, &),
with g having a Lipschitz growth with respect to &.

Finally, the organization of the paper is the following. Section 2 is devoted to some preliminary notions and prop-
erties concerning viscous Hamilton—Jacobi equations which will be used later. In Section 3 we prove that the system
(1.1) is controllable in large time, possibly depending on the initial datum yp. To this purpose, a crucial role is played
by the long time behavior when v = 0; we discuss this problem and the decay properties of y in Appendix A, which
may have its own interest. Actually, when ¢ > 2 we prove not only that solutions of the uncontrolled system decay to
zero but that they eventually become smooth, which justifies our definition of controllability for this case. In fact, we
always let the control act only when solutions y(¢) belong to W!°°(£2) and are meant in a strong sense.

In Section 4 we prove the failure of the null controllability in arbitrary time 7 > 0, showing the necessity of some
waiting time. Such a proof also provides a first estimate of the waiting time, and specifically the lower bound in (1.4).
In Section 5, we refine our estimates for the short time range and we complete the proof of (1.3) and (1.4). Let us
mention that, in Remark 5.2, we also give an interesting explicit estimate of the constants A, A appearing in (1.4)
for the case ¢ = 2. We conclude Section 5 by proving Theorem 1.2 and discussing further generalizations for the
superquadratic case.

In Section 6 we spend some words for the problem of controllability to trajectories, see Theorem 6.1. In particular,
we prove that the system (1.1) is also exactly controllable to any trajectory. Moreover, similar estimates hold for the
control time, at least when the trajectory is smooth. Further comments and remarks are devoted to the problem of
approximate controllability and other open questions.

Last but not least, we give in Appendix A a direct proof of the exponential decay of solutions of the uncontrolled
system, obtaining with a different approach (and in a slightly more general context) a result recently proved in [6]
concerning the exact exponential decay rate for problem (1.1). Because of the importance of the long time behavior
in such type of problems, we also give a self-contained proof of the exponential decay for more general nonlineari-
ties.

2. Preliminaries

We recall a few definitions and preliminary results concerning problem (1.1). Set Q7 = (0, T) x £2, where £2 is a
bounded subset of R¥; although it will be mostly unnecessary, we will assume §2 of class C? in order to make use of
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the classical regularity results. We denote by Cg (£2) the functions which are continuous in £2 and zero at the boundary
352, and by Ck(.Q) the subset of functions being C* in £2. Let us consider a boundary value problem of the type

)’t_AY‘i‘f(tax,VY):X(f,x) in(O,T)X.Q,
y=0 on (0,T) x 052, 2.1
y(0) = yo in 2.

We always assume, at least, that £ (¢, x, &) : Q7 x RN — R is a Carathéodory function (i.e. measurable with respect
to (¢, x) € Qr and continuous with respect to &), x € L®(Qr) and yg € L*°(£2).

By a bounded weak solution of (2.1), we mean a function y € L°°(Q7) such that y € L%, T; HO1 £2)) N
C%([0, T1; L2(£2)), f(t,x,Vy) e L' (Qr) and the equation is satisfied in the weak sense, i.e.

/y(p,dxdt—i—/VyV(pdxdt—i—/f(t x, Vy)pdxdt = /x(t,x)(pdxdt—i—/yo(p(())dx
Q2

or or or or

for every ¢ € C} ([0, T x £2) such that ¢(T) =

By a strong solution of (2.1) we mean a weak solution which satisfies, in addition, |Vy| € L*°(Q7r), y €
LP(0,T; W2P(£2)) for every p < oo and y, € L?(Q7). Finally, we call y a classical solution in the case y is C?
in the space variable, C! in the time variable and the equation holds pointwise (of course, in this case the nonlinearity
f should be, at least, continuous).

When f is locally Lipschitz continuous with respect to &, the comparison principle and uniqueness hold in the
class of strong solutions; indeed, strong solutions are Lipschitz in the space variable and a linearization argument
yields easily a uniqueness result which is, of course, independent from the growth of f with respect to £&. However,
the existence of strong, or weak solutions, may depend on this growth.

When the nonlinearity f satisfies

|, x, &) <y(1+1&7), y>0, (t,x)eOr, §cRY (2.2)

several well-posedness results exist for problem (2.1). If yg € Cy (2)NWhe(2) and f is locally Lipschitz continuous
with respect to &, it is proved in [15, Chapter V, Thm. 6.3] that there exists a unique strong solution of (2.1). If
yo € L®°(82), the existence of a bounded weak solution is known even in much more generality (see e.g. [7,20]).
Moreover, from [15, Chapter V], we know that, under assumption (2.2), any bounded weak solution is locally Holder
continuous, and even globally if yg is a Holder continuous function. The uniqueness in the class of bounded weak
solutions is more difficult to find in the literature. Let us give here a short, easy proof for the case that f (¢, x, &) is
convex in the £ variable, which in particular applies to problem (1.1). The following argument is taken from [4].

Proposition 2.1. Assume that f(t, x, &) satisfies (2.2) and in addition that f(t, x, &) is convex with respect to &. Let
X € L®(Q07), yo € L>(£2). Then there exists a unique bounded weak solution of (2.1).

Moreover, if y1, ya are solutions corresponding to data x1, yo1 and x2, Yoo respectively, then x1 < x2 and yo1 < Y02
imply y1 < y2 in Q.

Proof. Let ¢ € (0, 1), and consider the function u, := (1 — €)y;, which satisfies

(ue)t — Aug + (L —¢) f(£,x, Vy) < — &) x1.

Since f(t, x, £) is convex in &, we have

£t %, Vy2) < (=) £t x, V1) +sf(t,x, V- (18_ )V )

hence u, satisfies, in a weak sense,

Vy,—(1—8)V
(ug)t—Aug+f(t,x,Vyz)<(1—8)X1+8f(f,x, 2-(2) yl).

&
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Note that the right-hand side is an L' function thanks to (2.2) and since yi, y» € L0, T; HO1 (£2)). Subtracting the
equation of y», using that y; < x2 we obtain

Vy, —(1—¢)Vy;
(e — y2)1 —A(us—y2)<—8x1+sf<t,x, . )

Us—)2 .
& b

Set 7, := then, using (2.2), we deduce that z is a bounded weak solution of

(ze)e — Aze < —x1 + ¥ (14 1Vze ).

Moreover, since yo1 < Yo2, we have that 7, (0) < —yo1. If K = || x1llco + ¥ + 101 |00, the function z, — K(t + 1) is a
bounded weak solution of

{v, —Av < y|Vv|2,
v(0) <0, vo,rxae <0

and we deduce that v < 0 (using e’V — 1 as test function, which is justified by standard arguments). This means that
ze < K(t + 1), so we proved that

yil =) = y2 <e[(Ixtlloo + ¥ + lIyo1lloo) (2 + D]

and letting ¢ — 0 we conclude that y; < y,. O

As a consequence of Proposition 2.1, if 1 < g < 2 problem (1.1) is well posed in the class of bounded weak
solutions for any yg € L°°(£2) and any control v € L®. Moreover, applying to the function 7y (¢, x) the results in [15,
Chapter V], one deduces that y is a strong solution for ¢ > 0, and even classical if v = 0.

When (2.2) does not hold, the situation is different as far as the existence of solutions is concerned. It is known that,
even if the initial datum yg is C!, it may not exist a global strong (or weak) solution because of a gradient blow-up
which may occur at the boundary (see [23,24]).

In [3], a well-posedness result for (1.1) is proved if v = 0 in the class of generalized viscosity solutions satisfying
the boundary condition in a relaxed sense. This means that y € C(Q7), y(0) = yo, y is a viscosity solution in Q7 and
satisfies the boundary condition in the sense that

min{y,y,—Ay+|Vy|q} <0 on(0,7T)x 082 (2.3)
and

max{y, yr — Ay +|Vy|?} >0 on(0,T) x 382 (2.4)

where the inequalities for the operator are meant in the viscosity sense. As pointed out in [3], in the particular case
of (1.1), every viscosity solution satisfies y < 0 at (0, 7) x 92 (since y is a sub-solution of the heat equation), so
(2.3) is always satisfied and (2.4) is the only condition required at the boundary, which plays a role whenever y < 0
at (0, T) x 052, a situation which may really happen (loss of classical boundary condition). We refer the reader to [3]
for a true discussion and related references, while the basic tools in viscosity solutions theory can be found in [8].

It is proved in [3] that a comparison principle holds in the class of generalized viscosity solutions (so-called strong
comparison result), and moreover there exists a unique generalized viscosity solution global in time. In the same paper,
this result is also extended to the more general problem (2.1) under some technical structure conditions; moreover, the
case g < 2 is also included, although in this situation viscosity solutions take (continuously) the boundary data and
the uniqueness result falls in the usual theory.

Unfortunately, the above mentioned well-posedness result is proved in [3] in case of continuous data, whereas we
need to consider controls v in (1.1) which are just bounded. As we will prove in Appendix A, the generalized vis-
cosity solution of the uncontrolled system (with v = 0) will eventually become smooth and, in particular, a standard
strong solution (note that strong solutions are still viscosity solutions). This justifies the definition of controllability
which is given in the Introduction for the case g > 2. In other words, we use the well-posedness result for the uncon-
trolled system so that we may work in arbitrary time 7. On the other hand, we let the control act when solutions have
become sufficiently strong to use the Carleman estimates on the linearized problem. An alternative strategy could
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have been to extend the well-posedness result to L”-viscosity solutions and to merely L data, possibly discontin-
uous. This seems reasonable but, of course, is far beyond the spirit of our work. It is quite natural in the control
theory to use the regularizing properties of the uncontrolled system in order to reduce the problem to a smoother
context.

3. Null controllability for large time

We prove here that any initial datum is controllable in a sufficiently large time. We start by proving that small (and
smooth) initial data can be controlled to zero at time 7', thanks to a fixed point argument relying on the controllability
of linear equations. This kind of argument is by now classical for the controllability of semilinear problems, see e.g.
[13,10].

Lemma 3.1. Let T > 0 be any finite control time for problem (1.1), and let yo € WP (82), with p > N, and such that
yo =0 on 082. There exist positive constants cg, c1, M (independent of T) such that if

1 _
lyollw2r(2) ~|—exp|:co<T + ?>:| Iyoll L2y < Me al (3.1

then yy is controllable at time T .

Remark 3.1. Note that the smoothness of the initial datum, which in particular belongs to Cé (£2), and the smallness
condition on yp in terms of 7, will allow us here to obtain solutions of (1.1) in a strong sense, regardless whether
qg<2orq>2.

Proof. Let us set

X ={ze [0, T1; W (2)): llzllcogo, 1 wiee(ay < 1}-
Given z € X, consider the linear null controllability problem:

yi— Ay +Vy-Vz|Vz|i2 = vy, in(0,T)x £,

y:O on(O,T)xa.Q, (P )
y(0) = yo in £2, o
y(T)=0 in 2

where v belongs to

1
V= {v € LOO((O, T) x a)): lvlloo < exp|:c0<T + ?)]”yO”LZ(_Q)}»

with ¢q that will be defined below.
Using Theorem 3.1 in [10], there exists a constant ¢ such that, for every z € X, problem (P; ;) admits a solution
for some v € V. In other words, for every z € X, the set

V(z) = {v € V: problem (P, ,) admits a solution y}

is not empty. Moreover, by linear estimates (see [15], and Lemma 2.1 in [10]) and using that ||z(¢) ||W1,OC(Q) <1, we
have that there exists a constant ¢ such that

||y||C°([0,T];W1-°°(.Q)) < exp[q 1+ T)](”)’O”WM(.Q) + ||U||oo)

and also, for some constant C7 depending on T,

IVl o 0.7y w2r 2y + 1vell Lo, my;er@y < Cr(lyollwzr gy + 1vllo)-

In particular, on account that v € V, we have

1
||Y||C0([0,T];W1~°°(.Q)) < exp[c1 1+ T)] (”yOHWZ»P(_Q) + CXP[CO(T + T)] IIyo||L2<g>) (3.2)
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and also

¥l Loo 0, 1y: w2 r(s2y) T+ I1VellLoo0.1): L (2))
1
<Cr <||)’0||W2~11(.(2) + exp|:c0 (T + ?)] ||y0||L2(_Q)>~ (3.3)

Let us take M = ¢~ 1. We define now the operator @ : X — 2% so that

@ (z) = {y sol. of (P,,) for some v € V(2)}.

The assumption (3.1) on yp and (3.2) imply that, for every z € X, @(z) is nonempty and is contained in X. We wish to
apply Kakutani’s fixed point theorem to the operator @. First of all, we recall that any y € @(z) satisfies (3.3), hence
if we set

K ={yeL™((0,T); W»P(£2)), y, € L®((0, T); L"(£2)),
191l oo 0.7y w22y + 13e Lo o.1y: L2y < CrMe T

we deduce by (3.1) that @(z) C K for every z € X. Since W2P(£2) is compactly embedded into W' (£2) when
p > N, and obviously W (£2) c L?(£2), from well-known compactness results in parabolic spaces (see e.g. [22,
Corollary 4]) we have that K N X is a compact subset of X, and @(z) C K N X for all z € X. It is easy to check that,
for every z € X, @(z) is a closed convex set. The convexity of @ (z) follows from the convexity of V and the fact that
a linear combination of solutions is a solution corresponding to the linear combinations of the corresponding controls.
The fact that @ (z) is closed is consequence of stability results; let y, C @ (z) be a sequence of solutions corresponding
to controls v, € V(z) and converging to some y in X. There exists a subsequence (still denoted v, ) which converges
to some v € L*((0, T) x w) in the weak-* topology, and v also belongs to V. Since y, € K, extracting, if necessary,
a further subsequence, we have that y, will converge weakly in L?((0, T'); W2P(£2)) and strongly in X, so that its
limit y will be a solution corresponding to the control v, hence y € @(z). Therefore, we have proved that @(z) is a
nonempty, closed and convex set contained in the compact set K for all z € X. To conclude with Kakutani’s theorem,
we are only left to prove that, for every u € X’, the mapping

z€ X sup (u,y)
yeP(2)
is upper semi-continuous. To this purpose, let z, — z in X; without loss of generality, assume that the sequence also
satisfies (this is always true for at least a subsequence)

lim sup (u,y)=Ilimsup sup (u,y). (3.4

"0 yed(zy) n—>00 yed(z,)

Let y, € @(z,) be such that

(i, yn) = sup (u,y) — l, (3.5
YEP(zn) h
and let v, be the corresponding associated controls. As before, we can extract subsequences, not relabeled, such that
v, converges in the weak-x topology of L> and y, weakly converges in L?((0, T'); W>?(£2)) and strongly converges
in X to some function y. Using that z,, strongly converges to z in X, it is possible to pass to the limit in the equation
and we deduce that y is a solution of (P, ,), hence y € @(z). Since y, converges in X, from (3.4)—(3.5) we deduce
that

sup (i, y) = (u,y) =limsup sup (u,y)
YED(2) n—>00 yed(zy)

which proves the upper semi-continuity. Finally, we are in the position to apply Kakutani’s fixed point theorem, hence
@ admits a fixed point, and we conclude. O
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Remark 3.2. The same proof works for a nonlinearity of the type f(, x, ) which is C! in the &-variable and such
that f(¢,x,0) =0and %(r, x, &) is bounded in Q7 uniformly as |£]| is bounded. In this case we write f(z,x, Vy) =

Vy - fol % (t,x,sVy)ds and we follow the above fixed point argument replacing in (P ,) the term Vz|Vz|972 with
fol %(r, x,sVz)ds. This latter term is uniformly bounded for z € X, and the above proof can be applied with no

differences. This shows that the controllability of W27 (£2) small data holds in much generality, and moreover in the
class of strong solutions.

We will now need the following result on the decay of solutions when the system (1.1) evolves without any control.
Let us recall that, in case ¢ > 2, the initial datum is assumed to belong to CO(S_Z) in order to use the well-posedness
result in [3] which ensures the existence of a unique global generalized viscosity solution. Such a solution, in general,
need not be smooth and may even not assume the boundary data pointwise. Thus, in case g > 2 next theorem contains
at the same time both a regularity result (u becomes Lipschitz continuous and therefore a strong solution — actually
smooth) and the decay estimate. In case 1 < g < 2, of course we can take ug € L°°(£2); it is known that in this case
u(t) will belong to Co(£2), and is actually a smooth solution, as soon as ¢ > 0.

Lemma 3.2. Let g > 1. Assume that ug € L>®(2) if 1 < g < 2, while ug € Co(2) if ¢ > 2. There exist positive
constants K and A, only depending on q and $2, such that the solution u of
uy— Au+|Vul?=0 in(0,T) x 2,
u=0 on (0,T) x 082, (3.6)
u(0) =ug in 2

satisfies, for every t > K ||uo|| oo,
u() e W () and |u@®| +|Vu®)|, < Ce™ 3.7)
where C = C(q, £2).
Let us point out that, once u(r) € W!°°(£2), then u becomes a classical solution of (3.6) even for ¢ > 2, which
explains the importance of the gradient estimate above. The proof of Lemma 3.2 will be given in Appendix A. As
far as the decay rate of the solution of (3.6) is concerned, a more precise result is proved in [6] assuming that either

1 <g <2orgqg>2and ug > 0. Under these assumptions, it is proved in [6] that there exists k = « (ug, £2, g) such
that the solution of (3.6) satisfies

u@®)|_ <xe M, Vu®)| . <k(14172)e ! (3.8)
[o)0] o0

where A is the first eigenvalue of the Dirichlet problem for the Laplacian in £2. However, in (3.8) there is no explicit
estimate in terms of the initial datum u(. For our next purposes, the statement of Lemma 3.2 is suitable to show that
there is some time to wait, proportional to ||ugl||~0, in order to have a uniform exponential decay. On the other hand,
in Appendix A not only we give the proof of Lemma 3.2 but we also show how to get the sharp estimate (3.8) too;
moreover, we will also prove the exponential decay for different nonlinearities. Let us now see what we can deduce in
terms of controllability properties.

Theorem 3.1. Let g > 1. For every yg € L®(2) if 1 < g <2, respectively yo € Co(R2) if ¢ > 2, there exists T (yo)
such that (1.1) is controllable at time T (yo).

Proof. We know from Lemma 3.1 that there exist cg, ¢, M > 0 such that the system is controllable at time T + § if

1 ,
[y wary T exp[co (8 + E)} [v(T) ||L2(9) < Me—€18,

We leave first the system evolve freely, taking v =0up to t = 7. Using Lemma 3.2 we have

[y + V¥, <Ce™! (3.9)
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for any T > K||yolloo. Once a global bound is established on y and Vy, we can apply the estimates for the second
derivatives as well (see e.g. [15]); for example, for every s < 1 we have!

1y (T) oo N ”V)’(T)”go>‘

(3.10)

” e H W S ¢ re?tl,ltp+s]( 52 S

We deduce from (3.9) and (3.10) that ||y (?) [l y2.» (i) also decays exponentially, hence it is possible to find 7" such that

[y 2 ) + expl2e0l [y (D] 12 ) < Me™!
and therefore the system is controllable at time 7T + 1, taking v = vx (7, T + 1), where v is provided by
Lemma3.1. O

Finally, in view of the previous result, we define

T (yo) := inf{z > 0: (1.1) is null controllable at time ¢ }. 3.11)

Thanks to Theorem 3.1, we know that T'(yp) is finite. In the next section, we will see that 7' (yg) can actually be
positive, justifying the terminology of waiting time. It will be interesting then to consider the quantity

T(r) :=sup{T (y0), lIyolloc <1} (3.12)
4. On the necessity of waiting time

In this section we prove that the system (1.1) cannot be null controllable in any time 7" > 0, i.e. uniformly for all
initial data. We are going to give two different proofs of this result. The first one points out the relation between the
existence of stationary barrier functions and the failure of null controllability.

Theorem 4.1. For any r > 0, there exist yo € Co(2) such that ||yo|lco = r and such that, regardless of the choice of
the control v, any solution of (1.1) satisfies y(t) # 0 for every t < r/co, where co = co(q, 2, w).
In particular, for every q > 1 the system (1.1) fails to be null controllable at any T > 0.

Remark 4.1. We recall (see Section 2) that, when 1 < g < 2, by a solution of (1.1) we refer to the unique bounded
weak solution. When g > 2, we refer to any possible solution of (1.1) such that, E)r some fp < T, v=01in (0, f9) and
y is the unique generalized viscosity solution in (0, ty), y(ty) € WZP(£2) N Co(£2) and next y is a strong solution in
(0, T).

I Estimate (3.10) can be deduced from [15] as follows. Applying [15, Chapter IV, Thm. 9.1] to the function ty(x,t + 7), for € [0, 5], one has
leye @+ O Lo 0.5)x2) < CUYIL (1 i5)x2) + IV 00114y 0 2))-
Next, using the equation of w := 2 vz (t + 7), which satisfies
wr — Aw +¢q|Vy[42VyVw =2ty;, 1€ (0,5)
it follows that, for a sufficiently large p,
HwHOO g Cnyr(t + I)HLP((O,S)X.Q)’

where C can be chosen independent of y if, for example, we have ||Vy|lso < 1 (this can be assumed due to (3.9)). Since w(s) = 52 yr(t +5) we
deduce the pointwise estimate

Y@l HVy(r)u‘éo)

B
Hyr( ' ”oo re[gtl,]tp+s] 52 §

and then by elliptic Calderon-Zygmund regularity (since Ay(t +s) = |Vy (¢ +5)|9 + y (t +5)) one obtains (3.10). This is not the sharpest possible
estimate for the uncontrolled equation (1.1), but is largely sufficient to our purposes.
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We stress that the proof below shows a local obstruction to null controllability which is completely independent
from the control v and, in addition, applies to any notion of solution which satisfies a comparison principle, including
the notions which we use of weak, viscosity or strong solutions. Roughly speaking, no matter one could define the
null controllability at time 7', there are initial data — which can be constructed as smooth as desired — for which it
might fail.

Proof. Let us first deal with the case 1 < g < 2. Take a smooth subset wg CC 2 such that wg N w = @. It is proved in
[16, Section VI] that there exists a unique constant ¢y such that the problem

=A@+ |Veol? +co=0 inwy,
lim ¢o(x) =+o00 4.1

x— 0w

admits a solution ¢g € leo‘cp (wo) for every p < co. Moreover, ¢y is unique up to an additive constant; in the following,

we fix g so that

mingy = 0.
wQ

In particular, we have that @9 > 0 in wg. Moreover, since ¢ attains its minimum inside, the strong maximum principle
(in this case, minimum!) implies that ¢y > 0. Consider now the function

YO = =T X{xewp: po<r}- 4.2)

Note that, since ¢q is C 2 in wy, the set {x ewo: g9 <r}isa Cc? open set compactly contained in wq. Observe that yg
satisfies

YoS@o—r inawp. 4.3)
Since the function z (¢, x) = @o(x) — r + cot satisfies
2t —Az+1Vzl[9=0 in(0,T) X wy,
Z— +00 on (0, T) x dwy,
z2(0) =@y —r in wq
we can use the comparison principle (see Proposition 2.1) in wy x (0, T') between y and z, and using (4.3), we deduce
that z(¢, x) > y(¢, x), i.e.

y(t, x) < @o(x) —r+ cot.

In particular, if xq is such that ¢ (xo) = min,, ¢o =0, we have y(z, xo) < cot —r < 0 as long as t < r/cp. Similarly,
if one takes an initial datum ¥ € Co(§2) such that —r < 3o < yo, then the corresponding weak solution y satisfies
y < y and the same conclusion holds for y. This shows that the same example can be constructed with smooth initial
data.

Now, assume that g > 2. Still using the results in [16, Section VI], there exists a unique constant ¢y and a unique
(up to addition of a constant) function ¢g € C 2(wp) N CO(@o) which is solution of the equation

—Ago + Vol +co=0 in wy, (4.4)
and also satisfies the so-called state constraint boundary condition:

for every v € C 2 (wo), o — ¥ cannot have a local minimum at x € dwy. 4.5)

As before, we normalize ¢g in a way that min,,, ¢o = 0 and we define z(¢, x) = @o(x) — r + cot. Then we consider
an initial datum yg € Co(£2) such that —r < yp <0 and yo = —r on wp. Let y be a generalized viscosity solution
of (1.1) and, possibly, a strong solution in (#p, 7') for some 7y < 7. In particular, y belongs to C ([0, T'] x @) and is
a continuous viscosity solution in (0, 7) x wg. Since z also belongs to C([0, T] x @p) and is a solution with state
constraint boundary condition due to (4.5), in particular z is a super-solution of the generalized Dirichlet problem
in (0, T) x wo (actually, z is the maximal solution in (0, T) X wg). We can apply the comparison principle between
generalized viscosity solutions [3], and, since in wg we have yg = —r < z(0, x), we deduce that y < zin (0, T) X wp.
Then we conclude as before.
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Finally, if we are given any T > 0, we choose r > ¢oT ; then the initial datum yg defined before cannot be driven
tozeroattime 7. 0O

Remark 4.2. It is interesting to give a closer look at the above construction in the case ¢ = 2. Changing the unknown,
setting z = e~ Y, the system is transformed into the bilinear control problem

2t — Az4+270%,=0 in(0,T) x £2,

z=1 on (0,T) x 042,

2(0) =e™0 in £2
with the constraint that z > 0. The null controllability property for (1.1) means leading z to the constant state z; = 1.
The role of the barrier functions solutions of (4.1) is played here by eigenfunctions. The above argument becomes
the following: take any wg C £2 \ w and ¢ the first eigenfunction in wp normalized with |¢1||cc = 1. Take yg to be
strictly negative in wo, e.g. let & > 0 such that e™0 > 1 4 ¢ in wy. We have that (1 + &)@e >’ is a sub-solution in
wo x (0, 1), which vanishes on dwo; we deduce by comparison that z > (1 4 &)@e~*1/, hence {z(t) > 1} has positive
measure for 7 < A]_l log(1+¢).

Note in the above construction that ey is an arbitrary subset of £2 \ . In the following, for any C? open set wg C £2,
we denote by co(wp) the unique ergodic constant in wg defined from (4.1) (if 1 < g < 2) or (4.4)—(4.5) (if ¢ > 2). We
obtain then the following first estimate of the waiting time.

Corollary 4.1. Let T (r) be defined by (3.12). Then we have T (r) = r/co(wp) for every Cc? open set wy C 2\ w. In
particular, if 2 and w are of class C?, we have

T() > ———.

co($2\ )

Proof. The first assertion follows from the construction of Theorem 4.1, on account of the fact that wy was an arbitrary
subset of £2 \ . If £2 and w are CZ, then it is possible to define co(£2 \ @) by solving (4.1) in £2 \ @. Since the ergodic
constant c(wy) is nonincreasing as the domain wy increases (see e.g. [5,25]), we get

() 1 1

=

sup = —.
r woc2\@ co(@o)  co($2 \ @)

We will see in the next section that the estimate provided above is far from optimal whenever r is small. On the
other hand, for r large, we will show that the waiting time has actually the rate given by the above corollary.

Remark 4.3. It is known, by the dynamic programming principle, that the solution of (1.1) can be represented as the
value function of a stochastic control problem. Precisely, if B, is a standard Brownian motion in R" (on a probability
space (®, F, F;, P)), let us denote by X, the solution of the controlled stochastic differential equation

{dX,:a,dt—i-\/EdB;,
Xo=x€R

where the control a; belongs to a class A of admissible processes. Then the unique solution of (1.1) coincides, under
some assumptions on .4, with the value function of the stochastic control problem, namely

ATy
. 4
y(t,x) = HelfL‘Ex [ / (vt =5, X9 X[X,e0] + Cqlas|TT) ds + yo(Xz)X[mx]} (4.6)
a,
' 0
where [, is the expectation conditioned to X = x, ¢, is a normalization constant and 7, is the exit time variable
T, =inf{t > 0: X, & §2}.

It is clear from the above representation that the controllability property relies on the possibility that the process X;
reaches w. However the dynamics is influenced by the optimization procedure (which reflects the nonlinear character
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of (1.1)). It is proved in [16] that it is possible to constrain a Brownian motion inside some domain wq using singular
drifts (blowing up at dwg), and the stationary barriers in wq are the minimal cost to pay for realizing the constraint.
Recall that y, by (4.6), is the minimal cost over all drifts (defined in the whole §2). This suggests a rough explanation
of the above result: namely, since there exist drifts which try to keep the process in £2 \ w as long as possible, the null
controllability, if not avoided at all, will at least be delayed of some time.

We give now a different proof of Theorem 4.1 which does not use the results in [16] (in particular, it does not use
the explicit stationary barriers) and, moreover, applies to the larger class of problems

v —Ay+ f(t,x,Vy)=vx, in(0,T) x £2,
y=0 on (0,T) x 952, 4.7
¥(0) = yo in 2.

We refer to Section 2 for the definition of weak solution of (4.7). Let us show that the controllability in arbitrary time
fails depending on the behavior of f (¢, x, £) when |£| — oo. This kind of result is closer to the negative result proved
in [13] for nonlinearities depending on y, relying on some underlying ODE’s principle and the construction of test
functions. However, in the case of nonlinearities depending on y, there are initial data which can never be controlled,
while here the negative results mean that the control time cannot be uniform with respect to all data.

Theorem 4.2. Assume that f (¢, x, &) satisfies

Vm>03c, >0: |f(t,x,8)|<Cn V(,x)€Qr, § €RY: & <im,

and moreover

AL >0: f(t.x.£)>h(&]) V@.x)€Qr. EeRY: [g|>L, (4.8)
where h : RT — R is some convex, increasing function such that

[e¢]

dt

and in addition

. t2h// (t)
lim sup

o i () —hy) (4.10)

Then, for every r > 0 there exists yo € Co($2) with || yolleoc = r such that, for every control v e L*((0, T) x w),
any weak solution y of (4.7) satisfies y(t) # 0 for every t < Cor, where Co = Co(82, w, f). In particular, the system
(4.7) fails to be null controllable at any time T > 0.

Remark 4.4. This result does not depend on the well-posedness of (4.7). Actually, the estimate is independent on what
the control v might be and, especially, applies to any weak solution of (4.7) (and, a fortiori, to any stronger notion of
solution). Moreover, the initial datum can also be chosen as smooth as desired.

Remark 4.5. Assumption (4.10) is only a technical condition that we will need in the construction of the test functions
below, and we believe it unnecessary. On the other hand, condition (4.9) plays a key role; such a condition is usually
required (and necessary) in order to have localized estimates in similar problems and existence of stationary barriers
(see e.g. [18]). Of course, (4.8)—(4.10) are satisfied by the main example f = |Vy|?. Note that (4.8) only concerns the
behavior at infinity and only asks a bound from below, hence faster growths than powers are also included. Finally, the
previous result includes the interesting case where f(Vy) ~ |Vy|(log(l + |Vy|))* as |Vy| — oo, with « > 1, since
the function A (s) = s(log(1 4 s5))¢ satisfies (4.9)—(4.10) in this range. Notice that some gap with the positive results
proved in [10] still remains, since it is known that the null controllability property holds for any 7 (independently of
the initial datum) if & < 1/2.
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Proof. Take wp C £2 \ w and let n € C°(£2 \ w) be a cut-off function such that n = 1 in wp. Multiply Eq. (4.7) by
¥ (n), where ¥ € C L(R) is to be fixed later (with ¥ (0) = 0). We obtain

1 t
/y(t)lﬂ(n)dx+/ff(f,x,vy)1/f(n)dxdf=/yow(77)dx—/nyVmﬁ'(n)dxdt,
2 0 2

ko) 0 2

which yields, using (4.8),

t t
/y(t)tlf(n)dx+/fh(|Vyl)1ﬂ(n)dxdt<Kt/l/f(n)der/ym/f(n)dxdT—//Vyvmlf’(n)dx,
0 2 2 0 2

2 Q
where K = h(L) 4+ ¢, being ¢, = SUP .« B, (0) | f1. Young’s inequality implies
1//’(77))
v (n)

where h* is the Legendre transform of the function /. Then we have

1 1
[VyVny' ()| < Eh(IVyl)w(n) + Elﬂ(n)h* (ZIVUI

! t
—/nyVnw/(n)dxdrg lf/h(|Vy|)w(n)dxdf+ltfw(n)h*<2|vnlw/(n)>dx.
2 2 v
0 @ 0 0 P
Therefore we get

1 /
/ymwn) dx < /yown)dx +r[1< / yondx+ 5 / wn)h*(zwm ‘fh((;’))) dx},
2 2 2 2

hence we have obtained that

/ YOV () dx < / YoU () dx + tuy

2 2

where

1 /
Cag = [K/Vf(n)dwrEfw(n)h*<2lvf7lw (n)>dX]~ (4.10)
2 2

¥(n)

Assume that there exists a cut-off function /() such that ¢, < oo. Then if we take some yq such that

T(y0) = / you () dx <0

2

we deduce that

IZ(yo)l

Ca

/y(t)xb(n) dx <0 forr <Tp:= (4.12)

2

hence y(t) # 0 for t < Tp.
We are only left to show that, due to assumption (4.9), we can construct a ¥ such that ¢,,, < co. To this purpose,
let us choose v as the solution of the ODE

, 1 a-1(1
= — h — ),
v 2||VTI||ool/j( ) (1//>
¥ (0) =0.
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We point out that i is well defined thanks to (4.9)—(4.10), and given by the implicit relation

V()
ds r

J st~ T 21Vl

Note that, by properties of the Legendre transform, we have

/ ds _]o th” (1) gt
, s(h*)—l(}) ) @l (@) = h()H (1)

hence, thanks to (4.10) and the convexity of 4, we have

[e.e]

ds 1 T 1
[ <c [ marsc [ a<ce.
s(hH)=1(h) th' (1) h(t)

0

Therefore this choice of i is allowed, and we have

. v'(n)
2|V —L ) dx < |2
([1//(77) (I nlw(n)) x < 82|

which implies that ¢, < 0o.
Therefore, we proved that (4.12) holds true, and in particular the system is not controllable for 7 <
i J Yoy () dx. Choosing yo € Co(2): =7 < Yo < =7 Xy We have [[yolloo =7, and

1
——/ymv(n)dx > Ly ()wol.
Car Cag
2

We deduce that there exists a constant C only depending on £2, w, h such that T (r) > Cor. O

Remark 4.6. In the case h(£) = |£]9, we can take ¥ (n) = |n|q/ where ¢’ = qu. The value of ¢4, can be estimated

explicitly in this case, being ¢, < Cy /. o |V77|‘1/ dx. In particular we obtain

— [ yon? dx

T(yo) > —"———.
Cq [o V|9 dx
In the special case that yp < 0, we deduce

||y0||L1(w0)

T2 ———— 7
Cq [o V|9 dx

and since this is true for any n > x,, we obtain the explicit estimate

lyoll 1 (wo)
Cy capq/(a)o, 2\ w)

T (y0) 2

where cap,/ (B, E) denotes the q’-capacity of a Borel set B with respect to a set E such that B C E. We recall that,
for r > 1, the r-capacity of an open set A with respectto E D A is defined as

cap, (A, E) = inf{ W[}, 1, . ¥ € Wy (E): ¥ > xa ac.in E}
0
and then such definition is extended to Borel subsets as

cap, (B, E) =inf{cap,(A), A open: BC AC E}.
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Theorem 4.2 applies to weak solutions of (4.7). The following corollary is meant for the case when the growth of
f(t, x, Vu) with respect to Vu does not allow to find global weak solutions but, on the contrary, there exists a global
generalized viscosity solution (like for the case ¢ > 2 in (1.1)). Sufficient conditions for this are given in [3] and are
quite technical. We will just show, for completeness, that even if such a solution exists, it is not controllable. This also
includes the case where a strong solution exists.

Corollary 4.2. Assume that f(t,x,£) € C(Qr x RV) satisfies f(t,x,0) = 0 and is locally Lipschitz continuous with
respect to & (uniformly in Qr), and moreover

AL >0 f(t.x,6) > y|E> Y(t,x)eQr, EcRY: g > L. (4.13)

Let y be a solution of (4.7) in the sense that, for some ty < T, v=_01in (0, ty) and y is a generalized viscosity solution
in (0, 19), y(to) € Co(2)N Wz’f’(.Q)for every p < 0o and y is a strong solution in (ty, T) for some control v.

For every r > 0, there exists yo € Co(£2) such that ||yolleo = r and, if such a solution y exists, then y(t) # 0 for
everyt < Cor, where Co = Co($2, w, f).

Proof. By the local Lipschitz continuity and (4.13), we have that f satisfies, for some constant 8§ > 0,

ft,x,&) > ylEl* — BIEl Y(t,x,6) € Or xRV,
Consider the problem
27— Az+y|Vz]? = BIVzl =vx, in(0,T) x £2,

z=0 on (0, T) x 952, (4.14)
z(0) = yo in 2.

There exists a unique global weak solution z of (4.14), and we can apply Theorem 4.2 to z. Then, for every r > 0
there exists yp € Co(£2) such that ||yg||ec =7 and

/Z(t)tp(n) dx <0 Vi< Cor, (4.15)
2

with the notations used in the proof of Theorem 4.2. Let now y be a solution of (4.7) as in the statement. If v =0 in
(0, ) and y is a generalized viscosity solution, then it is also a viscosity sub-solution of (4.14). Since yo € Co(£2),
we also have that the weak solution z is continuous up to # = 0 and is a classical solution in (0, #y). By the comparison
principle between generalized viscosity sub/super-solutions, we deduce that y < z in (0, #p). Next, the comparison
also holds in (#p, T) where y is a strong solution, and we conclude that y < z in (0, T'). Therefore, (4.15) implies

/y(t)lp(n) dx <0 Vit < Cyr,
2

which yields the conclusion. O

Remark 4.7. If we define the waiting time 7 (r) as in (3.12) but with respect to problem (4.7) instead of (1.1), we can
deduce from Theorem 4.2 and Corollary 4.2 the estimate T (r) > Cor under either assumption (4.8)—(4.10) or (4.13).

Remark 4.8. Both Theorems 4.1 and 4.2 show that the waiting time is positive as soon as we choose initial data yy
such that yg < 0 in some open set wg C §2 \ w. It is an open question whether the null controllability property in
arbitrary time 7 holds for nonnegative initial data.

5. Sharp estimates on the waiting time

In this section we estimate the rate of the waiting time in terms of the L°°-norm of the initial data, in the two
different cases whether || yo||oo tends to zero or infinity. Recall that T'(yp) and T (r) are defined in (3.11)—(3.12).
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We start by improving, for short time range, the lower bound on T (r) given in Corollary 4.1. The following
construction is inspired by [12], where the authors prove a similar lower bound for the one-dimensional Burgers
equation.

Proposition 5.1. Let T (r) be defined from (3.11)—(3.12). There exists a constant k¥ > 0 such that

K

T@r) > asr — 07T,

—~
N —
~

In

Proof. Let wp be a smooth open subset of §2 \ @, and let §9 > 0 be such that the function dist(x, dwp) is C? in
{x € wo: dist(x, dwg) < &p}. Take some § < %0, to be fixed later small enough. We denote by d(x) a function which
is C? in wq, which coincides with dist(x, dwp) in {x € wp: dist(x, dwg) < 8} and with a positive constant in {x €
wp: d(x) > 28} and such that d(x) < 1, |Vd(x)| < 1 in wg. Such a choice is easily obtained through a smooth
truncation of the distance function.

Let us consider the function

€3]
v(t,x):=ed@e 1, (t,x)€(0,T) X wg

where ¢ € C 2(wp) will be fixed later. Computing we have

Ayl Vd+V§ 2 /2IVd? Ad At
S PP FERP R

which implies

[ ¢
v,—Av)v_t—z—Z 2

Vel?  Ac]_ [,IvdP  21vdl?  Ad
t a* d3 d?

and using that |Vd| < 1 and |Ad]| is bounded, and since d(x) < 1, we get

(¢ _IVCP AL Co
K T ST

for some constant Cp > 0. We fix now ¢ = @(d(x)), for some smooth increasing function @ such that @ (0) =0 and
in a way that ¢ satisfies

3 VT

VeP <. 1M t=o(d() asd(x) 0. (5.1)

4 ’
To this purpose it is enough to ask that @ satisfies @ (s) = o(s2) as s — 01, |@'(5)|*> < % and @" = 0(@), which is
the case taking for instance @ (s) =~ s3. Thanks to (5.1) we have

VeP L lagl 3¢ 1

12 t 42 g4

and we estimate

2

On the other hand, since V¢ - Vd > 0, we have

s o(Vd  VENP_ LIVdE 2
Vo] =v FrRe Zv 7 >d—4X{d(x)<5}

hence

X{d(x)<é}-

1 C 4q
v,—Av+|Vv|q>v|: 3 ]i|+v

42 a%] " an
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1

We claim now that the right-hand side is nonnegative. This is of course true in the subset {(x, 7): dC }. On the

other hand, in the complement of this set we have gj > ‘1‘ Cz, which means that d*¢ < 4C11? hence

NG

IN
T\;IN

d(x )2
Since ¢ = ®(d) = o(d?), we can choose § small such that
¢
< — Vxid S.
2d) x: d(x) <

This implies that v > ¢3 and so

™ ey <
vﬁ\qu x: d(x) <

provided § is small enough. Assume now that ¢ < K Then, whenever d4§ < 4Cr* we have d4<D(d) <

In(})
4C1 K 2(ln(%))_2 and we can choose r small enough so that this implies d(x) < §. In that way we conclude that

1¢ Cq v
f ﬁ 17 then UF S g Xld()<)
if § is fixed sufficiently small and r is small enough (depending on §). All in all we have proved that
1¢ C; ve
[Zt_z — d4] + 727 Xld()<8) >0
so that v satisfies v; — Av 4 |Vv|? > 0. Take now yy € Co(£2) N C*(£2) such that —r < yo < 0 and yp = —r in wy,
and let y be the corresponding solution of (1.1). We use the comparison principle? in wg x (0, T') and we deduce
y(f,x)gv(t,x)—’ﬂ (l,x)e(O,T)XCO()

and in particular

1 ¢ | 2@ )
y<ed®w 1 —pLed” 1 —r Vx:dist(x, dwg) =6
IfT = % ¢((‘z)) then we have
1_20) 1
e 1 —r<eirt—r<0

D(3)

% which means that

if r is sufficiently small, hence we have y(t, x) < 0 for every x: d(x) > § and for every t < %

—_
=

~ ||

T (y0) = él(p((‘”) Since || yolloo = 7, this gives the conclusion. O

In order to show the generality of the above estimate, as well as of the construction used to prove it, we extend the
above result to general nonlinearities with similar growth as in Theorem 4.2.

Theorem 5.1. Let us consider problem (4.7). Assume that f(t,x,Vy) = h(|Vyl) for some function h(s) € ([0, 00))

such that h(0) = 0 and, for some L > 0, h(s) is positive, increasing in (L, 00) and satisfies f I hfs) ds < 00. More-

over, assume that there exists a positive function p € C*(0, so) such that log p is convex, p(s) — oo as s — 07, and
4p" < h(%|p/|) in (0, so) for some sy > 0.
Then the conclusion of Proposition 5.1 holds true (replacing problem (1.1) with (4.7)).

2 More precisely, we can use the comparison principle with yg = —r — ¢ in w (so that y < v —r in a e-neighborhood of # = 0), and then conclude
as ¢ — 0. This is to get rid of the singularity of v(¢, x) at dwy N {t = 0}. We also recall that, in case g > 2, we use the comparison principle between
viscosity solutions (only the standard form is needed here, since comparison at the boundary holds trivially). In case ¢ < 2, since yq is smooth, the
solution y is classical, and we are just comparing classical solutions which are ordered at the boundary (the usual maximum principle suffices).
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Remark 5.1. Taking p(s) = e% we see that f(z, x,&) = |£|7 satisfies the above assumption for every ¢ > 1, which
makes Proposition 5.1 a particular case of the present result. The assumption is also satisfied if i(s) ~ s(logs)®
1

as s — 00, with « > 1. In that case, the function p(s) = e** “~' satisfies the required differential inequality for a

suitable A. We also observe that the assumption f dY ds < 00 is a necessary condition for the existence of some
function p with the desired properties.

Proof. We proceed as in the previous proof. Let wg C §2 \ @ and d(x) be defined as in Proposition 5.1, and such
that d(x) < so. We set ¢(x) = p(d(x)), where p is given by the assumption, and ¢(x) = @ (d(x)), where @ is an
increasing smooth function, to be suitably chosen later, such that @ (0) = 0. We consider the function
)
wit,x) = (e, (t.x) €0, T) X wp.

Now w satisfies

¢ 2 A ve?
—Aw:e_7|:g0t%—A<p+?Vg0V§+<pTz—§0| §|i|

12

which yields
e[ ¢ Vol> | A VP
w; —Aw >e t|:got—2—A<p— + 7—2 2

The assumptions on / imply that there exists Lo > 0 such that i (s) 4+ Los is increasing. On the other hand, since @

is increasing we have V¢ Vd(x) > 0, while p is decreasing and Vo = p’(d)Vd(x). Therefore, |[Vw| > efg [Ve|, and
we have

h(1Vwl) > ~LolVuwl + (e~ [Vol) + Loe™ ¥ Vo],

and since |Vw| < e_%[|ch| + £1V¢|] we get

: Vo> A vel?
—Aw+h(|Vw|)>e—7[<pf—2—A<p—| A Y 'f' —L0(|V¢|+§|V§|)}

(7] t
¢ ¢
+h(e”7|Vo|) + Loe 7 |Vol. (5.2)
Assume that ¢ = @ (d(x)) satisfies
¢ p"(d) p(d)
IVeP <=, A< c t=ol = asd — 0. (5.3)
4 pd)’ p"(d)
Then, recalling that ¢ = p(d), we have
A VP g 3¢ 1A L
— =20 —|\V| 2 ——9p= — 20— — —
¢ 2 ot|§| PR R > ¢
3 ¢ L2
> =305 =0 d) = Fp)
Moreover, since log p is convex, we have pp” > (p’)?, and in particular (since |(log p)'| = 21 — 00) we have |p/| =
o(p"), so that
[Vol|?

2
Ap+ =<p (p)>|w| +p'Ad <2p" 4+ p'Ad =2p" 4+ 0(p"),
PO

and as a whole we get

¢ Vo> Ag |Vc|2
= —Ap— +o— —2¢
t ) t

1 ; " L% / "
> 7975 —30"(d) = 2 p(d) = Lo|p'(@)] + 0(0"(@)).

—Lo<|w|+§|vc|>
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Since p = 0(p”(d)) as well as |p'| = 0(p”) as d — 0, up to choosing sy eventually smaller we get from (5.2)

- . .
Z(pf_z—4p”(d) +h(e"7|Vel) + Loe™ 7| Vel

~

wy — Aw +h(|Vw|) >e”

and then, using that V| = |p'(d)] if d(x) < 8,

(1
wa—z —4p"(d) | + {h(e_f_ |o'(d)]) + Loe™ 0" ()]} Xtax)<sy-

~

wy — Aw +h(|Vw|) e

Now, if 4p(d) < }¢+, the right-hand side is positive. Otherwise, if 40" (d) > ;¢ this means that

p(d)
p"(d)

On one hand this implies that % < 4\/2(%”)%; since by (5.3) ¢ = o(ﬁ) as d(x) — 0, we can find some § in order to
have

1
%gigan Vx: d(x) <$é

& (d) < 16¢%. (5.4)

¢
t

hencee™ 7 > % On the other hand, since # < K (In(1/ r))_l , we can choose r small enough in a way that (5.4) implies

d(x) < 8. Thus, we can deduce that, whenever 4p” (d) > %got%, we have (using also the assumption on p)

_t 1 _t
e T4p"(d) <4p"(d) < h(ﬁ’p/(d)l) <h(e™ 7 |p' @) xgaco <s)-
Finally, we conclude that w, — Aw + A(|Vw|) > 0, provided we choose { = @ (d(x)) satisfying (5.3). The existence
of such a @ can be proved as follows. Firstly, recall that % — o0 (because % > (%)2 — 00); now take some
1
positive increasing smooth function g(s) such that g(0) =0 and g = 0(%), and let @ (s) = e 5. Clearly we have
@ = o0(g) hence ¢ = o(%). Moreover we have |V¢|? < {2(5—;) = 0(¢) and similarly (A7)? = o(¢) which clearly

implies (A¢ 2 =o( %). Therefore ¢ satisfies (5.3). We have therefore constructed a positive function w which
blows up at dwp and is a super-solution of the equation w; — Aw + h(|Vw]|) = 0. Using the comparison principle on
this latter equation, we conclude as in Proposition 5.1. 0O

We conclude now the estimates of the waiting time by proving the upper bounds.

Proposition 5.2. Let us consider problem (1.1) with g > 1, and let T (r) be defined from (3.11)—(3.12). We have:

K
In(1)
Ar asr — oQ.

(i) There exists K > 0 such that T (r asr — 0T,

(i1) There exists A > 0 such that T (r

)
)

NN

Proof. Consider first the case r — 0. We leave first the system evolve freely. Since |lug|lco < 7, it is proved (see
Appendix A, (A.2)) that

Vu(n)| < c( 't'“_O'L":)E (5.5)

for every t > kr, where c, k only depend on ¢, £2. In particular, | Vu(t)| s < ¢ for every ¢t > 2kr, and then u satisfies
a heat equation where the right-hand side is bounded. Therefore classical estimates apply, and in particular (3.10)
holds true, namely we have, for small s > 0,

lle(7) ll o n IIVM(T)Ilgo)

(5.6)

T G
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Since ||u]|oo < 7 and, from (5.5), | Vu()||L < ¢ ””0”°° forevery T > ¢, if we take some o < l and s =¢ = —r we get

Ju () g2 < O3

provided r is small. In particular, there exists o < 1 such that ||u(r®)|y2, < % —¢l, where M, c| are given by
Lemma 3.1. Therefore, if T = ﬁ we have
1 M K 1 1 1
o)y + espfeo 7+ 5 ) [l iy < e+ empfeo 1 ' T (;))]mm
M _. 1—%
<7 1—|—|.Q|Zexp co K.

Choosing K > ¢y we obtain that, for small , we have

1
e+ expf o7+ 7 ) ) gy < Mt < et

hence the condition of Lemma 3.1 is satisfied and the system is controllable after a time r* + T'. Since r* + T ~ X

In(})

as r — 07, this proves (i).
Let us now consider the case that ||ug|lcc < 7, with r — 00. Again, we first take v = 0 and consider the system
without control. Then, using Lemma 3.2 with t = 2Kr we have

lu@Kkr)|, < Ce K

for some p > 0. Next, in view of the above result on the time of control for small data, we deduce that the system

is controllable after a time of the order of ——— ~ <, hence all in all the system is controllable after a time

In( Ce—21Kr )

T ~2Kr + 7 = O(r). This proves (ii). O
We deduce now from the previous results

Proof of Theorem 1.1. From Corollary 4.1, it follows the lower bound in (1.4). The lower bound in (1.3) is proved
in Proposition 5.1. Finally, Proposition 5.2 provides with the two bounds from above. O

Remark 5.2. It is interesting to consider the case g = 2 for which the decay estimate can be deduced from the linear
one. Indeed, u is a solution of (3.6) with ¢ = 2 if and only if v =e™ — 1 is a solution of the heat equation with initial
datum e7#0 — 1. Consider the case ug < 0, which is the interesting one for the waiting time. Then we have, by linear
theory,

0<v(t) < Ce M |v(0) ||Oo < Celltolloo—1t
where C only depends on 2. Hence
lu®)|=In(1+v(®)) <v(t) < Ce lluolloo—A1t

and in particular, if T > ”;’10”” we have

|u(T)| < Ce M T+luolloo < Ce¢T

Assume now that ||ug|lco <7 with r — oo and set T =

T+ 71) (provided T is large enough) so that

ln(engC

r n K
AM—& T —InC

T (up) <
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hence
K —¢)
M—¢e er—(A1—¢e)nC

for any ¢, r such that er is large. Choosing some &, — 0 such that ¢,r — oo we deduce that

T(r)<

T(r)< — +0(r) asr — o0

and in particular limsup, _, o, @ <5 (_Q) Recall that Corollary 4.1 implies that T(r) 2 o0 _é\w) , where co(£2 \ w) is
the ergodic constant of the state constraint problem set in £2 \ w (i.e. (4.1) in 2 \ w). However when g = 2 ¢¢ coincides

with the first eigenvalue, therefore in this case we obtain overall the following explicit estimate for the waiting time:
1 T(r) 1
A1(82°\ w) r )»1 (£2)

+o(l) asr— oo. O 5.7)

Let us conclude by discussing how the estimates of Theorem 1.1 can be extended to problem (4.7) for different
nonlinearities f. Reviewing our previous results, we already established in more generality the two estimates from
below (Theorems 4.2 and 5.1). In both cases, such estimates are proved assuming that f (¢, x, &) > h(|£]) for some
h such that [ * % < 00, with some technical additional condition which applies to a large class of examples. The
estimates from above require a bit more care since they depend on the large time behavior of solutions. As a model
case, we consider the example where the nonlinearity is independent of time, has at most quadratic growth and
behaves at least like |Vy|(log [Vy|)* when |[Vy| — oo, with o > 1. Namely, we consider problem (1.5) and we prove
Theorem 1.2. Let us remind that, if f is convex in the &-variable, problem (1.5) is well-posed in the class of bounded
weak solutions from Proposition 2.1. However, even when f is not convex, globally defined weak solutions are known
to exist because of the natural growth condition.

Proof of Theorem 1.2. Thanks to (1.6), f satisfies the assumptions of Theorem 4.2 with A(s) = s(In(l + s))%,
o > 1. Then we conclude that there exists co > 0 such that 7' (r) > cor for every r > 0. Using again (1.6) and the
local Lipschitz character of f with respect to &, we have that f(x, &) > |&|(In(1 + |&]))* — Lo|&| for some Ly > 0. In
particular, the assumption of Theorem 5.1 is satisfied (see also Remark 5.1). Then, we conclude that, for some « > 0,
T(r)>k(n(l/r) " asr—0.

By means of Remark 3.2, the null controllability holds for suitably small W7 initial data. Moreover, thanks to
(1.7)—(1.9), we can use Proposition A.1 and we deduce that there exist C, K, > > 0 such that | y(#)|lco + | VY () ]lco <
Ce ™ for all + > Kr and for all weak solutions of (1.5) with lyolleo < ¥ and v =0 in (0, #). Henceforth, we can
proceed exactly as in Proposition 5.2, leaving first the system evolve freely. Estimate (5.6) now takes the form

ly@ll If G, Vy) (@)
Hy(t+s)”wzvp<C sup ( Y 3 =+ / Y OO).
Telt,t+s] s s

From (A.20) we know that, if t > Kr and s < 1, then

C
IVy( +9)]° < maX{HYO”oo’”)’O”oo}

Choosing ¢ =5 = 3%, we get [Vy(r®)[> < Cr'~*, and since f is locally Lipschitz we get
WG YOl _ g i

X
N

We deduce, as in Proposition 5.2, that there exists o > 0 such that ||u(r®)||y 2, is suitably small. Then, we conclude
in the same way that 7'(r) < K (In(1/r))~! when r — 0. Next, using the exponential decay for large time, we also
obtain T (r) < Ar whenr — oco. O

Remark 5.3. The case when f(x, &) has a superquadratic growth with respect to £ is more delicate because of the
large time decay of solutions. For a superquadratic nonlinearity, it is necessary to prove first some gradient estimate
in order to handle the lower order term and show that solutions are meant in a strong sense. In Proposition A.1, we
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give estimates for this purpose, and we indicate in Remark A.1 how to use such estimates for the case of viscosity
solutions. The complete proof given for problem (1.1) when g > 2 should provide a significant example to handle this
approach in detail.

6. Further results, extensions and final comments
6.1. Controllability to trajectories

Let us consider a trajectory 3 solution of
=AY+ |VI9=0 in(0,T) x £2,
y=0 on (0,7) x 352, (6.1)
¥(0) = 3o in £2,
where yy € L°°(£2). A natural question is whether the system (1.1) can be controlled in a way that y(T) = y(T'). With
the tools developed so far, we can give an answer to this question. For simplicity, we only deal here with the case
1 < g <2 (see Remark 6.1 concerning the case g > 2).

Similarly as before, we say that (1.1) is controllable to the trajectory y at time T if there exists a control v such
that y(T) = y(T). Then we define

T (yo) = inf{r > 0: (1.1) is controllable to the trajectory 3 at time ¢ }

and

T(r) =sup{T (o), llyo = Jolleo <7} (6.2)

We point out that the two trajectories y and y, if left free of control, will both tend to zero, hence it is reasonable that
one can be driven onto the other at least in long time. The interesting part of the next result lies in the estimate of the
control time, depending on the distance between yy and yo and not on the single independent decay of each solution.
In order to get such estimate, we will assume that yg is smooth, so that y is a classical solution of (6.1) since r = 0. In
the general case, one can use that, even if Y9 € L°°(£2), the solution y will become classical as soon as ¢ > 0.

Theorem 6.1. Assume that yo € Cg(ﬁ). Then T (yo) is finite for every yo, and moreover estimates (1.3) and (1.4) hold
for the waiting time T (r) defined in (6.2).
Proof. Letus set z =y — . Then z solves
7t — Az +|Vz+ VY1 —|Vy9=vy, in(0,T) x £2,
z=0 on (0, T) x 082, (6.3)
z(0) = yo — Jo in £2,
and we need to find a control v such that z(T) = 0. We set
ft,x,V2)=|Vz+ V@, 0)|? — |V, 0| (6.4)

First of all, we observe that f satisfies, for some constant ¢, > 0 and y = y (| Vo),

f(tvx’ VZ) 2 Cq|VZ|q - )/|Vz|

Note that || V3| oo is estimated only in terms of 3o, and uniformly in time due to Lemma 3.2. Therefore, f satisfies the
assumptions of Theorem 4.2 and of Theorem 5.1. Applying these results to z, we deduce the lower bounds for (6.2).

The upper bounds for the waiting time depend on the decay estimates. Let us suppose now that v = (. Note that
the function f satisfies, for some positive constants 3, §:

| f(t,x, V2)| < BIVz| +8|Vzl.

As a consequence of Step 1 of Proposition A.1 and the comparison principle, we deduce that there exist K, A, C > 0
such that if r > K||yo — 30|00, then we have

[z < Ce™.
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We reason now like in Step 2 of Lemma 3.2. We set w = (f — to)‘? lzvj‘c , with ¢ = 2|1z0|lc0, Where zg = yo — Jo. We
obtain
aw< i vwepep+2 Y Y g t)%|:(f Def - V) vzl 2D"f'vz]
w————Vuw- _— - — -Vz —
qt—ro 5 (z+o0) 0 ¢ (z+0)? Z+c

where f is computed at (¢, x, Vz). Since f — Dg f-£ < =95 [£]94¢,|VF|? < —95 |£]9+y and, similarly, | Dy f| <
cq|é|‘1’1 + y, we have

|Vz|? D.f-Vz g—1 |Vz]? |Vz|? 4 |Vz]
_ * < - 7 (|Vz|‘1_y)+y7

(z+0)? Z+c (z+0)? Z+c¢

where we denote with y possibly different constants depending on g and ||Vy|~. Now, assume that supw >

[(f—Dngz)

2 . .
Lllzo ||oo + M “”rz‘l(fﬁ’”w (t —tp) ¢ for some large L, M. Then, on the maximum point, we have

2
Z q
|vn2>nu1+namw)+L(%{%§) (6.5)
and in particular, ifM>1,|Vz|2>1+%(z+c).Hencewehavelvzf% 2';2":1 <M|(Ziq)2 and, if M is large,
we have
—1 |Vz? Vz|9 +|Vz g —1|Vz/*te
9=V 0y T IE g (VP
2 (z40) z+c 4 (z+0)
so that
Vw-Vz 2 -1 2 |Vz|7He
CAw+Vw-Def -2 w vz 2 _w (g )(t—to)q| z ' <0
(z+c¢) qt—1o 4 (z+0)

if the constant L in (6.5) is large enough. We deduce that such a maximum point cannot be in the interior, and, on
account of the boundary estimate, which is as in Lemma 3.2, we conclude that

2_q 14 zoll 2
w < Llzoll& +M—Em—fa—mw
o
which implies
lzolloc \ 7
q
|VZ|2§3L<IZO tOO) +3M(1+||ZO||oo)~ (6.6)
— 10

In particular, for every fo > K ||z0/loo and every t > to + K [|z0lco, Vz(¢) is bounded and |Vz(1)|? < <M1+ 1zolloo)-

Let us now suppose that [|zollcoc = |0 — Yolloo < 7, With r — 0. Then we proved that |Vz(¢)| is bounded for
t > kr. The nonlinearity f (¢, x, Vz) in (6.4) clearly satisfies (A.10) and (A.11) and, since Vz is in a bounded set, then
(A.12) is also satisfied with # = ¢ — 1, and using that § is C2. We can now apply the estimates of Proposition A.1; in
particular (A.21) implies that

|VZ(t+S)| < Colys)™ +—[|IZ0||2 + (14 9)lIzolloo]

for every t > kr. Taking t =5 = ir using that ||zpllco < 7 and 6 > 0, we can find some small o > O such that
[Vz(r®)| = o(r®) as r — 0. Then, as in the proof of Theorem 1.2, we deduce that ||z(r*)[ly2.»() = 0(1) as r — 0,
which is enough to prove the controllability of (6.3) for T < C(In(1/r))~!. We just point out that, since the W2 7-
estimate also depends on the estimate on z;, in this case such estimate also relies on f;(z, x, Vz). However, using
that | f; (¢, x, V2)| < yle|‘7_l (for some y depending on || |lcc and || VY|l eo), this term is estimated again with the
gradient bound.

Finally, if ||yo — Jolleo < 7, With ¥ — o0, we proceed similarly. Taking ¢ > kr we have ||z(t)|lcc < Ce™, then
rescaling (6.6) to estimate Vz(¢) and using that the system can be controlled in small time, we conclude in the usual
way. O
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Remark 6.1. In the case g > 2, we can show that the exact controllability to trajectories holds at least in long time. In
fact, we know from Lemma 3.2 that the trajectory y will eventually become smooth, and then we can reason as above
to deduce that T (yg) is finite for every yg € Co(£2). On the other hand, in this way the control time will depend on
[I¥0llco (because of the time needed to y to become smooth), and it is less clear that one gets the estimates on 7 (r) as
in Theorem 6.1.

6.2. Approximate controllability

We just make a remark on the question of approximate controllability for the system (1.1), namely whether, given
some target function y; and ¢ > 0, it is possible to control the system (1.1) so that || y(T) — y4||x < ¢ for some suitable
space X. A natural choice, for this kind of models, should be X = Co(ﬁ); even if we choose a larger space X (hence
a smaller norm), this problem is more delicate than controlling to trajectories. Of course, by density one can reason
assuming y, to be smooth. Even in this case, the results of Section 4 imply that the approximate controllability cannot
hold arbitrarily. Indeed, the comparison results of Theorem 4.1 or Theorem 4.2 give suitable estimates on the solution
y in §£2 \ w which allow to estimate [|y(z) — YallL>(2\w) (as well as any other local norm) and to exclude that the
approximate controllability can hold in that case. Giving a more detailed picture of the approximate controllability
would anyway be an interesting fact.

6.3. Further comments and possible open problems

1. The case that w = £2 has been excluded by our analysis, since in this case the nonlinear effect can be removed. In
fact, if w = £2, we can replace v with f (¢, x, Vy) 4+ v, reducing the problem to the controllability of the heat equation
through some control v.

2. The estimate (5.7) in Remark 5.2 shows the precise role of the geometry of w in the waiting time for large data.
It seems possible that a similar estimate could hold if g # 2 with the ergodic constant cg in place of A1, namely that

LT
coR2\w)  r ()

+o0(l) asr— oo,

where cg is the ergodic constant introduced in Section 3. Note that the estimate from below is already established in
Corollary 4.1. Let us recall that if ¢ = 2 we have ¢y = Aj.

3. Our results do also apply for general second order parabolic equations provided enough regularity is imposed
to have Carleman inequalities. In particular, we can replace the Laplace operator with a linear second order operator
with Lipschitz coefficients.

4. As we mentioned at the beginning, the sign of the nonlinearity |Vy|? is not essential in our analysis, since one
can change y into —y in Eq. (1.1).

However, the necessity of the waiting time was proved, in Section 3, for data with suitable sign (see also Re-
mark 4.8). Referring to (1.1), where the nonlinearity has positive sign, we showed necessity of waiting time for
nonpositive data. It would be interesting to show the necessity of waiting time for positive data too. A similar feature
can be found in the case of dissipative semilinear equations, see [1]. In general, one should note that the sign of the
nonlinearity plays a role in the construction of universal positive or negative barriers.

Moreover, the coercivity and convexity of the Hamiltonian play somehow a role in the large time behavior of
solutions of the uncontrolled system. Therefore, a more difficult analysis would concern the case of a nonlinearity
changing sign (or convexity) as time—space vary.

Appendix A. The decay estimates

In this section we prove some estimates on the decay of the solutions of the uncontrolled system. We start by
proving Lemma 3.2.

Proof of Lemma 3.2. Step 1. There exists a constant K = K(q, §2) such that ||[Vu(t)||L=m0) < ¢ % for any
t 2 K||luolloo, where c1 only depends on §2.
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To prove this claim, take ¢ € HOl (£2): A¢ = —1 and consider v = —u¢ + %(r —T). Then v € C%(£2) and satisfies
— Av+|Vule = —% FuVEl in (0,T) x 2.
Choose = %, then we have

U(O) —,bLé- - ”uO”OO uop, Ulagx(()"[‘) < Os

and v is a sub-solution provided u?~1||V¢||d, < % By comparison principle, we deduce that u(x, ) > v(x, 1), and in
particular

2||uolloo
T

provided ||u0||oo(2||V§||oo)q, < T. On the other hand we have u < U where U; — AU = 0 with U(0) = ug. This
means that

ux, T)y>v(x,T)=— e

2IIMOIIoo

() <ux,T)<UX,T) VT > IIuolloo(ZIIVCIIoo)- (A.T)

In particular, if u € Co (£2) we deduce that

|Vu(T)| = V¢ + |[VU(T)| ondg.

8M(T)‘ 2””0”00

Since, by classical estimates on the heat equation (see e.g. [21]), we have

VU@ <C(1+172)e ugllas V1> 0

and since ¢ is smooth, we deduce that
1 /
[Vule, D < Zluolloo Vx €982, VT = (211V¢ lloo)” luolloo

and the claim is proved with K = (2||V¢ ||oo)q/. A minor point is only left in the case ¢ > 2, since a priori we could
not use the C! regularity of the solution u; however we will recover it with an approximation argument, detailed later.

Step 2. Let t9 > K||ug|lco, where K is given by Step 1. We prove that

1
u q
Vu(o)| <c2<” °”°°) Vi > 1o (A2)
t—1
for some constant ¢y only depending on q, S2.

Here we proceed using a typical Bernstein’s type argument (see e.g. [19] in a similar context). Assume for the
moment that solutions are classical for ¢ > fo (which is certainly true if ¢ < 2, but not obvious if ¢ > 2). Set

¢ -1 ) 2 |Vul?
w = J—
P wto
where ¢ = 2||ugl|o0. Recall that, by maximum principle, we have ||u || < |l#ollco, hence the choice of ¢ implies
1 1 1 o 1 (A3)
3 lluolloe ~ u+c  luollos”
First of all observe that, since ¢t >ty > K ||uol|co, if X € 952 we have, by Step 1, and using that ¢ > 1,
LU (ol Lz Loz R a)
X C N u L =C u . R
2l[u0]l0 : peitt ollee < 561 ol
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Now we compute

(r S B R LTSN P LR L
= — — — — —_—U —
(u+c) w+c?' Yt o)
and
2[ V(Au)-V V(|Vul? -V Vul|? Vul*
w>(t_t0)q[2(u) u_, ( ul)zu_ Iul2 " |u|3]
(u+c) (u+c) (u+c) (u+c¢)
hence using the equation of u
(t 3] |Vu|?
W — S
t ) to
2[ V(|Vu?) -V V(|Vul?) -V Vu|?t+e Vul*
_(t_to)q[q (IVul?) M|W|q_2_2 (I ul)2 u  |Vul . [Vul 3]
(+c) (u+c) (u+c) (u+c)
which implies
(t 3] |Vu|?
S S Avur
' (u+c)
V- V| Va1~ + 222V )i 1)|W|2+q
— w-Vu|lVu —_— —1p - .
1 ) 17 s ey
Therefore we get
Aw < —gVw - Vu|Vuli—2 4+ 22 V4 PR NALI . (A5)
wy — Aw < —gVw - Vu|Vu —_——w — - — . .
! 1 (u+c) 1 u+c qt—rt

21 2_
Now, assume that supw > L||luglld , where L > l 2K q 2; by (A.4) this means that the maximum of w is attained
2

§ vul® > Llluglld . Hence, at this point we have

inside £2 on some point where we have (t —19) 7 - e

Vuld 2 1
w; — Aw < —w|(g—1) - =

u+c qt—rnt

1-% 2
W [(q_l)L%<||M0||oo> __i|.
t—1p u-+c q

Thanks to (A.3), if L is sufficiently large (only depending on g) we have w; — Aw < 0 which is impossible on an

-1 . .
interior maximum point. This means that w < L ||ug ||OO , which gives

2

1 (u + 2ol o) lluoll &
|Vul> < Lllu ||oo > < 3L =

(t —19)4 (t —10)4

hence (A.2).
Now, if 1 < g < 2 the above computation is justified since the unique solution is smooth for any ¢ > 0.
If g > 2, we proceed in the following way: we start by solving an approximating problem

(Un)t — Aup + Hy(Vu,) =0 in £2 x (0, 00),
u, =0 on 052 x (0, 00), (A.6)
u, (0) =uop in £2

where H, (&) = |&1%y,(|€]72), being v, some bounded increasing smooth function such that v, (s) < s and
Ya(s) = s as s — oo. Since H, has quadratic growth, problem (A.6) admits a unique classical solution u, which is
globally defined. Since 0 < H,(Vu,) < |Vu,|?, the estimate obtained in the first step (see (A.1)) remains valid for u,,

[Vunl® .
up+c’

and in particular the claim of Step 1 holds true. Next we use Bernstein’s argument for the function w, = (t — o)
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this argument works similarly as before using that H,(§) — D¢ H,, - § < —|§ 1>, (1€]1972). In this way> one obtains
that u,, (¢) is bounded in W1 (£2) if t > 1o. Since H,(Vu,,) is bounded, using classical estimates for the heat equation
we deduce that u,, is bounded in L?((¢, T); W>?(£2)) for every p <ooand tg <t < T, and all the stronger estimates
of the classical theory hold. In particular, u, (¢) is relatively compact in Cé (£2) for every t > ty. On the other hand,
by stability results of the viscosity solutions theory, namely the half-relaxed limits method (see e.g. [8] and references
therein), it can be proved that u, converges (locally uniformly in (0, 7) x §2) to the unique generalized viscosity
solution u of (3.6). We deduce that u(z) € CO1 (£2) for t > tg, so u is actually a classical solution for 7 > #y and the
above computations are justified even if ¢ > 2. In particular, u satisfies estimates (A.1) and (A.2) in a classical sense.

Step 3. By Step 2, we have, for any 7 > 19 > K ||u0] 0o,

1

u o
0=u; — Au+ |Vu|? gu,—Au+|Vu|<cg (”[ 0”[00))‘7 .
— 1o

Take now any A < A1, where A1 is the first eigenvalue of the Laplacian in £2 with Dirichlet boundary conditions. There
exists a (unique) positive ¥ € H(} (£2) such that

—AYy =AMy +1 ing.

We set v = —Awe_)‘(’_’l), where 11 = I€||uo||0<J and A = %, with K > K to be chosen below. First observe that,
using (A.1) from Step 1, we have

—u(tn) _ 2wl ¢

¥ noy

and since ¥ > ¢ we have, by the choice of #; and A,

—u(ty) gi:A
¥ K

hence v(t1) = —AY¥ < u(t;). Next, we have

1 1
[uolloo \ ¢’ Y lluolloo \ ¢
— Av+ |Vl =—Ae M| Gy — Ay — VY|
v — Av | vl(cz(t_to) e V=AY — |V 2 —10)

>

1
hence, choosing ¢ large such that |V1p|(cg %)4’ < 1, we have that v is a sub-solution, and by comparison we

deduce that u(r) > —Ayre =) for t > ¢;. This choice means that
VY17 S lluolloo < (t — 10)

which holds fort > ] = K lug oo if €.g. we take tg = K||ug|| 0o and K=K+ cg IV ||?,;. Therefore we proved that,
for this choice of K , A (only depending on £2, ¢, A) we have

u(t) > —Ce™=1 Vi > 1 =K |luollo

where C = C(q, §2, A) > 0. In particular, we have

w(t) > —Ce 3Vt > 2K [luo| co-

On the other hand we have, by comparison with the heat potential,
~ = At = U o %
u(t) < Ce™™ IIMolloo<C§e V2 2K uollo

where C only depends on §2. Then we globally obtain the desired estimate on ||u(¢)]|s. Since (A.2) implies

3 An alternative way is to prove estimate (A.8), as we do later, only using that Hy, (§) — Dg Hy - § < 0.
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l[u(s)lloo
t = Kllu(s) oo

if t > 2K ||ug|lso then we also have ¢t > 2K ||u(¢)||oo and we can choose s = ¢ obtaining

|Vu(t+s)’<cz< )E Vs >0, t>K“u(s)”oo,

1
2||u(t q
|Vu(2l)|<02(w>q Vi > 2K o .
The estimate on u(¢) then implies the exponential decay for | Vu(t)|oo as well. O

As a matter of fact, we obtained a stronger result in the above proof because, in Step 3, any A < A| was admitted,
up to choosing the constant K accordingly. Following this remark, we can prove the sharp asymptotic rate, which is
the same as for the heat equation. In this way we provide a new proof, with a different approach, of the following
result of [6]. More precisely, in the case ¢ > 2, we extend their result by considering any ug € Co(£2), with no sign or
smallness condition required.

Theorem A.l. Let g > 1, and let ug € Co(2). There exists a positive constant K such that the solution u of (3.6)
satisfies

ud|| _+ Vi Vu® | < Ke™' ast— oo, (A7)
x o0
where K = C(q, $2, ugp).

Proof. We proved above (see Step 3) that for any A < X there exist constants k1, k2, depending on £2, A, g such that

At

||M(f)H<>Q <kre™™ Vi 2 rolluollco-

We refine now Bernstein’s estimate on Vu, by proving that

Vi > 1, (A.8)

IVu()| < ez Huoﬂc’:

where 19 > K ||uol|oo, K is given by Step 1 of the previous proof. Set

2
w = (t —10)|Vu|* + (u — lluolloo) -

First of all, since ¢ > o, we note that, by Step 1, if x € 92 we have

2t —1o
— |

2 2 2 C%
w < C) |u0||oo+”u0”oo<”u()”oo(E_"l)' (A.9)

Now we compute
wy = |Vul* +2(t — t0)VuVu, +2(u — lluollo)us
and
Aw > 2(t — 1) VuV (Au) + 2(u — |luolloo) Au + 2| Vul?
hence using the equation of u
wy — Aw < —|Vul* = 2(u — |luolloo) IVat|? — 2(t — o) VuV (| V| )
= —|Vul? +2(g — D (u — lluolloc) IVu|? = g|Vu|*>VuVw
which implies, since u < ||ugl| oo,
wy — Aw + ¢|Vu|? > VuVw <0.

Applying the maximum principle and using (A.9) we deduce

2
c
w < [|w(f + ma w<u2 145
o]+, max w< onoo(to )
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2
which implies (A.8) with ¢ = 4/ i—(; + 5. Thanks to (A.8), if s is large enough we have |Vu(s 4+ 1)| < c|ju(s)|l o and
so we deduce that, for any A < A1,
[Vu®] , <xie™ Vi >alluollco

for possibly different constants «1, k2 depending on A. Since ¢ > 1, now we fix A < A; such that Ag > A1; then
[Vu()|? < C(e ™) as t — oo for some 1 > 1. Since u; — Au = —|Vu|?, by the classical representation of the heat
semigroup we deduce that u satisfies the same asymptotic estimates of the linear case. O

We conclude this appendix by showing how the method used provides an exponential decay for possibly different
nonlinearities.

Proposition A.1. Assume that f :R x 2 x RN — R is a C! function such that f(t,x,0) =0, |De f(t,x,8)| is
bounded (uniformly in R x §2) when & is in a compact set, and

I0>0,g>1: |f(t,x,&)|<o(1+£]9), (A.10)
38>20: f(t,x,8)— D f(2,x,8)-§ <6, (A.11)
Iy >0,0€(0,1: |Deft,x,6)|<ylgl’, (A.12)

forevery (t,x) eR x 2, £ e RV,
Assume that ug € L°°(§2) and u is a weak solution if g < 2 (respectively, ug € Cé (2) and u is a strong solution if
q>2)of
ur—Au+ f(t,x,Vu) =0 in (0,00) x £2,
u=0 on (0,00) x 982, (A.13)
u(0) =ugp in 2.

There exist positive constants C, K and A, only depending on f and 2, such that, for every t > K ||ug|| o,
lu)]| o, + [ Vu®] , < Ce™. (A.14)

The dependence of C, K, A on f is through the constants o, q, 8, y, 0 and sup{|Dg f (t,x, )|, (t,x) e R x 2, || €
(0, 11}

Remark A.1. In the superquadratic case, the statement can be used as an a priori estimate, and, whenever a strong
comparison result holds for generalized viscosity solutions of (A.13), then the estimate will hold for the unique
such solution. In fact, for any f satisfying (A.10)—(A.12), it is possible to construct an approximation f,, which is
subquadratic and preserves the same assumptions with uniform constants. All weak solutions u,, corresponding to f;,
will satisfy estimate (A.14) (uniform in n) and so is the case for any possible limit u. In particular, if (A.13) possesses a
unique generalized viscosity solution, then this solution is Lipschitz continuous for # > K ||ug||s and satisfies (A.14).

In order to construct such an approximation, let us suppose that f > 0 (otherwise replace f with f +o (1 + |£]|7))

and take ¢(s) = (1 + si)% — 1. Then ¢ € C'(R), ¢(s) =0 if s <0 and ¢(s) > s — 1; the function f,(z, x,&) =
ft,x, &) —o(f(t,x,&) —n|€|?) converges to f pointwise and satisfies all the required properties.

Proof. Step 1. The conclusion of Lemma 3.2 holds true for the model problem

v — Av+a|Vo| + bV =0 in £2 x (0, 00), (A.15)

where a, b > 0, complemented with initial and Dirichlet boundary conditions.

We point out the only changes needed in the proof. The conclusion of Step 1 of Lemma 3.2 is obtained in the same
way except for using now the function ¢ € H(} (£2) N L*°(£2) which solves —A¢ = a|V¢|+ 1 in £2. For any a > 0,
such a function ¢ exists and is unique, and satisfies ¢ € Cé (£2). Then, we have the pointwise estimate (A.1) which
yields the boundary gradient estimate. Step 2 of Lemma 3.2 is applied to the function v without significant changes.
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2 1vy2
It is enough to remark that we derive the equation in a neighborhood of the maximum point of w = (¢t — #p)¢ (‘Zi‘c) ,

hence |Vv| # 0 and the term a|Vv| can be differentiated. The estimate (A.2) follows. Finally, we proceed as in Step 3
by choosing now  such that

—AY —a|VY| =iy + 1,

for some A > 0. This is possible for some A > 0 since the operator —A(-) — a|V(-)| satisfies the maximum principle,
hence its first eigenvalue is positive. Therefore, we conclude that, for every a, b > 0, there exists some A > 0 such that

[v)] < Ce™ Vi = Klluolloo
for any solution of the Cauchy—Dirichlet problem related to (A.15), where C, K A only depend on ¢, a, b, £2.
Step 2. Let us consider a general function f. Using (A.10) and the fact that f (¢, x,0) =0, we have | f (¢, x,&)| <
alg| + b|€|? for every £ € RV, for some constants a, b > 0, where a depends on sup{|De f(t,x,8)|, (t,x) e R x
£2, |&| € [0, 1]}. Therefore, any solution of (A.13) is such that both # and —u are super-solutions of (A.15). Applying

the comparison principle, we have +u > v, hence we deduce that u satisfies |u(x, T)| < %{(x) and we conclude
as in Step 1 of Lemma 3.2 that

[
[Vu®) | ooy <17=— ¥t = Kluolles (A.16)

where c1, K only depend on a, b, q, 2.
Still using the comparison principle, and the exponential decay proved for (A.15), we have that there exists A > 0
such that

lu|, < Ce™ Yt =K |uollso- (A.17)

We are only left with the gradient estimate. To this purpose, we proceed as in Theorem A.1 applying Bernstein’s
argument to the function

2
w=(t —10)|Vul* + pu(u — Nuolloo)”,

with u > 0 to be fixed. Note that (A.16) implies, for every t > f9 > K ||uo||co:

2 2
C C
w < IIMOII?)o(é + u) < E‘nuonoo + llugll?,  Vx € d2. (A.18)

We consider the equation of w for t € (¢, tp + 5). Using (A.13), we obtain now (we avoid to write the argument of f,
which is (¢, x, Vu))
wy — Aw < (1= 210)[Vul> = Dg f - Vo — 2 (1 — lluolloo) (f — Dg f - Vu) — 2t — 10)Vuu - Dy f
which yields, using (A.11) and (A.12),
wy — Aw + Dg f - Vw < (1= 2)[Vul* + 4psluollco + 2 (¢ — 10)|Vu|' 7.
Since r <19+ s, we have w < s|Vu|> + 4M||u0||go, hence we get

Qu—1) 4pup —1)
w
N N

w; — Aw+ D f - Vuw + llwo 12, + 48 lluolloo + 2y (t — 10)|Vuu| 'Y, (A.19)

<

provided 2u — 1 > 0. If 8 = 1, last term is smaller than 2y w; we take u = 1 + ys and we deduce that w <4u2u —
1)||u0||go + 4uds||luplloo On any internal maximum point. On account of (A.18), the value at ¢ = ¢y and the choice
of 1, we conclude that

w < C(1+y9)?[lluolld + lluollso] Ve € [to, 10 + s1.

Since w > (¢t — to)|Vu|2, when t = 1y + s we deduce

» C
|Vulto + )| < —(1+ y)[luollZs + lluollso], (A.20)
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for every #9 > K ||ug|loo. Rescaling the estimate for u (¢ + -) we deduce that

c
[Vutt+10+ ) < 0+’ [Ju)][ 2 + [uo)] ]

for every fo > K ||u(t)|loo- In particular, if # > K ||ugl|co, then ¢ > K ||u(t)||oo; taking fo =t = s and using (A.17) we
deduce the exponential decay for |Vu|.
If 6 < 1in (A.12), we take = 1 and we deduce from (A.19) that

2
w < Cs(ys) ™7 + lluollZ + (1 +9)uollos] V1 € lto, 10 + 51,
which yields

2 2
|Vu(to +5)|” < Co(ys) ™7 +T[Iluollio+(1+S)lluo|Ioo]. (A.21)

Now, let t > 2K ||lug||oo. We have
C
Vult + 10+ )|” < Colys) 77 + Tl[”u(t)Hio +(+9)|uin] ]

. _i _kp o
for every top > K||u(t)|lco- Now, if ¢t > KCe™ 4+ ¢72', then we are allowed to take fo =t — e~ 2/ (since 1o >
A
Kllu()|oo) and s = e~ 27, and we get

IVu(20)|* < Coe™, (A.22)

for some A > 0. On the other hand, if t < KCe ™™ + e_%’, this means that ¢ as well as ||ug||oo are bounded; using
(A.21) with 79 = K||ugllco and s =t — 19, and using that r — 79 > K ||ug||cc, We obtain (A.22) again. In any case, we
have proved (A.14) for (possibly different) constants C, A, K, only depending on f, 2. O
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