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Abstract

For a one-phase free boundary problem involving a fractional Laplacian, we prove that “flat free boundaries” are C Lo we
recover the regularity results of Caffarelli for viscosity solutions of the classical Bernoulli-type free boundary problem with the
standard Laplacian.
© 2012 Elsevier Masson SAS. All rights reserved.

1. Introduction

The purpose of this paper is to answer a question left open in [7] on the regularity of free boundaries for the
fractional Laplacian of order o« — with 0 < o < 1, in the particular case o = 1/2. Here is the setting: consider g
a viscosity solution (this notion will be defined properly later) of the following free boundary problem in the ball
B; CR"! =R" x R,

Ag=0, inB{(g):=Bi\{(x,0): g(x,0)=0},

0 (1.1)
8
ﬁzl, on F(g) :=0rn{x € Bi: g(x,0) >0} N By,

g(xo+tv(xop), 2)

im , xo€F 1.2
(t,2)—(0,0) U, z) 0 ® (1.2

g
ﬁ(xo) =

and B, C R" is the n-dimensional ball of radius » (centered at 0).
The function U(¢, z) is the harmonic extension of +/¢T to the upper half-plane R2 ={(r,z) e R x R, z > 0},
reflected evenly across {z = 0}. Precisely, after the polar change of coordinates

t =rcosé, z=rsinf, r>0, -7 <0 <m,
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U is given by
0
U(t,z):rl/zcosi. (1.3)

One can show that if a function g > 0 is harmonic in Bfr(g) and F'(g) is smooth around a point xq then g—(‘g}(xo)
exists always and is finite. Here v(xo) denotes as usually the normal to F(g) at xo pointing toward {x: g(x,0) > 0}.

In this paper, we introduce the notion of viscosity solutions to (1.1) and prove the following result about the
regularity of their free boundaries under appropriate flatness assumptions (for all the relevant definitions see Section 2).

Theorem 1.1. There exists a universal constant € > 0, such that if g is a viscosity solution to (1.1) satisfying

I8 = Ull gz, <é. (1.4)
and

(xeBi: x, <—&} C{xeBi: gx,00=0} C{xeB: x, <&}, (1.5)

then F(g) is clein B2

Consequently g—lg] exists and g is a classical solution to (1.1). Moreover, given a point xy on the free boundary F(g)
if one knows that a blow-up sequence of g around xg “converges” to the function U, then the flatness assumptions
(1.4)—(1.5) are satisfied and hence the free boundary is C L. around that point.

Assumption (1.4) is a (slightly improved) nondegeneracy assumption which is usually true, and certainly satisfied
in the framework of [7]. In any case it could be removed, but we keep it for simplicity.

The interest in our free boundary problem (1.1) arises from a natural generalization of the following classical
Bernoulli-type one-phase free boundary problem:

{Au:O, in 2N {u> 0},

(1.6)
|[Vu| =1, on £2Na{u > 0},

with £2 a domain in R”. A pioneering investigation was that of Alt and Caffarelli [1] (variational context), and then
Caffarelli [2—4] (viscosity solutions context). See also [8] for a complete survey.

A special class of viscosity solutions to (1.1) (with the constant 1 replaced by a precise constant A) is provided by
minimizers to the energy functional

J(v, B)) = / |Vv|?dx dz + Lre({v>0NR"N By).
B

Such minimizers have been investigated by Caffarelli, Sire and the second author in [7], where general properties (op-
timal regularity, nondegeneracy, classification of global solutions), corresponding to those proved by Alt and Caffarelli
in [1] for the Bernoulli-type problem (1.6), have been obtained.

As for the next issue, i.e. the regularity of the free boundary, here is what is proved in [7] in the setting of (1.1):

Let u(x, y, z) be a solution of (1.1) in By C R3. Assume that the free boundary of u is a Lipschitz graph in By.
Then itis a C' graph in Bi)2.

The idea of this result is that (i) one can find two points on each side of 0 where the free boundary is flatter than
what is dictated by the Lipschitz constant, (ii) this improvement could be propagated inside a small ball of controlled
size. Thus the three-dimensionality of the problem (or, equivalently, the one-dimensionality of the free boundary) is
heavily used. Moreover, this argument does not yield the extra Holder regularity of the derivative — which we believe
could itself yield C* regularity of the free boundary. What we propose in this paper is to fill the gap between C! and
€%, in arbitrary space dimension.

In view of the results in [7], one knows that the flatness assumptions (1.4), (1.5) in our main Theorem 1.1 are satis-
fied around each point of the reduced part of the free boundary of a minimizer (see Propositions 4.2 and Theorems 1.2,
1.3 in [7]). We thus obtain the following corollary to Theorem 1.1.
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Corollary 1.2. Let v be a local minimizer to

J(v, B)) = / |Vv|?dx dz + Lr({v>0}NR"N Bl).
By

Then the reduced part of the free boundary F*(v) is C1%.

Let us now recall how the fractional Laplacian is involved in (1.1). Consider, for « € (0, 1), the model (which
generalizes (1.6))

(=A)*u=0, in 2 N{u > 0},

u(xo +1v(xp)) (1.7)

lim =const., on 2 Nd{u > 0},

=0+ t*
with u defined on the whole R" with prescribed values outside of £2. Recall that, up to a normalization constant

u(x) —u(y)
(=A)*u(x) =PV m
where PV denotes the Cauchy principal value.

When studying local property of the free boundary in (1.7), the non-locality of the fractional Laplace makes the
problem quite delicate. To avoid this “contrast” one can make use of an extension property proved by Caffarelli and
Silvestre in [10] (see for example the work of Caffarelli, Savin and the second author [6], the paper [7], and the work
of Caffarelli, Salsa and Silvestre [9] where this strategy has been employed). Precisely, let u € C?(R") and let v solve

{ —div(zVv) =0, in R’f] ={(x,2) eR" xR, z>0}, (1.8)
v(x,0) =u(x), on R",
with 8 = 1 — 2. Then,

(—A")u(x) = —Zli_r)rb(zﬂvz(x,z)). (1.9)

After extending v evenly across the hyperplane {z = 0}, the first equation in (1.8) can be thought in the whole
R™*1_ In view of this formula, the focus shifts on the free boundary problem,

—div(jz|Vv) =0, in By \ {(x,0): v(x,0) =0},

t , (1.10)
im M =const., on 8Rn{x: v(x,0) > 0} N By,
(t,2)—(0,0) Ult,z)

where U (z, 7) solves (1.8) in R? with u(r) = (+1)* and is extended evenly across {z = 0}.

For simplicity of exposition we have focused here on the case when o = 1/2 (in which case the extension formula
of [10] is a well-know fact). However our result can probably be extended to the general case o € (0, 1).

Our definition of viscosity solution to (1.1) is similar to the one introduced by Caffarelli in [2,3] to deal with the
problem (1.6). Indeed our result generalizes to this non-local setting the “flatness implies regularity” theory developed
by Caffarelli in [3]. Let us also mention that Theorem 1.1 is probably optimal. Indeed, quite similarly to what happens
for minimal surfaces, singular free boundaries for the Bernoulli-type problem (1.6) were discovered by Jerison and
the first author [11].

Let us now describe our strategy to obtain Theorem 1.1. The main idea to prove Theorem 1.1 is to show that F(g)
enjoys an “improvement of flatness” property, that is if F(g) oscillates € away from a hyperplane in B (¢ small),
then in B, (p universal) it oscillates €p/2 away from possibly a different hyperplane. To obtain this improvement
of flatness, we use a compactness argument which goes as follows: assume one cannot do it however flat the free
boundary is, then we blow it up in the x,-direction, thus linearizing the problem into a limiting one, for which
we prove that improvement of flatness holds — thus a contradiction. This scheme was used by Savin [13] to prove
regularity of small solutions of fully nonlinear equations — including an elegant proof of the De Giorgi theorem for
minimal surfaces. The key tool is a geometric Harnack inequality that localizes the free boundary well, and allows the
passage to the limit under rescalings.
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Such compactness arguments can also be found in Wang [14] for the regularity of the solutions of p-Laplace
equations. More recently, the first author followed this strategy in [12] to provide a new proof of the Caffarelli “flat
implies smooth” theory. The scheme is the same here, up to the fact that the construction of the sub-solution opening
the way to the Harnack inequality is different from that of [12], and that the linear problem obtained eventually is
non-standard (and interesting in its own).

The paper is organized as follows. In Section 2 we introduce the notion of viscosity solutions to (1.1) and we prove
a basic comparison principle for such solutions. In Section 3 we explain how to interpret our solutions as perturbations
of U after a “domain variation” in the e, -direction and we present basic facts about such domain variations. Through-
out the paper, this will be a convenient way of thinking about our viscosity solutions. In Section 4 we describe the
linear problem associated to (1.1) and later in Section 8 we obtain a regularity result for its solutions. Section 5 con-
tains some technical lemmas leading to the proof of Harnack inequality. In Section 6 we exhibit the proof of Harnack
inequality using the barrier which we will construct later in Appendix A. Finally in Section 7 we provide the proof of
the “improvement of flatness” property.

2. Definitions and basic lemmas

In this section we introduce notation and definitions which we will use throughout the paper and we prove a
standard basic lemma (Comparison Principle).

A point X € R"*! will be denoted by X = (x,z) € R” x R. We will also use the notation x = (x, x,,) with
x'=(x1,...,x5—1). A ball in R"*+! with radius r and center X is denoted by B, (X) and for simplicity B, = B,(0).
Also we use B, to denote the n-dimensional ball B, N {z = 0}.

Let v(X) be a continuous non-negative function in Bj. We associate to v the following sets:

B (v) :=B1 \ {(x,0): v(x,0) =0} cR";
Bf(v) = Bl+(v) N By c R
F(v) :=dreB] (v) N B; CR";
B)(v) := Intgn {x € R": v(x,0) =0} CR".
Often subsets of R” are embedded in R**!, as it will be clear from the context.

We may refer to B?(v) as to the zero plate of v, while F(v) is called the free boundary of v.
We consider the free boundary problem

Ag=0, inB{(g),

% _ 1 o re @.1)
s =1 on )
oU &
where
g g(xo + tv(x0), 2)
—(xg) := im —F Xo = (x0,0) € F(g).
aU( 0) (t.2)—(0,0) U(t,z) 0= (x0.0) ®)

Here v(xp) denotes the unit normal to F(g) at xo pointing toward BT (g) and U is the function defined in (1.3). Also,
throughout the paper we call U(X) := U (xy, 2).
We now introduce the notion of viscosity solutions to (2.1). First we need the following standard notion.

Definition 2.1. Given g, v continuous, we say that v touches g by below (resp. above) at X € Bj if g(Xo) = v(Xo),
and

g(X) > v(X) (resp.g(X) < U(X)) in a neighborhood O of Xj.
If this inequality is strict in O \ {Xo}, we say that v touches g strictly by below (resp. above).

Definition 2.2. We say that v € C 2(By) is a (strict) comparison subsolution to (2.1) if v is a non-negative function
in By which is even with respect to {z = 0} and it satisfies
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(i) Av>0in B/ (v);
(ii) F(v)is C? and if xo € F (v) we have
v(x,2) = U (@ — x0) - v(x0). 2) +0(|(x —x0.2)[?). s (x.2) > (20,0,
with
a>1,
where v(xp) denotes the unit normal at xo to F'(v) pointing toward BT(v);
(iii) Either v is not harmonic in Bl+ (v)ora > 1.

Similarly one can define a (strict) comparison supersolution.

Definition 2.3. We say that g is a viscosity solution to (2.1) if g is a continuous non-negative function in B; which is
even with respect to {z = 0} and it satisfies

(i) Ag=0in B (g):
(i) Any (strict) comparison subsolution (resp. supersolution) cannot touch g by below (resp. by above) at a point
Xo=(x0,0) € F(g).

Remark 2.4. By standard arguments, if g is a viscosity solution to (2.1) and F(g) is C! then g is a classical solution
of the free boundary problem (see for example Proposition 4.2 in [7]). Moreover, as remarked in the Introduction one
can show that given any continuous function g which is harmonic in Bl"'(g), then g—g(xo) exists at each point around

which F(g) is C1:%. These facts motivate our problem and the definition of viscosity solution.
Remark 2.5. We remark that if g is a viscosity solution to (2.1) in B, then

g (X)=p"""g(pX), XeB
is a viscosity solution to (2.1) in Bj.

We finish this section by stating and proving a comparison principle for problem (2.1) which will be a key tool in
the proof of Harnack inequality in Section 7.

Lemma 2.6 (Comparison Principle). Let g, v; € C(B1) be respectively a solution and a family of subsolutions to (2.1),
t € [0, 1]. Assume that

(i) vo < g in By;
(i) vy < gondByforallt €0, 1];
(iii) v; < g on F(vy) which is the boundary in 0 By of the set 8Bl+(v,) NaBy, forallt €[0,1];

(iv) v (x) is continuous in (x,t) € By x [0, 1] and Bfr(vt) is continuous in the Hausdorff metric.

Then
v<g in B, forallt €10, 1].

Proof. Let
A:={tel0,1]: v(x) < g(x) on By }.

In view of (i) and (iv) A is closed and non-empty. Our claim will follow if we show that A is open. Let 79 € A, then
v, < g on By and by the definition of viscosity solution

F(u) N F(g) = 0.
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Together with (iii) this implies that
B (v C B (9). F(vyy) U F(vg) C {x € By: g(x,0) > 0}.
By (iv) this gives that for 7 close to 7y
By (v) C B (g). F(v)) UF(v) C {x € By: g(x,0) >0}. (2.2)
Call D :=B; \ (B(l)(vt) U F(v;)). Combining (2.2) with assumption (ii) we get that
vy <g ondD,
and by the maximum principle the inequality holds also in D. Hence
v <g inBy,
and ¢ € A which shows that A isopen. O
Corollary 2.7. Let g be a solution to (2.1) and let v be a subsolution to (2.1) in By which is strictly monotone
increasing in the e,-direction in B;‘(v). Call
vi(X) :=v(X +te,), X e€Bj.
Assume that for —1 <ty <t; < 1
Uy < g In B 1,
and
vy, < g ondBy, vy < g onF(vy).
Then

v, <g in By
3. The function g

Let g be a viscosity solution to (2.1). Throughout the paper, it will be convenient to interpret g as a perturbation of U
via a domain variation in the e, -direction. In this section we explain some basic facts about such domain variations.
Let € > 0 and let g be a continuous non-negative function in B o~ Here and henceforth we denote by P and L the
half-hyperplanes P := {X € R"*!: x, <0, z=0} and L := {X e R"*!: x,, =0, z=0}. To each X e R"*!1 \ P we
associate g.(X) C R via the formula
UX)=g(X —ewep), Yw e g (X). (3.1)

We sometimes call g, the e-domain variation associated to g. By abuse of notation, from now on we write g.(X)
to denote any of the values in this set.
If g satisfies

U(X —€ey) <g(X)<U(X +€e,) inB,, (3.2)
then
8e(X) e [—1,1].
Indeed call
Y=X—€3.(X)e,, XeR'\ P
Then according to (3.2),
U —e€ey) <gY)=U(Y +€gc(X)en) SUY +e€eyp).

Since U (Y + €g¢(X)e,) = U(X) > 0 our claim follows from the strict monotonicity of U in the e, -direction (outside
of P).



D. De Silva, J.M. Roquejoffre / Ann. 1. H. Poincaré — AN 29 (2012) 335-367 341

Moreover, under the assumption (3.2) for each X € B,_ \ P there exists at least one value g.(X) such that
UX)=g(X — €g(X)en). (3.3)
Indeed, it follows from (3.2) that
g8X —€ey)) SUX)<g(X +e€ey), XeB, .

and our claim follows by the continuity of g(X — eey,), § € [—1, 1].

Thus if (3.2) holds, for all € > 0 we can associate to g a possibly multi-valued function g. defined at least on
B,_c \ P and taking values in [—1, 1] which satisfies (3.3). Moreover if g is strictly monotone in the e, -direction in
B (g), then g is single-valued.

The following elementary lemma will be used to obtain a useful comparison principle for the e-domain variations
of solutions to (2.1).

Lemma 3.1. Let g, v be non-negative continuous functions in B,. Assume that g satisfies the flatness condition (3.2)
in B, and that v is strictly increasing in the e,-direction in B;)"(v). Then if

v<g inB,,
and V¢ is defined on B,_. \ P we have that
Ve <8 onBy_\P.
Vice versa, if Ve is defined on Bs \ P and
Ve S8 onBg\ P,
then
v<g onBs_,.
Proof. The first implication is obvious. Indeed, assume by contradiction that v < g in B, and there exists X €
B,_¢ \ P such that
Be(X) > ge(X).
By the strict monotonicity of v in the e, -direction in B;‘(v) we have that
0<UX)= g(X — egé(X)e,,) = v(X - eﬁé(X)e,,) < v(X - ege(X)en).

Thus there exists ¥ = X — eg.(X)e, € B, such that g(¥) < v(Y), a contradiction. Vice versa, suppose that v, < g¢
in B; \ P. For a fixed Y € B;_ we know by the flatness assumption (3.2) that

U —€e,) <g(¥)SUY +eep).
Thus, there exists X € By with x; = y; fori #n and x,, € [y, — €ep, Y + €¢,] such that
g(¥Y)=U(X).

Suppose g(Y) # 0, then the identity above means that one of the possible values of g.(X) = @ Again, using that
v is increasing in the e,-direction we get:

g =UX) =v(X —€te(X)en) = v(X — €Ze(X)en) =v(Y), Y €B(g).

Thus the desired inequality holds in B (g) and hence by continuity it holds in the full ball B;,. O

We now state and prove the desired comparison principle, which will follow immediately from the lemma above
and Corollary 2.7.
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Lemma 3.2. Let g, v be respectively a solution and a subsolution to (2.1) in By, with v strictly increasing in the
e, -direction in B; (v). Assume that g satisfies the flatness assumption (3.2) in By for € > 0 small and that V¢ is
defined in By_. \ P and satisfies

U] < C.
If,

e +c<ge in(B3p\Bip)\P, (34
then

Be+c<@g inBspn\P. (3.5)

Proof. We wish to apply Corollary 2.7 to the functions g and
Ver = V(X + €tey).
We need to verify that for some 7y <] =c¢
Very < g in B, (3.6)
and for all § > 0 and small
Very < g onobBy, Very <&  on F (Ve —5))- 3.7)
Then our corollary implies
Ve(r—s) < g in By.
By letting 6 go to 0, we obtain that
Ve, <g in By,
which in view of Lemma 3.1 gives
(Ver)) <& inBic\P,

assuming that the e-domain variation on the left-hand side exists on Bj_, \ P. On the other hand, it is easy to verify
that on such set

(Ver)e (X) = e (X) +1, (3.8)
and hence we have
Ve t+c=0c+1 <g inBi_\P,

which gives the desired conclusion. We are left with the proof of (3.6)—(3.7).
In view of Lemma 3.1, in order to obtain (3.6) it suffices to show that

P

(Ueto)e <& InBire\ P,
which by (3.8) becomes
Ve +10 < 8e, inBige\P.

This last inequality holds trivially since g, and v, are bounded.
For (3.7), notice that the first inequality follows easily from our assumption (3.4) together with (3.8) and
Lemma 3.1. More precisely we have that

Very < g In B%_E \B%JFE.

In particular, from the strict monotonicity of v in the e, -direction in B; (v) we have that

Ve, >0 on F(ver—s)),
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which combined with the previous inequality gives that
g>0 onF(ver—s)),
that is the second condition in (3.7). O
Finally, given € > 0 small and a Lipschitz junction ¢ defined on B, ()_( ), with values in [—1, 1], then there exists a
unique function ¢, defined at least on B,_.(X) such that
U(X)=ge(X —ep(X)en), X € By(X). (3.9)

Moreover such function ¢ is increasing in the e, -direction.
With a similar argument as in Lemma 3.1 we can conclude that if g satisfies the flatness assumption (3.2) in B;
and ¢ is as above then (say p,e < 1/4, X € By2,)

$<g in B,o()_()\P = @.<g in B,ofe()_()- (3.10)

We will use this fact in the proof of our improvement of flatness theorem.
4. The linearized problem

We introduce here the linearized problem associated to (2.1). Here and later U,, denotes the x,-derivative of the
function U defined in (1.3). Recall also that we denote by P and L the half-hyperplanes P := {X € R**!: x, <0,
z=0}and L:={X e R*t: x, =0, z=0).

Given w € C(By) and Xo = (x(,0,0) € By N L, we call

w(x), Xn,z) — w(x), 0,0
i (X0» Xn» 2) (xg ), r2=x,%+z2.
(xn,2)—(0,0) r

IVrw|(Xo) :=

Once the change of unknowns (3.1) has been done, the linearized problem associated to (2.1) is

A(U,w)=0, inB1\P,
{lV(ru:’|=)0, on Bll\ﬂL. 1)
As we will show later in Section 8, if w € C(B7) satisfies
A(Uyw)=0 1in B\ P,
w is even with respect to {z = 0}, and w is smooth in the x’-direction, then given Xy = (x(’), 0,0)eBiNL,
w(X)=w(Xo) +a-(x' —x()+br+ O(|x’ —x{)’z + r3/2), 4.2)

with a e R"~!, b € R depending on X.
This motivates our notion of viscosity solution for this problem which we define below.

Definition 4.1. We say that w is a solution to (4.1) if w € C(B7), w is even with respect to {z = 0} and it satisfies

(i) A(U,w)=0in B; \ P;
(ii) Let ¢ be continuous around Xg = (x(’), 0,0) € B; N L and satisfy

¢ (X) = (X0) +a(Xo) - (x' — xp) +b(Xo)r + O(|x" = xp|> + /),
with
b(Xo) £ 0.

If b(Xo) > 0 then ¢ cannot touch w by below at X, and if b(Xg) < O then ¢ cannot touch w by above at X.

In Section 8, we will show the following main regularity result about viscosity solutions to (4.1).
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Theorem 4.2 (Improvement of flatness). There exists a universal constant C such that if w is a viscosity solution
to (8.1) in By with

—1<wX)<1 inBy,
then
ap-x' = CIX1¥?* <w(X) —w(0) <ag-x'+ C|X|P/2,

for some vector ag € R"~!.
We conclude this short section with a remark which we will use in the proof of the theorem above.

Lemma 4.3. Let wy, wy € C(By) satisfy
A(U,w;j)=0, inB \P,i=1,2.

Then w1 and wy cannot touch (either by above or below) on P \ L, unless they coincide.

Proof. Assume by contradiction that
w1 (Xo) =w2(Xo), XoeP\L,
and
wi = wy, in B,(Xop).

Then U,(w; — wy) is a non-negative harmonic function in By \ P which vanishes continuously on P \ L. Hence
unless wq = wo, by the boundary Harnack inequality (in the appropriate domain),

Up(wy —w2) 28U, in B,n(Xp) N {z > 0},
for some small positive constant §. Thus

wp —wy =248 in Byp(Xo) N{z >0},
and by continuity

(w1 — w2)(Xo) >0,

a contradiction. 0O
5. Properties of U

The first two lemmas in this section describe properties of U which will be used in the proof of Harnack inequality,
and in particular when constructing the barriers which are used in that proof.

The third lemma, which is incorporated here since its proof uses similar arguments to the proof of the first two
lemmas, allows us to replace the assumptions in our main Theorem 1.1 with a more standard “flatness” assumption of
the form

UX —€e,) <g(X)<U(X +¢€e,), in By.

Lemma 5.1. Let g € C(B»), g = 0 be a harmonic function in B;r (g) and let X = %en. Assume that

g§=2U inBy,  g(X)-UX)>d
for some §y > 0, then

g2 +cd)U in By (5.1)
for a small universal constant c. In particular, for any 0 <€ <2

UX +eep) > (1 +ce)U(X) in By, (5.2)

with ¢ small universal.
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Proof. Call g* the harmonic function in

D = B3\ {x € B32: x, <0},
such that

g =g ondBp, g =0 onf{xeBspn: x, <O}
Then by the maximum principle

g=>g* onBsp,

and it suffices to show that (5.1) holds with g* on the left-hand side.
Since g > U in B we have

gF-U=g-U>0 on dB3)2, g-U=0 on{xeB3/2:xn<0},

and hence g* — U > 0 in D where it is also harmonic. Moreover, from the assumption g()_( )y —U(X) >89 we get by
Harnack inequality that

g —U=g—Uz>cody ondB3nN Biua(X).
Thus
¢ (X)—UX) >c180, atsome X € B;ND.
Thus, by the boundary Harnack inequality we get that for ¢ > 0 universal,

g*(X) —U(X)
8 X - U

g-U>c U(}?) U >cépU in By,

as desired.
In particular, if g(X) = U(X + €e,) the assumptions of the lemma are satisfied. Indeed U is monotone increasing
in the e, -direction thus U (X + €e,) > U (X) in B,. Moreover,

UX +€e,)—UX)=U (X +rep)e =c'e, 1e(0,e),

with ¢/ universal. O

Lemma 5.2. For any € > 0 small, given 2¢ < § < 1, there exists a constant C > 0 depending on § such that

Ut+e€,2)<(1+Ce)U(t,z) inBi\ B CR>.

Proof. In this lemma B, denotes a ball of radius p in R,
Since U is monotone increasing _in the ¢-direction, U (t + €, z) — U (¢, z) is non-negative and harmonic in the set
Ds:= (By\{t€(=2,2): t <O} \ Bg/z. Moreover,
UB/2+4+€,0)—-U@3/2,0) =U;(t,0)e < Coe, te(3/2,3/2+¢€),
with Co universal. By the boundary Harnack inequality in Dy,
UB/2+¢€0)-U@3/2,0)

Uit+e,z)—U(t,z)<C U(t,z) <CeU(t, in By \ Bs,
(t+e2) (t,2) 1 UG/2.0) (t,2) eU(t,z) in By\ B;

as desired. O

Lemma 5.3. Let g € C(B>), g > 0 be a harmonic function in B; (g) satisfying

g = Ul ez <9, (5.3)
and

{x € Bt x, < =8} C {x € Ba: g(x,0)=0} C {x € By: x, <3},
with 8§ > 0 small universal. Then

UX —€ep) <g(X)SU(X +€ey) in By, (5.4

for some € = K6, K universal.
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Proof. Let g be the harmonic function in
Bg =B\ {x € By: x, <-4},
such that
g=g onaBy, g=0 onf{xebB: x, <48}
Since g is subharmonic in BS, the maximum principle gives us
g<g onB.
We need to show that for K > 0 universal,
g<UX+Kée,) in Bj. (5.5)

(The lower bound follows from a similar argument.) Since U is monotone increasing in the e,-direction and it satis-
fies (5.3) we get that

U(X +8e,) >U(X) >g(X)—8 on B,
and hence
UX +6e,) >g(X)—8 ondB;.

By the maximum principle in the domain Bg we get that this inequality holds in B, and hence

g§X)—U(X +dep) <6 in By. (5.6)
Let g* be the harmonic function in B3> \ {x € B3/ : x, < —4} such that

g"=8 ondB3), g =0 on{xeBspn: x, <68}
Clearly

0< g™ <é.

Then by the boundary Harnack inequality, say for X = e,
g*(X)
U(X +8ey)
with C > 0 universal. Moreover, in view of (5.6) again by the maximum principle we have

gX) —U(X +den) < g"(X) in B3p.

g (X)<C U(X +8ey) < CSU(X + Sey) in By, (5.7)

This inequality together with (5.7) gives that
gX) <A+ CHUX +8e,) in By.
By (5.2) (applied to a translate of U) we have that for K > 1

14+Cé
(1+C8)U(X+86”)<71_:_KSU(X—{—KcSe,,)éU(X—{—KSe,,) in By,
c

as long as K is large enough. Combining these two last inequalities we obtain the desired claim (5.5). O
6. Harnack inequality
In this section we state and prove a Harnack type inequality for solutions to our free boundary problem (2.1).

Theorem 6.1 (Harnack inequality). There exists € > 0 such that if g solves (2.1) and it satisfies
U(X + eagen) < g(X) SU(X +€boey) in By(X*), 6.1)
with

€(bg —ap) <ép,
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then

U(X +e€aje,) <g(X) SU(X +€brey) in Byy(X*), (6.2)
with

ao < aj < by < bo, (br —a1) < (1 —n)(bo — ao),
for a small universal constant 1.

From this statement we get the desired corollary to be used in the proof of our main result. Precisely, if g satis-

fies (6.1) with say p = 1/2, then we can apply Harnack inequality repeatedly and obtain

UX +eapen) <g(X) <LUX +€bype,) in B%n"’ (X*)

with

b — am < (bo — ao)(1 —m)™, (6.3)
for all m’s such that

2¢(1 —n)"n~"(bo — ao) < €. (6.4)

This implies that for all such m’s, the function g, defined in Section 2.3 satisfies
m < 8(X)<bm, inBi. (X*)\P, (6.5)
2 —€
with a,,, by, as in (6.3). Let A¢ be the following set
Ac:={(X,8(X)): X € Bi_c \ P} CR""! x [ag, bo]. (6.6)

Since g may be multi-valued, we mean that given X all pairs (X, gc(X)) belong to A for all possible values of
ge(X). In view of (6.5) we then get

AcN (B%n,,_€ (X*) x [ao, bo]) C B%nm—e(X*) X [am, bm], (6.7)
with ay,, b, as in (6.3) for all m’s such that (6.4) holds.
Thus we get the following corollary.
Corollary 6.2. If
UX —€ep) <g(X)SU(X +€ey) inBy,
with € < €/2, given mg > 0 such that
2e(1—=m™n~" <€,

then the set Ac N (By2 x [—1, 1]) is above the graph of a function y = a.(X) and it is below the graph of a function
y = b (X) with

be —ac <2(1 =)™,
and a, be having a modulus of continuity bounded by the Hélder function at? for a, B depending only on 1.

The proof of Harnack inequality will easily follow from the lemma below.

Lemma 6.3. There exists € > 0 such that for all 0 < € < € if g is a solution to (2.1) in By such that
gX) 2 U(X) in By, (6.8)
andat X € Bl/g(%en)

g(X) > U(X +€eyp), (6.9)
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then
8(X) 2 U(X +tee,) in B, (6.10)
for universal constants t, 8. Similarly, if
8(X)<U(X) in Byp,
and
gX) SUX —een).
then

g(X)<U(X —tee,) in Bs.
The main tool in the proof of Lemma 6.3 will be the following family of radial subsolutions. Let R > 0 and denote
t
Vit = U2 - D +1)

Then set

vr(X) = V(R —/|¥'|* + (x0 — R)2, 2), 6.11)

that is we obtain the (n 4 1)-dimensional function vg by rotating the 2-dimensional function Vg around (0, R, z).

Proposition 6.4. If R is large enough, the function vg(X) is a comparison subsolution to (2.1) in By which is strictly
monotone increasing in the e,-direction in B;‘ (VR). Moreover; there exists a function vg such that
U(X)=vg(X —r(X)en) inBi\P,

and

Ix'|? Xpl"
+20— 2L

i c .,
X) - yr(X)| < = X2, X)=-—
[0R(X) — yr(X)| R2| 1%, yr(X) R R

with r = \/x2 + z% and C universal.

The proof of Proposition 6.4 follows from long and tedious computations and we postpone it till Appendix A.
Using the estimate for vg in Proposition 6.4 and Lemma 3.1, we also obtain the following corollary which will be
crucial for the proof of Lemma 6.3. Its proof is again presented in Appendix A.

Corollary 6.5. There exist §, co, Co, C1 universal constants, such that

o Co —
vr( X+ Zen ) < (1422 )UK, in Bi\ Biya, (6.12)

with strict inequality on F (vgp(X + %Oen)) N B \ B1/4,

Cco 0 .

UR<X+E€’1) 2U(X+ﬁen>, in By, (6.13)
Ci .=

UR X—fe,, <U(X), inBj. (6.14)

We are now ready to present the proof of Lemma 6.3.

Proof of Lemma 6.3. We prove the first statement. In view of (6.9)

gX)—UX)>UX +e€e,) —UX)=0,U(X + rep)e =ce, re(0,¢).
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As in Lemma 5.1 we then get

gX) > (14+c€)UX) inBys. (6.15)
Now let
ro 0
e’

where from now on the C;, ¢; are the constants in Corollary 6.5. Then, for € small enough vg is a subsolution to (2.1)
in B> which is monotone increasing in the e,-direction and it also satisfies (6.12)—(6.14). We now wish to apply the
comparison principle as stated in Corollary 2.7. Let

v%(X) =vgr(X +te,), X € By,
then according to (6.14),
Ve <U<g inByu, withto=—Ci/R.
Moreover, from (6.12) and (6.15) we get that for our choice of R,
v < (1+c€)U<g ondBy, withty =co/R,
with strict inequality on F' (v%) M 8By /4. In particular
g>0 onF(v})indBia.
Thus we can apply Corollary 2.7 in the ball By /4 to obtain
v% <g in By,

From (6.13) we have that
U(X n %en> < (X) < g(X) on By

which is the desired claim (6.10) with T = C&—g, O

We now present the proof of the Harnack inequality.
Proof of Theorem 6.1. Without loss of generality, we can assume ag = —1, bg = 1. Also, in view of Remark 2.5 we
can take p =1 (thus 2¢ < €).

We distinguish several cases. In what follows € and § denote the universal constants in Lemma 6.3.
Case 1. If

d(X*, (x, > €, 2=0}) > §/16,

then U(X — €e,) > 0 in Bj/16(X*) C B1(X™). Thus the functions U(X — €e;), U(X + €e,,) and g(X) are positive
and harmonic in Bs;16(X™). Assume that (the other case is treated similarly)

g(X*) = U(x¥).
Then,
g(X*) 2 U(X*)=U(X" —een) + Up(X* — heen)e, 1€ (0,1).
Since U, is positive and harmonic in Bj;16(X™) and for € < §/16
X* — reey € By (X*),
we can apply Harnack inequality to conclude that
g(X*) 2 U(X* —eey) + cUp(X¥)e,

for ¢ small universal.
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Then again by Harnack inequality in Bs;16(X™) for g(X) — U(X — €e,) > 0 we get that for ¢’ universal
gX) 2 UX —€ey) + Uy (X*)e, in Bz (X*).

By a similar argument, for € < §/32
U(X — (1 —neey) —U(X —€ey) < CUR(X*)ne,  in Byjesa(X*),

with C universal.
Thus, combining these two last inequalities we obtain that for n = min{c’/C, §/64}

g(X) > U(X -(1- n)ee,,), in Bn(X*),

as desired.
Case 2. If

d(X*, {xp = —€, z=0}) <3/2,
we wish to apply Lemma 6.3. Then (for € < §/4)
g(X) > U(X —€ey) in Byja(ee,) C Bi(X*).

Let X = en and assume that (the other case follows similarly)
g(X) = U(X).

Since (for € small)

— 1
Xe B]/g((z +€)€n>»

we can apply Lemma 6.3 and conclude that
gX)>U(X — (1 —n)eey,), in Bs(eey).

Thus the desired improvement holds by choosing 1 < §/4. Indeed for such n and € < §/4 we have that d(X*,
{x, =€, z=0}) <3§/4 and hence

B, (X™) C Bs(eep).
Case 3. If
d(X* {xy=—€,2=0})>68/2 and d(X* {x, =€, z=0}) </16,

then the functions U (X — €ep), U(X + €e,) and g(X) are positive and harmonic in the half-ball B /4(X )yN{z > 0}
for some X € {xn < —€, z =0} and they all vanish continuously on B; /4(X YN{z= O} Thus we can repeat a similar
argument as in Case 1, by using the boundary Harnack inequality. Precisely, let X = X+2 en+1 and assume that (the
other case is treated similarly)

¢(X) > U(X).
Then,
gX)>UX)=UX —€ey) + Uy(X — reen)e, A€ (0,1).
By Harnack inequality for U, in the ball By (X) C Bs /4()~( ) N {z > 0} (with € < §/12) we conclude that
8(X) 2 U(X — €en) + cUn(X)e, (6.16)

for ¢ small universal. -
Then by boundary Harnack inequality in Bs/4(X) N {z > 0}, for the functions g(X) — U (X — €ey,) and U, (X) we
get that for ¢’ universal

g(X) = U(X —€ey) +c'Uy(X)e, in Bss(X) N {z>0). (6.17)



D. De Silva, J.M. Roquejoffre / Ann. 1. H. Poincaré — AN 29 (2012) 335-367 351

Thus to obtain the desired claim it is enough to choose n small such that for X € Bs /g(i YN{z >0}
U(X —een) +Up(X)e > U (X — (1 —n)eey).
By a similar argument as above
U(X — (1 —neey) — U(X — €ey) < CUR(X)ne,
and hence by boundary Harnack inequality,
U(X — (1—n)ee,) — U(X —€ey) <C'Up(X)ne, i Bsg(X) N {z >0},
Combining this inequality with (6.17) we obtain that for n = ¢’/ C’
gX) > U(X — (1 —n)ee,), in Byg(X)N{z > 0}.
Since all the functions involved are even with respect to {z = 0} and for n < §/16
By(X*) C Bss(X),

our proof is complete. O
7. Improvement of flatness

In this section we state the improvement of flatness property for solutions to (2.1) and we provide its proof. Our
main Theorem 1.1 follows from Theorem 7.1 and Lemma 5.3.

Theorem 7.1 (Improvement of flatness). There exist € > 0 and p > 0 universal constants such that for all 0 < € < € if
g solves (2.1) with 0 € F(g) and it satisfies

U(X —€ey) <g(X)<UX +e€e,) inBy, (7.1
then
€ € .
U<X~v—§p,z)<g(X)<U<x~v+§p,z) inB,, (7.2)

for some directionv € R", |v| = 1.
The proof of Theorem 7.1 will easily follow from the next four lemmas.
Lemma 7.2. Let g be a solution to (2.1) with 0 € F(g) and satisfying (7.1). Assume that the corresponding g, satisfies
a0~x/—%p<§e(x)<00'x/+%,0 in By \ P, (13)
for some ag € R"~!. Then if € < &(ao, p), g satisfies (1.2) in B,.

Proof. We prove that the lower bound holds (the upper bound can be proved similarly).
Let,

(0, 1) +€(ap. 0)

V= (v’, vn) ="
J1 +62a§

and call

€
u(X):U(xov—Ep,z).

Notice that since v, > 0, u is strictly monotone increasing in the e,-direction say in B;p (u). Also, we can easily
compute i by its definition. Indeed, the identity

u(X —€iic(X)e,) =U(X), XeR™\p
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reads as
, . €
U<x V' 4 Xy — €lle(X)v, — 5;07 Z) =U(xp,2),

and hence

I /
: —1
fie(X) = —~ Tk o B (7.4)
€V, 2v,

Thus, according to Lemma 3.1 it suffices to show that
e <8 1inBpye\ P,

and hence in view of (7.3) we must show that
1
ie(X) <ap-x'— ZP in Bpye \ P.

From the choice of v we see that

v/

— =Ao,
€y,

and

v, — 1 1—v
=l 1=

€vy €V,

Thus, in view of the formula (7.4) the desired inequality reduces to

x/-ao+2pea§—§<x’~ao—§,

which is trivially satisfied for € small enough (depending on ag, p). O
The next lemma follows immediately from Corollary 6.2 to Harnack inequality.

Lemma 7.3. Let € — 0 and let gy be a sequence of solutions to (2.1) with 0 € F(gx) satisfying

UX —eren) < gr(X) SU(X +€ey) in By. (7.5)
Denote by gy the €x-domain variation of gx. Then the sequence of sets

A :={(X, gr(X)): X € Bi_¢ \ P}
has a subsequence that converges uniformly (in Hausdorff distance) in B2 \ P to the graph

As :={(X,80(X)): X € Bij2\ P},

where goo is a Holder continuous function.
From here on g, will denote the function from Lemma 7.3.
Lemma 7.4. The function g« satisfies the linearized problem (4.1) in By ;.

Proof. We start by showing that U, g~ is harmonic in By, \ P.
Let ¢ be a C? function which touches g« strictly by below at X € B; /2 \ P. We need to show that

AU, 9)(Xo) <0. (7.6)

Since by the previous lemma, the sequence Ay converges uniformly to Ao in B2 \ P we conclude that there exist a
sequence of constants ¢y — 0 and a sequence of points X; € By;2 \ P, Xy — Xo such that ¢; := ¢ + ¢y touches g
by below at Xj for all k large enough.
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Define the function ¢ by the following identity
(X — & (X)en) = U(X). (17

Then according to (3.10) ¢k touches gi by below at Yy = X — exgx (Xp)en € B]+ (gx), for k large enough. Thus,
since gy satisfies (2.1) in By it follows that

Agr(Yr) < 0. (7.8)

Let us compute Agg(Yx). Since ¢ is smooth, for any Y in a neighborhood of Y we can find a unique X = X (Y)
such that

Y =X — e dr(X)e,. (7.9)
Thus (7.7) reads

a(Y)=U(X(Y)),
with ¥; = X; if i # n and

0X; 5 hen j %
— =34;;, when n.
37, ij J
Using these identities we can compute that
X, »
Age(Y) = Un(X)AXn(Y) 4 3 3 Ujj (X) + 2050 (X)) + Unn (X) VX (V). (7.10)
j#n !
From (7.9) we have that
DxY =1 — e Dx(@ren)-
Thus, since @ = @ + ¢
DyX =1+ e Dx(gen) + O(e}),
with a constant depending only on the C?-norm of ¢.
It follows that
X, - 5
—2 =38p +ed;¢(X) + O(e). (7.11)
aY;
Hence
VX, 2(Y) = 1 + 268, 3(X) + O(e€}), (7.12)
and also,
GED.¢ _3X; 3 _9X
— =& Z 3jip——+ O(e}) = & Z 3ji@dij + €xdjnf—— + O(}),
dY; p Y e Y;

from which we obtain that
AX, =& A+ O(ef). (7.13)
Combining (7.10) with (7.12) and (7.13) we get that
Agr(Y) = AUX) + Up AG + 26,V - VU, + 0(€) (Un(X) + Upn (X)).
Using (7.8) together with the fact that U is harmonic at X; we conclude that
0> AUn9)(Xi) + O() (Un(Xi) + Unn (Xp)).-

The desired inequality (7.6) follows by letting k — +-oc0.
Next we need to show that

IV,800l(X0) =0, Xo=(x(,0,0)€Bi,pNL,

in the viscosity sense of Definition 4.1.
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Assume by contradiction that there exists a function ¢ which touches g« by below at Xo = (x(),0,0) € Bj;2 N L
and such that

$(X) = ¢(Xo) +a(Xo) - (x' = xf) + b(Xo)r + O(|x — xg|* +r*/2),

with
b(Xp) > 0.

Then we can find constants o, 8, 7 and a point Y’ = (y;,, 0, 0) € B, depending on ¢ such that the polynomial

g(X) = p(Xo) — %|x’ — 3|7+ 20(n = Dxyr

touches ¢ by below at X in a tubular neighborhood N7 = {|x’ — x(’)| <r,r <r}of Xg, with
¢—q=6>0, onN;\Nip.

This implies that

§o0o—q >8>0, onNj\ Ny, (7.14)
and

800 (X0) — q(X0) =0. (7.15)
In particular,

|00 (Xi) — q(X0)| > 0, Xx € N7\ P, X; — Xo. (7.16)

Now, let us choose Ry = 1/(ae€r) and let us define
we(X) =vg, (X =Y + &d(Xo)en), Y =(y.0.0),

with vg the function defined in Proposition 6.4. Then the €;-domain variation of wy, which we call wy, can be easily
computed from the definition

wk(X — ekd)k(X)en) =U(X).
Indeed, since U is constant in the x’-direction, this identity is equivalent to

VR, (X — Y +ep(Xo)en, — ek&)k(X)en) = U(X — Y/),
which in view of Proposition 6.4 gives us

Ure (X = Y') = e (0k (X) — ¢ (X0))-
From the choice of Ry, the formula for ¢ and (A.2), we then conclude that

Be(X) = ¢(X) + o?60(|X —Y'[),
and hence

Wy —q| < Cex in Np\ P. (7.17)
Thus, from the uniform convergence of Ay to A, and (7.14)—(7.17) we get that for all k large enough

Bk >5 in N\ Nopp) \ P (7.18)
Similarly, from the uniform convergence of Ay to Ao and (7.17)—(7.16) we get that for k large

gk (Xp) — wr(Xp) < %, for some sequence Xy € N; \ P, Xy — Xo. (7.19)

On the other hand, it follows from Lemma 3.2 and (7.18) that
B> NP,

which contradicts (7.19). O
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The lemmas above allow us to reduce the regularity question for our free boundary problem (2.1) to the regularity
of the linear problem (4.1). We will analyze such question in the next section and we will consequently obtain the
following lemma, which we use here to conclude the proof of our improvement of flatness theorem.

Lemma 7.5. There exists a universal constant p > 0 such that g0 satisfies
a0~x’—ép<(§oo(X)<ao-x/+%p in Bap, (7.20)
for a vector ag € R"1.
We are now ready to prove our main theorem, by combining all the lemmas above.
Proof of Theorem 7.1. Let p be the universal constant from Lemma 7.5 and assume by contradiction that we can
find a sequence €; — 0 and a sequence g of solutions to (2.1) in B; such that g satisfies (7.1), i.e.

U(X —exen) < gr(X) SU(X +€rey) in By, (7.21)

but it does not satisfy the conclusion of the theorem.
Denote by g the €;-domain variation of gx. Then by Lemma 7.3 the sequence of sets

A ={(X. 8 (X)): X € Bi_¢, \ P}
converges uniformly (up to extracting a subsequence) in By, \ P to the graph
As ={(X.80(X)): X € Bij2\ P},

where g~ is a Holder continuous function in By /2. By Lemma 7.4, the function g« solves the linearized problem (4.1)
and hence by Lemma 7.5 g, satisfies

1 1
ao-x’—§p<§oo(X)<ao~X’+§p in By, (7.22)
with ag € R"~1.
From the uniform convergence of Ay to A, we get that for all k£ large enough
1 1
ap-x' = 2p SE(X) Sap-x'+7p inByy\ P, (7.23)

and hence from Lemma 7.2, the g satisfy the conclusion of our theorem (for k large). We have thus reached a
contradiction. O

8. The regularity of the linearized problem

The purpose of this section is to prove an improvement of flatness result for viscosity solutions to the linearized
problem associated to (2.1), that is

{A(Unw)zo, in By \ P,
|V, w| =0, on B NL,
where we recall that for X¢ = (x(’), 0,0) € Bj N L, we set

8.1)

w(xg, Xn, 2) — w(xg,0,0) 2

IViw[(Xo):= i
(xn.2)=>(0,0) r

— 2.2
=x,+z".

We remark that if we restrict this linear problem to the class of functions w(X) = w(x’, r) that depend only on
(x’, r) then the problem reduces to the classical Neumann problem

{Aﬁ) =0, inB],
w, =0, on{r=0}

The following is our main theorem.
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Theorem 8.1. Given a boundary data h € C(dBy), |h] < 1, which is even with respect to {z = 0}, there exists a unique
classical solution h to (8.1) such that h € C(B1), h = h on 0By, h is even with respect to {z = 0} and it satisfies

|h(X) —h(Xo) —d' - (x' —x)| < C (¥ —xp|" +r¥?), XoeBipnlL, (8.2)

for a universal constant C and a vector a’ € R"~! depending on X,.
As a corollary of the theorem above we obtain the desired regularity result, as stated also in Section 3.

Theorem 8.2 (Improvement of flatness). There exists a universal constant C such that if w is a viscosity solution
to (8.1) in By with

—-1<wX)<1 inBy,
then

ap-x — CIXP? <wX) —w() <ap-x' +C|X[P?, (8.3)
for some vector ag € R"~!.
Proof. Let & be the unique solution to (8.1) in By, with boundary data w. We will prove that w = h in By,2 and
hence it satisfies the desired estimate in view of (8.2). Denote by

he =h—e+er.
Then, for € small

he <w ondB.
We wish to prove that

he<w inByp. (8.4)
Now, notice that k. (and all its translations) is a classical strict subsolution to (8.1) that is

A(({nl_le):()a in By \ P, 85)

|Vrhe| >0, onBipNL.

Since w is bounded, for ¢ large enough i, —  lies strictly below w. We let 7 — 0 and show that the first contact point
cannot occur for ¢ > 0. Indeed since . — ¢ is a strict subsolution which is strictly below w on 9 Bj /2 then no touching
can occur either in By, \ P or on By/> N L. We only need to check that no touching occurs on P \ L. This follows
from Lemma 4.3.

Thus (8.4) holds. Passing to the limit as € — 0 we get that

h<w inBjp.
Similarly we also obtain that
h>w in By,
and the desired equality holds. O
The existence of the classical solution of Theorem 8.1 will be achieved via a variational approach in the appropriate
weighted Sobolev space.
We say that h € H' (U,%d X, By) is a minimizer to the energy functional
J(h) = / U2Vh|*dX,
By
if
T <J(h+@). Ve CEB).
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Since J is strictly convex this is equivalent to

. J(h)—J(h+ep)
lim =

e—0 €

0, V¢ eCio(B),
which is satisfied if and only if

/U,%Vh -V$pdX =0, V¢ eC(By).
By
As remarked above, if we restrict to the space of functions # which are axisymmetric with respect to L then the

energy above reduces to the Dirichlet energy.
We start with a few standard facts about minimizers of J. First, & solves the equation

div(U2Vh) =0 in By,

which is uniformly elliptic in any compact subset of B; \ P where U, is bounded. In particular 2 € C°°(B; \ P), and
we easily obtain the following lemma.

Lemma 8.3. Let h be a minimizer to J in By, then
AWU,h)=0 inB\P.

Proof. Since 4 is smooth in B \ P, from
div(UZVh) =0 in By,
we obtain that
n+1
UpAh+2Y UpUyihi =0 in B\ P.
i=1
Since U, > 0 and AU =01in B; \ P the identity above is equivalent to
AWUyh)y=U,Ah+2VU,-Vh=0 in B\ P,

as desired. O
The next lemma contains a characterization of minimizer, which will be useful later in this section.

Lemma 8.4. Let h € C(Bq) be a solution to

A(Unh) =0 in B\ P, (8.6)
and assume that

rli_r)noh, (x', xn,2) = b(x'),

with b(x") a continuous function. Then h is a minimizer to J in By if and only if b = 0.

Proof. By integration by parts and the computation in Lemma 8.3 the identity

/U,fwz -V¢pdX =0, V¢eC(B),
By
is equivalent to the following two conditions

A(Uyh) =0 in By \ P, (8.7)
and
lim U2¢Vh-vdo =0, (8.8)
dCsNB

where Cj is the cylinder {r < 8} and v the inward unit normal to Cs.
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Here we use that

611% / U2¢h,do =0.
{lzI=€}N(B1\Cs)
Indeed, in the set {|z] =€} N (B; \ Cs) we have
Un < Ce,
and

|V (U, h)

k) |VUII| < Cv
from which it follows that
U,|Vh| < C.

In conclusion we need to show that (8.8) is equivalent to b(x") = 0.
Indeed,

1 0
/ U,%d)Vh -vdo = 3 / c032<5>h,¢d0

9CsNB dCsNBy
= / cosz<§>(hr¢)(X/,80059,6Sin9)dx’d9,
9CINB;
hence
lim / U,%(/)Vh.udazn/b(x’)qs(x’,o,o)dx/
9CsNB; L

and our claim clearly follows. O
The next lemma follows by standard arguments, hence we omit its proof.

Lemma 8.5 (Comparison Principle). Let hy, hy be minimizers to J in By. If
hyZ>2hy aein B\ B,
then

hi>hy a.e inBj.

Finally one of the main ingredients in the proof of Theorem 8.1 is the following Harnack inequality.

Lemma 8.6 (Harnack inequality). Let h be a minimizer to J in By which is even with respect to {z = 0}. Then

he Ca(Bl/2) and
[hlce (B, < C,

with C universal.

The proof of this lemma follows the same lines as the proof of Harnack inequality (Theorem 6.1) for the free

boundary problem (2.1). We briefly sketch it in what follows.

Sketch of the proof of Lemma 8.6. The key step consists in proving the following claim, which plays the same
role as Lemma 6.3 in the proof of Theorem 6.1. The remaining ingredients are the standard Harnack inequality and

boundary Harnack inequality for harmonic functions.



D. De Silva, J.M. Roquejoffre / Ann. 1. H. Poincaré — AN 29 (2012) 335-367 359

Claim. There exist universal constants 8§, ¢ such that if h > 0 a.e. in B] and
1
h(z@z) > 1,

h>c a.e. in Bg.

As in the proof of Lemma 6.3, since minimizers satisfy the comparison principle Lemma 8.5, the claim will follow
if we provide the right family of comparison minimizers. This family plays the same role as the vg’s in Lemma 6.3
and it is obtained by translations and multiplication by constants of the following function

|x'|?
n—1

We need to show that v is a minimizer to J in Bj. To do so we prove that v satisfies Lemma 8.4.
To prove that

AU,v)=0 in B\ P,

v(X):=—

+ 2x,r.

we use that 2rU, = U and that U, U,, are harmonic outside of P and do not depend on x’. Thus
2
n—1

A(Upv) = —A< U,,) + A(xuU) = —2U, + 2U, = 0.

Finally the fact that

rlir}) vy (x’, Xn, z) =0,

follows immediately from the definition of v. O

Since our linear problem is invariant under translations in the x’-direction, we see that discrete differences of the
form

h(X + 1) = h(X),

with 7 in the x’-direction are also minimizers. Now by standard arguments (see [5]) we obtain the following corollary.

Corollary 8.7. Let h be a minimizer to J in By which is even with respect to {z = 0}. Then Df,h € C%(By2) and

B
[Dx/h]ca(Bl/z) < C’

with C depending on B.
We are now ready to prove our main theorem.

Proof of Theorem 8.1. We divide our proof in several steps.

Step 1. In this step, we show the existence of a classical solution to our problem, which achieves the boundary data
continuously.

Assume without loss of generality that 2 € C*°(d By). The general case when & € C(3B;) follows by approxima-
tion and the comparison principle.

We minimize J(-) among all functions & with boundary data %, which are even with respect to {z = 0}. From
Lemma 8.3 we have that

A(Uph)=0 inB1\P.
In Steps 2-3 we will show that A satisfies the estimate (8.2) and in particular

h(x(/),x,,,x) —h(x(/),O, 0) = O(r3/2), Xo= (x6,0,0) eBINL
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which gives
|V,h|=0 onB; NL,

where we recall that

) h(x), xn,2) —h(x),0,0)
IV,h|(Xo) = lim 0 0 . rr=x242
(40,2)—(0,0) r

Notice that since || < 1, also |h| <1 and h, Dyh € C%%(B)) in view of Lemma 8.6 and its corollary.

We now show that 4 achieves the boundary data & continuously. Indeed this follows by classical elliptic theory if

we restrict to dB7 \ P.

If Xg € dB1 N (P \ L) then in a small neighborhood of X intersected with By N {z > 0} the function U,h is
harmonic continuous up to the boundary and vanishes continuously on {z = 0} (since % is bounded). The continuity

of h at X then follows from standard boundary regularity for the harmonic function U, A.

Finally, on the set d By N L as in the case of Laplace equation, it suffices to construct at each point X a local barrier
(minimizer) for 7 which is zero at X and strictly negative in a neighborhood of Xy. Such a barrier is given by (see

Lemma 8.4)
(' = xt) - xp
Step 2. In this step we wish to prove that
|h(x', xp, x) — h(x",0,0) — b(x)r| < Cr*/?,  (x',0,0) € By NL,
e (¥, xn,2) = b(x)| < Cr'2, (x',0,0) € BiaNL,

with C universal and b(x’) a Lipschitz function.
Indeed, A solves

A(U,h)=0 inBj\P.
Since U, is independent on x’ we can rewrite this equation as
Ay, (Uyh)=-U,Ayh,
and according to Lemma 8.6 we have that
Ayvh e C%(By),
with universal bound. Thus, for each fixed x’, we need to investigate the 2-dimensional problem
AWUih)y=U,f, inBip\{t<0, z=0}
with
f e C¥Bi)),

and & bounded. Without loss of generality, for a fixed x” we may assume h(x’, 0, 0) = 0.
Let H (¢, z) be the solution to the problem

AH=U f, inBip\{tr<0, z=0},
such that
H=Uh ondBy, H=0 onBjpNn{r<0, z=0}.
We wish to prove that
Uh=H.
First notice that

AH—-Uh)=0 inBip\{t<0, z=0},

(8.9)
(8.10)

(8.11)

(8.12)
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and
H=0 ondBypU (Bl/zﬂ{t <0, z:O}).

We claim that
H—-Uh
lim ——— = lim -—=0. (8.13)
(t,2)—(0,0) U; (t,2)—(0,0) U;
If the claim holds, then given any € > 0
—EU,QH—UthgeU,, int

with § = (). Then by the maximum principle the inequality above holds in the whole Bj; and by letting € — 0 we
obtain (8.12).
To prove the claim (8.13) we show that H satisfies the following

|H(t,2) —aU(t,2)| < Cor'?U(t,2), r*=1*+7% aeR, (8.14)

with Cy universal.
To do so, we consider the holomorphic transformation

D:(s,y) = (t,2) = (%(s2 - yz),sy>

which maps By N {s > 0} into By \ {t <0, z =0} and call
Hs,)=H@,2, [, =[@2.

Then, easy computations show that

AH=sf inB N{s>0} H=0 onB;Ni{s=0.

Since the right-hand side is C* we conclude that HeC In particular Hj satisfies
|Hy(s.y) —a| < Co|(s,y)|. a=H,(0,0)

with Cy universal. Integrating this inequality between 0 and s and using that H=0o0n BN {s =0} we get that
|ﬁ(s, y) — as} < Cos|(s, y)|.

In terms of H, this equation gives us
|H —aU| < Cor'/?U (8.15)

as desired.
Thus (8.12) and (8.14) hold and by combining them and using that U/ U; = 2r we get that

|h — 2ar| < 2Cor/?,

which is the desired estimate (8.9) i.e. (recall that above we assumed i (x’, 0, 0) = 0)
|h(x’, Xn, x) — h(x/, 0, 0) — b(x/)r| <2Cor372,

with
b(x') =2H,(x',0,0).

We remark that b(x") is Lipschitz. Indeed, notice that the derivatives h;, i = 1,...,n — 1, still satisfy the same
Eq. (8.11) as h, where the C*-norm of the right-hand side has a universal bound. Thus, we can argue as above to
conclude that

|0; Hy (x',0,0)| < C,

which together with the formula for b(x") shows that b(x’) is a Lipschitz function.
Finally, to obtain the second of our estimates (8.10) we proceed similarly as above.
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Since U;h = H one can compute easily that

1H
Uh,=H, + ——. (8.16)
2r

Moreover, after our holomorphic transformation
2r Hy(t,2) = s H(s, y) + Y Hy (s, ). (8.17)
As observed above,

|Hs —a(x')| < C|(s,)

and similarly since H=0on B N{s =0}
|Hy| < Cs.
These two inequalities combined with (8.17) give us
2rH, —a(x")U| < Cr'/?U. (8.18)

Combining (8.16) with (8.15)—(8.18) we obtain (8.10) as desired.
Step 3. In this step we show that £ satisfies (8.2).
In view of Lemma 8.4 and estimate (8.10) we obtain that b(x") = 0. Since b(x") = 0 then (8.9) reads

|h(x", xn, 2) = h(x",0,0)| < Cr¥/2.
Since & is C* in the x’-direction, we have that for a given X € B /4N L

|h(x",0,0) — h(x},0,0) —d' - (x' —x})| < C|x' —x;|

’

which combined with the previous inequality gives us the desired bound (8.2). O
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Appendix A

The purpose of this section is to provide the proof of Proposition 6.4 and Corollary 6.5 which have been used in
the proof of Harnack inequality in Section 6. For the reader’s convenience we recall their statements.
Let R > 0 and denote

Vr(t,2) = U(t,z)((n - l)% + 1).

Then set

vr(X) = Vi(R =/ |¥'|* + (xa — R)2, 2).

Proposition 6.4. If R is large enough, the function vg(X) is a comparison subsolution to (2.1) in By which is strictly
monotone increasing in the e,-direction in B;‘ (VR). Moreover, there exists a function Vg such that

U(X)=vg(X —r(X)en), inBy\P (A1)
and
|x/|2 Xnt

2n—1)—
2R—i—(n )R

C
[0R(X) — yr(X)| < EIXIZ, YR(X) =— (A.2)

with r = \/x2 + z% and C universal.
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Proof. We divide the proof of this proposition in two steps.
Step 1. In this step we show that vg is a comparison subsolution in B, which is monotone in the e, -direction.
First we need to show that vg is subharmonic (but not harmonic) in B;' (vgr). From the formula for vg we see
immediately that (R > 2)

By (vr) = B2\ (B2 \ Br(Ren)).
One can easily compute that on such set,

n—1

AvR(X) = (3 +8:2) VR)(R — p,2) — % VR(R—p,2),

where for simplicity we call

0=/ ‘x’|2 + (x, — R)2.

Also for (¢, z) outside the set {(z, 0): r <0}

20n—1)

At,zVR(t’ 7) = (0 + 9;7) VR(t,2) = R

U (t,2) + (1 +(n— 1)%)AMU(LZ)

2n—1
:%aﬂ/(x,z),

and
—1
BIVR(t,z)=<1+(n—1)%)8,U(t,z)+nTU(t,z). (A.3)

Thus to show that Avg is subharmonic in B; (vg) we need to prove that in such set
2(n—1) n—1 R—p n—1
——0,U — 1 —1H)—— o, U Ul|=>0,
R ¢ P |:< +m—-1) R U + R

where U and 9, U are evaluated at (R — p, 2).
Sett = R — p, then straightforward computations reduce the inequality above to

(n—D[2(R—1)—R—(n—1)*1]3,U(t,2) — (n — DU (1,2) > 0.

Using that 3, U (t, z) = U(t, z)/(2r) with r> = t> 4 72, this inequality becomes
R>2t+m—1%+2n—Dr.

This last inequality is easily satisfied for R large enough, since ¢, r < 3.
Now we prove that vy satisfies the free boundary condition in Definition 2.2. First observe that

F(vg) =0Bgr(Re,,0) N Bs,

and hence it is smooth. By the radial symmetry it is enough to show that the free boundary condition is satisfied at
0 € F(vR) thatis

vR(x,2) = al (e, 2) + 0(|(x, 2] 7?),  as (x,2) = (0,0), (Ad)

with o > 1.
First notice since U is Holder continuous with exponent 1/2, it follows from the formula for Vg that

|Vr(t,2) = Vr(to.2)| < Clt — 1'% for |t — 1] < 1.
Thus for (x, z) € By, s small
[vr(x,2) = VR(tn, 2)| = |VR(R = p.2) = VR, 2)| < CIR — p — x4|"/* < Cs,

where we have used that (recall that p := /|x’|2 + (x,, — R)?)
x|

R—p—xp=——o—'
e

(AS5)
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It follows that for (x, z) € By

[vr(x,2) = Uxn, 2)| < |vr(x, 2) = VRO, 2)| + | VR (05 2) = U (3, 2) |
<Cs+|Vr(xp,2) — U(xn,Z)|~

Thus from the formula for Vg
|'xﬂ |
R

which gives the desired expansion (A.4) with o = 1.
Now, we show that vg is strictly monotone increasing in the e,-direction in B;‘ (vR). Outside of its zero plate,

U(xp,2) <C's, (x,z) € By

[vR(x,2) = U(xn, 2)| <Cs + (n = 1)

Xpn —

0x, VR () = — 8 VR(R — p.2).
Thus we only need to show that Vg (¢, z) is strictly monotone increasing in ¢ outside {(z,0): # < 0} . This follows
immediately from (A.3) and the formula for U.

Step 2. In this step we show the existence of vg satisfying (A.1) and (A.2). Since we have a precise formula
for vg in terms of U, this is only a matter of straightforward (though tedious) computations which we present here for
completeness.

First we show that there exists a unique 7 such that (here Bj is the 2-dimensional ball)

U(t,2) = Vg(t +1,2), inBi\{(,0):1<0}, (A.6)
and

~ 2(n—l)tr 5 3 2 2 2

I+T gﬁr, re=t-+2z°, (A7)

with C universal. Since Vg is strictly increasing in the ¢-direction in By \ {(¢, 0): ¢ < 0} it suffices to show that
2n—er  C 2n—1tr  C 4
Velt ——— — — —+ =7 ).
R( R R? R ®
Let us prove the lower bound. We call

2n—tr  C 4
== — —3r,

R R?
and we use Taylor’s formula to compute

r3> <U(t,z) < Vg (t — (A.8)

] S T
VR(H—I,Z):VR(t,z)+8,VR(t,z)t+§Et2, |E| < |4 VR(s, 2)

, (A9)
with s between ¢ and ¢ + 7. We claim that
C/
|01 VR (s, 2)| < U2 (A.10)

Indeed one can compute that

s 2n—1)
0 Vr(s,2) = (1 +(n— 1)})%(](&2) + TB,U(S,Z)

2n—1
= (1 +(n— 1)i>r—3/za,tu(f, 5) +r_1/2M81U<5, E) (A.11)
R rr R rr

where we have used that U is homogeneous of degree 1/2.
Since s lies between ¢ and ¢ 4 ¢ we get that (s/r, z/r) € B3> \ B2, thus by boundary Harnack inequality in this

annulus we get
allU( ) ) 75)7 81‘U<£7£><K2U<£5£>5
r ror ror

with K, K universal.

N | @
R
N | @

<K1U(
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Combining the above inequalities with (A.11) we obtain that
|attVR(S, Z)| < Er_3/2U<£7 E)
rr

Thus the claim in (A.10) will follow if we show that for some K universal

t
U(f,5> gKU(—f).
r r r r

Again, this follows by the boundary Harnack inequality in the annulus B3, \ Bj,2 between U (f, £) and its trans-

lation U (’JFTT, f), for 7 small. Our claim is thus proved.

Thus, using (A.9) together with this claim, the lower bound in (A.8) will be proved if we show that

. _
U(t,2) > Ve(t,2) + 4 Ve(t, ) + 5 U@, P,

From the definition of Vg this is equivalent to showing that
( l)tU(t )+ 14+( l)t Ut )+n 1U(t ) |F+ /U(t )2 <0
— — —_ — _— _— < V.
" ROF ! R)TE R < 2200t

Dividing everything by 8,U (¢, z) = 5-U (, z) we get
2(n — Drt t 2rin—1D7. C',
_— 1 - - — |t + —1“ <0,
=+ [( +(n )R> +— +—it <
and using the definition of # we finally need to show that

t+2rt_+C’52 C 3
—IT < —=r.
R r R?

Using that for R large
il < Kr?/R,

(n—1)

for K universal, we easily obtain that the inequality above holds for the appropriate c (universal) and R large.
To conclude our proof, we use (A.5) to write

- . - |x'|? )
VR(X —vgey) =VR(R — p(VR),2) = VR xp — Vg — — —,2 ),
R( ren) = V(R — p(0r). 2) R( TR T R e o (iR

with

2
p) = |x'[* + (e — 1 — RO2.
In view of (A.6) if there exists vgp = Vg (X) such that
/2
bp— S S (A.12)
R —x, +0g + p(Upr)

then
vR(X — Dgey) =U(X), in B (U).
By the strict monotonicity of vg in the e, -direction in Bfr (vR), in such set vg must be unique.

Thus our claim will follow if we show that there exists vg satisfying (A.12) and such that

X2
5k00 — yr00| < C2E.

To do so, we call

() 2 l<n<l
77 =_77_ b - \7)\ 3
R—xn+n+pm
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and we show that
X2 - |x|?
f VR(X)~I—C? <t f VR(X)—CF .

In view of (A.7) we need to prove that

X|? 2(n — Dxpr  ~713
f(yR(X)+c%><—u—c’

R R?’
and
X2 20— Dxpr | =73
f(VR(X) - C?) = TR + Cﬁ'
Let us prove the first inequality (the second one follows similarly). Call

_ X2
n=yr(X)+ CF-

From the definition of f and yg the desired inequality is equivalent to
WP LIXP '1? ~r
-C — — — < —C—.
2R RZ  R—x,+7+p(@) R?
Clearly —1 < 5 < 1, and one can easily verify that
R—x,+n+p@) <2R+5.

Thus

'} 12 wP(2 ! '
- XX - S )
2R R—xy,+1n+p() 2R  2R+5 R2
and the desired inequality follows if we show that

|x/|2 |X|2 - ~r3
R SRSt

This inequality is trivially satisfied as long as C — C>1. O

We now recall the statement of Corollary 6.5 and sketch its proof.

Corollary 6.5. There exist 8, co, Co, C1 universal constants, such that

o Co I
vrR| X+ pen | S {1+ U, in Bi\ Biya, (A.13)
with strict inequality on F(vr(X + Fe,)) N B\ By,
Cco 0 .
UR<X+E€,!) >U<X+ﬁen>, in Bs, (A.14)
Ci —
UR X—?en <U((X), inB;. (A.15)

Proof. Estimates (A.14) and (A.15) are immediate consequences of (A.2) and Lemma 3.1.
To obtain (A.13), notice that in view of (A.2) and Lemma 3.1,

UR(X—l-CEOe,,) <UX) in{XeB: |x|>1/8, |x,] <5},

for some ¢g, 8 small universal and R large (with strict inequality on F(vg(X + %en))). Hence the estimate (A.13)
holds on the set {X € By \ Bis: /x2 + 2% < 8} and we only need to prove it on the complement of this set.
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Again, from (A.2) and Lemma 3.1 we get that

()] E .
UR X—i—Een <U X—i—Een in By, (A.16)

for C large universal. From Lemma 5.2 we know that

C C

as long as ,/x,% +22 > 6, with C = C(5) (and R large). Combining this fact with (A.16) we get
o Co
UR <X + Een) < (1 + 7>U(~xna Z)’
on the desired set. O

References

[1] H.W. Alt, L.A. Caffarelli, Existence and regularity for a minimum problem with free boundary, J. Reine Angew. Math. 325 (1981) 105-144.
[2] L.A. Caffarelli, A Harnack inequality approach to the regularity of free boundaries. Part I: Lipschitz free boundaries are ¢l Rev. Mat.
Iberoam. 3 (2) (1987) 139-162.
[3] L.A. Caffarelli, A Harnack inequality approach to the regularity of free boundaries. Part II: Flat free boundaries are Lipschitz, Comm. Pure
Appl. Math. 42 (1) (1989) 55-78.
[4] L.A. Caffarelli, A Harnack inequality approach to the regularity of free boundaries. Part III: Existence theory, compactness, and dependence
on X, Ann. Sc. Norm. Super. Pisa Cl. Sci. (4) 15 (4) (1988) 583-602.
[5] L.A. Caffarelli, X. Cabre, Fully Nonlinear Elliptic Equations, Colloquium Publications, vol. 43, Amer. Math. Soc., Providence, RI, 1995.
[6] L.A. Caffarelli, J.-M. Roquejoffre, O. Savin, Nonlocal minimal surfaces, Comm. Pure Appl. Math. 63 (2010) 1111-1144.
[7] L.A. Caffarelli, J.-M. Roquejoffre, Y. Sire, Variational problems with free boundaries for the fractional Laplacian, J. Eur. Math. Soc. JEMS) 12
(2010) 1151-1179.
[8] L.A. Caffarelli, S. Salsa, A Geometric Approach to Free Boundary Problems, Grad. Stud. Math., vol. 68, Amer. Math. Soc., Providence, RI,
2005.
[9] L.A. Caffarelli, S. Salsa, L. Silvestre, Regularity estimates for the solution and the free boundary of the obstacle problem for the fractional
Laplacian, Invent. Math. 171 (2008) 425-461.
[10] L.A. Caffarelli, L. Silvestre, An extension problem for the fractional Laplacian, Comm. Partial Differential Equations 32 (2007) 1245-1260.
[11] D. De Silva, D. Jerison, A singular energy minimising free boundary, J. Reine Angew. Math. 635 (2009) 1-21.
[12] D. De Silva, Free boundary regularity for a problem with right hand side, Interfaces Free Bound. 13 (2011) 223-238.
[13] O. Savin, Small perturbation solutions for elliptic equations, Comm. Partial Differential Equations 32 (2007) 557-578.
[14] L. Wang, Compactness methods for certain degenerate elliptic equations, J. Differential Equations 107 (1994) 341-350.



	Regularity in a one-phase free boundary problem for the fractional Laplacian
	1 Introduction
	2 Deﬁnitions and basic lemmas
	3 The function g̃
	4 The linearized problem
	5 Properties of U
	6 Harnack inequality
	7 Improvement of ﬂatness
	8 The regularity of the linearized problem
	Acknowledgement
	References


