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Abstract

The existence and uniqueness of weak solutions are studied to the initial Dirichlet problem of the equation

ur = div(|Vul? O 72Vu) + f(x, 1,u),

with inf p(x) > 2. The problems describe the motion of generalized Newtonian fluids which were studied by some other authors in
which the exponent p was required to satisfy a logarithmic Hélder continuity condition. The authors in this paper use a difference
scheme to transform the parabolic problem to a sequence of elliptic problems and then obtain the existence of solutions with less
constraint to p(x). The uniqueness is also proved.

© 2012 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

Let 2 C R" be a bounded domain with Lipschitz continuous boundary 8£2. Consider the following problem

up = div(|Vul?®72Vu) + f(x,t,u), xe€2,0<t<T, (1.1)
ulr, =0, ulr=0 = uo, (1.2)

where I'r = 32 x [0, T] and p(x) is a measurable function.

In the case when p is a constant, there have been many results about the existence, uniqueness and the regularity
of the solutions. We refer the readers to the bibliography given in [5,11,12] and the references therein.

A new interesting kind of fluids of prominent technological interest has recently emerged: the so-called electrorhe-
ological fluids. This model includes parabolic equations which are nonlinear with respect to the gradient of the thought
solution, and with variable exponents of nonlinearity. The typical case is the so-called evolution p-Laplace equation
with exponent p as a function of the external electromagnetic field (see [1,2,10] and the references therein).
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In [13], Zhikov showed that
Wy P (2) # [v e WHPO(Q) | vlge =0) = WP ().

Hence, the property of the space is different from the case when p is a constant (see Section 2 for the definition of the
function spaces).

As we have known, when p is a constant, the non-degenerate problems have classical solutions and hence the
weak solutions exist. But to the case of p(x)-Laplace type, there is no results to the corresponding non-degenerate
problems. These will bring us some new difficulties in studying the weak solutions.

For more general p(x, t)-Laplace equation, the authors of [3] established the existence and uniqueness results with
the exponent p(x, t) satisfying the so-called logarithmic Holder continuity condition, i.e.

1
[p) = P <o(lx —yl), Vx,y€Qr, Ix—yl <3 (1.3)
with
— 1
lim a)(s)ln(—) =C < o0.
s—0t s
However if p(x, t) satisfies (1.3), then (see [14])
Wy P9 (2) = WP ().

Therefore, we can ask whether the logarithmic Holder continuity to p(x,t) is indispensable for the existence of
solutions to the problem.

In the present work, we will study the existence of the solutions to problem (1.1)—(1.2) without the condition (1.3).
Unlike [3] , we will, in this paper, adopt a method of difference in time. Note that the author in [9] considered
the p-Laplace equation without the term f(x, ¢, u) by using a similar method. To overcome the difficulties caused
by p(x), we will develop some new ideas and new techniques.

The outline of this paper is the following: In Section 2, we introduce some basic Lebesgue and Sobolev spaces and
state our main theorems. In Section 3, we give the existence of weak solutions to a difference equation (approximating
problem). In Section 4, we will prove the global existence of solutions to the problem (1.1)—(1.2). Section 5 will be
devoted to the proof of the local existence and the existence of weak solutions under some weaker conditions to the
initial function u.

2. Basic spaces and the main results

To study our problems, we need to introduce some new function spaces.

Denote
pt =esssup p(x), p~ =essinf p(x).
o 7]
Throughout the paper we assume that
2<p  <px)<pt<oo, Vxeg. (2.1)
Set

LP(X)(Q) — {u

u is a measurable real-valued function, / |u(x)|p @) dx < oo},

2

u(x) p(x)
A

|M|LP(X)(Q)=inf{)\>0‘f dxgl},
2

WP (2) ={u e L™ (2) | [Vu| € LPY (2)},
|M|W1,p()€) — |M|LP(X)(_Q) + |Vu|Lp(X)(_Q)7 Yu e Wl,P(X)(Q)

We use Wé’p(x)(.Q) to denote the closure of C{°(£2) in W),
In the following, we state some of the properties of the function spaces introduced as above (see [6] and [7]).
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Proposition 2.1. (i) The space (LP™)(£2),] - I (2))s (Whr® 2y, | - lwirew (o)) and Wol’p(x)(.Q) are reflexive
Banach spaces.

(ii) Let q1(x) and q>(x) be real functions with 1/q1(x) + 1/q2(x) = 1 and q1(x) > 1. Then, the conjugate space of
LU (2) is L25)(82). And for any u € LT (2) and v € L92%) (§2), we have

‘/uvdx
Q

(iii)

< 2|M|L171(X)(_Q) |U|Lq2(x)(_Q)~

lul e (@) = 1, then/lul”(x)dX=1,
2

- +
gy > 1. then lul? e, o </|u|p<x)dx< e
2

" _
|M|LP(X)(_Q) <1, then |M|Z11(x)(g) < / |U|p(x) dx < |u|ip(x)(9).
2

(iv) If p1(x) < pa(x), then LP1™) > LP2(),

Proposition 2.2. If p(x) € C(82), then there is a constant C > 0, such that

1,
|”|Lp(x)(_(z) < C|V’4|Lp(x)(9), Yu € WO p(X)(Q)~

This implies that |Vu|Lp(X)(_Q) and |M|Wl_p(x)(9) are equivalent norms of W&’p(x).

We now give the definition of the solutions to our problem.

Definition 2.1. A function u is said to be a weak solution of (1.1)—(1.2), if u satisfies the following:

uel®(Qr),  fG,t,w)el'(Qr),  DjueLP™(Qr),

u=0 ond2 x (0,T) in the sense of traces,
T

3
/f<ua—‘f — |VuPW2Vy . Vo + f(p) dxdt =0, (2.2)
0 22
forall 9 € Cg°(Qr) and

tlin(l)/(u(x, 1) — uo(x))W(x) dx =0, (2.3)
2

for all ¥ € C3°(82), where O = 2 x (0, T).

In the study of the global existence of solutions, we need the following hypotheses to the function f:
f@.1,2)€C' (2 x[0,T1xR) and |f(x.1,2)| < Co(p(x.1)+2|%). (A)

where ¢ > 0,0 € L"(£2 x (0,T)),r > (N+ p~)/p~ and Cy > 0, « > 0 are constants.
Our main results are the following.

Theorem 2.1. Let ug € L(2) N Wy "™ (2) and (A) hold.
Assume that
a<p —1 or

a=p~ —1 and |82]is sufficiently small, (B)
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where |§2| denotes the Lebesgue measure of §2. Then there exists a weak solution of (1.1)—(1.2) such that

we L¥(Qr)NL=(0,T; Wy "™ (2)),  u e L*(2 x (0,T)).
Remark 2.1. In certain sense, the constrains to « in (B) is necessary even to the case when p is a constant (see [11]).

Theorem 2.2. If ug € L(2) N W, "™ (2) and f(x,1,2) € C'(2 x [0, T x R). Then there exists a T* > 0 such
that (1.1)—(1.2) has a solution u in Q.

Theorem 2.3. If f(x,t,z) € C1(£2 x [0, T x R), then the solution of (1.1)—(1.2) with
uel™®Qr),  u eL*(£2x(0,T)),

is unique.
Remark 2.2. Combining Theorems 2.1 and 2.3, we can obtain the existence of global solutions.
We also consider the problem under a weaker condition for ug.

Theorem 2.4. Let ug € L (£2).
(1) If (A) and (B) hold, then there exists a weak solution u of (1.1)—(1.2) such that

we LX) NL®(e, T; Wy (), w, e L2(2 x (¢, T)), 2.4)

where 0 <€ <T is a constant.
@) If f(x,t,2) € CY (22 x [0, T] x R), then there exists a T* > 0 such that (1.1)=(1.2) has a solution u in Orx
satisfying (2.4).

3. Existence of weak solutions to a difference equation

Let
u | (i+1h
Fi(x,u)= / . / f(x,r,s)dr) ds, (3.1
uj—1 ih
and
i 1 x) i 1 2 .
v'w)= | —|Vul’YVdx — | Fr(x,u)dx+ — [ u—u;_1)"°dx, i=1,2,.... (3.2)
px) 2h
Q Q2 2
Denote
Np__ iftN>p,
. p (3.3)

(yp=, iEN<p

Lemma 3.1. Assume that p(x) € C(£2), ui—1(x) € L (£2) and (A), (B) hold. Then the functional W' (u) achieves its
minimum on the set

S={uew,"@). (3.4)

Proof. We will show, in three steps, that W (u) satisfies the conditions which assure the existence of a minimum on
the set.

Step 1. S is weakly closed.

By Proposition 2.1(i) we know that W(; ) (£2) is areflexive Banach space and then by Mazur theorem it is weakly
closed.
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Step 2. Wi (u) satisfies the coerciveness conditions.
By (A) we have

@i+Dh

W(u>>/i|wv“x>dx—co/ ! / (.0 dr | lu— i) dx
J p(x)

2

- Ci /(W+1 i M) e+ - /(u —ui—1)*dx,
2
where C| > 0 is a constant.
We first estimate the second term on the right-hand side of the inequality.
Denote rj =(N+p~)/p” andro=(N+p~)/N.
By (A) and the Holder inequality, we get

o

@i+Dh

¢ (x, r)dr>|u —uj_1|dx

2 ih
1 (i+1)h ry l/rl 1/r2
< Co f A / ¢(x,t)dt | dx (/|u—ui_1|'2dx>
2 ih Q
1 (i+1h 1/r] 1/r
<C E/ / ¢ (x,t)dTrdx </|u—ui1|r2dx>
2 ih 2

< Cllu —ui—lliz22) < CllullL2 o) + lui-1ll2@))-

381

(3.5)

Notice that r, = (N + p~)/N < p* for N > p~. By the imbedding inequality and Young’s inequality, for all

N > 1, we have

I <1/|v P d +C<1/|Vu|pmd e
1<y u X <3 @) x .
2

Now, we estimate Cy [, (|u|*™" + |u;—1|*™") dx in the following two cases.
Ha<p —1.
By Young’s inequality and the Poincaré inequality, we get

q/(|u|‘”‘ +|u,~_1|“+‘)dx<e/|u|1fdx+c
2 2
1 [ |Vulp®

1 _

<= Vul? d C<-
4/' Wb Cs g Tm
22

(i) « = p~ — 1, but the Lebesgue measure of 2 is sufficiently small.
By the Poincaré inequality, we get

clf(w”+|ui_1|f”)dx<clf|u|f”dx+c

2 2
1 | V| P
VulP dx +C < ————dx+C.
4/| u| x+ 1 () X +
2 2

Summarizing up the above estimates and combining Proposition 2.2, we get

dx +C.
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. 1 _
p
1#l(u) = 2p+ |Vu|Lp(x)(_Q) -C

|u| —C —> oo, as |M|Wl4p(x)(9) — Q.

> ——ul?,
2Cp+ WLr()(02)

Step 3. ¥ (u) is weakly lower semicontinuous.

At first, by the convexity of the functional, we know that for | o ﬁ |Vu|P™) dx, weakly lower semicontinuous is
equivalent to lower semicontinuous (see [4]).

Let

v —v, inWyPY asi— oo (3.6)

Then by Proposition 2.1(iii), we have |v/|;rw (@), f_Q [V |PWdx <C,1=1,2,....
Now

1 1
‘/—|Vv1|p(x)dx—/—|Vv|'”(x)dx
p(x) p(x)
2 2

1
< / /|va1 +(1 —s)Vv|p(x)71 - |Vu — Vuldsdx
20
1
=//|va1+(1—s)Vv|p(x)_1.|Vv1—Vv|dxds.
0 2

Then combining Proposition 2.1(ii), (iii), we know that f o ﬁwml’(") dx is a continuous functional. Therefore,

/. o ﬁWuV’ () dx is weakly lower semicontinuous.

Now, consider the functional

. 1
Ig:—/F’(x,u)dx—i——h/(u—ui_1)2dx.
2

2
Q
By (3.6), using (ii) and (iv) of Proposition 2.1, for any 0 < € < p~, we have

weak . 1.p~—¢
u — v, inWy?

and then using the Sobolev compact imbedding theorem we get
y—v, inlL? c,

where

N(p~—€)
* N—(p~—€)’

Pe = _
ML= (p~ -, ifN<p -«

if N>p~ —e,

For small enough €, we have LPe > max{r/(r — 1),2}. Combining (A), we may prove that the functional I is
continuous in L?¢ . Hence I, is weakly lower semicontinuous.

Obviously, the sum of two weakly lower semicontinuous functionals is weakly lower semicontinuous functional
and our conclusion follows.

By above results and a standard argument (see [4]), we know that the functional W (u) achieves its minimum on
theset S. O

Lemma 3.2. Let uy = max{0, u}. Assume that u is a minima obtained in Lemma 3.1. Then for any constant k > 1,
both u and —u satisfy
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1
Z/(u—k)ider[|Vu|P<X>dx
Dy

2
| (i+Dh

gE/(u—kn( / |f(x,r,u)|dt+|u,-_1|>dx, (3.7)
2

ih
where Dy = {x € 2: u(x) > k}.
Proof. For 0 <e <1, we have u — €(u — k)1 € S and then
g(—e) =9y (u—ew—k1) =y )= g(0).
Therefore,
lim g(—e) —g(0) <o0.

€e—0,e>0 —€

Plugging into the definition of g, we get

1
A /(u — k) —ui—1)dx +f IVu PO 20V (u — k)4 dx
2

Q
{ @i+Dh
< E/(u—k)Jr( / f(x,r,u)dr) dx.
Q

ih
Notice that
U=k —ui—)=@—k)7 — @—k) i1 —k) > @—k3F — @ —ki@i-1 — ke,

the conclusion of the lemma can be proved easily.
Also, by

Vi (u+e(—u—ki) =y W),

we know that the conclusion of the lemma holds for —u. O

Remark 3.1. Moreover, if u € L°°(£2), we have

(g+1)
u—k _
/ % dx +q/ VulP® (- )9 dx
2 2
(i+1h
ici — @k 1 .
< A dx—i—ﬁ (w -k fx,t,u)drdx, (3.8)
Q Q ih
where ¢ > 1 is a constant.
Now we consider the following problem.
! 1 (i+Dh
E(ui —uj_1) = diV(IVuiV’(")—zVui) + W / fx,t,u;)dt, xe€$2, (3.9)
ih
uilpe =0, i=12,..., (3.10)

where h > 0 is a constant.
By Lemma 3.1, similarly to Lemma 3.2, we get

Lemma 3.3. Let (A), (B) hold. Assume that p(x) € C(2)and uj_(x) € LY (£2). Then there exists a weak solution u;
of (3.9)—(3.10) such that u; € Wy "™ (£2).
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4. Global existence of weak solutions

In the following we assume that
Ih<T < (+1h,

where / is an integer.
Define u” : 2 x [0, c0) — R such that

uP(,0y=u;, forte[ih, (i +Dh), i=01,...,1

where u; is a solution obtained in Lemma 3.3.

We will prove that a subsequence of " converges and the limiting function is a solution of (1.1)—~(1.2).

Denote
1
8(_h)u(h)(~, ) = _h(u(h)(" t—h)— M(h)(,7 t))
_ { L —ui—1)(), forte[ih, (i +Dh), 1<i <1,
0, fort € [0, h).
Define the following new functions f M (x,1) and ¢ (x, 1) as

(i4+)h
1

FP(x, 1) = A / f(x.t,ui(x))dr, forte[ih, i+ Dh), i=0,1,...,1
in
(i+Dh

(h) 1 . . .

¢ (x, 1) = ;A ¢(x,t)dt, forte [lh, i+ l)h), i=0,1,...,1

ih
By (A) we have
| £ e, 0] < Co(¢™ + [u®1%).

Lemmad.1.If¢ € L' (Q7), then ¢ € L™ (Q7) and

//(qb(h))rdxdt < // ¢ dx dt,
or or

where r is given in (A).

Proof. By Holder’s inequality
@i+Dh < (i+h

f/(¢(h))rdxdt=Z / / % / ¢(x,'[)d‘[) dx
or oin 2 ih

(i+1h @@+1Dh

:h/Z(% / ¢>(x,t)dt) dxghfZG / ¢ (x,7)dt
2 ! 2 !

ih ih
(i+1)h
=/Z< f ¢’(x,r)dr>dx=//¢rdxdt. O
2 ih Or

)dx

4.1)

4.2)

4.3)

(4.4)

(A")

In the following, we will give the estimate to the maximum norm of the solution by adopting the method in [11].
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Lemma 4.2. Let (A), (B) hold. Assume that p(x) € C(2) and uy € L®(2) N Wol’p(x)(.Q). Then for any integer
1 < g < 00, there is a constant C(q) > 0 independent of h such that

[« g1, SC@, Vh>0.

Proof. Let u; = max{0,u} and k be chosen so that |[ug|[1=(e) < k. Multiplying (3.9) by (g + 1)(u; — k) and
integrating over §2 we get

i — )4+ 1
(g + 1)[ l—dx+q(q+ 1)/ Vi P9y — k)4 dx

(q+1)/(”‘ L= k;l(”’_ )+d —i—(q—i—l)/(u,—k) FP(x,ih)dx

<+ | i =0 9% x4+ 1) [ =0t i 45)
2 2

By Young’s inequality

Do =R,

9 @+ o
ui—1 —k)+(u; — k)j_ < m( i—k) 4q

Hence we have

(g+1)
—k
/(”l )+ dx+q(q+l)/|Vu,|p(x)(u — 10 ax

(M l_k)(tH-l)
/ = dx+(q+l)/(ui LM (xibydx, i=1,...,1 (4.6)

Summing over i in (4.6) and considering the definition of u™®, we have

(+Dh
/(uw) )(q+1)( Ddx +q(q+1) / /ivu(h)|17(x)(u(h)_k)(f—l)dxdt

h
(+Dh

/(u — 0 dx + (g +1) / /(u(h) — k)% £ dxd, 4.7)

oo
where ¢ € [k, (I + 1)h). By Young’s inequality
|Vu(h)|p_ < |vu(h)|l’(x) +C.
Using [luoll Lo (@) < k, we get

(I+Dh

sup /(u(h) - k)f+l)(', Hdx+q(g+1) / /‘Vu(h)][f (u® — k)f_l) dx dt
te(h,(l-l—])h)g

(+1Dh (I+Dh

SCqlg+D) / f(”(h)_k)f_l)dxdt+(q+1) / /(“(h)—k)mf(h)]dxdt
W@ Yo

=Cq(g+ DL+ (q+ Dbh. (4.8)
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Denote
k) = [{(x, 1) € 2 x (0, d + Dh): u™ > k}|.

By Young’s inequality and the Poincaré inequality, we get

(+1Dh
I < / /(u(h)—k)g‘_]+p__l)dxdt+C(q),u(k)
h 2
(+1Dh
<C(1821) / f|V(u(h)—k)(q+p__l)/p_|p_dxdt+C(q)u(k). (4.9)
h 2

Now we estimate 1.
By the Holder inequality and the Poincaré inequality

(+1h
/ / (™ — k)" dx dr
hoR
(D ey @@
<C f (/(u(h) — k)1 dx) dt
h Q
(D N CARCE
<C(121) / (/yv(u( k)] | dx) dt. (4.10)
h
Similarly to the above, using the imbedding theorem, we may prove (see Lemma 3.1 in [11]) that
(+Dh
/ (® — k) p™ dxdi
7]
<cl  swp /(u(h) — k) 1y dx
te(h,(+1)h)
Q
(+1)h a1
+ / /|V(u(h) — k)b dxdt) : @.11)
R

where g1 =q(N +p7)/(@(N+p~)+N(p~ —14+p~/N)) <L
Combining (4.10), (4.11), Lemma 4.1 and (A’), we can obtain the estimate for /5.
Substituting it into (4.8), by | (k)| < 2|Qr| and Young’s inequality, we get

sup f(u(h) ~ KV ndx<c. (4.12)

0,(+1Dh
re( (+))Q

Here we used the fact that (u) — k)+(-,t) =0, fort € [0, h).
If « = p~ — 1 and |£2] is sufficiently small, by the Poincaré inequality
C(IR])—>0, as|22]—0,

in (4.9) and (4.10). Thus we can also obtain the estimate for /5. Substituting it into (4.8), we may prove (4.12).
Similarly, we may prove

sup /(—u(h) — k):(_{+l)(~, t)ydx <C.

0,(+1h
re( (-i-))Q
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Thus
||u(h)||Lq+l(QT) g C(Q) d

Remark 4.1. If we take k =0 and ¢ = 1 in Lemma 4.2, then
(I+h
f|vu<h> PP axdr<cC. (4.13)
h 2

Remark 4.2. For studying above problems, we have to study the terms like [ |Vu;|? @ u;|2dx (g > 0) for |[Vu;| €
LP®™ (see (4.5)). To insure that integrals to be well-defined, we need u; € L°°. Actually, the solution that we get in
Lemma 3.1 can be considered as a bounded function (see Lemma 4.4).

Now, we give a uniform estimate to the maximum norm of the solution.
We shall need the following proposition.

Proposition 4.1. (See [5, p. 12].) Let {Y,,}, n =0, 1,2, ..., be a sequence of positive numbers, satisfying the recursive
inequalities
Ypi1 < BY'Y,) TP

where B,b > 1 and B > 0 are given numbers. If

Yo< B~V/Pp=1P, (4.14)

then {Y,} converges to zero as n — oo.

Lemma 4.3. Let the assumptions of Lemma 4.2 hold. Then there is a constant M1 > 0 depending only on T, |§2]|, N,
P, 1, lluoll L (o) such that

[«® oo,y <M1, VR >0.

Proof. Let k be chosen so that [|ug| () < k and denote
(+1)h
Jy=  sup /(u(h)—k)i(',t)dx—i— / /|V(u(h)—k)+|pidxdt.
16(0‘(1+1)h)9 0 O

Take g = 1 in (4.8), then by (A")

(+Dh
Jk<01< / /(¢>(h)+|u(h)|a)(u(h)—k)+dxdt+,u(k)>. (4.15)
0 £

Now we estimate the integral of the right-hand side of the inequality.
By Lemma 4.1 and Holder’s inequality, we get

(+Dh
/ P (u™ — k), dxadt
0 «
(I+1Dh r=1)/r
< Cz( / /(u(h) - k)i/(r_l)dx dt)

0 £

(I+Dh N/(p”N+2p™)
< C3( / /(u(m )7 N g dt) ()= =N /(™ N+2p7).

0 £
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Hence, by imbedding inequality (see [5, p. 7] or [8, p. 62]) we have

(+1h
(u(h) _ k)+¢(h) dxdt < C4J]{(N+P7)/(P7N+2P7)M(k)(r—l)/r—N/(p_N—t-Zp_). (4.16)

0 0
Also, by Lemma 4.2 we have

(+Dh
f}u(h)|a(u(h) — k)+dx dt

0 2
(+Dh

(I+Dh 1/r (r=1)/r
<</ f(u<h>)""dxdz> (/ f(u@)—k);/“‘”dxdz)
0 £ 0

(+Dh r—=1)/r
< C5< / [(u(h) - k):/(r_l)dx dt)
0 £

< C6Jk(Ner’)/(p*NJer’)M(k)(r—1)/r—N/(p—N+2p—). (4.17)
Substituting (4.16), (4.17) into (4.15), we get
Jk < C7Jl{(p_+N)/(P_N+2P_)M(k)(r—l)/r—N/(p7N+2p7) + C7M(k)
By Young’s inequality
Jk g CS(M(k)1+(i’—N—2)p7/(i’N(p7—1)+r[)7) +/~'L(k))
Hence, for all k@ > k™M we have

(k(2) _ k(l)) (M(k(2)))N/(p’N+2p*)

(+Dh N/(p”N+2p7)
<C9< / /(u(h) —k(”)(f +2p /N>>

0 2
- —y (NPT (T N42p7)
< ngN/(P N+2p )Jk(')

<

X

where y is a constant, depending only on N, p~, T, comes from imbedding inequality (see [5, p. 7] or [8, p. 62]).
If we take k@ = |lug|lL(@) +j (j > 1) and kD = |lug]| Loy + 1, then

CIO(M(k(l))1+(V—N—2)P_/(VN(P_—1)+VP_) + M(k(l)))(N+p_)/(p_N+2p_), (418)

M(k(z))N/(p‘N—ﬂp_)

C - - B = - - —_ —
10 (((T+1)|Q|)l+(r N-=2)p~/(rN(p~—D)+rp )+(T+1)|Q|)(N+p )/(p~N+2p )

< -
j—1

Hence, there exists a constant jo > 1 depending only on 7', |§2|, N, p~, r such that

p(k@) <1, asj=jo.

We take k,,, = M(Z -2, m=0,1,2,..., where M > leoll Lo (2) + Jo 1S a constant.
Then it is easy to see that

/'L(kl/ﬂ)<19 form:oala"'~ (4.19)

Now we consider the following two cases.
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If
) 1+ —-N-2p /(rN(p~ —1)+rp7) =1,
then by (4.18) and (4.19)
N2 N2
K1 — ko) (s D) VPN < 4 () NP PN,
ie.

2C (p"N+2p7)/N _ _ _
H) 2m([7 N+2[7 )/Nu(km)l+p /N

k1) < <f
m+ M
If
(i) 1+ —-N=2p /(rN(p~=1)+rp7) <1,
then
N/(p~N+2p~
(ki1 — ki) (G ) Y/ 0207
< CIZ(M(km)l+(r—N—2)p_/(rN(p_—l)+rp_))(N+I’_)/(P_N+2P_)
1.€.

2C12>(pN+2p>/N

wkpy1) < (7 o NA2P N (o 14D

where

81:£+(r—Nj2)p‘(N+_p‘)>Q
N (rN(p~—1)+rp™)N

Now, take
M = max{Cy 2N+ Cp2N/P WA i1 o) + ol
then in both cases (4.14) hold. Hence by Proposition 4.1 we have that
u™ <2M.

Similarly, we may derive a lower bound and this completes the proof of Lemma 4.3. O

Up to now we required that p(x) € C(£2). This is in fact not necessary. We have

Lemma 4.4. Assume that ug € L*(£2) N Wol""(x)(.Q) and (A), (B) hold. Then the conclusions in Lemmas 3.1-3.3,
4.1-4.3 still hold.

Proof. Note that we need the condition p(x) € C(£2) only in Proposition 2.2. But, if the functions mentioned in the
proofs are uniformly bounded, then Proposition 2.2 will still holds without continuity condition.
Now, replace S in (3.4) by

S={ue Wy "V {lullre) < M1 +1}, (4.20)

and still consider v/ (1), where M| > luoll L (s2) is a constant depending only on T', |§2|, N, p~, r, lluoll L=(o) (the
same as that in Lemma 4.3).
Assume that

~ weak . 1
veS and vy — v in Wo’p(x).

Then by (ii) and (iv) of Proposition 2.1, we have v; —weak o in WP~ Hence, lvllzee(2) < M1+ 1 and S is weakly
closed. So we can complete the proof of Lemma 3.1 without the condition p(x) € C(§2). On the other hand, the



390 S. Lian et al. / Ann. I. H. Poincaré — AN 29 (2012) 377-399

proof of Lemma 3.2 does not need any change. Note that by the definition of S, it is not clear whether the minima of
/s (u) satisfies (3.9)or not. Hence, we need modify the proofs of Lemmas 4.2 and 4.3. Let u; be a minima of /! (u)
in S. Then for 0 < e < 1/(uill gy + D9~ 1 we have ||u; — e(u; — k)+||L00(Q) <M+ 1and u; —e(u; — k)q es.
Similarly to Lemma 3.2, we get the estimate (3 8). This estimate is exactly the same as that in (4.5) in Lemma 4.2.
Then without any change in Lemmas 4.2 and 4.3, we get

i |l Loo(2) < M.

Thus for any ¢ € C3°(£2),|¢| < 1 and —1 < € < 1 we have that u; + e¢ € S and then V' (u; + €¢) > V' (u;).
Similarly to Lemma 3.2, we may prove that u; is a weak solution of (3.9)—(3.10). We must point out that the test
function must satisfy |¢| < 1. Considering the form the test function appeared in the equality, the constrain to ¢ may
be removed. O

Lemma 4.5. Let the assumptions of Lemma 4.4 hold. Then for any integer 1 <1 <1, we have

(I4+Dh
1 1 . 1
-~ / f|a<—h>u<”> > dxdi + / ——[Vu® (x, i)"Y dx < f V)" dx. (4.21)
2 p(x) p(x)
0 2 2 2
Proof. From Lemma 4.4, we know that u; is the minima of v/ (1). Hence for u;_; € S,

vl i) <Y i),

and then
/—|w |P<X>dx+/i|u,- —uj_1>dx
px) 2h
2 2
u; (i+1)h
1 -
</—|Vu |p(x)dx+// - / fx,t,8)dt )dsdx, i=1,2,...,1.
px) h
2 uji— ih

Summing over i, we have

7
1
—|Vu AP gy + Z—/|u,~—u,~_1|2dx
p(x) =)

ui G(i+Dh
/ﬁ|Vu0|P(X)dx+Z//<% / f(x,r,s)dr)dsdx. (4.22)
ih

_lﬂul 1

We estimate the second term in the inequality in the following.
By Lemma 4.2, Young’s inequality and the differentiability of f, we get

u; (i+Dh
//( / f(x,r,s)dr)dsdx

2 ui—1
1 2
C |Mi—ui_1|dx<E |luj —uj—1|"dx +4Ch.
2 2

Plugging into (4.22), we get
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]
1 1
—— |Vuy [P dx + ) —/ — P dx <
/ ( [Vuy| X - 4h9 luj —u;—1]"dx P

p(x)
2 2

The conclusion of the lemma follows by noticing the definition of u™. O

Define a new function:

w® ) { (F =D =m0 +uimr, 1€ lih, G+ D), i =1,2,...1,
’ uo, t [0, h).

Then, we have

Lemma 4.6. Let the assumptions of Lemma 4.4 hold. Then

T
f/|w<h>—u<h>|2dxdt—>o, ash — 0.
0 2

Proof. By direct calculation,
@i+hh
|w(h) —u® |2 dxdt

2
(i+1h

2
t
(_ i 1) dr
h
(i+1)h

h 3
= 5/(“1‘ —ui_1)*dx = ?/ / (a_hu(h))zdxdt.
7

2 ih

ih
= /(Mi —ui—1)*dx
2

ih

Summing over i and using Lemma 4.5, we get

T
/f|w<h>—u<h>|2dxdt—>o, as h— 0.
h 2

On the other hand,
h

/f|w(h) —u(h)|2dxdt:0.
0 2

The conclusion follows. O

1
/ T|Vu0|l’<)‘) dx +4CT.
X

391

(4.23)

Lemma 4.7. Let the assumptions of Lemma 4.4 hold. Then there exists a subsequence of {u"} denoted again by itself

for the sake of simplicity, and a function u such that
u™ = u, in L*(Qr),
u® — u, ae.inQr,
9 W Y G i 120,
Vu vy in LPO O,

ash — 0.

(4.24)
(4.25)

(4.26)
4.27)
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Proof. By Lemma 4.5 and Young’s inequality,

f|Vu(h)(-, nfdx <c. (4.28)
2

By the Poincaré inequality,

/yu<h>(., n|*dx <c,
2

and then

T
/f|u(h)(~,t)’2dx <CT. (4.29)
0

2

Therefore, there exists a subsequence of ™ (denoted again by itself) and a function u such that

ak
u® i L2(07). (4.30)

And then there exists a subsequence of u™ such that (4.25) holds.
In the following, we consider w®™ _ Since

1
Vu® = (Vu; — w,-_l)(ﬁ - i) +Vui_y, astelin,(+Dh),i=12,..,1

by (4.28), (4.29) and Lemma 4.6, we know that w” and Vw are uniformly bounded in L?(Q7). Since

1 . . .
w® = ) _ { #ui —ui—1), fortelih, (i+Dh), i=1,2,...,1,
0, fort € [0, h),

by Lemma 4.5, we have w,(h) € L*>(Qr). By the above estimates, we know that there exists a subsequence of w)
(denoted again by itself) and a function u, such that

weak

vuw® v, in L2(Qr),
_ 1) weak .
U™ = ™ ZE ), in L2(07).

By Lemma 4.6, we get u = u,.. Using this, it is easy to prove (4.24) and (4.26).
By Proposition 2.1, (LP™ |- | p(x)) is weakly compact and hence by Lemma 4.5, (4.27) can be easily obtained. O

Remark 4.3. By (4.21), we know that u € L®(0, T; W, "™ (2)).
Lemma 4.8. Let the assumptions of Lemma 4.4 hold. Then
f® = fx.tw), inL'(Qr), ash—0. 4.31)

Proof. By Lemmas 4.3 and 4.7, we have

u® | ooy ItllLcor <€, VA >0,

Since f € C!, by Holder’s inequality,
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//|f(h)—f|dxdt
or

(i+Dh (i+1)h
1
<> . |fx,t,ui) — fx,t,u)|drdxdt
Lih @ ih
(i+h (i+Dh

Z / (It =11+ lu; —ul)dt dxdt
<L

(z+1)h (l+1)h (i+1)h

// /hdrdxdt+CZ / /Iul—uldxdt

T

T
<C//hdxdt+C//’u(h)—u’dxdt—)O, as h — 0. O
0 2 0 2

Proof of Theorem 2.1. By Lemma 4.5 and the weak compactness of the space, there exists a subsequence such that

|V P2, vk i LP@/e@-D oy

The same as that in [11], we may prove that x; = |Vu|P®) =2y,

For test function ¢ (x, 1) € C;°(Q7) and any constant 7 € [0, T'], we have ¢ (x, T) € C°(£2).
Hence, by Lemma 3.3,

/8(’h)u(h)¢(x,f)dx:/|Vu,~|p(x)’2VuiV¢(x,f)dx—}-/f(h)qb(x,f)dx.
2 2 2

Integrating for 7, combining Lemmas 4.7, 4.8 and Remark 4.1, we may prove that u is a weak solution of Eq. (1.1).
Now we prove that u satisfies the initial condition, i~.e. (2.3) holds.
In the problem (3.9)—(3.10), taking a test function ¥ (x) € Cgo (£2), we get

@i+Dh

/(u,»—u,-,l)l/}der f dr/|w,-|f’<x>—2w,~.vlzdx
2 1 2

@i+1)h
=/< / f(x,r,u,-)dr>&dx, i=1,2,.... (4.32)
2 ih
Summing over i, we get

[ = w0y ax

(d+Dh (i+1)h
= / /|w |POO=2yy; . dexdt—i—Zh/ / fx, T, up)dry dx,
h 2 2 ih

where / > 0 is an integer. Then by (4.13) and (ii), (iii) of Proposition 2.1, we have
(I+Dh
/ IVu; PO 2V, - Vg dx di| <
K2

< C(sup V) Vit |y |1 piy < CAM™,

where §; > 0 is a constant depending only on p™ and p~.
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By (A), combining Poincaré inequality and Holder’s inequality

’ /(u[ —ug)V dx
2

< C((AnY* +Ih+ AN/ NP 4 (Il =e/r7),

For Ih < 1, there exists a constant 8, > 0 depending only on o, p~, N and §; such that

‘/(Mj—uo)lffdx < cdn®.
2

Noticing the definition of the u™ we have

sup f (™ (x, 1) — uo) ¥ dx| < Cr*. (4.33)
telh,((+1)h) o
Fort €0, h),
/(u(h)(x, 1) — uo)tﬁdx =0.

Q
Hence for all 0 < ¢ < 1, (4.33) holds. By (4.25), letting 7 — 0 in (4.33), we may easily get (2.3). O

5. Local existence

és what we mentioned in Lemma 4.4, we will use the lemmas in Sections 3 and 4 without the assumption p(x) €
C(£2).
Since f € C!, we know that there is a constant M such that for |z| < lluollLoe 2y + 1,
|fe.,2)| <M, |fulx,t,2)| <M. (5.1)
Take T* > 0 such that
T*M <1)2. (5.2)

Without lose of generality, we may assume that 7* > h.
Consider the following problem

2h
%(ul —up) = div(|Vu [P 2 Vuy) + %ff(x, T, u)dr, (5.3)
h
utlae =0. (5.4
We have

Lemma 5.1. Suppose that f and ug satisfy the assumptions in Theorem 2.2, then (5.3)—~(5.4) has a weak solution u
such that ||uy ”LOO(Q) < ||u0||L00(_Q) +2hM.

Proof. We first consider the iteration problem,

2h

1 1

E(vm — u0) = div(| Vv, [P 2 Vy,,) + - / F(x, T, vm_1)dr, (5.5)
h

vm|3!2=0a m:1327"'7 (5.6)

where vy = uy.
Assume first m = 1. Since | f(x, t, up)| is bounded, analogously to Lemmas 3.3 and 4.4, we may prove that (5.5)—
(5.6) has a solution vy, in L*°(£2) N Wol""(x)_
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Now for any integer ¢ > 0, we may take (vi — M h)i as a test function in (5.5) to get

1 _
/ (01— MmUY dx +q/|V(v1 — M)PY | — Mr)T " dx
2 2

2h

1 1

=fﬁ(v1 —Mh)z_uodx+E//f(x,r, vo) dt (vq —Mh)z_dx.
Q Q2 h

By (5.1) and the Holder inequality, we have

/(m — M)V dx < / (v1 — MR (uo + hM) dx
2 2

b \4/@rD 1/(g+1)
< <f(v1 — Mh)\* )dx> (/(uo+hM)q+1dx> :
2 2

Hence
|1 = M) | g1 ) < lluwo + M g1 ()

Letting g — oo, we get (v1)+ < |lugllzo@) + 2hM. Consider —vy, we may get (vi)— > —|lugllLx(@) — 2hM, i.e.
lvillLoe 2y < lluoll L2y +2h M.
Since for 2hM < 1, (5.1) holds, by induction, we may prove that there exist solutions {v,}, m = 1,2, ..., of
(5.5)—(5.6) satisfy that
lvmll Lo (2) < lluollLoe(2) +2AM. (5.7

Now, we prove that {v,,}, m = 1, 2, ..., is a contracting sequence. Taking v,, — v,,—1 as a test function in (5.5)—(5.6)
for m and m — 1 respectively and then subtracting one from the other, we get

1
/ (o — vp)?dx + / (IVon POV dx = [V 1PV, 1) V(v — vp—1) dx
2 2
2h

=/%/(f(x,r, Un—1)dx — f(x, T, Un—2)) dT (U — V—1) dx

2 h

2h
1
sz/fZ(x’f’ Vn—1)dT (Wp—1 — Up—2) (U — Vp—1) dx.
2 h

It is easy to see that

/ (VU P72V dx = V1179 V1) V(0 = vm—1) dx = 0.
2
By (5.2) and Holder inequality we have

/(Um - Um—l)zdx
2

1
< 5 / [Vm—1 — Vm—2||Vm — Up—1]dx
2

< §||Um71 - vm72”[‘2(9)”vm — Um—1 ”LZ(Q)’
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ie.
lom — UmfIHLZ(_Q) < EHUmfl - Um72||L2(_Q)-

This proves that {v,}, m = 1,2, ..., is a contracting sequence. Therefore, there is a function u; € LZ(Q) such that
U — up in L2(£2) as m — oo.
Next, taking v, as a test function in (5.5)—(5.6), we get

1
/Ev,zndx—i-/vaW(x)dx
2

2
2h
1 1
=/Zu0vmdx+/(2/f(x,r, vm_l)dt)vmdx.
h

2 2

Since {v,,}, m =1,2,...,is uniformly bounded, we get

/ Voml?®) dx < C,
2

where the constant C is independent of m.
Therefore, there is a subsequence m ; such that Vv,,; converges weakly to Vu; in LP™ and |V, ; |”(x)_2(vm/.)l~

converges weakly to x; in LP®/(P)=D Since v,, € Wol’p(x), it is easy to prove that u; € Wol’p(x).

Finally, we prove that 1 is a solution of (5.3)—-(5.4).
Taking a test function ¢ € C® in (5.5) and letting i — oo, we get

! d i dx = ! i d d
/E(m—uo)fb x+/ZX;¢z x—/ E/f(x,fﬂ/ll) T |¢pdx.
2 Q i 2 h

The same as that in [11], we may prove that [Vu |p(x)_2(u1),- = x; and hence u is a solution. The proof is complete.
From (57), we know that ||Lt1 ||L°°(.Q) < ||Lt0||Lo<>(_Q) +2hM. O

Proof of Theorem 2.2. Consider the following problem

| | (i+1)h

Z(u,-—ui_l)=div(|w,-|1’<x)*2vm)+E / fx, T, u;)dr, (5.8)
ih

uilpe =0, (5.9)

wherei =1,2,...,land lh < T*.

Similarly to Lemma 5.1, we may prove inductively that if Vu;_; € LP® and |lu;_1 || L(2) < Iluoll o) +2G —
1)h M then there is a solution u; of (5.8)—(5.9) such that |lu; || L) < l|uollLx2) +2ihM.

Since [h < T*, we have Ju;llz(@) < luoll=(a) + 1 and then by (5.1) & [TV | rlar < m1.

We should notice that the solutions u;, i = 1,2, ..., may not be the minima of the functional mentioned in Theo-
rem 2.1 and hence, comparing to the previous proof, we have to give the L? estimate to 3 1.

Taking (u; — u;_1)/h as a test function in (5.8)—(5.9), we get

1 2 1
/(E(u,' —u,-_l)) dx + E/(Wu,-v’(x) — |Vui [P 72Vu; Vu;_y) dx
2 2

(i+1)h

1 1
=ﬁ/<ﬁ / f(x,r,u,)dt)(ui —u;_1)dx. (5.10)
ih

2
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By Young’s inequality,

la-b| < lallb| <

PO =1 pespe-n ¢ e
PC) ( .

and by (5.10), we get
/(1@» —u 1>)2dx+ L9 ax
l 11—
J h p(x)

1
<—/—|Vu ,1|"’(x)dx+ fMlui—ui—1|dX
p(x)

1 1 1
< —/—|Vu, WP dx 4 = /(—2(ui—ui_1)2+M2>dx.
p(x) J h

It follows that
(i+h

2
/ dtf(l(ui —u,-_l)) dx+2/L|vui|P<X>dx
J p(x)

/—|Vu 1P dx + 20 M?|R2).

Summing over i and using the definition of ", we get

(+Dh .
/(afhu(h))zdxdt —I-Z/ —|Vuy|P™ dx
px)
h 2 2
1
< 2[ ?mowm dx +2lhM? (82|
X

<C.

Since C is independent of &, we get a uniform L? estimate to 9
we may get the existence of solutions to (1.1)—(1.2). O

~hy M Now, the same as the proof of Theorem 2.1,

Proof of Theorem 2.3. Let u, v be two solutions of (1.1)—(1.2). Taking u — v as a test function, we obtain that

1
5 /(u —v)?dx +/ (IVu PO =2Vy — Vo PO "2V0)V(u — v) dx dt

://(f(xvt9u)_f(x,t, U))(u—v)dx.
o

Since u, v are bounded and f € C 1, we have

/(u—v)zdxéCf (u—v)zdxdr.
Q

Gronwall’s inequality imples that # = v. The proof is complete. O

Proof of Theorem 2.4. (i) Assume that ug , € COO(.Q) such that [lug,, || Lo (2) < lluollLe(2) + 1 and

o, —> up in L2(.Q).
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Without any change in Lemmas 3.3 and 4.3, we may get the uniform boundedness of the solution u; ,. More over we
have (see Remark 4.1)

T
ff|vu§,h>|”(x) dxdt <C. (5.11)
2

For the L? estimate to u,, take Uipn —Ui-1,n) fi(hiH)h E(T) d1:/h2 as a test function in (3.9)—(3.10), where
E(r) e C3°(0, T), E(t) 20, and &(r)=1 fort>e. (5.12)

Without loss of generality, we may assume that € > h.
Similarly to the proof of Theorem 2.2, we have

(i+Dh | 2 5 (i+Dh
/é(r)dr/(z(ui,n—ui_l,u) dxt 2 T'V”’ Jr0ar [ s
ih ih
@i+Dh
2 1 @)
g—/—Wu, 1P dx / &(t)ydt +hC.
p(x)
ih
Summing over i, by (5.11) and (5.12), we get
(+Dh
1
/ f ) s(r)dxdr+2/—|Vul,n|P(x>dx
px)
2
(i+1)h
<3 /?Wul P@ar ([ smar- / E(yde ) +C
P ih (i—1)h
(&)Z/—Wu,_l P9 dx + C

l>29

<C(éf)//Wu;h)]”(”dxdercgc
h 2

Then, the same as the proof of Theorem 2.1 (with diagonal process), we may prove the existence of solutions.
(ii) For ug ,, by Lemma 5.1, there is a solution u; , of (5.8)-(5.9) with uniform boundedness, and then similarly
to (i), we can complete the proof. O
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