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Abstract
We study the long time behavior, as t — oo, of solutions of

utzuxx+f(u), x>0, >0,
u(0,1) =buy(0,1), t>0,
u(x,0)=ug(x) >0, x>0,

where b > 0 and f is an unbalanced bistable nonlinearity. By investigating families of initial data of the type {c ¢}, (, Where ¢
belongs to an appropriate class of nonnegative compactly supported functions, we exhibit the sharp threshold between vanishing
and spreading. More specifically, there exists some value o™ such that the solution converges uniformly to O for any 0 < o < o*,
and locally uniformly to a positive stationary state for any o > o*. In the threshold case o = o*, the profile of the solution
approaches the symmetrically decreasing ground state with some shift, which may be either finite or infinite. In the latter case, the
shift evolves as C Int where C is a positive constant we compute explicitly, so that the solution is traveling with a pulse-like shape
albeit with an asymptotically zero speed. Depending on b, but also in some cases on the choice of the initial datum, we prove that
one or both of the situations may happen.
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1. Introduction

In this paper, we investigate the long time behavior, as t — 00, of solutions of
Uy =uxyx + f(u), x>0,1t>0,
u(0,t) =buy(0,1), t>0, (1.1)
u(x,0)=up(x) 20, x>0,
where b > 0 is a constant and f is an unbalanced bistable nonlinearity satisfying
feC(0,00), fO)=0> f(0)=:-2% f()<0 in(0,a),
f()>0 in(a, 1), f(-)<0 in(l,o00), sigﬁf’(s) > —00,
u )
for F(u) := —2/ f(s)ds, F(@)=0 ~forsome6 € (a,]l).
0

Such nonlinearities appear in various applications including mathematical ecology, population genetics and physics.
An interesting feature is that the outcome depends critically on the initial datum (see the seminal papers [4,5] for the
Cauchy problem in the whole space). Here, the initial function u¢ belongs to 2" (h) for some h > 0, where

Z'(h):={¢|¢p€C([0,00)), ¢ >0, p£0and ¢ =0in [h,00)}.

It easily follows from the comparison principle that solutions associated with such initial data remain positive and
are uniformly bounded with respect to both space and time. Therefore, one can expect the large time behavior of
solutions to be largely dictated by nonnegative and bounded steady states of (1.1), that is by solutions of

vV'+ f(w)=0<v in[0, 00), v(0) = bv'(0), veLOO((O, oo)). (1.2)
A phase plane analysis shows that all such steady states can be classified as follows (cf. Section 2):
(1) Trivial solution: v = 0,
(2) Active states: v(-) = v, (- — z) where v, is the unique increasing solution of v} + f(v,) = 0 on [0, co) subject to
v4(0) =0, vy (00) =1, and
2 € ZLaciive (D) == {Z | Vx(—2) = bv;(_z)} # 0
(3) Ground states: v(-) = V(- — z) where V is the unique even positive solution of V" + f(V) =0 on R subject to
V(o00) =0, and
2 € Lgrouna(b) 1= {Z | V(-2)= bV,(_Z)}§

(4) Positive periodic solutions.

We will see in Section 2.2, using standard phase plane analysis, that the set Zg,u,q(b) can be characterized as follows:

ngund(b) = {Z >0 | V(—z)=sand by/ F(s) = S}. (1.3)

In particular, ground states of (1.1) exist or, in other words, Zg;ouqa(b) is not empty, if and only if there exists s € (0, 8)
such that by/F (s) =s.

Note that all ground states of (1.1) are shifts of the same function V. This function V always exists and is itself often
referred to as the ground state of the associated Cauchy problem on the whole real line (see (1.4) below). Therefore,
by some slight abuse of language and for convenience, we will often refer to any function V(- — &), with £ e R, as
a shifted ground state, even though it may not satisfy the Robin boundary condition.

Our first main result is the following:

Theorem 1.1. Assume (F) and ¢ € 2 (h) for some h > Q. Let u be the solution of (1.1) with ug =o¢ (o > 0). There
exists 0* € (0, 00) such that the following trichotomy holds:
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(1) If o > o*, spreading happens in the following sense:
11_1}‘20”14(7 t) - U*(' - ZU) ”Cz([(),M]) =0 fOV any M > 07

where 75 € Lacrive (D) is a nonincreasing function of o;
(i) If0 <o < o*, vanishing happens in the following sense:

im0 2 g0 ) = 0
(iii) In the transition case o = o™, the solution converges to a shifted ground state:
Jim [Ju(, 1) = V(= &) 0,00 =0

where either 1im;_ 00 £(t) = 00 or lim; 00 £ (t) = 2 € Zgrouna (b).
Moreover, o* is nonincreasing and continuous with respect to both b € [0, 00) and ¢ € | ..o Z (h).

Remark 1.2. This theorem, as well as the ones below, could be extended to some other families of initial data {¢ }5 =0
that are increasing with respect to the parameter o, and such that any element is a bounded, nonnegative and non-
trivial compactly supported function. For instance, our results also hold for the family of characteristic functions
uo(x) :=1j0,4], as in [16] where the equation on the whole real line was considered. As the proof is very similar and
for simplicity, we choose to restrict ourselves to families of the type o¢ with ¢ € |, o Z (h).

In the next theorem, we will clear out what happens in case (iii). We denote the set of all the initial data that fall
into the transition case by

3= {¢ ‘ pelJ 2@ and tim fluc,t;8) = V(= E0)| 20,00 20}’

h>0

and also introduce its subset

¥ = {¢ ‘ peXand lim &)=z € ng,,,d(b)}.

Theorem 1.3. Under the assumptions of Theorem 1.1, when o = o*, we have &(t) = o(t) and even, without loss of
generality, that £'(t) — 0 as t — +00 and

- s
(1) ifb < mfor all s € (0, 0), then

lim &(t) = oo;
—>00

Sn

VF(sp)

(i) if there exists a sequence s, — 0 such that b > foralln €N, then there is a z € Zgrouna(b) such that

lim £(t) = z;
11— o0

(iii) if none of the two conditions above hold, then both cases will happen depending on ¢. Moreover, X is a closed
set of X in L°°-topology.

Remark 1.4. We emphasize that these cases are mutually exclusive, and that Theorem 1.3 covers all possible choices
of f satisfying (F) and b > 0. For instance, lim,_,, £(t) = oo happens for some appropriate initial datum when
bi < 1, while lim;_, o0 §(t) = 7 € Zgrouna(b) always happen when b > 1.

Remark 1.5. Note that for £(¢) — oo to occur in the transition case, the set Zgunqa(b) needs to be either empty
(case (1)) or bounded (case (iii)), thanks to the characterization (1.3) of Zgounq(b). Moreover, whenever Zgouna(b)
is empty, it already followed from Theorem 1.1 that &(z) — oo. However, the boundedness of Zg;punq(b) does not
always allow for £(r) — o0, as this situation may fall into either case (ii) or (iii) depending on whether b > ﬁ or
b < —2— for small values of s.

JE®)
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In the transition case and when lim;_, 5, £ () = 00, the solution slowly drifts away to the right, and it is an interesting
problem to study this motion. The next theorem gives a precise calculation result of the position £(¢), under some
technical additional regularity assumptions on the nonlinearity f.

Theorem 1.6. Under the assumptions of Theorem 1.1, when o6 = o™ and lim,_, o £(t) = 00:

() if b <1 and f € C?, then
Int In[2Aic(b)]

$(I)=X+T+o(l) ast— 0o,

01 A 1
[ <lds A2(1—br) A2

here A :=0 Jo VE@s) S dc(b) = ———5~—

where e and c(b) o b?»]foe 5)ds

(i) ifbr=1, f € C3and f"(0) > 0, then
Int  In[3A¢]

$(I)=37+ 3A +o(l) ast— oo,
A _ fr(OA°
where ¢ := 12[5, o

Note that if bA > 1, by Theorem 1.3, convergence to a shifted ground state cannot take place with an infinite shift.
We also point out that the first order term only depends on A = ,/— f/(0). In particular, although the value of b is
important to determine whether the convergence to a ground state occurs with an infinite shift, the properties of the
motion ultimately do not depend so much on the boundary condition.

Remark 1.7. Assertions in Theorem 1.6 (ii) extend to the case when f satisfies, for some integer k > 2,
f et ([0, 0)), FP0)=0 forj=2,3,---,k—1, and f®(©0) >0. (Fk)

The analogous conclusion is that

£() = In(t) In[(k + 1)Ack]
(k+ D (k+ 1x

+o0(l) ast— o0,

where
f(k) (0) Ak+l
Cr = .
2k + 1! i) VF®)ds
When b = o0, i.e., the Neumann boundary condition u, (0, ) = 0, by even reflection, the problem is equivalent to
the Cauchy problem

{u,:uxx+f(u), xeR, t>0,
ulx,0)=upx), xekR

(1.4)

with even initial data. This Cauchy problem has been extensively studied. The classical papers of Aronson and Wein-
berger [4,5] contain systematic investigation of problem (1.4), with various sufficient conditions for spreading (also
known as propagation) and vanishing (also known as extinction). For other related works, see [6,7,9,10,13] and the
references therein.

Our present work is motivated by Zlato$§ [16], Du and Matano [10] and FaSangova and Feireis] [11]. In [10],
motivated by a fundamental result of Zlato§ [16], a complete description of the asymptotic behavior of the solution
of (1.4) was given (see also Chen [7] for the case of a bistable nonlinearity). More precisely, the authors first proved
that any bounded solution of (1.4) converges to a stationary one, that is, a solution of

vex + f() =0 VxeR.

When f is of bistable or combustion type, they established a sharp transition result: for any nontrivial ¢ > 0 with
compact support, there exists a sharp threshold value o* > 0 such that spreading happens for u(-, t; o ¢) (the solution
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of (1.4) with initial data uy = 0¢) when o > o*, vanishing happens for u(-,t; 0¢) when o < o*, while for the
threshold value o, u(-, t; 0 *¢) converges to a ground state in the unbalanced bistable case, or to the ignition point in
the combustion case. Our theorems extend these sharp transition results from (1.4) to problem (1.1). In our framework,
we need to resort to a concentration-compactness method to capture the significant part of the solution in the transition
case: namely, the convergence to a limiting ground state which, unlike in [10,16], may be drifting far away from the
reference frame.

In [11], the authors also studied problem (1.1) with Dirichlet boundary condition (b = 0) and with bistable f as
in (F). They proved that, for any nonnegative function ¢ € HOI([O, 00)) which is increasing in [0, xo] (xo > 0) and
decreasing in [xg, 00), there exist o, := 04 (¢) and o™ := 6*(¢p) with 0 < o, < o* such that vanishing happens when
0 < 0y, and spreading happens when o > ¢*. In the transition case ¢ € [0y, 0*], the solution converges to a ground
state with infinite shift, that is there exists a function &(-) satisfying lim;_, o, £(¢) = 0o such that ||u(-,t;0¢) — V(- —
E@) |l g ([0.00)) = 0 as t — oo. This is quite different from the problem with Neumann boundary condition where, in
the transition case, u converges to a finitely shifted ground state (cf. [10,11]). Note that [11] left two important open
problems:

1. Whether o = o* or not?
2. How fast does &() — oo as t — oc0?

This paper is devoted to the connection between the problems with Neumann and Dirichlet boundary conditions, by
dealing with the whole range of Robin boundary conditions (b > 0). Theorem 1.1 shows that, whatever the boundary
condition is, the threshold is always sharp. In terms of applications, this means that the only reasonable outcomes
are spreading and vanishing. This is in accordance with prior results in the Neumann boundary condition case. In
particular, when b = 0, Theorem 1.1 answers positively to the first question above. We point out that our approach
even deals with initial data which admit more than a single local maximum point, which were not considered in [11].

However, we already know that the long time behavior of the solution in the transition case does depend on the
boundary condition [11]. Indeed, although we establish that the solution always converges to a ground state, this
convergence may occur with either a finite of infinite shift. A natural question is:

3. In the transition case, does the solution approach a finitely shifted ground state V(- — z) (z € Zgrounqa(b)) or an
infinitely shifted ground state V(- — £(¢)) with lim,_, o £ () = 00?

Theorem 1.3 answers this question by providing explicit and complete criteria for both cases to occur. In summary,
there exists a partition of [0, oo] into three intervals /1 5 0, I and I3 5 oo such that:

e if b € Iy, the shift is always infinite;
e if b € I3, the shift is always finite;
e if b € I, both may happen.

Whether those intervals are closed or open depends on the shape of f, and can be easily determined from Theorem 1.3.
For instance, when f satisfies / F (s) < As (a function with the form s (s — ) (1 —s) for s € [0, 1] is a typical example),
I =[0,1/A], b =%¥and I3 = (1/X, oc].

Lastly, when convergence occurs with an infinite shift, Theorem 1.6 provides an approximation of £(¢) as t — +o00
up to the order o(1), using slow motion on “center manifold” technique, developed by Carr and Pego [6], Fusco and
Hale [14], Alikakos, Bates and Fusco [1], Alikakos and Fusco [2], and Chen et al. [7,8]. In particular, we observe
that the motion is asymptotically slow, and that the shift grows logarithmically with respect to time. As the Dirichlet
boundary problem is a particular case of (1.1) with b = 0, this also answers the second question raised in [11]. It is
interesting to note that, as we pointed out before, while the value of b determines whether the motion takes place or
not in the transition case, it has little influence on the motion itself.

This paper is arranged as follows. In Section 2 we give some preliminaries, including a classification of the steady
states and an introduction to the zero number argument, which plays an important role in our proofs. In Section 3
we give a first convergence result to an a priori not known steady state, and study spreading and vanishing. The last
three sections all deal with the transition case. In Section 4, we prove convergence to a shifted ground state, and infer
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=F(1) |
0 : v
v @ 1
Fig. 1. Trajectories vV2=F()— g on phase plane for v/ + f(v) = 0. Left: ¥ }:(‘Y) is strictly monotonic on [0, «]; Right: —VIT(S) is not monotonic.

that the threshold is sharp. In Section 5 we investigate whether the shift is finite or not. In Section 6, we consider the
former case and estimate £(¢) as t — +00.

2. Preliminaries
2.1. Decay rate at x = o0
Lemma 2.1. Assume (F) and ug € Z (h) with h > 0. Then the solution u of (1.1) satisfies

x2
u(x, 1), Jure ] <C@e 16 Ve >0, x > 2h. 2.1)

Mx(-xvt)|» |uxx(xvt)

Proof. Note first that, since » > 0 and f(s) < O for all s > 1, it is clear that max{1, |lug|ls} is an upper solution
of (1.1), hence u(x, t) < max{l, |ug|| o} for all x > 0 and ¢ > 0. This in particular proves, as mentioned before, that
the solution u is uniformly bounded.
Now set K1 := maxo<s<max{1, oo} f'(s) and let w be the solution of
wy =wyy + Kiw VxeR, t >0,
w(x,0)= u0(|x|) Vx e R.

Since b > 0 and by the comparison principle, for any # > 0 and x > £,

h Kyr— =0’ Ky G=h?
0<u(x,t) <w(x t):/u0(|y|)e i dy<e " hlluolloo 02
S ’ 4t b Jrr : .

—h

The estimate in (2.1) for u follows immediately. Other conclusions follow from the interior Schauder estimates
(cf. [13]). This proves the lemma. O

2.2. Steady states

Each solution of v 4+ f(v) = 0 corresponds to a trajectory v'> = F(v) — ¢ in the v—v’ phase plane where g is
a constant and F(u) := —2 fé‘ f (s)ds. Furthermore, the boundary condition v(0) = bv’(0) is satisfied whenever the
corresponding trajectory intersects the line v = bv’. Note that such an intersection may not be unique, so that several
steady states of (1.1) can be derived from the same trajectory.

As explained before, we are only interested in bounded and nonnegative steady states, that is solutions of (1.2),
which thanks to the argument above can be listed as in the lemma below. We refer to the phase plane in Fig. 1 and
omit the details of the proof.
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Lemma 2.2. Assume (F) and b > 0. Then all solutions of the stationary problem (1.2) are of one of the following
types:

(1) Trivial solution: v = 0.
(2) Active states: v(-) = v« (- — z), where v, is the unique solution of

V4 f)=0<v, and v*=F(,)—F(1) inl0,00), v:(0) =0, vs(00) =1,
and
2 € Zaciive(h) :={z < 0| v(=2) = bv,(—2)} # .
(3) Ground states: v(-) = V(- — z) where V is the unique (symmetrically decreasing) solution of
V'+ f(V)=0<V and V'’ =F(V) inR, V() =6, V(to0) =0,
and
2 € Zgrouna(b) :={z € R | V(=2) =bV'(—2)} C (0, 00).
The set Zgrouna(b) is not empty if and only if there exists so € (0, 0) such that b = «/%

(4) Positive periodic solutions: v > 0 oscillates around o and satisfies v’ 2 = F(v) — F(m) with m € [a, 0). These
solutions exist when b is large.

As can be seen from our main results, only the first three types will appear in the long time behavior of solutions
of the evolution problem.
In our proofs, we will also need a few other properties. First, we remark that V is given implicitly by

0
d 1.V 1 1
|z| = / —S :——11’1—(Z)+ /(————)ds,
VF(s) A 0 JFE(s) As
V(z) V(z)
where A = ,/— f/(0). The asymptotic behavior of V easily follows:
V(£)=Ae ™+ 0(e7?),  V(kz)=FAre ¥+ 0(e ) asz— oo, (2.3)
where
0
A= el [ﬁ_%]ds.
When (Fk) holds, more precise formulas can be obtained:
V(+2) = Ae™* — Hpe "7 4 0 (e~ kD)
as z — 00,
V/(+z) = FAre ™ + kAHpe ¥4 O (e~ ktDAz)

where

P A (VXY
Tk D= 1)

We conclude this section by noting that, for each m € (6, 1), the trajectory passing through the point (v = m,
v’ = 0) in the phase plane gives a function v, satisfying

v+ () =0<vy, <m in(0,2Ly,), vy, (0) =v,(2L,;,) =0, 24)

where

r ds
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Although this cannot be extended as a nonnegative steady state of (1.2) (note that v),(0) > 0 > v/, (2L,)), it can be
extended continuously on the whole real line by letting

vy, =0 on (—00,0]U[2L,,, 00). (2.6)

This is a standard procedure to construct generalized lower solutions for the reaction—diffusion equation, which will
also prove useful in our framework.

2.3. Zero number of uy(-,t)

We use Z(w) to denote the number of sign changes of a continuous function w(x) defined on the whole domain
[0, c0). Note that, if the zeros of w are all simple, then Z(w) coincides with the number of zeros of w in (0, c0). We
also use the notation Z7(w) to denote the number of sign changes of w on an interval I C [0, 00).

Lemma 2.3 (Lemma 2.3 in [10]). Let w(x, t) % 0 be a solution of the equation

Wy =wyyx +c(x,H)w Ve (t,), x €l C[0,00), 2.7

where c(x,t) is bounded. Suppose that, on the boundary of I, either w =0 or w never vanishes. Then, for each
t € (11, 1p), the zeros of the function w(-, t) do not accumulate in I. Furthermore,

(1) Z7(w(-, 1)) is nonincreasing in t; B
Q) fwx*, t*) =w,(x*, t*) =0 for some t* € (t;, ) and x* € I, then

Zl(w(',t)) > ZI(w(-,s)) forallt e (tl,t*), s E (t*, t2)

whenever Z;(w(-,s)) < oo.

Lemma 2.4. Let u be a solution of (1.1) with ug € Z (h) and v be a solution of (1.2) or (2.4). Then Z(u(-,t) — v(-))
is a finite and nonincreasing function of t > 0.

This lemma can be proved in a similar way as that of [10, Lemma 2.9] (see also [3,15]), using a combination of
Lemma 2.3 and Hopf lemma.

Lemma 2.5. Let u be a solution of (1.1) with ug € 2 (h). Then

(1) ux(x,t) <0 forall x > h and all small t > 0;

2) Z(ux(-,t)) <ooforallt > 0;

(3) there exist an integer N > 0 and a time T > 0 such that for all t > T, u,(-,t) has exactly 2N — 1 zeros: 0 <
§1(1) <§1(1) < &) <&((1) < -+ <én-1(1) <n (1) < 00; moreover, uxy(§i(1),1) <0, uxx(§i(t),1) >0, and
£ (1), &(t) € C! foreachii.

Proof. (1) Since ug € 2 (h), there exists X € (0, h) such that u(X, 0) > 0. Then, for any a > h, there exists some
small time t > 0 such that u(2a — X, t) <u(X,t) for any ¢ € [0, t]. Therefore, the function w(x, ?) :=u(x + X, t) —
u(2a — X — x, t) satisfies

w(0,1) >0, wla—X,t)=0 Vtel0,r], w(x,0) >0 Vxel0,a—X].

Using Hopf lemma on w, we get wy(a — X, t) =2ux(a,t) <0forall t € (0, t].

One can also easily check (using again Hopf lemma), that u, (0, ) > O for all # > 0. We can thus apply Lemma 2.3
and immediately obtain that (2) and the first part of (3) hold. Finally, applying Lemma 2.3 (2) to function u, we derive
that uy, (& (1), 1) <0 < uyy (& (1), 7). The C! regularity of &;(-) and & () then follows from implicit function theorem
for the algebraic equations u, (&;(¢), 1) =0 and u, (§,~ t,t)y=0. O
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3. The spreading and vanishing cases

3.1. A convergence result in Clzoc([O, 00)) topology

In this subsection we give a local uniform convergence result, which is an analogue of [10, Theorem 1.1] and [9,
Theorem 1.1].

Lemma 3.1. Assume (F) and let u be the solution of (1.1) with ug € 2 (h). Then there exists a solution v of (1.2) such
that

dim uC0) = v g gy =0 VM > 0. 3.1)

In addition, v cannot be a positive periodic solution.

Proof. Denote by w(u) the w-limit set of u(-, ) in the topology of L% ([0, 00)). By local parabolic estimates, the

definition of w (1) remains unchanged if the topology of L{> ([0, 00)) is replaced by that of Clzoc([O, 00)). Thanks to
our Lemmas 2.4 and 2.5, and following the ideas of Du and Matano [10] and Du and Lou [9], one can prove that (1)
consists exactly of one of the solutions of (1.2). Moreover, according to Lemma 2.5, we also know that Z(u, (-, 1)) is

a finite and nonincreasing function of ¢, so that v cannot be a positive periodic function. O
3.2. Sufficient conditions for spreading

We say that, given an initial datum u, spreading happens if v in (3.1) is an active state v, (- — z) with z € R. Here
we give some sufficient conditions for spreading.

Lemma 3.2. Assume (F) and let u be the solution of (1.1) with ug € Z (h). Then spreading happens if ug satisfies one
of the following conditions:

(1) for somem € (0,1) andr >0, ug(:) = vy (- —r) on [0, 00) where v, is given by (2.4) and (2.6);
2) for some m € (a, 1] and r = 0, ug(-) = m on [r,r + 2L(m)], where L(m) is a certain positive function of m €
(o, 11.

Proof. (1) When u¢(-) > v, (- —r), the comparison principle implies that u(-, t) > v,,(- —r) on [0, co) for each ¢ > 0.
Since active states are the only solutions of (1.2) that lie above v, (- — r), the conclusion follows from Lemma 3.1
immediately.

(2a) First we consider the case m € (0, 1]. Choose L(m) = L,, defined in (2.5). If ug > m on [r, r + 2L(m)], then
ug(-) = vy (- — 1) so by (1), spreading happens.

(2b) Next consider m € («, 6]. Let n(¢) be the solution of

n:=f(m onl0,00), n(0) = m.

Since f(-) > 0in (a, 1), with ¢ = % and T = frzﬂg fd(i«) we have n(T) =6 + 2¢.
We fix R = Lg4.. Let L > R be a constant to be determined and wq be a function satisfying

wo(x)=m when |x|<L—1, wo(x) =0 when |x|> L, xw(’)(x)go Vx.
Let w(x, t) be the solution of the problem
wy =wyy + f(w) Vxe[-L,L], t>0,
w(xL,t)=0 vt >0,
wx,0)=wo(x) Vxel[-L,L].

Let p(x) = (1 +x2)~!. Then ¢ (x, 1) := p(x)[w(x, 1) — n(¢)] satisfies & = &yx + 4xpsy + [2p + f/1¢. Hence, with
Q =2+ maxogs<1 f'(s) we can derive that
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o1
_ or el
‘gllg{p(mw(x,t) )|} <e |nllaIX{p(X)Iwo(X) m|} < YT

Taking L = L(m) = 1 ++/(1 + R2)e97 /¢ — 1 we have, when |x| < R

e _ (+RHeCT
P T+ L —12 ST+ @ -1z %
Thus, w(-,T) > n(T) —e =6 +¢con[—R, R].
Now if ug > m on some interval [r, r + 2L] for r > 0, we have ug(x +r + L) > wo(x) forall x e [—-L, L], so by
comparison, for x € [-R, R],u(x +r+ L, T) > w(x,T) > 6 + ¢. The assertion of the lemma then follows from the
earlier case (2a) withm =0 +&. O

lwx, T) —n(T)| <

We remark that the sufficient condition (2) originates from Fife and McLeod [13]. The introduction of the func-
tion p is due to Feireisl and Polacik [12].

3.3. The threshold phenomenon

Theorem 3.3. Suppose that f satisfies (F) and ¢ € 2" (h) with h > 0. Let u be the solution of (1.1) with ug = o ¢.
Then there exist 0 < oy < 0™ < 00 such that:

(i) if o > o™, spreading happens, i.e., lim;_, || u(-, 1) — Ville2(j0,m7) =0 VM > 0;
(ii) if o €10, 0y), vanishing happens, i.e., lim;— oo ([t (-, D)1l c2((0,00)) = 05
(iii) if o € [0k, 0*], neither spreading nor vanishing happen.

Proof. We denote the solution of (1.1) by u(x, #; up) and define

A:= {a >0 ‘ tlinolonu(-,t; o) ||Loo([0’oo)) :O},

B:= {0 >0 ’ Jim flu (s 15 08) = i oo o, 47y =0 VM > 0}’
oy :=supl{o |o € A}, o :=inf{o | o0 € B). (3.2)

We remark that, by the local parabolic estimates, the convergence in the definitions of .4 and B can be replaced by the
C2([0, 00)) (maximum of |u| + |ux| + |uxx| over [0, 00)) and CIOC([O, 00)) topology respectively.

By comparison principle, if o € A, then [0,0] € A. Also, if 0 € A, then there exists T > 0 such that
lu(-, T; o0¢)| L= < a.Hence, by continuity, there exists & > 0 such that ||u(-, T; 6¢)||L~ < « forevery & € [0, 0 +¢].
As f < 0in (0, @) we derive by comparison that ||u(-,#; 6¢p)| Lo — 0 as t — 00, so & € A. Hence, A is open. As
0 € A, we see that A = [0, oy).

Similarly, if o € BB, then by comparison and Lemma 3.1, [0, c0) € B. In addition, since v,(c0) = 1, for L = L(8)
given in Lemma 3.2 (2), there exists r > 0 such that v, > 6 in [r,r + 2L]. As u(-,t; 0¢) — v, locally uniformly,
there exists 7 > O such that u(-, T; 0¢) > 6 in [r,r + 2L]. Then by continuous dependence, there exists ¢ > 0 such
that u(-, T; 6¢) > 0 in [r,r + 2L] for every 6 € [0 — ¢, o]. Then by Lemma 3.2 (2), ¢ € B. Thus, B is open.

Next, we show that B is non-empty. For this, we need the technical assumption K := —infy~ f’(s) < oo (without
this condition, B may be empty, cf. [9,11,16]). Comparing u with the solution of w; = wyy — Kw subject to the
boundary condition w(0, r) = 0 and initial datum w(x, 0) = o ¢ (x), we find that

_ = )) _Kt

[

When o is large enough and since ¢ is positive on a nontrivial interval, u(-, 1;0¢) > 6 in [1,1 + 2L(0)] so by
Lemma 3.2 (2), o € B. Hence, B= (c*, 00) where 6* € [04,00). O

(1—e~ 7)) dy.

ulx,t;o0) > wx,t)=o

In order to prove Theorem 1.1, it remains to show that o, = o* and to investigate what happens in the transition
case. This will be done in the next section.
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4. The transition case (1)

In this section we first establish the convergence to a shifted ground state in H>([0, 00)) topology for the solution
u(-,t;0¢) of (1.1) with o € [0, 0*]. Then we complete the proof of Theorem 1.1, and in particular show that the
threshold is sharp, that is o, = o*. Throughout this section, u(x, ) = u(x,t; 0¢) where o € [o4,0*] and ¢ € 2 (h)
for some 4 > 0. By Lemma 3.1, the function v(x) = lim;_  u(x, t; 0 ¢) exists and is a solution of (1.2) (not positive
periodic). Since o ¢ AU B, by Lemma 2.2, there are only the following alternatives:

(i) v =0; in this case
tl_i)r&”u(-,t;oq&) ”Cz([O,M]) =0 VM >0, Hu(-,t;ocp)umwm)) >a Vi>0. 4.1
(i) v ="V (- —2) with z € Zgyunqs(b) is a ground state (cf. Lemma 2.2 (3)); in this case

Jim u(.t:0¢) = V=2 2o 4y =0 VM >0. 4.2)

4.1. Energy estimates

In the transition case, convergence to a ground state may occur in a moving frame whose speed is not a priori
known, so that we can no longer use standard parabolic estimates. To overcome this difficulty, we will use here an
energy method.

For any ¥ € H'([0, 00)) we define its energy by

S @) + Fy(o)ldx + 5y20) if b >0,
S0 + F(¥ (0)1dx ifb=0.

Let u be a solution of (1.1). Then u(-,t) € H*([0, 00)), u; (-, 1) € L*([0, 00)) by Lemma 2.1. Using integration by
parts and the definition F' (1) = —2 fg f(s)ds we have

E[y]= { (4.3)

o0

E[u(-, t)] = —2/ utz(x, Hdx <0 Vt>0.

0

dt
In other words, (1.1) is a gradient flow.

Lemma 4.1. There exists a constant C such that

o0 o0

//“zz(x’ T)dxdt + SEFI’HE[“('J)H + Jut. ) ”HZ([O,oo)) + [ f (e, t))”Lz([O,oo))} <G,
t/

,Efgo””f(" n ||L2([0,oo)) = ,&I&””m('» 0+ f(uC.n) ||L2([O,oo)) =0.

Proof. Note that F > 0 in (0, 0), and that F'(0) =0 < F”(0) = —2f7(0). We fix a y € («,#). Then there exists
¢ € (0, 1) such that F(s) > es? for s € [0, y]. Consider the set
Jy (@) = {x >0:u(x,t) > y}.

By Lemmas 2.3 and 2.5, there exists an integer Ny such that for each # > 1, u(-, ¢) has at most Ny local maximum
points. It follows that J, is the union of at most N open intervals. Denote by |J,, (¢)| the length of J,, (¢). Then since
o ¢ B, by Lemma 3.2 (2), we have |J, ()| < 2NoL(y). Consequently,

[e¢]

/F(u)—eu x> /(F(u)—euz)dx>2{F(1)—s||u||%oo}N0L(y)=:c1.

0 Jy (1)
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Since ||ul| Lo < max{l, o *||¢| L=}, we see that ¢; > —o0. Hence, for 7 > 1,

E[u(, D] = //u (x, D)dxdt +E[u(-,1)]

2//“12(’”)43“11+s||“('vf)||§11<[o,oo>>+C“
1 0

This gives an upper bound C of [E[u(,0)]l, [u(, )y and [ Jo  utdxdt. Setting Ko :=
Maxo<s< lull, | f'(s)| and up to increasing C we get || f (u(:, NI 220,00y < Kollu(:, l‘)||Lz([0 ooy S C.
Next, by (2.1) and by | f/(u)| < K¢ we have

o0

d 2
EH“’("I)HLZ =2/u,[uxxl + f'wu]
0
oo o
< —2bu? - 2 2
< ue0,8) =2 [ uy,dx +2Ko [ uydx
0 0

< 2Ko|us (1) 7.

Hence [|u; (-, 1)l 2 < eK0U=)Ju, (-, 5)|| ;2 forany > s > 1. As [ ||u,||i2 < 00, we obtain

lus.0)]| ;2 —> 0 ast— oo
Finally, from the equation u; = u,, + f(u) we see that |lu,y ||L2 < 2(||u,|| + ||f(u)||iz) < C (up to increasing C
again) and ||uxy 4+ f(u)||;2 — 0 as t — oo. This completes the proof of the lemma. O

4.2. Convergence in moving coordinates

By Lemma 2.5, for any ¢ > T, u(-, t) has exactly N local maximum points {&; (t)}lN= |- In the transition case there
are some i such that u(&;(¢),t) > « for all ¢t > T. In what follows, denote by &(¢) the leftmost one of them:

£(t) :=min{& ) | u(& (1), 1) > @} (4.4)

forallt > T.
Now suppose (4.1) holds. We must have lim;_, ., &(#) = oco. Indeed, if liminf;,&(t) < M < oo, then
limsup,_, o llu(:, 1) || Lo ([0,207) = o, which contradicts the equality in (4.1). Now set

yi=x—£&@t) and w(y,0):=u(y+£&@),1).

Lemma 4.1 implies that w is bounded in H2([—S(t), 00)). In addition, |wy, + f(w)||L2 [—£(1), OO)) =
lur GOl 210,00y — O as t — oo. Hence, there exists a sequence {t,}52, in [0, 00) and a function we € H2(R)
such that

lim 1, = oo, lim w(,1y) = woo() in H*([—R, R1) VR > 0.

n—o0

Furthermore, [|woo || 2wy < sup; > luC, DIl g2(j0,00)) < 00 and woo satisfies
wh + f(wee) =0 inR, Weo € HX(R), Woo(0) > .
Therefore wo, = V. Finally, by the uniqueness of wso(y) we have
Jim w0 = VO | gagopg g =0 ¥M >0. (4.5)
Suppose (4.2) holds. Then we have
Jim ([lu.0) = V(- = €O)| oo pny T [EO —2]) =0 ¥ >0. (4.6)
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4.3. Uniform convergence

Note first that both (4.5) and (4.6) imply by classical embeddings that the convergence to the shifted ground state
is also locally uniform in the same moving coordinates. The uniform convergence on the whole half-line relies on the
following lemma on the number of maximum points of u:

Lemma 4.2. Let T be the time in Lemma 2.5. Then u(-, t) has exactly one maximum point £(t) forany t > T.

Proof. We first claim that

En(@)—&(@)—>0 ast— oo. 4.7

If En(ty) — &1(8,) — & > O for some sequence ¢, — 00, then this clearly contradicts (4.5) or (4.6). So if our claim is
not true, then

En(t) —&1(t) > 00 ast— oo.

Since u(-, t) is strictly decreasing in (§x(¢), 00), there exists a large L > &y (T') such that
w(L,T) <u(x,T) Vxe[&(T), L),

where T is the time in Lemma 2.5. Define
Ty :=inf{t > T | En(t) = L} € (T, 00).

Then for any small ¢ > 0 we have &(¢) < L and 2L — & (t) > &(t) when t € [T, T + €]. Set 1(¢) :=[&1(¢),2L —
&1(¢)] and define

¢, 1) i=ux,t) —uL —x,t) onlI({) x [T, T +el.

We will derive a contradiction below. When ¢ € [T, T1], by choosing § > 0 sufficiently small we have u(£1(¢),t) >
u(&1(t) 4+ 8,1), since &(¢) is a local maximum point of u(-, ). On the other hand, u(2L — &(¢) — §,t) > u(2L —
&1(t),t) since u(-, t) is strictly decreasing in [L, 0o). Therefore

t(E0), 1) > (B +68.1) Vee[T, Tyl (4.8)
Since ¢ (-, t) is antisymmetric around x = L on [ (¢) and
¢, T)>0=¢(L,T) Vxe[&(T), L),

we have ¢(x,7) > 0 in x € (§1(¢), L) as long as ¢(§1(¢),t) > 0. Combining with (4.8) we have ¢(&1(¢),t) > O for

t € [T, T1]. By continuity, this is true even for t € [T, T} + ¢] provided ¢ > 0 is small. Consequently, Z; (£ (-,¢)) =1

forall t € [T, T1 + ¢]. By Lemma 2.3, such a result contradicts the fact x = L is a degenerate zero of (-, T1):
¢(L,T1) =& (L, T1) = 2ux (L, Ty) =2uyx (x5 (T1), T) =0.

We now can conclude that (4.7) holds.
From (4.5) or (4.6) (depending on whether &(¢) is bounded or not), we know that u(¢, y 4+ §(z)) — V(y) locally
uniformly as t — +o00. By standard parabolic estimates, we infer that

u(t + 1,y +S(t)) — V(y)

in ClzoC topology with respect to y. As V”(0) < 0, it follows that, for large ¢, u(¢ + 1, -) reaches a unique local
maximum in the interval [£(¢) — 8, £(¢) + §] where § > 0 only depends on V. Combined with (4.7) and the fact that T’
was chosen so that the number of maximum points is constant in time, this ends the proof of the lemma. O

Choose now any ¢ € (0, «) and z; > O such that V(£z,) = . From Lemma 4.2, we now know that u(y +
E(1) + 26, 1) Su(E(t) + ze, 1) = V(ze) as t — +oo for any y > 0, hence

lu(y +£) + 26, 1) = V(y +20)| < 2¢
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for y > 0 and large . When £ is bounded and (4.6) holds, it easily follows that

Jim () = V(- = §0) | o ey + [E0) = 2]) =0. (49)

In the case when £(t) — 400, that is (4.1) and (4.5) hold, we know thanks to the definition of & that u(x,?) <
u(&(t) — z¢, t) on the interval [0, &(f) — z.]. Since u(0,¢) — 0 and u(&(t) — z¢,t) = V(—z,) =€ as t — +00, and
f() <0in [0, @), it easily follows that limsup,_, ., SUPx €[0,£(1) 2] u(x,t) < e. From all the above, it is straightfor-
ward to conclude that

Jim Jlu(6) = V(- = E0)] 0,00 = 0- (4.10)

4.4. Concentrated compactness and convergence in H ([0, 00))

We first consider the case where (4.1), hence (4.5) and (4.10) hold.

Let &9 > 0 be a number such that f” < 0 in [0, &g]. Fix an arbitrary ¢ € (0, g9) and, as above, let z. > 0 be the point
such that V(z,) = ¢. Set J.(¢) :={x > 0| u(x,t) > ¢}. By (4.10), we have for ¢t > 1 that J.(¢) = [a(?), b(¢)], and
lim;— o [E(2) — a(t)] = limy—, oo [b(t) — &(¢)] = z,. In addition, by (4.5),

M a0 =V (- =O) | a0 = A w0 = VO g, ) =0

—>00

Set JE(t) :=[0,00)\ Je(t) = [0, a(t)) U (b(t), oc). We now show that ||u(-, t)||Hz(JEC(t)) is a small quantity. Integrating
uu; = ulyx +uf (u) over JS(¢) we obtain

/ uusdx = uux|8(f) + uux|th) + / (uf(u) — ui)dx
JE@) JE@)

Sz i) = vl e

where v :=min{1, minpgs<g {—f'(s)}}. Sending t — oo and using fooo luu| < lullp2llusllz2 — 0 we derive

) 1 a(t)
lims o < lim —
tﬁogp ”u”Hl(JF‘(I)) X (=00 Uuux

2 /
==[V(z)V'(ze).
by VY

Hence,
litriigpﬂu(-, D=V (=ED)] 110,00,

< ligigp”“(‘v n—V(-&0) ||H1(Jg(t)) +ﬁtfg~gp“u(w H—V(-£&0) ”H'(J;(r))

5 12
< <;}V(Z8)V (Z8)|> +2”V(')”H1(<Zm‘x’)).

Sending ¢ \( 0 we derive that u(-,¢t) — V(- —&(¢)) — 0 in H' ([0, 00)). Finally using uyy + f(u) =u; — 0 in
L2([0, 00)) we derive

Iglgonu(-,r) -V( —E(f))”quo,oo)) =0. 4.11)

When (4.2) instead of (4.1) holds, we have (4.6) and (4.9). A similar discussion as above (with J¢(¢) = [0, b(t)])
shows that (4.11) holds. We summarize our result as follows:

Lemma 4.3. Assume that o € [0y, 0*]. Then (4.11) holds for the maximum point £(t) of u(-,t) (which is unique for
large t). In addition, either (1) lim;_, o0 £(t) = 00 or (2) lim; . §(¢) = z for some z € Zgrouna(b).
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4.5. The sharp threshold
We are now in the position to prove the sharpness of the threshold phenomenon exhibited in the previous section.
Lemma 4.4. For each ¢ € Z (h) with h > 0 and oy, o™* defined in Theorem 3.3, we have that o, = o*.

Proof. By Lemma 4.2, we can define £*(¢) as the unique maximum point of u(-, t; 6*¢) for large ¢t. The function
&.(¢) is defined in the same way. By comparison, u(-, t; o.¢) lies below u(-, t; 6*¢) and, using Lemma 4.3, we can
infer that lim,_, oo |E*(£) — £4(¢)| = 0.

We proceed by contradiction and assume that o, < o*. Then, following the same argument as for Lemma 4.5
in [10], there exist positive constants fy, § and € such that

u(x, o+ §; a*¢) >ulx —a,ty o) forx>a, 0<a<e. (4.12)

In particular, if a =0, we get u(0,t + 8; 0*¢) > u(0, t; o.¢) for t > t9.
Moreover, by Lemma 4.3 and thanks to the Robin boundary condition, there exists a small positive constant y such
that y < € and £*(¢) > y for all r >ty 4 §. Consequently,

u(y, t+4; o*¢) > u(O, t+6; a*d)) >u(0,t;0.¢) forallt>y. (4.13)

Combining (4.12) and (4.13), we have u(x,t + 8, 0*¢) > u(x — y, t; o.¢) for all + >ty and x > y. Using again
Lemma 4.3, it follows that lim,_,  |§*(¢) — &4(#) — y| = 0. Having reached a contradiction, we have proved the
lemma. O

Note that the sharp threshold value o*, which is now well defined, depends on both the initial datum ¢ €
Up=o & (h) and the boundary condition parameter b > 0. We denote it here by o*(¢, b) and in the following theorem,
which will end the proof of Theorem 1.1, describe its properties as a function of ¢ and b.

Theorem 4.5. The function (¢, b) — o*(¢, b) is continuous in | J,_ o Z (h) x [0, 00) under the L x R-topology,
and is nonincreasing with respect to both b and ¢.

Proof. In this proof, we will denote by u(-, -; ug; b) the solution of (1.1), so that the dependence on b of the solution
also appears explicitly.

First, note that the monotonicity is an immediate consequence of the comparison principle. Next, fix (¢o, bg) €
Upn=o £ (h) x [0, 00), and consider a sequence (¢, b,)52, such that, forany n € N, (¢, b,) € |y, Z (h) x [0, 00)
and, as n — oo, b, — by and ¢, — ¢ uniformly.

For any fixed ¢ > 0, lim;_, oo u(+, t; [0*(Po, bo) + €]do; bo) = v4(-) in CIZOC([O, 00)). Let r > 0 be a big number such
that v, > 0 in [r, r + 2L(0)]. Then there exists T > 0 such that u(-, T; [c*(¢o, bo) + €l¢o; bo) > 0 in [r, r +2L(0)].
Consequently, there exists N > 0 such that for eachn > N, u(-, T; [0 *(¢o, bo) + €l¢n; by) > 6 in [r, r +2L(0)]. Then
by Lemma 3.2 (2), 6 *(¢pn, bn) < 0™ (¢o, bo) + €. Thus, limsup,,_, o, 6 *(¢n, bn) < 0*(¢o, bo).

Next, for any fixed € € (0, 04 (¢o, bo)), lim; oo [[u (-, t; [0%(P0, bo) — €ldo; bo) | L ([0,00)) = 0. Hence, there exists
T > 0 such that u (-, T; [0« (o, bo) — €ldo; bo) < /3. Consequently, there exists N1 > 0 such that for every n > Ny,
u(-, T; [ox(¢o, bo) — €ldn; bp) < /2. Since f < 0 in (0, ), this implies that lim,_, o (-, t; [0« (0, Do) — €ldn;
bn)llLee =050 04 (@, by) = 0x(o, bo) — €. Thus, liminf,, , oo 04 (P, by) = 04 (o, bo).

Finally, since for each ¢ € |J,. Z (h) and b > 0, c*(¢, b) = 04(¢, b), we derive that c* (¢, b) = 0. (¢, b) is
continuous in | J,,. o £ (h) x [0, 0o) under L> x R topology. O

5. The transition case (2)
This section is devoted to the proof of Theorem 1.3, which is equivalent to the combination of the three lemmas

below. The first one proves that the motion £(¢) is asymptotically slow. This holds without any additional regularity
assumption on the nonlinearity f.
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I:emma 5.1. Let § (t) be defined as in Theorem 1.1. Then it can be replaced by another C 1 function g(t) with § "(t) = 0,
EW)=o0@)and £E(t) —&(t) =0o(1) as t - 4o0.

Proof. The argument is similar to the one we used in Lemma 4.2. From the previous section, we know that u(y + £ (s),
t+s)— V(y) ast — +oo locally uniformly with respect to both s and y. It easily follows that

a(t) = sup |§(t+s)—§(t)|—>0 as t — +o0.
se[—
One can then construct a C! function § so that, for any n € N, é(n) &(n) and |§ (t)] < 2a(n) on [n,n + 1]. Then
& (t) > O0and E (1) —&(t) = o0(1) as t — +o00. The latter implies that the convergence in (iii) of Theorem 1.1 still holds
with E instead of &. The fact that £(t) = o(t) is an immediate consequence, which ends the proof of the lemma. O

In the previous section, we have shown that in the transition case, the convergence to a ground state could take
place with either finite or infinite shift. We now provide some simple criteria, depending on f and b, such that any of

the two occurs.

Lemma 5.2. For any ¢ € | .o 2 (h), define £(t) as in Theorem 1.1. Then

for some sg € (0,0);
\/%foralls € (0, ¢).

(D 11mt—>oo‘§(t) =ZE€ ngund(b)for some ¢ € Uh>() L%/‘(h) b= \/Ii(ziﬂ))
(2) limy_, o0 &(2) = 00 for some ¢ € | ;o Z (h) <> there exists a small € > 0 such that b <

Proof. (1) The “=" part is obvious by part (3) of Lemma 2.2.
For the “«=" part, we denote z¢ :=inf{z > 0 | z € Zgyounqa(b)}. It is obvious that zg > 0 and V (- — zg) is a stationary
solution of (1.1). For any p > 0, we can construct an initial datum ¢q such that
do(x) =V(x —z20), x €0, 2zo],
po(x) =0, x € [2z0 + p, 00),
Po(x) < V'(x —z0) <0, x € (220,220 + p],
¢o € C' ([0, 220 + p]).
We first show that u(-, ¢; ¢g) converges to 0. Indeed, u(-, t; ¢pp) < V(- — z¢) for all t > O by comparison principle.
In particular, u (0, t; ¢o) < V(—zp) for all # > 0. Noting the decay rates of u and V at infinity we have u(-, 1; ¢p) <

V(- — zo + €) for some small € > 0, then u(-, t; ¢o) < V(- —z0+€) forall t > 1 since V(x — z9 — €) is a stationary
solution of the equation in (1.1) and

5.1)

u0,t;¢0) < V(x —z0)|x=0 < V(—2z0+€)|x=0 forallz>1.

Therefore, u(-, t; ¢o) converges to O rather than V (- — z) for any z € Zg,ouna(b). This implies that 0*(¢p) > 1. Because
of the fact that ¢ (-) < V(- — zo) for x € (220,220 + p], we know that o*(¢o)¢o has exactly one intersection point
with V(- — zo) in [0, 00).

Iflimy— oo (-, t; (o) po) — V(- — E(2)) Il 17210, 00)) = O With lim;—, o0 § (1) = 00, then it follows that lim;_, o0 u(0,
t; 0*(¢o)po) = 0. By the zero number properties: Lemmas 2.3 and 2.4, there exists a time Ty such that the unique
zero point x(¢) of u(-,t; 0™(¢o)do) — V(- — zo) becomes degenerate at t = Ty and will disappear after Ty. Hence
u(x,t; 0 (o)po) < V(x — zo) for all ¢+ > Ty. This contradicts the fact that £(z) — oo, and we conclude that £(z) —
2 € Zgrouna (b).

(2) We first prove the “=" part. There exists an initial datum ¢; such that lim; oo ||u(-,t;¢1) — V(- —
EM)| H2([0.00)) = 0 with &£(¢) — oo (t — 00). If the conclusion does not hold, then there exists a sequence s, — 0
such that b\/F (s,) > s, for all n € N. A consequence is that b > 0, and so u(0, 1; ¢1) = bu, (0, 1; ¢1) > 0 by Hopf
lemma.

Take x, > 0 be such that V(—x,) = s,, then for each n, V/(—x,) = /F(V(—x,)) = ~/F(s,), hence V(—x,) <
bV’(—xy). This implies that V(x — x,) is a lower solution of (1.1) for each n. Since x, — oo as s, — 0 and
uy (-, 1; ¢1) <0 for large x, we can take a large N such that
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ulx,1;¢1) >Vx—xy) in[0,x) forsomex >0, and u(x,1;¢;) <V(x —xy) in(x,00).

If V satisfies the Robin boundary condition V (—xy) = bV’(—xy), then Lemma 2.4 applies. If not, the zero number
argument can still be used to prove that Z(u(-, ¢; ¢1) — V(- —xy)) < 1 for all # > 1. Indeed, proceed by contradiction
and assume that V(—xy) < bV'(—xy) and that there exists

Ti=inf{t > 1| Z(u(,1;¢1) — V(- —xpn)) 22} € (1, 00).

As Lemma 2.3 applies on any interval [§, co) with § > 0, the only possibility is that intersections appear from the
boundary, and u(0, T1; ¢1) = V(—xy). From the boundary conditions, we also have u, (0, T1; ¢1) = %M(O, T1; ¢1) <
V’(—xy) and thus (recalling, for instance, the decay rates of u and V as x — 00), u(-, T1; ¢1) < V(- — xp) in (0, 00).
For two intersections to appear on the boundary from time 77, the unique zero point of u(-, 71; ¢1) — V(- — xn) must
be degenerate, which is not the case. We conclude that Z(u(-, t; ¢1) — V(- —xy)) < 1.

Finally, we also know that u (0, ¢; ¢1) < V(—xy) for any large ¢. It follows that u(-, ; ¢1) < V(- —xn) in the whole
domain [0, co) for any large ¢. This, however, contradicts our assumption u(-, t; ¢1) — V(- — &(¢)) with £(¢) — oo.

For the “<” part, we divide it into two cases. The first case is that b < ——=— for all s € (0, #). In this case, it is

VF(s)

obvious that lim,_, o, £ (¢) = oo for any initial datum ¢.

The second case is b/ F(sg) = so for some sg € (€, 6). Without loss of generality, we assume sp := max{s |
b F(r) <rforallr € (0,s)}. Choose xo > O such that V(—xg) = sg. It is easily seen from the phase plane that
for any m with m — 6 > 0 small, the trajectory passing through (m, 0) (lying close to that of V) also intersects with
the line v = bv’ at some point (s1, %‘) with s; < sg. Denote as in (2.4) the compactly supported stationary solution
corresponding to this trajectory by v,,. Assume x,, > 0 satisfies vy, (x,) = bv,, (x},) = s1, then v, (x,,) < V(—x0).
It is easy to construct an initial datum ¢ such that ¢, = 0 in the support [0,2L,, — x],]1 of v, (- + x},) and, up to
multiplication by the threshold parameter o *, such that the solution u(-, t; ¢2) converges to V (- — £(¢)) for some & (7).
In particular, since v, (2L,,) < 0, the solution u(-, #; ¢) intersects vy, (- + x],) at exactly one point for small times.
If £(t) = z € Zgrouna(b), then lim; o u(0, 2; ¢p2) = V(—x0) > vy (x],). Therefore, there exists a time 75 such that
u(0, t; ¢2) goes up across vy, (x),) at time T». Applying the zero number argument on [0, 2L,, — x/,] and reasoning as
above, we have u(-, t; ¢2) > vy (- + x,/n) for x € [0,2L,, — x,/n] and r > T>. By Lemma 3.2, spreading happens for u,
a contradiction. Then we must have lim,_, o £(¢) = oo for initial datum ¢,. O

The last lemma completes the proof of Theorem 1.3.
Lemma 5.3. X is a closed set of X in L*°-topology.

Proof. If X is not closed, then we can find an initial datum ¢9 € X' \ ¥ and a sequence {¢,},eN C X such that
limy, s o0 || — Poll Lo = 0.

By Lemma 2.5 there exists L{ > 0 such that, for x > L1, we have u, (x, 1; ¢g) < 0. Because ¢g ¢ X, there exists
&(t) — oo such that lim;, o0 lu(-, 7; po) — V(- = E@)l 2(j0,00)) = 0. Using Lemma 4.2, we can find two constants
T, > 1 and L, > L such that u(x, T»; ¢g) < %u(x, 1; ¢o) for x € [0, L1] and u,(x, T>; ¢p) > O for x € [0, L3].
By Lemma 5.1 and up to increasing 7> and L,, we can also get u(L>,t + (T> — 1); ¢o) > o > u(La, t; ¢po) for all
t € [0, 1]. By comparison principle on [L;, 0o0) (where ¢g = 0), we get that u(x, T»; ¢o) > u(x, 1; ¢) for x € [L,, 00).
We conclude that u(-, T2; ¢9) and u(-, 1; ¢9) intersect only once, and the (non-degenerate) intersection is located in
the interval [L1, L;].

Because u(x, t; ¢,) converges as n — 00 to u(x, t; ¢p) in CllOC topology with respect to both 7 and x, we get that
for n large enough, u(-, T2; ¢,) and u(-, 1; ¢,) also intersect only once. Indeed, u(-, 7»; ¢,) lies below u(-, 1; ¢,,)
on [0, L1], ux (-, T2; ¢n) > 0> ux (-, 1; ¢y) on [Ly, Lo] and u(La, t + (T2 — 1); ¢u) > u(La, t; ¢y) for all 7 € [0, 1].
Reasoning as above, we infer as announced that the intersection is unique.

Lastly, since ¢, € X', there must exist some time 73 such that u(0, 1 + 73; ¢,) = u(0, T5 + T3; ¢,). Using the
zero number argument, u(-, 1 + 73; ¢,) < u(-, To + T3; ¢p,) for n large enough. By the comparison principle and the
convergence to a shifted ground state V (- — z), we can get a contradiction as in the proof of Lemma 5.2 (1). O
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6. Asymptotic behavior of &(7)

Throughout this section we assume that (4.11) holds with &£(¢) — oo as t — o0. In particular, according to Theo-
rem 1.3 and Remark 1.5, the set Zgunq(b) must be either empty or bounded. We would like to know the asymptotic
behavior of £(¢), which was an open problem even in the case b =0 [11], and more precisely to prove Theorem 1.6.
Most calculations in this section deal with the case bA < 1, while the analogue results in case bA = 1 and f satisfy-
ing (Fk) with k = 2 will be presented directly, since the proof is similar. From now on, we use the notation

(9. v¥) :=/¢(X)W(X)dx, ol = (9. ). [Pllce = 1Pl Lo*(10,00)) -
0

6.1. The center manifold

We begin by a lemma about eigenvalues of the linearized problem around the limiting ground state on the whole
line.

Lemma 6.1. Let V be the unique even positive solution of V"' + f(V) =0 in R subject to V(c0) = 0. Set Lop =
¢" + f'(V)p, and consider the eigenvalue problem

Lop=pg in L*(R).

(1) The principal eigenvalue of Ly, denoted by 11, is positive. Its associated principal eigenfunction is even, and can
be normalized by the condition <p? > 0 and ||‘/’?||L2(1R) =1.

(2) o =0 is the second eigenvalue and (pg =V'/IVI L2(R) IS the associated eigenfunction;

(3) The following number |3 is negative

s = inf NI

Jr =1, [z 09)=0. [ p¢3= J

Proof. Differentiating V" + f(V) =0 we have LoV’ = 0. Hence, (0, V') is an eigenpair of the operator Ly. As V'
changes sign exactly once and f/(0) < 0, 0 is the second eigenvalue, so the principal eigenvalue | is positive, and
the principal eigenfunction go? can be taken as positive and even (as V is even). In addition, since f'(0) < 0, we have
the alternative that either there is a third eigenvalue w3 € (f'(0), 0) or the remaining spectrum lies in (—oo, f/(0)] in
which case u3 = f/(0). O

Let us now stress that, considering the reaction—diffusion equation on the whole real line, the set of the shifted V
is a center manifold of any of its element. The fact that (4.11) holds with £(¢) — oo as t — oo roughly means that the
solution is moving along this manifold.

In order to describe this motion, we first introduce an approximated center manifold such that any of its elements
satisfy the Robin boundary condition. Let us first define

Vv bV’
B(§) = % ®(x,§):=V(E—x)— BE)e ™,

R(,§) =P, ) + f(D(0,5),  Li¢:=gux+ [ (2. 6)0.

By Theorem 1.3 and Remark 1.5, B(§) > 0 when & > 0 is large enough. We call
M:={2(,§)|§ >0}

the approximated center manifold and, as announced, for each ¢ € M, ¢ = @ (-, &) satisfies the boundary condition
¢ —bgxlimo =V (€) — BE) —b[-V'(6) + 1B()] =0.

Moreover, when (4.11) holds with £(¢) — oo as t — oo we have



X. Chen et al. / Ann. 1. H. Poincaré — AN 33 (2016) 67-92 85

Jim [uC ) = @ (- EO) | 20,001 = 0-

We shall follow the work of Carr and Pego [6], Fusco and Hale [14], Alikakos, Bates and Fusco [1], Alikakos and
Fusco [2], and Chen et al. [7,8] to study the evolution of &£(¢). The main idea will be to prove that the behavior of

&(t) is mostly dictated by the gap between the approximated center manifold and the shifted ground states, and in
particular by the remainder R.

6.1.1. The remainder R
For notational simplicity, we write @ = @ (x,&), R = R(x,£), V = V(£ — x), and W = B(£)e . Then ® =
V=W, Vi + f(V)=0,and W, = A>W. Using A> = — f'(0) we obtain, when x >0 and & >0,

R=Vix = Wax + f(V=W)=—f(V) + f(OW + f(V - W)
1
= W/[f’(O) — f'(V —sW)]ds
0

= O(D[V + WIW = O(1)[e M8l 4 ¢ HETD e =2ETD) — g (1)~ 2 maxiéx)
1 1
Re = We /[f/(O) — f'(V —sW)]ds — W/f”(v — sW)[Ve —sWelds
0 0
= O(D[IWel(V + W) + W(|Ve| + |We|)] = O(1)e™ 2 maxtexh,

Hence,

|RC.O| =0T+, |Re(.8)] = Oy Ee .
Also, for the energy E defined in (4.3), we have, since @ (0, &) =bP,(0,&) and P (00,£) =0,

o]

d
FE0C0]=2 [ [~0n — (@) 0 dx =2k, @)
0

(R, &) = (R, & + ®y) —/[% + F(@)] Py dx

0
00

1 1
=[rBE) - B'®)] f R(x,£)e M dx + 5qb)%(o, £) — 5F(cp(o, £))

0
2
=0(e*) + %cpf(o, £) — %@2(0, £)+ 0(0°(0,8))

1
= 5{(’\3(5) —V'(©) =22(VE) - BE)’} + 0(e )
=ABE)[AVE) - V' E)]+ 0(e)
= M —2Af
I TSR
by (2.3). We summarize our calculation as follows:

+0()e P

Lemma 6.2. For £ >0 and b >0, B(§) = 1755 Ae ™™ + 0(e™**) and

IRC.& |+ [Re . O] o =0Me™™5, |RCE| + [Re . &) = 0y T+Ee,

Ld - 2221 - ba)A?
5 FELOC O] = (RC.6). @) = T

“2 1 0(1)e 3
2 dE e + O0(1)e
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" 2
When b). =1 and f € C3, the next order expansions are B(&) = %e‘”‘s + 0(e ) and

|RCE |+ [Re O] o = 0™, [RC,E| + [Re (-, &) = 0Oy T+Ee,

1 3
(R(, &), Be (-, &) = %e% L O()e ¥,

6.1.2. The approximated eigenvalue problem
Recall that

LE@=gur + (D, 8))p

and consider the eigenvalue problem

Li¢=pp, ¢elneH*([0,00)|n(0)=bn©0), n(co)=0}.

When b > 0, it is associated with the bilinear form

T 1
0, ) = / (pets = £/ (@.E)ev)dx + 20OV 0)

0

0 0
= (0. £59) + S0 [0 — b @) = (250, ¥) + L2 [00) ~ b 0)]
and, when b = 0, it is associated with the bilinear form

(0. 9)f = / (0¥ — (. 6))gw)dx = —(p. LE9) = —(Log. ).

0

Lemma 6.3. For each & > 0, there exist two eigenpairs (v1(§), ¢1(-, §)) and (v2(§), @2(-, §)) such that Léqji(., £) =
vi(§)pi (-, &) (i =1,2) and

v1§) == min (p.¢)* = ~(e1. 01" = (L1, 01). llgrl =1 ¢1>0,
wE) =— min (g, 0)’ =—(02,0)" = (L5020 ¢), leall=1, ¢5(0) > 0.
lell=1, o Lo
We define
V3(€) 1= — (@, p)°.

inf
lell=1, ¢ Lo, p Lo

Then, with (i1, <p(1) (x)), (n2, ‘P(z) (x)) and 3 as in Lemma 6.1, we have
lim l)i(é)zui (i=1,2,3)’
E—o00

lim [oi(.§) = ¢/ =5 =0 (=1.2).
E—o0
6.2. Flow along the approximated center manifold

6.2.1. The tubular neighborhood
Given a function u € Lz([O, 00)), let

d(u, M) := min u—gl?,  dEu):=u()— o 6"
peM

We can calculate



X. Chen et al. / Ann. 1. H. Poincaré — AN 33 (2016) 67-92 87

d
Ed(é, u) =2(Pg, ® —u),

d2

gdEn = 2| bs (x, 6)|* — 2(Pee, u — ),
%) 0

1@¢ ]2 = / (V/(& = x) — B'(€)e ™) 2dx =2 / JE®)s + 0(De 24 (1 4+ 8),
0 0

Lemma 6.4. There exist two positive constants &y and 8o such that if d(u, M) < 8o < infeg, d(&, u), then there exists
a unique & > &y such that

A, u)=dwu, M), dg(§,u) =0, dgg (§,u) > 0.
Proof. Let &y be large enough so that, for any &1 > &y and &) < & <& + 1,

d||¢ @ 0
i (&) = @(. &) >0.

Such a & exists because |B(£)| + |B'(§)| — 0 as § — +oo.
Note also that infg>¢ || P ||2 > 0, so there exists 8o such that, for any u € L2([O, 00)) and £ > 0, d(&,u) < 349

implies %d(é, u) > 0. Moreover, we choose 8y so small that ||® (-, &) — @ (-, £) |2 < 28 implies |& — &1| < 1. Now,

givenu € L2([0, 00)) such that d (u, M) < 8y < infe <g, d(§, u), proceed by contradiction and assume that there exists
&y < &1 < & with

dw, M) =d (&, u) =d (&, u).

Then || @ (-, &) — P (-, £) > < 280, and, from our choice of 8y and &y, we have & < &+ 1 and || @ (-, &) — P (-, &)|* <
28¢ for all & € (&1, &]. It follows that d(§,u) < 38p for any & € [£1, & ], and d(&, u) is strictly convex in the same
interval, which immediately gives a contradiction. The rest of the lemma easily follows. O

6.2.2. The slow motion along the manifold
Let u be a solution of (1.1) satisfying (4.11) with £(#) — oo as t — oo. From the lemma above, we can decompose
it for large ¢ as

u(x,t) = q?'(x, y(t)) +v(x, 1),
where y(#) is the unique point such that

|uC 1) = @ (-, y)|* =d(u(- 1), M). 6.1)

Then ||v]] — 0 and y(¢) — &£(¢) — 0 as t — oo. In particular, (4.11) also holds with £(¢) replaced by y(¢), so that the
proof of Theorem 1.6 reduces to the study of the asymptotic behavior of y(¢).
In the sequel, @ (-, y(¢)) is simply written as ¢. Then by Lemma 6.4, we have

v=u—o, (v, Pg) =0, ||q§g||2—(v,d>§§)>0.
In addition, the differential equation in (1.1) can be written as

yP: +v;, =R+ Lv+ N(®,v) (6.2)
where

R=& + f(®), Llv=vu+ (@, N@v)=[f(®+v)— f(®)— (D).
Taking the inner product of (6.2) with ®¢ (-, y(t)) and using

(vr, Pe) = (v, Pe)r — (v, Pee)y = — (v, Pee)y,
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we obtain
(I1Pe1* — (. Dee))y = (R, De) + (L¥v, Dg) + (N, D).
Also, using the boundary condition @ — b, |y—0 =0 and u — bu,|y—0 = 0 we obtain v — bv,|x—9 = 0 and
(L0, @) = (v, LYPg) = (v, Re) = O(D ||Vl Re [ = O(1)y/1 + ye *||v].
Similarly, using N (@, v) = O (1)v? we obtain (N, D) = O(1)||v||%. Hence, we have the motion law
(R, Pg) + (LY, @) + (N, ®s)

v (t
Yo 12617 — (0. Pc2)
(R, Pe) —2hy )
= +O0()/1+ ) +0@
@12 + O (D) vl (WVT+ye ol + 0]

=c(b)e " + 0(e7?) + 01+ ye M vl + O (D)|]v]?

where c(b) is that defined in Theorem 1.6. Hence, we have the following:

Lemma 6.5. Under the decomposition u(-,t) = @ (-, y(t)) + v(-, t) where v L @¢(-, y(t)), we have

dy(t
Z(r) = Me®) +0Me™ + oM. ©3)
When b). = 1 we have c¢(b) = 0 and the next order expansion
dy(1) /" (0)A°

= L oM™+ ov|?, ¢

di 12 [ VF()ds

6.3. The distance to the approximated center manifold

(6.4)

We investigate the size ||v||, starting from the basic estimate

y=0M e +|lv]*].

We divide the estimate process into several steps.
1. Let (v1(€), ¢1(:, &)) be the principal eigenpair of L5, Set

ca®=ei(Ly®), vi=ca®ei(Ly®), v=v-—u.
Here we point out that ¢ (x, y(z)) = <p?(x — y(2)) decays exponentially fast as |[x — y(t)| — 00, so there exists

a positive constant C such that (for all # > 1)

1
c S le1Cy @) 10,00y <€ ¥P €11, 00) Ufoo).
Consequently, max{[|vi || 1, [[v1]loo} = O(D]c1(2)] = O(1)||lv1|. Also v L ¢y and ||v]|> = [|v1]|* + [|v2]|. In addition,
(v2r, v1) = (v2, V1) — (v2, V1) = —(V2, V1)
= —(v2, 191 + c191ey) = —(v2, 1) ye1 (1) = O (D) |Jvall[y[llvi ]l
Hence, taking the inner product of (6.2) with v and using v = v; + v, we obtain

d |l
dt 2

=—(va,v1) + (L7, v1) + (R+ N — yPg, v1)

= oM lvall3llvill + (v, £7v1) + O [lvr I (e™ + [v]?)
=vilvill* + 0[e™* + JvlI*]llvill.

Here we have used the estimates
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[(R — 3@, v1)| < IR — yPelloollvilir = O (€™ + [[vl|*) v,
|(N, v)| < INT v loe = O [0 (01 -
Hence
d oy
E||v1||=v1||v1||+0<1)[e 22O 4 )]
2. Similarly, taking the inner product of (6.2) with v, we obtain

d |vl?
dt 2

=—(i, 1)+ (L, 1) + (R+ N — yPz, v2)

<nfval® + O[T+ ye™ + [vllsollvll + 0[] v2l-

Here we used the fact that vy L @1 so (£Yv, v2) = (£v1 + L2, v2) = (L2 v2, v2) < v2lv2]|, and the estimate
|(R, v2)| <IIR[lllv2ll = O(1)y/1 +ye vz ll, (N, v2) = O()lvllscllv]{v2]]-

Thus,

d _
Tl < wallall + O [V1+ye ™D 4 |lv]lollvfl + [0]1%].

3. Combining the above two estimates, we then obtain, for M >0 and y > 1/,

d 9y
(o1l = lvall = M/T+ ye 24)

d oy .
dt(”vl I = llv2ll) = 2AM/T + ye 22|y
> villor | — vallvall = O(D[V1+ ye ™ + [llsollvll + v]I*] = 2AM /T + ye=2*|3|

%(”Ul” — o2l = My T+ ye ™) + ||v1||<— — OM[llvll + ||v||oo])

+I|v2||<——Vz—0(1)[|Iv|I+IIv||oo]>+\/1+y€_m( M —2)Mly| - 0(1)>-

The lemma below follows:

Lemma 6.6. Under the notation above, there exist positive constants M and to > 0 such that

lvill S MV/1T+ ye ™ + luall Vi > 1.

89

Proof. Since limg oo v1(§) = 1 > 0 and limg_ o v2(§) = 0, we can choose M > 0 and 79 > 0 such that for all

t>1p:
Vi
5~ OM[lvll +llvlieo] > 0,
Vi
5 V- OM[lvll + llvlieo] > 0,

%M —2M|3(0)] — 0(1) > 0.

This implies that

(ol = ozl = MyTFye ™) > 2 (] = lloall = MyT+ ye ),
Thus, we must have the assertion since otherwise ||v; || — [[va|l — M /T + ye™2*Y grows exponentially fast. O

4. Next, we estimate vy. Let (v2(y), ¢2(-, y)) be the second eigenpair of LY. We set

2= (v2, 2), U2 = 292, v3 =1y — 2.
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Then v = v + 02 + v3. Decomposing @z = a1¢1 + ax¢2 + CDgl where q§§- L @1, ¢2. Since v L @ we obtain

0= (v, D) = (c101 + 202 + V3, a191 + @202 + %L) =ajci +azxer + (v3, 45?)
Hence, we have

— 1 1
)= —a—z(alcl + (v3, d)E ))

Hence, when ¢ > 1,

loll = llvr + 2l < flvt |l + [lvall
<M1+ ye ™ £ 2)luall <K M1+ ye 2 +2|ca] + 2|3
_ 2
<MY T ye™ (ol + sl | 26 ]) + 21vsll

Since [[v]1? = [lv1)|* + 1021|* + I|v3]|* and

lim
—>00

0 172
(al+ @) =0, fima= V'] 20, = (2 / ¢F<s>ds) ,
0

we see that there exist constants ¢; > 0 and y > 0 such that
vl <2M/1T+ ye 2 +y|vsll Vi >1. (6.5)
5. Finally, writing v = c1¢1 + c2¢2 + v3, and taking the inner product of (6.2) with vz we obtain

d Jvs|? .
pr I (=lc191 + c2921r, v3) + (L0, v3) + (R — yPg + N, v3)

= (—c191z — 2026, v3)y + (LVv3,v3) + (R — Yz + N, v3)
<usllusl? + OM[VT+ye ™ + [llssllvll + [0II*]llvsll.
Here in the second equation we have used the fact that (¢;¢;, v3) =0 fori = 1, 2. Thus,
d Y
T lsl <usllusll + O[T+ ye ™ + [lvllcllvsll + v117]
< (3 + O[lIvllos + 0] lv3ll + OD)y/T+ ye=*
by (6.5). Hence, when y > 1/A,
d . . . _
E(nvgn — M1+ ye ) < |vsll(vs + O(D)[lIvlloo + 011]) + [2AM 3] + O(D]Y/T + ye 2
= —v(llvsll = My T+ ye ™) + Jusll(vs + v + O [lIvllo + lIV11])
+ 1+ ye 2 (=vM +245IM + O(1))

where v and M are positive constants to be determined.
Since lim;_, o 13(y(¢)) = u3 < 0, we can choose v € (0, —u3), t and M >> 1 such that when 7 > 1,,

d 9 - 9 —
T (o3l = M1 ye™) < —v(flusll = M1+ ye™),
This implies that, for some C > 0,

lvsll = M1+ ye ™ < Ce ™) Vi > 1.

Putting this together with (6.5), we conclude that
.0 = 0M[V1+ yt)e O + 7. (6.6)
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6.4. Completion of the proof of Theorem 1.6
Substituting (6.6) into the assertions of Lemma 6.5 we obtain the following:

Lemma 6.7. Assume that (4.11) holds with £(t) — 0o as t — o0. Let y(t) be the function defined by (6.1). Then

¥(t) =c(Bye ™ + 0(eM) + 0(1)e . (6.7)

When bl = 1 we have c(b) = 0 and the next order expansion

J(t) = e + 0(em™) + 0(1)e . (6.8)
Using this lemma we can prove the following results, from which Theorem 1.6 is an immediate consequence.

Theorem 6.8. Assume that (4.11) holds with £(t) — oo as t — oo. Let y(t) be the function defined by (6.1). Then
y(t) — &) — 0 as t — oo and the following hold:

(i) when0<br <1,

_ o) . 1 o)
0= —ln[2k @]+ = 0=+
(ii) when br =1, f € C* and f"(0) > 0,
_ e o 2D 1 oW
)’(t)—3—k n[ ct]+t17, y(t) = w F s

Proof. We already mentioned that y(¢) — £(¢) — 0 as t — oo, which immediately follows from the conclusions in
the previous section. Since lim;_, o y(f) = 0o, we obtain from (6.7) that y(¢) = o(1) so y(¢) = o(t). This implies that
e v =0)e™ 4ry . Eq. (6.7) can be rewritten as

dy
ZAy
o =B+ O(ye™

(1) If 0 < bA < 1, then c(b) > 0. An integration gives

1
y() = =g O 4 20y + 0(1)/6)‘”7)0{-5}

20 fé e MO gr
” .

1
= 25 In[2re®)t]+ 0

Hence, y(t) = 5 In[2Ac(D)t] + O(D), foe®@dr = 0(J1), y(t) = 5= In[2Ac(B)t] + O (1)t~ 12, and by (6.7),

0O(1
y() = 2;, + 13(/2)-

(ii) The case bA =1 and f”(0) > 0 is similarly treated as (i), using (6.8) instead of (6.7). O
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