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Abstract

We develop a variational framework to detect high energy solutions of the planar Schrédinger—Poisson system

{ —Au + czz(x)u +ywu =0, in R2

Aw=u

with a positive function a € L™ (R?) and y > 0. In particular, we deal with the periodic setting where the corresponding functional
is invariant under Z2-translations and therefore fails to satisfy a global Palais—Smale condition. The key tool is a surprisingly strong
compactness condition for Cerami sequences which is not available for the corresponding problem in higher space dimensions. In
the case where the external potential a is a positive constant, we also derive, as a special case of a more general result, the existence
of nonradial solutions (#, w) such that u has arbitrarily many nodal domains. Finally, in the case where a is constant, we also show
that solutions of the above problem with # > 0 in R? and w(x) - —oo as |x| — oo are radially symmetric up to translation. Our
results are also valid for a variant of the above system containing a local nonlinear term in u in the first equation.

© 2014 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

The present paper is concerned with standing (or solitary) wave solutions of Schrodinger—Poisson systems of the
type

{il/ft—Allf-i‘E(x)‘!/‘waw:Ov R xR, (1.1)

Aw =y [?
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Here ¢ : R x R — C is the (time-dependent) wave function, x — E(x) is a real external potential, and y € R is a
parameter. The function w represents an internal potential for a nonlocal self-interaction of the wave function vr. The
standing wave ansatz ¥ (x,t) = e~ My(x), » € R reduces (1.1) to the system

—Au+ax)u+ywu=0,

.md
Aw — 2 foru:RY — R (1.2)

with a(x) = E(x) + A. The second equation determines w : R — R only up to harmonic functions, but it is natural to
choose w as the Newton potential of u?, i.e., the convolution of u2 with the fundamental solution @, of the Laplacian.
With this formal inversion of the second equation in (1.2), we obtain the integro-differential equation

—Au+ax)u+y[®qxulu=0 inRY (1.3)

where @,4(x) = mMZ—d in case d > 3 and ®4(x) = % log|x| in case d = 2. Here, as usual, w; denotes the
volume of the unit ball in R¢.

In the three dimensional case, (1.3) has been extensively studied. For d =3, a =X > 0 and y > 0, it was intro-
duced by Pekar [27] in 1954 for describing the quantum mechanics of a polaron at rest and by Choquard in 1976 for
describing an electron trapped in its hole. In [20], Lieb proved the existence of a unique ground state of (1.2) which is
positive and spherically symmetric, using a minimization argument. In [22], Lions proved the existence of infinitely
many distinct spherically symmetric solutions when a(x) is a nonnegative, radially symmetric potential. In [28] Pen-
rose derived (1.3) in his discussion about the self gravitational collapse of a quantum-mechanical system. Recently,
existence and regularity results have also been obtained for a(x) # A and for more general convolution potentials, see
[1,13,18,23,25].

In some recent works, local nonlinear terms of the form b|u|? _zu, b e R, p > 2 have been added to the right hand
side of (1.3). Those nonlinear terms are frequently used in Schrodinger equations to model the interaction among
particles [7,9]. A large amount of papers are devoted to the study of existence of solutions of the corresponding
Schrodinger—Poisson system (also called Schrodinger—-Maxwell system) in the three dimensional case. In particular
for y <0,b >0, 2 < p <6, we quote the results [3,4,16,30,6]. Conversely, for y > 0 and b < 0, the corresponding
system has been studied in [8] and it represents a Hartree model for crystals (see also [26]).

The literature is scantier for the planar case d = 2, which is the focus of the present paper. In this case, Masaki
[24] proved global well-posedness of the Cauchy problem for (1.1) in a subspace of H!(R?). Moreover, Stubbe and
Vuffray [12] established existence and uniqueness of positive, spherically symmetric solutions of (1.2) in the case
a = A, d < 6, using shooting methods for the associated ODE system (see also [11] for the one-dimensional case).
Unlike in the case d = 3, variational methods have rarely been used in the planar case in which (1.3) becomes

—Au—l—au—l—%(logﬂ'|)*|u|2)u=0 in R, (1.4)

Note that, at least formally, (1.3) has a variational structure related to the energy functional

U %/Ovu'z—i_a(x)uz)dx—i_%//(Dd(u_y|2)u2(x)u2(y)dxdy_
R? R2 R2

Incased >3 anda € LOO(Rd ), this functional is well-defined and of class C! on H'! (Rd), but it is not well defined on
H! (Rz) in case d = 2. Considering the case d =2, a =X € R and y > 0, Stubbe [32] set up a variational framework
for (1.4) within a subspace of H'!(R?). By using strict rearrangement inequalities, he proved that there exists, for any
A >0, a unique ground state, which is a positive spherically symmetric decreasing function. In addition, he proved
that there exists a negative number A* such that for any A € (A*,0) there exist two ground states with different L2
norm. In the limiting case A = A*, there is again a unique ground state.

In the present work we focus on (1.4) in the case y > 0, and by rescaling we may assume y = 2. More precisely,
we will consider a generalization of (1.4) given by

—Au+ax)u+ (log(| - 1) * |ul*)u =blulP?u  in R? (1.5)

with b >0, p>2anda € LOO(RZ). We wish to emphasize that all of our results are new even for b =0, i.e., for
Eq. (1.4). As remarked before, the energy functional
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1 1 b
ur>I(u)= 2 /(|VM|2 +a(x)u2) dx + 1 //log(lx — ylz)uz(x)uz(y) dxdy — — / lu|? dx
R2 R2 R2 pR2

is not well defined on H'(R?). Inspired by Stubbe [32], we will consider the smaller Hilbert space

X = {u e H'(R?) : /log(l + [x])u*(x) dx < oo}.
R2

It is not difficult to see that I defines a C!-functional on X. Moreover, critical points u € X of I are strong solutions
of (1.5) in WP (R?) for all p > 1, and they are classical solutions in C2%(R?) if a is Holder continuous, see Propo-
sition 2.3 below. So X provides a variational framework for (1.5), but some difficulties appear due to the following
unpleasant facts. First, the norm of X is not translation invariant, whereas the functional [ is invariant under every
translation which leaves the external potential a invariant. Second, the quadratic part of [ is not coercive on X even
if inf> @ > 0. These difficulties enforce the implementation of new ideas and estimates within the variational frame-
work. On the other hand, somewhat surprisingly, the specific form of I also allows to establish much better existence
and multiplicity results than those available in the case d > 3 or for the simpler equation

—Au+a)u=ulP"2u, ueH'(R?). (1.6)

In fact, our main results suggest that the structure of the solution set of (1.5) is in general much richer than the one of
(1.6) or related problems in higher dimensions.
Our first main result is concerned with the periodic setting.

Theorem 1.1. Suppose that p > 4, b > 0, and that a : R? — (0, 00) is continuous and Z2-periodic. Then (1.5) admits
a sequence of solution pairs tu, € X such that I (u,) — 0o as n — 00. Moreover, the restriction of I to the associated
Nehari manifold N := {u € X \ {0} : I'(w)u = 0} attains a global minimum, and every minimizer u € N of I|pr is a
solution of (1.5) which does not change sign and obeys the variational characterization

I(u) = inf sup I (tu).

ueX ;R

We remark that Theorem 1.1 yields infinitely many geometrically distinct solutions (i.e., solutions generating dif-
ferent Z>-orbits) and also ground state solutions of (1.5), i.e., energy minimizers within the set of nontrivial solutions.
This seems to be the first existence result for (1.5) in the periodic setting even in the special case b = 0. We also
note that a result on the existence of solutions with arbitrarily high energy is not available for (1.6) without additional
nondegeneracy assumptions (see e.g. [15]).

Our second main result is concerned with a different symmetric setting in the case where a is a positive constant.
We need to fix some notation. Let G be a closed subgroup of the orthogonal group O(2) such that

Fix(G) ={0}, where Fix(G) := {x eR?: Ax=xforall A e G}. (1.7)

Moreover, let T : G — {—1, 1} be a group homomorphism. The pair (G, t) gives rise to a group action of G on X
defined by

Axu(x):=t(Au(A™'x) forAeG, ueX, andx eR%. (1.8)
The following result is concerned with solutions of (1.5) in the invariant subspace

Xg:={ueX : Axu=uforall A € G}.

Theorem 1.2. Suppose that p > 4, b > 0, and that a in (1.5) is a positive constant. Let G, T be as above, and suppose
that T = 1 or that G is finite. Then (1.5) admits a sequence of solution pairs *u, € X¢g such that 1(u,) — 0o as
n — 00. Moreover, the restriction of I to the associated Nehari manifold Ng = {u € X \ {0} : I'(u)u = 0} attains a
global minimum, and every minimizer u € Ng of I|n, is a G-invariant solution of (1.5) which obeys the variational
characterization
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I(u) = inf sup/(tu),

UEAG teR

and it does not change sign if T = 1.

Some remarks seem appropriate. The assumptions on G and t ensure that the closed subspace X C X is infinite
dimensional. If t is nontrivial and A € G is given with t(A) = —1, then every u € X satisfies u(A~tx) = —u(x).
In particular, # vanishes on the set {x € R? : Ax = x} and changes sign in R? if u # 0. Let us briefly discuss some
examples. In case G = O(2), T = 1 the space X consists of radial functions in X. In this case Theorem 1.2 yields the
existence of infinitely many radial solutions. Next, let G = {id, A, A3}, where A; is the reflection at the coordinate
hyperplane {x; = 0} for i = 1,2. Moreover, let t : G — {—1, 1} be the homomorphism defined by (A1) = —1 and
7(A3) =1 (this defines a homomorphism since A; and A, commute). Then u € X if and only if

u(—xy,x) =—u(xy,x2) and wu(xy, —x2) =u(xy,x2) forallx:(xl,xz)eRz. (1.9)

Hence Theorem 1.2 yields a sequence of solution pairs £u,, n € N of (1.5) with unbounded energy and such that u,, is
odd with respect to the hyperplane {x; = 0} and even with respect to the hyperplane {x, = 0}. We point out that such a
result is not available for (1.6) in the case where a > 0 is constant; in fact, (1.6) does not admit any nontrivial solutions
which vanish on a hyperplane, see e.g. [17]. As a third example we may consider, for given k € N, the subgroup G of
0(2) of order 2k generated by the (counter-clockwise) %-rotation

Ae0Q), A(x) = (xj1cosm/k —xpsinm/k,x1sinw/k + xpcosm/k) forx =(x1,x2) € RZ.

Let 7 : G — {—1, 1} be the homomorphism defined by t(A/) = (—1)/ for j € N. Then Theorem 1.2 applies and
yields sign changing solutions which are invariant under the corresponding action defined by (1.8). Note that any such
solution has at least 2k (conical) nodal domains in R%. We also point out that the assumption (1.7) is not essential for
the existence of the sequence (u,), in Theorem 1.2, since it can always be achieved by enlargening G suitably. More
precisely, if F := Fix(G) # {0}, we may consider the orthogonal splitting R? := E @ F and define B € O(2) \ G by
Bx = —xforx € F and Bx = x for x € E. Then B is an involution which commutes with every element of G, so we
may consider G = G U {B} and 7 : G — {—1, 1} defined by 7| = 7 and 7(B) = —1 in place of G and 7. Denoting
by X the invariant subspace of X with respect to the corresponding group action defined by (1.8) with G,%in place
of G, t, we then have Fix(G) =0and Xg CXg-

In view of the fact that, by the results above, (1.5) has a large solution set in general, it is a natural aim to classify
different types of solutions via their geometric properties. The first step within this rather ambitious program is the
study of the shape and possible uniqueness of positive solutions (1.5). Related to this, we have the following result.

Theorem 1.3. Suppose that p > 2, and that a is a positive constant in (1.5). Then every positive solutionu € X of (1.5)
is radially symmetric up to translation and strictly decreasing in the distance from the symmetry center. Moreover, if
b =0, then u is unique up to translation.

We note that Ma and Zhao [23] proved the corresponding statement for (1.3) inthe case d =3,a=1and y = 1.
Their approach relies on a reformulation of (1.3) as an integral equation and a moving plane argument. The results of
[23] apply to a general class of integral equations, but they do not apply to (1.5) since the logarithmic integral kernel
is sign-changing. Our proof of Theorem 1.3 relies on a more direct and simpler variant of the moving plane method
for the corresponding system, see Section 6 below. We also point out that the uniqueness claim in Theorem 1.3 is a
simple consequence of the uniqueness result for positive, radial solutions in [12].

The paper is organized as follows. In Section 2 we set up the variational framework and establish useful preliminary
estimates. We also address the notion and regularity of weak solutions, see Proposition 2.3 below. Section 3 contains
the key compactness condition, Proposition 3.1 which is fundamental for our existence results. Roughly speaking,
Proposition 3.1 asserts that the functional 7 satisfies the Cerami condition at arbitrary energy levels’ up to translations’
if a is periodic and positive. In Section 4 we then prove Theorem 1.1. The proof is based on deformation arguments
which differ considerably from previous works. In particular, we need to implement new estimates on the Krasnoselski
genus of neighborhoods of the noncompact set of critical points of I at a given energy level. Moreover, special
care is needed at some points since the norm of X is not translation invariant. Section 5 is devoted to the proof of
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Theorem 1.2. The key observation here is the fact that, in the G-invariant setting described above, the restriction of 1
to the invariant space X satisfies the Cerami condition. Finally, in Section 6 we will prove a slightly more general
variant of Theorem 1.3, and we will deduce Theorem 1.3 in the end of this section.

2. Preliminaries

In the following, we assume that a € L% (R?) satisfies infg a > 0. Then we may endow H '(R?) with the scalar
product

(u,v) = /(Vu -Vu+a@uv)dx, foru,ve H'(R?).
R2
The corresponding norm given by
] = /(|W|2 +a(x)u?)dx, forue H'(R?)
R2

is equivalent to the standard H 1(R2)-norm. We define the symmetric bilinear forms

(u,v) > Bi(u,v) = //log(l + |x — y|)u(x)v(y) dxdy,

R2 R?
(u,v) — Bz(u,v)://log(l—i—| 1 |>u(x)v(y)dxdy,

R2 R2 x y
(u,v)l—)Bo(u,v)=Bl(u,v)—Bz(u,v)=//10g(|x—y|)u(x)v(y)dxdy.

R2 R2

Here the definition is restricted, in each case, to measurable functions u, v : R — R such that the corresponding
double integral is well defined in Lebesgue sense. Note that, since 0 < log(l 4+ r) <r for r > 0, we have by the
Hardy-Littlewood—Sobolev inequality [21]

1
|Ba(u, v)| 5// I ||u(x)v(y)|dxdy < Colulg|vls foru,ve L3 (R?) 2.1)
x —

R2 R? Y
with a constant C¢ > 0. Here and in the following, ||, stands for the L?-norm of a function u € L? (R2), 1<p<oo.
We now define the functionals

Vi Hl(Rz) — [0, oc], Vi(u) = By (uz, uz) = //log(l + |x — yl)uz(x)uz(y) dxdy,
R2 R?

Va1 L (R?) = [0, 00), Vo) = Bo(u?, u?) =//log<1 - i |)u2(x)u2(y>dxdy,
R2 R2 Y

Vo:H' (Rz) — R U {o0}, Vo(u) = Bo(uz, u2) = / / log(lx — y|)u2(x)u2(y) dxdy.
R2 R2

Note that, as a consequence of (2.1), we have
[Va(u)| < Colul¥  forall u e L3 (R?), (2.2)
3
so V> only takes finite values on L-% (R2) ¢ H'(R?). Next we define, for any measurable function u : R2 > R,

Ju |2 ::/log(l + Ix])u? (x) dx € [0, oo].
R2
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We note that, since

log(1 + |x — y) <log(1+ |x| + |y|) <log(1 +|x]) +log(1 + [yl) forx,yeR? (2.3)
we have the estimate
Bruv.w) < [ [ [log(1-+ x) +tog(1 + y)JJuweo] wz()]| dxdy
R2 R2
< lulslvlslwhlzl> + lulalvllwllzls  foru, v, w, z € L*(R?) (2.4)

with the conventions co - 0 =0 and oo - s = oo for s > 0. The following lemma will also be useful in the sequel.

Lemma 2.1. Let (u,), be a sequence in L>(R?) such that u,, — u € L>(R?) \ {0} pointwise a.e. on R>. Moreover, let
(vn)n be a bounded sequence in L%(R?) such that

sup By (uy, vy) < oo. (2.5)
neN

Then there exists ng € N and C > 0 such that |v, |« < C for n > ny.
If, moreover,

Bi(u2,v}) =0 and |vuhh—0 asn— oo, (2.6)
then

[Upls = 0 asn— 00, n>ny. 2.7)

Proof. By assumption and Egorov’s Theorem, there exists ng € N, R, § > 0 and a measurable subset A C Br(0) such
that |A| > 0 and u%(x) > § for every n > ng. Since

l+x—y|=>1+ % >,/ 14|yl foreveryx e Br(0), y eRz\BgR(O),

we may then estimate

o)z [ [l x =y onio)dady
R2\Byr(0) A

314| 314|
> / log(1+Iy)up () dy = == luals = / log(1 +1yl)vz () dy
R2\ By (0) Byr(0)
34|
= (Il = log(1 +2R) v 3)-

Since |v,,|% and B (u,%, v,%) remain bounded in n by assumption, it follows that |v, |, also remains bounded in n, as
claimed. If moreover (2.6) holds, then the estimate above yields (2.7). O

In the following, we fix b > 0, p > 4 and consider the functional
1 (m2 1 2 1 b p
I1:H (R)—)Ru{oo}, I(u)=5||u|| +ZVo(u)—;|u|p.
We also define the Hilbert space

X:={ueH"(R?) :|u|? <oo} withnorm given by u > [lull% = llull* + |ul?.

Note that, by (2.4), the restriction of / to X (also denoted by [ in the following) only takes finite values in R. We have
the following properties.
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Lemma 2.2.

(1) The space X is compactly embedded in L* (R?) forall s € [2, 00).
(i) The functionals Vy, V1, Vo and I are of class C Lon X.

Moreover, Vi’(u)v =4B; (u2, uv) foru,ve X andi =0,1, 2.

(iii) V, is continuous (in fact continuously differentiable) on Lg (R?).
(iv) Vi is weakly lower semicontinuous on H 1 (Rz).

v) I is weakly lower semicontinuous on X.

(vi) 1 is lower semicontinuous on H'(R?).

Proof. (i) follows from Rellich’s Theorem (see Theorem XIIL.65 in [29]).

175

We prove (ii) and (iii). Let u, be a sequence in X converging to some u € X. It follows that «, is bounded and

Vi) — Vitw)| = / / log(1 + |x — y|)uZ () (u2 (v) — u*(y))dxdy

R2xR2

+ [ tos(1-+1x = ) () )i 0rdxay

R2xR2

- / / tog(1+ 1x1)u2 ()t () — ()] en () + ()|

R2xRR2

+ // log(1 + |y1)uz(O)|un(y) — u)||un () +u ()|
R2xR2

+ // log (1 + [x1)]un (x) — u(x) ||tn (x) + u(x) [u? (y)dxdy
R2xR2

+ // log(1 + [y1)|un (x) — u()||un (x) + ux)|u*(y)dxdy
R2xR2

< Jtn 2ty — 2|ty 4 wlz + |un)3tn — sy + uls
+ ul3 i — ulilun + uls + lulZuy — uloluy + ul

< Cllup —ullx

for a suitable positive constant C > 0. Hence we derive that Vi (u,) tends to Vi (u), as n — oo.

For any v € X the Gateaux derivative of Vj at u € X is given by

Vi =4 // log(1 + |x — y|)u?()u(y)v(y)dxdy.
R2xR2

Since

V] <4 / f log(1 + [x])i?)u(y)v(y) + 4 / / log(1 + [y )i (u()v(y)
R2xR2 R2 xR2

2 2 3
< lulilulz2|vlz + ul3lullvle < Klullx llviix

we deduce that V{(u) € X* and || V()| < K||u||§( for any u € X.
Now we prove that V'(u,) tends to V' () in X* if u,, - u in X.

2.8)

(2.9)
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Suppose that u,, tends to u in X. It follows that u,, is bounded and for any v € X we have
|V{(un)v — Vi@wv|

f f log(1 + |x — y1) (42 (V)un (v) — u? (X)u(y))v(y)dxdy

4
R2 xR2
= // log(1 4 |x — y1) (u5; (0) = 1* () )un (V)0 (y)dxdy
R2xR2
+ / / log(1 + Ix — 1) (un (v) — u(y))u*(x)v(y)dxdy
R2xR2
- / / tog (1 + 1)1t (6) — 00|10 () + ) 10 ()| [0 () | dxdly
R2xR2
+ / / Log (1 + 131 1tn () — ) 1t () + ) n ()] |03 |y
R2xR2
+ f / log(1 + |x])|un (v) — u(y)|u?(x)[v(y)|dxdy
R2xR2
+ // log(1 + 1) [un (») — u()|u® )| v(y)|dxdy
R2xR2

< up — ullun +ulslugl2|vl2 + lup — ul2lun + ulalun vl
+ lup — ul2vlaul} + [ty — ululvllul3
< Kllup —ulxllvllx (2.10)
for a suitable some K > 0, independent of v. Hence ||V{(u,) — V{(u)|| < K|lu, — ul|x and thus V; is continuously

differentiable on X. Moreover V]’(u)v =4B; (uz, uv) holds.
Let u;, be a sequence on L33(R?) converging to some u € L33 (R?) in L¥3(R?). Now we evaluate

|Va(un) = Vau)| < / / 1og(1+|x1y|)u,%<x)|u,%<y>—u2(y>|dxdy

R2xR2

+/[ log<1+ ! >|u,%(x)—u2(x)|u2(y)dxdy
lx — ¥l

R2xRR2

1
= // Ix — |“ﬁ(x)’“n(y)—u(y)\]un(y)+u(y)|
R2xR2 Y

1
+ // 0 = () ) i )y

R2xR?2
< Cluy — ulg;3lun + u|8/3|un|§/3 + |up — ulg/3lun + M|8/3|M|§/3
< Clun — uls/3[(lunlg/z + |u|8/3)lun|§/3 + (lulg/3 + |u|8/3)|u|§/3]
< Clun — ulg/3(Junls/3 + luls/3) (Junlg s + ulg 3)- (2.11)

From (2.11) we derive that if u,, tends to « in L3/3 as n — oo, then V»(u,) tends to V,(u) as n — co. Hence Vs is
8
continuous on L3 (R?). For any v € L3/3(R?) the Gateaux derivative of V, at u € L3/3(R?) along v is given by

Viwyv =4 // log(1+| i |>u2(x)u(y)v(y)dxdy.
R2xR2 ! Y
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Since

1
viwn| <4 [[ =@ lolo)
R2xR2
<4Co|u|a/3luvlas3 S4C0|M|§/3|v|8/3 (2.12)
we deduce ||V, ()| < K|u|§/3 forany u € L33 (R?).

Now we prove that V5 is continuously differentiable on L8/3(R?). Suppose that u,, tends to u in L3/3(R?). It
follows that u,, is bounded and for any v € L¥3(R?)

Vi(u)v—V,
el L /f log(1+|x1y|)(u,%<x)un(y)—u2<x)u<y>)v(y)dxdy

R2xRR2

= / / log(1+ 1 )(u,g(x)_uz(x))un(y)v(y)dxdy

lx — ¥l
R2ZxR2

1
+ // ﬁlun(y)—u(y)|u2(x)|v(y)|dxdy
R2xR2 Y
1
< // [ (x) — w () ||tn (x) 4+ u ()| [un ()] |v()|dxdy

lx — ¥
R2xR2

2
< Clup —ulgs3lvlg/3lulg s + lun — ulg/3lun +ulg/slunls/3lvls/3

= Clun — ulgs3|vls/3(1ul§/3 + lun + uls/alunls/s)
< Cilun —ulgs3lvlsss (2.13)

for some suitable some positive constants C, C, independent of v. Hence || Vé(un) - Vz/(u)ll < Cilu, — ulg/3 and
thus V» is continuous differentiable on L8/3(R2).

Furthermore we deduce that V, is C! on X and V2’ (w)v = 4B (u?, uv) holds.

It follows that Vo = V| — V4 is C! on X and Vé(u)v = 4By (u?, uv) holds. We also infer that I is C! on X.

We prove (iv). Let u,, be a sequence in H L(R?) and u € H!(R?). Suppose that u,, weakly converges to u in H 1(R2).
For R > 0 fixed, u,, strongly converges to u in L%(Bg) and

n—o00
Br(0)xBg(0) Br(0)xBg(0)

lim // log(1 + |x — yl)u (x)ul(y)dxdy = // log(1 + |x — y|)u? (x)u*(y)dxdy.

It follows that

liminf V; (u,) > // log(1 + |x — yl)u? (x)u*(y)dxdy. (2.14)
n—oo
BR(0)x Bg(0)

By Monotone Convergence theorem, we derive

Jim // log(1 + |x — yl)u? ()u*(y)dxdy = Vi (u)
—00
Br(0)xBg(0)

and then
liminf Vy (u,,) > Vi (u).
n—>oo

We prove (v). Now let u, be a sequence in X and u € X. Assume that u,, weakly converges to u in X. It follows
that u,, strongly converges to u in L3/3(R?) and thus from (ii) we have lim,_, oo V2 (uty) = Va (u0).
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Moreover u,, weakly converges to u in H'(R?) and by (iv), we have liminf,_, o Vi (1) > V;(u). Taking also into
account (i), we conclude that

liminf 7 (uy) > I (1)
n—oo

Finally, (vi) follows from (iv) and the continuity of the functional
1 1 , 1 b .,
ur>I(u)— ZV1(u) = Ellull - ZVz(u) - ;Iulp
with respect to the H'-norm. 0

As a consequence of 2.2(ii), we find that

I'(w)v = (u,v) + Bo(uz, uv) - b/ |u|p72uv dx foru,veX, (2.15)
R2
so u € X is a critical point of / if and only if it is a weak solution of (1.5) in the sense that the RHS of (2.15) vanishes

for every v € X. Moreover, we have the following regularity result.

Proposition 2.3. Let u € X be a weak solution of (1.5), i.e., a critical point of I. Then u € W>P(R?) for every p > 1,
and u is a strong solution of (1.5). Moreover, we have:

() |u(x)e®™ — 0 as |x| = oo for every a > 0.
(ii) The function w:R?* — R, w(x) = Jg2loglx — ylu*(y)dy is of class C3 on R? and satisfies

Aw=u’> inR? w(x)—|u|%log|x|—>0 as |x| — oo.
Furthermore, if a is Holder continuous, then u € C 2(IRZ) is a classical solution of (1.5).

Proof. We first show that the function w defined in (ii) is locally bounded and has the asserted asymptotics. If [x| <1,
we have

|w<x>|sf|log|x—y||u2<y>dy+ f log [x — ylu®(y) dy. 2.16)
B> (x) R2\ B, (x)

Since 1 < |x — y| <1+ |y| for y e R\ Bs(x), we find that

f loglx — ylu?(y) dy < ||ul%.
R2\ B, (x)

Moreover, by Young’s inequality and Sobolev embeddings, we have

172
/ llog |x — yl|u?(y)dy < < f ylog|y||2dy> / 1174, ey < COllUlls 2.17)
By (x) B,(0)
where co > 0 is a constant. Hence (2.16) implies that w € L°°(B;(0)). Next, we consider x € R? with |x] > 1, and we
note that
lx — ¥l
x|

w(x) — [ul3log|x| = /h(x, Vu(y)dy with h(x,y) =log|x — y| — log |x| = log
R2

Note that h(x, y) — 0 as |x| = oo for every y € RZ. Moreover,

1 .
log 5= hGe L1y ygs 1y ) < log(1+|yl) forall x,yeR?* with x| > I.
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Since the functions [log %]u2 and log(1 + | - )u? are in L' (R?), Lebesgue’s Theorem implies that

/ h(x, y)uz(y)dy — 0 as|x| —> oo.

| 1
|)/—x|27

Moreover, since u € X, we have

0 <log|x| / u*(y)dy < / log(2[1+ Iyl])u*(»)dy = 0 as |x| — oo,
Ixl

1
ly—x|<3 RIS

and, similarly as in (2.17),

/ log [x — yl|u* (M dy < cillulfagg, oy = O as x| > o0
2

o xl<l
ly—x|=3

with a constant ¢; > 0. Combining these estimates with (2.18), we conclude that

/h(x, y)uz(y)dy — 0 as|x| > oo.
R2

179

(2.18)

and thus the asymptotics in (ii) are proved. By Agmon’s Theorem (see [2]), it follows that u satisfies (i), and elliptic
regularity theory then yields that u € W (R?) for every p € [1, 00), and that u is a strong solution of (1.5). Moreover,

1
uecC,.

Aw = u?.

- (R?) for all B € (0, 1) by Sobolev embeddings. Hence elliptic regularity implies that w € Ci}f (R?) satisfies

Finally, if a is Holder continuous, then u satisfies an equation of the form —Au = f with (locally) Holder contin-

uous f :R? — R, so u € C2(R?) by elliptic regularity. O
We add some observations on the functional geometry of /.

Lemma 2.4. There exists a > 0 such that

inf{I(u):ueX:||u||=,8}>0 forO< B <a

and
inf{/'"wu :ueX:ul=p}>0 for0<p=<a.

Proof. By (2.2) and Sobolev embeddings we have

lul>  Va(w) b lul>  Co b
I > =~ === - —lulh > = — Z2ult — =|ulh
p 2 4 3 p

1 ME _
> E(||u||2—c1 lull* = Callu)l?) = T(l — Cillull* = Callu|lP~?)

for u € X with constants C1, C; > 0. This readily implies that (2.19) holds for « > 0 sufficiently small.

Since

') (u) = lull® + Vo) — blulh > llull® — Va(u) — blul}

for u € X, a similar estimate shows that (2.20) holds for « > 0 sufficiently small. O

(2.19)

(2.20)
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Lemma 2.5. Let u € X \ {0}. Then the function ¢, : R — R, ¢, (t) = I (tu) is even and has the following properties.

W 1If
Vo(u)—b|u|3<0 incase p=4 and Vo(u) <0 or b>0 incasep >4, 2.21)

then there exists a unique t, € (0, 00) such that ¢}, > 0 on (0, t,) and ¢}, < 0 on (t,,, 00). Moreover, @, (t) — —00
ast — oo.
(ii) If (2.21) does not hold, then @], > 0 on (0, 00), and @, (t) — 00 as t — oo.
Proof. The assertions follow easily from the fact that
/
t
%T() = lull® + *Vo(u) — bt? 2|l fort>0. O

We also need the following continuity property of the bilinear form Bj.

Lemma 2.6. Let (1), (Un)n, (Wy), be bounded sequences in X such that u, — u weakly in X. Then, for every z € X,
we have B (v, wy, z(u, —u)) = 0as n — oo.

Proof. We put ¢| := sup, oy [Unl2|wy]2 and ¢3 := sup,,cy [Unls|wn s Then ¢y, c2 < oo by assumption. Using (2.3)
again, we estimate
| B1 (vnwn, 2@y —w))| < |vn|z|wn|zflog(1 + [x1) ] 20) | un () — w ()| dx + [valslwnlslzl2lun — ulz
RZ
<c / log(1 4 |x1) |2(0)| [un (x) — u(x)| dx + o(1) (2.22)
RZ

as n — oo, since u, — u strongly in L?(R?) by Lemma 2.2(i). For fixed R > 0, we have
/log(l + 1x1) [z(0) ||un (x) — u(x)| dx = f(R) + gn(R)

R2
with

fn(R) = / log(1 4 [x) |2(0)| [un (x) — u(x)| dx <log(1 + R)|z|2|un — ulz — 0 (2.23)
BR(0)

as n — oo and

gn(R) = / log(1 + 1)) i () — ()| dx

R2\B (0)
AN 2
5( / log(1+ |x])|z(x)| dx) (/log(l+|x|)|un—u|2dx) <h(R), (2.24)
R2\ Bk (0) R2
where
1
h(R) := ( / log(1+ |x|)|z(x)|2dx>2 sup(Junls + luls) —> 0 as R — oo. (2.25)
R2\Bg(0) e

Combining (2.22), (2.23) and (2.24), we find that

limsup| B (vywy., z(un —u))| < c1h(R) forevery R >0

n—oo

and therefore | By (v,wy, z(u, —u))| — 0asn — oco by (2.25). O
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3. A compactness condition

In the following, we assume that
a:R>— (0, 00) is continuous and Zz-periodic. (3.1

Then the functional  is invariant under translations with respect to Z?. In the following, we fix some notation for the
action of translation. For a function u : R? — R and x € RZ, we define

x*u:R* >R, [x xul(y) =u(y —x) foryeRz.
The main result of this section is the following.
Proposition 3.1. Let (1), be a sequence in X such that

Iup)—>d>0 and |I'(up)|y (14 lluallx) >0 asn— oo. (3.2)
Then, after passing to a subsequence, there exist points x, € 7%, n € N such that

Xp kU, —>u Strongly in X asn — 0o

for some nonzero critical point u € X of I.

The remainder of this section will be occupied with the proof of Proposition 3.1. So we assume from now on that
we are given a sequence (u,), C X satisfying (3.2).

Lemma 3.2. If (t,), is a bounded sequence in [0, 00), then
I(tyuy,) < I(uy)+o0(l) asn— oo. (3.3)
Moreover, if t, — 0 as n — oo, then

liminf I (t,u,) > 0. (3.4)
n—oo

Proof. We have

2 4 p
t-—1 th—1 t, —1
[ (tnttn) = 1) =+ lunll? + 22— Vo(un) — b ”p lutn |}y
and
Vo(up) = 1" (up) (un) + blun|§ — [lun ”2 =o(l) + blun|§ — [lun ||2 asn — oo, (3.5)
so that
4 2 p 4
tr—1 t7—1 t, —1 t7—1
I(tnui1)_1(un)=_(n4 - n2 >||un||2_b<np - n4 >|Mn|§+0(1)
(t2 — 1)? b P4, P
==l - > =gt +g — 1)lualy +o(1)

<o(l) asn— oo,

where the last step follows from the fact that the map ¢ +— 7 — §t4 + % — 1 is nonnegative on [0, co) since p > 4
(with global minimum O attained at # = 1). This shows (3.3). If moreover f,, — 0 as n — oo, then we have, using (3.5)
again

i YA AT
I(tyuy,) = E_Z lunll” + b Z_; lun]” +o0(1) = o(1)

as n — 00. Hence (3.4) holds. O
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Lemma 3.3. The sequence (uy,),, is bounded in H L(R2).

Proof. Suppose by contradiction that, after passing to a subsequence,

lunll = 00 asn— oo. (3.6)
Put v, := ”Z—:” for n € N, so that ||v,|| = 1 for all n. We claim that
inf sup / v2(y)dy > 0. (3.7)
nENXEZZ
By (x)

Suppose by contradiction that this is false. Then, after passing to a subsequence, v, — 0 in L* (R?) for every s > 2 by
Lions’ Lemma, see e.g. [33], and thus, by Lemma 2.2(iii),

Vo(tv,) >0 and  |tuy|p, — 0 asn — oo forevery t > 0.

Hence

2 4 2
t t t
1(tv,) = 5||v,,||2 + 7 Viltun) +0(1) = = +o(1) forevery >0

as n — 00, whereas, on the other hand,
t
I(tv,) = I(Hun> <I(uy)+o(l)=d+o(l) asn— ocoforeveryt >0 (3.8)
Un
by Lemma 3.2. This is a contradiction for t > +/2d, so we conclude that (3.7) holds. Thus there exists a sequence of
points x, € Z?, n € N such that, after passing to a subsequence, the sequence of the functions

w, :=x,*v,€X, neN

converges weakly in H'(R?) to some nonzero function w € H'!(R?). Passing to a subsequence again if necessary, we
may also assume that w,, — w pointwise a.e. on R2. Since, by (3.8), we have I (w,) =1(v,) <d + o(1) as n — oo,
we find that

1 b
Vi(wy) = I (wy) — 5+ Va(wp) + —|wa|h <C foralln e N (3.9)
p

with a constant C > 0. We now distinguish two cases:
Case 1: b > 0 and p > 4. In this case we estimate, using (3.9), that

2 o
I(tvy) =1 (twy) = P + Z(Vl(wn) - VZ(wn)) _b;|wn|p
2 4 14
1 t 1
=5+ ZC — b;lwlﬁ +o(1),
so that, since b > 0 and p > 4, there exists ng € N and #y > 0 such that
fo
1<|| ” u,,) =1I(tpv,) < —1 forn > ny. (3.10)
Un

Since H;ﬁ — 0 as n — 00, (3.10) contradicts (3.4).

Case 2: b =0 or p =4. In this case we have
2 4

t
I(tvn)zl(twn)zz—kzpn fort >0 (3.11)

with p, 1= Vo(w,) — %|wnlz for n € N. We claim that

p =limsup p, <O0. (3.12)

n—o0
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Indeed, if, by contradiction, liminf,_, » 0, > O after passing to a subsequence, then Lemma 3.2 and (3.11), applied
with #; = +/4d imply that
12
d+o()=1(y) = It +0(1)= 5 +o(1)=2d +o() asn— o0,

a contradiction. Hence (3.12) holds, and thus (3.11) implies that there exists ng € N and 79 > 0 such that (3.10) also
holds in this case. Again, we arrive at a contradiction to (3.4).

Since in both cases we reached a contradiction, we conclude that the sequence (u,), is bounded in H L(R?), as
claimed. O

Proof of Proposition 3.1 (completed). We first show that

liminf sup / u?(y)dy > 0. (3.13)
neN 72
B (x)

Suppose by contradiction that (3.13) is false. Since the sequence (u,), is bounded in H I(R?), it then follows from
Lions’ Lemma (see e.g. [33]) that, after passing to a subsequence, u, — 0 in L*(R?) for every s > 2, and thus, by
(2.2) and (3.2),

lutn |* + Vi () = ' n)tty + Vaun) + blunlly — 0 asn — oo,
so that [|u,||> = 0, Vi (u,) — 0 and therefore

lual® | 1 b o
5 +Z(V1(un)—V2(un))—;|un|p—>0 as n — 0o,

I(up) =

contradicting the assumption that 7 (u,) — d # 0. Hence (3.13) holds. Thus there exists a sequence of points x, € 72,
n € N such that, after passing to a subsequence, the sequence of the functions

Uy =x,xu,€X, neN,

converges weakly in H!(IR?) to some function u € H!(R?) \ {0}. We may also assume that ii, — u pointwise almost
everywhere in R2. Moreover, we have, invoking (3.5) again, that

By (a2, i) = Vi(iin) = Vi(un) = o(1) + Va(un) + bluy |} — llunl?,

and the RHS of this inequality remains bounded in n. Consequently, Lemma 2.1 implies that |i, |, remains bounded in
n, so that the sequence (ii,), is bounded in X. We may thus assume, passing to a subsequence again if necessary, that
ii, — u weakly in X, so that u € X. It then follows by Lemma 2.2(i) that ii, — u strongly in L*(R?) for s € [2, 00).
Next we claim that

I'(iy) iy —u) — 0 asn— oo. (3.14)
Indeed, we have

1 (@) (@t — w)| = [ 1 un) (= (=xn) 5 u0) | < [ 1@ || o (et Dl x4+ || (=20) e ) (3.15)

for every n. Moreover, it is easy to see that

lUn s = /1og(1 + |x — xp|)iZ dx > c1log(1 + |x,|) forall n
R2
with a constant ¢; > 0 and

|(—x,,) * u|* =/10g(1 + |x — xn|)u2 dx <cp log(l + |xn|) for all n
R2

with a constant ¢y > 0. Since moreover ||u,|| and ||(—x,) * u|| are bounded in n, there exists a constant ¢z > 0 such
that
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| (=xn) #u| y <callunllx foralln. (3.16)
Hence (3.15) implies that
|1 (in) ity — w)| < (1 +3) || 1" (un) | g llunllx =0 asn — oo,
as claimed in (3.14). Using (3.14), we find that
o(1) =1'(ty) (it — u)
y | e -
= o(1) + llin |l = lull® + 3 V/(lin) (in — ) —bf |itn 1P~ 2 (il — u) dx
RZ
- 1 Y Y
=o(1) + lliin 1> — lull® + = [ V{ Gin) Gin — 1) = V3 (iin) Giin — )],

4
where

7 V) i = )| = B (@5, b Gin = )| = Vw100 = uls — 0
as n — oo and
Yvian —u) = By (@2, il (i — w)) = By (2, (fty — u)*) + By (@2, uliiy, — u))
7 Vi (@) Gty 2 G (il i (y o u(ily
with
By (a2, u(iiy —u)) — 0 asn— 0o
by Lemma 2.6. Combining these estimates, we obtain that
o(1) = lliin|I* = llull® + B (it Gin — w)*) + 0(1) = |liin|I* = ul|* + (1) = o(1) asn — oo,

which implies that ||i, || — ||u| and By (12%, (i, —u)*) — 0 as n — oo. Hence ||ii, — ii|| — 0 and, by Lemma 2.1,
|, — |« — 0 as n — oo. We thus conclude that ||iz,, — u||x — 0 as n — 00, as claimed.
We still need to show that I’(z) = 0. Let v € X. Then we have

H (—xp) * U”x <cy4|luy||lx for all n with a constant ¢4 > 0
by the same argument which leads to (3.16). Moreover, I'(u)v = lim,,— oo I’ (i1;)v, where

|I/(’Zn)v| = ’I/(un)(_xn) * U| = ”I,(un)”X” (—xp) * v”X = C4||I/(Mn)”X””n”X -0

as n — 00. Hence I’ (u)v = 0, and the proof is finished. O
4. The periodic setting

In this section, we will complete the proof of Theorem 1.1. As in the last section, we assume that a : RZ — (0, o0)
is continuous and Z2-periodic. For ¢ > 0 we put

Kee={ueX : I'u)=0, I(u)=c}.
Moreover, for p > 0 we also consider the set
Acpi= {ueX : ||u—v||§,of0rsomeveKc}. 4.1

We note that A, , is closed in X and in H 1(R2). Indeed, the closedness in H ! (R?) follows easily from Proposition 3.1.
We also note that A, ,, is symmetric with respect to the reflection u > —u and invariant under 7 -translations for every
c € R, p > 0. In the following, y (A) € N U {0, oo} denotes the Krasnoselski genus of a closed and symmetric subset
A C X (defined with respect to continuity in || - || x), see e.g. [31, Chapter I1.5] for the definition of y. The following
finiteness property is a key step in the proof of Theorem 1.1.
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Proposition 4.1. Let ¢ > 0. Then there exists po = po(c) > 0 such that y (A.,,) < oo for p € (0, pop).

Proof. We fix a continuous map
B:L*(R*)\ {0} - R?

which is equivariant under 72 -translations, i.e.,
B(xxu)=x+Bu) forxeR?andu e L*(R?)\ {0}.

We also require that 8(—u) = B(u) for every u € L2(R?)\ {0}. A map with these properties has been constructed
independently in [10] and [5], and in [5] it is called generalized barycenter map. We also put

Ke:={ueK.: Bu) e[—4,41%}.
We first show that
K. is compact in X. 4.2)

To prove this, let u, € IEC, n € N be arbitrary. By Proposition 3.1, there exists a sequence (x,), C R2 such that, after
passing to a subsequence,

Wy =X, kU, —> u € K. withrespectto || - | x asn — oo.
Consequently,
Xn + Buy) = p(w,) — B(u) asn— oo.

Since B(uy) € [—4, 412 for all n, this implies that the sequence (x,), is bounded in R2, so that x, — x € R? after
passing to a subsequence. Consequently,

up, — ug:=(—x)*xu withrespectto| -|x asn — oo.
Indeed, although || - || x is not invariant under Z2-translations, we still have

Jun — (=x) 5wy < Jun — (—x0) %0y + [ (—=x0) 0 = (=) % 1|y, < Cllxp *un —ullx +o(1) =o0(1)
as n — oo with a constant C > 0, since the sequence (x,), C R2 is bounded. Moreover,

Bluo) = lim_ (uy) € [—4, 4%,

so that ug € K. Hence (4.2) is proved.

By (4.2) and a standard result (see e.g. [31, Chapter 11.5]), we have k := y([%c) < 00, hence there exists an odd
and continuous map go : K, — Rk \ {0}. A priori, gg is only continuous with respect to || - || x, but it easily follows
from the compactness of K. in X that go is also continuous with respect to || - ||. By Tietze’s extension theorem, we
may extend go to an odd and continuous map g : H'(R?) — R¥ (continuous with respect to | - ||). Since K. is also
compact in H'!(R?), there exists p > 0 such that

g(w)#0 foreveryueU,, 4.3)
where

Up:={ueH'(R?) : lu—v||<p forsomeve K.}
In the following, we let [-] denote the Gauss bracket, i.e.

[1:R— Z, [s]:=max{ne€Z : n <s}.
We also consider [-] as a map from R? — Z2, defining

[(x, y)] = ([x], [y]) eZ? for (x,y) e R%.
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Let

Ly:= {u e L*(R*)\ {0} : |Bw) — [Bw)]|, < %}

where |x|oo := max{|x1], |x2|} for x € RZ. Then L is invariant under Z2-translations, i.e.
gxLi=L; foreverygqe 72,

Moreover, it is easy to see that the map
hi:Li— Ly, hl(u)=(—[ﬂ(u)])>ku

is an isometry with respect to | - || which is odd and invariant under Z?>-translations, i.e.
hi(g *u)=hi(u)=—h(—u) foreveryuelL;, qecZ.

We also put

1 1 11
=(=,0 =10, = ==, = R?
a <2, ) as ( ,2), a4 (2,2>€

and define the sets
Li=a; Ly C L*(R*)\ {0} fori=23,4.

Then, by construction,

4
L*(R*)\ {0y c | J L.
i=1
We define the maps h; : L; — L;,i =2,3,4by
hi(u) =a; [h1 ((—ai) * u)] forueL;.

These maps are also isometries with respect to || - ||, and they are odd and invariant under translations. Moreover, for
everyi€l,...,4and u € L; we have B(h;(u)) € [0, 172. We now consider the sets

Ai=h"Uy,)CL; fori=1,...,4.

Then the sets A; are closed in H ! (Rz), symmetric and invariant under 72 -translations for i = 1,...,4. Let A :=
U?:l A;. Using (4.3) and standard arguments in the context of the Krasnoselski genus, one may construct an odd map

81 A— R¥\ {0}
which is continuous with respect to || - ||. It remains to prove that

Acp CA  for p > 0 sufficiently small. “4.4)

Once this is established, the restriction of the map g to A , is odd and continuous with respect to | - || x, and thus it
follows that y (A, ,) < 4k.
To prove (4.4), we argue by contradiction, assuming that A. , ¢ A for every p > 0. Then there exists

u, € Ac,l \A foreveryneN. 4.5)

Moreover, there exist v,, € K. such that ||u, —v, | < 1 for every n. Without loss, we may assume that u,, € L for every
n € N. Moreover, by the translation invariance of Ll, K. and statement (4 5), we may assume that 8(v,) € [0, 17?2 for
every n € N, so in particular v, € K, for  every n. By compactness of K., we may pass to a subsequence such that
lvy, — v|] = 0 as n — oo for some v € K. with B(v) € [0, 112. Since also |lu, — v|| — 0 as n — oo, it follows that
B(uy) € [—2,2]? for n sufficiently large. Consequently,

= (— [ﬁ(un)]) xv, € K. forn sufficiently large,
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whereas ||l (u,) — wy || = lluy, — v, |l — 0 as n — oo. Hence h1(u,) € U, for n sufficiently large, which implies that
u, € A1 C A for n sufficiently large. This contradicts (4.5). Hence (4.4) follows, and the proof is finished. O

Next we recall the notion of relative genus.

Definition 4.2. Let D C Y be closed symmetric subsets of X. We define the genus of Y relative to D, denoted yp(Y),
as the smallest number k such that ¥ can be covered by closed and symmetric subsets U, V with the following
properties:

(i) D C U, and there exists an odd continuous map x : U — D such that x (u) = u for every u € D.
(i) y(V) <k.

If no such covering exists we set yp(Y) := oo

The following properties are easily verified (see e.g. [14, Proposition 3.4] for similar statements); we include the
proof for the convenience of the reader.

Lemma 4.3. Let D, Y and Z be closed symmetric subsets of X with D C Y. Then we have:

(1) (Subadditivity) yp(Y U Z) <yp(Y) + v (2).
(ii) If D C Z, and if there exists an odd continuous map ¢ : Y — Z with ¢(u) = u for every u € D, then yp(Y) <
yp(2).

Note in particular that (ii) implies the monotonicity property yp(Y) <yp(Z)it DCY C Z.

Proof. (i) By definition of yp(Y), there exist closed and symmetricsets U, V C X with D CU,Y CUUV,y(V) =
yp(Y) and an odd continuous map x : U — D with x(#) = u for every u € D. Since V U Z is also closed and
symmetricand Y UZ C U U (V U Z), we conclude that yp (YU Z) <y (VU Z) <y(V)+y(Z)=yp(Y)+v(Z) by
the subadditivity of y (see [31, Chapter I1.5]).

(i) By definition of yp(Z), there exist closed and symmetric sets U,V C X with D CU, ZCcU UV, y(V)=
YD (Z) and an odd continuous map x : U — D with x(u) = u for every u € D. We then put U= <p_1(U N Z) and
V= ¢~ (VNZ),sothatY C U U V. Since the mapy =xoq: U — D is odd and continuous and satisfies XWw)=u
for every u € D, it follows from the definition of y that yp(Y) < y(V) <y(V)=yp(Z). O

In the following, we put
I={ueX :Iu)<c} forceR and D:=1°.
Moreover we define
cpi=inf{c>0: yp(I°) =k} forkeN.
Lemma 4.4. As in Theorem 1.1, let N :={u € X \ {0} : I'(u)u = 0}. Then we have

cy=infl = inf supl(tu) >0, 4.6
=N ueX\{O},eﬂg( ) (4.6)

Proof. The second equality in (4.6) is an easy consequence of Lemma 2.5, since u € N if and only if ¢/, (1) = 0. The
last inequality is an immediate consequence of Lemma 2.4.

Next we show that ¢ > infas /. We argue by contradiction, assuming that ¢ < infar I, and we fix ¢ € (c1, infar ).
We also define N* := {u € X : +1'(u)u > 0} and the function

T: N~ =1, 00), t(u) :=inf{r > 1 : I(tu) <0}.
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It follows from Lemma 2.5(i) that t is a continuous (and even) function. Next we define the map

0 u=0,
x:I°—= X, xw)=130 ifueNT,
t(wu ifueN.
Since ¢ < infpr I, x is well-defined, and it is odd and continuous by (2.20) and the properties of t. Since we also have
x|p =id|p, we conclude that yp (I€) = 0. Since ¢ > cy, this contradicts the definition of c;.
It remains to prove that ¢ < infy,ex\{0) Sup,eg 1 (fu). For this let u € X \ {0}, such that supy, I < oo for W := Ru.
It then follows from Lemma 2.5 that there exists R > 0 such that {v € W : ||v|| > R} C D. We need to show that c¢; <
supy, I, which follows immediately one we have shown that yp(W U D) > 1. Arguing by contradiction, we suppose
that yp (W U D) = 0, which implies that there exists an odd continuous map x : W U D — D such that x (v) = v for
every v € D. Since x(0) =0 and x(v) = v for v € W with [|v]| > R, there exists vy, € W with || x (vy)|| = ¢, where
o > 01is given in Lemma 2.4. Hence yx (vy) ¢ D, a contradiction. O

Lemma 4.5. We have ¢, < oo for k € N.

Proof. Let W be a k-dimensional subspace of functions in X with support contained in B (0) C R?. Then for any

two points x, y contained in the support of function u € W we have |x — y| < 1, and this implies that Vy(u) < 0 for
every u € W\ {0}. As a consequence, it is easy to deduce from Lemma 2.5 that

{ueW: ||u||zR}CD for some R > 0, 4.7
and that cy :=sup, ¢y I (1) < oco. We claim that
YD (ICW) >k and therefore c¢; <cw. (4.8)

Indeed, suppose the opposite; then there exist closed and symmetric subsets U, V C X with IV ¢ U U V and such
that

(i) D C U, and there exists an odd continuous map x : U — D such that x () = u for every u € D;
(i) y(V) <k-—-1

By Tietze’s Theorem we may extend x to an odd and continuous map X — X (still denoted by x ). We define

0= {ueW : ||X(u)|| <a},

where « is given by Lemma 2.4. By (4.7) we see that O is a bounded and symmetric neighborhood of 0 in W. Hence
y (0w O) = k by the Borsuk—Ulam Theorem, where dw O denotes the relative boundary of O in W. We note that
dawONU = @, since || x (u)|| =« for every u € dwO and x (u) € D for every u € U. Consequently, dw O C V and
therefore

k=y@wO) <y(V)=k—1,

a contradiction. This shows (4.8), as required. O
We need the following deformation lemma.
Lemma 4.6. Let ¢ > 0. Then there exists p1 = p1(c) > 0 such that the following assertions hold for p € (0, p1).

(i) AcpND=2.
(ii) There exists € = &(c, p) > 0 and an odd and continuous map ¢ : 7€\ A, , — I°7¢ such that ¢|p =idp.
P

Proof. We first show that there exists p; = p1(c) > 0 such that (i) holds for p € (0, p1). Suppose by contradiction that
this is false; then there exists numbers p, — 0 and u, € A¢ p, N D for every n € N. There also exist corresponding
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elements v, € K, such that |Ju, — v,|| < p,. Moreover, by Proposition 3.1 there exists x, € Z?, n € N such that
Xpn *x v, = v € K. withrespectto || - || x. By Z>2-translation invariance, we have x, xu, € A. ,, N D and

lxn * uy — vl < ”xn * (uy — Un)” + llxn % vy —vll < llun — vall + X0 ¥ vy — v >0 asn — oo.
Since x, x u, € D for every n, we then infer from Lemma 2.2(vi) that
c=1(w) <liminf [ (x, *u,) <0,
n—>oo

contrary to our assumption. Hence there exists p; = p1(c) > 0 such that (i) holds for p € (0, p1), as claimed.
Next, we fix p € (0, p1) and we consider

S:=X\Ac, and Ss:={ueX:|u—v||<sforsomeveS} fors>O0.
We claim that for § > 0 sufficiently small we have
|77l

Suppose by contradiction that this is false; then there exist sequences of numbers 3, > 0 and functions u,, € Sz,gn such
that §,, — 0 as n — 00, whereas

|1 (un)|

By Proposition 3.1, there exists, after passing to a subsequence, points x, € Z2, n € N such that

(1 +1lulx) =88 forallu e Sps with ¢ — 26% < I () < c 426> (4.9)

(1 + llunllx) <88, and ¢ —28; <I(uy) <c+26; forallneN.

Xp % u, — u strongly in X as n — 00

for some u € K.. Moreover, there exists v, € S such that
v, —u,ll <28, foreveryn eN.
It then follows that
lxn * vy —ull < |lxn * vy — Xp *upll + x5 % up —ull < vy —upll + |xy *up —u|| -0 asn— oo.
Since, by Z2-translation invariance, Xp * Uy € Sgn for every n, this implies that u is contained in the closure of S with
respect to || - ||, so that
lu —vl||>p foreveryveK,.

This contradicts the fact that u itself is contained in K.. We conclude that (4.9) holds for p > 0 sufficiently small.
Since || - || < || - llx, we may now fix § > O such that

e=82 << (4.10)
2

and such that statement (4.9) holds with 5‘25 replaced by the subset
S5 1= {u eX :|lu—v|x §8forsomeveS}.
By [19, Lemma 2.6], there exists a continuous function 7 : [0, 1] x X — X such that
1) n(t,u)=uift=0o0ru ¢ I~ Y([c—=2¢,¢c+2e]) N Sas:

(i) n(1,I°TENS) C 1%,
(iii) ¢+ I(n(t, u)) is nonincreasing for all u € X.

An inspection of the proof of [19, Lemma 2.6] also shows that 1 can be constructed such that (¢, —u) = —n(t, u) for
t € [0, 1], u € X since the underlying functional [ is even in u. Since D N I_l([c —2¢,c+ 2¢]) = @ by (4.10), the
map

Qi ITINAc, > 17, ) =n(l,u)

has the desired properties. O
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Corollary 4.7. The values cy. are critical values of the functional 1.

Proof. Suppose by contradiction that K., = & for some k. Then also A, , = @ for every p > 0, and thus Lemma 4.6
yields & > 0 and an odd and continuous map 7 : 1% — J%~¢ such that n|p = idp. This contradicts the definition
of cp,. O

Proposition 4.8. c; — oo as k — oo.

Proof. Suppose by contradiction that

Cpk—>Cc <00 ask— oo.

By Proposition 4.1 and Lemma 4.6, there exists p, & > 0 such that y (A ,) < 00, A¢ , N D = @ and such that there
exists an odd and continuous map ¢ : 1°7¢ \ A , — 1°7¢ such that ¢|p = idp. Consequently,

yo(I7 \ Acp) < yp(17°) < o0
by definition of c. Moreover, by the subadditivity property,
VYD (IH_S) = VD(IH_S \ Ac,p) +y(Acp) <00,
which contradicts the fact that ¢ + ¢ > ¢, for all k. The proof is finished. O

Proof of Theorem 1.1 (completed). By Lemma 4.5, Corollary 4.7 and Proposition 4.8, there exists a sequence of
critical points +uy € X of I, k € N such that 7 (ux) = cx — 00. Moreover, by Lemma 4.4, we have that

ci=infl = inf sup/(tu) >0,
N ueX\{O}teIg

and by Corollary 4.7 this value is attained by a critical point of / (which is contained in ).
Next, let u € N be an arbitrary minimizer of I|xs. We show that u is a critical point of 1. Suppose by contradiction
that I’(u)v < 0 for some v € X. Since I’ is continuous, there exists §, p > 0 such that

I'(tw+sv))v<0 forre[l—38,1+38] sel[—p,pl 4.11)
Moreover, since I'((1 — 8)u)u > 0> I'((1 + §)u)u, there exists s € (0, p) with

I'((1=8)(u+5v))(u+5v) > 0> I'((1 + 8)(u + §v)) (u + Sv),
which implies that (u + §v) € N for some 7 € (1 — 8,1+ 8). By Lemma 2.5 and (4.11), we find that

I(f(u+38v)) = I(u) < I(f(u+35v)) — 1 (fu) = — / I'(7(u + sv))vds <0,
0

contradicting the fact that u is a minimizer of /|xs. Hence u is a critical point of /, as claimed.

Finally, if u € NV is a minimizer of I |, it is easy to see that || € A is a minimizer of /| s as well, so it is a critical
point of I by the considerations above. By Proposition 2.3, |u| € W>P(R?) for every p > 1, and —Alu| + glu| =0
on R? with some function ¢ € L}’OOC(RZ). The strong maximum principle and the fact that u# % 0 therefore imply that
lu| > 0 on R?, which shows u does not change sign. O

5. The G-invariant setting

This section is devoted to the proof of Theorem 1.2. Since the proof is similar but easier than the proof of Theo-
rem 1.1, we skip some of the details. We thus assume from now on that

a is constant on R?. (5.1

Moreover, we let G C O(2) and 7 : G — {—1, 1} satisfy the assumptions of Theorem 1.2. Our aim is to detect critical
points of the restriction of the function / to the invariant subspace



S. Cingolani, T. Weth / Ann. 1. H. Poincaré — AN 33 (2016) 169-197 191

={ueX: Axu=uforall A € G},

where * denotes the group action defined in (1.8). By the principle of symmetric criticality, any critical point of the
restriction of I to X (which we will denote by I as well in the following) is a critical point of /. We have the
following compactness condition which improves Proposition 3.1 in the symmetric setting.

Proposition 5.1. Suppose that G, t satisfy the assumptions of Theorem 1.2. Then the restriction of I to X satisfies
the Cerami condition at every energy level d > 0. More precisely, if (u,), is a sequence in X g satisfying

I(w,)—>d>0 and ||I’(un)“X/ (14 lunllx) = 0 asn — oo,
G
then there exists a nonzero critical point u € X¢g of I such that, after passing to a subsequence,

Up,—>u inXasn— oo.

Proof. The invariance of I under the action G implies that I’(v)w =0 forall v € Xg, w € X é, where X é denotes
the orthogonal complement of X in X. Consequently, we have || I’(v)|| X, = III’(v)| - for all v € XG. Hence the
sequence (u,), satisfies the assumption of Proposition 3.1, and thus we may pass to a subsequence such that

Xp % Uy, —> ug strongly in X asn — oo 5.2)

for some nonzero critical point #g € X of I and a suitable sequence (x,), C R2. We show that the sequence (Xn)n
is bounded. Suppose by contradiction that |x,| — oo after passing to a subsequence. We may assume that "l — 20
as n — 0o. By assumption (1.7), there exists A € G with Azg # zo. Put y, := —x,, for n € N. Then we have, since
Axu, =u, forevery n e N,

|A s (v % 10) — yn * 10|y < |A s (yn 1o — un) |5 + |t — Yo % uola = 2|yn % o — un 2

=2lug — xp *uylp — 0 asn— oo. (5.3)

However,

| A (5 100) = yi % 0[5 — 2lugl3 = —2r<A>f (A71x =y Juo(x — ) dx
= —ZT(A)/ A7z = z0))uo(2) dz

= —2/(1,, *V)ugdz (5.4)

with v := A * ug and z,, := Ay, — y,. Moreover, since Az # zo, we find that
|2n| = |xn — Axy| = |xn]|Azo — 20 + 0(1)| > 00 asn — oo,

and therefore

/(zn *Vugdx — 0 asn— oo.
RrR2

Consequently, (5.4) implies that

| A (v % 10) — yn * o], — 2lugl2 #0,

contrary to (5.3). The contradiction shows that (x,), is bounded, so that x, — xo as n — oo after passing to a
subsequence. Hence (5.2) implies that u,, — u := (—xg) * ug in X, where u is also a nonzero critical point of /.
Moreover, u € X since X is closed and u,, € X foreveryn e N. O
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As a consequence of Proposition 5.1, the sets
Ke={ueXg:I'w)=0, Iw)=c} ¢>0

are compact and therefore satisfy y (K.) < oo, where, as before, the Krasnoselski genus y is defined with respect to
continuity in the norm || - || x. Setting

I”::{ueXG:I(u)Sc} forceR and D:=1°,

we have the following deformation lemma.

Lemma 5.2. Let ¢ > 0. Then for every neighborhood U of K. in Xg with U N D = & there exists ¢ > 0 and an odd
and continuous map ¢ : IV \ U — I°7¢ such that ¢|p = idp.

Proof. Let
S:=Xg\U and Ss:={ueXg:|lu—vlx; <8forsomevesS} ford=>D0.

It is standard to deduce from Proposition 5.1 that there exists § € (0, 4/c/2) such that

7@

v (14 llullxg) =88 forallu € Srs with e — 26 < I(u) <c+ 28 (5.5)
G
Let & := §2. By [19, Lemma 2.6], there exists a continuous function 7 : [0, 1] x Xg — X such that

() n(t,u)=uift=0o0ru ¢ I~'([c —2¢,c+2e]) N Srs;
(i) n(1,I°T¢NS) C 1%
(iii) t — I(n(¢,u)) is nonincreasing for all u € X¢.

Moreover, n can be constructed such that n (¢, —u) = —n(¢, u) for ¢ € [0, 1], u € X since the underlying functional
[ iseveninu. Since DN I ([c —2¢,¢c+ 2¢]) = @, the map
@ ITNU = 17°, o) =n(1,u)

has the asserted properties. O

For closed symmetric subsets D C Y C X we now define the relative genus yp(Y) as in Definition 4.2, noting
that Lemma 4.3 still holds. We then define the nondecreasing sequence of values

Ck :=inf{c >0: yD(I”) > k}, keN.
Precisely as in the proof of Lemma 4.4, we see that

ci:=infI = inf supl(tu)>0, (5.6)
! Ng MGXG\{O}te[g

where Ng :={u € Xg \ {0} : I'(w)u = 0}. Moreover we have
cy <oo forkeN. 5.7

The proof of (5.7) is similar to the one of Lemma 4.5. The only difference is that we have to choose, for given k € N,
a k-dimensional subspace W of functions in X with support contained in B 1 (0) € R?. In the case where 7 = 1, we

may simply choose a space W consisting of radial C'-functions supported in B 1 (0). In the case where 7 # 1, G is

assumed to be finite. This implies that there exists xg € RR? \ {0} with Axg # xo for all A € G\ {id}, since the set
{x €R?: Ax = x for some A € G, A #id}
is a finite union of subspaces of R? of dimension less than or equal to one. As a consequence,

Axo# Bxg forall A, B e G witht(A)=1, t(B)=—1. (5.8)
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Without loss, we may assume that |xg| < %. It then follows from (5.8) that there exists an open neighborhood U C
B 1 (0) of xq such that

AUYNBU)=2 forall A,BeGwitht(A)=1, t(B)=—1. (5.9
We may therefore pick a k-dimensional subspace W of C!-functions supported in U and define
W::{ Y yoA'— Y yoB! :weW}.
Aet=1(1) Ber—l(~1)

By (5.9), W is a k-dimensional subspace of X of functions supported in B 1 (0). We may thus proceed as in the proof

of Lemma 4.5 to obtain (5.7).
With the help of Lemma 5.2, we now deduce (similarly as in Corollary 4.7) that

the values g, k € N, are critical values of the functional I € C! (X, R). (5.10)

‘We also observe that

cy —> 00 ask— oo. (5.11)

This follows as in the proof of Proposition 4.8, with A, , replaced by an arbitrary neighborhood U of K. with
y(U) < oo and U N D = &. The existence of such a neighborhood follows from the compactness of K, (see e.g. [31,
Chapter I1.5]).

By combining the statements (5.6), (5.7), (5.10) and (5.11), we may now finish the proof of Theorem 1.2 by the
same arguments as in the proof of Theorem 1.1 (see the end of Section 4). The only difference is given by the fact that
the implication

ueXe — |uleXg
is only true if T = 1, and thus the last assertion in Theorem 1.2 requires this extra assumption.

6. Symmetry and uniqueness of positive solutions

This section is concerned with the proof of Theorem 1.3. More precisely, we will prove a symmetry result in a
slightly more general setting and deduce Theorem 1.3 afterwards. Let f : R — R be locally Lipschitz with f(0) = 0.
We study classical solutions (#, w) of the nonlinear system

—Au=wu+ f(u) inR? (6.1)
—Aw =27u? in R?, '
subject to the conditions
ue L“(Rz) and w(x) > —oo as |x| — oo. (6.2)
By Agmon’s Theorem (see [2]), (6.1) and (6.2) imply that
u(x) =o(e ") as x| — oo for every o > 0. (6.3)
Moreover, since every semibounded harmonic function R* — R is constant, we have
wkx)=c— /log |x — y|u2(y) dy forxe R? with a constant ¢ € R. (6.4)

R2
The main result of this section is the following.
Theorem 6.1. Every classical solution (u, w) of (6.1), (6.2) with u > 0 in R? is radially symmetric up to translation

and strictly decreasing in the distance from the symmetry center. Moreover, if f(u) = —au with a constant a > 0, then
(u, w) is unique up to translation.
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The proof will be given by a variant of the moving plane method. For A € R, we put
szz{xeRZ:x1>)»}, T,\=8H,\={xeR2:x1=A}.

Moreover, we let R2 — R2, x — x* denote the reflection of x at T>.. From now on, we consider a fixed solution of
(6.1), (6.2) with u > 0, and we set

u)‘(x)zu(x)‘), w)\(x)zw(x)\) forxeRz, reR.
On H, we define the difference functions
uy, =u* —u, wy =w* —w

which satisfy the system of equations

—Aup 41 = w4+ (w+ hy)uy, .
M2 o2 A inH,, (6.5)
with
A — .
hk(x) — { fu (xzt)(x)f(u(x)) + 1’ 1fu(x) 7& 0,
1, if u(x) =0.
Since f is Lipschitz continuous on [0, [[u|| ;0 (2,1, there exists a constant C = C(u) > 0 such that
175l Lo,y < C  forevery A e R. (6.6)
It follows from (6.4) that
lx =y*,
wy(x) = [ log T (u*(y) +u(y))ur(y)dy forx € H,. (6.7)
H,
Since log |f):_yyA“ > 0 for every x, y € Hj, we have the implication
u, >0 inH, — w,;>0 inH, (6.8)
for every A € R. In the following, we let v~ := min{v, 0} denote the negative part of a function defined on a subset

of R?. Note that v~ is a nonpositive function with this convention. We need the following estimate:

Lemma 6.2. There exists a constant k > 0 such that

(2 ||L2(HA) < ke |uy ”LZ(HU forevery 1 € R,

where
1

&= </(y1 —02() dy> Cand M= fxeHy () <0)
M,

Proof. We note that

Wk ok oA 2y — A
0<log lx — y*| Elog(l—i- ly—y I) - y=y"1_ 201 =% for x. y € H.
Ix =yl lx =yl Ix =yl
Since also u; (y) < 0 implies that 0 < u)‘(y) < u(y), we may use the integral representation (6.7) to conclude that

— A
O1=Y vy dy
lx — yl

lx — ¥l

M

2 —A
w;(x)zfM(uk(ywu(y))u;(y)dyyj
M;,

for x € H,, so that, by the Hardy-Littlewood—Sobolev inequality,

| wy ”Lz(HA) <k crfuy | L2(Hy)
with a constant x > 0 independent of A, as claimed. O
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Lemma 6.3. There exists A > 0 such that u;, > 0 in H,, for A > X

Proof. By (6.2) and (6.6), we may choose A1 > 0 such that w+ /4, <0in H, for A > A;. Multiplying the first equation
in (6.5) by u, and integrating, we may estimate with the help of Lemma 6.2

o oy = 1 Py = [ T+ o (T = [ i
H), H),
< JJw; “LZ(HA)HM)L”LOO(H;L) 3, ||L2(H)L) =k allullpome) s, “imﬂ)'
Since ¢; — 0 as A — oo by (6.3), there exists A > A1 such that
kellull ooy <1 fora > X,

so that u; =0 on Hj for A > A, as claimed. O

Lemma 6.4. If A € R is such that u) > 0 in H,, then also w) > 0 on H,. Moreover, either u; =0= w, or

u; >0, wy >0 on H, (6.9)
and

ou ow

— <0, — <0 onT,. (6.10)

8)61 8)61

Proof. We already noted in (6.8) that u; > 0 in H, implies w; > 0 in H,. Moreover, if u; s 0, then w, is strictly
positive in H, and

dwjy, Jw

—=-2—>0 onT,

0x1 0x1
by the Hopf lemma. Conversely, if w, = 0, then also u) £ 0 by (6.7), and u,,_ satisfies

—Auy +(1—w—hy)u; > u”

wy >0 in H,.
Hence u) > 0 in H, by the maximum principle, and

a a
9 _ _2_u >0 onT,
3)61 3)61

by the Hopf lemma. O

Lemma 6.5. Let A € R. If uy > 0 in H,, then there exists € > 0 such that u, > 0in H, for p € (A — ¢, 1).

Proof. Let Br := Br(0) for R > 0. By (6.2), (6.3) and (6.6), we may fix R > 1 large enough such that

w+h, <0 in H, \ Bg forevery u e R (6.11)

and

1
2.2 2 1
/ 1 —wW)u (y)dy) <———— forevery p e[ —1,A], (6.12)
K”M”Loo(RZ)
R2\Bg

where « is as in Lemma 6.2. Moreover, by (6.9), (6.10) and the continuity of u, aaTu.’ there exists 0 < & < 1 such that
u, >0 in H, N Bg for u € (A — ¢, Al (6.13)

Arguing similarly as in the proof of Lemma 6.2 with u € (A — &, A] in place of A, we may multiply the first equation
in (6.5) — with  in place of A — with u; and integrate, obtaining the estimate
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) ) _ \2 s
Jiz oy < Do Povca = / [ + (w4 hy) ()] dx < / W d
H,\Bg Hy\BRr
_ _ 2
< wy, “Lz(Hﬂ) lut ||L°°(HH) ”MM ||L2(HIL) <k cpllullpeowe) ||”u ”LZ(H,L)‘ (6.14)

Here we used (6.13) in the second step, (6.11) in the third step and Lemma 6.2 in the last step. We note that (6.12) and
(6.13) also imply that

1
2 1
cu < ( f (1 —mzuz(y)dy) <———— forue(—eAl
K llull poo(m2)
R2\Bg

Consequently, (6.14) implies that u;, =0for p € (A —&,2]. O

Proof of Theorem 6.1 (completed). Put
A :=inf{AeR : uy >0in H,}

By Lemma 6.3 we have A| < oo, whereas the positivity of # and (6.3) imply that A; > —oo. Moreover, as a conse-
quence of Lemmas 6.4 and 6.5, we have that u;, =0 and w), = 0. Repeating the same argument with x; replaced by
the second coordinate direction x,, we also find A, € R such that # and w are symmetric with respect to the hyperplane
{x € R? : x = A,}. Now consider A := (A1, 1) € R? and the translated functions

i,w:R> > R, A(x) =u(x — 1), W(x) =w(x — A).
These functions also solve (6.1), (6.2) and satisfy
i(x) = i(—x), W(x) =w(—x) forxeR>

It is then easy to see that every symmetry hyperplane of &# and w must contain the origin. Consequently, repeating
the moving plane procedure in an arbitrary direction in place of the xj-coordinate direction, we obtain that i and w
are symmetric with respect to any hyperplane containing zero, hence radially symmetric. The uniqueness of positive,
radial solutions in the case where f (1) = —au with a > 0 is proved in [12, Theorem 1.1.]. O

Proof of Theorem 1.3 (completed). Let u € X be a solution of (1.5) with constant a. By Proposition 2.3, u and
the function w : R? — R defined by (6.4) satisfy condition (6.2), and (u, w) is a classical solution of (6.1) with the
Lipschitz continuous function f(u) = blu|? 2y — au (here we need the assumption p > 2). Consequently, the claim
follows from Theorem 6.1. O
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