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Abstract
‘We prove sharp Holder continuity and an estimate of rupture sets for sequences of solutions of the following nonlinear problem

with negative exponent

1
Au=— 1inf2, p>1.
ub

As a consequence, we prove the existence of rupture solutions with isolated ruptures in a bounded convex domain in R2.
© 2014 L'Association Publications de 'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. The setting and main results

Of concern is the following MEMS problem in a bounded domain 2 C R"
Au=u"? in2 (1.1)

where p > 1.

Problem (1.1) arises in modeling an electrostatic Micro-Electromechanical System (MEMS) device. We refer to the
books by Pelesko and Bernstein [ 18] for physical derivations and Esposito, Ghoussoub and Guo [7] for mathematical
analysis.

Of special interest are solutions that give rise to singularities in the equation, that is, such that # & 0 in some region,
which in the physical model represents a rupture in the device. The main result of this paper is to give a sharp estimate
on the Holder continuity of solutions near the ruptures and estimates on Hausdorff dimensions of such rupture sets
under natural energy assumptions.
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We now state our main results.
Theorem 1.1. Let (u;) be a sequence of positive smooth solutions to (1.1) in B>(0), satisfying

sup f IVui > +u) P +u? = M < +oo, (1.2)
" B0

where By(0) C R" is the open ball of radius 2. Then:

2
e The functions u; are uniformly bounded in C »+1 (By);
e Up to subsequence, u; converges uniformly to us in By, strongly in H'(By), and u; P converges to uy! in
L'(By);
e Outside {uo = 0}, u; converges to uso in any C* norm, for any k;
® U is a stationary solution of (1.1).

By a solution we mean that u € H', u=P e L' and it satisfies (1.1) in the sense of distributions. We say a solution
u € H' N L'~7 is stationary if for any smooth vector field ¥ with compact support,

1 ) 1 - .
§|Vu| — —lu PldivY — DY(Vu,Vu) =0. (1.3)
p—

For positive smooth solutions this condition follows from variations of the energy functional

1 2
Ew)= | <|Vul”—
2 p—1

with respect to perturbations of the parametrization of the domain, that is,

ul=»p

—0. (1.4)
t=0

d
EE(M(X + tY(x)))

Formula (1.3) can also be obtained by multiplying (1.1) by Y - Vu and integrating by parts. Such condition is classical
in many works dealing with partial regularity, for example in the work Evans [8] and Bethuel [1] in obtaining partial
regularity for harmonic maps. It also appeared in the work of Pacard [ 16] on partial regularity results for weak solutions
of semilinear supercritical equations.

In harmonic map and many other problems, it is not always true that the weak limit of stationary solutions is still
stationary. For the problem (1.1), it is also not so direct to prove that the weak limit of distributional solutions is still
a distributional solution. This is where the uniform Holder continuity enters into our arguments. In particular, this
uniform Holder continuity is crucial for the establishment of those strong convergence in the above theorem.

Next we consider the partial regularity problem for stationary solutions.

2
Theorem 1.2. Assume u is a C P continuous, stationary solution of (1.1). Then {u = 0} is a closed set with Hausdorff
dimension no more than n — 2. Moreover, if n =2, {u = 0} is a discrete set.

Previous estimates on the zero set of solutions include Jiang, Lin, who prove that the dimension of {# = 0} is at
mostn —2 + ﬁ, for solutions u € H', =P € L'. The exponent was later improved to n — 2 + ﬁ by Dupaigne,
Ponce and Porretta [5] for the same class of solutions. Jiang and Lin [13] and Guo and Wei [12] also considered

finite energy solutions, and proved that the dimension of the zero set of solutions is at most n — 2 + #. Davila

and Ponce [4] improved the exponent for these solutions to n — 2 + # In all these cases it is not known whether
the best exponent obtained is optimal. The dimension estimate in Theorem 1.2 is the smallest compared to these
previous results, although we assume a Holder and stationary condition. However it is optimal because in 2 dimensions

u(r) = cpr?+1 is aradial singular solution, which satisfies the conditions in Theorem 1.2.
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We also would like to mention that, the sharp Holder continuity corresponds to the classical C! regularity in the
obstacle problem (see for example Caffarelli [2]),

Au= x>0}, u=0,

which can be viewed as the special case p =0 of (1.1). When p € (0, 1), the C 1’ﬁ regularity for minimizers was
also studied in Phillips [17]. Since we will use the blow up analysis and Federer’s dimension reduction principle to
prove Theorem 1.2, which involve various steps of passing to the limit, this uniform continuity and the consequent
strong convergence property will play an important role in this proof.

As an application of the preceding theorems, we consider the original MEMS problem in a bounded domain

—Av in £2, v=0 onads2, (1.5)

G
where £2 C R” is a smooth bounded domain. Here rupture means v = 1.

It is known that there exists a critical parameter A, > O such that for A < A, problem (1.5) has a minimal solution
and for A > A, there are no positive solutions. In [6], Esposito, Ghoussoub and Guo showed that when n < 7, the
extremal solution at A, is smooth and hence there is a secondary bifurcation near X,. When the domain is convex, it
is known that the only solutions for A small is the minimal solution. Thus by Rabinowitz’s bifurcation theorem [19],
there exists a sequence of A; > co > 0 and a sequence of solutions {u#; = 1 — v;} such that minu; — 0. By convexity
of £2 and the moving plane method, there is a neighborhood £25 of 92 such that u; remains uniformly positive in

2 —
£25 (see Lemma 3.2 in [12]). As a consequence of Theorem 1.1, u; are uniformly bounded in C »+1(§2) and hence
converges uniformly to a Holder continuous function u, with nonempty rupture set {#, = 0}. Applying Theorem 1.2
we obtain the following result.

Theorem 1.3. Let 2 C R? be a convex set. Then there exists a \* > 0 such that the following problem

)\'*
Au:—p in §2, u=1 onas2 (1.6)
u

admits a weak solution u such that u is Holder continuous and the rupture set of u consists a finite number of points.

Theorem 1.3 was proved by Guo and the third author [12] under the condition that p < 3 and that the domain has
two axes of symmetries.

The proof of the uniform Holder estimate for positive solutions in Theorem 1.1 is inspired by the work of
Noris, Tavares, Terracini and Verzini [15], where uniform Holder estimates are established for a strongly competitive
Schrodinger system. A contradiction argument leads after scaling to a globally Holder stationary nontrivial solution
of

uAu=0, wu>0inR". (1.7)

But a Liouville theorem of [15] says that u is trivial. The argument is carried out in Section 2 and we give the Liouville
theorem in Appendix A for completeness. The proof of the remaining statements of Theorem 1.1 is given in Section 4,
after some preliminaries in Section 3. The proof actually applies to a sequence of stationary solutions having a uniform
Holder bound. Section 5 contains the proof of Theorem 1.2.

2. The uniform Holder continuity
In this section we prove
Theorem 2.1. Let u; be a sequence of positive solutions to (1.1) in B4 with

sup/ui < +o00.

1
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An important result that we will use is the following Liouville type theorem obtained by Noris, Tavares, Terracini
and Verzini [15]. By completeness we give a proof in Appendix A.

Theorem 2.2. Let o € (0, 1). Assume oo >0, tisg € HIL (R"), is a globally C*(R") function satisfying
looAllo =0 inR", (2.1)
and that U« is stationary, i.e.
1
/ ElVﬁoolzdivY — DY (Viloo, Vilao) = 0,

R}’l
for any vector field Y € C°(R",R"). Then il is constant.

The remaining part of this section will be devoted to the proof of Theorem 2.1.

Proof of Theorem 2.1. Note that because u; is subharmonic and positive,
sup [[u; || L= (B,(0)) < +00.
1

Take n € C°(R") such that n =1 in B1(0), {n > 0} = B2(0), n =0 in R" \ B,(0). Denote
0 =u;n.
We will actually prove that

sup [|i; | < +o00.

2
i C P+ (By(0))
Assume this is not true. Because ii; are smooth in By, there exist x;, y; € B»(0) such that as i — +o0,

_ o) Zwol o, W@ ZEOL 2.2)
x,y€B(0),x#£y |x _ yl p+I

L;

2

lxi — yi *!
Note that because #; are uniformly bounded, as i — +o00, |x; — y;| = 0.

Denote r; = |x; — yi| and z; = (i — x;)/ri. Since |z;| = 1, we can assume that z; — zo, € "~ !. Define

2 2

wi(x) = Li_lri_ P (x4 rix) = Ll._lri_ P (x4 rix)n(x; 4+ rix),

and
2

i (x) = L7, P (o i) ().
These functions are defined in £2; = r_li(BZ (0) — x;). Note that £2; converges to §2+,, which may be the entire space or
a half space.

We first present some facts about these rescaled functions, which will be used below. By definition we have

n(x; +rix) _
= —1u

i) n(x;)

i(x),

and

- V . . _ . . _
Vii(x) = iV +rix) i (x) + 1 +rix) Vig; (x)
n(x;) n(x;)
p=1 , .
= Ll-_lrierl ui(xj +rix)Vn(x; +rix) + %Vﬁi@)
l

. . =1
A G 4 oL 'r/™).
n(x;)
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By (2.2) and noting that |z;| = 1, we have

1= i;(0) — i (z1)| = Max M (2.3)
PYSEAEY e — [T

Next, because n is Lipschitz continuous in B;(0), for x € £2;, we have a constant C which depends only on
supp, ) i and the Lipschitz constant of 7, such that

~ _ C
| (x) — i (x)| < ———[n@xi +rix) = n(x)|

. p+1
Lir,

p—1
<CL7 '/ xl. (2.4)

This converges to 0 uniformly on any compact set of §2, as i — +00. By the Lipschitz continuity of 1, we also have

=1
i (x) < CL;'r/ dist(x, 952;). (2.5)
Finally, we note that u; satisfies
Ait; = g;ii; L. (2.6)

Here &; = L;Piln(xi)l’“ —0asi— 4o0.
We divide the proof into two cases.

Case 1. A; :=u;(0) — +o0.
By (2.5),

p—1

dist(0, 882;) = cLir; "7 A; — +o0.

Hence £2; converges to R”. By (2.3), we can assume that (after passing to a subsequence of i) ii; — A; converges to
ilc uniformly on any compact set of R". By (2.4), u; — A; converges to the same i, uniformly on any compact set
of R".

For any R > 0, if i large, (2.3) and (2.4) imply that

p—1

ot PR Al
-2

inf ii; > inf #; —CL;'r/"'R>A; — R

Br(0) Bgr(0)

2 1
Pt —CL; r,

So
0<A; —A;) < 2p8iAi_p — 0.

By standard W24 estimates, for any g € (1, +00), u; — A; are uniformly bounded in Wl%)’cq (R™). Then by the Sobolev
embedding theorem, for any o € (0, 1), i; — A; are uniformly bounded in C llofl (R™). By letting i — 400 in (2.6), we
Se€ Il oo 18 a harmonic function on R”.

By the uniform convergence of i; — A;, we can take the limit in (2.3) to get

litoo (X) — Uoo(Y)]
—_— =
|x — y|rHT

1= oo (0) — o o) | = ma

The first equality implies that i1, is non-constant, while the second one implies that i1, is globally 2/(p + 1)-Holder
continuous, hence a constant by the Liouville theorem for harmonic functions. This is a contradiction.

Case2. A; :=1u;(0) > Ay € [0, +00).
By the first equality in (2.3),

1 <u;(0) + i (z). 2.7)
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Then by (2.5),
_p=l
cLir; "1 < dist(0, 382;) + dist(z;, 952;) < 2dist(0, 352;) + 1.
So we still have dist(0, 0§2;) — +o00, and 2, = R".
By (2.3), we can assume that (by passing to a subsequence of i) u; converges to it uniformly on any compact set
of R". By (2.4), i; converges to the same i1, uniformly on any compact set of R”. By this uniform convergence, we
can take the limit in (2.7) to get

I < 00(0) + Uoo(Zoo)-
So the open set D := {iio > 0} is non-empty.
Let D' € D be a compact set, and § = % infpy U, sO that § > 0. Then if i is large,
infu; > 4.
D/
By the same argument as in Case 1, we see

Also =0 1in D.

Hence s is smooth in D. In particular, if {iiec = 0} = J, we can use the same argument as in Case 1 to get a
contradiction.

In the following we assume {ito, = 0} # . Without loss of generality, assume that #1,,(0) =0

We claim that

il; — oo in H} (R (2.8)
and
gii; P =0 inL} (R") (2.9)
Indeed, take a function n € C3°(R"). Testing the equation of #; with iin?, we get
f \Vit;|*n? + eiii} "n? + 2i;mVit; Vi = 0. (2.10)
]Rn

First, by applying the Cauchy inequality to the last term, we have

/|Vu|n +8u n? < 4/ﬁf|vn|2.

Ril Rn
Because u; are uniformly bounded in any compact set of R" u; are uniformly bounded in H, (R"). By the uniform

R™).

loc
convergence of u;, they must converge weakly to it in H,

By taking limit in (2.10), we obtain

loc

dim [ Vi P Vit P 4 i = f (Voo P + 2ioon Viteo V1.
I—+00
Rn
On the other hand, take a o > 0 small so that {iio = o} is a smooth hypersurface. Then because it is harmonic in
{IZOO > U}’
= 22 A= - oo~ 5
[Vitoo|"n” + 2UoonViieo Vi = a—vuoon

{ioo>0} {oo=0}
Olloo o
= / av g
{ic=0}
_ = 2
=0 / ViV

{oo>0}

= 0(0).
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Here v is the outward unit normal vector to d{ii, > o}. By letting o — 0, we see

/ (Vitool2n? + 2iion ViV = 0.
Rn
Hence
im [ Vi Pn? = Vi n? + &t "n? =0.
1—>—+00
Rn

This proves both (2.8) and (2.9).
Because u; > 0 in £2;, it is smooth.
Let Y € C3°(£2;,R"). Then by standard domain variation calculation, i.e. (1.4),

1 .
/<§|Vﬁi|2 - 8—’1u} ”) divY — DY (Vi;, Vii;) =0.
p—

By the previous lemma, we can take the limit to get
1
f E|Vﬁoo|2div1/ — DY (Viloo, Viiso) = 0.
Rn
Now we can apply Theorem 2.2, which implies #« is a constant. This is a contradiction because both {i1o, > 0}
and {ito, = 0} are nonempty.

2 —
In conclusion, the assumption (2.2) does not hold. So i; are uniformly bounded in C 7T (B5). Since #; = u; in By,

this finishes the proof of Theorem 2.1. O

Remark 2.3. An essential point in this proof is the fact that
UooAllso =0.

This is well defined, because Aii, is a Radon measure and i, is continuous. From this we also get, in the distribu-
tional sense

A%, =2|Viigo|*.
3. Some tools

In this section we first present some consequences of the uniform Holder continuity, which we will use to prove
Theorems 1.1 and 1.2. Therefore, throughout this section we assume that (x;) is a sequence of stationary solutions of
(1.1) in B3(0) satisfying

sup flu;ll 2 _ < 4o00. 3.1
i C P*1(B3/2(0))

By Theorem 2.1, this includes the case that u; are positive solutions of (1.1) in B,(0) satisfying (1.2).

Lemma 3.1. There exists a constant C such that for any i, x € By and r € (0,1/2),

_ o P
/ ul.prrn 2P+1.

By (x)

Proof. Take a nonnegative function n € C3°(Ba,(x)) such that n =1 in B, (x) and |An| < C r~2. Then

2
/ui_pn = /(u, — ui(x))An <",
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Here we have used the uniform 2/(p 4 1)-Holder continuity of u;, which implies that

2
sup |u; —u;i(x)| <Crvil. O 3.2)
B (x)
Lemma 3.2. There exists a constant C depending only on M, such that for any i, x € By and r € (0, 1/2),

p—1

/ |Vui)* + Mil_p <Cr"
By (x)

Proof. First by the previous lemma and the Holder inequality,

p=1
_ _ P 1 _op—l
f s '75( / 4 ,,) [B,0)]7 < Cr"

B (x) B (x)

Take a nonnegative function n € C3°(Ba,(x)) such that n =1 in B, (x) and |Vn| < 2r L, Testing the equation of
u; with (u; — ui(x))nz, we get

/ \VuiPn? +u; ” (ui — ui (x))n* = —Z/Vuivn(ui —ui (xX))n.

The Cauchy inequality gives

/|Vu,-|2n25/u,-‘”}ui—ui(x>|n2+8/|w|2(ui—ui<x>)2.

Then using the previous lemma and (3.2) we have

/|Vu | < sup|u, u; (x)|/ +8 sup|u, u,-()c)|2/|Vn|2

p—1
<Cr'*” 21’“

The following result holds for any 2/(p + 1)-Hélder continuous solutions.

Lemma 3.3. If x € {u; > 0},
|Vui ()| < Cup ()~ "7

2
Proof. Denote h = u;i(x) > 0. By the Holder continuity, u; > h— in Bs (x), where § depends only the C/(P*+1

norm of u;. Note that we also have u; <2h P+1 in Bg,(x).

2
Define i(y) =h™ »*lu;(x + hy). Then in Bs(0), 1/2 < i <2, and i satisfies Eq. (1.1). By standard elliptic esti-
mates, there exists a constant C depending only on é and » so that

|Vi(0)| < C.
Rescaling back we get the required claim. O

p+l
This estimate implies that [Vu; 2 | < Cin {u; > 0}. Thus we get

p+1

2

Corollary 3.4. The function u, > is uniformly Lipschitz continuous.

The next result is taken from [14], and it can be viewed as a non-degeneracy result.
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Lemma 3.5. There exists a constant ¢ depending only on M, such that for any i, x € By and r € (0, 1/2),

Proof. By the Holder inequality,

1 P
P P p+I p+1
1 1 —
/ 1= / Mi P+ uiIH— < ( / ui P) / uj .

By (x) By (x) By (x) By (x)

Substituting Lemma 3.1 into this we get the estimate. O
Finally let us recall the monotonicity formula for stationary solutions.
Theorem 3.6. Let u be a stationary solution of (1.1) in By. Then for any Bgr(x) C By and r € (0, R),

p—1
pparzt 1 1 2]
E(rix,u)=r n+2§+1/ —|Vul> - W)L /u2
2 p—1 p+1

By (x) 9By (x)

is nondecreasing in r. Moreover, if E(r; x, u) = const., then u is homogeneous with respect to x:

2
u(x +Ay)=Arrttu(x +y), ye€Brx), L€(0,1).

Proof. Following the same proof of a monotonicity formula in [11, Lemma 2.2], we have

L E(rixou) = e )2%‘”/ 2 ) s (33)
—E@r;x,u)=cn, p)r —— r-—u) >0. .
dr P ar p+1

By (x)

The proof uses the stationary assumption on the solution to obtain a Pohozaev type identity used in the calculation.
Formula (3.3) also characterizes the case of equality. O

By the equation we have
/ |Vul?> +u'~P — / uu, = 0.
By (x) 3By (x)
—1
Multiplying this with ﬁrz%_", and adding it into E (r; x, u), we get another form for E(r; x, u)
DY 1 2 2 1 1 d[ _yuprt
E(r;x,u)=r 2 / — — )\VuP | — - — Ju'"P - ——|r 2 / u?|.
2 p-3 p—3 p-—1 p—3dr
By (x) 9B (x)
4. The convergence

In this section we prove Theorem 1.1. We can prove actually a stronger statement, so we assume in this section

2
that (u;) is a sequence of stationary C »*T Holder solutions of (1.1) in B;(0) satisfying the uniform estimate (3.1). By
Theorem 2.1, this includes the case that u; are positive solutions of (1.1) in B,(0) satisfying (1.2).
Let us list the results we obtained in the previous sections. There exists a constant C independent of i, such that:

(1) Forany x € By and r € (0, 1/2),
-1
/ Vi +ul P < O (4.1)
By (x)



230 J. Dadvila et al. / Ann. I. H. Poincaré — AN 33 (2016) 221-242

(2) Forany x € By and r € (0, 1/2),

/ P < o (4.2)
B (x)
(3) For any x, y € By,
2

|ui () —ui (V)] < Clx — y|P+T. (4.3)
(4) Forany x € By and r € (0, 1/2),
1 2
/ wrz o (44
By (x)

By (4.3), we can assume that, up to a subsequence, u; converges uniformly to a function u, in By. Then with (4.1),
u; are also uniformly bounded in H 1(B)), and we can assume that it converges to U, weakly in H L(B)). By the
uniform convergence, we see U, also satisfies the estimates (4.3) and (4.4).

By standard elliptic estimates, for any domain §2 € {us, > 0} N By and k, u; converges to uoo in ck).

2
Lemma 4.1. H" 2777 ({us = 0} N By) =0.

Remark 4.2. This statement can be obtained from [5, Theorem 12] where it is proved that if u € L! (B1),u>0a.e.,

is such that Au is a bounded measure and u~? € L'(By), then H"fﬂﬁ ({fu = 0}) = 0. Note that such u need not
be continuous, but is well-defined outside some set of zero Newtonian capacity, so this formula makes sense, since
for any Borel set E C By with zero capacity we have HV=2t9(E) = 0, if 6 > 0. However, note that at this stage
we do not know if u., is a weak solution, even in the distributional sense. This fact will be proved after establishing
Lemma 4.3.

In our context we can give a short proof.

Proof of Lemma 4.1. First by (4.4), for any x € {uso =0} N By and r € (0, 1/2),

SUp Uso > cr P,

B, (x)
Then by the Holder continuity (4.3) for u, there exists a ball Bs,(y) C B, (x) (§ depends on the Holder constant of
Uso) such that

2
Uoo = crPTTin By, (y).

In particular, Bs,(y) C {#so > 0}. This means for any x € {usoc =0} N By and r € (0, 1/2),
Huco =0} N B, (x)| <

| B (x)] -

By the Lebesgue differentiation theorem, |{uo, =0} N B1| =0.

Then because u; © converges to u~ 7 uniformly in any compact set of {us > 0} N By, u;
in B;. By the Fatou lemma,

ud <liminf | usd <C.
i—+00
B B

1—cé.

P converges to u~? a.e.

For any ¢ > 0, take a maximal e-separated set {x;,1 <i < N} of {use = 0} N By. By definition, B¢/2(x;) are
disjoint, and

N
(oo =0} N By C | Be(xi).

l
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Note that every B, (x;) belongs to the e-neighborhood N; of {1, = 0} N By. Hence
N
> s fu (45)
=B (i) N
which goes to 0 as ¢ — 0, by the monotone convergence theorem. Because x; € {u., = 0}, by (4.3),

SUP Uoo < CePHr,
Beya(xi)

Thus

Beya(xi)
Substituting this into (4.5), we see
N , N
Z(diam(Bg(xi)))”_zm < CZ / ul
i=

i=1 B2 (x)

IA

—

C
N

ul.

By letting ¢ — 0, we get HVHZ#({MOo =0}NB;)=0. O

1 1

Since u; ~ converges to u_, a.e. in By, by passing limit in (4.1) and (4.2) and using the Fatou lemma, we see uno

also satisfies (4.1) and (4.2). (The estimate of |Vu| is a direct consequence of weak convergence in H LBD.)
Lemma 4.3. The sequence (u; Py converges to usl in L'(By).

Proof. By the Fatou lemma, we always have

/uo‘o” < ljminf/ u; ”.
i—+00

By By

Thus we only need to prove the reverse inequality

/u;{’ Zlimsup/ui_p.
i—400

B B
By the previous lemma, for any ¢ > 0, there exists a covering of {#, = 0} N By by N;Cy, with diam Cy, < &, and

Y (diam )" <. (4.6)

1

For each k, take an x; € {#so =0} N B1 N C. Denote the open set

U = Baiam ¢, (x%).-
k
U is an open neighborhood of {us = 0} N By. So in ({ueo > 0} N By) \ U, for all i large, ul._p have a uniformly
positive lower bound and they converge to u5! uniformly. Hence
lim / u; = / ur. 4.7

i——+00
({uoo>0INBH\U ({uoo>0INB\U
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For each i and k, by (4.2),

_ . 2P
u; ¥ < C(diam Cp)" "7+
Biam ¢y, (xk)

Summing in k and noting (4.6), we see

ey | e

U Bdmm Ck(xk)
Combined with (4.7), we obtain
/u;{’ zlimsup/ui_p—CE.
i——+00
B B

Taking ¢ — 0, we complete the proof. O

Corollary 4.4. The function us is a solution to (1.1) in the distributional sense.

Lemma 4.5. We have that uil_‘" converges to uclx:p in LY (B1) and u; converges to us strongly in H'(By).

Proof. Note that for any 7, s > 0, [t' =7 — s!=P| < C(p)|s — t|(s—P +t~P). Thus, by the previous lemma

1- 1- - -
/’ui P uoop’ <C(p)suplu; — uoo|(/“,~ b +”oop) <Csuplu; — ol
B By
By By
This converges to 0 by the uniform convergence of u; to .

By testing the equation of u; with uinz, where n € Cgo(Bz), we have

2

1- Ui

|Vui|2n2+ui pnzz'/uizA?.
By

By the strong convergence of u; in L? (B), and the convergence of u ll ~? proved above, we have

loc

1 772

lim |Vui|2n2+fuogpn2:/ugoA—.

i—>+00 2
By B B>

Since uoo € H! (B) is a weak solution of (1.1), and u P e Ll | we also have

2
/|Vum|2n2+u;pn2:/ugoA%.

B B

loc?

This gives

lim [Vui|? /|Vuoo|

z—>+oo

and the strong convergence of u; in H LB). O

By this convergence, we can take limit in (1.3) for u; to get the corresponding stationary condition for u. This
finishes the proof of Theorem 1.1.
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5. Dimension reduction for stationary solutions
In this section we assume that u is a 2/(p + 1)-Holder continuous, stationary solution of (1.1) in B>, with

/ IVul> +u' "7 + u> = M < 0.
B,
By the results in Section 3, u satisfies all of the estimates (4.1)—(4.4). In particular, {# = 0} is a closed set satisfying
(by Lemma 4.1)
2
H" 725 ((u=0}) =0.
We will use the Federer dimension reduction principle to prove Theorem 1.2. We will mainly follow the treatment
in Giusti [10, Chapter 11]. For an account of this argument, see also [20, Appendix A].
First let us consider the blow up procedure. Assume that #(0) = 0, for A — 0, define the blow up sequence
N 2
u*(x)=Ar rHu(ix).

By a rescaling, we see u’ satisfies (4.1)—(4.4), for all ball B,(x) C B, -1(0). By the results established in Section 4,
we can get a subsequence of A; — 0, so that u; := u™ converges uniformly to a u, on any compact set of R”. (This
limit may depend on the choice of the sequence A; and thus not unique.)

We also have

(1) Foreach R, u;p converges to url in LY(Bg);

(2) For each R, uilfp converges to usg ” in L1(Bg);

(3) For each R, u; converges to u, in HY(BR);

(4) uso is a stationary weak solution of (1.1) in the distributional sense;
(5) uoo is nonzero.

To continue, we first note the following result.
Lemma 5.1. For any ¢ > 0, if i large, {u; =0} N By lies in an e-neighborhood of {usc = 0} N By.

Proof. This is because u; converges to i, uniformly in any compact set 2’ € {©oo > 0} N By. Thus for i large,
u; >0in 2. O

Next we would like to use the monotonicity formula to explore the information of the limit uo.
Lemma 5.2. The limit lim,_.q E(r; 0, u) exists and is finite.

Proof. In view of the monotonicity of E(r; 0, #), we only need to show that as r — 0, E(r; 0, u) has a uniform lower
bound.
By Lemma 3.2, for each r € (0, 1),

p=1_
2T "/|Vu|2+u1_1’ <C.
B,
2
Next, by Theorem 2.1, sup B U= Crp+1, Thus
—1 p—1
2h—n— /u2 ECrZ;’T—n—H—n—H—% _c
9B,

Substituting these into the first formulation of E(r; 0, u), we get

E(r;0,u)>—C. O
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By (3.3), forany r € (0, 1),

p=1_. (0 2 2
E1;0,u)—E(r;0,u)=c / |x|2£+1 n( 2 r ) dx.
or p+1

Bi\B,

Corollary 5.3. We have
p=t_, (0 2 2
/|x|22+' (2 x|~ 'u ) dx < +o0.
ar p+1
By

Lemma 5.4. The blow up limit uso is a homogeneous solution of (1.1) on R".

Proof. By the strong convergence of u; in Hllo (R, for any n € (0, 1),

2
sp=l_, (du 2
x| <P ”<—°° Yoo ) dx

- —r
ar p+1
B _1\By
p=1_, [ Ou; 2 2
= lim / |)c|2PJrl " —l——|x|7]u,~ dx
i—+00 ar p+1
B _1\B,
n
p=1_, (8 2 2
mm [ (G )
B, 15, \ B,
=0.

The last one is guaranteed by the previous corollary.
This means for a.a. x € R",

0l oo 2
- —r
ar p+1
Integrating this in r, we get

2 X
uoo(X)=IXI"+‘uoo< >

x|

_luoo=0.

Define the density function (it may take value —o0)
O(x;u):=lim E(r; x,u).
r—0
We have the following characterization of rupture points.

Lemma 5.5. We have: x € {u > 0} if and only if ®(x) = —o0.

Proof. If u(x) =2h > 0, by the continuity of u, u > h in a ball B, (x) and it is smooth here. Hence for r < rg,

p—1

p=l_ _ p—1
pEpr " / |Vul? +u' prrz T,

By (x)
which goes to 0 as r — 0.
On the other hand,
—1 -1
rz%—n—l u> > hzrz%—{

0By (x)
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which goes to +00 as r — 0. Substituting these into the first formulation of E(r; x, u) we get
lim E(r; x,u) = —o0.
r—0
If u(x) =0, the same proof of Lemma 5.2 gives

Ox;u)=1lim E(r;x,u) > —C. O
r—0
We record the following continuity property of this density function.

Lemma 5.6. O (x; u) is upper semi-continuous in x and u (under the convergence specified as in Theorem 1.1).

Proof. Because u € H'(B;) and u'~? € L'(B,), by the first formulation of E(r; x,u), E(r; x, u) is a continuous
function of x. Then since ®(x) is the decreasing limit of this family of continuous functions, it is upper semi-
continuous in x.

If we have a sequence of stationary weak solutions u; that converges to us, strongly in H'(B,(x)) and
L'=P(B,(x)) as in Theorem 1.1, then by the trace theorem we also have

2 2
/ui—> / ug,.

9B, (x) 9B (x)
This implies directly that
E(r;x,u;) —> E(r; x,Ux). G.D
For any ¢ > 0, by definition we can find an r > 0 so that
E(r;x,us) <O ux) +¢.
On the other hand, by the monotonicity we always have
O(x;u;) < E(r; x, u;).
Thus

limsup®(x;u;) < lim E@;x,u;) =EF;x, o) S OX; Uso) + €.
i—+00 =400

By taking ¢ — 0 we can finish the proof. O
Combining the above proof with Lemma 5.4 we can deduce that

Corollary 5.7. Let x¢ € {u = 0} and uoo be a blow up limit of u at xo, then for any r > 0,

E@r;0,ux) =00; ux) = O (xo; u).

The first equality comes from the homogeneity of u,, and the second one can be obtained by combining (5.1) and
the definition of .

To prove Theorem 1.2, we argue by contradiction. So assume that the Hausdorff dimension of {# = 0} is strictly
larger than n — 2. Then by definition, there exists a § > 0 such that

H" " (lu=0}nB;) > 0. (5.2)
For a set A C R”, define

HS2H(A) = inf{Z(diam s acl S,»}.
j j
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Then by [10, Lemma 11.2 and Proposition 11.3], (5.2) implies the existence of a density point xg € {u = 0} N By, that
s,

HE>4 (=0} 1 By (x0)) _

lim sup o

r—0

0. (5.3)

We can perform the blow up procedure at x¢ to obtain a homogeneous solution us,0 on R”. By noting Lemma 5.1,
we can prove as in [10, Lemma 11.5] to get

Hn—2+8 —0'NB
HZ 2 ({100 = 0} M B1(0)) > lim sup —= ({LL_H; r®)
r

r—0

0, 54

if we choose a suitable sequence A; — 0 in the definition of u 0.

Since n > 2, (5.4) implies that {1 0 = 0} contains a point x; # 0, which can also be chosen to be a density point
by [10, Proposition 11.3]. Note that the origin 0 always belongs to {us, = 0} because uo, is homogeneous. This
homogeneity also implies that the ray {rx; : t > 0} C {uco,0 =0}, and

O(tx1; Uoo,0) = O(X1; Uo,0) fort>0. (5.5)

The main step in the dimension reduction procedure is to blow up once again at x;. Assume that one limit function
1S Ueo,1 and we have a sequence A; — 0 so that

2
- 1
Ui i=A; "Moo,0(X1 + AiX) = Uoo 1,

in the sense of Theorem 1.1.
We want to show that 1.1 is in fact translation invariant in the direction x;, thus can be viewed as a function
defined on R"~!. This can be achieved by the following lemma, together with the fact that, for any ¢ € R,

O(tX1; Uoo,1) = limsup O (tx1; u;) = limsup@((l + thi)xy; Moo,o)

i—>—+00 i—+00

= O (X1 Uoo,0) = O(0; Uoo,0),
where we have used Lemma 5.6 and Corollary 5.7.
Lemma 5.8. Let u be a homogeneous stationary solution of (1.1) on R", satisfying estimates (4.1)—(4.4) for all balls

B, (x). Then for any x # 0, ©@(x,u) < ©@(0,u). Moreover, if ©(x,u) = @0, u), u is translation invariant in the
direction x, i.e. for all t € R,

u(tx +)=u(-) inR".
Proof. With the help of the estimates (4.1)—(4.4), similar to the proof of Lemma 5.2, for any xo € R", there exists a
constant C such that

lim E(r;xo,u) <C.

r—+00
And we can define the blowing down sequence with respect to the base point x,

u(x) = k_%u(xo +Ax), A— 4o00.
Since u is homogeneous with respect to 0,

u)(x)= u()f]xo —|—x),
which converges to u(x) as A — +o00 uniformly in any compact set of R”. u; also converges strongly in HIL .
1
loc

OO0;u)=E;0,u)= lim E(1;0,uy)
A—+00

R,

u ifp and u;P converge in L; (R"). Then by the homogeneity of u and these convergence, we see

= lim E(XA;xg,u)
A—>—+00

> O (xo; u).
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Moreover, if © (xo; u) = ©(0, u), the above inequality becomes an equality:

lim E(X; xo, u) = O (xg; u).

A—+400

This then implies that E(X; xg, u) = @ (xo; u) for all > > 0. By (3.3), u is homogeneous with respect to xg. Then for
all A > 0,

2
u(xo+x)=A P u(xg+ Ax) = u(k_lxo +x).
2
By letting A — 400 and noting that u(1~'xo + -) are uniformly bounded in C 7+T (R"), we see
ulxg+)=u() onR".

Because u is homogeneous with respect to 0, a direct scaling shows that & (txo; u) = © (xo; u) for all + > 0, so
the above equality still holds if we replace xo by zxo for any # > 0. A change of variable shows this also holds for
t<0. O

We have shown that us,1 can be viewed as a weak solution of (1.1) in R"~!. Note that the Uoo,1 1s still in
HI]O C(R”_l) and 2/(p + 1)-Holder continuous. The following result shows that the stationary condition is also pre-
served under this operation.

Lemma 5.9. Let u = u(xy, -, xp—1) € H}

LR N L PR be a weak solution of (1.1) in R"™1. Take i to be
the trivial extension of u to R",

u(xy, -, xp) = uxy, - -, Xp—1).

Then u is stationary if and only if i is stationary.

Proof. First assume i is stationary but u is not stationary. By definition there exists a vector field Y € C3° (R R—1),
such that

I TR
5|Vu| _p—lu P)divY — DY(Vu,Vu) =6 > 0.
Rn—1

For any T, take a function ny € CS°((—=T — 1, T 4 1)) such that n = 1 in (=7, T), |5’| < 2. Then

Y(x1, oy Xne1,Xn) = Y (X1, -+, Xnm 1)1 (Xn)

is a smooth vector field in R” with compact support. So

1 1 _ -
/(—IVﬁlz— :211’> divY — DY (Vii, Vii) = 0.
2 p—1
Rn

However, direct calculation shows that this also equals

1 ) | .
—|Vu|* — ——u P |divY — DY (Vu, Vu)
2 p—1
Re=1x{—T<x,<T}
I __, I .- -
+ —|Via|* — ——u ~P |divY — DY (Vi, Vi)
2 p—1
R (T <|xp | <T+1}
=2T6+ O(1).

Hence if we choose T large we get a contradiction with the stationary condition of u. This proves the stationary
condition for u.
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Now assume u is stationary. For any vector field ¥ € Cg°(R", R"), by noting that % =0 a.e., we have

1 1 _ i}
/(§|Vﬁ|2— 112"’) divY — DY (Vi, Vi)
P

R"
o I 1 3% Y, ou 9
= ZIvul? — I=p i i ou ou
/[/<2| M| P—lu ) Z axi Z 3)6j3x,‘3xj

—oo  Rn-l 1<i<n-—1 1<i,j<n—1
1 +oo  _
1 Y,
+/ ~|Vul* - u' =P / .
2 p—1 X,
Rr-1 -0
=0.

This proves the stationary condition for u. O

Similar to (5.4), when u« 1 is viewed as a function defined on R”, we have
H2 2 ({too,1 = 0} N By (0)) > 0.
Then if we view u; as a function defined on R” !, this means
HY 3 ({uso,1 =0} N B1(0)) > 0.
We can repeat this reduction procedure until we get a stationary weak solution us,_,_2 on R?, which satisfies
H, ({ttso,n—2 = 0} N B1(0)) > 0.
In particular, {#so,,—2 = 0} cannot be a singleton because § > 0. However, this contradicts the following lemma, and
thus disproves our initial assumption (5.2).

Lemma 5.10. Let u be a 2/(p + 1)-Hélder continuous, homogeneous solution of (1.1) in R2. Then {u = 0} = {0}.

Here we only need the solution to be understood in the distributional sense, i.e. u=? € Lllo . (R?).

2
Proof. There exists a function ¢(0) € C »+1 (SY) such that in the polar coordinates,

2

u(r,0) =rrlp(0).
Then

1
2
/u_p :/(/(p(e)_pd@)r_l’%ﬂdr < 4o00.
By 0

Sl
So

/90(9)_”0’9 < 4o00.
Sl

If there exists a 6y € S! such that ¢(0p) =0, then
2
lo(©) — @(B)| < ClO — 6p| P+T.

_ 2 . .. _r
Hence near 6y, ¢ 7 grows like |6 — 6| »+1. Since % > 1, ¢~ P cannot be in L' (S!). This is a contradiction and we

musthave ¢ >0onS!. O
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Remark 5.11. Similar arguments show that there does not exist homogeneous solutions in R'.

Finally, we prove the discreteness of {# = 0} in the case of n = 2.
Assume there exists x; € {u = 0} N By, such that x; — xg but x; # x¢. Take r; = |x — x;| and define

2

u;(x) = r; Py (xp 4 rix).

After passing to a subsequence of i, we can assume that u; converges uniformly to a 2/(p + 1)-Holder continuous,
homogeneous solution u#s, in any compact set of R2. Since z; = (xj — x0)/ri € S!, we can also assume that z; —
Zoo €SL. By the uniform convergence of u;,

Uoo(Zoo) = . lim u;(z;) =0.
1—>+00
However, Lemma 5.10 says u«, > 0 outside the origin. This is a contradiction and {# = 0} N B must be a discrete set.
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Appendix A. A Liouville theorem

In this appendix we give a proof of Theorem 2.2, following the argument of [15].
Eq. (2.1) implies that
A%, =2|Viigo|?, (A.1)

in the distributional sense. Moreover, U, iS harmonic in the open set {iioo > 0}. So if U, > 0 everywhere, it is
a harmonic globally Holder function on R” and we can use the standard arguments to deduce that is constant.

In the following we assume {ito, = 0} # @. First we present some monotonicity formulas. It is here that the station-
ary condition on the solution is used.

Proposition A.1. For r > 0 and x € R",

D(r;x):=r*" / |Vitoo|?
By (x)

is nondecreasing in r.
Proof. For a proof, see [3, Lemma 2.1]. In fact by the stationary condition, we have

9ii 2
(n—2) f \Viigo|? = r / |V1200|2—2( ;“"’)
r

By (x) 9By (x)

Then direct calculations give

d ou 2
LD x) =272 > ) >o.
dr (r; x)=2r / ( or ) - -

0By (x)
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Next let H(r; x) :=rl™" faB, ﬁgo. By (A.1), direct calculations give

dH o
_zzrl—”/uoo Hoo =2r1_”/ﬁooAzZoo

dr

Then we get

Proposition A.2 (Almgren monotonicity formula). For r > 0 and x € R",
D(r; x)
H(r; x)

is nondecreasing in r. Moreover, if N(r; x) =d, then

N(r;x):=

oo (x + 1Y) = rliiog (x + ¥).

Proof. Without loss of generality, take x = 0.

Dy < HO " o G271 = D@ g e )
ar H(r)?
—2r 3— 2nj3B OOIBB (31400) _(]33 ’/_‘ooduoo)2
H(r)?
> 0.

If N(r)=d, forany r,

[ (5 -([=5) -

r

By the characterization of the equality case of the Cauchy inequality, there exists a A(r) such that

oo
ar
Integrating in » we get a function ¢(r) such that

ﬁoo(y)=¢(|y|)ﬁoo(|yﬂ>.

Then a direct calculation shows that ¢(|y|) = | yld. O

= A (F)iiso.

Proposition A.3. If N (ro; x) > d, then for r > ry,

1-n—2d =2
r / Uso

9B, (x)

is nondecreasing in r.

Proof. Direct calculation using (A.2) shows

d
Z(’"I_Hd / ﬁ§0>:—2dr_”_2d [ et [

9By (x) 9By (x) By (x)
> 0.

Here we have used Proposition A.2, in particular, the fact that N (r) > d for every r > rg.

(A2)
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Because i is globally C¥,
oo(x) < C(l + |x|°‘) in R".

Hence for any x and r large,

2, < Crnite
3B, (x)

Combining this with the previous proposition we get
N(@;x)<a, foranyr >0, x € {ue =0}. (A.3)

The next result is the so-called “doubling property”.

Proposition A.4. Let x € {ioco =0} and R > 0 such that N(R; x) <d, then for every 0 <r <R

r2d
H(r;x) > H(R;x)ﬁ. (A4)

Proof. By (A.2),if H(r) > 0,
2N () - %

r

—dl H(r)
0 r) =
dr &

This means r 24 H(r) is non-increasing in r. Consequently, H () > O for all r € (0, R), and (A.4) is a direct conse-
quence of the monotonicity of r2¢H(r). O

Remark A.S. By this doubling property, we can prove that {ito, = 0} has zero Lebesgue measure. In fact, more proper-
ties such as the unique continuation property can be proved by this method, see [3, Lemma 3.3] and [9, Theorem 1.2].

By this doubling property, if N(R; x) <d < «, then for all r € (0, R),
H(r;x)> cr.
However, if 1150 (x) = 0, because i, is C* continuous,
H(r; x) < Cr*®.

If  small, this is a contradiction. In other words, N (r; x) > « for any r > 0.
Combining this fact with (A.3), we see for any x € {tioo =0} and r > 0, N(r; x) = «. By Proposition A.2,

2
fioo (X +y) = |y|p+1uoo<x + |§—|)

In particular, {iioo = 0} is a cone with respect to any point in {itoc = 0}. This then implies that {ioo = 0} is a linear
subspace of R". Assume {itoo = 0} = R for some k < n. (Note that i1 is nontrivial, so {itoo = 0} cannot be the
whole R".) If k <n — 2, {us = 0} has zero capacity and then i, is a harmonic function. Because i1, > 0, by the
strong maximum principle, either ito, > 0 everywhere or #, = 0. Both of these two lead to a contradiction.

If k =n—1, assume {uioo = 0} = {x; = 0}. Then by the Schwarz reflection principle, i, = c|x| for some constant
¢ > 0. This again contradicts the global a-Holder continuity of i, because o < 1.
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