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Abstract

The notion of Kruzhkov entropy solution was extended by the first author in 2007 to conservation laws with a fractional Laplacian
diffusion term; this notion led to well-posedness for the Cauchy problem in the L°°-framework. In the present paper, we further
motivate the introduction of entropy solutions, showing that in the case of fractional diffusion of order strictly less than one,
uniqueness of a weak solution may fail.
© 2010 Elsevier Masson SAS. All rights reserved.

Résumé

La notion de solution entropique de Kruzhkov a été étendue par Alibaud en 2007 aux lois de conservation avec un terme diffusif
fractionnaire ; ceci a permis de démontrer que le proleéme de Cauchy est bien posé dans le cadre L°°. Dans cet article, on montre
que si I’ordre de I’ opérateur de diffusion est strictement plus petit que un, alors il peut exister plusieurs solutions faibles ; on apporte
ainsi une motivation supplémentaire a 1’utilisation des solutions entropiques.
© 2010 Elsevier Masson SAS. All rights reserved.
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1. Introduction

This paper contributes to the study of the so-called fractal/fractional Burgers equation

2

3 o (&
hu(t, x) + x(?
u,x)=ug(x), xeR, (1.2)

>(t,x) + L [ul(t,x) =0, (t,x)eR" xR, (1.1)

where £, is the non-local operator defined for all Schwartz function ¢ € S(R) through its Fourier transform by

F(Lilel)©) = 51" F(p)(€) with & € (0, 1); (1.3)

* Corresponding author.
E-mail addresses: nathael.alibaud @ens2m.fr (N. Alibaud), boris.andreianov@univ-fcomte.fr (B. Andreianov).

0294-1449/$ — see front matter © 2010 Elsevier Masson SAS. All rights reserved.
doi:10.1016/j.anihpc.2010.01.008



998 N. Alibaud, B. Andreianov / Ann. 1. H. Poincaré — AN 27 (2010) 997-1016

i.e. L) denotes the fractional power of order A/2 of the Laplacian operator —A with respect to (w.r.t. for short) the
space variable.

This equation is involved in many different physical problems, such as overdriven detonation in gas [13] or anoma-
lous diffusion in semiconductor growth [29]; it appeared in a number of papers, such as [5-8,17,20,21,18,1,2,22,24,
15,26,27,11,4,16,23,10,12]. Recently, the notion of entropy solution has been introduced by Alibaud in [1] to show
the well-posedness in the L*°-framework, globally in time.

For A > 1, the notion of weak solution (i.e. a solution in the sense of distributions; cf. Definition 2.4 below) is
sufficient to ensure the uniqueness and stability result; see the work [17] of Droniou, Gallouét and Vovelle. This result
has been generalized to the critical case A = 1 by Kiselev, Nazarov and Shterenberg in [24], Dong, Du and Li in [15],
Miao and Wu in [27] and Chan and Czubak in [11] for a large class of initial data (periodic data, or L? data, or data
in the critical Besov space).

In this paper, we focus on the range of exponent A € (0, 1). By analogy with the purely hyperbolic equation A =0
(cf. Oleinik [28] and Kruzhkov [25]), a natural conjecture was that a weak solution to the Cauchy problem (1.1)—(1.2)
need not be unique in this case. Indeed, it has been shown by Alibaud, Droniou and Vovelle in [2] that the assumption
A < 1 makes the diffusion term too weak to prevent the appearance of discontinuities in solutions of (1.1); see also
Kiselev, Nazarov and Shterenberg [24] and Dong, Du and Li [15]. To the best of our knowledge, yet it was unclear
whether such discontinuities in a weak solution can violate the entropy conditions of [1].

Here we construct a stationary weak solution of (1.1)—(1.2), A < 1, which does violate the entropy constraint
(constraint that can be expressed under the form of Oleinik’s inequality, ¢f: [28]). Thus the main result of this paper is
the following.

Theorem 1.1. Let A € (0, 1). There exists initial data uy € L*°(R) such that uniqueness of a weak solution to the
Cauchy problem (1.1)—(1.2) fails.

The paper is organized as follows. The next section presents the notations, definitions and basic results on frac-
tal conservation laws. The Oleinik inequality for the fractal Burgers equation is stated and proved in Section 3. In
Section 4, we study an equation regularized by means of the viscous term eafxu. This equation is solved in the do-
mains {£x > 0} with boundary conditions at {x = 0%} chosen in such a way that the Burgers flux is continuous but
the solution is discontinuous, moreover, the jump across the line {x = 0} is increasing (contrarily to what is needed
for the Oleinik condition to hold). In Section 5, we pass to the limit as ¢ — 0 and show that the increasing jump
across {x = 0} is persistent; at the limit, we obtain a non-entropy stationary weak solution to (1.1). Section 6 is de-
voted to the proof of the main properties of the fractional Laplacian (see Lemma 4.1) that are used in both preceding

sections. Finally, technical proofs and results are gathered in Appendices A-B.
2. Preliminaries

In this section, we fix some notation, recall the Lévy—Khintchine formula for the fractional Laplacian and the
associated notions of generalized solutions to fractal conservation laws.

2.1. Notations

Sets. Throughout this paper, R* denote the sets (—oo, 0) and (0, +-00), respectively; the set R, denotes R \ {0} and R
denotes {—oo} UR U {+00}.

Right-differentiability. A function m : R™ — R is said to be right-differentiable at #y > 0 if there exists the
limit lim, |, %ﬁ'g(’m in R; the limit itself is denoted by m’. (o).

Function spaces. Further, C2° = D denotes the space of infinitely differentiable compactly supported test func-
tions, S is the Schwartz space, D’ is the space of distributions and S’ is the space of tempered distributions. The
space of k times continuously differentiable functions is denoted by C* and Cif denotes the subspace of functions
with bounded derivatives up to order k (if kK = 0, the superscripts are omitted); C. denotes the subspace of C of

functions with compact support; Cqy denotes the closure of C, for the norm of the uniform convergence; L?, L{Z)C
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and WP, Wllf)’cp (if p = 2 the latter two spaces are denoted by H*, Hllf)c, respectively) stand for the classical Lebesgue
and Sobolev spaces, respectively; BV and B Vo denote the spaces of functions of bounded variation (with globally
or locally bounded variation, respectively).

Unless the topology of a space is indicated explicitly, we mean that D" and S’ are endowed with their usual weak-»
topologies and the other spaces are endowed with their usual strong topologies (of Banach spaces, of Fréchet spaces,

etc.).

Weak-* topology in BV. Let 9, : D'(R) — D’'(R) denote the gradient (w.r.t x) operator in the sense of distribu-
tions. We let L1 (R) N (BV (R)),., denote the linear space L'(R) N BV (R) endowed with the most coarse topology
such that the inclusion L' (R) N BV (R) ¢ L'(R) and the mapping 3, : L' (R) N BV (R) — (Co(R))’ are continuous,
where L' (R) is endowed with its strong topology and (Co(RR))’ with its weak-« topology. Hence, one has:

Vg — U in L'(R),

7l
[vk —vinL'R)N (BV(R))UH] = { -~ wx bv in (CO(R))/.

We define in the same way the space (B Vipc(R))y N HllOC R \ {0}), in which notion of convergent sequences is
the following one:

vk —> v in H'(R\ [-R, R]), VR > 0,

in (B Viec(R NHL (R\{0 = e ,
[vk = vin (BViee(R)) N H (R {0})] {8ka—\8xv in (C.(R)).

From the Banach—Steinhaus theorem, one sees that (vi) is (strongly) bounded in B Vioc(R) N Hltc (R\ {0}), i.e.:

VR >0, SURI; (lvell g1 (=&, &Y + [0k BV (~R,R)) < +00,
keN,
where | - | gy denotes the BV semi-norm.

Spaces of odd functions. In our construction, a key role is played by the spaces of odd functions v which are in the
Sobolev space H'!:

Hldd:: {veH1|visodd};

(o]

notice thatv € H Oldd (R.) can be discontinuous at zero so that v(0~) = —v(07) in the sense of traces, whereas v(0~) =
v(0T) =0ifve Hl (R).

The space Holdd(R*) and, more generally, the space H L(R,) can be considered as a subspace of L2(R); to avoid
confusion, d,v always denotes the gradient of v in D'(R), so that (9, U)hR* € L%(R) is the gradient in D'(R,). One
has (0y U)IR* = J,v almost everywhere (a.e. for short) on R if and only if (iff for short) v is continuous at zero; in
the other case, one has d,v ¢ LIIOC(R). When the context is clear, the products ngo(ax ”)IR* and fR (0x v)‘R* (‘()xw)m)k

with ¢ € L2(R) and ¢ € H' (R,) are simply denoted by Jr, ¢dxv and [ 8,vd. Y, respectively.

Identity and Fourier operators. By Id we denote the identity function. The Fourier transform F on S’(R) is denoted
by F; for explicit computations, we use the following definition on L' (R):

F)(§) = / e 2Ty (x) dx.

R

Entropy-flux pairs. By 1, we denote a convex function on R; following Kruzhkov [25], we call it an entropy and
q:u> [y sdn(s) is the associated entropy flux.

Truncation functions. The sign function is defined by:

if £u > 0,

ur—>sinu'—{:t1
BV =10 ifu=o.



1000 N. Alibaud, B. Andreianov / Ann. 1. H. Poincaré — AN 27 (2010) 997-1016

In the proofs, we will need to regularize the truncation function u — min{|u|, n}signu, where n € N, will be fixed;
thus 7;, denotes a function on R satisfying

T, € Cgo (R) isodd,
T,=1d on[—n+1,n—1], 2.1
T < n.

2.2. Lévy—Khintchine’s formula

Let L € (0, 1). For all ¢ € S(R) and x € R, we have

(x4+2)—ek)
Lilpl(x) = =Gy, f L A 2.2)
|zl
R
ar (2 . , .
where G, = > 0 and I" is Euler’s function, see e.g. [9,19] or [18, Theorem 2.1].

P ra-%)
2.3. Entropy and weak solutions
Formula (2.2) motivates the following notion of entropy solution introduced in [1].

Definition 2.1 (Entropy solutions). Let X € (0, 1) and ug € L°(R). A function u € L°(R™* x R) is said to be an
entropy solution to (1.1)—(1.2) if for all non-negative test function ¢ € C°([0, +00) x R), all entropy n € C L(R) and
all r >0,

/nwwwmr+f/meaw+quw0+GA//ﬁ/‘M@@J»”“xﬁ;ﬁjw““waJamdx&

R R+t R R+ R |z|>r

+GA// / 77(u(m))fp(t,xjtz)—<p(t,)c)

|Z|1+)L
Rt R |z|<r

dtdxdz > 0. (2.3)

Remark 2.2. In the above definition, r plays the role of a cut-off parameter; taking » > 0 in (2.3), one avoids the
technical difficulty while treating the singularity in the Lévy—Khintchine formula (by doing this, one looses some
information; the information is recovered at the limit » — 0). Let us refer to the recent paper of Karlsen and Ulu-
soy [23] for a different definition of the entropy solution, equivalent to the above one; note that the framework of [23]
encompasses Lévy mixed hyperbolic/parabolic equations.

The notion of entropy solutions provides a well-posedness theory for the Cauchy problem for the fractional con-
servation law (1.1); the results are very similar to the ones for the classical Burgers equation (cf. e.g. [28,25]).

Theorem 2.3. (See [1].) For all ug € L®(R), there exists one and only one entropy solution u € L®(R* x R)
to (1.1)=(1.2). Moreover, u € C([0, +00); L (R)) (so that u(0) = ug), and the solution depends continuously in

loc

C ([0, +00); L' (R)) on the initial data in L' (R) N L (R).

As explained in the introduction, the purpose of this paper is to prove that the weaker solution notion below would
not ensure uniqueness.

Definition 2.4 (Weak solutions). Let ug € L (R). A function u € L®(R™ x R) is said to be a weak solution to (1.1)—
(1.2) if for all ¢ € CZ°([0, +00) x R),

2
f/G@w+%@w—MMM>+/wW®=O (2.4)
R+ R

R
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3. The Oleinik inequality

Notice that it can be easily shown that an entropy solution is also a weak one. The converse statement is false, which
we will prove by constructing a weak non-entropy solution. A key fact here is the well-known Oleinik inequality
(see [28]); in this section, we generalize it to entropy solutions of the fractal Burgers equation.

Proposition 3.1 (Oleinik’s inequality). Let ug € L®(R). Let u € L (RT x R) be the entropy solution to (1.1)—(1.2).
Then, we have for all t > 0,

Oxu(t) <

~ | =

in D' (R). (3.1)

Remark 3.2. This result can be adapted to general uniformly convex fluxes. Moreover, we think that the Oleinik
inequality gives a necessary and sufficient condition for a weak solution to be an entropy solution (as for pure scalar
conservation laws, cf. [28,25]). Nevertheless, for the sake of simplicity, we only prove the above result, which is
sufficient for our purpose.

In order to prove this proposition, we need the following technical result:

Lemma 3.3. Let v € C'(RT x R) be such that for all b > a > 0,

lim sup (¢, x)=—o0. (3.2)
|x|~>+00t€(a’h)

Define m(t) := maxycgr v(f, x) and K (t) := argmax g v(t, x). Then m is continuous and right-differentiable on R*
with m).(t) = maxyek 1) 9 v(Z, x).

For a proof of this result, see e.g. the survey book of Danskyn [14] on the min max theory; for the reader’s
convenience, a short proof is also given in Appendix A. We can now prove the Oleinik inequality.

Proof of Proposition 3.1. For ¢ > 0 consider the regularized problem

2
atug+ax<”75> 4 Lolue] — €92, =0 inRY xR, (3.3)
1e(0) =uy onR. (3.4)

It was shown in [17] that there exists a unique solution u, € L (RT x R) to (3.3)—(3.4) in the sense of the Duhamel
formula, and that u, € C ,fo((a, +00) x R) for all a > 0. Furthermore, it has been proved in [4] that for all T > 0, u,
converges to u in C([0, T']; L}OC(R)) as ¢ — 0. Inequality (3.1) being stable by this convergence, it suffices to prove
that u, satisfies (3.1).

To do so, let us differentiate (3.3) w.r.t. x. We get

01 Vg +v§+u€axv€ + L;[ve] —aafxvg =0, (3.5)
with v, := 0,u,. Fix 0 < A’ < A and introduce the “barrier function” @ (x) := (1 + |x|2)%. Then @ is positive with

lim @ (x)=+4o0; (3.6)

|x]—+o00
moreover @ is smooth with
Co =105 Pllos + 33, @ | , + [ £2[®]] o, < +o0

(notice that Lemma B.2 in Appendix B ensures that £, [®] € Cp(R) is well defined by (2.2)). For § > 0 and ¢ > 0,
define

mg(t) == maﬂg{vg(z,x) — 8D (x)}.
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Define K5(t) := argmax g {ve(f, x) — P (x)}. This set is non-empty and compact, thanks to the regularity of v, and
to (3.6); moreover, by Lemma 3.3, m; is right-differentiable w.r.t. ¢t with

(ms).(1) = max d;v,(t, x) = v, (t, x5(1))
xeKs(t)

for some x;5(¢) € K;s(¢). This point is also a global maximum point of v (t) — 8P, so that

s (1, x5 (1)) = 83, D (x5), 92.ve (1, x5(1)) <892, @(xs) and  La[vs] = 8L[P1(t, x5(1))
(the last inequality is easily derived from (2.2)). We deduce that

|0cve (1, x5 ()| 8Co,  82,0:(t, x5(1)) <8Co and  La[vel(t, x5(1)) = —6Co.

By (3.5), we get (ms),. (1) + vg(t,xg(t)) < C4, for some constant C that only depends on €, ||us|oco and Cg. By
construction mg(t) = v, (¢, x5(t)) — 8P (x5(¢)), furthermore, @ is non-negative, so that

(ms), (1) + (ms(1) + 8@ (x5(1)))* < C5 and  (ms).. (1) — C5 + (max{m;(1),0})” <0.

Now we set mi5(t) := ms(t) — C8t. Because the function r € R — (max{r,0})? € R is non-decreasing, we infer
that ms € C(R™) is right-differentiable with

(ms),.(t) + (max{ﬁg(t), 0})2 <0

for all t > 0. By Lemma B.1 in Appendix B, we can integrate this equation and conclude that 7115 (t) < % forall t > 0.
Finally, it is easy to prove that iis(t) = ms(t) — C8t — sup, g ve (7, x) as § — 0, so that sup, g dxlte (f, x) < %
(pointwise, for all > 0). This proves (3.1) for u, in the place of u#, and thus completes the proof of the proposition. O

4. A stationary regularized problem

The plan to show Theorem 1.1 consists in proving the existence of an odd weak stationary solution to (1.1) with
a discontinuity at x = 0 not satisfying the Oleinik inequality. This non-entropy solution is constructed as limit of
solutions to regularized problems, see Eqs. (4.2)—(4.3) below. This section focuses on the solvability of these problems.
This is done in the second subsection; the first one lists some properties of £, that will be needed.

4.1. Main properties of the non-local operator
In the sequel, £, is always defined by the Lévy—Khintchine formula (2.2).

Lemma 4.1. Let A € (0, 1). The operator L, defined by the Lévy—Khintchine formula (2.2) enjoys the following
properties:

(i) The operators L; and Ly > are continuous as operators:
(@) Ly : Cp(Re) NC'(Ry) = C(Ry);
(b) L H'(Ry) — Lio (R) N LY (R\ {0));
(©) Lyj2: H'(R) — L*(R).
Moreover, L, is sequentially continuous as an operator:
(d) L :L'(R)N(BV(R))y. — L' (R).

(1) IfveH L(R,), then the definition of L, by Fourier transform (see (1.3)) makes sense; more precisely,
Lilvl=F (= EMF)(©E) inS'R).

(ili) Forallv,w e H'(Ry),

/ Lalv]w = / oL [w] = / Lo a1 alw].
R R R
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(v) Ifve H L(R,) is odd (resp. even), then L, [v] is odd (resp. even).
(v) Let 0= v € Cp(Ry) N CY(Ry,) be odd. Assume that x, > 0 is an extreme point of v such that

v(xy) =maxv and v(xy) =0 (resp. v(xx) =minv and v(xy) < O).
R+ R+
Then, we have L;[v](xx) > 0 (resp. L;[v](xy) < 0).

Remark 4.2. Item (v) can be interpreted as a positive reverse maximum principle for the fractional Laplacian acting
on the space of odd functions.

The proofs of these results are gathered in Section 6.
4.2. The regularized problem

Throughout this section, & > 0 is a fixed parameter. Consider the space H Oldd (R4) with the scalar product

(v, w) 1= /{8(vw + 0, vacw) + Lo 2[v1Ls 2 [w]} 4.1)
Ry
By the item (i)(c) of Lemma 4.1, (-,-) is well defined and its associated norm || - || := 4/(-,-) is equivalent to the

usual H'!(R,)-norm; in particular, Holdd(R*) is a Hilbert space.
Let us construct a solution v € H(}dd (R,) to the problem

2
g(ve - a)%xvs) + Oy (%) + Ly[vel =0 inR,, 4.2)
ve (0%) =1, (4.3)

where Eq. (4.2) is understood in the weak sense (e.g. in D’ (R,)) and the constraint (4.3) is understood in the sense of
traces. Setting

0(x):= (1 —|x[)" signx, (4.4)
we equivalently look for a weak solution of (4.2) living in the affine subspace of HOIdd (R) given by
E:=0+ Hyyq(R) = {v € Hyq(Ry) | v(0F) = 1 in the sense of traces}.

Here is the main result of this section.

Proposition 4.3. Let A € (0, 1) and € > 0. Eq. (4.2) admits a weak solution v, € E satisfying

0< v (x)signx <1 forall x e R,, 4.5)
sup / {e@cve)?, + (Lapalvel)’} < +oo. (4.6)
ee(O,])]R

Proof. The proof is divided into several steps.
Step one. We first fix v € E and introduce the auxiliary equation with modified convection term:

(o Ty (D)2

e(v—afxv)+pn8x< 5

) + £,[v] =0, 4.7)

where for n € N,, the truncation functions 7,, and p, are given, respectively, by (2.1) and by the formula p,(x) :=
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peCXP[R) even,

0<p<p0)=1,

—1<p'<0 onR*
and with

2
C(n,e):= - 4.8)

(this choice of the constant is explained in Step three). Note the property

On —+> uniformly on compact subsets of R. 4.9)
n——+0o

It is straightforward to see that solving (4.7), (4.3) in the variational sense below,
find v € E such that for all ¢ € Hl,,(R),

T (0))?
/ (e (vg + 0,00,0) + L1201 ale]) = f waxww, (4.10)
R

Ry

is equivalent to finding a minimizer v € E for the functional

EFE —- R
T : 1 5 5 5 R
u 2 {e(u” + @xu)?) + (Lr2[ul)” = (oaTn () 0x (pnu) }.
R,

Notice that p, T, (D) € L®(R) and p, € H'(R), so that

(P Ta @) (3 (pu0)), € L'®)  with f | (on T ()8 (o) < Colu;
R*

let us precise that here and until the end of this proof, C,, denotes a generic constant that depends only on n and
eventually on the fixed parameter ¢ (and which can change from one expression to another). Then the functional 5 ,
is well defined on E and coercive, because

1 1 1
Ton () = Enuu2 -5 / (0T ()0 () > Enun2 — Cpllull (4.11)
Ry

tends to infinity as |Ju|| — +oo0.

Finally, it is clear that J; , is strictly convex and strongly continuous. Thus we conclude that there exists a unique
minimizer of [J; ,, which is the unique solution of (4.10). We denote this solution by F,,(v), which defines a map
F,.E—E.

Step two: apply the Schauder fixed-point theorem to the map F,. Note that F,,(E) is contained in the closed ball
ERH = E(OHJdd(R*)’ R,) of H(}dd(]R*) for some radius R, > 0 (only depending on n and ¢). Indeed, let v := F,,(v);
then by using (4.11), replacing the minimizer v with the function 6 € E in (4.4), and applying the Young inequality
we get

1
101> < 2T5.0(0) + Callv]| < 2T5.2(0) + Envu2 +Cy.

We can restrict F, to the closed convex set C := EN B g, of the Banach space Holdd(R*). It remains to show
that F,, :C — C is continuous and compact.

In order to justify the compactness of F, (C), take a sequence (vi)x C F,(C) and an associated sequence (vg)x C C
with vy = F, (vx). Because C is bounded, by standard embedding theorems there exists a (not relabelled) subsequence
of ()i that converges weakly in H'!(R,) and strongly in leoc (R); let v, be its limit. One has v, € C because C is a
strongly closed convex subset in H!(R,), thus it is weakly closed. We can assume without loss of generality that the
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corresponding subsequence of (vg); converges weakly to some vy, € C in Holdd (R,). Let us prove that v; converges
strongly to v, in Holdd(]R*) and that voo = F;, (Vo).
By the above convergences, using the facts that 7, € C;"(R) and p, € CZ°(R), one sees that

/ (ou T (50) 35 (Puvi) — f (Pn T (550)) 0 (Puvoe) a5 k — 00,
R, Ry

Moreover, because vy is the minimizer of J5, ,, we have

hell? — / (n T (5)) 05 (P vk) = 27,0 (00) < 250 m(v50) = 100 = f (pu T (@1)) 202 (o vo0).
Ry Ry

Thus passing to the limit as kK — +o0 in this inequality we get ||voo|l > limsupy_, , o, [lvk|l. It follows that the con-
vergence of vi to v is actually strong in H Oldd (R.). Passing to the limit as k — +o00 in the variational formulation
(4.10) written for v; and v, we deduce by the uniqueness of a solution to (4.10) that v, = F}, (Vso); this completes
the proof of the compactness of F,(C).

To prove the continuity of F,,, one simply assumes that vy — v strongly in H (}dd(R*) and repeats the above
reasoning for each subsequence of (vg)x. One finds that from all subsequence of (vi)x one can extract a subsequence
strongly converging to v = F; (Vs); hence, the proof of the continuity of F), is complete.

We conclude that there exists a fixed point u, of F;, in C. Then v := v = u, satisfies the formulation (4.10). In
addition, (4.10) is trivially satisfied with a test function ¢ € H'(R) which is even. Indeed, using the definitions of T},
and p, and Lemma 4.1(iv), we see that

(P T (0))?

> Ox (on )

(Ve + 0, v3x @) + Ly 2[v] Lo 2l0] —
is an odd function, so that its integral on R, is null. Since all function in H L(R) can be split into the sum of an odd
function in H(}dd(R) and an even function in H'(R), we have proved that the fixed point u, € E of F), satisfies for
all g € H'(R),

0 T (1))
/{8(un<p+(8xun)m* 0x@) + Ly 2[unlLy2lel} =/w3x(pn¢) (4.12)
R R

2
(notice that the Rankine—Hugoniot condition is satisfied automatically because of the fact that "7" is even). In particular,
using Lemma 4.1 item (iii), one has

(on Ty (un))?

5(3§xun _Mn) anax( B

)+£A[un] in D' (R,). (4.13)
Step three: uniform estimates on the sequence (u,,),. First, in order to prove a maximum principle for u,, let us point
out that u, is regular. Indeed, thanks to Lemma 4.1(i)(b) and the facts that 7;, € C go (R) and p, € C°(R), the right-

hand side of (4.13) belongs to LY(D) for all compact interval I C R,. Eq. (4.13) then implies that u, € Wli’cl (Ry) C
C!(R,). Recall that u,, € H'(R,) C Cp(R,); thus using Lemma 4.1(i)(a), we see that the right-hand side of (4.13)
belongs to C (7). Exploiting once more Eq. (4.13), we infer that u, € C2(R,) and (4.13) holds pointwise on R,.
Now, we are in a position to prove that for all x > 0 and n € N,, 0 < u,(x) < 1. Indeed, because u, € HY(R1),
we have lim,_, 1 o0 1, (x) = 0; in addition, u, (07) = 1. Thus if u, (x) ¢ [0, 1] for some x € RT, there exists x, € RT

such that

either u,(xy) =maxu >1 or u,(x,)=minu <O.
R+ R+

Consider the first case. Since u, € C 2(R*), we have d,u, (x,) =0 and 8§xun(x*) < 0. In addition, by Lemma 4.1(v)
we have L[u,](x,) > 0. Therefore using (4.13) at the point x,, by the choice of p, and C(n, ¢) in (4.8) we infer
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(on (x:) Ty (un<x*)>)2>

Eltn (x4) = e0pn (%4) — L3[un](x4) — pn (x*)8x< 5

Cor o) s[élf( 0xp) < €.
Thus u, (x,) < 1, which contradicts the definition of x,. The case u, (x,) = ming+ u < 0 is similar; we use in addition
the fact that 9,0, <0 on RT.

The function u, being even, from the maximum principle of Step three we have |u,| < 1 on R,. Since 7,, =1Id
on[—n+1,n — 1], we have T,,(u,) = u,, in (4.13) for all n > 2.

Let us finally derive the uniform Holdd(]R*)-bound on (uy),. To do so, replace the minimum u, of the func-
tional 7, » by the fixed function 6 € E in (4.4); we find

< —(p,,(x*)Tn (u(x*)))zaxpn (x4) < n’

3
||un||2=2~7un,n(un)+/(pnun)2ax(pnun)<2Jun,n(e)+/ax((pnzn) )
Ry R,

Since 0, (0) = 1 = 4u, (0%), we get

2 2 2 2 2
012 < 20 0) = 5 = 1617 = [ (o0 (p00) — 3.
R
To estimate the integral term, we use that  is supported by [—1, 1] with |9, (0,60)] < 1+ ”% (once more, this is due to
the choice of p, in (4.8)). Finally, using the bound |u,| < 1 derived above, we get

5 2e
- (onttn)”0x (pn8) < 24 n_z;
Ry
hence, we obtain the following uniform estimate:

2¢e

2 jor+ 2 4.14
lun ™ < |l ||+3+ 5 - (4.14)
n

Step four: passage to the limit as n — +00. The H(}dd (Ry)-estimate of Step three permits to extract a (not rela-
belled) subsequence (u,), which converges (weakly in H I(R,) and strongly in leoc(R)) to a limit that we denote vy.
We have (u,), C E which is a closed affine subspace of H!(R,), so that v, € E. The above convergences and the
convergence of p, in (4.9) are enough to pass to the limit in (4.12); at the limit, we conclude that v, is a weak
solution of (4.2). Notice that v, inherits the bounds on u,, namely the bound (4.14) and the maximum principle
0 <up(x)signx < 1. This yields (4.5) and (4.6), thanks to the definition of || - || via the scalar product (4.1). O

Remark 4.4. When passing to the limit as n — 400 in (4.12) in the last step, one gets:

2
v
/ {e(veg + @rve)ip, 0x9) +veLilgl} = f —-0xp forallg € H'(R). (4.15)
R R

5. A non-entropy stationary solution

We are now able to construct a stationary non-entropy solution to (1.1) by passing to the limit in vy as ¢ — 0.
Let us explain our strategy. First, we have to use the uniform estimates of Proposition 4.3 to get compactness; this is
done via the following lemma which is proved in Appendix A.

Lemma 5.1. Assume that for all € € (0, 1), ve € H'R,) satisfies (4.5)—(4.6). Then the family {v.|e € (0, 1)} is rela-
tively compact in leoc (R).

With Lemma 5.1 in hand, we can prove the convergence of a subsequence of v, as ¢ — 0, to some stationary weak
solution v of (1.1). Next, we need to control the traces of v at x = 0. This is done by reformulating Definition 2.4
and by exploiting the Green—Gauss formula.

Let us begin with giving a characterization of odd weak stationary solutions of the fractional Burgers equation.
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Proposition 5.2. An odd function v € L*°(R) satisfies
02
Bx(?> + L, [vl=0 inD'(R), (5.1)
iff (1) and (ii) below hold true:

(i) there exists the trace yv? := limy,_, o+ %foh v2(x)dx;
(ii) for all odd compactly supported in R test function ¢ € C°(Ry),

2
/(Uﬁx[ﬁﬂ] - %8x¢) =(0%)yv*.

*

Proof. Assume (5.1). For all & > 0, let us set v, (x) := %(h — |x|)" signx. Let us recall that 0 (x) = (1 — |x|) " signx.
First consider

0(x), x <0,
—Yp(x), x=0

By construction, 6, € H L(R); therefore 6, can be approximated in H L(R) by functions in D(R) and thus taken as a
test function in (5.1). This gives

U2 'U2
—\/\?axth—/?axe‘F\/vﬁ)t[eh]

R+ R- R

f(x), x<O,

0 =
h() { 0, x>0

and 6y(x) = {

But, it is obvious that 6, — 6y in L' (R) N (BV (R))y.« as h — 01 thus using Lemma 4.1(i)(d), we conclude that the
limit in item (i) of Proposition 5.2 does exist, and

h

1
yv?:= lim —/v2=— lim Uzaxl/fh=—/U23x9+2fvﬁx[90]. (5.2)
h—0t+ h h—0+
0 R+ R- R
Further, take a function ¢ as in item (i) of Proposition 5.2 and set ¢;(x) := @(x) — @(0T)yy,(x). One can

take ¢, € H L(R) as a test function in (5.1). Taking into account the fact that ”;axw, and v.L, [¢p] are even, thanks to
Lemma 4.1(iv), we get

U2 U2
2 / (vmw] - xw) =2¢(0") / (vc[wh] - jaxwh).
R+ R+

Now we pass to the limit as 4 — 01. As previously, because ¥, — 0 in L'(R) N (BV (R))y.«, the term L, [y]
vanishes in L!(R). Using (5.2), we get item (ii) of Proposition 5.2.

Conversely, assume that an odd function v satisfies the properties of items (i) and (ii) of Proposition 5.2. Take a
test function £ € D(R) and write £ = ¢ + ¥ with ¢ € D(R) odd (so that ¢(0%) = 0) and ¥ € D(R) even. Then (ii)
and the symmetry considerations, including Lemma 4.1(iv), show that

v2 5 v2
/(vﬁ,\[sﬂ - m) =¢(0T)yv* =0, /(vﬁx[lﬂ] - Eaxl//) =0.
R R

Hence we deduce that v satisfies (5.1). O
Here is the result of existence of a non-entropy stationary solution.

Proposition 5.3. Let A € (0, 1). There exists v € L (R) that satisfies (5.1) and such that for all ¢ > 0, v does not
satisfy 9xv < % in D' (R).
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Proof. First, by Proposition 4.3 and Lemma 5.1 there exist v € L°°(R) and a sequence (), & | 0 as k — +o0,
such that the solution v, of (4.2) with &£ = g tends to v in L%OC(R); v is bounded by 1 in the L°°-norm. Using in
particular (4.6) to make disappear the term /&(/€0dy Ve)|g, » WE can pass to the limit in (4.15) and infer (5.1).

In order to conclude the proof, we only need to show that there exist the limits

1 1
lim — | v=1, lim — =-—1. 5.3
h—0t h f h—0t h /v -3)
0 —h
Indeed, (5.3) readily implies that for all ¢ > 0, the function (v — %Id) does not admit a non-increasing representative.

Since 9, (v — %Id) =0,V — %, the inequality d,v — % < 0 in the distribution sense fails to be true.

Thus it remains to show (5.3). To do so, we exploit the formulation (i)—(ii) of Proposition 5.2, the analogous
formulation of the regularized problem (4.2), the fact that v, (0%) = +1, and (4.5).

Let us fix some odd compactly supported in R function ¢ € C;°(R,) such that ¢(0) = 1. Let us take the test
function ¢y, (x) ;= @(x) — Y5 (x) € H'(R) in (4.15). We infer

v2
/{S(th + 0xve0x ) + v Lolon] — Esaxwh} =0.

s

Each term in the above integrand is even; moreover, letting # — 07 and using Lemma 4.1(i)(d) on £ [v4], we infer

e v v, m E0xV, v,
e ® x Ve Ox e~ ) X B A ) x Ve A elo
0

=1 —%(vs(h)— )=>1; (5.4)

here in the last inequality, we have used the fact that 0 < v, (x) < 1 = v-(0™) for x > 0.
Letting ez — 0 in (5.4), using again (4.6) to make disappear the term fR* £0x Ve 0x ¢, We infer

2
l/{vﬁuw]—fgaxw}>1. (5.5)

Recall that v is odd and solves (5.1); thus it satisfies items (i) and (ii) of Proposition 5.2. From item (ii), we infer
that limy,_, o+ %foh v2 = yv2 > 1. But we also have 0 < v < 1 on [0, 2]. Therefore

h h h

I 1/|1 = 1i 1/1_”2<1' 1/(1 ) =1-y? <0
im — —v|= lim — < lim — — =1—-—yv-<0.
h—0t h TS0 h I1+v “hsoth Y v

0 0 0

Whence the first equality in (5.3) follows. The second one is clear because v is an odd function. This concludes the
proof. 0O

From Propositions 3.1 and 5.3, Theorem 1.1 readily follows.

Proof of Theorem 1.1. Take u( := v. From (5.1) we derive that the function defined by u(¢) :=v for all > 0 is a
weak solution to (1.1)—(1.2). But it is not the entropy solution, because it fails to satisfy (3.1). O

Remark 5.4. Let us stress that the solution v, to the regularized problem (4.2)—(4.3) does not satisfy Eq. (4.2) on all
the domain R; indeed, one has

v2

dw—ﬁwa+a<§>+m@d=—%aww inR, (5.6)

where § is the Dirac distribution at zero.
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It is natural to compare (5.6) and (3.3); within the class of stationary solutions, the two regularizations are very
similar. Yet the presence of a vanishing (as ¢ — 0) but singular source term in (5.6) is responsible for the failure of
the Oleinik inequality: this source term creates the increasing jump in v, across the line {x = 0}. This explains why v,
converges as ¢ — 0 to a weak non-entropy solution of Eq. (1.1), whereas we have seen in the proof of Proposition 3.1
that the solution u, of the regularized problem (3.3)—(3.4) converges to an entropy solution.

6. Proof of Lemma 4.1

We end this paper by proving the main properties of the fractional Laplacian acting on spaces of odd functions.
First, we have to state and prove some technical lemmata.

Here are the embedding and density results that will be needed; for the reader’s convenience, short proofs are given
in Appendix A.

Lemma 6.1. The inclusions

H'(R,) C BViee(R) N Hy\, (R \ {0}) € L™(R) N L*(R) (6.1)
and

(BVioe(®)),,, N Hi (R\{0}) C LA(R) (6.2)

are continuous and sequentially continuous, respectively.
Lemma 6.2. The space D(R) is dense in H'(Ry) for the (B Vioe(R))w.« N H, 10C (R \ {0})-topology.

The next lemma states weak continuity results for the fractional Laplacian. Until the end of this section, £, denotes
the operator defined by (2.2) and Ef denotes the one defined by (1.3).

Lemma 6.3. Let A € (0, 1). Then the following operators are sequentially continuous:
L1 (BVioe(R)),,., N Hioo(R\ {0}) = Ljoe (R) N Lit (R {0}),
L] (BVine(®)),,, N Hbo(R\ {0}) > L2(R).

Proof. The proof is divided in several steps. Step one: strong continuity of L;. Let v € BVjoc(R) N H, (R\ {0}) and

let us derive some estimates on £, [v]. For all , R > 0, using the Fubini theorem one has

[v(x +z) —v(x)|
/ / B dxdz

[v(x +2) —v(x)| [v(x +2) —v(x)|
Z/ / R dxdz +// N drdz

—R|z|<r —R|z|>r

< IBV((=R=r.R+r)) / 2| ™" dz + ( SUp [Vl L1 (= Rtz R+2)) T IV L1~ R R)) / I

|z|>r
lzI<r |z|>r

loc

2p 14

2
=1 [VIBV ((—R=r,R+r)) + m(é}ipr IVl Lt (= Rtz R42)) T ||U||LI((7R‘R))>- (6.3)

By (6.1) of Lemma 6.1, using the Cauchy—Schwarz inequality to control the L!-norms by the L>-norms, one sees that
integral term in (2.2) makes sense a.e. with

ZG)LI’1 —A
|£1v] ||L1((_R,R)) < 17|U|BV(( R—r.R+r)) T —V 2RVl 2wy (6.4)
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for all r, R > 0. In the same way, by Minkowski’s integral inequality one has for R > r > 0,

e+ —v@l )\, \?
( / ( B dz) dx)
R

R\[—R,R]
1
x+2) —v@)? | \?
(] e )&
R R\[-R,R]
1 1
—1—n 2 2 —1-x 2 2
= f Iz| / lv(x+2) —v(x)|"dx ) dz+ f |z f v +2) —v()|7dx ) dz
lzI<r R\[—R,R] |z|>r R\[-R,R]
1—x

4
< m”axU”LZ(R\[—R—H,R—r]) + m”U“LZ(R);
therefore, one gets for all R > r > 0,

2G}Lrl_x 4G,
||£A[U] ||L2(R\[—R,R]) ST 5 ||3xv||L2(R\[7R+r,R7r]) + e ||U||L2(R)- (6.5)

Now (6.4)—(6.5) imply that £;, : BVioc (R) N H'(R\ {0}) — L} (R)N L} (R\{0}) is well defined and continuous.
Steg two: weak-x sequential continuity of L. Consider a sequence (vg)x converging to zero in (B Vigc(R))y« N
H .(R\ {0}). For all R > 0, (vy)x is bounded in the norm of H'(R \ [~ R, R]) and the semi-norm of BV ((—R, R))

by some constant Cg. By (6.4), one deduces that

2G 1—-A
limsup”[:k[vk]”L]((_R Ry S = Rr-
k— ’

o Y

Letting r — 0, one concludes that £;[vi] converges to zero in L'((—R, R)). In the same way, one can prove
that £, [v] converges to zero in L*(R \ [—R, R]) by using (6.5). Since R is arbitrary, the proof of Lemma 6.3 is
complete.

Step three: strong continuity of Ef/z. Let us derive an L2-estimate on £Af/2[v]. Recall that by property (6.1) of

Lemma 6.1, one has v € L(R) so that | - [ F(v)(-) € LIIOC(R) and EA}—/Z[U] is well defined in S’'(R).
Further, consider some fixed p € CZ°(R) such that p = 1 on some neighborhood of the origin, say on [—1/2, 1/2],
and suppp € [—1, 1]. Then one has v = pv + (1 — p)v with supp(pv) C [—1, 1], pv € LY(R) N BV(R) (since v €

L%(R)) and (1 — p)v € H'(R); moreover, one readily see that

lovlipiwy < Collvll L2y (6.6)
|PU|BV(R) < Cp(|U|BV((—1/2,1/2)) + ||U||H1(R\[7]/2,1/2]))» (6.7)
” (I— ,O)UH L2(R) < Cp“U”LZ(R), (6.8)
9x (1 = p)v) ”L2(R) S Colvllar@y-172.1/2p8 (6.9)

here and until the end of the proof, C,, denotes a generic constant only depending on p.
By Plancherel’s equality, we have

1275001 2y = / 1| F )| ds
R

=/|$|*|f(pv)(é)|2dé+f|€|k|f((1 —p)) &) dE =1+ (6.10)
R R
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Let us first bound J from above. For all r > 0, one has

J= / EPF (= po) )2 de + / EPF (1 = pyv) @) de

|&|>r E1<r
< f 216 F (1 = p)o) )| dE + | F(( = p)v) [12g
[&]>r
1
<% / EPF (1 = ) @®)[ de + (1 = o[ ]2z
[EI>r

Using the formula

F(Oyw) =2ix§F(w), (6.11)
using once more Plancherel’s equality, one gets J < ﬁ |10 ((1—p)v) ||L2(R) +r(1—p)v ||L2(R), hence by (6.8)-
(6.9), one has

C
‘I < rsz ”U”ill(R\[—l/Z,l/Z]) + Cpr)\”UHiZ(R)' (612)

To bound I from above, one uses the boundeness of F : LI(R) — L®(R) together with the pointwise estimate
ENFw)(E)] < %|W|BV(R) that comes from (6.11). We get

I= f 1M F (ov) ©)]* d& + / €M F (ov) (©)|* d&

|El>r 1El1<r

1 _
<alevve [ 6P dE o [ 6P ds
[&]>r [EI<r
1 P

- 2
- 27-[2(1 _ )\,)rl_)‘ |pv|BV(R) 1 +)\. ”pv”LI(R)’
therefore by (6.6)—(6.7), one has

Cp 2 Cprl—i-k )
m(|U|BV((—1/2,1/2)) + vl g wy—1/2.1/2p) " + 1—|——AHU”L2(R)' (6.13)

~X

From (6.10), (6.12) and (6.13), we deduce the final estimate:
F 1+A
||£A/2[U] ||L2(]R) < C (r + 1 + >||U||L2(R)

1 1 2
+ Cp<r2_k + i A)rl_k>(|U|BV((l/2,l/2)) + 1ol g @y—1/2.1/27) (6.14)

forall r > 0.

One infers that Lf/z : BVioe(R) N H (R\ {0}) = L2(R) is continuous.
Step four: weak-x sequential continuity of EA 2 By (6.2) of Lemma 6.1, one sees that if vy — 0 in the topological
space (B Vige(R))w-« N H (R {0}), then vy — 0 in L?(R). One then argues exactly as in Step two by using (6.14)

instead of (6.4)—(6.5); one deduces that E{'—/z[vk] — 0in L2(R) and this completes the proof of the lemma. O

loc

We can now prove the main properties of £, stated in Subsection 4.1.

Proof of Lemma 4.1. Let us prove the different items step by step.
Step one: item (i) (a) and (b). Item (i)(a) is an immediate consequence of the theorem of continuity under the
integral sign; the details are left to the reader. Item (i)(b) is clear from Lemmata 6.1 and 6.3.
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Step two: item (i)(d). Passing to the limit R — +o0 in (6.3), one gets

ZG)J"] A

B 4G,
lvlBv®) + FllvllLl(R), (6.15)

[t ey < 5~

forall ve L' (R) N BV (R) and r > 0. With this estimate in hands, we can argue as in the second step of the proof of
Lemma 6.3 to show item (i)(d).

Step three: items (ii) and (i)(c). Let us prove item (ii) first. By Lemma 6.2, v € H!(R,) can be approximated
by vr € SR) in (BVioc(R)) s N Hll)c (R \ {0}). One has £;[vi] = Ef[vk] thanks to the classical Lévy—Khintchine
formula. By Lemma 6.3, we infer that £; [v] converges toward £y [v] in &’ (R) as k — +00. But the embedding (6.2)
of Lemma 6.1 implies that vy — v in L2(R), so that F(vx) — F(v) in L2(R). It follows that | - [*F(vr)(-) —
| - *F)() in S'(R); hence, taking the inverse Fourier transform, one sees that E{:[vk] — L‘f[v] in S'(R). By
uniqueness of the limit, one has £, [v] = E{'— [v] and the proof of item (ii) is complete.

As an immediate consequence, one deduces item (i)(c) by using in particular Lemmata 6.1 and 6.3.

Step four: item (iii). Take v, wi € S(R) converging in (B Vige(R))w-» N H (R\ {0}) to v, w € H'(R,). For such
functions, it is immediate from the definition by Fourier transform (1.3) that

/ﬁx[vk]wk=/vk/3x[qu]=/ﬁx/2[wklﬁx/2[vk].
R R R

By Lemma 6.3, one has L [ux] — L£;[u] in Ll R) N leoc(]l_%\ {0}) for u = v, w. By Lemma 6.1 and Banach—

loc
Alaoglu—Bourbaki’s theorem, one has the following convergence (up to a subsequence):

ur — u in L2(R) and in L (R) weak-x

for u = v, w. Indeed, (6.2) implies the strong convergence in L? and (6.1) implies that (ux); is bounded in L,
because it is (strongly) bounded in B Vo (R) N ngc(R\ {0}) as a convergent sequence in (B Ve (R)) N le)c R\ {0}).
Hence, one clearly can pass to the limit:

/[,)L[v]w: lim /‘C;L[vk]wk: lim /vkﬁk[wk]:/vﬁk[w].
k——+00 k——+00
R R R R

To pass to the limit in fR L. 2[wi 1Ly 2[vi ], one uses Lemma 6.3 and item (ii). The proof of item (iii) is complete.

Step five: item (iv). It suffices to change the variable by z — —z in (2.2).

Step six: item (v). We consider only the case where v(x,) = maxg+ v > 0, since the case v(xy) = ming+ v < 0 is
symmetric. Simple computations show that

v(xx +2) —v(xy)
ﬁx[v](m:—cxf - BEE —dz
R
+00 X
V(X +2) — v(xy) V(X +2) — v(xy)
=—GA/ [ dZ—GA/ BER dz
— Xy —0
b+ 2) — v(x) T )~ v(xs)
V(xe +2) — v(xg V(—xx —2) — V(X4 ,
=-G dz—G dz’,
)‘/ |Z|1+A z )‘/ |z’+2x*|1“ z
—Xx —Xx

after having changed the variable by 7’ = —z — 2x,. By the oddity of v, we get

+oo

V(xe +2) —v(x)  v(xe +2) Hv(xy)
L [v](xy) = =Gy, / { |Z|1+A - |z+2x*|1+k }d

—Xx

Let f(z) denote the integrand above. Let us prove that for 0 # z > —x,, this integrand is non-positive. It is readily

seen that for such z, one always has {lz\‘l“ - m} > (. Then, one has
*
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1 1 ! !
f(z)_v(x*—i-z){ [ - |z—|—2x*|1“}_v(x*){ |z 1+ + |Z+2x*|l+k}

1 1 1 1
< - - ;
"(x*){ FRE |z+2x*|1+*} ”(X*){ FR |z+2x*|1+*}
% < 0 and conclude

indeed, x, + z € RT, so that v(xy + 2) < v(xy). We infer that f(z) < —v(x*)|2+2x
that £, [v](x) > 0. To finish, observe that f cannot be identically equal to zero, whenever v is non-trivial. This
proves that £; [v](x4) > 0 and completes the proof of the lemma. O
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Appendix A. Proofs of Lemmata 3.3, 5.1, 6.1 and 6.2

Proof of Lemma 3.3. The supremum m(¢) is achieved because of (3.2), so that K (¢) # J; moreover, one has for
allb>a >0,

sup lx] < 4o00. (A1)
te(a,b), xeK (t)
It is quite easy to show that m is continuous and we only detail the proof of the derivability from the right.
Let tp > 0 be fixed and (#)x, (xx)x be such that limg_, ;oo % = 10, tx > to and xx € K (fx), m(tx) = v(ty, xi) for
all £ > 1. By (A.1), (xx)x is bounded; hence, taking a subsequence if necessary, one can assume that x; converges
toward some limit xg. One has

1) — m (s tr, xx) — m(f ) tx, xk) — v(to,
limsupm(k) m(0)=limsupv(k Xk) m(O)ghmsupv(k x;) — v(to xk):atv(to,xo),

k—+o00 Ik — 1o k——+00 Ik — 1o k— 400 Ik — 1o

thanks to the C 1—regularity of v. But, one has x¢p € K(ty); indeed, for all x € R, one has v(t, xx) = v(t, x)
m(ty) —m(to) <

so that the limit as k — +o00 gives v(fy, xo) 2 v(f, x). Hence, one has proved that limsup;_, , o, i

SUD K (10) d:v(ty, x). In the same way, for all x € K (#p) one has

m(ty) —m(t v(tg, x) — v(tg, X
fiming 7K =m0 o g Ve D) Z0E0. D)
k—400 th, — 1ty k—+o0 tk— 1o

This shows that

m(tyx) — m(f tr) — m(f
liminfM > max o;v(fg,x) = hmsupM
k—400 I — 1o xeK (1) k—>+00 tk— 1o

for all 7o > 0 and (ft)x such that & — fo, fx > fo. This means that m is right-differentiable with m/ (fo) =
maxyek ;) 0 v(fo, x) on RT. O

Proof of Lemma 5.1. Let us estjmate the translations of v,. Fix & € R and define 7,v.(x) := v, (x — h). Classical
formula gives F (7, ve)(€) = e~ 278" F(v,)(&). By Plancherel’s equality, we deduce that

/mvs —uP =f!e—2"”¥h 1P| F e © [ de

R

|e—2171$h
f o |s| HF @ @) dg

< M, / £ F o) ©) dé.
R
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|672i7r5h_1|2

where M), := maxgcr T

. Lemma 4.1 item (ii) and Plancherel’s equality imply that
2

/ |Thve — vl < Mj, /}cm[vsn :

R R

By the assumptions of the lemma, we deduce that fR | Thve — Ve |2 < CoMj, for some constant Cq (the constant comes
from (4.6)). Using that e* — 1 = O(|z]) in a neighborhood, it is easy to see that limj_,o M}, = 0, because A € (0, 2].
The family {v,|e € (0, 1)} is bounded in L°°(R), and thus also in leoc (R). By the Fréchet—-Kolmogorov theorem, it is

relatively compact in leOC ®). O

Proof of Lemma 6.1. For all v € H'(R,.), there exist the traces v(0%) € R; it is not difficult to show that [v(0F)| <
vl g1 (w,)- Further, for all +x > 0,

X

v(x) = v(0%) +/(axv)m* (y)dy. (A.2)
0
It follows that for all R > 0, one has v € BV ((—R, R)) with

Iy~ < [0(07) = v(07)| + | @xv)ie, [ L1 popy S C+ V2RIV g1 ,)-

This shows that the inclusion H'(Ry) C BViee(R) N Hléc (R \ {0}) is continuous.

Now take v € BVjoc(R) N HILC(@ \ {0}). Then v is continuous on R, and v(x) = v(1) + flx 0xv(y)dy, where 0 v
can be a Radon measure with singular part supported by {0}. By the continuity of the inclusion H' (R \ [—1,1]) C
Cp(R\ (—1,1)), one deduces that v is bounded outside (—1,1); since v is bounded by |[v(1)| + |[vIBV((=1,1))
on [—1,1], the inclusion BVioe(R) N H (R \ {0}) € L®(R) is continuous. From this result, it is easy to
show (6.1).

The sequential embedding (6.2) is clear from (6.1). Indeed, Helly’s theorem and L7, L? interpolation inequalities
imply that the inclusion L% (R) N BVjoc(R) C L’ (R) is continuous and compact for all p € [1, +00); since each

loc

(R\{0}) is (strongly) bounded in B Vioc (R) N H. (R\ {0}), the inclusions

oc

converging sequence in (B Vige(R)) - N H,!

loc

(BViee(®)),,, N HL(R\{0}) € LD (R) N LY (R\ {0}) € L*(R)

loc loc

are sequentially continuous. O

Proof of Lemma 6.2. From (A.2), one deduces that if v € H'(R,) then d,v = Ox V)|, + (v(0T) —v(07))8g, where
one has (xv)|p, € L2(R). Let (px)x € D(R) be an approximate unit and define vi := pi * v. Then it is easy to check
that vy — v in L2(R) and that dyvx = (9xv)j, * px + (W(0F) — v(07))px converges to d,v in L (R \ {0}) and
in (C.(R)) weak-x. O

Appendix B. Technical results

Lemma B.1. Let m € C(R™) be right-differentiable with
ml.(t) + (max{m,0})° <0 onR¥. (B.1)

Then one has m(t) < %for allt > 0.

Proof. Let 7y > O be such that m(#p) is positive. The function m has to be positive in some neighborhood of #y;
since (B.1) implies that m is non-increasing, this neighborhood has to contain the interval (0, #p]. Dividing (B.1)
by m? = (max{m, 0})2 on this interval, we get: (—%); < —11in (0, tp). Integrating this inequality, one deduces that
for all ¢ < 1, % — % <t — tg, which implies that m(fy) < (#t) + 1ty — t)_1 < (g — t)_l. Letting t — 0, we
conclude that m (fy) < % whenever m (t() is positive. The proof is complete. O
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Lemma B.2. Let A € (0, 1) and @ : R — R be locally Lipschitz-continuous and such that there exist 0 < ' < A, Mg
and Lg with

Lo
14 |x|1=#
fora.e. x € R. Then L, [®] is well defined by (2.2) and belongs to Cp(R).

@) < Mo (1+1x1*) and [8,@(x)| <

The idea of the proof of this technical result comes from [3]; we give here a short proof for the reader’s convenience.

Proof. In the sequel, C denotes a constant only depending on A, A, Mg and L. For all x € R and r > 0, one has

P (x +2) — D)) _ |®(x +2) — D (x)|
piE dz <0, @l o(—rtry | 12174 dz+ EiE dz,

lzI<r lz|>r

. D x+2) — D)
N | )
|zl
|z|>r

dz.

Since |x +z]* < |x[* + |z|* forall x, z € R, the last integral term is bounded above by

24+ 21x) + |z
C/ [x] z|

s Cri(1 4 x M + 7).
Z

|z|>r
Finally, we get

|®(x +z) — P(x)]
|Z|1+A

dz < Crt (L [x” + 7% + 7 0@l Lo (amrvsr) (B2

(for some constant C not depending on x € R and r > 0).
This proves that £, [®@](x) is well defined by (2.2) for all x € R; moreover, we let the reader check that the

continuity of £,[®] can be easily deduced from the dominated convergence theorem. What is left to study is the
2l

behavior of £,[®] at infinity. To do so, one takes r = 5> from (B.2), one gets the following estimate: L, [D](x)| <
C(Jx|™* + |x|*~*) for large x. The proof is complete. O
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