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Abstract

We consider blow-up solutions for semilinear heat equations with Sobolev subcritical power nonlinearity. Given a blow-up
point a, we have from earlier literature, the asymptotic behavior in similarity variables. Our aim is to discuss the stability of that
behavior, with respect to perturbations in the blow-up point and in initial data. Introducing the notion of “profile order”, we show
that it is upper semicontinuous, and continuous only at points where it is a local minimum.
© 2010 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.

Résumé

Nous considérons des solutions explosives de 1’équation semilinéaire de la chaleur avec une nonlinéarité sous-critique au sens
de Sobolev. Etant donné un point d’explosion a, grice a des travaux antérieurs, on connait le comportement asymptotique des
solutions en variables auto-similaires. Notre objectif est de discuter la stabilité de ce comportement, par rapport a des perturbations
du point d’explosion et de la donnée initiale. Introduisant la notion de «1’ordre du profil », nous montrons qu’il est semi-continu
supérieurement, et continu uniquement aux points ou il est un minimum local.
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1. Introduction

We consider the parabolic problem

uy = Au+ |ulPu,
u(x,0) =up(x)

(1.1)

where u(t) € L°(RY), u:R" x [0, T) — R, the exponent p > I is subcritical (that means that p < %—fg if N > 3)
and A stands for the Laplacian in RV,

Given ug € L (RY), by standard results, the parabolic problem (1.1) has a unique classical solution u(x, ), which
exists at least for small times. The solution u(x, r) may develop singularities in some finite time, no matter how smooth
up(x) is. We say that u(x, t) blows up in a finite time 7 if u(x, t) satisfies (1.1) in RN x [0, T) and

tim (0] = +oc.

T is called the blow-up time of u(x, t).

A point a € RN is a blow-up point if and only if there exist (a,, t,) — (a, T) such that |u(a,,t,)| - +00 as
n — +o0o0. We know from [25] that an equivalent definition could be a point a € R¥ such that lu(x,t)| - +o0 as
(x,t) = (a, T). The blow-up set S, C RV at time T is the set of all blow-up points.

Problem (1.1) has been addressed in different ways in the literature. A major direction was developed by authors
looking for sufficient blow-up conditions on initial data (cf. Levine [20], Ball [3]) or on the exponent (cf. Fujita [9]).
The second main direction is about the description of the asymptotic blow-up behavior, locally near a given blow-
up point (cf. Giga and Kohn [12], Bricmont and Kupiainen [4], Herrero and Veldzquez [17], Veldzquez [28], Merle
and Zaag [25]). It happens however that most contributions concern the case of isolated blow-up, which is better
understood (see Weissler [32], Bricmont and Kupiainen [4], Fermanian Kammerer, Merle and Zaag [6,5]), and much
less the case of non-isolated points. In this paper, we make contributions to the asymptotic behavior question, in
particular in the much less studied case of non-isolated blow-up points.

Consider u(x, t) a solution of (1.1) which blows up at a time 7" on some blow-up set S,. The very first question
to be answered is the blow-up rate. According to Giga and Kohn [11] and Giga, Matsui and Sasayama [13], we know
that

Vie[0,T), |u@)|,~<C(T - s (1.2)

This fundamental step opens the door to the notion of blow-up profile which has been initiated by Herrero and
Veldzquez in [14,17], Veldzquez in [28,29], Filippas and Kohn in [7] and Filippas and Liu in [8]. The following
selfsimilar change of variables is particularly well adapted to the study of the blow-up profile.

Given a be a blow-up point of u(x, ) (a solution to (1.1)) at time T, we set

1
ulx,t)=(T —1t) P Twy r(y,s) wherex —a=y(T — t)%, s =—log(T —1t) (1.3)
so that the selfsimilar solution w, 7(y, s) satisfies for all s € [-log T, +00) and for all y € RY,
1 1 _
aswa,T = Awa,T - Ey : Vwa,T - Fwa,T + |wa,T|p 1wa,T~ (1.4)

The study of « in the neighborhood of (a, T') is equivalent to the study of w, 7 for large values of the time s. We note
that, considering —wy, r if necessary, we have by [12],

__1
Wa,r(y,$) =2 k= (=1 »7T,

uniformly on compact sets. Moreover, we know that the speed of convergence is either |log(T — t)|_1 (slow) or
(T — )" (fast) for some pu > 0 (see Velazquez [29] for example).
To learn more about the way w, r approaches «, it is natural to linearize Eq. (1.4) about «. If we set

Va,7(¥,8) =wa,r(y,s) — K, (1.5)

then v, 7 (or v for simplicity) satisfies the following equation

3Sv=Av—%y~Vv+v+f(v)z/3v+f(v), (1.6)
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where f(v) = v +«|P7 (v + k) — T — ﬁv We easily see from (1.2) that | f(v)| < C|v|? for some positive
constant C.

It is natural to consider (1.6) as a dynamical system in the weighted Hilbert space
) e
Ly(RY) = {8@) € Li (RY): /gz(y)p(y) dy < +00}, with p(y) = —.
(4m)2
RN
endowed with the norm defined by
2
lgll7; = (g, &) = / () P dy,
RN
since the operator L is self-adjoint on L% (R™) and has eigenvalues
m
’\’"21_3’ m=0,1,2,.... 1.7)
If N =1, then all the eigenvalues of £ are simple and to 1 — %5 corresponds the eigenfunction
%
o () = Z T o, (1.8)
If N > 2, the eigenfunctions corresponding to 1 — % are
Ho(y) = hay VD) - hay (), witha = (@1,...,ay) €NV and |a| =m (1.9)
Since the eigenfunctions of £ span L% (RM), we expand v as follows
o
v(y, ) =Y u(y,s), where vi(y,s) = P(v)(.5) (1.10)

k=0

is the orthogonal projection of v on the eigenspace associated to Ay =1 — %

With these new notations, we know from Veldzquez [29] that if v(-, s) is not equal to the null function for some

s > 0, then, it holds that
||v(s) — P, (v)(s) HL% =0(”v(s)||L%) as s — 400,

for some even number m = m(ug, a) > 2
Moreover, the following possibilities arise according to the value of m (ug, a):

(1.11)

e If m(ug, a) =2, then there exists an orthogonal transformation of coordinate axes such that, denoting still by y

the new coordinates
la

1
v(y,s) :—& Z(y,f -2) +0(;> as s — 400,

k=1
and then for all Ky > 0,

1

sup [(7' =07 u(a +2/(T —)[log(T
|z] <Ko

)= fi,@]| >0 ast—T,

where [, =1,..., N and fi,(z) = (p — 1 + L ” Sa )7
o If m(ug, a) > 4 and even, there exist constants ca not all zero such that

(120

m(uq,a)
v(y,s)=— Z co,Ha(y)—i—o( (=== )‘Y) as s — 400,

la|=m(up,a)

(1.12)

(1.13)

(1.14)
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and then for all Ky > 0,

1 1 —
sup (T —0)7Tu(a+z(T =t 1) = (p=1+ Y Cot —0 ast— T, (1.15)
lzZI<Ko lac|=m(ug,a)
where C, = —(pf—l)zca, x* =x{"xdY and o] =ap + - +ay if @ = (ar,...,ay) and By(x) =

> lel=m(ug.a) Cax® =0 for all x € RN,

We recall that in (1.12) and (1.14), convergence takes place in L% (RV) as well as in CII;CV (RN) for any k € N and
y €(0,1).

In our paper, we call the even number m (uq, a) the profile order at the blow-up point a. One may think that this
description of Veldzquez is exhaustive, since it gives a “profile” near any blow-up point a € S,. In our opinion, this
description lets two fundamental questions unanswered:

e Question 1: Are the descriptions (1.11)—(1.15) uniform with respect to the blow-up point and initial data?

e Question 2: What about the geometry of the blow-up set? In other words, is it possible to sum up the local
information given in (1.12)—(1.15) for all @ € S, N B(a, 3) for some a € S, and § > 0, in order to derive global
information about the geometry of S, N B(a, 3)?

In this paper, we address the first question. The second question was the very first motivation of our work. Indeed,
we initially wanted to extend the work done in [33] in the case m (i1, @) = 2 to the case m(iig, @) > 4. In fact, in [33],
the author could successfully use local information to show a global information. Namely, he proved that the blow-up
set is a smooth manifold, assuming only continuity of the blow-up set. Unfortunately, we feel far from obtaining an
analogous result when m (iig, @) > 4, which is a much more complicated case. Thus, we leave the second question
open.

In the following, we give various answers for Question 1 in Section 1.1. In Section 1.2, we discuss the difficulty of
answering Question 2.

1.1. Uniform convergence to the blow-up profile in selfsimilar variables

We address Question 1 in this subsection. Up to our knowledge, Question 1 was first addressed by Zaag in [33]
in the case m(ug, a) = 2, under the assumption that S, locally contains a continuum. In [33], the author proves that
the profile remains unchanged and that the convergence is uniform with respect to the blow-up point. This uniform
estimate allowed to derive local geometrical information on the blow-up set, namely that it is a C! manifold, and if
its codimension is 1, then, it is of class C? (see [36]).

The result of [33,34] and [36] relies on a dynamical system formulation of Eq. (1.4) and on the following Liouville
theorem by Merle and Zaag [24,25].

Liouville theorem for Eq. (1.4). Assume that w is a solution of (1.4) defined on RN x R such that w € L (RV).
1
Then w =0 or w =+« or w(y,s) = 160(s + sg) for some sy € R, where 6(s) =« (1 +€°) r-T.

In this paper, we want to see if the uniform convergence to the blow-up profile proved in [33] can be extended in a
double way:

e to the case where m(ug, a) > 4;
e by allowing perturbations, not only with respect to the blow-up point, but also with respect to initial data.

Our first result states that the profile order m (1, @) is upper semicontinuous with respect to perturbations in the
initial data and the blow-up point. More precisely, we prove the following:

Theorem 1 (Upper semicontinuity of the profile order). Let it be a solution of (1 1) associated to the initial data iy and

blowing up at a point a and at the time T such that i(x,t) # j:K(T -1 = . Then, there exist V;, a neighborhood
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of g in L®(RM) and § > 0 such that for all uy € Vg, u, the solution of (1.1) with initial data ug, blows up at T and
we have this alternative:

(1) either S, N B(@, 8) =¥, or
(2) foralla € S, N B(a, 8), m(ug, a) < m=m(ig, a).

Moreover, we have

lva.7(5) = s Pi(va 1))l 12
sup sup

= —0 ass— 4o0. (1.16)
u0€Vs acS,NB(@.5) 137, Pi(va,T)(S)”L%

Remark. Case (1) may occur as one can see from the example constructed by Merle in [23]. Indeed, given a and b
in R, Merle gives a family of blow-up solutions u; (x, #) to (1.1), where A > 0, with initial data ug ; (continuous in A)
such that for a critical value A* > 0, the following occurs:

e If L = A*, then u;» blows up exactly at two points, a and b with m(ug px, @) = m(uo p+, by =2.
e If A < A%, then u, blows up only at a point a; with m(ug ), ay) =2 and a) — a as . — A*".
e If & > A*, then u; blows up only at a point b; with m(ug 3, b)) =2 and by — b as A — A*T.

Since ug ) — up+ as L — A*, we see that for some &9 > 0, 5> 0, we have the following:

o If A* <1 < A* + g0, then S,, N B(@,8) =10.
o If A* — g9 < A < A*, then S, N B(@,8) = {a,}.

Thus, this example illustrates the alternative in Theorem 1.

Remark. The existence of the blow-up profile order for (1, @) means that u(x, t) is different from the trivial solution
1

+xk (T —t) »=T (see the line before (1.11)). Since the profile order is by definition greater than or equal to 2, when
m(ilg, @) =2, we get m(ug, a) =2 forallug € V;, anda € S, N B(a, 8). In other words, the profile order is continuous
near its minimal value 2. Theorem 1 was already obtained when m (&g, @) = 2 by Fermanian Kammerer, Merle and
Zaag [6] (for [; = N) and Zaag [33] (for [; < N — 1).

Remark. Unlike Zaag [34,33,36], there is no need to assume that S, N B(a, <§) contains a continuum.

Theorem 1 gives the uniform predominance of || 2?%_2 P;(vg,7)(s) |l 2 with respect to the initial data uo in a
= »

neighborhood of 1y and with respect to the singular point a in a neighborhood of a. It also provides the upper
semicontinuity of the profile order m(ug, a). In order to get the continuity (in fact, the property of being locally
constant, since m(ug, a) € N), we give in the following theorem a necessary and sufficient condition:

Theorem 2 (Necessary and sufficient conditions for the continuity of the profile order). Under the hypotheses of
Theorem 1, the following statements are equivalent:

(i) For some 8' > 0 and some neighborhood V”QO of g, for all ug € V&O anda € S, N B(@,38), m(ug, a) = m(ig, 4).
(ii) For some 8y > 0 and some neighborhood Vy of i,

m(ig, a) = m(uo, a).

min
ug€Vy, aeS,NB(a,8)
(iii) For some §' > 0 and some neighborhood Vlgo of o,

lva,7(s) — P (Va, 1) () 12
250 ass— +oo.

sup sup
uOEVL;O aeS,NB(,8") ||Prh(va,T)(s)||L%
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Remark. Since m(ug, a) € N, the set {(ug, a) | ug € Vo and a € S, N B(a, §9)} # ¥ (it contains (itg, @)), the minimum
in (ii) is realized for some (it,dy). Up to replacing (iig,a) by (i1, a;) and shrinking the neighborhoods, (ii) is
satisfied. Thus, Theorem 2 is not an empty statement.

Remark. Taking ug = ity in Theorem 2, we obtain a new version of Theorem 2 given in the next subsection (see
Theorem 2').

Following Veldzquez [29] and Filippas and Kohn [7], we find the asymptotic behavior (uniformly in #o and a) in
the following

Proposition 3 (Asymptotic behavior and blow-up profiles uniform in uo and a). The assertions of Theorem 2 are
equivalent to the following: For some 8’ > 0 and Vz/io a neighborhood of iy in L (RV):

o Ifm =2, then for some C > 0 and s’ € R, we have for all ug € VL%O, aeS,NB@G,8)ands>s'

i<||var(s)H <& (1.17)
Cs ' Ly = s
o Ifiit >4, then for each o € NN with |a| = m, there exists cq(ug, a) € R such that

Iva,7 () = =3 3 41 L ca o, @) Holl 2

- —0 ass— +oo,
_i
o(1=)s

sup sup
wo€V;  aeS,NB@.4)

and for all Ky > 0,

1

—51

1
sup sup sup (T—t)ﬁu(a—}—z(T—t)%,t)—(p—1+ Z Caz“> ‘—)0 ast—> T,

wo€V;  aeS,NB(@,8) KIsKo ot =

where Cy = —(I)_LI)ZCQ and the multilinear form Z|a|=rﬁ Cox® >0 forall x e RV,

Moreover cy(ug, a) is continuous with respect to ug and a.

Remark. Proposition 3 has already been obtained by Herrero and Veldzquez [31,17] and Filippas and Liu in [§]
(when m > 2), with no uniform character in (g, a). Our contribution is exactly to prove this uniform character. In
fact, when m > 2, one has to slightly adapt the argument of [17] and [8] to get the uniform character. See the proof of
Proposition 3 in Section 3.3.

Remark. Unlike the case 7 > 4, we don’t have a uniform convergence to some profile when m = 2 systematically.
The situation is indeed more complicated.
Indeed, if [; = N, then we know from [6, Theorem 2, p. 350] that for all ug € Véo, uo has a single blow-up point

a(ug) in B(a, 8 ). Moreover, we have the uniform convergence to the profile, in the sense that

« IyI>
Hatu) T m(N - T)

If [; < N — 1, then the uniform convergence to some profile is known only under the additional hypothesis that the
blow-up set of & contains a continuum going through a of codimension /;. The question remains open without this
hypothesis.

sup s —0 ass— 4o0. (1.18)

uo EV’EO

2
Ly

Remark. Since we expect from the announced result of Herrero and Velazquez [18] that m(ug, a) = 2 is the generic
behavior, the minimum in (ii) of Theorem 2 should be 2, hence the case /1 > 4 in Proposition 3 is an empty case.

If N =1, we know from Herrero and Veldzquez [16,15] that the situation m (1, @) = 2 is generic, in the sense that:
given initial data iig € L>(R") such that the corresponding solution of Eq. (1.1) blows up at some time 7 at some
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point a with m (19, a) > 4, then any neighborhood of i contains initial data u( such that the corresponding solution
of Eq. (1.1) blows up at some time 7" at only one point a with m(ug, a) = 2.
Therefore, the minimum in (ii) of Theorem 2 is equal to 2 and our Theorem 2 reads as follows:

Corollary 4. If N = 1 and under the hypotheses of Theorem 1, the following statements are equivalent:

() For some §' > 0 and some neighborhood VL’;O of g, for all ugy € Véo anda € S, N B, 8", m(uo, a) = m(iig, 4).
@iv) m(ug,a) =2.

Moreover, they are both equivalent to (ii) and (iii) in Theorem 2.

Remark. Following the third remark after Proposition 3, if the result of [18] is confirmed, then Corollary 4 becomes
true for N > 2 too. From [16], one would derive that all the behaviors where m >4 or m =2 with [; < N — 1 are
unstable.

1.2. Discussion of the geometry of the blow-up set

Regarding the blow-up set, two questions arise:

e The description: Given a blow-up solution u(x, ¢) of (1.1), what can we say about its blow-up set S,,? The only
general answer available with no restriction on initial data is due to Veldzquez who proved in [30] that S, is
closed and that its Hausdorff dimension is at most equal to N — 1. Our Question 2 stated before Section 1.1 is a
description question, to which we devote the following subsection.

e The construction: Given a closed set S whose Hausdorff dimension is at most equal to N — 1, is there a blow-up
solution u(x, t) of (1.1) such that S, = §? The answer is yes when S is one of the following cases
— a finite number of points from Merle [23];

— a sphere thanks to Giga and Kohn in [12] (see (1.15), p. 848 and Corollary 5.7, p. 877);

— a finite number of concentric spheres, as suggested by Matano and Merle in [22, Theorem 1.11, p. 1499]. To
prove the existence of such a solution, one has to adapt the method used by Merle in [23].

Note that the solution is radial in the two last cases. No other geometries for the blow-up sets are known (except

those artificially generated from the above cases by adding irrelevant space variables to the domain of definition

of the solution, giving rise to affine subspaces, cylinders, etc.). The question remains open in the other cases, in

particular when S is an ellipse in 2 dimensions.

As we said above, this subsection is devoted to Question 2. Unfortunately, we don’t give any answer, apart from
recalling the results of [33,34,36] proved in the case where m (iig, @) = 2. Indeed, the case m (iig, @) > 4 is much more
complicated. Our goal is to give the reader a flavor of the complexity of Question 2.

In the following, we fix initial data ug = 19 and allow @ to move in S; near some a € Sj;, a non-isolated blow-up
point.

Question 2 asks whether one can derive any information on the geometry of the blow-up set near a, from local
information in (1.12)—(1.15) on the blow-up profile near a € S;, where a is close to a.

Knowing that a is a non-isolated blow-up point, we remark that two cases in (1.12)—(1.15) cannot hold since they
lead to an isolated point:

e when m(iig, a) =2 with [, = N: we locally have a bump, see (1.18), or
e when case (1.14) occurs with a definite positive B, (x): in that case, we know from Velazquez [29] that a is an

isolated blow-up point, i.e. S; N B(a, §) = {a} for some § > 0.

Therefore, we either have (m(itg, a) =2 with l; < N — 1 or m(itg, @) > 4 with a non-definite positive B;(x)).
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— When m(itg,a) =2 and I; < N — 1, Zaag assumed in [33] (see also the note [35]) that S; contains a continuum
going through a. He shows that S; is locally a C! manifold. In [36], he shows that when [; = N — 1, S; is locally
a C% manifold. The proof relies on two steps:

o Step 1: Stability of the blow-up profile with respect to perturbations in the blow-up point a and uniform con-
vergence to the profile
The author proves the stability of the blow-up profile and the uniform convergence to the profile with respect
to the blow-up point a near a. The Liouville theorem in [24] and [25], stated in Section 1.1 of our paper, is the
key tool in this step.

o Step 2: A covering geometrical argument
From Step 1, the author derives an asymptotic profile for u(x,t) in every ball B(a, Ko/T —t) for some
Ko > 0 and a a blow-up point close to a. Most importantly, these profiles are continuous in a and the speed
of convergence of u to each one in the ball B(a, Ko+/T — t) is uniform with respect to a. Now, if a and b are
in S; and 0 < |a — b| < Ko/T — t, then the balls B(a, Ko~/T —t) and B(b, Ko~/T — t) intersect each other,
leading to two different profiles for u(x, ¢) in the intersection. Of course, these profiles have to coincide, up to
the error terms. This makes a geometric constraint which gives more regularity for the blow-up set near a.
The fact that the rate of convergence of the expansion of u(x, t) in B(a, Ko»/T — t) is uniform in a is “essen-
tial”. By the way, Veldzquez, Filippas and Liu obtain those profiles, with no uniform character with respect to a
(see [8,28,29]).

This two-step technique was successfully used by Nouaili in [27] for the case of the semilinear wave equation
Ui =ty + )P u (1.19)

where u = u(x,1), x e R, 0 <t < T(x) and p > 1. More precisely, in [27], the author started from the cl
regularity of the blow-up set proved by Merle and Zaag in [26] and could prove the C!® regularity using this
two-step technique. Note that for Eq. (1.19), non-global solutions blow up on a graph I" = {(x, T'(x)) | x € R},
where x — T (x) is 1-Lipschitz (see Alinhac [1,2] or Lindblad and Sogge [21]).

— When m(#ig, a) > 4 and B;(x) is not positive definite, our ambition was to adapt the two-step technique of [33]
here. We could obtain the first step provided that m (iio, ) = min,es.np(a,s,) " (lo, @). More precisely, let us write
the following two versions of Theorem 2 and Proposition 3 that we obtain taking ug = iig.

Theorem 2’ (Stability of the profile order near a local minimum). Under the hypotheses of Theorem 1, the following
statements are equivalent:

() For some§' > 0, foralla € S; N B(a, 8N, m(iig, a) = m(fio, &).
(i1)’ For some (EO > 0, m(ido, @) = min,es.np(a,s) M (lo, @).
(iii) For some §' > 0,
lva,7(s) — Prh(va,T)(s)”L%

sup —0 ass— +oo.

acS;NB(a,8") ||Prh(va,T)(S)||Lg

We also have the following equivalent statements to those of Theorem 2’:

Proposition 3’ (Asymptotic behavior and blow-up profiles uniform in a). The assertions of Theorem 2" are equivalent
to the following: For some §' > 0:

e If 1 =2, then for some C > 0 and s' € R, we have for all a € S; N\ B(a,8') and s > s’
1o v, ()|, < —.
Cs ' L, = s

o Ifii > 4, then for each o € NV with |a| = i, there exists cq4(a) € R such that

Va7 (s) = €122 30 cal@) Hall

— —0 ass— +oo,
c1=%)s

sup
aeS;NB(,8")
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and for all Ky > 0,

-0 ast—T,

1 1 1
sup sup (T—t)Plu(a—i-z(T—t)rﬁ,t)—(p—l—i— Z Caz”‘>
aeS;NB(,8" 121<Ko la|=rh1

where Cy = —(pf—l)zco, and the multilinear form ), _; Cax® > 0 for all x € RV,

Moreover, cy(a) is continuous with respect to a.

Thanks to Theorem 2’, it is enough to choose a such that m(ilg, @) = mingeg,np(a,s,) M (o, @) in order to get the
stability of the blow-up profile and the uniform convergence to those profiles. This achieves Step 1 in the technique
of [33].

As for the geometrical covering argument of Step 2 of [33], we could not do the same, since the profiles for m > 4
are much more complicated to describe than for m = 2.

Step 1 revealed to be a fundamental step towards the regularity of the blow-up set in the case m = 2 treated in [33]
and for the semilinear wave equation treated by Nouaili [27]. Similarly, we believe that in the case m > 4 for the heat
equation (1.1), we made a step towards further geometrical results for the blow-up set.

Remark. Unlike in Theorem 2 (see the third remark following Proposition 3), we may have here m (iig, @) > 4 and the
assertion in Proposition 3’ is totally meaningful. More precisely for any even integer m € N*, there exists a blow-up
solution u such that for all @ € S, m(ug, a) = m. Indeed, one has just to adapt the method of Bricmont and Kupiainen
[4] to the radial version of (1.1):

2 N -1 _1
U =09U+——3.U+|UIP"'U
r
to find a solution blowing up for r = 1 with:

o Ifm=2,VKo >0,

—0 ast—T.

1
e — 1 )\
sup (T—t)l’lU(l—i-z\/T—t,t)—(p—l—i-wZz) !
lzl<Ko 4p

e If m >4 and even, VK > 0,

sup |(T—t)ﬁU(1+z(T—t)%,t) - (p—1+czm°)_ﬁ‘ -0 ast—T.

|z|<Ko

In fact, Bricmont and Kupiainen [4] did the work in one dimension and in higher dimensions, the term NT”a,U can
be controlled as a lower order term in selfsimilar variables.

Remark. As we said in the first remark after Proposition 3, the estimate in the case 7 = 2 has already been proved in
[8] with no uniform character.

Since m (iig, a) € N, the mapping a — m(iig, @) has local minima. In particular, it realizes its global minimum at
some a € S; and we have the following:

Corollary 5. Let i be a solution of (1.1) associated to the initial data tig and blowing up at some time T. Then, there
exists a € S, such that (i), (ii) and (iii)’ of Theorem 2’ are satisfied.

Remark. Following this corollary, we conjecture that the profile order (for fixed initial data i) is constant on the
connected components of S, and that the convergence in (iii)’ is uniform on the connected component.

Remark. This corollary is meaningful when a is a non-isolated blow-up point. Note also that we don’t prove the
stability of the blow-up profile with respect to the blow-up point and that we only prove that the order of the multilinear
form B, (x) is locally constant (hence, is stable).
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Remark. If m (iig, a) = 2, then it is automatically a local minimum and (ii)" of Theorem 2’ is satisfied. Moreover:

e If [; = N, then a is an isolated blow-up point as written earlier.
o If [; < N — 1, then with the additional hypothesis that S; contains a continuum of dimension N — [; going
through a, we know from [33] that the profile is stable with respect to the blow-up point.

The proof of our results relies on the Liouville theorem of [24] and [25], and on a dynamical system formulation
in selfsimilar variables. Note that we don’t prove Corollaries 4 and 5 since they are immediate consequences of
Theorems 2, 2 and the results of Herrero and Veldazquez [15] and [16].

This paper is organized as follows: In Section 2, we prove uniform estimates in the study of Eq. (1.6) satisfied by v.
In Section 3, we give the proof of Theorems 1, 2 and 2" as well as Propositions 3 and 3'.

We note that in the remaining of this paper, we will denote by C all positive constants.

2. Uniform estimates and dynamical study in selfsimilar coordinates

Let #i(x, t) be a solution of (1.1) with initial data i (x) and blowing up at some point a and at time T and

1

w#+x(T —1) 7T, (2.1)
From Giga and Kohn [12], and up to replacing & by —it, we assume that

W, 7(y,8) >k ass— 4ooin Lf) (R") and in cor (RY) (2.2)

loc

for any k € N and y € (0, 1). From (2.1), as mentioned in the introduction, the blow-up profile of # near (a, f") is
given according to the value of some even parameter /1 = m(ilg, a) > 2 defined in (1.11).

From now on, given initial data ug, we denote by u the solution to (1.1) corresponding to u( and blowing up at
some time 7. If a € S, we denote by w, 1 the corresponding selfsimilar variables solution given by (1.3) and by v, 7
the function given by (1.5).

We first derive the following uniform L bound in a neighborhood of ¢ and a constant sign property of u(x, t)
for x close to the blow-up point a:

Proposition 2.1 (Uniform L*° bound and ODE localization). (See Fermanian Kammerer, Merle and Zaag [6].) There
exist V| a neighborhood of iy in L®@RM), C > 0and {C,}, such that for all initial data ug in Vy:

@) u(t) blowsupinT and T — T as ug — g in L (RM).
1
(i) V£ €[0,T), llu(@®)llLe <C(T —1) »-1.
(iii) Ve > 0, Vr e [%, T), 10u — |ul|? 'u| < elul? + C,.
(iv) There exists 61 > 0 such that
Viel[T —68,,T), Vix —a| <281, u(x,t)>=0.
(v) Foralla € S, N B(a, §1),

Va7 (y,8) = 0 ass— +ooinCLl (RY) foranykeNandy € (0, 1).

loc

Proof. e For (i) to (iv), see [6, Lemma 2.2, Proposition 1.7 and Corollary 1.8, p. 358 and p. 355]. Note that those
results of [6] are valid without the assumption made in [6] about the blow-up profile.

For the reader’s convenience, we show how to derive (iv) from (iii). Let us consider Vi a neighborhood of i in
L®(RN) such that for any ug € V/, points (i), (ii) and (iii) hold.

Applying (iii) for ¢ = %, we get the existence of a positive constant C 1 such that

T 1
YupeVy, ¥x eRN, vr e [5, T>, dpu > |ulPlu— §|u|” -Cy. (2.3)
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We now choose A > 0 such that
1
—A? —C; > 0. 2.4)
2 2

Using (2.2), we deduce the existence of § > 0 and §’ > 0 such that for all [x —a| <8, #(x, T— 8" > 2A.
Then, from continuity arguments applied to Eq. (1.1) and the continuity of the blow-up time (cf. (i) of this propo-
sition), there exists V; a neighborhood of iig such that V; C V| and

Yuge Vi, Vix —al <8, u(x,T—48)> A. (2.5)

Therefore, thanks to (2.4), we can prove from (2.3) and (2.5), by a priori estimates, that u(x, t) > A > O for all ug € Vy,
te€[T —48,T)and |x —al < 8. Taking §; = %min(&, 8’) concludes the proof of (iv).
e For (v), we just remark that thanks to Giga and Kohn [10], we know that we have the convergence of w, 1 to £«
and that since we have the positivity of the solution locally near (@, T') (see (iv)), we deduce that w, 7 converges to «.
This ends the proof of Proposition 2.1. 0O

Note that at this stage, we don’t know if the convergence in (v) is uniform with respect to 1o and a or not. Using
the Liouville theorem of Merle and Zaag [24,25], we can show that uniform character.
We then have:

Proposition 2.2 (Uniform smallness of v, 1 ). There exist a neighborhood Vs of iig in L™ (RY)) and a positive constant
82 such that as s — +00,

(i) sup  sup  |var()|,. =0,
upeVs aeS,NB(a,85) °

(i) YR>0, sup sup ( sup |va,T(y, s)}) — 0.
up€Vs aeS,NB(a,8) |yI<R

Proof. We only prove (i), since (ii) follows from (i) by standard parabolic regularity arguments. Let us assume that
we cannot find a neighborhood of iy and a constant §; > 0 such that (i) holds. Then there exist ng > 0, s, = +00,
uo,n — o and a, — a, a, € Sy,, when n — +o00 such that

Vn eN, || Wn,a,, T, (Sn) — K ||L% > 1. (2.6)

By Proposition 2.1, we know that w, 4,7, (¥, s) = K as s — 400 in Clkocy (RV) for any k € N and y € (0, 1). Then
E(wy q,.1,(5)) = E(x) as s = 400, where

Ew©) = [ (9w P+ — w9 = —— w9 " o dy 2.7)
2 20p—1) p+1

(p

RN

is a decreasing function in time. Therefore we have

E(wn,a,.7,(5)) = E (). (2.8)

Since s, — +00, the point (iv) of Proposition 2.1 implies for n large,

Wi 75 0, $) = € 7Tty (an, T — €7*) > 0. 2.9)
We introduce

Wn(y, ) =wn.a,,1,(y, 5 + 5n)- (2.10)
Then W, satisfies Eq. (1.4), and estimates (2.8), (2.9) and (2.6) yield for n large

E(Wy(0)) 2 E(k),  W,(0,00)>0 and |W,(,0)— KHL% > 10. (2.11)

By (ii) in Proposition 2.1, (2.9) and (2.10), there exists C > 0 such that
Vs € [—log Ty — sp. +00), || Wa(s) |, <C. (2.12)
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By the parabolic regularity and a compactness procedure, and since s, — +00, there exists W (y, s) such that up to a
subsequence

Wy — W asn— +ooinCpp (RY x R). (2.13)
Moreover, W satisfies (1.4), and we have from (2.11) and (2.12),

W= <C, E(W(0)) > E(x), W(0,0)>0 and |W(0) —K||L% > 1. (2.14)
Therefore, by the Liouville theorem, we get

W = *«, W=0 or W(y,s)==0(s+sp), forsomesyeckR. (2.15)

This is in contradiction with (2.14). Indeed, W = —« contradicts W (0, 0) > 0, W = « contradicts ||W (0) —« || 2> 10
and W =0 or W(y,s) =+60(s + s9) contradict E(W(0)) > E(x) (for E(0) =0 < E(k) and Vs € R, E(£+60(s)) <
E(k)). This concludes the proof of (i) of Proposition 2.2. O

Note that Proposition 2.2 gives the uniform smallness in time and space of v, 7 (y, s) with respect to the initial data
uo(x) in a neighborhood V5 of iig in L>°(RY) and a € S, N B(4, 8,). From the result of Veldzquez [29] stated in (1.11),
we know that v, 7(s) ~ Py, (vs,7(s)) in L% as s — 400, for some even m(ug, a) > 4, with no uniform information
with respect to ug and a. If m = 2, we have already the uniform character from [6] and [33]. When i > 4, we believe
that we can get the uniform character if we consider the block Z;”zz P;(vq,7)(s5). Accordingly, we decompose vy, 7
with respect to the spectrum of L as follows:

where the projection Py is defined in (1.10).
estimate an additional variable

1
(expanding modes block) x4 (s) = Z Pr(ua,7)(8)|
k=0 L2
)
m
(low frequency block) ()= > Pe(var)®)| . (2.16)
k=2 L2
)
m
(high frequency block) — Zy (s) = va.7(s) — Z Pr(va,T)(s)|
k=0 L2

Since the nonlinear term in (1.6) is not quadratic in L2, we need to

1
4 2
YMOE ( / |va,r ()| 191 0 () dy) (k = k(m)) (2.17)
RN
where k(m) > 0 will be fixed in Lemma 2.5 below as an increasing sequence. We need also to introduce
Zm(8) = Zm(s) + I (s). (2.18)

WAy

When (ug, a) = (o, a), we add a

to the notation (X4, y,, and Z;,).

Using the notation (2.16), we claim that estimate (1.11) yields x4 (s) 4 2 (s) = 0(ym (s)) as s — 400 which we

write more precisely in the following:

Lemma 2.3. Ifu is a solution of (1.1) blowing up at time T and some point a with the profile given in (1.12) or (1.14)

according to the value of m = m(ug, a), then

Ve >0, 3Jsole,up,a), Vs=so(e,up,a), &ym(s)=xy(s)+zm(s). (2.19)
Proof. Using (1.11), (1.12) and (1.14), we see that
[vis) — Pm(v)(s)HL% =o(|v(s) |L%) as s — +oo (2.20)

and
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either m(ug,a) =2 and Hv(s)HLz ~ % ass — +o0o, or
P
m(ug,a) >4 and Hv(s)” 2™ Coe'™ 2% ass — +oo. (2.21)
P

Since we have from (2.18), x4+ + zy = x4+ + Zm + Jim, We first show that x4 + Z,, = o(y,), then we show that

I = 0(ym).
Since we have from (2.16), ||v(s)||L/z) S Cxy + ym + Zm)(s) and x4(s) + Z(s) < Cllu(s) — Pm(v)(s)||L/z) as

s — 400, we use (2.20) to get
Xt + Zn = 0(ym)- (2.22)

Now, we recall from Herrero and Veldazquez [17], the following regularizing effect for the operator L:

Claim 2.4. (See Herrero and Veldzquez [17].) There exist positive s, and C* such that for s large enough, we have:
0 5 2 5
/!v(y,s)\ p(dy) <C /Iv(y,s—s ) emdy) .
RN RN

Proof. See [17, Lemma 2.3, p. 142]. Note that the result holds for sign-changing solutions with the same proof. O

Using (2.17), the Cauchy—Schwarz inequality and Claim 2.4, we write

8 : 2k : %2
Jm(s)<</|v(y,s)| p(y)dy> (/Iyl p(y)dy> <C(/v(y,s—s ) p(y)dy)- (2.23)
RN RN

RN
We claim that for s large enough, we have
2
/ v(y,s —s*) p(Mdy < C f v(y, )’ (1) dy. (2.24)
RN RN

Indeed, if m(ug, a) = 2, then we write from (2.21), for s large enough

2C 3C
[ ot =5V oy < 2% < 22 <afuo]
RN

s—s* 5
and the same proof holds when m (ug, a) > 4.
Using (2.23), (2.24), (2.16) and (2.22), we write

Jm(s)<C(/v(y,s—S*)zp(y)dy> <C/v(y,s)zp(y)dy<C(xi+y,i+2§1)(s)<Cy31(s).
RN RN

Hence J,,,(s) = 0(y (s)) as s = +00. Using (2.22), we conclude the proof of Lemma 2.3. O

In order to prove the stability of the block Z;ﬁ:z P;(vq,1)(s), we use the decomposition (2.16) and (2.18) to project
Eq. (1.6) in the following:

Lemma 2.5 (Differential inequalities on the components of v, 1(s)). For all i > 2, there exist k = k(i) > 0 an in-
creasing sequence, a neighborhood V(i) C V; of iig in L°(RN) and 83(i) > 0 such that for all & > 0, there exists
s3(g,1) € R such that for all s > s3(g, 1), for all ug € V3(i) and a € S, N B(a, 83(i)), we have

1
x(s) = §x+(s) —&(x4(5) +yi(s) + zi(s)), (2.25)
e(xy () 4 yi(s) +zi(9)) = yi(s) > (1 - %))’i (8) —&(x1 () +yi(s) + 2 (s)), (2.26)
[+ 1
2i () < <1 - %)zl- (8) + e (x4(s) + yi(s) +zi (). (2.27)

Proof. See Appendix A. O
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With these inequalities, we are in a position to prove that for i = i, y; dominates x4 and z; as s — 400,
uniformly with respect to ug and a. In the following, we start by neglecting x4 with respect to y; + z;.

Lemma 2.6 (Uniform smallness of the expanding modes block). For all i > 2, ug € V3(i), a € S, N B(a, §3(i)), € >0
and s > s3(¢e, 1), we have

x4 () <e(yi(s) +2i(9)). (2.28)
This lemma is an immediate consequence of the following:
Lemma 2.7. Consider s, e Rand Y, Z € c! ([s4, +00), RT) such that

(1) forall ¢ > 0, there exists ss5(¢) such that
Y > —s(Y + 2),

> 1
forall s > s5(¢) Z’<—§Z+8Y.

(2) If for some § > sy, we have Y (§) + Z(5) =0, then for all s > §, Y (s) + Z(s) = 0.

Then, either Z =o0(Y) or Y = o0(Z) as s — +00. Moreover, in this latter case, we have

Ve>0ands > s5(e), Y(s)<CeZ(s).
Indeed, let us first derive Lemma 2.6 from Lemma 2.7 and then prove this latter.

Proof of Lemma 2.6. Let Y (s) = eZx(s) and Z(s) = €2 (yi(s) + zi(s)). Using Lemma 2.5, we see that ¥ and Z
satisfy condition (1) of Lemma 2.7. It also satisfies condition (2). Indeed, if we assume that Y () + Z(s) = 0 for
some § > —logT, then from the definitions (2.16) and (2.18) of x, y, and z,,, we have ||va,T(§)||L% =0, hence

Va7 (-, §) = 0. From the uniqueness of the solution to the Cauchy problem of Eq. (1.6), we get v, 7(-, s) = 0, hence
Y (s) + Z(s) =0 for all s > §. Therefore, the conclusion of Lemma 2.6 directly follows from Lemma 2.7. O

Let us now prove Lemma 2.7.

Proof of Lemma 2.7. Part 1: Let ¢ > 0, we prove in this part that

either Is; =ss(¢) suchthat Vs >s5, Z(s) <CeY(s), or (2.29)
Vs > s5(e), Y(s)<CeZ(s). (2.30)

We set y(s) =6eY (s) — Z(s). Two cases arise:

Case 1: 3s5 > s5(¢) such that y (s5) > 0.

If for all s > 55, y (s) > 0, then (2.29) holds.

If not, then we have y (s,) = 0 for some s, > sg where s, is the smallest s satisfying y (s) = 0. Therefore y’(s4) < 0.
We then compute y’(s,). We have from hypothesis (1)

1 1
Y (5¢) =6eY/(54) — Z'(54) = Z(54) (—8 —6e2 4+ 8) > ?Z(s*) for & small enough.

Knowing that y’/(s4) < 0, we deduce that Z(s,) = Y (s4) = 0. By hypothesis (2), we have Z(s) = Y (s) = 0 for all
s > s, and (2.29) follows with s{ = s,.
Case 2: Vs > s5(¢), y(s) <0, that is

6eY(s) < Z(s). (2.31)
Then, we have from hypothesis (1)

1
Vs >s5(e), Z'(s) < —gZ(s) and Z(s)+Y(s)—0 ass— +oo. (2.32)
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Using (2.31) and hypothesis (1), we then deduce that Y’ > —(% +8)Z > (1 +68)Z’. Integrating between s and +0o0,
we get ¥ < (1 + 6¢)Z. Writing again hypothesis (1) using this last inequality and (2.32), we get

Y > (—e(1+6e)—¢)Z>6e2+66)Z'.
Integrating again between s and +o00, we get
Y (s) < 6e(2+66)Z(s),

which gives the second case.

Part2: Let e < %, then either (2.29) or (2.30) occurs.

Assuming that (2.29) occurs, it is clear from Part 1, that for any &’ < &, (2.29) occurs as well. Hence Z = o(Y) as
s — +o0. If (2.30) occurs for ¢, then we are lead to Y = 0(Z) as s — +00. This ends the proof of Lemma 2.7. O

Using Lemmas 2.5 and 2.7, we get the following:

Corollary 2.8 (Either the high or the low frequency block of v, r dominates). For all i > 2, ug € V3(i) and a €
S. N B(a, 83(i)), we have either z; (s) = 0(y;i (s)) or y;i(s) = 0(z; (s)) as s — +00. Moreover, in this latter case, we
have

foralle >0ands > s3(e,i), yi(s) < Cezi(s). (2.33)
Proof. Just apply Lemmas 2.5 and 2.7 with Y (s) = e(]’%)syi (s) and Z(s) = e(]’%)szi(s). O
Remark. Unlike the case where y; = 0(z;), when z; = o(y;), the inequalities (2.26) and (2.27) alone do not yield an
estimate like (2.33), uniform with respect to ug and a. As a matter of fact, when i = mm, we will use other ideas to
derive such a uniform estimate. That will be the heart of our argument.

We now establish the following result giving the uniform stability of the dynamics where y,, is predominant.

Lemma 2.9 (Uniform stability of the dynamics where the low frequency block is predominant). For all i > 2 and
C* > 0, there exists s*(i, C*) € R, such that for all initial data ug in V3(i), a € S, N B(a, §3(i)) and so > s*,

C*
if yi(s0) = C*zi(s0), thenVs>so, yi(s)=> =G (). (2.34)

Proof. Consider i > 2. Following closely the proof in [6, Lemma 3.3, p. 375] and considering Lemmas 2.5 and 2.6,
we have for all ¢ € (0, %), ug € V3(i),a € S, N B(a,d3()) and s > s3(g, 1)

] 3
yi(s) > <1 - %)yi (s) — 55()’1' (s) +zi(5)),
(2.35)
i+ 1
zi(s) < (1 - l; )Zi(s) + %8()’1'(5) +zi (s)).

We argue by contradiction. Suppose that there exist C > 0, so > s3(¢,i) where ¢ = uo € V3(i) and a €

S, N B(a, 83(i)) such that

_C
42+0)2°

C
yi(s0) = Czi(so) and 3s§ >s0, yi(s)) < > (50)-

Let y(s) = yi(s) — %zi (s), then y (so) = 0 and y (s3) < 0. Therefore, there exists s> € [so, 55| such that
y(s2) =0, y(s) <0 foralls € [s2,55), hencey'(s2) <O (2.36)

on the one hand. On the other hand, we have from (2.35)

C C ] C 3 C
Y (52) = yi(s2) — §z§(sz) > Juils) + <1 - %) <}’i (s) — 5Zi(s2)> - 58(1 + 5>(yi(sz) +zi(52)). (2.37)
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Using (2.36) and (2.37), we obtain

) c 3 c\’
v 2| ——=z¢el 14+ =) |zi(s2) > yi(s2), (2.38)
4 2 2
since € = m and z; (s2) > 0 (in case z;(s2) = 0 it follows that for all s > s, v, =0 and y (s) = 0 which contra-

dicts y (s3) < 0). This contradicts (2.36) and concludes the proof of Lemma 2.9. O
3. Proof of the main results

Our aim in this section consists in proving Theorems 1, 2 and 2’ as well as Propositions 3 and 3’.
3.1. Proof of Theorem 1

We claim that it is enough to prove (1.16). Indeed, assuming (1.16) true and taking a € S, N B(a, 3), we see from
the definition of m (1o, a) that v, 7(s) ~ Pu(ug,a)(Va,7(s)) as s — +o0in L%, on the one hand. On the other hand, from

(1.16), vg, 7 (s) ~ Z;ﬁ:z P;(va,7(s)) as s = 400 in Lf). Thus, m(ug, a) < m and the alternative (1), (2) in Theorem 1
holds. Therefore, we only prove (1.16).

We proceed in three parts. In Part 1, we prove that z,; (s) < v,; (s) uniformly in ug and a. In Part 2, we prove that
27 () = 0(y;(s)) as s — 400, with no uniform character (with respect to a and uq). Finally, in Part 3, we prove the
uniform character of z,; (s) = o(y;(s)) as s — +00.

Part 1: We claim the following:

Lemma 3.1. There exist §o € R, a neighborhood V4 C V3(i1) of fig in L°°(RN) and 84 € (0, 83(i1)), such that for all
ug € V4 and for all a € S, N B(a, 84),

Vs 250, Yia(s) = 2 (s). (3.1
Proof. Rewriting Lemma 2.9 with C* = 2, we have the existence of some s* such that

Yuo € V3, Ya € S, N B(a, 83),

if Isg > s* suchthat y;(sg) = 2z;(s0), thenVs >=s9, v;(s) = 2,7 (5). (3.2)

By Lemma 2.3 applied to (g, @) with & = %,

1 1
5|S0<§,ﬁ0,?1>: VS>SO<§,’20»&>7 Vi () = 32,5(s).

We set

. Loy .
S0 .= maxy| so g,uo,a , S .

Then, using continuity arguments at s = 5o, applied to Eq. (1.1), we obtain the existence of a neighborhood V5’ of i
in L*(R"Y) and 87 > 0 such that

Yug € Vé/, Yae S, N B(fl, 3&’), Vi (80) = 22,; (50).
Finally, by (3.2), we obtain for all ug € V4 = V3 NV5 and for all a € S, N B(a, 84) (where 64 = inf(83, 85)),
Vs =50, Yia(s) = 2 (s).

This ends the proof of Lemma 3.1. O
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Part 2: We claim the following:

Lemma 3.2. Forall ¢ > 0, ug € V4 and a € S, N\ B(a, é4), there exists sg (g, ug) € R such that
Vs > s5(e,u0,a),  4ey;(s) = 25 (s). (3.3)

Proof. Lete > 0,ug € Vsanda € S, N B(a, 84). We shall restrict ¢ to small ones in the following. Using Lemmas 2.5,
2.6 and 3.1, setting

s4(6) = sup(So. 53 (e, ). (3.4)
we have for all s > s4(¢), the inequalities (2.35) and (3.1) hold. Using Corollary 2.8, we see that: either y; (s) =
0(z;5(8)) or z;(s) = 0o(y;(s)) as s — +o0o and in view of (3.1), we must have z,;(s) = o(y;(s)) as s — +o00 and
Lemma 3.2 follows. 0O

Part 3: From Lemma 3.2, we can introduce for all ¢ > 0, ug € V4 and a € S, N B(a, 84)
ss(e, ug, a) := inf{s >s4(8): Yo = s, dey; (o) > 753 (O’)}. 3.5
We claim the following:
Lemma 3.3. s5(¢, ug, a) — s4(¢) is bounded only in terms of € independently from ug and a.
Proof. If s5(e, ug, a) = s4(¢), then the answer is trivial. Hence, we assume in the following that s4(g) < s5(¢, ug, a).
We note that in this case, by minimality, there exists a sequence (s;,) such that
snn_)—+>0035(8, up,a), withs, € [S4(8), s5(¢e, uo, a)] and  4dey; () < 2,5 (5n). (3.6)
Step 1: We prove that
Jeg > 0: Ve e (0,80): Vs €[sa(e),55(e,u0,a)], 4ey;(s) <zi(s). (3.7)

We argue by contradiction. If (3.7) does not hold, then we can construct from (3.6) o*(= 6 *(n)) € [s4(¢), sp) such
that

46y (0*) =za(c*) and Vo € (0%, sp], 4eyi(0) <z;(0). (3.8)
By minimality, this yields
2 (a*) —dey’. (o*) >0, (3.9)
on the one hand. On the other hand, using (2.35), there exists &9 > 0 such that for all ¢ € (0, &), we have
n-+1 3
(%) —4e53(0") < (1= "5 Janle") + e al0") + 2a(0)

A

_ 48[(1 - %) () — 2e (o) +z,ﬁ(o*))}

1
<z,;,(a*)[—§ +3e+682] <O0. (3.10)

Using (3.9) and (3.10), we see that z,; (0*) = 0. Therefore, v, 7(y, s) =0 for all s > o*, by uniqueness in the Cauchy
problem of (1.6). By definitions (2.16) and (2.18) of y,; and z,;, we see that for all s > o*, z,;(s) = y,;(s) =0, hence
s5(e,ug,a) < o* from (3.5). This contradicts the fact that o* < s, < s5(e, ug, a). Thus, (3.7) holds. Finally, using
(3.5) and (3.7), we are led to

i (ss(e, uo,a)) =4dey; (ss(e, uo,a)). (3.11)
Step 2: We prove that
s5(e,ug,a) — s4(e) < 10|loge|. 3.12)
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In fact, using (3.1), (3.4) and (3.7), we have
Vs € [s4(e), s5(e,up, @), 4eyu(s) < zn(s) < yi(s). (3.13)

If for some s € [i54, 551, ;7 (5) =0, then, y;(5) = z,;(5) and v, 7(y,s) =0 for all s > 5 by uniqueness in the Cauchy
problem of (1.6). This implies s5(¢, ug, a) = s4(¢) and (3.12) follows.
If for all s € [s4(¢), s5(¢, ug, a)l, y;(s) > 0, using (3.13), (2.35) becomes: Vs € [s4(¢), s5(¢, ugp, a)],
, m , 11 m+1 3
yas) = 1- 7 3¢ )ya(s) and z,(s) < 3 2 + ES 2,7 ().

Therefore,

Vi 8
and by (3.13), we have

2 (85) o 2 (54) exp(_ (s5 — S4))
5 ,

. ! 1 1
[log(zm )] <=z +35e< ~9 if € is small enough

de < <
Yin(ss)  yia(sa)

which yields

s5(e, uo, a) — s4(e) < 9|log4e],

and Lemma 3.3 is proved. O

As a conclusion: for all ¢ < 56, ug € V = V4, a € S, N B(0, §4), we have from (3.5) and (3.12):

Vs > s(’)(e) =s54(e) + 10|loge| > s5(g, ug, a), 4ey;(s) = z,;(s). (3.14)
Therefore, from (2.18) and (2.28), we have

for all s > max(s(’)(e), s3(e, r?z)), Zp + x4 < Ceyy.

Using (2.16), we get

Va,7(8) — Z Pk(va,T(S))

k=2

< Cellvar )| 2
LIZJ !

which concludes the proof of (1.16) and Theorem 1.
3.2. Proof of Theorems 2 and 2’

We only prove Theorem 2, since the proof of Theorem 2’ is quite similar. Indeed, in order to get the proof of
Theorem 2', just follow the proof of Theorem 2 and take Vo = V;, = {ito}.

Proof of Theorem 2. (iii) = (i): This follows by the definition (1.11) of the profile order.
(i) = (ii): Trivial.
(i1) = (iii): Let Vg = V4 N V3(m) NV N V3(m — 1) N Vy (hence, for Theorem 2/, Vg = {ug}) and 8¢ =
min(83(m), 84, 83(m — 1), 8¢) and introduce
Pi($) = [ Pa@)©)] 12 (3.15)

We claim that (iii) follows from the following:

Lemma 3.4. For all ¢ > 0, there exists s¢(¢) such that for all s > s¢(¢), ug € Vg and a € S, N B(a, 8g), we have

@) x4.(s) < eWp—1 + Pi + 2i) (),



S. Khenissy et al. / Ann. I. H. Poincaré — AN 28 (2011) 1-26 19

(b) z(s) < e(Yu—1+ Pa)(s),
©) Ya—105) e + yu—1+ pa + 23) ().

Indeed, considering ¢ € (0, %), s = s6(e), ug € Vg and a € S, N B(a, 8¢) and summing the three inequalities in this
lemma, we get

X4 (8) + 2 () + yia—1(5) < 3epj (s) + 26 (x4 + 2 + Yin—1) (5.
Hence, using the definition (2.18) of Z;, we get

X4(8) + 2 (8) + Yin—1(8) S x4(5) + 23 (8) + Yii—1(8) < 6€pyi ().
Using the definitions (2.16), (3.15) of x4, Z,3, ¥;3—1 and p;, we get

[v) = Pa@)(®)| 12 < 62 Pa @) 1,

which is the desired conclusion in (iii).
It remains to prove Lemma 3.4 to conclude the proof of Theorems 2 and 2.

Proof of Lemma 3.4. Consider ¢ >0, ug € Vg and a € S, N B(a, 8¢).
(a) From Lemma 2.6, we have for all s > s3(g, m),

x4 () <e(ym +2m) ().
Since we have the definition (2.16) of y;;,
Vi (8) < P (8) + Yiin—1(5) (3.16)

and (a) follows.

(b) This is a direct consequence of (3.14) and (3.16).

(c) Since by (ii) of Theorem 2, we have m(ug,a) > m, we have from the definitions (1.11), (2.16), (2.18)
of m(uo, a), Y1, Zi—1 and z3 1

Yi—1(8) =0(Zi—1(s)), hence y;u_1(s)=o0(zn_1(s)) ass—> +o0 (3.17)

(with no uniform character with respect to ug and a).
Applying Corollary 2.8 with i =m — 1, we see then that the second estimate in (3.17) holds uniformly in the sense
that

foralle > 0ands >s3(e,m — 1), yu_1(5) < Cezp_1(5).

Using the definitions (2.18), (2.16) and (3.15) of z;;_1, 31 and p;;, we write
Zi—108) = Zj—1(8) + a1 (5), (3.18)
Za—108) < P (s) + Za—1(5) < pi(s) + 25 (s). (3.19)

Since [|v|pe < M + « from (ii) of Proposition 2.1, and knowing that the sequence k(i) is increasing, we write from
the definitions (2.17) and (2.18) of J; and z,;:

R 3 R
Jnm(s)g( / lv<y,s)\“|y|k<'"—”p<y)dy> +( / \v(y,s>y4|y|k<’"—”p(y>dy>

Iyl<1 [yl>1

1
2

1
2

1
<M( / |”(y’5)|2p(y)dy)2+< / \U(y,S)|4|yl"(’?”p(y)dy>

lyl<1 [y|>1
< M”U(S)HLg + Ji ()
which gives

Ta—1(s) < M v (s) HL% + 2 (5). (3.20)
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Since we have from the definitions (2.16), (3.15) and (2.18) of x4, y3—_1, P> 2 and z,;,
[0 2 < o+ 31+ pi +20)(9) < G+ Vit + P+ 2i) ),

(c) follows from (3.18), (3.19) and (3.20).
This concludes the proof of Lemma 3.4 as well as (ii) = (iii). This concludes also the proof of Theorems 2
and2’. O

3.3. Proof of Propositions 3 and 3'
We only prove Proposition 3 since Proposition 3’ follows by the same argument.

Proof of Proposition 3. We will prove that the assertion in Proposition 3 is equivalent to assertion (i) in Theorem 2.

Assertion of Proposition 3 = (i) of Theorem 2: If the assertion of Proposition 3 is true, then by definition of
m(ug, a), for all ug € VL/QO’ aeS,NB@,3s), muo,a) = and (i) of Theorem 2 follows.

(i) of Theorem 2 => assertion of Proposition 3: Here, we redo the analysis of Herrero and Veldzquez [17] and
Filippas and Liu [8], paying attention to getting the uniform character with respect to #¢ and a. We will distinguish
two cases: m > 4 and even and m = 2.

If it > 4 and even: For a multi-index « in NV, we introduce v, the projection of v over H,,. It is defined by

va<s)=/v<y, gy Ha ()
RN

It ”2 p(y)dy. (3.21)

Note that for any m € N, P, (v) defined in (1.10) satisfies
Pn(@)(y,8) =Y va(s)Ho ().

la|=m

Taking |«| = m and projecting Eq. (1.6) on the eigenfunction Hy, we write:

vy (s) = (1—%>va(S)+ff(v(y,S)) «l) p(y)dy
RN

| Hll7
Since [v] < C and | f(v)| < CJv|* < C|v| 5 , we use the Holder inequality to write
3
3 - 2 4
‘/f(v(y,s))Ha(y)p(y)dy‘ <C/Iv(y,s)lz(l+|y|'”)p(y)dy<C< flv(y,s)l p(y)dy> :
RN RN RN
Therefore, from (iii) of Theorem 2, we know that for all |«| = 71 and s > s9 for some s9 € R,

v, (s) — (1 - %)va(s) <

with p () = 1P ) )I}, = X 51 (0p ()2l and

3
4 3
c( / |v(y,s)|2p<y>dy>4 <CpLs), (3.22)
RN

Pi(s) < (1 - %)p@(s) +Cpis).

since [[v(s)]| = 0, hence p;; (s) — 0 as s — 400, uniformly in u( and a (see Proposition 2.2 and (i) of Theorem 2).

Therefore, this yields pj;(s) < < Cell™ s for s > 519, for some 519, and for all up € Vio and a € S, N B(a, 81¢).

Injecting this in (3.22), we get the existence of Cy (1o, a) such that vy ~ C, e1=7)5 More precisely, for all s > sy,
ug € Vipand a € S, N B(a, 819),

|va (s) — Cq e(1*7)s| < Ced1=%)s

and C,, is continuous with respect to ug and a.
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If m = 2: This case has been treated by Filippas and Liu in [8] and Veldzquez in [29], with no uniform character.
Our contribution is to prove this uniform character.

From (1.8) and (1.9) (with m = 2), we know that the eigenvalue A, = 0 is of multiplicity w and that its
eigenspace is generated by the orthogonal basis
ivjli<jtuly}-2]i=1,....,N}. (3.23)

Therefore, defining the N x N symmetric matrix A(ug, a, s) (or A(s) for simplicity) by

1 1
A(uo,a,s)EA(s)=/va,r(y,S)M(y)p(y)dy where Mi,j(y)=Zyiyj— (3.24)

55;' i
RN
we see that the coefficients of A(s) are (up to a multiplicity factor) the projections of v, 7(y,s) on the eigenspace
generated by (3.23). Moreover, we have the following nice expression for P> (v)
B LEOIOI

We have the following result:
Lemma 3.5 (An ODE satisfied by the matrix A(s)). There exist Vo a neighborhood of ug in L°RY x R) and a

constant 810 > 0 such that for all ¢ > 0, there exists s10(e) satisfying for all s > s10(¢), ug € V9o, and a € S, N
B(a, 810),

Proof. As for Proposition 3.2 in [33, p. 514], there is no difficulty in adapting the proof of Filippas and Liu [8] to this
uniform context. O

K

<elaw| wihp=

(3.26)

A(s) = ~A(s)?
B

In the following lemma, we define eigenvalues for A(s) and project (3.26) on the eigenvectors:
Lemma 3.6 (Eigenvalues for the matrix A(s)).

(1) There exist N real functions l; (ug, a, s) =1;(s), eigenvalues of A(s) Cl in terms of's.
For any (g, a,s) € Vio x Sz N B(a, §19) x [—log T, +00) and € > 0, there exists n > 0 such that if (ug, a,s) €
Vio X S, N B(a, 819) x [—log T, +00) and ||ug — uollpoowyy +la —al+1s — 5| <n, then foralli {1, ..., N},
lloiy(uo, a,s) — 1 (g, a, §)| < € for some permutation o of {1,..., N}.

(ii) The eigenvalues of A(s) satisfy for all s > sio(¢), ug € V1o, and a € S, N B(a, 810) (where s10(¢), Vig and 819
are defined in Lemma 3.5),

N
<8(Z|li(s)|2), i=1,....N. (3.27)
i=1

I (s) — %|l,~<s)|2

Remark. We take ZlN: L1 (s)| or 4/ Z,N: L1 (s) |2 as a norm of A(s) depending on the convenience.

We note that vazl |/; (s)| is always different from zero. Indeed, if we assume that there exist a time sg, ©o and
a such that ZlN=1 Ili (so)| = 0, then A(sg) = 0. Using (3.25) and (iii) of Theorem 2, we see that v(y, s9) = 0. This
yields v(y,s) =0 and A(s) = O for all the times thanks to the uniqueness of the initial value problem for Eq. (1.1).
Consequently, we get

1

u=wx(T —1) 7. (3.28)

Since Proposition 3 holds under the hypotheses of Theorem 1 and (3.28) is excluded by the hypotheses of Theorem 1,
we get a contradiction. Thus, vazl |1; (s)] is always different from zero.
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Proof of Lemma 3.6. (i) As for [33, Lemma 3.1, p. 514], from the regularity of w, 7, it is clear that for each a € RY,
the symmetric matrix A(s) is a C! function of s. Therefore, according to Kato [19], we can define N C! functions of
s that we denote by [; (g, a, s) =1;(s), | <i < N, eigenvalues of A(s).

Since A(s) is a continuous function of (ug, @, s) and the eigenvalues of a matrix vary continuously with respect to
the coefficients, the eigenvalues /; (s) are continuous in terms of (ug, a, s), after appropriate renaming.

(ii) The ODE (3.27) follows from (3.26) by projection on the eigenvectors. We refer to [8] and [29] for more
details. O

Since we have from (iii) in Theorem 2, (3.25) and tpe remark after Lemma 3.6 that for some Cy > 0 and some 513
large enough, for all s > 513, ug € VL’;O, aeS,NBa,?s),
1 a2
— < - £ <
Co il ()]

clearly (1.17) follows from the following lemma:

Co,

Lemma 3.7. There exist Coy > 0 and s such that for all s > s11, ug € V10, a € S, N B(a, §19),

N
1
@ Y || = oS (3.29)
i=1
. Co &
(i) —= < k() <0, (3.30)
i=1
al C
i) Y i) < TO (3.31)
i=1

Therefore, our proof reduces to the proof of Lemma 3.7.

Proof of Lemma 3.7. The proof of this fact follows from the argument of Filippas and Liu for the proof of Proposi-
tion 3 in [8, p. 324] and Veldzquez for the proof of Lemma 3.2 in [29, p. 458].
(1) Consider ug € Vig and a € S, N B(a, 819). Thanks to (3.27), we know that for all s > SlO(ﬁ)’

N / N N %
(Zz?(s)) =2 Li(®)(s) > —C(Zz}(s)) ,
=l i=l i=1
for some positive constant ¢ independent of u(, a and s. Integrating this inequality, we get the inequality (3.29).

(ii) Consider ug € Vig and a € S, N B(a, 81¢). From (3.27), we know that for all s > Slo(ﬁ)

N

N !/
1 2
(l;zi (s)) > 2 > i@ >o. (3.32)

i=1

Therefore, knowing that ZlN: 11i(s) — 0 as s — 400, we must have

N
1
;li(s) <0 foralls> sm(zﬂ—N>' (3.33)

Then, by (3.32), we get

1 N / N
Vs > S10<—), ( l; (S)> > C( li (S)>
28N ; ;

for some ¢ > 0, which gives (3.30) by integration.

2
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(iii) Introducing

n(s) = ) gﬁgN li(s), (3.34)

X

we see from (ii) of Lemma 3.6 that n : s > n(s) is absolutely continuous on [sio(g), +00). Hence, 1 is almost
everywhere differentiable on [s19(¢), +00). Moreover, for any € > 0 and almost every s > s1g(¢), we have

N
1 2
0 (s) > Enz(s) —ey i)
i=1
Since we trivially have
N
1
nis) < —— Z|1,~ (s)| where Ny =max{N,2(N — 1)}, (3.35)
Ny i=1

it follows
N ) N 2
PAG] e (Z|l,~ (s)}) <N ().
i=1 i=1
Hence for ¢ = 2/31W and for almost every s > syo(¢),
n'(s) > n%s)(l — sMZ) > L.
B 28
Since n(s) < 0, from (3.34) and (3.33), we get by integration for all 5 > s1; = max(slo(zﬁLN), slo(zﬁlT))

22 s <o,
S

Using (3.35), we conclude the proof of (iii) of Lemma 3.7, which gives the conclusion of Proposition 3. O
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Appendix A. Proof of Lemma 2.5

_ Let P;(v) = Zfzz P;(v). Applying P; on Eq. (1.6) satisfied by v, 7 (v, s) (v(y, s) for simplicity), multiplying by
P;v and integrating with respect to p(y) dy, we get
Wi = [ AL Bupdy+ [ B(f@)Popdy =1+ I
RN RN
By definition of £ and P;, we have

i

L I i !
I =/P,-(L'v)P,-vpdy= Z <1—§>fP1ijvpdy=Z<1— 5) f(sz)2pdy,
=2
RN

RN Lj=2 RN

from the orthogonality of the eigenspaces of £ in L%.
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Since y2(s) = Yj_, Jan (P1v)?pdy, it follows that

[ 2
0>0>(1-3 7.

Using the Cauchy—Schwarz inequality and the fact that | £ (v)| < C|v|?, we have
L<C| UZ(S)”L/Z))’i (s).

So, we get

Cle*@ =i > (1 — %)yi ®) = C[v*®)] 13- (A1)
Similarly, we have

X (s) > %ms) —Cl*@],; and Ze) < (1 - #)zim +C[v* )] 12 (A2)

In order to estimate ||v?|| 125 We follow an idea of Filippas and Kohn in their paper [7]. Using Proposition 2.2, we
have: Yug € Vo, a € S, N B(a, 82), € > 0, and § > 0, Is,(¢) such that Vs > so(¢)

[v®)] = f (. $)p () dy + f v 0n 9 dy <o) + 85576

ly|<s~! [y|=8-!
where k € N (later, we will choose k large and depending on m). Then,
k . k

[v?(s) HL% <evis) ||L% +82Ji(s) <elxy +yi + 7)) +82J;(s), Vs =s5(8). (A.3)
In order to get an estimation on J;, we multiply Eq. (1.6) by v3(y, s)|y|*p(y) and integrate by parts. Writing £(v) =
%V(qu) + v, we then have

1d

1 ([ ot o) =26 + b+ 1 (A4)

4ds

RN

where, using the fact that | f (v)| < C|v],

I = / FuG) G,y pdy < CI ),

RN

and

I4=/V(p(y)Vv(y,S))v3(y,S)Iylkp(y)dy

RN
k k(k—1
= —g I+ ( 7 )fv4<y,s)|y|"‘2p(y>dy—3fv2(y,s>|Vv<y,s>|2lylkp<y>dy
RN RN
k k(k—1
<520+ 2 [toont2pma.
RN

Then, going back to (A.4) and using Cauchy—Schwarz inequality, we obtain
1

k k(k—1 2
J?<s>)<—<§—1—C>J,-2(s)+ ( 7 )Jl-<s)( f v4(y,s)|y|k—4p(y>dy) : (A.5)

RN

1d
25

Now, using the uniform convergence to zero of v over the compact subsets of R¥ when s — +00 given by Proposi-
tion 2.2, we have
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1 1 1
( / v“(y,s)|y|k—4p(y>dy) << f v4<y,s>|y|k—4p(y)dy> +( / v4<y,s)|y|"—4p(y>dy)

RN lyI<s! ly[>5!
2k 2
<& 2 ”v(s)HL% + 8% T (s).
Thus replacing in (A.5), we get the following integral inequality satisfied by J,,;:
T/ (s) < —0Ji(s) + &' |v(s)| L2 (A.6)
where

k k(k — 1
9:9(k,5):§—2—2C—¥82

1
and &' =é'(e,8.k) = 3k(k - e85,
Given i > 2, by first choosing k = k(i) large, then § = §(i) small, we can always make 6 > % — 1. Note that by

a trivial induction on i, it is possible to choose k(i) as an increasing sequence of i. Note also that choosing & small
enough, we can make ¢’ as small as we want. Hence, from (A.6), we obtain

i+1
J,.’(s)<<1— 5

Finally, using (A.3), (A.1) and (A.2), we have for all s > s2(¢):

)Ji<s>+8’||v<s)HL%<(1—’jI)J,»(s>+e’<x++yi+z,-)<s>, Vs =), (A7)

yi(s) = (1 - %))’i(s) —Ce(xq +yi +2i)(s) — C8§Ji(S),
i1
#(s) < (1 —’;

as z; = Z; + J;. Taking & > 0, then by choosing k large enough, § small enough and finally & small enough, we

)Zi(S) +Ce(xy +yi +2i)(s) + C8%Ji(S),

can make (S%C < &eC + ¢’ < &. Therefore, we get the desired result for some s3(£) > s2(g) and some neighborhood
V3 C V; of initial data 1.
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