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Abstract

For the nonlinear Schrodinger equation iu; + Au + Alu|*u =0 in RN , local existence of solutions in H® is well known in
the H*-subcritical and critical cases 0 < o < 4/(N — 2s), where 0 < s < min{N /2, 1}. However, even though the solution is
constructed by a fixed-point technique, continuous dependence in H® does not follow from the contraction mapping argument.
In this paper, we show that the solution depends continuously on the initial value in the sense that the local flow is continuous
H® — H*.If, in addition, & > 1 then the flow is locally Lipschitz.
© 2010 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

In this paper, we study the continuity of the solution map ¢ +— u for the nonlinear Schrodinger equation

[ 2"
in H(RY), where N > 1 and

O<s<min{1,%}. (1.1)
We assume that the nonlinearity g satisfies

geCi(C.0), g0)=0, (1.2)
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and
g’ )| < A+ Blul®, (1.3)
for all u € C, where
4
O<a< 00 (1.4)
— 25

Under these assumptions, for every initial value ¢ € H*(R"), there exists a local solution u € C([0, T], H*(R"))
of (NLS), which is unique under an appropriate auxiliary condition. More precisely, the following result is well
known. (Here and in the rest of the paper, a pair (g, r) is called admissible if 2 <r <2N/(N —2) 2<r < oo if
N=1,2)and2/q=N(1/2-1/r).)

Theorem 1.1. (See [8,13,7].) Assume (1.1)—(1.4) and let (y, p) be the admissible pair defined by
_ N+2) Ao +2)

, = 1.5
N +sa Y (N —2s) (1.5)

Given ¢ € H® (RN, there exist 0 < Tax < 00 and a unique, maximal solution u € C([0, Tnax), H® @®RY) N
Ly ([0, Tinax), BS ,(R™)) of (NLS), in the sense that

t

u(t) =e" o +i / e (u(s)) ds, (1.6)
0

for all 0 <t < Tyax, where (€"2),cR is the Schrodinger group. Moreover, u € L{IOC([O, Tmax)» BrS’Z(RN)) for every
admissible pair (q, r) and u depends continuously on ¢ in the following sense. There exists a time T € (0, Tiax) such
that if ¢ — @ in H® (RN) and if u, denotes the solution of (NLS) with the initial value ¢,, then Tmax(¢n) > T
for all sufficiently large n and u, is bounded in L1((0, T), Brs’2(RN)) for any admissible pair (q,r). Moreover,
u, — u in L4((0,T), ny;g(RN)) as n — oo for all ¢ > 0 and all admissible pairs (q,r). In particular, u, — u
in C([0, T, H*~¢(RM)) for all ¢ > 0.

Theorem 1.1 goes back to [8,13]. The precise statement which we give here is taken from [7, Theorems 4.9.1
and 4.9.7]. The admissible pair (y, p) corresponds to one particular choice of an auxiliary space, which ensures
that Eq. (NLS) makes sense and that the solution is unique. See [8,13,7] for details. Under certain conditions on «
and s, an auxiliary space is not necessary: the equation makes sense by Sobolev’s embedding and uniqueness in
c(o, 11, H’ (RN)) holds “unconditionally”, see [13,11,19,26].

We note that the continuous dependence statement in Theorem 1.1 is weaker than the expected one (i.e. with
& = 0). Indeed, Theorem 1.1 is proved by applying a fixed point argument to Eq. (1.6), so one would expect that the
dependence of the solution on the initial value is locally Lipschitz. However, the metric space in which one applies
Banach'’s fixed point theorem involves Sobolev (or Besov) norms of order s, while the distance only involves Lebesgue
norms. (The reason for that choice of the distance is that the nonlinearity need not be locally Lipschitz for Sobolev or
Besov norms of positive order.) Thus the flow is locally Lipschitz for Lebesgue norms, and continuous dependence in
the sense of Theorem 1.1 follows by interpolation inequalities. See [8,13] for details.

In this paper, we show that continuous dependence holds in H* in the standard sense under the assumptions of
Theorem 1.1 (with an extra condition in the critical case o = ﬁ). More precisely, our main result is the following.

Theorem 1.2. Assume (1.1)—(1.4) and suppose further that
4

N —2s’

where A is the constant in (1.3). The solution of (NLS) given by Theorem 1.1 depends continuously on ¢ in the

following sense.

A=0 ifa= (1.7)

(i) The mapping ¢ — Tmax (@) is lower semicontinuous H* (RN) — (0, oo].
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(i) If ¢, > ¢ in H® (RNY and if u, (respectively, u) denotes the solution of (NLS) with the initial value ¢,
(respectively, @), then u, — u in L1((0,T), 332(RN)) forall 0 < T < Tmax(¢) and all admissible pairs (q,r).

In particular, u, — u in C([0, T], H* (RN)).

Theorem 1.2 applies in particular to the model case g(u) = A|lu|*u with L € C and 0 < @ < 4/(N — 2s). If, in
addition, oo > 1 then the dependence is in fact locally Lipschitz. We summarize the corresponding results in the
following corollary.

Corollary 1.3. Assume (1.1) and let g(u) = A|lu|*u with . € Cand 0 < a < 5= 2 . It follows that the solution of (NLS)
given by Theorem 1.1 depends continuously on the initial value in the sense of Theorem 1.2. If, in addition, a > 1
then the dependence is locally Lipschitz. More precisely, let ¢ € H(RN) and let u be the corresponding solution
of (NLS). Given 0 < T < Tyax (@) there exists 8§ > 0 such that if € H*(RN) satisfies ||¢ — V|| gs <8 and v is the
corresponding solution of (NLS), then for every admissible pair (q, 1)

llu = vlizao,m),85,) < Cllg =Y llns, (1.8)
where C depends on ¢, T, q, r. In particular, |lu — vl L= 0,1),H5) < Cllg — ¥l us.

We are not aware of any previous continuous dependence result for (NLS) in H* with noninteger s. For integer s,
the known results in the model case g(u) = Alu|*u, A € C are the following. Continuous dependence in L2(RN)
follows from [24] in the subcritical case No < 4 and from [8] in the critical case No = 4. Continuous dependence in
H'(RY) is proved in [12] in the subcritical case (N — 2)a < 4 and in [8,16,22,17] in the critical case (N — 2)a = 4.
Continuous dependence in H 2(RN) follows from [12] in the subcritical case (N — 4)a < 4.

Our proof of Theorem 1.2 is based on the method used by Kato [12] to prove continuous dependence in H'(RV).
We briefly recall Kato’s argument. Convergence in Lebesgue spaces holds by the contraction mapping estimates, so
the tricky part is the gradient estimate. By applying Strichartz estimates, this amounts in controlling V[g(u,) — g(u)]
in some L? space. However, V[g(u,) —gw)] = g’ (u,)[Vu, — Vul+[g'(u,) — g’ (u)1Vu. The term g’ (u,) [Vu, — Vu]
is easily absorbed by the left-hand side of the inequality, and the key observation is that the remaining term [g'(u,) —
g (u)]Vu is of lower order, in the sense that the convergence of u,, to u in appropriate L? spaces implies that this last
term converges to 0. We prove Theorem 1.2 by applying the same idea. The key argument of the proof is an estimate
which shows that g(u) — g(v) is bounded in Besov spaces by a Lipschitz term (i.e. with a factor u — v) plus some
lower order term. (See Lemmas 2.1 and 2.2 below.) In the critical case « =4/(N — 2s), a further argument is required
in order to show that u,, — u in the appropriate L? space (estimate (4.14)). For this, following Tao and Visan [22], we
use a Strichartz-type estimate for a non-admissible pair, and this is where we use the assumption (1.7). Local Lipschitz
continuity in Corollary 1.3 follows from a different, much simpler argument: in this case, the nonlinearity is locally
Lipschitz in the appropriate Besov spaces.

In Theorem 1.2 we assume s < min{1, N/2}. The assumption s < N /2 is natural, but the restriction s < 1 is tech-
nical. When N > 3, local existence in H*(R") is known to hold for 0 < s < N /2, in particular when g (u) = A|u|%u,
under some extra assumption on « and s that ensures that g is sufficiently smooth. See [8,13,18]. The limitation s < 1
first appears in our Besov space estimates. These could possibly be extended to s > 1. It also appears in a more subtle
way. For example, the introduction of certain exponents (4.21) in the critical case explicitly requires s < 1. It is not
impossible that the idea in [22] of using intermediate Besov spaces of lower order can be applied when s > 1.

We next mention a few open questions. As observed above, the fixed point argument used in [8,13,7] to prove
Theorem 1.1 does not show that the flow is locally Lipschitz in H*(R"). On the other hand, it does not show either
that it is not locally Lipschitz. This raises the following question: under the assumptions (1.1)—(1.4), is the flow
of (NLS) locally Lipschitz in H*? We suspect that the answer might be negative. Note that in the pure power case
g(w) = Alu|®u, Remark 2.3 implies that the nonlinearity is locally Holder continuous in the appropriate Besov spaces
of order 5. Therefore it is natural to ask if the flow also is locally Holder continuous in H*. Finally, we note that in the
critical case o = ﬁ Theorem 1.2 imposes the restriction A =0 in (1.3). Can this restriction be removed?

The rest of this paper is organized as follows. In Section 2 we establish estimates of g(u) — g(v) in Besov spaces.
We complete the proof Theorem 1.2 in Section 3 in the subcritical case & < % 2 and in Section 4 in the critical case

o= 5~ Section 5 is devoted to the proof of Corollary 1.3.

N72
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Notation. Given 1 < p < 0o, we denote by p’ its conjugate given by 1/p’ =1 — 1/p and we consider the standard
(complex-valued) Lebesgue spaces L? (]RN ). Given 1 < p, g < oo and s € R we consider the usual (complex-valued)
Sobolev and Besov spaces H*(R") and B;’ q(RN ) and their homogeneous versions HS(RY) and B; q(RN ). See
for example [1,23] for the definitions of these spaces and the corresponding Sobolev’s embeddings. We denote by
(€'2),cr the Schrodinger group and we will use without further reference the standard Strichartz estimates, see
[21,27,14,15].

2. Superposition operators in Besov spaces

The study of superposition operators in Besov spaces has a long history and necessary conditions (sometimes
necessary and sufficient conditions) on g are known so that u — g(u) is a bounded map of certain Besov spaces.
(See e.g. [20] and the references therein.) On the other hand, few works study the continuity of such maps, among
which [2-6], but none of these works applies to such cases as g(u) = |u|*u, which is a typical nonlinearity for (NLS).
Besides, for our proof of Theorem 1.2 we do not need only continuity but instead a rather specific property, namely
that g(u) — g(v) can be estimated in a certain Besov space of order s by a Lipschitz term (i.e. involving u — v in
some other Besov space of order s) plus a lower order term. We establish such estimates in the two following lemmas.
The first one concerns functions g such that |g’(u)| < C|u|*, and the second functions g that are globally Lipschitz.
(A function g satisfying (1.2)—(1.3) can be decomposed as the sum of two such functions.) The proofs of these lemmas
are based on the choice of an equivalent norm on Bz) o defined in terms of finite differences, and on rather elementary
calculations.

Lemma2l.LetO<s<1l,a>01<g<oocand 1 <p<r <oo, andlet 0 <o < oo be defined by

@2 2.1)
o p r

We use the convention that ||u|| e = (f]RN |u|")% even ifo < 1. Let g € C'(C, C) satisfy
|¢'w)| < Clul®, 2.2)

for all u € C. It follows that there exists a constant C such that if u, v € Bf’q(RN) and ||lul| o, ||v||Le < 00, then

lg) — g)]

B, < Clvllze o —ullgy + K@, v), (23)

where K (u, v) satisfies

K(u,v) <C(|lulls + IIUIIOL‘U)IIMIIB;W, 2.4)
and
K (@) = 0, 25)

if (Up)n>1 C Bf’q(RN) and u € Bﬁ"q(RN) are such that ||u||pe < oo and ||u, — u||pec — 0 as n — oo.

Proof. We denote by T, the translation operator defined for y € RN by Tyu(-) =u(- —y) and we recall that (see e.g.
Section 5.2.3, Theorem 2, p. 242 in [23])

1
N q
||u||g;,,q%( / Iy = ull] g I¥1 7 ”fdy) : (2.6)
RN

Given z1, z2 € C, we have

1 1
g(z1) —g(z2) = (21 —Zz)/azg(22+9(21 —22))d0 + (21 —Zz)fazg(m +6(z1 — 22)) d6,
0 0
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which we write, in short,

1
8(z1) — g(z2) = (2 —zz)/g’(m +6(z1 — 22)) db.
0

We set
A, v, )() =1y[g) — g ] = [g(v) — gW)],
so that by (2.6)
1
le@) — g, < C( /HA(u, v, |1, Iy dy)q.

RN
We deduce from (2.8) and (2.7) that

Au, v, y) = [g(tyv) — g()] — [g(zyu) — g(u)]

1 1
:(ryv—v)/g’(v—}—@(ryv—v))d9—(ryu—u)/g’(u—i—@(ryu—u))d@;
0 0

and so

1
A, v,y) = [ty(v —u) — (v—u)] / g (v+0(tyv—))do
0

1
+ (tyu — u)/[g’(v +0(tyv —v)) — &' (u + 0 (tyu —u))]do
0

= A1(u,v,y)+ Azr(u, v, y).
It follows from (2.2) that
|A1(u, v, 9)| < C(0I* + 7y v]®) [y (0 — ) — (v —w)|.
We deduce by Holder’s inequality (note that o/ > 1) that
[A1G, v, 9|, < Clvlge ||ty —u) — (v —u)

from which it follows by applying (2.6) that

Lr7

1
q —N—sq a o
A1, v, |7, 1yl dy ) <Clvllellv—ullg .
RN
We set

1
K(u,v)z(/||A2(u,v,y>||‘;,,|y|Nwdy>",

RN

and formula (2.3) follows from (2.9), (2.10), (2.11) and (2.12). Next, it follows from assumption (2.2) that

| Az (u, v, )| < C(ul® + [Tyul® + [v]% + |1yv]®) [Tyu — ul.
Applying Holder’s inequality, we deduce as above that

1
(f!lAzw,v,y)II%pwrN—W dy)" < C(llulo + 0150 ) lull 55,
RN

139

2.7)

2.8)

(2.9)

(2.10)

@2.11)

2.12)

(2.13)

(2.14)
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which proves (2.4). It remains to show (2.5). Let (u,),>1 and u be as in the statement, and assume by contradiction
that there is a subsequence, still denoted by (u,),>1, and & > 0 such that

K(u,u,) >e. (2.15)
We set

Bu(y,0)(-) = |tyu — u|‘g’(u,, +0(tyu, — un)) - g/(u +0(Tyu — u)) , (2.16)
and we deduce from (2.2) that

|Bu(y.0)| < C(lul® + [tyul® + lun|® + |Tyunl|®) |Tyu — ul. (2.17)
It follows from (2.10) that

1
A2 2 < [ [ Baty.0)7 axae. 2.18)

0 RN

Note that |u,, —u|° — 0in L' (R"). In particular, by possibly extracting a subsequence, we see that u,, — u as n — 00
a.e. and that there exists a function w € L' (RV) such that |u, — u|° < w a.e. It follows that |u,|° < C(ju|® + w) €
L'(RY). Moreover, by Young’s inequality

By (y,0)” < C(lul” + |tyul” + |un|” + |Tyun|” + [tyu —ul"). (2.19)

Since by (2.6) Tyu —u € L” (RM) fora.a. y e RV, we see that fora.a. y € RV, B, (y, 6)” is dominated by an L' func-
tion. Furthermore, g’ is continuous and u,, — u a.e., so that B,(y,6) — 0 a.e. as n — oo. We deduce by dominated
convergence and (2.18) that

| Az, un, 0, (2.20)

p
Dz o
for almost all y € RV, Next, it follows from (2.13) and Holder’s inequality that
| A2, un, )| o < C(IlGo + lunllfo) Ity —ullLr < CllTyu —ullr.
Since
ey —ull g, yI7¥ =0 e LY(RY),

by (2.6), we see that || A2 (u, u,, y)||%,,|y|_N_S‘1 is dominated by an L' function. Applying (2.20), we deduce by
dominated convergence that K (u, u,) — 0 as n — oco. This contradicts (2.15) and completes the proof. O

Lemma2.2.LetO<s <land1<p<oo, 1<qg <00 Letg e C(C, C) with g’ bounded. It follows that there exists
a constant C such that ifu, v € B;)q (RN), then

lg@) — g

g SClv—ullgs + K(u,v), (2.21)
Pq P9

where K (u, v) satisfies

K@,v) < Cllullgﬁyq, (2.22)
and

if (Un)n>1 C B‘;,,q(]RN) andu € B;,q(RN) are such that u, — u in L*(RN) for some 1 < u < 0.

Proof. The proof of Lemma 2.1 is easily adapted. 0O
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Remark 2.3. In the particular case when g(u) = |u|“u with @ > 0, the estimate (2.3) can be refined. More precisely,

lg) —g)| B, <Clvllfellv— ullgg.q + Cllullggiq lu -7, (2.24)
ifO0<a<1and
s = g 5, < Cllolo o= ullgy, + Cllullzy, (lulz" + 10157 ") = vlr. 2.25)

if o > 1. Indeed, note that 3,g(z) = (1 + $)|z|* and 8:g(z) = %|z|*?z%. We claim that,

21 = 22| < {ot(lml"‘_l +lal Dz -zl ife>1, 2.26)
= lz1 — 22]¢ if0<a <1,
and
_ _ C a—1 a—1 _ if > 1,
1211922 — |22 2Z%|<{ (217" + 12217 Dlz1 — 22| ifo 2.27)
Clz1 — z22]% if0<a<1.

Assuming (2.26)—(2.27), estimates (2.24) and (2.25) follow from the argument used at the beginning of the proof of
Lemma 2.1. Indeed, the left-hand side of (2.14) (where A; is defined by (2.10)) is easily estimated by applying (2.26)—
(2.27) and Holder’s inequality. It remains to prove the claim (2.26)—(2.27). The first three estimates are quite standard,
and we only prove the last one. We assume, without loss of generality, that 0 < |z3]| < |z1]. Note first that

2.2 2.2 Z% Z% Z%
211" 7727 — |22|* " "25| = |z1|°’< - )+ lz1]* = |z2|*
| | 2112 |z2l? |Z2|2( )
2 2
2 ) @
<lzl¥|—5 — — |+ lz1 — z22*.
~
lz1i1?  |z2f?
Next,
2 2
z z 21 2
]| = — =25 | <20z - =
z1] |z2] lz1]  |z2l
-1 22 -1
=2|z|* o —z2+ m(lzzl - |Zl|)‘ <4 z|* Tz — 22l
2

If |21 — 22| < |z1], then (since o < 1) |211%7|z1 — 22| < |21 — 221%. If |21 — 22| > |z1], then (recall that |z; — 22| <
lz1] + |z2] < 2|z1]) we see that |z1|* ' |z1 — 22| < 2|z1|% < 2|z1 — z2|%. This shows the second estimate in (2.27).

3. Proof of Theorem 1.2 in the subcritical case o < ﬁ

Throughout this section, we assume o < ﬁ and we use the admissible pair (y, p) defined by (1.5). We need

only to show that, given ¢ € H*(R"), there exists T = T (||¢| z+) > 0 such that if ||¢| s < M then Tyax(@) > T
and such that if ¢, — ¢ in H*® (RN, then Timax (¢n) > T for all sufficiently large n and the corresponding solution u,,
of (NLS) satisfies u, — u in LY((0, T), B‘;’Z(RN)) for all admissible pairs (g, r). Since T = T (||¢|| gs ), properties (i)
and (ii) easily follow by a standard iteration argument.

We note that by Theorem 1.1 there exists 7 = T (||¢|| gs) > 0 such that if ||¢|| gs < M then Tiax(¢) > T. Moreover,
by possibly choosing 7' smaller (but still depending on [|¢| ), if @, — ¢ in H*(RY), then Tpax(¢,) > T for all
sufficiently large n and the corresponding solution u,, of (NLS) satisfies

sup l[unllLa(0,1),B5 ) < OO (3.1)
n>= ’

and
Uy ——>u in L9((0,T), B)3° ®RY))nc(lo, 71, H 5 (RY)), (3.2)

for all ¢ > 0 and all admissible pairs (g, r). It is not specified in Theorem 1.1 that, in the subcritical case, T can be
bounded from below in terms of ||¢|| s but this is immediate from the proof.
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We set
N(a+2)
o=——>
N —2s
so that by Sobolev’s embedding

P, (3.3)

B ,(RY) < L7 (RY), (3.4)
and we claim that

up ——u in L7750, ), L7 (RY)), 3.5)
for all 0 < ¢ < y — 1. This is a consequence of (3.2). (In fact, if we could let & =0 in (3.2), then we would obtain

__1IN_
by (3.4) convergence in LY ((0, T), L° (RV)).) Indeed, given 5 > 0 and small, we have B;Jﬂ’;f‘z’*") (RN) s Lo (RM).

If n is sufficiently small, p +n < 2N /(N —2)7 so that there exists y, such that (y,, p + 1) is an admissible pair, and
we deduce from (3.2) that u,, — u in LY7((0, T), L® (R")). Since vy — v as n — 0, we conclude that (3.5) holds.
We decompose g in the form g = g1 + g» where g1, g1 € C1(C, C), g1(0) = g2(0) =0 and

lgiw)| < cC, (3.6)
|gbw)| < Clul®, (3.7)

for all u € C. By Strichartz estimates in Besov spaces (see Theorem 2.2 in [8]), given any admissible pair (g, r) there
exists a constant C such that

lun — u”L‘i((O,T),BfZ) < Cllon — (P”Hs
+ C“g] (un) — 41 (M) ”Ll((O,T),B;‘z) + C ”gZ(Mn) - gz(“) ||LV/((0,T),B;,.2)' (38)

We estimate the last two terms in (3.8) by applying Lemmas 2.2 and 2.1, respectively. We first apply Lemma 2.2 to g;
with ¢ = p =2 and we obtain

lg1@un) — g1 gy, < Cllun = ull gy + Ky (u, ). (3.9)

Next, we apply Lemma 2.1 to g» with g =2, r = p and p = o/, and we obtain

| g2(un) — g2(u)| gy, S Cllunlfo lun —ull sy, + Ko un), (3.10)

where o is defined by (3.3). Applying Holder’s inequality in time, we deduce from (3.9) that

||g1 (I/ln) — 81 (u)”LI((O,T),Biz) < CT”un - u”LOC(((),T)’B;Z) + ||K1 (l/l, u”)”Ll(O,T)’ (311)

and from (3.10) that

4—a(N—2s)

||g2(un) —g2(u) ”LV’((O,T),B;,‘z) SCT !

||”n||%V((0,T),La) llun — u”LV((O,T),BZ‘Z)
+ ”Kz(l'taun)HLy/(())T)' (312)

Note that ||u, ||%y((0’T)’ Lo) is bounded by (3.1) and (3.4). Thus we see that, by possibly choosing 7" smaller (but still
depending on ||¢| xs), we can absorb the first term in the right-hand side of (3.11) by the left-hand side of (3.8)
(with the choice (¢, r) = (00, 2)), and similarly for (3.12) (with the choice (¢, r) = (y, p)). By doing so, we deduce
from (3.8) that

lluen — "‘HLV((O,T),B;,Z) + llun — u”LOO((O,T),HS)

< C”‘/’n - QDHHV + C”Kl(uv un)”Ll(O,T) + C” KZ(uv u”)”LV/(O,T)' (313)
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Next, we note that by (2.22) K1 (u, u,) < ||u(t)||B% , forall t € (0, T) and that u € L*°((0, T), BE’Z(RN)). Moreover,

u, — u in C([0, T], L2(RN)), so that u,(r) — u(r) in LZRN) for all 7 € (0, T). Applying (2.23) (with u = 2), we
deduce that K (u,,u) — 0 for all € (0, T'). By dominated convergence, we conclude that

K1 (u, u,,)”L](O‘T) ——0. (3.14)
We now show that

| K2 (u, un)”LV/(O’T) ——0. (3.15)
Indeed, suppose by contradiction that there exist a subsequence, still denoted by (u,),>1, and 6 > 0 such that

||K2(u,un)|y”,(0j) >3, (3.16)
We note that by (2.4) and Young’s inequality

! ay’ ay’ Y’
Ko (up,u)’ < C(IlunllLa + llull;o )”u”Bs ,
P,

ay

Y
< C(llunllys” + llull}s” + lulls )- (3.17)
/B

Since oy /(y —2) < y, we deduce from (3.5) that, after possibly extracting a subsequence, K> (i, u)?" is dominated
by an L' function. It also follows from (3.5) that, after possibly extracting a subsequence, u, (f) — u(t) in L° (RM)
for a.a. t € (0, T) so that, applying (2.5),

Ka(ut, n) —— 0, (3.18)

for a.a. t € (0, T). By dominated convergence, || K> (u, un)||L1,/(0 ™~ 0. This contradicts (3.16), thus proving (3.15).
Finally, it follows from (3.13), (3.14) and (3.15) that

it = wll 0.7y, )+ ln = Ul ooy, 9 755 O (3.19)
Given any admissible pair (g, r), we deduce from (3.8), (3.11), (3.12), (3.14), (3.15) and (3.19) that |ju, —

ullpaqo.1y.85,) = 0 as n — oco. This completes the proof.

4. Proof of Theorem 1.2 in the critical case « = NiZS

Throughout this section, we assume o = ﬁ and we use the admissible pair (y, p) defined by (1.5). We recall
that by assumption (1.7),

g’ )| < Clul®. 4.1)

The argument of the preceding section fails essentially at one point. More precisely, here ay /(y — 2) = y, so that
the convergence (3.5) does not imply as in Section 3 (see (3.17)) that K (uy,, u)”/ is dominated by an L! function. To
overcome this difficulty, we show in Lemma 4.1 below that (3.5) holds with ¢ = 0. This is the key difference with the
subcritical case, and the rest of the proof is very similar.

We now go into details and we first recall some facts concerning the local theory. (See e.g. [8].) We define

t

Sw)(t) = / e8¢ (u(s)) ds. 4.2)
0
If (y, p) is the admissible pair defined by (1.5), then

L < Clullgy

||g(u)HLV’((O,T),B;,’2 LY((0,T),B5 )’

and

ls@) =g 0.1,y < CUMTr 0.1y, 85 ) + 18 0E s (0.1, 8 ) 18 = Vllr @7, 10),
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where the constant C is independent of 7 > 0. By Strichartz estimates in Besov spaces, it follows that the prob-
lem (1.6) can be solved by a fixed point argument in the set £ = {u € LY ((0, T), B;ﬁz(RN)); ||u||Ly((o,T)’B;v2) < n}
equipped with the distance d(u, v) = |lu — v||zr(0,T),») for n > O sufficiently small. (Note that (£, d) is a complete
metric space. Indeed, LY ((0, T), B;’z) is reflexive, so its closed ball of radius 7 is weakly compact.) By doing so, we

see that there exists 8o > 0 (independent of ¢ € H*(R") and T > 0) such that if

||€i'A§0||LV((o,T),B;,2) <8 <6, 4.3)

then Thhax(¢) > T and the corresponding solution of (1.6) satisfies

||u||LV((0,T),BZ.2) < 26. 4.4)
Moreover, given any admissible pair (g, ), there exists a constant C (g, r) such that

lullLaqo,1y,85,) <8C(gq, 7). 4.5)

In addition, if ¢, ¥ both satisfy (4.3) and u, v are the corresponding solutions of (NLS), then

lu —vllLro.1),0) < Cllo — ¥l 2. (4.6)
We also recall the Strichartz estimate in Besov spaces
N
le" %0l oo,y < €@ Dol (4.7)

for every admissible pair (g, r). In particular,
i-A i-A
”el v HLV((O,T)»BZJ) < ”el go“LV((()’T)’B;Yz) +Clly —ollas, 4.8)

for every ¢, ¥ € H*(RN).
We now fix ¢ € H*(RV) satisfying (4.3) and we consider (¢,),>1 C H*(R"Y) such that

lon — @llas — 0. (4.9)

n—oo
We denote by u and (u,),>1 the corresponding solutions of (NLS).
We show that, by letting d¢ in (4.3) possibly smaller (but still independent of T and ¢),

lun = ullLaqo.1).8: ) 555> 0> (4.10)

for all admissible pairs (g, 7). Indeed, arguing as in the subcritical case, we see that (see the proof of (3.13))
lun — u||Ly((0,T))B;,2) < Cllon — ‘PHHs
+ Clluy ||(Zy(((),7"),m) ey — u ||Ly(((),T),[g;‘2) + ” K(u,uy) ||Ly’(0’T)7 (4.11)

where K (u, u,) is given by Lemma 2.1. We next observe that, using (4.4), (3.4) and possibly choosing 69 smaller,
Clluy, ||%y((0 ).L9) < 1/2 for n large. We then deduce from (4.11) that

||Lln - u”LY((O,T),B;_Z) g C”‘pn - (p”]-]v + CH K(Ma un) ||LV/(0,T)' (412)
We claim that

||K(u,u,,)||Ly/(O’T) ——0 (4.13)
For proving (4.13), we use the following lemma, whose proof is postponed until the end of this section.

Lemma 4.1. Under the above assumptions, and for &g in (4.3) possibly smaller (but still independent of T and ¢) it
follows that

lun = ullLy (0.1).L9) 7= 0 4.14)
where o is defined by (3.3).
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Assuming Lemma 4.1, suppose by contradiction that there exist a subsequence, still denoted by (u,,),>1 and g >0
such that

| K (u, u,,)||Ly,(0’T) > B. (4.15)
oy ay
Note that (see (3.17)) K (u, )" < Cllunll]5" + lull[s” + llull’, ). Since ay/(y —2) =y, this implies
0,2
K, un)” <C(lunllyo + lull}s + lul, ) (4.16)
0,

It follows from (4.14) and (4.16) that, after possibly extracting a subsequence, K (i, u,,)”/ is bounded by an L' func-
tion. Moreover, we may also assume that u, (t) — u(¢) in L° (R") for a.a. 1 € (0, T), so that by (2.5) K (u, u,) — 0
for a.a. r € (0, T'). By dominated convergence, we deduce that || K (u, un)||Ly/(O’T) — 0. This contradicts (4.15), thus
proving (4.13).

Applying (4.12), (4.9) and (4.13), we conclude that

ln = ullLy 0.1).85 ) 75 0

By Lemma 2.1 (and using again (4.13)), this implies that

| g (un) — g(”)Hu’((o,m,Bg,,z) 5w 0

Applying Strichartz estimates, we conclude that (4.10) holds.

To conclude the proof, we argue as follows. We let T be the supremum of all 0 < T' < Tiax (¢) such that if ¢, — ¢
in H(RV), then Tyax(¢,) > T for all sufficiently large n and u, — u in L4((0, T), Bj’z(RN)) as n — oo for all
admissible pairs (g, r). We have just shown that T > 0. We claim that T = Tmax (¢). Indeed, otherwise T < Tax-
Since u € C ([0, f], HS(RN)), it follows that Uogzgf{“(t)} is a compact subset of H*(R"). Therefore, it follows
from Strichartz estimates that there exists 7 > 0 such that

sup ||ei'
o<t<T

A
u®| Ly o, 5, S0 (4.17)

We fix 0 < 7 < T such that © +T > T.If ¢n — @ in HS (RM), it follows from the definition of T that Tmax(@n) > T
for all sufficiently large n and that u,(t) — u(t) in H*(RY) as n — oo. We then deduce from (4.17) and what
precedes that Tiyax (1, (7)) > T for all large n and that u,, (t +-) — u(r +-) in L1((0, T), sz(RN)) for all admissible

pairs (g, r). Thus we see that Tax(¢,) > T + T for all large n and that u,, — u in LY((0,t + T), Bj"z(]RN)) for all

admissible pairs (g, r). This contradicts the definition of T.Thus T = T, which proves properties (i) and (ii).
To complete the proof, it thus remains to prove Lemma 4.1.

Proof of Lemma 4.1. Given 2 <r < N/s, we define v(r) € (r, 00) by

1 1
- (4.18)
vir) r N
so that
Bo(&Y) = L (RY), o

by Sobolev’s embedding. Note also that if (y, p) is the admissible pair given by (1.5), then v(p) = o given by (3.3).
We first observe that we need only to prove that

lun — u”qu (0,7),L"0) 7500 0, 4.20)
for some admissible pair (g, ro) for which ry < % (and v(rp) is defined by (4.18)). Indeed, suppose (4.20) holds. If
o > v(rg),then p > rg. Wefix p <7 < % and we deduce from (4.18) and Holder’s inequality in space and time that

1-6

9
lotn = ulley 0.1y, L) < Nt =l g .7y ooy 1n =4l 7 0. 7y Loiry:
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where 1/p =0/rg + (1 — 0)/r. Since ||u, — u||Lq((0 T).Lv) is bounded by (4.5) and Sobolev’s embedding (4.19),

we see that (4.14) follows. In the case o < v(rp), then p < ro and we apply the same argument, this time with

(q,7) =(c0,2).
We now prove (4.20) for (qo, ro) defined by

200(a 4+ 2) N(x+2)
4o = "—"""F5 "> nN=—"—""—""—""7:. 4.21)
4— (N -2 N +s(@+2)
It is straightforward to check that (go, r¢) is an admissible pair, that ro < % and that
v(rg) =a + 2. (4.22)

We now use a Strichartz-type estimate for the non-admissible pair (qo, o + 2). More precisely, it follows from
Lemma 2.1 in [9]* that there exists a constant C independent of n and T such that

G = G@) | oy, ooy < Cllgten) = 8@ sz (4.23)

On the other hand, we deduce from (4.1) and Holder’s inequality in space and time that

”g(un) _g(M)” (]R % 2) C(”u””iq()((O,T),L"“*'z) + ”M”iq()((O,T),L“"'Z))”u” - u”L‘io((O,T),L”‘*'Z)-

Applying (4.19) and (4.22), we obtain

||g(un) - g(u)“ qol (R,La +2) C(”“n||%q()((oj),3-;0.2) + ||u||(1f40((0,7),350v2)) llun — u”L'iO((O,T),LaH)- (4.24)

For the pair (go, ro) being admissible, we deduce from Strichartz estimate (4.7), Sobolev’s embedding (4.19) and the
identity (4.22) that

le"2@n = )| oo @ o2y < Cllon — @l ars. (4.25)
Using Eq. (1.6) for u, and u, together with (4.25), (4.23) and (4.24), we see that
lun — U||L40((o T),L*+2) X < Cllon — ¢llas
+ C(Jlun IIDL‘qo((O,T),B;OJ) + ”u”DLth((O,T),BfO_Z)) lun —ull 90 0,7), Lo+2)- (4.26)
We now observe that if ¢ satisfies (4.3), then ¢, also satisfies (4.3) for n large (see (4.8)), so that by (4.5) we have
max | ||u||Lq0((0,T),Bf0,2)v lluey ||L‘70((0,T),Bj0’2)} < 38C(qo, ro), 4.27)

for all sufficiently large n. Therefore, by possibly choosing §p smaller, we can absorb the last term in (4.26) by the
left-hand side, and we deduce that (4.20) holds. This completes the proof. O

5. Proof of Corollary 1.3

The first statement of Corollary 1.3 follows from Theorem 1.2. The Lipschitz dependence in the case o > 1 follows
from the estimate (2.25). Indeed, if p is defined by (1.5) then, applying (2.25) with p = p’, r = p and g = 2, we obtain

HOEO]
where o is given by (3.3). Using the embedding (3.4), we deduce that
lg@) =@, < CQl, +1vNG Yiv—uls,. (5.1

In view of (5.1), it is easy to see that one can go through the local existence argument by using Banach’s fixed point
theorem with the distance d(u, v) = |lu — vl v (0,1). BS ) instead of d(u, v) = |lu — v|Lr(©0,7),Lr). See for example

-1 -1
B;,Z<C||v|I°L‘aIIv—MI|g;72+Cllullg/s)72(llulli‘a + I 7e )l = vllze,

the proofs of Theorems 4.9.1 (subcritical case) and 4.9. 7 (crltlcal case) in [7] for details. It now follows from standard
arguments that the resulting flow is Lipschitz in the sense of Corollary 1.3.

4 For more general estimates of this type, see [14,10,25].
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