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Abstract

In this article we study the optimal regularity for solutions to the following weakly coupled system with interconnected obstacles

min(—Au! + fLul —u2+yhH=0
min(—Au? + 2, u? —ul +y2) =0,
arising in the optimal switching problem with two modes.
We derive the optimal cl! -regularity for the minimal solution under the assumption that the zero loop set £ := (Wl +y2=0)
is the closure of its interior. This result is optimal and we provide a counterexample showing that the C L1 -regularity does not hold

without the assumption .Z = .£0.
© 2015 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.

Keywords: Optimal switching problem; Regularity theory; The obstacle problem; Double obstacle problem; Free boundary problem; Nonlinear
elliptic system

1. Introduction

We consider the following system of weakly coupled equations of obstacle type

{min(—Au1+f1,u1 —u*+yH=0 (1)

min(—Au® 4+ f2,u?> —u' +¢?) =0,

with given Dirichlet boundary conditions u’ = g’ on Q. These type of systems arise in optimal switching problems
with two switching modes. Here f! and f2 are the running cost functions corresponding to the switching modes. The
functions ! and 2 are the costs of switching from one mode to the other. More details on the optimal switching
problem are provided in Section 2.1.

The uniqueness and C!!-regularity of the solutions to such systems have been studied in the literature under the
assumption that the switching costs are nonnegative constants, [4,7,2]. Obstacle type weakly coupled systems with
first order Hamiltonians and nonconstant switching costs have been studied in [3,6]. In the paper [3], Section 5 the
authors investigate the speed of convergence of the solutions to a penalized system, they also show that the solution
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of the first order Hamilton—Jacobi obstacle type system is Lipschitz continuous, under the assumption that each of the
switching costs is bounded from below by a positive constant.

In our paper we make only the nonnegative loop assumption. This is a necessary condition for the system to be
well-defined. Indeed, let (ul, uz) be a solution to (1), then ul —u? + wl >0and u? —u! + 1//2 > 0, which implies

Yl +vix) > 0. )

In the optimal switching setting, the condition (2) prevents the agent from making arbitrary gains by looping, in
the sense that lﬂl (x) + w2(x) is the cost of switching from one mode to the other and immediately switching back.
We denote the set where it is possible to switch for free by

ZL={xeQ|y'(x)+ ¢ (x) =0},

and call it free switching or zero loop set.

By using the penalization/regularization method we derive the existence of solutions, showing that through a sub-
sequence the solutions of the penalized system converge to the minimal solution (u(l), u%) to (1). Then we see that the
solution uf) e ClY forevery 0 <y < 1 and

| Aull oo (@) < max IAY | Looq) + 3 max £l oo (- 3)

The aim of the paper is to investigate if the solutions are C!:!, which is the best regularity that we can hope that
the solutions achieve. The structure of our system shows that at some subdomains of €2, the regularity of the solutions
can be derived by already known C!-regularity results for the obstacle problem. In our discussion we see that the
main point is to describe the regularity at so called meeting points lying on 9.7, the boundary of the zero loop set.

In the main theorem, Theorem 4, we show that at the meeting points xo € 9. 0N Q the solutions are C%%, under
the assumption that f € C% and ¥ € C>*. By .Z° we denote the interior of the set .Z, and by pointwise C>¢
regularity we mean uniform approximation with a second order polynomial with the speed r>*¢.

The idea of the proof is the same as in deriving the optimal regularity for the no-sign obstacle problem in [1]. The
proof is based on the BMO-estimates for Dzu(l) and Dzu% following from the estimate (3). At the point xo, we consider
r2+%_th order rescalings of uf) denoted by v, and show that these are uniformly bounded in W?22(By). Then, looking
at the corresponding system for (vrl, vf), we conclude that the rescalings are uniformly bounded in the ball B;.

In the end we justify our assumption 0 € 3. with a counterexample: We consider a particular system in R?,
where the zero loop set £ = {0}, then we find an explicit solution, that is not C L1

The paper is structured as follows: In Section 2 we provide some background material. In Section 3 we use the
penalization method to derive the existence of strong solutions, and observe that these are actually minimal solutions.
The main results are presented in the last section, where we prove that the minimal solution is locally C!! if the zero
loop set is the closure of its interior, and provide a counterexample to C'!-regularity when ! + ¥2 has an isolated
Zero.

2. Background material

In this section we state some known results, which we use in our discussion, without giving any proofs.
2.1. Optimal switching problem

Let Q2 C R” be a bounded domain with a smooth boundary. We consider an agent that can be anywhere in 2 and
in one of a finite number m of states. For every 1 <i <m, the agent moves in €2 according to a diffusion

dx =b;(x)dt + o; (x)dW;,

where W; is a Brownian motion in a suitable probability space, b; : 2 — R" and o; : Q@ — R"*" are smooth functions.
The generator of the diffusions is denoted by Liv = %ai Jl-T : D*>v +b; - Dv.

The agent can switch from any diffusion mode to another. At every instant ¢ the agent pays a running cost ) (x),
depending on the present state i (¢) and position x. Additionally, when changing state i to state j he incurs in a switch-
ing cost —'/ (x). Finally, when the diffusion reaches the boundary and the agent is in state i, the process is stopped
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and a cost —g' (x) is incurred. As it is traditional in optimal switching setting, we consider the problem of maximizing
a certain profit (the negative of the cost) functional

o
weo = max E[ [ fiowonar
0
- Z wi(t*),i(ﬁ)(x(t))+gi(T;)Q)(X(TBQ):|7

t1<Thq

where Tyq denotes the exit time of 2. Additionally, the convention v;; = 0 is assumed.
As it has been discussed in the literature [7,2], the corresponding value function u' solves the following system:

min(—L'u’ + £, min(u’ —u’/ +¢7)) =0 4)
i J

with boundary conditions u’ = g’ on 9.
For the optimal switching problem to be well defined, we need to impose the nonnegative loop condition: Let

io, 11, ..., = ip be any loop of length [, i.e. including / number of states. Assume that (!, u?,...,u™) is a solution
to system (4), then u' —u’/ + ¢ >0 forany i, j € {1,2, ..., m}, then after summing the equations over the loop, we
get

I
D Vi 20
j=l1

This condition is a necessary assumption for the existence of a solution to (3), and it prevents the agent from making
arbitrary gains by looping.
In this paper we consider a system, arising in a model optimal switching problem with only two states.

2.2. The Poisson equation, Calderon—Zygmund estimates

We start by recalling the definition of the Holder space C*7 . Let us denote the continuity norm
”u”C(g_z) = sup |u(x)],
xeQ
and the Holder seminorm

S 1) B 1631
0.y (3) = _
A X,yEQ,x#Y lx — yl¥

Definition 1. The Holder space Ck7(Q) consists of all functions u € C¥(2) such that

lullorr @)= Y ID%ul e + Y [D*ulcoy g, < oo

| <k ||=k

The next theorem states the known regularity of the solutions to the Poisson equation Au = f, under the assumption
that f is Holder continuous, and can be found in the book [5].

Theorem 1. Assume that f € C?, then there exists a classical solution to the Poisson equation
Au= fin Q.

Moreover; the solution is locally C>Y (), and for every Q' € Q
ez @y = Coy @) (ltlley + 1 fllcor @) -

where the constant Cy, ,, (') depends on diam Q' and dist(Q', 9%2).
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Next let us recall the definition of BMO spaces, and then state the Calderon—Zygmund estimates for the Poisson
equation Au = f,when f € LP, 1 < p <oo0.

Definition 2. We say that a function u € L?(Q) is in BMO(R) if

1
By = sup / £ ) = (sl + 11 £ 22,0, < 00,

xeU,r>0T n
where (f), » is the average of f in B, (x) N 2.
The proofs of the following results can be found in [5] when p < oo and in [9] when p = oo.

Theorem 2. Consider the equation
Au = f in ByR.

If f € LP(ByR) for 1 < p < 00, then the solution u € W>?(Bg), and
1D?ull o By < Cpun (If L2 By + 1]l L1 (8y))

If f € L%(BagR), then in general u ¢ W>>°(Bg), but

ID?ullBrosr) < Coom (1L Bap) + 11l L1 (Byg)) +

here Cp n, Coo,n are dimensional constants.
2.3. The obstacle problem

In this section we state the regularity of the solution to the following obstacle problem,
min(—Au+ f,u —y¥)=0in Q

with boundary conditions u — g € Wol’z(Q).

Here we will omit the variational formulation of the problem, the first regularity results and will state the
C!!-regularity of the solutions referring to the book [8].

In order to be consistent with the assumptions in our paper, we will assume that f € C* and the obstacle ¥ € C>¥,
although these assumptions can be weakened.

Theorem 3. Assume that f € C* and ¥ € C*%, and u solves the obstacle problem
min(—Au + f,u —y¥)=0a.e. in Q.

Then u € CHY(QY) for every Q@' € Q, and
”u”C'vl(Q/ =<C (||M||L°°(SZ) + ||f||c0vot(§z) + ||W||c2,a(g)),

where the constant C depends on the dimension and on the subset Q' € Q.

3. Existence of C1® solutions

We consider the system (1) with boundary conditions u’ = g’ on 9%, g’ € C2. Then we also need to impose the
following compatibility condition on the boundary data:

gl_gz‘i‘lﬁlEO, andgz—g‘+w2200nasz. (5)

Clearly, without the compatibility conditions, there are no solutions to (1) achieving the boundary data.
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We are interested in deriving C!-!-regularity for the solutions to our system, which is the best regularity one can
expect. Throughout our discussion we will assume that

L2 ec (), and vl y? e C29(Q), (6)

for some 0 < o < 1. These are natural assumptions, since f being bounded or continuous, is not enough for its
Newtonian potential to be C!:!. We also provide a one-dimensional counterexample to the existence of solutions in
case the switching costs are not smooth.

Example 1 (Diogo Gomes). Consider the following system in the interval (—1, 1) with zero Dirichlet boundary
conditions,

min(—(ul)xx,ul —up+(1— |x|)cos<]f|x|)> =0,

min (—(uz)m, s —uy + (1= |x|)(1 = cos (lflxl)) —0.

Then the value function of the corresponding optimal control problem is not finite.

Proof. In our example the running costs are identically zero, the switching costs satisfy the nonnegative loop assump-
tion Y1 (x) + ¥2(x) > 0in (—1, 1), and the compatibility condition on the boundary wl(:tl) = 1//2(:i:1) =0.

The example illustrates that when the switching costs are not smooth, then the negative values give infinity growth
to the value function of the corresponding optimal control problem. In order to show this, we choose optimal controls
i(t) as follows: the switching occurs at times f;, where #(lk)‘ = mk: When m =nk=m2n+1),n € Ny, we

switch from regime 1 to regime 2 gaining 2an and for the values % =k = 2n we switch back from regime 2
to 1 paying zero cost, and so

1

W) == Y Vit F0) = EPE

0=<t<Tyq

Then the conclusion follows from the divergence of harmonic series. O
3.1. Penalization method

In this section we approximate the system (1) with a smooth penalized system. Let us take any smooth nonpositive
function B : R — (—o0, 0], such that
B(s) =0fors >0,
B(s) <0 fors <0and
0<p'(s)<1fors <0,
lim B(s)=—o00
§—>—00

Next we consider the following penalization function S, (s) = B(s/¢), for s € R, ¢ > 0, and the corresponding penal-
ized system

{—Aué%—fl + Be(ul —u2+yH=0
— AU+ [+ Bef —ul+ ) =0,
with boundary conditions u’. = g’ on 9S2.

For ¢ > 0 fixed, the penalized system (7) can be solved by several methods. In the paper [4] the authors use
nonlinear functional analysis methods in order to derive the existence of classical solutions, that is u} € C2(Q),

assuming that the switching costs are positive constants. The proof is rather technical, however it works line for line
in our case with variable switching costs, therefore we omit it.

)

Lemma 1. Under the assumptions (5) and (6) the solutions to the penalized system (7), ufs satisfy the following
estimates for every € > (0
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i)
—max || f | < —Aul <max |AY ||~ +3max || £l 1.
l 1 1
ii.)
ul —u?+y'>—Ceandu® —ul + > > —Ce

In ii.) the constant C > 0 depends only on the given data and can be computed explicitly in terms of .

Proof. For our convenience, let us denote 8! = u! — u2 + ¢! and 62 = u2 — u! + 2, and observe that 6! and 6?2
cannot be negative at the same time accordmg to the nonnegative loop assumption.

Now let us fix € > 0, and consider the function S, (92 (x)), x € . Itis bounded from above by 0, our aim is to prove
that B (9;; (x)) is bounded from below. Let xo = x¢(g) be a point of minimum for the function S, (95l (x)), moreover
without loss of generality, we may assume that

min B (0. (x)) = B: (6, (x0)) <O.

i=1,2;xeQ

If xo € 0L2, then B, (6@;1 (x0)) = 0 according to (5). Therefore x¢ € 2 is an interior point, and S, (951 (x0)) < 0. Then
931 (x0) < 0, and since 951 + 952 >0, we get 952 (x0) = 0 consequently B¢ (932 (x0)) = 0. Since B; is nondecreasing and
Be(t) <0 if and only if # < 0, we get that

min 9; x) = 931 (x0).-
i=1,2;xeQ
This implies that ! = u! —u? + ¢! achieves its minimum at an interior point xo, hence Au! — Au? + Ay! > 0 at xo.
The last inequality together with —Aug(xo) + f 2(xp) = 0 shows that
B (0} (x0)) = Aul(x0) — f(x0) =
Aul(x0) — AuZ(x0) + f2(x0) — f'(x0) = =AY (x0) + £ (x0) — f (x0).

The estimate above is true for any ¢ > 0, and therefore it proves the right inequality in i.). The left inequality in i.) is
a direct consequence of —f, > 0. .
In order to prove ii.), we recall that lims_, o, B(s) = —o0, and B.(s) = B(s/¢e), hence B.(6}) is bounded implies

that i—‘l' is uniformly bounded from below by a negative constant —C < 0. This finishes the proof of point ii.) in our
lemma. O

Using the Sobolev embedding theorem and Calderon—Zygmund estimates, we can conclude that the functions u
are uniformly bounded in W7 for every 1 < p < oco. Therefore through a subsequence u., converges to a function ”0
locally weakly in W27 and strongly in C'-¥ for every 0 <y < 1.

Now we proceed to prove the existence of solutions to system (1).

Proposition 1. Let (u(l), u%) = limg_)o(ui, ug) through a subsequence weakly in W>P and strongly in C'Y. Then
(u(l), u%) solves the following system
min(—Au) + f1ou) —ud+y) =0,
min(—Aud + 2, u} —ul +v?) =0, (8)
min(—Au(l) + £, —Au% + =0
in a strong sense, i.e. u6 — ué + ! > 0 and if we have a strict inequality at some point then uf) satisfies Auf) = flin
a neighborhood of that point, and —Auf) + fi>0ae.

Proof. The property ii.) in Lemma 1, together with the strong convergence in C!-¥ shows that u(l) - u(z) + ¢! >0and
u(2) - u(l) +y?2>0.If u(])(xo) — u%(xo) + ¥ (xg) > 0, then the strict inequality u; — ug + ! > 0 holds in a small
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ball B, (xq), centered at xo for ¢ > 0 small enough. Then it follows that —Au; + f1'=01in B,(xp), and we know
that [|Au éIILoo is uniformly bounded, therefore through a subsequence, Au; — Au(l) a.e. as € — 0, consequently

—Au(l) + f!' =0a.e. in B,(xg). Moreover, since f! € C%, we know that u(l) is a classical solution to —Au(l) +f'=0
in the ball B, (xp).
The solutions of the penalized system satisfy the equation
min(—Au! + f1, —Au? + ) =0.

After passing to a limit through a subsequence, we get the following

min(—Aul + f1,—Aud + f)=0ae. O

Proposition 1 shows that there exists (u(l), u(z)), uf) € WP, Vp < oo solving (1) in a strong sense. According to
Lemma 1, uf) has the following property

| Aufll oo < max | A | Lo + 3max || £, )
15 1

which will be relevant for deriving further regularity of solutions.
Furthermore, Proposition 1 tells us that the solution we get via the penalization method, solves an extra equation,
which turns out to be very important in the discussion of the uniqueness.

3.2. Uniqueness

It has been shown in the paper [7] that if there are no zero loops, then the solution to the system (1) is unique. Here
we give a counterexample showing that the uniqueness does not hold in case there are zero loops.

Example 2 (Diogo Gomes). The following system

N 1_ 2 _
{mln( Au' —M,u' —u+¢)=0 (10)

min(—Au? + M, u? —u' — ) =0,

with given boundary conditions u’ = g’, g! — g2 + 1 =0 on 3$2, admits infinitely many solutions, provided 2M >

lAY|lLee.
Moreover, (10) admits solutions u?!, 12 ¢ cll.

Proof. Let (1!, u?) be a solution to the system (10). Since both u! —u? + > 0 and u? —u' — ¢ > 0, it follows that
u' —u? + ¢ =0, therefore —Au' = —Au? + Ay.

Now let us take any ul e w2r, p>n, ul = g1 on 92, such that —Au! — M > 0 a.e. Then the function u? = u! +y
satisfies the boundary conditions u*> = g% on 992, and —Au? + M > 0 a.e. since 2M > |Ay || ~. Thus we get
infinitely many solutions of the form (ul, ul + Y¥), which may not be C LI

We observe that if the zero loop set is empty, then the equation min(—Au' + f!, —Au® + £2) =0 is satisfied
automatically. Under the nonnegative loop assumption, we saw that there exists a solution to system (1) also solving
system (8). Next we show that the system (8) has a unique solution, which is actually the minimal solution to (1).

Proposition 2. The system (8) has a unique solution (u(l), u%) in WP for every p < oc.
Proof. Let us assume that (ul, u2) is a solution to system (8), then the difference U = ul — u? solves the following

double-obstacle problem in €2:

—AU+ f'— f2<0ae.ifU>—y!
—AU+ f' = f2>0ae.if U <y?
-yl <U<y?

with boundary conditions U = g' — g2 on 9%2.
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It is well-known that the solution to the double-obstacle problem with given boundary data is unique in W27,
Indeed, let V be another solution, then without loss of generality, we may assume that max,cq(U — V) = U(xg) —
V(x0) > 0. Then in a small ball B,(xg), one has U — V > 0, and U — V has a maximum at xo. The inequality
U >V >—y! implies that U > —y! in B.(xp), hence —AU — f! + f2 < 0. Similarly, V < ¢ in B, (xo) and
therefore —AV — f! + f2 > 0. After combining the inequalities —AU — f! + f2<0and —AV — f' + f2 >0, we
see that U — V is a subharmonic function in the ball B, (x¢). Recalling that U — V has a maximum at an interior point
X0, we get a contradiction to the maximum principle for subharmonic functions.

Now let us assume that (v], vz) is another solution to system (8), then ul —u?=v
u! —v!'=u?—2%in Q, then h =0 on Q.

Now let us plugg-in v! =u' — & and v?> = u? — h to the equation

0=min(—Av' 4+ f1, —Av> + f2) =
min(—Au' + f1, —Au? + f2) + Ah = Ah ae.

Then it follows that Ah =0 a.e. in Q, h € WP (2), for every 1 < p < 00, hence A is a harmonic function. Then the
difference u' — v' is a harmonic function in €2, vanishing on the boundary, therefore u' — v' = 0, according to the
maximum principle for harmonic functions. O

1 32 in Q. Denote h =

Corollary 1. The solution to the system (8) is the minimal solution to system (1), that is if (vl, vz) solves (1), then

1 1 2 2
uy <v' and uyz < v-.

Proof. Assume (vl, v2) solves (1) with given boundary conditions, and let w = min(—Av1 + fl, —Av?+ f2), then
w >0 a.e., we L. Let h be the solution to Ah = w in Q with zero Dirichlet boundary conditions on 9<2. Then
according to the weak maximum principle for subharmonic functions, we get that 4 <0 in €.

Now we note that the pair (v! + h, v> + h) solves the system (8) with the same boundary conditions as (u(l), u%),
hence v! + h = u(l) and v’ +h = u%. Then the minimality of (u(l), u%) follows from nonpositivity of 7. O

From now on we will be interested in studying the regularity for the minimal solutions. As Example 2 shows, there
is no hope to get C!!-regularity for non-minimal solutions.

4. Optimal regularity of the solutions

In this section we prove that the solution to the system (8) is locally C!!, if .Z = 0. In particular we study the
regularity of the solutions on 9.%, the boundary of the zero-loop set.

Before proceeding to the discussion of C!:!-regularity, let us rewrite our system in a more convenient way. We have
assumed that f 1 f 2 ¢ C*, therefore there exist v!, v% € Clzof solving the Poisson equation Avi = f " in . Recall
that (u}, u?) is the solution to system (8), and define u’ = u}) — v, then u{, is as regular as u’ up to C>*, and (u', u?)
solves the following system

min(—Aul, ul —u? + (pl) =0,
min(—Au?, u?> —u' +¢?) =0, (11)
min(—Aul, —Au?) =0.

Here ¢! =v!' —v? 4+ ¢! and ¢? = v? — v! + 2 are the new switching cost functions preserving the loop condition
2,
'+ =y +y2 and @', 92 € Ce.
From now on we will be focused on studying the regularity of (u', u?) solving the system (11).
We define the open set Q2] := UB,(xo, ul), where the union is taken over the balls B, (xp, u'), such that —Au! > 0
a.e. in By (xg, ul). Similarly we define the set €2, corresponding to the function u?, and let Q1 = Q \ Q1 U ;. Then

Q1, 2 and Q1 are disjoint open sets, and since (pl, <p2 e C2e,

—Au'=Ap'>0,—Au® =0in Q,
—Au® = A¢? >0, —Au' =0in Qy,
—Au' =0, —Au? =0in Q>.
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In the set 2\ 1 we get —Au! =0, and the function u? solves the obstacle problem min(—Au?, u> —u' +¢?) =0,
with a C>® obstacle u' — ¢?. Therefore u? is locally C!-! in \ €. Similarly we get that x? is locally C'! in Q\ 5.

Next we need to study the regularity of the solution in a neighborhood of the set €21 N 92> N . Let us note that
it is contained in the zero loop set, 921 N 32 C .Z, since ul —u? + (pl =0in Q and u? — u' + <p2 =0in 5. In
the interior of the zero loop set the system (11) reduces to the equation

—Au'=AHt P =u' + o' in L0, (12)

From the classical theory, solutions to the equation (12) are locally C>¢ if Ap! € C%. So in a neighborhood of the
points x € 921 N 92, and x € Y the solution is C>¢.

It remains to study the regularity of (u 1 uz) at the points xo € 922] N 3R, N 9.7, called a “meeting” point. In this
section we show that u! and u? are actually C%“-regular at such points.

For simplicity, let us study the system locally in the unit ball By, assuming that 0 € 3.2 N 3921 N 92,. We can
always come to such a situation with a change of variables.

4.1. Blow-up procedure

Assume that (!, u?) solves system (11) in the unit ball By, and 0 € 0.Z = 070 is a meeting point, and let us
study the regularity of the functions u! and u? at 0.

Definition 3. For a function u € W22, define IT(u(x), r) = p,(x), where p,(x) =x - A, - x + b, - x + ¢, is a second
order polynomial with the matrix A,, vector b, and scalar ¢, minimizing the following expression

Igrlli;n/(|D2u—2Ar|2—|—|Vu—br|2+|u—0r|2)dx~
,b,C
B,

Then IT(u(rx), 1) = p,(rx), and it is easy to see that

1
prx)=ox- (D), - x + (Vu), - x + (),

where (1), := (u)r,0, and (1), x, is the average of u over the ball B, (xg) = {x e R" | |x — xo| <},

1
(u)r,xo = m / u.
.

By (x0)

Letus recall that (u!, u?) € W22 is the solution to (11) in the unit ball B}, and denote A = %(Dzui)r, bl = (Vu'),,
¢l = ('), fori € {1,2}, then T1(u' (rx), 1) =r%x - AL - x +rbl - x +cl.
Next for any 0 < r < 1, we define

; u (rx) — @' (rx), 1)
vr(x) = S(r) ’

where S(r) is chosen such that max; ||D2v£ ll2(,) = 1. Our aim is to describe the rate of convergence of S(r) as r
goes to zero.
It follows immediately from our definition of S(r), and BMO-estimates that % is uniformly bounded from above.

In order to show this, let us recall that ||Aui Lo < max; ||A<pi | o, hence D?u’ € BMO locally, with the following
estimate

1D llsmogsy) < Cmax | A@' [l + 14 2(s,))-
2
Without loss of generality, we may assume that ||D2vr1 ll2(g,) =1, for a fixed r > 0O, then

S(r)
= IDu’ (rx) — 2A) |l 128,)-
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A change of variable will give us

SH\> 1
(—2) =r—n/|Dzu1<y>—2A}|2dy=
By

r

1 ) 2
- / |D*u' (y) — (D*u'),|*dy < C <mgx 1A ||z + Il ||Lz<31>> 7

B,
therefore Vr < %
@<C max || A’ | i =C 13
5 < : @' |lee +max |[u' || 25, ) := Co. (13)
r i i

So S(r) has at least quadratic decay as r — 0. Next we improve the estimate, showing that actually S(r) < Cor2®

for r > 0 small enough.

Proposition 3. Let ¢!, 9> € C>* for some 0 <o < 1, and £ = O then the function rSz(Q is uniformly bounded as
r goes to zero
W <c 1A [l + max [lu | (14)
p2re — o\ MAXIA@HiLe T max il 2g,) )

where C is a dimensional constant.

Proof. Let us start with an important observation: The assumptions 0 € 0.2 N 32 N 3, £ = {(p1 + <p2 =0},
L =2%and ¢!, 9? € C>% imply that Ap'(0) + Ap?(0) = 0. On the other hand Ap! > 0in Q; and Ag? > 0in Q»,
therefore Ap!(0) = Ap?(0) =0.

Next we show that ¢ € C>* together with Ag’(0) = 0, provide the growth estimate (14). The proof is based on

an argument of contradiction, assume that rSZ(Q is not bounded, then there exists a sequence ry — 0 as k — 00, such

that S(ry) = kr,fJ”" and S(r) < kr>*® for all r > r. Our aim is to study the convergence of the sequence v,i = vik as

k — oo. For that we will need some basic properties of the functions vﬁ, where 0 <r < 1.
According to the definition of S(r), || D*v!|| 12, < 1 for r < 1. Then applying Poincaré’s inequality for the

function Vvi in the unit ball By, we get ||Vv£ l22(,) < Cn forevery 0 <r <1, since (Vvi)l = 0. Next we study the
average of v’ in the unit ball

'), = §r% - tr(D*u'), fy xidx —r fp x - (Vu'),dx — ('),

()1 = S0

r2 (Au"(rx))1
S e —

S(r)

where o, = % JCB1 xfdx is a dimensional constant. Now let us recall that (u!, u2) solves (11), and therefore
0 < —Au' (rx) <max(0, Ag' (rx)) < [l¢' | c2ar®|x[%,

since Ag'(0) =0, ¢! € C>*. Hence we get 0 < (vi); < C,,’Sz(—t)x ¢’ || c2.«, Where C,, > 0 is a dimensional constant.

Next we apply Poincaré’s inequality one more time, || vi — (v£)1 228,y < Chnll Vv;' I 2(5,)- Therefore we may conclude
that

V! i 1 e 15
IVuelizzgy < Collvlizg) S C L L+ ll@llc2e ) (15)
S(r)

for every 0 < r < 1, where the constant C > 0 depends only on the dimension.
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Next by using (15) we want to estimate the ”Ulic”WM(BR) for R < 1/r; as k — oo. Let us start by looking at

the expressions |A§,rk — Al |, where [ € N and r; < 1 are chosen such that s = rk2[_1 < %. It follows from

20=1p,
Minkowski’s inequality, that

|AL — Al < ][|Dzui(xs)—2A§|2 + ][|D2ul’(xs)—2A§s|2
B B
1

2

s n 2 5 S(s) n S(2s)
<—2+22 ][|D u' 2xs) — 2A2€| <S—+22 152
B

2

Hence

Ay, — Al | S k(4231 (2,

2! rk
provided r; 2/~ < 4_11-
Now let us take any m € N such that 2m+1p <1, then

I—

2
2
/|Dzu;;(x)|2dx =S(" /|D2ui(rkx)—2Aik|2dx

32771
7
2% 2 i Am i 2
< oo | [ 1P @) =245 Pdx
g
1
2% 2 im i 2 i i
SW |ID“u' 2" rx) —2A mrk|dx +|A ”‘rk_Ark
By

IA

27 [ S@™ry) ;
@ (2"rg)? /Z:|A2’rk Ay 1rk|

mn
2

[\

= a
kry

m
K2 k2 Y 20U | <ortign(ite),
j=1

For every R < 5 we can find an m € N such that 2" ~! < R < 2", and then applying the estimates above, we get

/ |D2v;;(x>|2dx <C,R"™2,

for every R < ﬁ, where C, is a dimensional constant. Then we can also show that ||Vv;'k||Lz(BR) and ||v£k lL2¢BR)
are bounded by a constant depending only on R. Indeed, applying the corresponding estimates for Aik, and the first
inequality in (15), we get

|} < Cpok(r2H'e,

i
2 T 21_]rk|

and therefore

Dy, — bl | < Coak(r R)' .
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Then Poincaré’s inequality in a ball Bg implies that

IV, — (VORI 28y < CaRID Vil 1205,

and
||U1[< - (vli)R”L2(BR) =< C"R”VUII;”LZ(BR)v
where
i Tk i i i
(Vur = W(V“rk —IkAy X = by )R
Tk ( i i Ik i i
= (Vi) g = bl, ) = s (bl = )
+ Tk Tk
S k2t
and

Wk = (ch, =y + 2rR(AU ) (D)
KR= 500 Crr = Cne T 5T BU I XTIR ] -
Next let us observe that the second inequality in (15), with the corresponding estimates for Ai and bi imply that

. . 5
|cy, — €| < Ck(Rr)* .

Then it follows from the triangle’s inequality that

Tk

kr2+01

IV Vil 28 < € (R%“*“ +R3
k

i i Z+1+4a
|bRrk_brk|> SCnRZ 5

and also
1wl 25, = € (RIVOEN 25 + REDR) <

n n Ci - ci n 2ta n
C | R21% +R77| L/ A ||§0||C2,0,R7+2—rk < C'R2T2H,
S(ri) S(ri)

Therefore we have shown that the sequence v,i is locally uniformly bounded in W22, hence through a subsequence,
v,i converges weakly in W22(Bg), and strongly in W12(Bg), denote v(i) = limg— 0o v,i for i = 1,2. Then the weak
convergence of the second order derivatives implies that

k— 00

/|D2v6(x)|2dx Slimsup/|D2U,i(x)|2dx,
Br Bg

and therefore

/|D%3(x)|2dx <C,R"%, (16)
Bpr

Next we describe further properties of the limit functions, vé and v%. Recall that

ey = W) = T ). 1)
V)= S(r)

)

then we have

2
— AVl (x) = % (—Aui(rkx) + trA§k> .
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Let us denote
ph(rix) — pk (rex) + ¢! (rix)
S(re)
P} (rex) — p}, (rex) 4+ ¢* (rix)
S(re)

Then (v,l, v,%) is a strong solution to the following system

, an

Gx) =

qi(x) =

. P TAL o
min(—Av, — T yU — U+ q) =0

. 2 rArk
min(—Avj — T Vi v - vk ~|—qk) =

. | zAl
min(—Av, — - a , Avk

AY
atk ) == 0
k
therefore

trA} Aol

k ¢ _(rgx) s

Tr® + T if rgx € Q)
trAl

kry

—Av}(x) =
, otherwise,

S

and

trA2 A2

& Q- (rgx) s

krkoc + kr]'f N lf ryX € QZ
1,‘rA2

Tk
T otherwise.

—Av,%(x) =

Then Ag{)i (0) =0, fori =1, 2 together with (pi e C?e, implies that

IA@" (i)l 2 Cn i
u ]:R§+°‘||(pl lc2e — 0, as k — oo,

kry
fori:l,Z,andfqranyﬁxedl§R<oo. ' . ' .
We have that v, — vy weakly in W22(Bg) and v, —> vg in W12(Bg), therefore Av; — Av;, weakly in L%(Bg),

rk + A(/? (rkX) A(P (rkX)

but Av,i = T x; (rx), and || X9 ("kx)||L2(BR) — 0. Thus we may conclude that the sequence of

trAL . . trAl . .
numbers Tf‘k converges, and denote a' := hmkﬁ<>Q Tg‘k Then |[Avy —a'll 2,y — 0 as k — oo forevery 1 <R <
00. Therefore both —Av(l) —a'=0and —Av% —a*=0inR".
We have shown that vf)(x) —al | | is a harmonic functions in R”. Hence the matrix D2v} o has harmonic entries
DF vé, where k is a multiindex, |k| = 2. Next we can apply the estimates of the derivatives for harmonic functions and
inequality (16), to get

ki —L 1k, i
[V D vg(x0)| < R™27 1D vl 12(Bg (xo))
< R72TND gl 2y < C'RTIHE,
provided R > |xg|. Letting R — oo, we see that the derivatives of DF v6 are vanishing, hence D2v6 is a constant
matrix, and therefore vé, i € {1, 2} is a second order polynomial.
According to our construction, vé are orthogonal to the second order polynomials in L2(B;)-sense, hence both

v(l) and v% must be identically zero. Then the constants a' = a®> = 0, and ||Av,i|| 128, — 0 as k — oo, the latter
contradicts to the condition max; ||D2v,i 2y =1 0O
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4.2. C>®-regularity at the meeting points

We start by showing that the approximating polynomials p! converge to a polynomial pé, and describe the rate of
convergence.

Lemma 2. Let (u', u?) be a solution to (11), and assume that @' € C>“. Let the polynomials pi be as in Definition 3,
then there exists a polynomial py, such that

sup |pl(x) — ph(x)| < Cr¥te. (17)

x€eB,

Proof. The condition ||D2vf llz2(p,) = 1 with the inequality (14) implies that

1

2

. . S
/|D2u’ (rx) — sz;|2dx < % < Cor® (18)

Bi
Recall that AL = szi, then using the triangle inequality, and that A’ is minimizing | Du’ (rx) - All2(p,) Over
matrices A € R" x R", we get |A} — A’ | < Cor® forall 0 <r < 1. By taking r =27", we see that A _, is a Cauchy
2
sequence;

|Al—n 2 n— m| =< E |Al —n—k AI —n—k— l| =
m— 1 an+k ansm—1 Dtk
sl @rayrtk —gmangm- o=

from the convergence of the series X (27%)", it follows that A’_, converges to some matrix Ag as n goes to infinity.

2 n
The inequality also provides the rate of convergence; for a fixed n, by letting m go to infinity, we see that |A}_, — Al ol =
Co27e,
Moreover, we get the estimate
A} — Al < Cr®,

for 0 < r < 1, by choosing n so that 27"~1 < <277,
Next we proceed to describe the rate of convergence of b. and c.. We know that b. = (Vu'),, and c. = (u'),,
taking into account that u’ € C17 we see that b. — Vu'(0) and ¢, — u(0) as r — 0. Our aim is to show that actually

bl — Vu'(0)| < Cr'™ and |¢] — u' (0)] < Cr2He,
Let us recall that (Vv!); = 0, and therefore Poincaré’s inequality implies that

IV}l 28y < CID*V N2,y < C.

Hence
1

. . r
/IVu’(rx) —Vpirx)Pdx | <C'=—= ( ) <crite. (19)
Bi
Taking into account that b\ is minimizing ||Vu'(rx) — rx - AL — b||;2(p,, over b € R", and applying triangle’s
inequality we get [b. — Vu! (0)| < Cr!*e.
Furthermore, using Poincaré’s inequality once again, we see that

1

2
/lui(rx) — plrx) +r¥(Aud), Pdx | < C'S(r) < Crite, (20)

Bi
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then

ek —u' (0)] < Cr?te,

by using that c is minimizing ||u’ (rx) + r2(Au'), — —r 2x - A’ -X — rbi -x —cllp2p,) overc € R.

Finally, after combining our estimates for Ar, b; and cr, we get (17), where

1
po(x) —x Ao x+Vu' (O) x+u' (0)
fori=1,2. O

Corollary 2. Under the assumptions of Lemma 2 it follows that

] ] ] i 2
lu' (rx) = p(ro) w228,y < Cnya <maX 9" llc2a + max [[u’ IILz) rete,
] 1

where Cy, o is a dimensional constant.

1469

ey

Proof. Let us recall that || Au (rx)|| 2y =Cl A¢' | car®, then the statement follows from the inequalities (18), (19)

and (20). O

Now we are ready to prove the main theorem.

Theorem 4. Assume ¢', 9> € C>%, and £ = 0 then the solution to the system (11), (u', u?) is C*>“-regular on
01 N9 N 3L N Q, in the sense that for every xo € 921 N3 N 3L N Q, there exist second order polynomials

p}m, p%o, such that

sup |u’ (x) — pl, (x)| < CrPte
Xx€By(x0)

where the constant C > 0 depends only on the given data.

Proof. Without loss of generality, we may assume xo = 0, and consider the following rescalings

ul(rx) — pf)(rx)
r2to ’

vi(x) =

then according to Lemma 2 and Corollary 2, ||’ w22,y <C.
The pair (vrl, vrz) solves the following system

trA

min(—Avr1 s r U +qr)—
min(—Av? — lrr/; 02—l 4492 =0
min(— Av —trrﬁ, Avr2 ”;3“)_
where
po(rx) — p§(rx) + @' (rx) Py (rx) — pj(rx) + ¢*(rx)
() = 0 0 qz(x): 0 0
r r2+a s Yr ]/'2+Ol .
Then

trAl i .

Ayl T 4 AU ey € @

—_ V. =
r

trAl .
> otherwise.

(22)

We assumed that 0 € 321 N 32 N 3., then Ag'(0) =0, i = 1, 2. Hence |%| < lloHlc2a(p,)x1%. We know

that || Avﬁ 225, is bounded, therefore trAf) =0, and Av;' (x) is uniformly bounded.
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We have that ||v£||Lz(Bl) < C and we saw that ||Av£||Loo(Bl) = ”(0[”C2.a(31). Using the Calderon—Zygmund es-

timates, we conclude that ||v£||cl,y is uniformly bounded. In particular, |v£ ()| < C'(Co + |l¢* llc2e(p,)) for every

xeBjandr <1

2" ) )
Recall that we set Co = C (max; | A¢' ||z + max; [[u'[|2(5,)). and v} (x) = % Then we get the desired
inequality
sup |u' (x) — ph(x)| < C | max ||u’ + max [|¢'] ;e Pt O
xegfl (x) = po()[ = (ie{l,Z} lu'll 28, max, @'l 2 (31))

4.3. A counterexample in case the zero-loop set has an isolated point

Here we give a counterexample, showing that if the zero loop set has an isolated point, then the solution may not
be C11.
We consider the following system in R?

{min(—Aul,ul—uz—i—go):O (23)
min(—Au?, u? —u' + ¢) =0,
with ¢ = %|x|2.
Then the difference U = u' — u? solves the following double-obstacle problem in R?
L,ifU=—¢
—AU:{—I, ifU=¢ (24)
0,if —p<U<og,

and —Au! = (=AUt and —Au? = (AU)™.
Now let us consider a function w defined as follows

—Hx[2, ifx; > 0,x> 0
%(xlz—xg), ifx; <0,x>0
%(x%—x%), ifx; >0,x <0

%|x|2, if x; <0,x2 <O.

Then w € C!! also solves the double-obstacle problem (24), therefore we choose U = w.
Next we write u! explicitly in polar coordinates

—1r2 — 1120 cos20 — 5-r?Inrsin20, if0 <6 < %

Ml(r,9)={ 4 b

_%},2 cos 260 + %rZQ cos 26 + %rz Inrsin20, otherwise,

here the function 26 cos 20 4+ r2Inrsin26 € C¥ for every 0 < y < 1, solves the Laplace equation in R?\{0}, but is
not C! near the origin.
Therefore u' is a C'7 function in the unit ball in R? but it is not C!! in the neighborhood of the origin, since
82u!
| or2
Next we take u2(r, 0) = ul(r, 0) — w, then

| ~ |Inr| — oo as r — 0. Moreover, —Au!(r, ) = X{0<0<%} = X{u! >0} provided r > 0 is small enough.

—5-r20cos20 — -r2Inrsin26, if0 <6 < %
. —3r2c0820 + 3-r?0cos20 + 5=r’Inrsin26, if 2 <0 <7
u”(r,0) =

—3r7 = 4770820 + 5170 c0s26 + 5orPInrsin26, if w <0 < F

=120 c0s20 + 2-r?Inrsin20, if 2 <6 <2

Neither u! nor u? is a C!! function. However, it is easy to see that (u!, u?) solves (23), and it is minimal, since
min(—Au', —Au?)=0ae.
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