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Abstract

We prove quantitative estimates for flows of vector fields subject to anisotropic regularity conditions: some derivatives of some
components are (singular integrals of) measures, while the remaining derivatives are (singular integrals of) integrable functions.
This is motivated by the regularity of the vector field in the Vlasov—Poisson equation with measure density. The proof exploits an
anisotropic variant of the argument in [20,14] and suitable estimates for the difference quotients in such anisotropic context. In
contrast to regularization methods, this approach gives quantitative estimates in terms of the given regularity bounds. From such
estimates it is possible to recover the well posedness for the ordinary differential equation and for Lagrangian solutions to the
continuity and transport equations.
© 2015 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction
1.1. Ordinary differential equations with non smooth vector field

Given a smooth vector field b : [0, T] x RY — RV, the flow of b is the smooth map X : [0, T] x RN - RN
satisfying

dX
—(s,x) =b(s, X(s,x)), s€l0,T],
ds

X(0,x)=x.
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In the last years much attention has been devoted to the study of flows associated to vector fields that are not smooth
(in particular, less than Lipschitz in the space variable). In this context, the correct notion of flow is that of the regular
Lagrangian flow, loosely speaking an “almost-everywhere flow which (almost) preserves the Lebesgue measure” (see
Definition 3.1 for the precise definition).

Existence, uniqueness and stability of the regular Lagrangian flow have been proved by DiPerna and Lions [23]
for Sobolev vector fields, and by Ambrosio [2] for vector fields with bounded variation, in both cases under suitable
bounds on the divergence of the vector field. Both results make use of the connection with the well posedness of the
continuity equation

oru + div (bu) =0,

which in turn is analyzed thanks to the theory of renormalized solutions. We address the interested reader to
[5,6,12,18,22] for a detailed presentation of these results and for the further references.

1.2. Quantitative estimates for the ordinary differential equation

An alternative and more direct approach has been introduced in [20]. Many of the ODE results in [23] can be
derived with simple a priori estimates, directly at the Lagrangian level, by studying a functional measuring an “integral
logarithmic distance” between flows.

In detail, given two regular Lagrangian flows X and X associated to a vector field b, the idea is to consider the
functional

®5(s) =/log (1 + X0 g X(S’x)') dx, (1.1)

where § > 0 is a given parameter (which will be optimized in the course of the proof) and the integration is performed
on a suitable compact set.
It is immediate to derive the following lower estimate, for a given y > 0:

D5(s) > / log (1+ %) dx =LV (X - X| =y} log (1+ %) ,
{IX=X|zy)
that is, the measure of the superlevels of the difference between two regular Lagrangian flows is upper estimated by
P5(s)
log (1+%)°

A strategy for proving uniqueness is therefore deriving upper bounds on the functional ®s(s) which blow up in §
slower than log (1/6) as § — 0.
Differentiating in time the functional and using the ordinary differential equation we obtain

/ . {2”b||<>o. Ib(X)—b(?_()l}
min ; = dx
8 X — X|

(1.2)

Ib(X)—b(?_()ld
- = x
§+|X — X|

In [20] it has been noted that the estimate of the difference quotients in terms of the maximal function

Di(s) < <

(1.3)

Ib(X) — b(X)|
IX — X|

together with the strong estimate for the maximal function (2.7), imply an upper bound on ®s(s) independent of §.
This allowed in [20] the proof of existence, uniqueness, stability (with an effective rate), compactness, and mild
regularity for the regular Lagrangian flow associated to a vector field with Sobolev regularity W7, with p > 1. We
note in passing that the rate obtained in these estimates has been recently proved to be sharp (see [1,30]).

The case p = 1 (and the more general case of vector fields with bounded variation) was left open in the above
analysis due to the failure of the strong estimate (2.7): only the weak estimate (2.8) is available for p = 1. This case
has been studied in [14] exploiting interpolation techniques in weak Lebesgue spaces. The weak estimate on the

< MDb(X)+ MDb(X),



A. Bohun et al. / Ann. I. H. Poincaré — AN 33 (2016) 1409-1429 1411

second term in the minimum in (1.3) is interpolated with the (degenerating in §) L estimate on the first term in the
minimum. This gives an upper bound of the form

1
Ds(s) S 1D 10g(g>- (1.4)

This estimate is on the critical scale discriminating uniqueness. Therefore we have to play with constants: up to an
L?-remainder, the L'-norm of Db can be assumed to be arbitrarily small (we exploit here equi-integrability bounds
on Db). This allows to re-gain smallness in (1.2) (notice that the L? part can be treated as in [20]).

For this reason the analysis in [ 14] is not able to address the case when Db is a measure (i.e., the case of a vector
field with bounded variation). On the other hand, by considering smooth maximal functions instead of classical ones,
and by exploiting more sophisticated tools from harmonic analysis, the case in which Db is a singular integral of
an L' functional can be treated with the same strategy. This extends the case b € W!! and is relevant for some
applications to nonlinear PDEs (see [9,10]). Results of existence, uniqueness, stability (with an effective rate), and
compactness follows as in [20]. We refer to [6] and to the introduction of [14] for a more detailed presentation. See
also [7,13,15-17,19,21,24].

1.3. A split case and the main result of the present paper

As mentioned above, the analysis in [14] is not able to include the case when Db is a measure; concerning the case
of a singular integral of a measure, a counterexample in [23] shows that in general uniqueness may fail. However, in
situations originating from models in mathematical physics, the vector field is endowed with a particular structure,
and just some of the derivatives are singular integrals of measures, while the remaining derivatives are more regular.

For instance, the Vlasov—Poisson system

of+v-Vif+E(t,x) V,f=0,
Et,x)=-V, U(t,x), —AU({t,x)=wp(t, x) =a)ff(t,x, v)dv,

where w = =1, entails a (nonlinear) transport equation with vector field b(z, x, v) = (v, E(¢, x)). If we look at the
case when the space density p is a measure, it turns out that D, E is a singular integral of a measure, while all other
derivatives of the vector field enjoy better regularity. However, we are not able to consider the case of f a measure
in x, v, that has been studied in [31,27], since the characteristics are defined only almost everywhere. We mention
however that some applications of this Lagrangian theory to the Vlasov—Poisson system with L! space density are
presented in [9]. See also [4], where similar arguments have been applied to the study of the Vlasov—Poisson system,
also exploiting the notion of maximal regular flow [3].

This motivates the setting of the present paper. We write RY = R"! x R"2 with coordinates x; and x5, and split anal-
ogously the vector field according to b = (b1, by). Roughly speaking, we consider the case in which Db is a singular
integral (in R"!) of a measure, while Dby, Db and D, b, are singular integrals (in R"!) of integrable functions:

Sx L' SxL!
Db_(S*M S>1<L1>

(in fact our assumptions are slightly more general: see assumption (R2) in Section 4). Compared to [14], we are able
to consider a situation in which some entries of the differential matrix Db are measures. (From a PDE point of view,
related contexts have been considered in [25,26]).

The idea, analogous to the anisotropic regularization of [11,2], is to “weight” differently the two (groups of) direc-
tions, according to the different degrees of regularity. In our context, this can be done by considering, instead of (1.1),
a functional depending on fwo parameters 61 and 8>, with §; < §,, namely

%1’52“):/1%(1+’<|X1(s,x)8—X1(s,x)I, IXz(s,X)(S—Xz(s,xN)D dx. (1.5)
1 2

Following the same strategy as before (estimate of the difference quotients and interpolation in the minimum in (1.3)),
we derive the following bound, which replaces (1.4) in this context:

381 8 1
D5.5,(5) S [glllezllM + 8—IID2b1 Izt +I1D1b1llpr + ||D2b2”L1:| log (5) :
1
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We need to gain some “smallness” in criterion (1.2). Observe that || D2b1 (|11, | D1b1 || ;1 and || D2b2|| ;1 can be assumed
to be small, by the same equi-integrability argument as in [14]. This is however not the case for || D1bs|| o¢. But we
can exploit the presence of the coefficient §1/8, multiplying this term: both §; and 8, have to be sent to zero, but we
can do this with §; < 8;.

One relevant technical point in the proof is the estimate for the anisotropic difference quotients showing up when
differentiating (1.5). We need an estimate of the form:

1) = OIS (u xz_”)
o1 &2

This is complicated by the fact that, as in the classical case, one expects to use a maximal function in x; and x» in
order to estimate the difference quotients, but however this would not match (in terms of persistence of cancellations)
with the presence of a singular integral in the variable x| only. This is resolved in Section 5 by the use of tensor
products of maximal functions, and will result in the proof of (1.6) together with a bound of the form

IUIl < 811D1fIl + 821 D2 f 1.

This is the plan how to obtain the proof of our main Theorem 6.1, containing the fundamental estimate for the
distance between two regular Lagrangian flows associated to vector fields under the regularity assumption (R2). As
recalled in Section 6 we obtain as a corollary of Theorem 6.1 existence, uniqueness, stability (with an effective rate)
and compactness for regular Lagrangian flows, and well posedness for Lagrangian solutions to the continuity and
transport equations.

[U(x) n U(y)]. (1.6)

2. Background material

This section is devoted to recalling some classical definitions and results from harmonic analysis. Most of the
results below are stated without proofs, for which we refer to [28,29]. The proofs of the more specific results and
additional comments can be found in [14].

2.1. Weak Lebesgue spaces and equi-integrability

We will denote by £¢ the d-dimensional Lebesgue measure and by B, (x) the open ball or radius r > 0 centered at
x € R?, shortened to B, in case the center of the ball is the origin of R?.

Definition 2.1. Let « be a measurable function on  C RY. For 1 < p < 00, we set
1 @ = SO £ €2 = luo)| = 2D}

and define the weak Lebesgue space M” (£2) as the space consisting of all such measurable functions u : 2 — R with
[[|u|llarp (@) < 00. For p =00, we set M*°(2) = L>°(R2).

Let us remark that the quantity ||| - |||11t)/11’(52) is not a norm, but just a quasinorm, therefore we have chosen the
notation with the three vertical bars, different from the usual one for the norm.

The following lemma shows that we can interpolate M! and M?, with p > 1, obtaining a bound on the L' norm,
which depends logarithmically on the M? quasinorm.

Lemma 2.2 (Interpolation). Let u : S+ [0, +00) be a nonnegative measurable function, where Q@ C R¢ has finite
measure. Then for every 1 < p < 00, we have the interpolation estimate

P lulllpr @ -1
||u||u<msp_1|||u|||M1<Q)[Hlog(i”c"(sz) 7)1,

|||u|||M1(Q)

and analogously for p = oo

[lull Lo
Nl ey < Nl ) [1 +log (7(%‘1(9) .

el a1 ()
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We also recall the classical definition of equi-integrability.

Definition 2.3 (Equi-integrability). Let 2 be an open subset of RY. We say that a bounded family {¢;}ie;r C LY (Q)is
equi-integrable if the following two conditions hold:

(i) For any ¢ > 0 there exists a Borel set A C €2 with finite measure such that fQ\ 4 lpildx <eforanyi e[,

(ii) For any & > 0 there exists § > 0 such that, for every Borel set E C © with £L4(E) < 8, there holds f ploildx <e
foranyiel.

The Dunford—Pettis theorem ensures that a bounded family in L' () is relatively compact for the weak L' topology
if and only if it is equi-integrable. Also, a sequence u, € L'(R?) converges to u in L'(R?) if and only if it is
equi-integrable and u,, converges to u locally in measure. The following lemma can be proved with elementary tools.

Lemma 2.4. Consider a family {¢;}ic; C LY(2) which is bounded in L' () and fix 1 < p < oc. Then this family is
equi-integrable if and only if for every ¢ > 0 there exists a constant C, and a Borel set A, C Q with finite measure
such that for every i € I one can write

0 =9 +9¢f,
with
lo! i@ <e  and  spt(@}) CAs, l¢fllry <Ce  foralliel.
2.2. Singular integrals
We briefly summarize the classical Calderén—Zygmund theory of singular integrals.

Definition 2.5. We say that K is a singular kernel on R? if

(1) K € S'(R%) and K € L®(RY),
(2) Klra\y € Ll (R?\ {0}) and there exists a constant A > 0 such that

loc
[K(x —y)—K(x)|ldx <A
lx|>2]y]

for every y e R?,

We now state a classical result that allows the extension of (the convolution with) a singular kernel to an operator
on L? spaces.

Theorem 2.6 (Calderon—Zygmund). Let K be a singular kernel and define
Su=K:ku forueLz(Rd)
in the sense of multiplication in the Fourier variable. Then for every 1 < p < 0o we have the strong estimate
||Su||Lp(]Rd) <Cnp(A+ ||Ie||L°°)||u||Lp(]Rd) MEmeLz(Rd), (2.1
and for p =1 the weak estimate
1Sulllpr1 ey < Cn (A + K| o) ull g1y u € L' N LARY. (2.2)

In addition, the operator S can be extended to the whole L?(R¢) for any 1 < p < oo with values in L?(R9), still
satisfying (2.1). For p = 1, the operator S extends to the whole L' (R?) to an operator S " with values in M! (RY), still
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satisfying (2.2). However, a function in M (R?) is in general not integrable, therefore it does not define a distribution.
Notice that, for u € L' (R%), we can define a tempered distribution S? € S’(R?) by the formula

(SPu,p) = (u, Sp)  forevery ¢ € S(R?Y), (2.3)

where S is the singular integral operator associated to the kernel K (x) = K(—x). The same holds for u a finite

measure in R?. The two operators SM : gnd SP are different and cannot be identified. Since F : L' (R%) — L>®(R%)
is bounded, and by definition we have K € L (R?), the definition in (2.3) is equivalent to the definition in Fourier
variables

SDu = R,
We also recall a particular class of singular kernels:

Definition 2.7. A kernel K is a singular kernel of fundamental type in RY if the following properties hold:

(1) Kl|gayoy € C' @RI\ {0D),
(2) There exists a constant Cg > 0 such that

C
Kl < —s  xeRI\ {0}, (2.4)
|x|4
(3) There exists a constant C1 > 0 such that
C] d
IVK(x)| < T x € R\ {0}, (2.5)
(4) There exists a constant A; > 0 such that
/ Kx)dx| <A for every 0 < R; < Ry < o0. (2.6)
Ri<|x|<Ry

In particular, these conditions are sufficient to extend the function defined on RY \ {0} to a singular kernel K on RY,
unique up to addition of a multiple of a Dirac delta at the origin, and which satisfies the estimates in Definition 2.5.

2.3. Maximal functions
We now recall the classical maximal function.

Definition 2.8. Let u € LllOC (R%). The maximal function of u is defined as

Mu(x) = sup ][ u(y)ldy

e>0
for every x € R?.

The maximal function Mu is finite almost everywhere for u € L? (Rd), forevery 1 < p <oo.Forevery 1 < p <o0
we have the strong estimate

IMullprray < Ca,pllullLrway, .7

with only the weak estimate for p =1

HIMulllp ray < Callull L1 wray- (2.8)
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2.4. The smooth maximal function and cancellations

Given two singular kernels of fundamental type K; and K3, with bounded and smooth Fourier transform, we con-
sider the associated singular integral operators S; and S. The composition S; o Sy is still a singular integral operator
S, associated to a singular kernel K characterized by K = K>K,.In general, composing two weak estimates (as in
(2.2)) is not well defined. However, there are cancellations in the convolution K, %k K (that is, in the composition of
the two singular integral operators), which allow us to define S o S1. A very important result is that we can compose
a special class of maximal functions with a singular integral operator, yielding a composition operator that is bounded
L'—> M'and L? — L2

We consider a maximal function that is “smaller” than the classical maximal function, in order to allow cancella-
tions with the singular integral operator. Here the absolute value is outside the integral, instead of inside. The result
after taking smooth averages is a maximal function that is “smoother” than the classical maximal function.

Deﬁnition 2.9 (Smooth maximal function). Given a family of functions {p"}, C LSO(Rd), for every function u €
loc (R?) we define the {p"}-maximal function of u as

M{p”}(”)(x)_supsup / pe(x — yu(y)dy —Supsur)l(ps
v oe>0 v og>0

Rd

where as usual
1 X
v —_ v s
P = 0" (%)
In the case when u is a distribution, we take a smooth family {p"}, C C° (R9) and define in the distributional sense

My }(u)<x)—supsup| (u, pf (x — )|

v oe>0

The importance of this class of maximal functions is that it is possible to define the composition M, S with
a singular integral operator, which is impossible with the usual maximal function. The following theorem has been
proved in [14].

Theorem 2.10. Let K be a singular kernel of fundamental type and let S be the associated singular integral operator.
Let {p"}, C L®(RY) be a family of kernels such that

sptp” C B1  and  [|p" L1 rey < Q1 for every v.
Assume that for every ¢ > 0 and every v there holds
|| (de(s-))*p ”C;,(Rd) (o)) for every € > 0 and for every v.

Then we have the following estimates.

(1) There exists a constant Cy, depending on the dimension d only, such that
1My (Sl yg1 ety < Ca (@2 + Q1 (Co+ €1 + 1R oo )l 1 oy

for every u € L' N L>(RY). If {p"} C cx (RY), and u is a finite measure on R?, then the same estimate holds,
where Su is defined as a distribution SPu:

1My (i)l ety < Ca (@2 + Q1(Co+ €1+ 1R oo ) 1l g ey
(2) If Q3 =sup,, ||,0v||Loc(Rd) is finite, then there exists Cq, depending on the dimension d only, such that

Mpry (Sl p2ray < < Ca 031K lloollull 2 (RY)
for every u € L*(RY).
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3. Regular Lagrangian flows

As mentioned in the Introduction, we will deal with flows of non-smooth vector fields. The adequate notion of flow
in this context is that of the regular Lagrangian flow. Given a vector field b(s, x) : (0, T) x R¥N — RV, we assume
the following growth condition:

(R1) The vector field b(s, x) can be decomposed as

b(s, x)

:l; S, X +I; s, X),
T+ x| 108, %) + ba(s, x)

with
by € L'((0, T); L'"(R")Y) and by € L'((0, T); L°(RM)).

Given a vector field satisfying (R1), we codify in the following definition of regular Lagrangian flow the notion of

“almost everywhere flow which almost preserves the Lebesgue measure”. We denote by L?OC the space of measurable

functions endowed with the local convergence in measure, by 5 the space of bounded functions, and by log Li, the
space of the locally logarithmically integrable functions.

Definition 3.1 (Regular Lagrangian flow). If b is a vector field satisfying (R1), then for fixed 7 € [0, T'), a map

X € C([t, T1y; LY . (RM)) N B[z, T1s; log Lioc(RY))

loc

is a regular Lagrangian flow in the renormalized sense relative to b starting at ¢ if we have the following:
(1) The equation

35 (B(X (s, x)))= B'(X (s, x))b(s, X (5, x))

holds in D'((t, T) x RY), for every function g € C'(RV;R) that satisfies |8(z)| < C(1 + log(l + |z])) and
B'(2)] < 1 forall z € RV,

(2) X(t,x)=x for LN-ae. x eRV,
(3) There exists a constant L > 0 such that fRN o(X(s,x))dx <L fRN @(x)dx for all measurable ¢ : RN — [0, 00).

We will usually refer to the constant L in Definition 3.1(3) as the compressibility constant of the flow. We define
the sublevel of the flow as

G,={xe RV : |X (s, x)| <A for almost all s € [¢, T]}. 3.1

The following lemma gives an estimate for the decay of the superlevels of a regular Lagrangian flow.

Lemma 3.2. Let b : (0, T) x RN — RY be a vector field satisfying (R1) and let X : [t, T] x RY — RY be a regular
Lagrangian flow relative to b starting at time t, with compressibility constant L. Then for all r, A > 0

LN (B \ Gy) < g(r, 1),

where the function g depends only on L, | b 1 0,7): L1 ®NY) and ||52||L1((0’T);L00(RN)) and satisfies g(r, A) | 0 for r
fixed and A 1 oo.

Indeed the regular Lagrangian flow X has a logarithmic summability, and this clarifies the class of renormalization
functions B considered in Definition 3.1(1). See [14] for the proof.
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4. Regularity assumptions and the anisotropic functional

We wish to consider a regularity setting of the vector field b(¢, x) in which the (weak) regularity has a different
character with respect to different directions in space. We split RV as RY = R" x R" with variables x; € R™
and x; € R"2. We denote by D| = D,, the derivative with respect to the first ny variables x1, and by D = Dy, the
derivative with respect to the last n, variables x;. Accordingly, we denote b = (b1, by)(s, x1, x2). For X (s, x1, x2)
a regular Lagrangian flow associated to b we denote X = (X1, X2)(s, x1, x2).

We are going to assume that D1b; is “less regular” than Dby, D>b1, D2b;: the derivative Db, is a singular
integral of a measure, whereas the other derivatives are singular integrals of L' functions. This is made precise as
follows:

(R2) We assume that
_( Dibi D2by\ _ yislpy  y25%q
Db_<D1b2 Dzbz)_<y3S3m yiste ) (4.1)

where the sub-matrices have the representation

i,je{l,...;nn]}: ie{l,...,nlll}, jeln+1,...,n}:
(Dib1)s =Yy ji(s, x2)S}ipiy (s, x1) (Dab1)s = yji(s, x2) ST (5, x1)
ie{n1+l,k.zl.,n2}, jefl,...,n1}: ie{nl—i-l,k;l.,nz}, jef{ni+1,...,n2}:
(D1b2) =Y y7i (s, x2) Sjimy (s, x1) (Dab2) =D yji(s, x2) STiely (s, x1).

k=1 k=1

In the above assumptions we have that:

-8 11}{, sz.,’(, Sj.,’(, S;‘,‘( are sipgular integral operators associated to singular kernels of fundamental type in R"!,
thg functions p’,, g’ v/, belong to L0, T); LY (R™M)),

- mi € L'((0, T); M(R™)),

the functions yjlléi, yjzlj, y;,;i, y;.‘,;i belong to L°°((0, T'); L4 (R"2)) for some g > 1.

We have denoted by LY ((0, T); M(R™)) the space of all functions 7 — (¢, -) taking values in the space M (R"!)
of finite signed measures on R"! such that

T
/ (@, )l m@n) dt < oo.
0

Remark 4.1. The assumption on the functions y/.lléi, yl.zléi, y?,;i, y;‘,;i could be relaxed to L*°((0, T); quoc (R"2)). This
would require the use of a localized maximal function. ' '

We will additionally assume that

R3) beL? ([0,T] x RN) for some p > 1.

loc

As mentioned in the Introduction, the proof of our main result will exploit an anisotropic functional (already
provisionally introduced in (1.5)), which extends the functional (1.1) to the regularity setting under investigation. Let
A be the constant N x N matrix

A =Diag(51,...,61,5,...,5). 4.2)

A acts on vectors in RV by a dilation of a factor §; on the first n; coordinates, and of a factor §, on the last nj
coordinates: A(xy, x2) = (§1x1, 52x2).
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Given X (7, x1, x2) and X(t, X1, x2) regular Lagrangian flows associated to b and b respectively, we denote by G,
and G, the sublevels of X and X defined as in (3.1). The proof of our main theorem (see Theorem 6.1) is based on
the study of the following anisotropic functional:

®s, 5, (5) = / 1og(1+‘A*l[X(s,xl,xz)—Y(s,xl,xz)]‘)dx. 4.3)

B:NGNG;.
5. Estimates of anisotropic difference quotients

In this section we first recall the classical estimate for the difference quotients of a BV function, and then recover
an analogous “anisotropic” version of this result for vector fields in the regularity setting of (R2). This will be a key
tool in order to estimate the functional (4.3).

Lemma 5.1. If u € BV (R?), then there exists an L -negligible set N' C R? such that

() = u )| = Cal = yI((M D)) + (MDu)())

for every x,y € RY\ N, where Du is the distributional derivative of u, represented by a measure.

It turns out that an analogous result holds for functions whose derivatives are singular integrals of measures. The
following result has been proved in [14]. The smooth maximal function in Definition 2.9 plays an important role in
this estimate.

Proposition 5.2. Let f € Llloc(Rd) and assume that for every j =1, ...,d we have

m
0jf =) Rjigij
k=1

in the sense of distributions, where R ji are singular integral operators of fundamental type in R? and g jk € MR
for j=1,...,dand k=1,...,m, and Rj;g;i is defined in the sense of tempered distributions. Then there exists
a nonnegative function V.e M'(R?) and an L£-negligible set N'C R? such that for every x,y € R4\ N there
holds

@ = Ol =y(VE + V),

where V is given by

d m
Vi=V(R, @) =) Y Mpyes gesi-1y(Rjkgjp)
j=1k=1
and Y51 for £ € SV and j =1, ...,d, is a family of smooth functions explicitly constructed in the course of the

proof.

Remark 5.3. Theorem 2.10 implies that the operator g — V(R, g) is bounded L> — L? and M — M.
In the following three subsections we prove similar estimates in the anisotropic context.

5.1. Split regularity: the isotropic estimate
Given {y"(x1)}y C C@R™M), {p? (x2)}e C CE(R™) and u € S'(RN) we define

(v (G () o

We first of all prove an isotropic estimate in a regularity context related to (R2).

Myyr@peyu(x) = sup sup |(y” (x1)p° (x2))e % u(x)| = sup sup . (5.1

e>0 v,0 e>0 v,0
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Lemma 5.4. Let f : RY — R be a function such that for each j =1, ..., N we have
m
9 f = Z(Rjkgjk)(m))/jk(m), (5.2)
k=1

where R are singular integrals of fundamental type in R™", g € M(R™") and yjr € L1(R"™), for some q > 1.
Then there exists a nonnegative function V : RY — [0, 00) and an LN -negligible set N C RN such that for every
x,yeRVA\N

@ = f@I =k =y(VE + V).
The function V is given by

N m

Vi=VR, 7, 8) =YY Miyeigres VikRixgin), (5.3)
j=lk=1

for suitable smooth compactly supported functions Y7 and Y&J, which will be introduced in the proof.

Proof. We adapt the proof of Proposition 5.2 to the current regularity setting. The difficulty is that a smooth maximal
function in RY composed with the singular kernel on R does not enjoy suitable bounds, and so we use a tensor
product of smooth functions, as in (5.1).

Let w = (wi, wa) € RV, and let {e;}; be the standard basis for R¥. We denote {w}/ = (wy,1,...,1) - ¢; and
{w2}/ =(1,...,1, wy) - e;. Define the families of functions

T8 ) = (§ = wi) un)!
Y& (wy) = h? (— — wz) {wo}/,
where h' € C°(R") with [pn, h'dx; =1 and & € SN~!. Let h, = Nh ()h*(%), set r = |x — y|, and write

fx)—fy)= / (Z - —> (f(x) = f@)dz+ / hy (Z - —> (f (@) — f(y)dz.
RN RN

We assume that f, yjx and g are smooth and compute the following:

f h <z——) (f) — f@)dz

RN
N

1
_—Z//hr<z—x;y)8 fx+1t(z—x)(z-ej —x-ej)dtdz.

IIRNO

After the change of variable —f(z — x) = w we get

N 1
ZZ//hr(xzy_%>ajf(x_ N+1’dtdw

1
N
1 xX—y w)\w-ej
:rZ /I—Nh< > —7) 0, (x = w)didw
0

N m 1 .
I ((x1—y1 w wiJ
ZFZZ/[[J [n—lhr< ) —7>{;} Rjrgjr(x1 —wp)dwy
0
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I ,(x2—y2 w2\ [w2)/
X/tThr< 5 —7>{;} V;k(xz—wz)dwz]dt
AN 1 X1 — )1 wi wiJ
_ Lo — Y1 wi) (wr o
= [ (U5 ) g oo o
0

X |:—h2 (x2 —2 %) [%}j %k )/jk(w2)] (x2)dt.
wy

2 t tr

Denoting Y&/ (wy) = g,ille’/ (%) and Y5 (wo) = M%Tf’/ (%), this expression equals

N m 1
P33 [0 s Ryl () (TS syl e,
0

J=1k=1
and so
/ h, (z _ —) () — F(2)dz

X1=y o 27Y2

(Rl >|< Rjkgjud () [T s yjed (el

NE

N
slx—y|2

_
~
I

1

~.

supsup |[T57 * Rjkgjel (x1) (Y5 * vkl (vl di
e>0 &

-

<l|x—yl

o _ o\_

Ix—yl

M- T

Mvejgyeiy(VikRjxgji) (x) =[x — y [V (x).

~.
I
_
~
I
_

This proves the statement in the smooth case. By a similar approximation argument as in [14], we conclude this holds
for functions of the type in (5.2). O

5.2. Split regularity: the anisotropic estimate

We now modify Lemma 5.4 to obtain an estimate in which distances are measured “anisotropically” through the
matrix A defined in (4.2). In the next lemma we will use the following notation:

gij(x1) = gjx(81x1), Yij (x2) = i (62x2),

where with g (81x1) we denote the measure on R”! defined through

(gik@B1x), o(x)) =8, " (gij (Y1), 9(1/81)), @ € CO@R™).

Moreover, R?}C denotes the singular integral operator in R"! associated to the kernel K f}c where
8
K5 (x1) = 8] Kij(81x1). (5.4)

Lemma 5.5. Let f : RY — R be a function in LlOC(RN) such that for each j =1,..., N we have that d; f is as in

(5.2). Let A be the matrix defined in (4.2). Then there exists a nonnegative function U : RN — [0, 00), such that for
LN -ae. x, yE RN,

@) = fOI =A™ =3IV + U ),
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where (with the notation above)

N m
U)=UR.y,)(x) =Y Y [Myeigres,(Ri&kvicA;) (A x).
j=1k=1

Proof. Define the following rescaled vector field. For each z € R, define

f@) = f(42).
Now D f is related to Df by the following:

m
0jf(2)=0;f(AD)A}j =Y yix(5222) Rjxgjx($121)A ;.
k=1

We now apply Lemma 5.4. This gives the existence of a function V € MlloC (RV) to estimate the difference quotient
of f :
1f @) = fw)] < Iz = wl(V (@) + V(w), (5.5)
with V given by

N m

V@ =V(R.7.0) =Y > Mpresgres (72 RixginG120) A ;. (5.6)
j=1k=1

With a change of variable we can verify that

(Rjkgje)$121) = (RO &) (z1).
Thus we can rewrite (5.6) as

N m

V@) =D [IMyeigies; (RAE 7k AjNIR). (5.7)
j=1k=1

By letting U (x) = V(A x) the proof is concluded. O

Remark 5.6. In order to treat the case of a function with gradient given by the singular integral in RY of a measure,
that is

m
3jf =) Rixgjk- (5.8)

k=1
with R singular integrals of fundamental type in RY and g jk € M(RY), one should consider the function

N m

U)=UR, &) x) =YY [Mre R (gjk(ADANIA™ ),
j=lk=1

where le} is the singular integral operator corresponding to the kernel

K/ (x) =|det A| K;j(Ax)

and A is the diagonal matrix defined in (4.2). This would however give a more singular estimate in Lemma 5.7 below,
and would therefore be useless for the proof of Theorem 6.1.

On the other hand it is possible to treat the case R;; = in (5.8), since the Dirac delta “does not see the dilation”.
This would correspond to the case of a vector field b = (b1, by) such that b, is BV in x| and WhLlin x,, and by is
WLl in both x; and x5, the situation of [11]. This will be presented in [8].
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5.3. Split regularity: operator bounds
We finally establish suitable estimates on the norms of the operator defined in Lemma 5.5.

Lemma 5.7. Let U(R, v, g) be as in Lemma 5.5. Then for any 1 < p < 0o we have
HIUR, v, OImi e,

ny m N m
<Crpm |81 DD Myiellr@myllgiallm@ny +82 Y D lyielle@m)llgjxllmen) | -
j=lk=1 Jj=ni1+1 k=1

where Q, = Br1 X Br2 c R™" x R"2, and

ny m N m
WUR, v, DllLo@yy < Cp| 81 YD lyirllr@ayllginllr@my +82 > Y lvjkllrge)lgjille@n)
j=1k=1 J=ni+1lk=1

The constants Cy, p n and Cp, also depends on the singular integral operators R ji in (5.2) and on the space dimension.
The first constant Cy. , , also depend on the integer m in (5.2).

Proof. Let us start with the estimate in M'. We define lv?rl = Brl /510 érz = Br2/82 and €2, = E’,] X I}rz. Consider first the
measure of the superlevels of U (x): changing variable via the linear transformation z = A~!'x we obtain

LN{x e QU@ > AN =LY({x e @ [VAT 0| > A =818 LY (e Q1 V()] > A)),

where V is as before given by

ny m N m
V@ =81 Y Y [MpyeigresRAGiiol@ +82 Y Y [Myeigres,(RLExj0]() (5.9)
j=1k=1 J=ni+lk=1

(compare with (5.7) and split the sum for | < j <njandn;+1<j <nj+ny).
Remembering that ||| f (x1, x2)[||p1 < H”|f(x1,x2)|||M1 HU we estimate for fixed j =1,..., N as follows:
Xlxz Xl
2

m

81 v v
E [Myejgveiy (R & k7)1 (@)
k=1

niy onp
51 82

M)

m
= Cud]'82 Y ||| Mpres Rokgio ||
k=1

MU (B)) H M{?E‘j})/jk) L1(B?)

‘M{fs,j}?jk ’

m
< Cul€2 BI85 Y &kl pagan Lp(B2)
k=1 '

m
=<Crpm 82_’12+n2/p 57|8;2 Z “ng ”M(R"l) ||7>jk HLp(an)
k=1

m
=Crpm Z ”gjk HM(R"I) ” Vik ” LP(R"2) "
k=1

In the above chain of inequalities we have used the fact that the norm of Rj}( as singular integral operator coincides
with the norm of R as singular integral operator.

Recalling (5.9) we immediately obtain the first inequality claimed in the lemma. The second one follows with a
simile argument, using the continuity if the operator

v 81 v
gjk > R &jk
from L? (R"!) into itself. O
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6. The fundamental estimate for flows: main theorem and corollaries
Our main theorem is the following:

Theorem 6.1. Let b and b be two vector fields satisfying assumption (R1), and assume that b also satisfies assumptions
(R2) and (R3). Fix t € [0, T) and let X and X be regular Lagrangian flows starting at time t associated to b and b
respectively, with compressibility constants L and L. Then the following holds. For every y > 0 and r > 0 and for
every n > 0 there exist A > 0 and Cy, ;,, > 0 such that

L (B N {IX(s,) = X(5, ) > ¥}) < Cyrgllb = bl 11 0.7yxB,) + 1

forall s € [t, T). The constants A and C, ;. also depend on:

e The equi-integrability in L' ((0, T); L' (R™)) of p, q, v, as well as the norm in L'((0, T); M(R"")) of m (where
9, q, v and m are associated to b as in (R2)),

o The norms of the singular integral operators S.}'i , as well as the norms in L*°((0, T); L1(R"2)) ofyj'.’}( (associated
to b as in (R2))),

e The normin LP((0,T) x By) of b,

e The L'((0,T); L"(RN)) + L1 ((0, T); L®(RY)) norms of the decompositions of b and b as in (R1),

e The compressibility constants L and L.

From this fundamental estimate, the various corollaries regarding the well posedness of the regular Lagrangian flow
and of Lagrangian solutions to the continuity and transport equations follow with the same proofs as in Sections 6
and 7 in [14]. In particular, we obtain:

e Uniqueness of the regular Lagrangian flow associated to a vector field satisfying (R1), (R2) and (R3),

e Stability (with an explicit rate) for a sequence X,, of regular Lagrangian flows associated to vector fields b,, that
converge in Llloc([O, T] x RY) to a vector field satisfying (R1), (R2) and (R3), under the assumption that the
decompositions of b, in (R1) and the compressibility constants of X, satisfy uniform bounds,

e Compactness for a sequence X, of regular Lagrangian flows associated to vector fields b, satisfying (R1), (R2)
and (R3) with suitable uniform bounds,

e Existence of a regular Lagrangian flow associated to a vector field satisfying (R1), (R2) and (R3) and such that
[divb]™ € L'((0, T); L¥(RY)),

e If a vector field b satisfies (R1), (R2) and (R3) and divb € L1((0, T); L2 (RY)), then there exists a unique
forward and backward regular Lagrangian flow associated to b, which satisfies the usual group property, and the
Jacobian of the flow is well defined,

e Lagrangian solutions to the continuity and transport equations with a vector field b satisfying (R1), (R2) and (R3)
and divbh € L1 ((0, T); L®(R")) are well defined and stable.

7. Proof of the fundamental estimate (Theorem 6.1)

The proof of Theorem 6.1 makes use of the integral functional

D5, 5,(8) = / log <1+‘A71[X(s,xl,xz)—)_((s,xl,xz)]D dx
B:NGNG,,

already defined in (4.3). In the following proof we assume §; < §;.

In order to improve the readability of the following (many) estimates, we will use the notation “<” to de-
note an estimate up to a constant only depending on absolute constants and on the bounds assumed in Theo-
rem 6.1, and the notation “<,” to mean that the constant could also depend on the truncation parameter . We
will however write explicitly the norm of the measure m, in order to make the reader aware of its role in the esti-
mates.
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Step 1: Differentiating ®s, 5,. We start by differentiating the integral functional with respect to time:

|A=[b(s, X (s, x1, x2)) — b(s, Y(s,xl,xz)mdx

P s) < / —
1.0, (8) = 7 1+ A X (s, x1, x2) — X (s, x1, x2)]|
B,NG, NG,

For simplicity, we drop the notation X (s, x1, x72), setting X (s, x1, x2) = X and X (s, x1,x2) = X. We estimate

|A=1[b(s, X) — b(s, X)]|
— dx.
1+]A-[X — X1

Df, 5,(5) < / A= [b(s, X) — b(s, X)]|dx + /
B,»ﬁG}LﬁE;L BrﬂG}LQEK

After a change in variable along the flow X in the first integral, and noting that 8; < 85, we further obtain

L _
q’él,gz(s) = g”b(& ) =b(s,)lpis,

+ f min{|A—1[b(s X) — b(s, X)| 'A_l[b(s’x)_b(s’)_()”}dx (7.1)
’ AT =X ‘ '
B,NG;NG;,
Step 2: Decomposing the minimum. We consider the second element of the minimum. We have
- bi(s, X) —bi(s, X) ba(s, X) —ba(s, X
Al[b(s,X)—b(s,X)]=< 1(s, X) = bi(s )’ 2(s, X) — ba(s ))’
81 8

and therefore

A b5, X) = b(s. X1 _ 1 [bi(s. X) —bi(s, X)| | 1 [ba(s, X) — ba(s, X)) 7.2

|A-1[X — X]| ~& o JATUX - X 8  JA-IX = X]|
Step 3: Definition of the functions Uy, Uq, Uy and U.. We aim at estimating the difference quotients in (7.2). We
apply Lemma 5.5 and (with a slight extension of the notation) we obtain that

|b1(s, x) — b1 (s, x)|
|A=1[x — X

<US 2y 2 e, @) UGS SE y Ly, ) (F) = Up q(x) + Up q(F)

and
[b2(s, x) — ba(s, )|
|A=1[x — X]|

<US?, S y3 yt m @)+ UG, S Y3 vt m 0 (F) = U o (6) 4 U o (8)

forae. xandx e RV ands €[z, T].
It is immediate from the definition of the operator I/ that it is subadditive in its entries. Therefore we can further
estimate

Up ) =US", 2y 2 p, @) (x) <USY, yl p) () + UGS 2, ) (x) =: Up(x) + Uq(x)
and

U, e () =US?, 8%, y3 yt m o) () <USP, y3, m) ) + UGS, vy, o)) =: Un(x) + U (x)
for a.e. x € RY, implying that

b1 (s, x) — bi(s, X)|
|A=[x — 1]

<Up(x) +Uq(x) +Up(X) + Uq(x) (7.3)

and
[b2(s, x) — ba(s, X)|
|A=1[x — x|

S Unm(x) + Ue(x) + Un(X) + U () (7.4)

forae . xandx e RY ands € [¢, T].
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Step 4. Splitting of the quotient. Let Q = (1, 7) x B, NG, NG, C R¥NT!. We return to the estimate in (7.1) of Step 1.
For any t € [t, T] we integrate this expression over s € (¢, t), and recall (7.2) to get

L —
D5,.5,(7) S a”b(& ) —b(s, ')||L1((t,f)xBA)

+/min{|A1[b(s, X) — b(s, X)]1l,

1 |b1(s, X) — b1 (s, X)| +l|b2(s’X)_b2(s’X)|}dxds
Q

S JA-IX — X 8 |A-IX — X]|

L — ~
= 51166, ) =BGt ey + B (D) (7.5)
We analyze the term 531,52 (). Using the estimates in (7.3) and (7.4) in Step 3, we can write

1 |bi(s, X) = bi(s, X)|
81 |ATIX - X]|

@55, (1) < / min{ml[b(s, X) — b(s, X)1I,
Q

}dxds

1 |ba(s, X) = ba(s. X))
& JATIX —X]|

+/min{|A—1[b(s,X) — b(s, X1, }dxds
Q

< /min{m—l[b(s, X) = b(s, X)1l, % (Up + Ug)(s, X) + (Up + Uq) (s, )_())}dxds

+/min { A= [b(s, X) — b(s, X)]|, é ((Um + Ue) (s, X) + (U + Up)) (s, X)) } dxds. (1.6
Q

Step 5. Decomposition of the functions Uy, Ugq and U.. We further decompose the functions Uy, Uq and U, exploiting
the equi-integrability of p, q and t.

We apply the equi-integrability Lemma 2.4 in L' 4+ L9, with the same 1 < g < 0o as in the assumption on the
functions y in (R2). Given ¢ > 0, we find C; > 0, a Borel set A, C (0, T') x R™ with finite measure and decomposi-
tions

Pl =" + @)  =p' +97
Q=@ + @) =19"+d°

and
t;k = (t;k)l + (t?,()2 =t +t2,
so that
Ip'l <e gl <e iK' <
LY((0,T)xR"1) =&, q L1, TyxrHy =& CllLio,7yxRr) =&
921l e 0.7y xR 1) < Cev 1021 La(0.7) xR ) < Ces 12l La(0.7) xR 1) < Ce,
and

spt(p’) C e, spt(@®) C Ae,  spt(r?) C Ae.

We then decompose the functions Uy, Uq and U, from Step 3 as
Up=US" v p) <Ush, v ph + U v ph) = Uy + Uy,
Ug=US*y? ) UGS y?.a) + UGS y? ¢7) = Ug + U]

and

Ue =US* y* 0 <US, v Y +uUst vy &) = ul + U2
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Applying Lemma 5.7 to Ug and Ug we get

U a1 0.7y B3y S 8111y Moo,y @p 19 11 0,1y <y S B,
”U;?”L‘i((O,T)xBU N 51||7/1||L°O((0,T);L‘7(R”2))||p2||L‘i((O,T)xR”1) S 61Cs. (7.7)

We have a similar estimate for Uq and U.:

1 1
|||Uq|||M1((0,T)><B)L) S dae, Uy |||M1((O,T)><B-A) i doe,
1UZ 1o 0.7)x By < 82 Ce IUZ e (0.1)x By S 82C. (7.8)

Note that we cannot apply such a decomposition to Uy, since it is defined as the operator U/ acting on a measure
rather than integrable function. We only have the bound

|||Um|||M1((0,T)xBA) SA Sillmll (0, T); M(R"1))+ (7.9)

We further split the minima according to this decomposition:

D5,5,(7) S / min{ml[b(s, X) = b(s, X)1, Siwmm, X) + Un s, )‘f))} dxds
2
+/min A~ b(s, X) — b(s, X)1I, (Si(Ug(s,X)+Ut1(s,)_())}dxds
2
+/min A~ [b(s, X) — b(s, X)]I, SL(UZ(S,X)+U3(S,)_())}dxds
2

+/min |A™ b (s, X) — b(s, X)1], %((Ué +UDG. X) + (U} +U;)(s,)?))}dxds

+ / min {|A™'[b(s, X) — b(s, X1, %((Uﬁ +UD(s. X) + (UF + U, )?))}dxds

=/<01(s,X, )_()Jrf(pz(s,X, )_()Jr/(pz(s,X, Y)Jr/cm(s,X, J_()+fw5(s,X, X). (7.10)

Q Q Q Q Q

Step 6. Estimating the functions ¢;. Let Q' = (t,7) x B, C RN+ We estimate the first element of each minima in
L?: changing variables along the flows we obtain

Up /P

1
5 Iblliry S +- (7.11)
1

le;(s, X, X)llLr@) < 5

forevery j=1,...,5.
We now consider the second elements of the minima. Let us start with ¢;. Changing variable along the flows and
using (7.9) we obtain

_ 1 — 1 81
e s, X. Ol o) < & U (s, X) + U (s, )| | 1) S 551Ul Sa gl o, ).
(7.12)

Consider ¢,. Using (7.8) we obtain
Y 1 1 1 Y < 1 1 <
H2(s, X, XMl p1 ) = SIIIUt (5, X))+ U, (s, Xl S gmUtl”M](Q/) She. (7.13)

For @3 and @5 we neglect the first element of the minimum, since we have directly an estimate on the L'(2) norm.
Using (7.8) we obtain
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(7.14)

lps(s, X, Xl 11 e <—||U (5. X)+ U(s. Dl piy S ||U L1y S Ce-

Similarly, using (7.7) and (7.8), we estimate ¢5 as follows:

_ 1 — &

llos (s, X X)”Ll(Q) < _||(U§ + Ug)(s, X) + (Ug + Us)(s, X)||L1(Q) hS g“(Ug + U2)||L1 ) Sa gce.
(7.15)

Finally, using (7.7) and (7.8), we estimate ¢4:
pals, X, Xl y1 (@) < |||<U FUDEX) + Uy + U a1 S

6 8 8

M< 2. (7.16)

III(U + Uy o)

<
A 5 81
Step 7. Interpolation. We now apply the Interpolation Lemma 2.2 to estimate the L' (€2) norms of ¢1, ¢» and ¢4

Using (7.11) and (7.12) we obtain

S1 &2
o1 (s, X, Xl 1) Sa —||m|| +log : (7.17)
@ 82(|m|

Proceeding similarly and using (7.11), (7.13) and (7.16) we obtain
(7.18)

1
llp2(s, X, X)ll 10 ~N[1+1"g<8ls)]

and
(7.19)

— & 1
’ X» X < ~ 10 .
llga(s M) Si 3¢ |: + g( 28)}
Finally, we sum all the terms in (7.10). Using (7.17), (7.18), (7.14), (7.19) and (7.15), and setting — = «, we get
2

o[

(7.20)

1 —
51.n(0) 50 51165 ) =T )||L1(BAX(,,T))+a||m||[ + og(sla”m”

£ 1 1
+ = |:1 + log (—)] + —Cs.
o Se o

Step 8. The final estimate. By definition of ®;, s,, given y > 0 we estimate

(D(S],Sz (T) > / log < 52) dx

B-N{|X (1,x)—X (7,%)|>y}ING ;NG
— log (1 4 81) cN (Br N{X (2, x) = X(z,x)| > ¥} N G5 N (_;A). (7.21)
2

This implies that
(7.22)

_Pop(@) + LY (B \Gy) + LY (B \ G).

X(t,x)| >y} <
10g<1 + g—2>

LN(B, N{|X (z,x) —

Combining (7.20) and (7.22) we obtain
o {f;;(:’_xﬁ)”_ )_((T:|C|21|1||>[Jl/}—i)— log ( )] [1 + log ( )] £ [1 + log (L)]
<c, { 3 L Siafm] n ), e S2e
log(l+£> log(l—f-g) log(l—i-(s ) log(l+£>
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o, o

log(l + g’—z) log(l + %)}
=D+2)+3)+4)+5)+6)+7)+8). (7.23)

Fix n > 0. By Lemma 3.2, we can choose A > 0 large enough so that 7) 4+ 8) < 25/7. Choose « small enough so
that 2) < /7. Then choose & < > small enough so that 3) 4+ 4) < 21/7, since these terms are uniformly bounded as
81,82 — O and for all € > 0.

Now A and ¢ (and therefore C;) are fixed. Also « is fixed, but §; and §, are free to be chosen so long as the ratio
equals «. Hence, we now choose 8, small enough, in particular depending on Cy, so that 5) 4+ 6) < 2n/7. This fixes
all parameters.

Setting

4 + V(B N\ G+ LN (B N\ Gy)

Cyp=——
VT s log(1 + g’—z)

we have proved our statement.
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