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Abstract

In this paper we analyze the dispersion for one dimensional wave and Schrodinger equations with BV coefficients. In the case of
the wave equation we give a complete answer in terms of the variation of the logarithm of the coefficient showing that dispersion
occurs if this variation is small enough but it may fail when the variation goes beyond a sharp threshold. For the Schrodinger
equation we prove that the dispersion holds under the same smallness assumption on the variation of the coefficient. But, whether
dispersion may fail for larger coefficients is unknown for the Schrodinger equation.
© 2015 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

In this paper we consider the following two equations with variable coefficients: The one-dimensional wave equa-
tion

Vi (t, x) — e (@(x)dxv)(t,x) =0, (1, x) e R?, an
v(0, x) = vo(x), v:(0,x) =0, x €R,

and the Schrodinger equation
iug(t,x) + 3y (a(x)dyu)(t, x) =0, (t,x) e R?, 12
u(0, x) = uo(x), x eR.
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Along the paper we will consider nonnegative functions a with bounded variation and satisfying the following
lower and upper bounds

O<m<alx)<M, xeR. (1.3)

The main positive results of this paper are as follows.

Theorem 1.1. For any a € BV(R) satisfying (1.3) and Var(log(a)) < 2m there exists a positive constant C(Var(a),
m, M) such that the solution v of (1.1) satisfies

Sup/ lv(z, x)|dt < C(Var(a), m, M)”UO”LI(R)' (1.4)
xeR
R

Theorem 1.2. For any a € BV (R) satisfying (1.3) and Var(log(a)) < 2m there exists a positive constant C(Var(a),
m, M) such that the solution u of (1.2) satisfies

C(Var(a), m, M)
lu@)llLo® < TIIMOIILI(M (1.5)

In the case of the wave equation a counterexample can also be established when the total variation of the logarithm
of the coefficient is large, showing that our dispersion result above is sharp.

Theorem 1.3. Let be 0 <m < M and o > 2m. For any positive number N large enough there exists a piecewise
constant function, m < a < M, with Var(log(a)) = « such that for some vy € LY (R) the solution v of problem (1.1)
satisfies

SUP/ lv(t, x)|dt > Nllvoll 1(w)- (1.6)
xGRR

Such a counterexample is not available for the Schrodinger equation. Thus, whether the dispersion result in Theo-
rem 1.2 is sharp is an open problem.

Our results are given in terms of the total variation of function log(a). However under the boundedness assumption
above (1.3), Var(a) and Var(loga) are comparable.

The main ideas of the proofs of the above results come from the analysis of wave propagation in multi-layer
structures [5, Ch. 3] and [1]. The proof follows mainly the ideas in [1] but with finer resolvent estimates.

We recall that, once the dispersion is established for the solutions of the linear Schrédinger equation, more general
space—time estimates can be obtained, namely, the so-called Strichartz estimates

lullLe @, L@y < Clg, D@l 2w

for some admissible pairs (g, r). Strichartz estimates for BV coefficients in 1-d without smallness conditions have
been established in [2] without making use of the dispersion property. This paper is devoted to investigate under
which assumptions the dispersion property still holds.

Estimates similar to these in Theorem 1.1 but integrating on the space variable x instead of time, have been obtained
in [4] under a smallness assumption on the BV-norm of log(a). The methods developed in this paper could very likely
be useful to further analyze the problems addressed in [4]. But this is still to be done.

The paper is organized as follows. In Section 2 we present some preliminary results from [ 1] and state two technical
lemmas that allow us to improve the results in [1]. In Section 3 we prove the main results stated in the introduction.
We point out that the proof of Theorem 1.2 uses previous results from the proof of Theorem 1.1. Section 4 contains
the proofs of the two technical lemmas. We will obtain estimates on some almost periodic functions by using some
tools from analytical number theory.
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2. Resolvent estimates on a laminar media

In this section we collect some previous results from [1], keeping the same notations. Let us consider a partition of
the real axis

—00=X) <X] <X2 <+ <Xp_] <X =00 2.7
and a step function
ax)=b;%, xel=(u_1, %), k=1,...,n, (2.8)

where 1/M? < b, < 1/m?.
Let us now consider the self-adjoint operator A = —d,a(x)d, defined from {h € H'(R), ad.h € L2(R)} to L2(R).
For w > 0 let us consider R,, its resolvent:

Ryg = (—da(x)dy +’)~'g.

It follows that for x € Iy = (x;_1,x¢), k=1, ..., n, we have
R _ wbyx —wbyx g(y) —wby|x—y|
w8 (X) = cop—1(w)e® + cop(w)e + br 5 ¢ dy, (2.9)
Ik

where ¢y = c2,—1 = 0 and the other coefficients are determined by solving the system obtained from the continuity of
R,g and a(x)dx R, g at the points xi, k=1, ...,n — 1. It follows that

Dy(0)C =T
where C = [c, ¢3,¢4, ..., Con—3, Con—2, Czn]T, T=(t,..., tn—])T, tx = (te1, th)T,
_bk/ @E’_wbk(xk_y)dy +bk+l / g(Y) e_wbk"'l(y_xk)dy
20 2w
Y I
Iy = k k+1 ’k=1’. ’n_l’
bkbk+1 </ Me*wl)k(xkfy)dy + / @e*wluq,](y*)q()dy)
2w 2w
I Tk
and
ag B 0 0 0 0 0 0
0 A B, 0 O 0 0 0
0 0 A3 B3 O 0 0 0
D,=1 - - — - — — — —
0 0 0 0 An—3 Bn—3 0 0
0 0 0 0 0 An—2 Bn—2 0
0 0 0 0 0 0 An—1 by
with
ewblxl _e_wbnxnfl
a; = <b2€wb1xl ) ’ bn—] = (bn_le_wb"x”l ) s
ewbkxk e—whkxk _ewbk+| Xk _e—(Hhk+1xk
A= (bk+1ewbk)€k _bk+le—wbk)€k ) , B = ( _bkewbkﬂxk bke_wbkﬂxk ) .

For technical reasons we introduce the matrix Dn which has the same structure as D,, but replacing vector b,,_; with

~ _eCUbnxn—l
bn—l = _bn_leCUbnxn—l '
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We point out that the vectors b, 1, f)n,l appearing in D,, and Dn are given by the second and respectively first column

of B,_1.
Let us introduce now the reflection coefficients
br_1—b
de1=—""X k=2....n (2.10)
br—1 + bk

and the functions Qy, k=1, ..., n, defined as follows: Q(w) =0 and

o~ 20bk (Xk =Xk 1) Idk_dl + QQk_l((a))) , =2,....,n—1,
—dp—1Qk—1(w
Or(w) = d 2.11)
p2obixy k=1 + Qk—l(a))’ b—n
1 —di—1Q0k-1(w)
It follows that for2 <k <n
e—Zwkak je%kiw;, =2, n—1,
et Di(w
Oi(w) = .
det Dy (w)
PR k n,
det Dy (w)
andforany 2 <k <n
k—1
det Dy (w) = ]_[(bj +bj1)e? il 0% (1 — d; Q j (w)). (2.12)

j=1
It has been proved in [1] that there exists a § > 0 such that for any @ € C with R(w) > —8 we have |Qr(w)| < 1, k =
2,...,n. It implies that (det D, (w))~! is uniformly bounded in the same region of the complex plane and moreover
wR,ug can be analytically continued. In the case when the coefficient a is as in (2.8) the spectral calculus gives us
the following representation of the solutions of equations (1.1) and (1.2).

Lemma 2.1. The solution of the wave equation (1.1) verifies

o0
S f &' (Riov0) (x)dw. (2.13)

—00

Lemma 2.2. The solution of the Schrodinger equation (1.2) verifies

[e¢]

u(t,x):% / ¢~ 4y (Rigito) (x)do. (2.14)

—00
For completeness we prove these lemmas.

Proof of Lemma 2.1. Set v (t) = v(#)1{;~0;. It follows that v; satisfies

drv1 — Ox(a(x)dxv1) = ;8o f.

Since v (t) is supported on (0, co) it follows that the Fourier transform in time variable of v; is holomorphic in the
domain {Jz < 0} and verifies the equation

(=22 = 9 (a(x)d)d1(z, ) =izf (), N(z) <O0.
Taking z =w — ie, w € R, ¢ > 0 small enough we obtain that

U1(w —ie) =i(w —i&)Riw—ie) [-
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Using the inverse Fourier transform we get

_ 1 itw: _ 3 . X
Vi) =z | e"?i(w—i&)Riw—ie) fdw.
2
R

Since wR,, can be analytically continued on {!iz > —3&} we obtain the desired result.
A similar argument shows that

1 it .
v 1<) = —Efe”wt(a) +i&)Ri(wtie) fdw.
R

The proof is now complete. O

Proof of Lemma 2.2. Using the identity

1 1 1
h(k)—hm—/ (s )( p—— —)L_(S+i8))ds

R

1 1 1 .
= 2ni ()( —(s—iO)_,\—(s+i0)> 5
R

classical spectral calculus gives us that

. 1 ,
W(t,x) = e 4 = _,/e—’” ((A (5 —i0) = (A= (s + iO))_1>uods.
21
R
Since ¢ (A) = (0, 0o) we have that (A +z)~ ! is analytic on C \ (—o0, 0) and that
(A+ (=12 +i0) "' = Rijrjp0.  (A+ (=12 =i0)"" = R_jjz 10.
Then

2mi

u(t, x) = i,/e*"“ ((A —(5—i0) T — (A= (s + iO))*‘)uods
0

§|~

/e ire? ((A (2 —i0) " — (A — (22 +i0))" 1)u0dr
0

o
1 —itt?
=— e T\ Riz+ouo — R—jryouo )dt
0
o0

1 2
= — e e TRir+0MOdT.
Tl
—0o0

Using now that wR,, can be analytically continued on {)iz > —3} we obtain the desired result. O

In the following we denote by f and fV the Fourier and the inverse Fourier transform of the function f:
F —i 1 .
1e= / e dn, [0 =0 f F@)ede.
R R

The proof of the main results of this paper requires the theory of almost periodic functions. A function f: R — C
is said to be almost-periodic if it can be represented as
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f@)=) cpe,
n
and the following norm satisfies

1fllap =Y leal < oo.

n

It is easy to see that the space of almost periodic functions is an algebra. For more details on the properties of these
functions we refer to [3].

As observed in [1], the function det D, (iw) is an almost periodic function. The same property is satisfied by
1/det D, (iw) even if this property is not trivial (see [1, Section 2.2]).

Here, in addition to the results in [ 1], we will compute exactly the coefficients ¢, in terms of vector T and sequence
{Qk}Z: | by solving the system D, (w)C =T (see Section 3 below). The argument in [1] only uses the fact that, since
C is a solution of the above system, then its components are finite sums of the terms in the vector T. Also, instead of
using the results in [ 1, Section 2.2] we control in a finer way the sequence {Q};_, introduced in (2.11) and prove the
following two key lemmas.

Lemma 2.3. Let us consider two sequences of real numbers (cy)n>1 and (dp)n>1 with |d,| <d < 1 satisfying
Zarctanhld,,| < % (2.15)
n>1

We also consider the following sequence of functions Q1(iw) =0 and

. —di_ 1
Orlio) = eler1o —dk=1 + Qi1@) oy (2.16)

1 —dk—1Qk-1(iw)
Then for any n > 2 the following holds

10, llap < tan ( 3" arctanh |dk|>. 2.17)

k>1
Moreover, Lemma 2.3 is the best result possible in the following sense:

Lemma 24.Leta >0and 0 <d < 1. For any ¢ > 0 and any N > 0O there exist a positive integer n and a sequence
O<dr<d, k=1,...,n—1, with

n—1
Z arctanhd; =
k=1

such that for any sequence {ck}Z;l1 of numbers linearly independent over the rationals and any sequence {dk}z;% with
|di| = dy the sequence {Qr}y_, defined in (2.16) satisfies

| Qnllap > tane — &  ifa <7/2 and (2.18)
1Qnllap =N ifa=n/2. (2.19)

Remark 2.1. Let us remark that the reflection coefficients dj in (2.10) can be rewritten as

log(bx—1) — 10g(bk)>
5 .

Since | tanh x| = tanh |x| we have

log(bg—1) — log(by) ‘
5 .

dy = tanh ( (2.20)

\di| = tanh ‘
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Asa consequence:

_ —|log(b_1) — log(by) | _ Var(log(a))
Zarctanh |di| = Z ‘ 5 = ) . 2.21)
k>1 k>1
Also, since a satisfies (1.3) we also have
V. V.
a;;a) < Var(loga) < 2@ (2.22)

With Lemmas 2.3 and 2.4 we can prove Theorems 1.1 and 1.3. Theorem 1.2 will be a consequence of Theorem 1.1.
Let us now comment on how these lemmas apply to obtain the main results in this paper. The key point in the proof
of Theorem 1.1 is, as we will see in Section 3, that for a step function a as in (2.7) and (2.8) the following holds

sup/|v(t x)|dt

xer 1(Qn ((@)t0) V)l .1
L'(R
sup = Qullar. (2.23)
weLl (®) ||”0||L1(R> T el ®) lvoll 21 )

Thus the results given by Lemmas 2.3 and 2.4 on the AP-norm of Q,, provide results for the behavior of the solutions
of the wave equation (1.1).
In the case of the Schrodinger equation (1.2), using the same arguments as in the case of the wave equation, we
have that
MOlw o I 00T e (22
werl® ol woeL (B) luoll 1 e

Applying Young’s inequality it is immediate that for all # > 0O the following holds

172 ( pitw? L NSV SV WV

171" On(iw)itg) Y || Loo® 1(Qn(i@)V0)" Il L1 (=

sup - ®< w ® <1 Qullap-
upeL (R) luoll 21 ) voeLl (R) llvoll L1 (w)

However, we cannot say that the right hand side in (2.24) is comparable with || Q,|lap. This is why we have only a
positive result when the BV-norm of the coefficient a is small. The optimality of the result in Theorem 1.2 is still an
open problem.

3. Proof of the main results

The aim of this section is to prove the main results of this paper. We first concentrate on the case of the wave
equation (1.1). We will prove that the solution of equation (1.1) satisfies

sup/ [0, 1)ldt = € (Var(@), m, M) ol 1 . (3.1
XGRR

An argument similar to the one in [2, Prop. 1.3] shows that it is sufficient to prove results for piecewise constant
functions a taking a finite number of values. Let us consider a laminar medium as in Section 2. The key point in our
proof is that the above estimate is equivalent with the fact that Q,(iw) is an L' (R)-Fourier multiplier and the norm
of 0, as an L' (R)-multiplier can be estimated in terms of the variation of log(a).

Proof of Theorem 1.1. Using the spectral formula (2.13) and the representation of the resolvent R;,, obtained in the
previous section, for any x € I and r > 0, the solution v of equation (1.1) can be written as

v(t,x) = / (la)CZk Li )@t 4 iperr (iw)e! @ b"x) / it / vo(y)e™ iwby|x— yldyda)
R
= (iwcpp—1(w)Y (t + bx) + ((wep (iw)Y (t — brx) + 0(t, x)
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by

= i feitw/(Uol{xk,l<y<x)})(Y)e_iwbk(x_y)dydw

R I
by

+4TL’

/eilw/(UOI{x<y<xk)})(y)eiiwbk(yiwdydw
R Iy

1 . 1 .
_ E / ezw(t/bk—x) (vol{xk,1<y<x)})v(w)dw + E / elw(t/bk+x>(vol{x<y<xk)})/\(w)da)
R R

1 t 1 t
- E(vol{x"*1<y<x)})(x B b—k) * E(vol{x<y<xk)})(x + b_k)

It is easy to see that

/ [v(t, x)|dt < bk”UO”Ll(R) =< m_2||00||Ll(]R)- (3.2)
R

Since for t <0, v(¢t, x) = v(—t, x) we have

/|v(t,x)|dt:2/|v(t,x)|dt.
R 0

Hence, in order to prove estimate (3.1), it remains to show that for any j =1,...,n and for any x € I; the following
holds:
/ l(iweaj—1(w)” (t +bjx) + (iweyj(iw)Y (t —bjx)|dt < C(Var(a), m, M) lvoll L1 (w)- (3.3)
R
In fact we will prove a stronger estimate: for any 1 < j <n — 1 the following holds:
[ (weaj1G0)* 001 + e i 1) dx = € (Varta@).m, ) ool e (34)
R

We also remark that since ¢ = ¢2,—1 = 0, when j € {1, n — 1}, the two estimates (3.3) and (3.4) are the same. Estimate
(3.4) is the key not only in the proof of Theorem 1.1 but also in the one of Theorem 1.2. Moreover, we point out that it

is sufficient to consider vy to be supported in one of the intervals I, k =1, ..., n since by linearity the result extends
to any function vg € L' (R).
Since there is a strong connection between the ¢’s and #’s we observe that fork=1,...,n — 1,
by _; — b . —

i1 () = == TP oL (~bgw) + e gL (i) (3.5)
and

. . biby+1 —iwbx 1 —iwbpp1 Xk 1

it (i) = T(e W0l (—bge) + e P01 () ). (3.6)
An immediate consequence is that

. . |bi| + |br11

/I(lwtk,1(lw))v(x)|dx S lvol < c(m) | [vol (3.7

R R R
and

/I(iwtk,z(iw))v(X)ldXE |bk||bk+l|/|vo| SC(m)/Ivol. (3.8)
R R R
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The main steps in the proof of (3.4) are the following:

e Prove (3.4) for j =n and supp vy C I,.
e Prove (3.4) for j =n and suppvg C 1.
By symmetry the same holds for j € {1,n} and suppvy C I U I,.
e Prove (3.4) for j =n and suppvg C Ix,2 <k <n — 1.
e Prove (3.4)for je{k,...,n— 1} and suppvy C Iy with2 <k <n — 1.
By symmetry the same holds for x € /; and suppvg C Ix,2<k<n-—1withl <j<k—1.

Case 1. Computing c2, when suppvg C I,. In this case all #, k =1,...,n — 2, vanish. Moreover #,_12 =
by_1t,—1,1. It follows that

ay, By O 0 0 0 0 0
0 Ay By O 0 0 0 0
0 0 A3 By 0 0 0 0
emlio) = detDy(io) ™| = - - — = — - -
0O O 0 0 A,3 B,_3 0 0
0O O 0 0 0 A,_» B, 0
0 O 0 0 0 0 An1 th—t

Developing over the last two lines the above determinant we obtain

(i) eiobioisiet gy detDy i) | emiobime | det Dy (i)
con(iw) = — : |t . ) e LR
o bye!@Pn=1n-1 1, 15| det D, (iw) —bpe 11 o det Dy (i)
— _eiwbnflxnfl 1 1 to ldetDn—l(iw)
by by » det Dy, (iw)
+e—iwbn,1xn,1 1 1 fho 1 1d€t D, _1(iw))
—by  bp-1 © detDy(iw)
» det D,_; (iw)) b det D,_; (iw))
= (b 1 +by)e iwby_1xp—y - 71T + (b, —by,_1)e'? n,lx,,,li)
ntt{Gror D) detDytia) det Dy (iw)
Ly emiabin detDulio)
’ detD,(iw)’

where the last identity involving det l~),,, det Bn_l and det D,,_ has been proved in [1, p. 871].
From (3.5) we have that

b, . e
iwty—1,1(iw) = 7"6_"‘”’")‘”‘1 01y (b )

and then we obtain the exact formula of ¢y, (iw) in terms of O, (iw):

, , by s det D, (iw) by _o; .
iwcy, (i) = —?"e ZiwbnXp—1 W:(ia)) = —Ene Ziwbaxn1 0 (iw)vg L (bpw). (3.9)

This identity is the key point in proving not only Theorem 1.1 but also Theorem 1.3.
It follows that

b
/ |(iwcan (i)Y (x)|dx < fll Onio)llaplivoll L1 r) (3.10)
R
and in view of Lemma 2.3 we have
n
f iwean (i)Y (x)|dx < C(M, m, tan(Zarctanhldnl)).
R k=1

Thus by (2.21) and (2.22) the proof of the theorem in this case is finished.
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Case 2. Computing ¢z, when suppvg C I;. Here all the terms #, k =2,...,n — 1 vanish and #1 2 = —bat1 ;.
Hence

a; B 0 0 0 0 0 51
0 Ay B, O 0 0 0 0
0 0 Az B3 0 0 0 0
cmiw)=(detDp(iw) ' = — — — = - S
0 0 0 O A,-3 By 0 0
0 0 0 0 0 Ap—z By—a O
0 0 0 0 0 0 A1 O
Developing the above determinant over blocks of two lines we obtain that
detAy---detA,— fwbyxy detAy---detA,—; ;
(i) = et A (Jj n—1| e oo, 1,1 _ etAag f? n le'wblmtl,](iw)-
det D, (iw) bye t12 det D, (iw)
Using estimate (3.7) on #1,] we get
. . detA;---detA,_;
/I(IwCzn(lw))v(X)la’)C < detDn(ia))n " lvoll L1 (w)- (3.11)
R

Since the proof of estimate (3.4) is the same as in Case 3 below (choose k =1 in (3.12)) we will skip it here.
Case 3. Computing ¢, when suppvg C I, 2 <k <n — 1. Here tx_12 = bk—_1tk—1,1, tk,2 = —br+11.1, all the
other terms in vector T vanishing. Let us now compute c3,. It is given by

a By 0 0 0 0 0 0

0 Ay B 0 0 0 0 0

0 0 Aj B3 0 0 0 0
copiv)detDy(iw)) = — — — Ag-1 Br-1  — -t

0O 0 O 0 0 A,_> Bu_» 0
o 0 O 0 0 0 An—1 0
ap By O 0 0 0 0 0
0 Ay B 0 0 0 0 0
0 0 A3 B3 0 0 0 0
=|- - = A1 B - - g1
0o 0 O 0 A By 0 0
0o 0 O 0 0 An—2 Bp_2 0

o
>
NS}
=)
38
o
o o o
(=i eNe)
(=)
o o o

0 0 O 0 Ay B 0 Tk
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Developing the determinants over blocks of two lines we find that

ap B 0 0 0 0 0 0
0 Ay By O 0 0 0 0
0 0 A3 B3 0 0 0 0
cop(iw)(det Dy (iw)) =det Ay ---detA,—| — — — — - — — —
0O O 0 0 Air3 Bi_s 0 0
0 O 0 0 0 Ar_o Br_o 0
0 0 0 0 0 0 Ar_1 te—1
a By 0 0 0 0 0 0
0 Ay B, O 0 0 0 0
0 0 Az Bj3 0 0 0 0
+detAgyp---detApy| — — 9 —  — - - — —
0O O 0 0 Air_o Bioo 0 0
0 O 0 o0 0 Ag-1 Br—1 O
0 O 0 O 0 0 Ay K

Since the components of #_; satisfy fx—12 = br—1tx—1,1 we can use the same argument as in Case 1 and we obtain
that the first determinant equals

—tkfl‘le_iwbkxk_] det bk(ia)).

The second one could be computed in a similar way by expanding the determinant over the last two lines and using
that

ap By 0 0 0 0 0 0
0 Ay By O 0 0 0 0
0 0 A; B3 0 0 0 0
tho=—biitin | — — — — = - - -
0 0 0 0 Ar_o By 0 0
o o0 0 o0 0 Ag—1 Br—1 O
o 0 0 o0 0 0 Ar K
eiwbkxk t . e—iwbkxk t ~
T | byl —bk]:tk,l detDk(lw)+’—bk+1€_i“’b"x" _bk]::tk,l det Dy (f0)

= 2Dy 41151 det Dy (iw)e! “P = — det(Ap) .1 det Dy (iw)e' Pk,
This gives us that

detAg---detA,_

i) = === L (rk_l,le*fwbmfl det Dy (i) + 1 ¢/ “P** det Dk(ia))>
n
det Ay ---detA,_jdet Dy(iw . ;
_ k . tDn(.l ) k( ) (fkfl,lé‘lwhk(xk_xk_])Qk(ia)) + tk,l)elwkak~
etD,(iw

Applying estimate (3.7) for ;1 and 71,1 we obtain that

det Ay ---det A, _;det Dy (iw)
det D, (iw)

[ 1twestion” @t < conaiQuar+ 1) PRE e (3.12)
R

Using now formula (2.12) that gives us the explicit expression of det D,, and det D; we find that
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det Ay ---det A,_jdet Dy (iw) ’ﬁ detA; e i@bj=bj+x;

det D, (iw) WD+ bi (1-d;jQ;(iw)

_1\yr—k (I—d)) —iwDj—bji1)x;
= (=1 H(l—de(za)))e b0 (3.13)

Observe now that
(1—dj) ﬁj(l +d; Q1 (iw)eX bt =Xy - j =1 p -2,
(1-d;jQj(iw)) ﬁd’_(l +d; Q)1 (iw)e 2wy, j=n—1.
It gives us that for any 1 < j <n — 1 we have

H (1—dj) H - 1+1d;111Qj+1llap - exp(|d; |1 Qj+1llap)
(1—d; Qi) lap = 14d; = 1+d;

and then

n—1 (1 —d) n—1 n—1 1
I S EA < d -
H H (1—d;0;(iw) HAP_eXp<j 1 ”Q”]lwzl ’) 1+d
j=k =k j=
n—1

< , M)V i )
<exp(con, M)Var(@) _max 10 lar /1‘[

i 1+ dj
n—1 1
<exp (c(m, M)Var(a) tan(Var(log(a)) /4)). I1 e (3.14)
j=k /
The last term also satisfies
n—1 n—1 n—1
1 bj+bjs |bj+1 — bl
1‘[ s =1‘[ - =H(1+T)Sexp<C(m,M)Var(a)). (3.15)
j=k I =k / j=k /

Putting now together estimates (3.12), (3.13), (3.14) and (3.15) we obtain that estimate (3.4) also holds in the case
considered here.

Case 4. Prove (3.4) when suppvg C Iy, 2 <k <n —1and k < j <n — 1. The previous cases prove (3.4) for
Jj = n. Let us now prove that it holds for any k < j <n — 1. We point out that once estimate (3.4) will be proved then
it also holds for 1 < j <k — 1.

We now use that

Con— 0

An—i (Cj j) +bu_icon = (O) (3.16)

—

and for j <n —2,

€2j—1 €2j+1 0
A; 4 + B; 4 = . 3.17
() () =) @1
From identity (3.16) and the results of Case 3, we obtain that (3.4) holds for j =n — 1:

/(I(iw62n—z(iw))v(X)|+|(iw62n—3(iw))v(X)|>dx SC(m,M)/ |(iwea (i) (x)|dx

R

<C(m,M, Var(a))/ [vo(x)|dx.

Applying identity (3.17) we obtain
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C2j-1Y _ _A7!B, C2j+1
2 J C2j+2
_ ! (bj1 +bj)eCint=bD% (b —by)e @it ey
2bj41 \ (b1 — bj)elw(bj+1+b_/>x.f (bjt1+ bj)e*lw(ijrl*bj)xj 2 )"

It implies that for j <n — 2 we have
/ |(iweaj—1 ()Y (D] + [(wezj(iw) " (1)|dt
R

b1 —bjl+bj +bjt
h 2bj41

/ l(iwej41(i @)Y (O] + [(iwezj+a(iw)” (1)|dt
R

< (1 n %) [ Gwez;rtion” 01 + ey saion” wldr.
J+
R

Using the same argument as in (3.15) we obtain that forany k < j <n — 1

/I(iw62j—1(iw))v(t)|+I(iw62j(iw))v(t)|dtSC(m,M,Var(a))/lvol- (3.18)
R R

The proof of Theorem 1.1 is now complete. O

Proof of Theorem 1.3. In this section we describe the manner in which the coefficient a satisfying the conditions in
Theorem 1.3 can be constructed. Without restricting the generality, we will construct a coefficient a with 1 ~/ 2<a<?2.

Let fix d = tanh((log2)/2). Since o > 7 /2, by Lemma 2.4, for any N > 0 there exists a sequence {dk}z;i such
that

n—1
Zarctanhcszoc, 0< Jkgd, Vk=1,...,n—1,
k=1
and for any sequence of rationally independent numbers {cx};_, and any &, € {£1}, k =1,...,n — 1, the sequence

{Qr)1_, associated to {c¢}7—| and {exd)}{Z] satisfies || Qn(iw)llap > 2N.
Let us set di = exdy = &¢|dy| where g € {£1} will be chosen later. We now choose a sequence {by};_, such that

bi —b
dk=8k|dk|=b::+7bz:<0, k=1,....,n—1.

This is possible since we can define recursively

b
k. =exp(2arctanhdy),k=1,...,n—1, by =1.
br+1

Let a be the piecewise constant function defined by
a(x) =b,:2, x € (xr—1,x), k=1,...,n,
where xp = —00, x, = 0o and the points {xk}z;{ are chosen such that the numbers
br(xp —xp—1), k=2,...,n—1

are linearly independent over Q. Using (2.21) we get that

n—1
Var(log(a)) =4 Z arctanh |dy| = 4.
k=1
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We now show how to choose the sequence {sk}z;l such that a € [1/2, 2]. Observe that for x € (xx—1, xx), the coeffi-
cient a is given by

k—1 k—1
a(x) = bk_2 = exp (2 Z arctanh dk> =exp (2 Z &y arctanh |dy |).
Jj=1 j=1

Since 0 < arctanh |dy| < (log2)/2 we always can choose ¢ € {£} such that

10g2

’ZSJ arctanh |d; |’

Indeed, for k =2 choose ¢ = 1. Assume that the above inequality is true for some k. If Z _1 ¢ arctanh |d | belongs
to [0, log(2)/2] then choose & = —1, otherwise g, = 1. It follows that the above 1nequahty will also hold for k£ + 1.
With this choice of {ex};_, we obtain that coefficient a satisfies a € [1/2, 2].

Denoting m = 1/2, in view of estimate (3.2) we have

supf|v(t,x)|dt f|iwczn(iw)v(t)|dt

eR LN~V
TR > _ ,ZZ (@ (iw)vo) )”LI(R) —
||UO||L1(]R) ||v0||L1(]R) ||U0||L1(]R)

Let us now a sequence voi such that

(@ (i0)P0) ) I 11 Ry
lvo ll 1wy

— [|Onllap.

This is always possible since Q, (iw) is an L' (R)-Fourier multiplier and its norm is given by || Q, || ap, see [6, Th. 2.5.8,
p. 141]. Thus we get for any N large enough that

sup/ lv(t, x)|dt

xERR
sup ———————— > Qullap —m 2 =2N —4>N.
wer!@®  lvollzige

For the function a chosen above we obtain that the left hand side of the above inequality can be arbitrarily large. The
proof if now finished. O

Proof of Theorem 1.2. We use formula (2.9) for the resolvent to find that for x € (xx—1, xx) solution u of system (1.2)
is given by

1 . . 1 ., '
u(t,x)= ._/e—ltw U)Czk_l(ia))elwbkxda)"r ._/e—nw a)Czk(ia))e_lwbkxdw
LT in

R
by o2 .
—— [ e w/Mo(y)e_’“”‘l"_y'dydw.
2im

R I

It follows that

lu(z, x)| < %R/(I(ZwCzk 1i®)Y ()] + (wea i) ()])dx + j_lluollLl(R)

Using now estimate (3.4) that has already been proved in the proof of Theorem 1.1 we obtain the desired estimate and
the proof is finished. O

4. Proof of the two technical lemmas

In this section we prove Lemma 2.3 and Lemma 2.4 using a fine analysis of the sequence {Q,},>1 defined by
(2.16) by means of multi-variable series.
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4.1. The functions «(q), f(d), y (), E(d1,....dn;q1,.-.,qn—1) and R(t1, ..., t;q1, - qn—1)

We introduce the notations that will be used in this section. We denote by «¢(q) and B(o) the mappings:
z+o

l+oz

Note that ¢ — «a(g) is a multiplicative mapping, i.e. «(g)a(q") = a(qq’), and B satisfies

alg):z>qz, B(o):z>

BB =p(ZE2)
0)B(c") = .
1+o0’
From the formula
tanh x + tanh y
tanh =
anh(x +y) 1+ tanhx tanh y

we deduce that mapping 7 — y (¢) := B(tanh¢) has the property
y@y®b)=y@a+b), abeR

Ifd=(d,...,dy), with0<d; <1 and g =(q1,...,gy—1) is a multivariable then we define the multivariable
series
E(d; q) == (B(dn) a(qn—1) B(dn—1) - - - (q1) B(d1)) (0).
With the convention that for j = (ji,..., j,—1) we write qf = q{‘ .- ~q,{”_’ll. We introduce the norm || - || of a multi-

variable series by
“Ejaﬂw= D lajl.
jENn—l jEN"_I

It is easy to see that for any two series ||ab|| < |la]|||?]].

Lemma 4.1. Let be { Qi }k>1 defined by (2.16). Then for any n > 1

Qnttllap < NE(d1l, ... Idnls q1, - .., gn-DI, (4.19)

with equality when cy, . .., cy—1 are linearly independent over Q.

Proof. We write dy = gi|di| with ex = £1. The sequence {Q}r>1 can be written as

iwer —Ek—1Qk—1(i®) + |di—1]
1 —&r_1ldi—1]1Qk-1(iw)

= (=1 €51) Bldi 1)) (—ek-1) ) (Qk-1 () K = 2.
It follows that
0r41(i) = (ar(—e™") Blldn]) ct(en-180€ ) Blldy-1]) - x(er£26™) B(Jd ) ) 0).

With the above notations it follows that

Or(iw) = —¢g—1e

Qui1(iw) = =g, E(|d1|, ... |dy|; 182", ... £, 180" "),
Since | — &,| =1 and |erer4+1| =1for 1 <k <n — 1 we have
| Qnsillap < NE(dr], ..., ldnl; q1s ... gn—DIl,
with equality when ¢y, ..., ¢,— are linearly independent over Q. O
In the following we will estimate in a clever way the norm of E(|di|,...,|d:|;q1,...,qn—1). For any t =

(t1, ..., ty) we define the series R(¢; g) in the multivariable g = (q1, ..., gn—1) by
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R(t; q) = (v (tn) 2 (qn—1) ¥ (tu—1) - - a(q1) v (11)) (0)
= E(tanhty, ..., tanht,; q). 4.20)

When there is no risk of confusion we will write only R(r).

The fact that tanh gives a bijection between [0, co) and [0, 1) allows us to find estimates for ||E(dy,...,dy,;
q1,---,qn—1)| in terms of estimates for ||R(t1,...,t:;q1,...,qn—1)|l. Dealing with R rather than E is more ad-
vantageous because it allows us to use the formula y (a)y (b) =y (a + b).

4.2. Estimates on partitions

For any positive number x we consider the set of all partitions of x:

n
Ax:{t:(ll,...,tn)|fj >0, th:x}.
j=I

Ift =(#1,...,t,) € A the sequence of the partial sums x; = Zl;zl tj,k=0,...,nis apartition of the interval [0, x],
i.e. we have 0 = xp < x| < ... < x, = x. We get a one-to-one correspondence between A, and the partitions of [0, x].
Ift=(,...,t,) and s = (sq, ..., s;) are two elements in A, we say that s is finer than # and we write # < s if the

sequence of partial sums of s contains the sequence of partial sums of 7, i.e. there is asequence | <k; <... <k, =m
such that

ki

l
dotp=>"sj Vi<izn
j=1

j=1
It follows that (A, <) is a directed set.
Lemmad4.2. Letbe0<d;j <1,1<j<nand P = 1_[?21(1 +dj), p= ]—['}Zl(l —dj). Then the map
B(dp)e(gn—1) - - - B(d1)a(qo)
is given by the map z +— (az + b)/(cz + d), where a, b, c,d € Rlqo, ..., qn—1] have non-negative coefficients,
lall =llcll = %(P +p). bl =lld|| = %(P - D),

the coefficient of qo - - - gn—1 in polynomial a and the constant term in polynomial d is 1.

Proof. Note that
1
FPER=20 ) didy
k even 1<ij<...<iy<n
and
1
Wep=Y Y ded
k odd 1<ij<...<iy<n

Let M(qo, ..., gn—1) be the matrix

_fa Db\ _ (1 dy, qn—lo...ldl 90 0
M(qo,...,in)-(c d)_<dn 1)( 0 1) (dl 1)(0 1).

Thus the map B(dn)a(gn—1)- - - B(d)a(qo) is given by

az+b
> .
cz+d
Since d;, j > 1 are nonnegative, a, b, ¢,d € R[qo, ..., gn—1] are polynomials with non-negative coefficients. There-

fore |la|| = a(l, ..., 1) and similarly for b, ¢, d.
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Denoting

0 1 0 0 1 0
a=(1 0)20=(0 1) m=(s o)
we have that

M(qo, ..., qn—1) = +dyA)(Bo + gn-1B1)--- (I +d1A)(Bo + qoBy). (4.21)
Since By + B; = I and A% =1, it follows that

n
(I +dgA)--(I+d A=) Y dy--dy AF

k=0 1<iy<...<ix<n

Z Z diy---di, | 1+ Z Z diy---di, | A

k even 1<ij<...<iy<n kodd1<ii<..<ip<n
I(P+p) (P —p))
3(P=p) 5(P+p)

M,..., 1)

1 1
:E(P+p)I+E(P—p)A=<

It implies that

1
a(l,...,1)=c(1,...,1)=§(P+p)

and

1
b(,...,1)=d,...,1)= E(P_p)'
Then the first part of Lemma 4.2 is proved.
Let us now compute the coefficient of gg - - - g,—1 in polynomial a and the constant term in polynomial d. In view

of (4.21) we have
k K
M(q()?---»qn*l) = Z q()o'”qn_ll Mko,.‘.,kn,ls
(ko,---,kn—1)€{0,1}"
where
My,,...kpy = U +dyA) By, ;- (I +d1A)By,.

To determine the coefficient of g - - - ¢,—1 and the constant term of d one has to calculate M
tively.
Note that B} = By, B = By and ByABy = BjAB| =00 Bo(I +d;jA)Bo = By and B|(I +d;A)B; = B;. Hence

1 and My, ..o, respec-

.....

0 d
My...., 0=(I+dnA)BO"'(I+d1A)B()=(I+dnA)B0:(O 1")

so the constant term of d is one. Also

1 0
M, 1=U+d,A)B;---(I+d1A)B1=U+d,A)B1= (d O)
n

so the coefficient of g1 ---g,—1 ina isone. O
Corollary 4.1. Let (t1, ..., t,) € Ay. The map

Y (t)a(gn-1) -+ -y (t1)e(qo)
is given by 7+ (az + b)/(cz + d), where a, b, c,d € R|qq, ..., gu—1] have non-negative coefficients,
lall = lld|l < coshx, |[b]| = |lc|| < sinhx,

the coefficient of qo - - - qun—1 in a and the constant term of d is 1.



1490 C.N. Beli et al. / Ann. 1. H. Poincaré — AN 33 (2016) 1473—1495

Proof. Since y () = B(tanht) we can use Lemma 4.2 with d; = tanh ;. Using the notations of Lemma 4.2, we must
prove that

P+

<coshx and —P < sinh x. 4.22)

Since

e[j —1j

1+dj=1+tanhtj=

l—dj=1—tanhtj=

cosh?;’ cosh?;
we get
-1 -1

P=e¢" Hcoshtj <e', p=e" l_[coshtj <e .
i J

Thus (4.22) immediately follows. O

Lemma 4.3. For any two partitions s, t € Ax with t < s the following holds for any positive integer r

IR®" I < IR()"|I.

Proof. Lett=(t,...,t;,) <s =(s1,...,5y) be two elements in A,. In order to prove this result we relate the two
series R(t) and R(s). Observe that R(¢) and R(s) depend on n — 1 and m — 1 variables respectively, m > n. Since
t < s there are 0 = kg < k; < --- < k, = m such that

ki

f = Z s;, Vl<l<n.
J=ki—1+1

Using that y (a + b) = y (a)y () it follows that

ki

yay= ] rep.

J=ki—1+1
Since «(1) = 1 we also have
Y @) =y (sig_+D)(D)y (s, +2)o(1) -+ - (1) y (sx, ).
Replacing y (#;) by the above formula in the definition of R(¢), (4.20), one gets
Rt q1, ... qn-1) = (¥ () (gn—1)y (ta—1) - - - a(g1)y (1)) (0)
=R(s;1,....1,q1,1,....1,q2,....,qn—-1,1..., 1),

where the blocks of one above have lengths k,, —k,—1 — 1,..., ko — k1 — 1, k1 — ko — 1. Thus ||R(?)|| < ||R(s)||. For
r > 2 the argument is similar since

R(t;q1,....qn—1) =R(Gs;1,...,1,q1,...,qn—1,1...,D".
The proof is finished. O

4.3. Upper bounds for R(t)

We now obtain some properties of the multivariable series R(¢) introduced above. For any integer r > 0 we define
the function f; : (0, co) — (0, co] by

Jr(x) = sup [[R(D)"]l.

teAyx

In particular, fo = 1. We note that f;, 4+, (x) < f, (x) fr, (x). In particular for any integer r > 1, f,(x) < fi(x)".
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The first estimate for f; is given in the following lemma.

Lemma 4.4. For any x € (0,log(2 + ﬁ)) the following holds

sinh x

fl(x)fz_i

. 4.23
coshx ( )

Proof. Letus choose r = (t1,...,1,) € Ay and denote ¢ = (g1, ..., gn—1). We will show that
IR @)l <~
PN =5 T oshx

By definition
R 9) = (v (t)a@u-1)y (ta-1) - a(g)y (1)) O).

From Corollary 4.1 it follows that

az+b
cz+d’
Since @ (go) (0) = 0 when we take z = 0 in the above equation we get

(¥ (t)a(gn-1)y (ta=1) - - -alq))y (t1)a(qo)) (2) =

b
R(t:q) ==

Using Corollary 4.1, we have that
|Ib]] < sinhx and ||d — 1| = ||d|| — 1 < coshx — 1.

Then, for any x satisfying coshx < 2 the following holds

Ibl _ sinhx
IT—d|| = 2—coshx

IR@ @)l = 7=

(Note that a, b, c,d € R|qo, q1, - - -, gn—1] but the variable g is superfluous in g = R(t; q). It does not appear effec-
tively.)

Since the partition ¢ € A, has been arbitrarily chosen we obtain that estimate (4.23) holds for all x < arccosh(2) =
log2++/3). O

Lemma 4.5. For any positive integer r the function f, is increasing.

Proof. Let us observe that for any d € [0, 1) we have B(d)a(—1)B(d)a(—1) = 1. Thus, for any nonnegative ¢, y (t)
satisfies y (H)a(—1)y (®)a(—1) = 1.

Let us now choose 0 < x < y, where y = x + z with z > 0. Let r = (t1,...,1;) € Ax. Then s := (¢, ..., 1,
z/2,z/2) € Ay. Since y (z/2)a(—=1)y (z/2)a(—1) = 1 we have:

z z
R 1. qn-1) = (Y S Dy Ga=Dy (a1 - -«(g)y @) ©)
= R(S, (Qh ceey Cln—h _19 _1))
Hence for any integer r > 1,
R(t; qla sy CIn—l)r == R(s; qla sy Qn—l, _17 _l)ra
which implies that |R(#)"|| < |R(s)"||. This implies that for any t € A, thereis some s € A, with [|[R(#)"|| < [|R(s)"||.

It follows that f,(x) < f»(y) so f; is an increasing function. O

We denote I = {x € (0,00) | f1(x) < oc}. In view of Lemma 4.4 and Lemma 4.5, the set [ is an interval that
includes (0, log(2 + V/3)). Moreover, all the functions Jfr,r > 1, are finite on interval I since f,(x) < f{ (x). Now we
prove that f, are differentiable.
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Lemma 4.6. The set I is an open interval. For any integer r > 1, function f, is differentiable on I and satisfies

fr/ =r(fr—1+ fr1)

Proof. Let ¢ and x be positive numbers. For any partition s € A there is a finer partition, §, of the form § = (¢, ¢') €
A, x Ag (because for any partition of [0, x + ¢] there is a finer one containing x). Then

RO < IROI = filx +€)

and so
fik &)= sup  [R@ 1)
(t,/)eAy x Ag
Let us consider (¢,7') € Ay x Ay, t = (t1,...,ty), I’ = (tyt1,...,In). Denoting g = (q1,...,qn—1) and ¢’ =

(qns - - -, qm—1) we obtain that

R(t,1'59,q") = (v tm)a(@m—1) - ¥ (tar-1)2(qn)) (R(; @)
Since ¢ € A, by Corollary 4.1 we have that

vy m)a(gm—1) -y 1) (qn)

is given by z — ‘C‘Zz_tz, where a, b, ¢, d € R|gqy, ..., gn—1] have non-negative coefficients, ||a|| = ||d|| < coshe, ||b]| =

lcll < sinhe, the coefficient of g, - - - ¢,,_1 in a and the constant term of d are 1. Then |la|| =1+ |la — gn - Gm—1
and |d|| =1+ |ld — 1] so

la —=qn---gm-1ll=llal = 1=|d|| - 1=|ld — 1|| <coshe — 1.
Then
aR(t)+b aR()+D
TR +d 1+ (RO+d—1)
Since t € Ax we have |R(¢)|| < f1(x) < co. We also have coshe =1 + 0 (&%) and sinhe = O(¢) so

R(t,t)

AR +b=qn - gm 1RO +@—qn-gm-1)RE) +b=qn-- gm_1R() + b+ O(e?)
and
cRO)+d=14+cR(t)+(d—-1)=1+4+cR(t)+ 0(82).
Then for ¢ < g, &9 small enough depending on fi(x), the following holds
R(t,1) = (g qm-1R@) + b+ 0()) (1 = cR(1) + 0(?))
=qn- qm_1RW) +b—qn---gu_1cR1)* + O ().
Since b — gy, - - - gm—1cR(t) = O(¢) this implies that for any » > 1 we have
R(t, 1) =G qu-1) R® +7@ngu-1)""RE (b —qn---gm_1cR®)*) + O(e?)
=(qn-qm-1)" RO +7Gn - gm-1)"""GOR@O ™ = qn---gu-1cR®"H + 0(e?).
Using that sinhe = ¢ + 0 (€?) it follows that
IR, ) Il < IR@ I+ IR - 1B+ IR - llell + 0%
< fr(x) +rf,_1(x)sinhe +rfr41(x)sinhe + O(e?)
= £ (x) +r(fro1(0) + fri1(X))e + O(e?).
Thus, for ¢ small enough we have
frx48) < () +r(fro1(x) + fra1(x)e + 0. (4.24)

This implies that / is an open interval.
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For the reverse inequality we will take m = n + 1 so ' has dimension one, ' = (¢), and ¢’ = g,,. Then (¢, &) € Ay1¢
o fr(x +¢&) > ||R(z,¢)"||. We have R(1, ¢; q, qn) = v (e)a(gn) (R(Z, q)), i.e.

R(t) + tanh
R(t, &) = M_
gntanheR(t) + 1

Since tanhe = & + O (¢?) by same argument as above we prove that
R(t,8) =qnR(t) +&(1 — gy R()*) + O(e?)
and, more generally,
R(t.&) =q,R(®) +req,” (R®) ™" —grRW'™) + 0 (7).
Since R(1)" "1, R(t)", R(t)" ! € R[qo, - .., gn_11] it follows that
gy R +re(gy ' RO ™ =gy ' R@O™HI = IR || + rel R@) | + rell R .
Hence for any ¢ € A, and ¢ small enough
frx+&) =Rz, &) || = |R@" | +re(IR@ ™ + IR ) + 0(e?)
and then
frx+e) = fr(x) +er(fr1(0) + fra1(0) + O(ED). (4.25)
Using (4.24) and (4.25) we obtain that f, satisfies
frx+e) = fr(x) +er(frm1(x) + fra1(x) + O(e).

Thus function f; is right differentiable and satisfies

i frx+e)— fr(x)
1m
e\ &

=r(fi1(x) + fra1(x)).

Moreover, since fi(x —¢&) < fr(x) < flk (x), k e {r — 1,r + 1}, by applying the same argument as in the proof of
(4.24) and (4.25) to x’ = x — & we obtain that
[ =frx—e) +er(fmi(x —&) + fra1(x — &) + O(e) = fr(x —&) + O(e)

which proves that f; is also left continuous.
For the left derivative of f, at x we apply the previous analysis to the point x’ =x — &

fr@) = frx—¢)

&

=r(fr-1(x — &) + fr+1(x — &) + O(e).
Since f;_1, fr41 are continuous we obtain

5 frx) — fr(x —¢)
im

e\0 &

=r(fr—1(0) + fr41(x)).
The proof of Lemma 4.6 is now finished. O

Theorem 4.1. We have I = (0, w/2) and for any r > 1 function f, is given by

fr(x)=tan"x, xel.

Proof. We first show that [0, 7/2) C I and for any r > 1 the following holds

fr(x) <tan"x, Vxe(0,7/2).

For any x € I we have fl’(x) = fox)+ folx) <14+ f (x)2. Lemma 4.4 gives us that limy_,¢ f1(x) = 0 and then by
integrating the last inequality we obtain that arctan fj(x) < x. Thus f1(x) <tanx. For r > 2 similar estimates hold

since f;(x) < (f1(x))".
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Let S ={(x,y) € (0,7/2) x R| |ytanx| < 1}. Using the properties of functions f, above we get that function g
defined by

g, ) = i) + L@y + f)y + -
is well defined and differentiable on S. Explicit computations show that g satisfies the following first order equation

2+ Dgy(x,y) —ge(x,y) = —2yg(x, ) — 1, V¥ (x,y) €S.

In order to solve it we need some boundary conditions. Observe that since f.(x) < tan” x for all » > 1, function g
satisfies limy_, o g(x, y) =0 for all y € R. Solving the above equation by the method of characteristics we obtain that

tan x

glx,y)= l—ym‘

Developing in y power series we get that f,(x) = tan” x, as claimed. In particular, fi(x) = tanx. Since fi is
increasing we also obtain that I = (0, 7/2) and the proof is finished. O

4.4. Proofs of the two lemmas
We are now able to prove Lemma 2.3 and Lemma 2.4.

Proof of Lemma 2.3. By definition of £ and Theorem 4.1 we have that

| Qn+illap =IE(ldl, ..., |dnDIl = | R(arctanh |d], ..., arctanh |dy ) |

n n
< fi (Z arctanh |dj |) =tan ( Z arctanh |dj |>.
k=1 k=1

Then estimate (2.17) follows. O

Proof of Lemma 2.4. Let o > 0. By Theorem 4.1, fj(«) =tane if o« < /2 and fj(a) = oo if @ > /2. This means
that for any ¢, N > 0 there exists a fine enough partition # = (¢, ...,#,—1) € Ay such that |R(¢)| > tano — ¢ if
o <m/2and ||R(t)|| = N if a« > /2. Choosing, if necessary, finer partitions we can assume that 7 < arctanhd,
k=1,...,n—1.
Choosing d;, =tanhfy, k=1,...,n — 1, wehave 0 < d; <d, ZZ;{ arctanhdj, = ZZ;{ fr =« and
IE@1,....dp-D)| = IR®)] = tanw —¢ or N,

corresponding to o < 7 /2 or @ > 1/2, respectively. y
Then for any {ck}z;} linearly independent over Q and any {dk}z;} with |di| = di we have by Lemma 4.1 that
{Ok};_, defined in (2.16) satisfies

1Qnllap = I1E(dil, ..., ldu1 DI = | E(d, ....dy—1)| > tane —& or N,
accordingly, and the proof is finished. O
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