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Abstract

We consider the incompressible Euler equations on RY or T4, where d € {2, 3}. We prove that:
(a) In Lagrangian coordinates the equations are locally well-posed in spaces with fixed real-analyticity radius (more generally,
a fixed Gevrey-class radius).
(b) In Lagrangian coordinates the equations are locally well-posed in highly anisotropic spaces, e.g. Gevrey-class regularity in the
label a and Sobolev regularity in the labels ap, ..., ag4.
(c) In Eulerian coordinates both results (a) and (b) above are false.
© 2015 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

The Euler equations for ideal incompressible fluids have two formulations, the Eulerian and the Lagrangian one
(apparently both due to Euler [9]). In the Eulerian formulation the unknown functions are velocity and pressure,
recorded at fixed locations in space. Their time evolution is determined by equating the rates of change of momenta
to the forces applied, which in this case are just internal isotropic forces maintaining the incompressible character
of the fluid. In the Lagrangian formulation the main unknowns are the particle paths, the trajectories followed by
ideal particles labeled by their initial positions. The Eulerian and Lagrangian formulations are equivalent in a smooth
regime in which the velocity is in the Holder class C®, where s > 1. The particle paths are just the characteristics
associated with the Eulerian velocity fields.
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In recent years it was proved [4,12,19,22,13,20,18,10,24,7] that the Lagrangian paths are time-analytic, even in the
case in which the Eulerian velocities are only C*, with s > 1. In contrast, if we view the Eulerian solution as a function
of time with values in C*, then this function is everywhere discontinuous for generic initial data [5,11,16,17]. This
points to a remarkable difference between the Lagrangian and Eulerian behaviors, in the not-too-smooth regime.

In this paper we describe a simple but astonishing difference of behaviors in the analytic regime: The radius of ana-
Iyticity is locally in time conserved in the Lagrangian formulation (Theorem 1.1), but may deteriorate instantaneously
in the Eulerian one (Remark 1.2). Moreover, the Lagrangian formulation allows solvability in anisotropic classes, e.g.
functions which have analyticity in one variable, but are not analytic in the others (Theorem 1.5). In contrast, the
Eulerian formulation is ill-posed in such functions spaces (Theorem 1.6).

1.1. Velocity in Lagrangian coordinates

We consider the Cauchy problem for the incompressible homogeneous Euler equations

ur+u-Vu+Vp=0 (1.1)
V-u=0 (1.2)
u(x,0) =up(x) (1.3)

where (x,1) € RY x [0, 00), and d € {2, 3}. In order to state our main results, we first rewrite the Euler equations in
Lagrangian coordinates. Define the particle flow map X by

3 X(a,t)=u(X(a,t),1) (1.4)
X(@a,0)=a (1.5)

where ¢ > 0, and a € R? is the Lagrangian label. The Lagrangian velocity v and the pressure ¢ are obtained by
composing with X, i.e.,

v(a,t)=u(X(a,t),t)
q(a,1) = p(X(a,1),1).
The Lagrangian formulation of the Euler equations (1.1)—(1.3) is given in components by
v+ Yrag =0, i=1,....d (1.6)
Yrg' =0 (1.7)

where we have used the summation convention on repeated indices. The derivatives d; are with respect to the label
direction aj and Yl.k represents the (k, i) entry of the matrix inverse of the Jacobian of the particle map, i.e.,

Y(a,t)=(VyX(a,t) "

We henceforth drop the index a on gradients, as it will be clear from the context when the gradients are taken with
respect to Lagrangian variables a or with respect to the Eulerian variable x. From (1.2) it follows that det(VX) =1,
and thus, differentiating d; X = v with respect to labels, and inverting the resulting matrix, we obtain

Y, = —Y(Vv)Y. (1.8)
The closed system for (v, g, Y) is supplemented with the initial conditions

v(a, 0) = vo(a) = uo(a)

Y(a,0)=1

where [ is the identity matrix. In the smooth category, the Lagrangian equations (1.6)—(1.8) are equivalent to the
Eulerian ones (1.1)—(1.3).
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1.2. Vorticity in Lagrangian coordinates

For d = 2 the Eulerian scalar vorticity w = V- - u is conserved along particle trajectories, that is, the Lagrangian
vorticity

{(a,t) =w(X(a,t1),1)

obeys

{(a, 1) =wo(a) (1.9)

for t > 0. The Lagrangian velocity v may then be computed from the Lagrangian vorticity ¢ using the elliptic curl—div
system

e Yo = Yfopv? — Y¥opv!' = ¢ =wp (1.10)
YFgv' = Yfdo! + Yia0? =0 (1.11)

where ¢&;; is the sign of the permutation (1, 2) > (i, j). The equation (1.10) above represents the conservation of the
Lagrangian vorticity, while (1.11) stands for the Lagrangian divergence-free condition. Note that the right sides of
(1.10)—(1.11) are time-independent.

For d = 3 the Eulerian vorticity vector @ = V x u is not conserved along particle trajectories, and the replacement
of (1.9) is the vorticity transport formula

¢'(a, 1) = X' (a, D (a). (1.12)

Thus, in three dimensions, the elliptic curl-div system becomes
erY ot =" = X o (1.13)
Yo' =0 (1.14)

where €;; denotes the standard antisymmetric tensor. In order to make use of the identity (1.13), we need to reformu-
late it so that the right side is time-independent, in analogy to the two-dimensional case. Multiplying (1.13) with Y/"
and summing in i, we get
Y Yiopt = of, m=1,2,3, (1.15)
which is a form of the Cauchy identity containing only Y. Recall here the standard Cauchy invariants [3,24]
eipd v X =wh,  i=1,2,3, (1.16)

which can be obtained by taking the Lagrangian curl of the Weber formula [23,6]. Thus, for d = 3 we solve (1.14)
and (1.15) for Vv in terms of ¥ and wq. Note that, as in the d = 2 case, this system has a right side which is
time-independent.

1.3. Isotropic and anisotropic Lagrangian Gevrey spaces

First we recall the definition of the Gevrey spaces. Fix r > d/2, so that H"(R?) is an algebra (we may replace
H" (R?) with WP (R4) for r > d/p and p € (1, 0)). For a Gevrey-index s > 1 and Gevrey-radius § > 0, we denote
the isotropic Gevrey norm by

5181 §m
||f||G.Y,5=Z|ﬁ|,S 107 fllr =D —= > 197 fllur (1.17)
=0 """

m>0"" |Bl=m

where 8 € Ng is a multi-index. Also, let G s be the set of functions for which the above norm is finite. When s =1
this set consists of analytic functions extendable analytically to the strip of radius §, and which are bounded uniformly
in this strip (the latter property is encoded in the summability property of the norm).
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Similarly, given a coordinate j € {1, ..., d}, we define the anisotropic s-Gevrey norm with radius § > 0 by
8m
1 lgo =2 =117 fllur
m>0

that is, among all multi-indices B with |8| = m, we only consider 8 = (8¢) with By = md i, where § j; is as usual the
Kronecker symbol.

1.4. Main results

We have the following statement asserting persistence of the Gevrey radius for solutions of the Lagrangian Euler
equation.

Theorem 1.1 (Persistence of the Lagrangian Gevrey radius). Assume that vy € L? and
Vg € Gy s

for some Gevrey-index s > 1 and a Gevrey-radius § > 0. Then there exist T > 0 and a unique solution (v,Y) €
C(0,T]; H*YH x €([0,T1, H") of the Lagrangian Euler system (1.6)—(1.8), which moreover satisfies

Vu,Y € L%([0,T], Gy.).

On the other hand, if the uniform analyticity radius of the solution u(x, t) of (1.1)—(1.3) is measured with respect
to the Eulerian coordinate x, then this radius is in general not conserved in time, as may be seen in the following
example.

Remark 1.2 (Decay of the Eulerian analyticity radius). We recall from Remark 1.3 in [15] that there exist solutions to
(1.1)—(1.3) whose Eulerian real-analyticity radius decays in time. Consider the explicit shear flow example (cf. [8,2])
given by

u(x, 1) =(f(x2),0,g(x; —1f(x2))) (1.18)
which satisfies (1.1)—(1.2) with vanishing pressure in d = 3, for smooth f and g. For s = 1 we may for simplicity
consider the domain to be the periodic box [0, 27713, and let

1
sinh?(1) + sin®(y)
It is easily verified that the uniform in x| and x, real-analyticity radius of u(x, ¢) decays as
1
41

for all ¢ > 0, and is thus not conserved. Note however that the above example does not provide the necessary coun-
terexample to Theorem 1.1, since g does not belong to the periodic version of G1 ;. Indeed, (—1)" g(z") (0) = (2n')/4,
and thus the series defining | g||g, ; is not summable.

f(y) =sin(y) and gly) =

The next statement shows indeed that Theorem 1.1 does not hold in the Eulerian setting.

Theorem 1.3. There exists a smooth periodic divergence-free function ug such that

luollG,, < oo (1.19)
and such that

lu®lg,, =00 (1.20)

foranyt > 0.
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The example proving Theorem 1.3 is provided in Section 5.

We are indebted to A. Shnirelman [21] for the following example, pointing out that the results of Theorem 1.1
are sharp in the sense that the time of persistence 7 of the Lagrangian analyticity radius may be strictly less than the
maximal time of existence of a real-analytic solution.

Remark 1.4 (Time of persistence of the Lagrangian analyticity radius). (See [21].) Consider the stationary solution

u(xy, xp) = (sinxy cosxp, — CoS x Sinxy)

of the Euler equations in R2. This is an entire function of (x1, x2), and moreover, the x-axis is invariant under the
induced dynamics. Abusing notation we denote by

Xi(ar, 1) =X1(a1,0,1)

the image of the point (a1, 0) under the flow map at the moment ¢, and by
Ya(ar, 1) =Yn(a1,0,1) = (9, X1)(a1,0,1)

its Lagrangian tangential derivative. These functions satisfy the ODE

d )
EXl(alJ)ZSIH(Xl(alJ)), Xi(a1,0) =ay,

d
EYﬂ(al’ t) =cos(Xy(a1, 1)) Yn(ai,t), Y»(a1,0)=1.

The solution X is given by
(€% + 1)cos(a) — (€2 — 1)
(€2 +1) — (e% — 1) cos(ay)
and its tangential gradient obeys

2¢'
(€2 +1) — (e — 1) cos(ay)

Thus, for any fixed ¢ > 0, the function Y»;(aq, t) has a singularity at the complex point a; = RNa; + Ja; (and its
conjugate) satisfying

cosXi(ai,t) =

Yo(ar, 1) =

) eZt +1
cos(ay) =cos(Nay +iJay) = 5
et — 1
so that
T+1
Na; =0, and |;“sa1|:1n<e + )
el —1

Note however that this singularity obeys

laj| =00 as t—0T. (1.21)

In summary, at any fixed ¢ > O the function Y (a, t) is not anymore entire with respect to the label a. Given any § > 0,
we have V,v9 = Vyug € Gy s, and while Vyu(-, 1) = Veug € Gy s for all £ > 0, there exists

1
such that Y (-, ¢), and thus also V,v(-, ), obey

541
T:T(8)=1n<65+ )>0
-

1Y DlGy 50 VUG DllG s >00 as 1> T(@) .

Thus, the time of analyticity radius persistence 7 guaranteed by Theorem 1.1 cannot be taken as infinite. Yet, Theo-
rem 1.1 is consistent with 7(§) — 0 as § — oo.
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The proof of Theorem 1.1 may be used to obtain the local existence and the persistence of the radius for anisotropic
Gevrey spaces as well.

Theorem 1.5 (Solvability in Lagrangian anisotropic Gevrey spaces). For a fixed direction j € {1, ..., d}, assume that
vo € H™ 1 and that

Vg € Gg{g

for some index s > 1 and radius § > 0. Then there exist T > 0 and a unique solution (v,Y) € C([0, T, H' T x
C([0,T], H") of the Lagrangian Euler system (1.6)—(1.8), which moreover satisfies

()
Vu,Y € L¥([0,T],GJy).

The above theorem does not hold in the Eulerian coordinates as shown by the next result. The fact that the Eulerian
version of the theorem does not hold might not surprise, due to the isotropy and time-reversibility of the Euler equa-
tions. On the other hand, the fact that the Lagrangian formulation keeps the memory of initial anisotropy is puzzling.

Theorem 1.6 (Ill-posedness in Eulerian anisotropic real-analytic spaces). There exist T > 0 and an initial datum
up € C®(R?) for which ug and wq are real-analytic in x1, uniformly with respect to xa, such that the unique
C([0,T]; H") solution w(t) of the Cauchy problem for the Euler equations (1.1)—(1.3) is not real-analytic in xi,
foranyt e (0,T].

2. Ill-posedness in Eulerian anisotropic real-analytic spaces

In this section we prove Theorem 1.6. Here, all the derivatives are taken with respect to the Eulerian variables. The
idea of the proof is as follows. We consider an initial vorticity that is supported in a horizontal strip around the x;-axis
and which is nonzero in a horizontal strip and is very highly concentrated near the origin. We can construct it such that
it is real analytic in x1, but is obviously not real analytic in x,. Given that the vorticity is approximately a point vortex
at the origin, the corresponding velocity is approximately a pure rotation. Then for short time, the Euler equations will
evolve in such manner that the vorticity is supported in a slightly deformed but rotated strip. The rotation uncovers
some of the points that were on the boundary of the original strip, making them points of vanishing vorticity, while
covering others. Thus, on a horizontal line parallel with the xj-axis, the vorticity instantly acquires an interval on
which it must vanish, while it is not identically zero, and hence it cannot possibly continue to be real analytic with
respect to xj.

In the detailed proof we first construct a function

u(x1, x2) € CP(R?)
such that the following properties hold:

(i) divu =0on R2, curlu = w,
(i) suppw C{(y1,y2): =1 <y <1}
(iii) up(1,1) >0and ur(—1,1) <0
(iv) There exists ¢ € (0, 1/2) such that
w(x1,x2) #0, Lx) e{Ony) I —1l<el—g<y <1}

(v) (tangential analyticity for u) There exist constants M, o > 0 such that

Mom!
|07 u(x1, x2)| < 5 (2.1
0
with
Moym!
[0 d1u(xq, x2)| < (2.2)

)
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and

Mom!
|07 dou(x1, x2)| < 0

(2.3)
0

(vi) 0%w converges to 0 exponentially fast and uniformly as x; — 00, uniformly in x;.

In order to simplify the presentation, we introduce the following notation: If w is a function (or a measure) with a
sufficient decay at infinity, denote

M(w)=/1((x—y)w(y)dy
R2

where

K( ) 1 X2 X1
N=—|-—"%,—=
27 lx]27 |x|?

denotes the Biot—Savart kernel. Now, choose a test function
¥ e C°(R)

with values in [0, 1] such that fl/f =1 with ¥ (x) > 0 for x € (—1,1) and ¥ = 1 on [—1/4, 1/4]. Consider the
sequence of vorticities

o™ (x1, x2) = cok? exp(—k> (7 + x3)) ¥ (x2) (2.4)

fork=1,2,..., where cq is a normalizing constant such that
/a)(k)(x)dx —1 ask— o0

Denote by
u®(x1, x0) =u(@®(x1,x)),  k=1,2,...

the corresponding velocities. Each individual member of this sequence of velocities satisfies the assumptions (i), (ii),
(iv), (v), and (vi). (Note however that the constants in (2.1)—(2.3) depend on k.) The construction of a desired vorticity
is complete once we show that for k large enough, we have

uP(1,1) >0
and
uP(=1,1) <o0.

These inequalities for k sufficiently large indeed follow immediately once we observe that the sequence (2.4) is an
approximation of identity, i.e., it converges to the Dirac mass &g, while the velocity

1 X2 X
=0 = T

corresponding to §¢ satisfies (iii). Thus the construction of a velocity satisfying the properties (i)—(vi) is complete.
Denote this velocity by ug and the corresponding vorticity wo = curlug. Now, consider the Euler equation

oy +u(w) - Vo=0
with
w(0) = wo

where, recall, u(w) denotes the velocity computed from the vorticity w via the Biot—Savart law. By the well-known
properties of the Euler equation, the solution is smooth for all # > 0. By (ii) and (iii) and using the Lagrangian variables
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to solve the Euler equation, there exists 7o > 0 with the following property: For every # € (0, 7g), there exists a constant
£1(t) > 0 such that

w(x1,x2) =0, |1, x2) = (=1, D] < e1(2) (2.5)

On the other hand, by (iii) and (iv), we obtain, by possibly reducing #y, that for every ¢ € (0, #p) there exists a constant
&>(t) > 0 such that

w(x1,x2) #0, [(x1,x2) — (1, D] < &2(2). (2.6)
The properties (2.5) and (2.6) contradict the tangential analyticity of w(¢) at x, = 1 for all # € (0, #p).

3. Local solvability in Lagrangian anisotropic Gevrey spaces

In this section we prove Theorem 1.5. For simplicity of the presentation, we give here the proof for d = 2. The
proof carries over mutatis mutandis to d = 3, where the only change arises from using (1.15) instead of (1.10). These
details may be seen in Section 4, where the well-posedness (by which we mean the existence and uniqueness) in 3d
isotropic Gevrey spaces is proven.

Fix s > 1. Without loss of generality, the direction j € {1, 2} may be taken to be j = 1. Fix § > 0 so that Vv € Gig
with the norm M, that is, the quantity
Q= 118y" Vol ur
obeys

(Sm
Z Qu—=<M (3.1)
m!s

m>0

Recall that Yy = 1.
Fix T > 0, to be chosen further below sufficiently small in terms of M, s, and §. For m > 0 we define

Vip = Vi (T) = sup [|3"Vo(t)||pr, (3.2)
tel0,T]

Zm=Zm(T)= sup t 237" (Y (1) — Dllur. (3.3)
tel0,T]

Observe that in the norm (3.2) the velocity v does not appear without a gradient. Also, we note that the power —1/2
of ¢ appearing in (3.3) is arbitrary, in the sense that the proof works with any power in (—1, 0).
First we bound Vv from the approximate curl-div system (1.10)—(1.11), in terms of ¥ and wyg. Since 8{” commutes
with curl and div, we may use the Helmholtz decomposition to estimate
87" Vvl gr < C||0]" curlv|| g 4+ C||07" divv]| .
Further, by appealing to (1.10)—(1.11), the Leibniz rule, and the fact that H" is an algebra, we obtain

197" Vull ar < Cl10]" (@0 + £ij Bix — Y)ov)) | r + Cl17" (Gix — Y1) dv)) [l e
= Cllo{"wollgr + CIIY = Il 197" Vollgr + ClOY* (Y — Dllar IVl ar

m—1
m . .
+C E <j)||3{(Y—1)||H"|I3T IVl g
j=I

Taking a supremum over ¢ € [0, T'] and using the notation (3.2)—(3.3), we obtain

m—1
Vin < CQu + CT' 2oV, + CT' 22, Vo + CT'2 > <m> ZiVij (3.4)

=1 N

for all m € N, while for m =0 we have
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Vo < CQo+CTY?Zy V. (3.5)

Note that we have not used here the evolution equation (1.6) for v, and have instead appealed to the Lagrangian
vorticity conservation (1.10).
In order to estimate Z,,, we use the Lagrangian evolution (1.8) in integrated form, and obtain

t
I—Y(t):/Y:Vv:Ydr
0

t t
=/(Y—I):Vv:(Y—I)dt—i—/(Y—I):Vvdr
0 0

t t
+/Vv:(Y—I)dr+/Vvdr (3.6)
0 0
for all # € [0, T]. Dividing by /2 and taking a supremum over ¢ € [0, T'] it immediately follows from (3.6) that
Zo < CT'2(1 +T'2Z7p)*V,. (3.7)

Differentiating (3.6) m times with respect to the label a1, using the Leibniz rule, and the fact that H" is an algebra,
we arrive at

197" (Y (1) = Dl -

t
m , } i
< > /(jk)llaf(Y—I)IIH"Ilal(Y—I)IIHrHaI"j V| dt

G.k)l<m §)
m t t
o »
+2Z/(j>||a{(Y—1)||Hr||a;" IVl g dr+/||a;"Vv||Hr dr
=09 0

for all m > 1. Further, dividing by 1172, taking a supremum over ¢ € [0, 7] and using the notation (3.2)—(3.3), we
obtain

m
m m
Zp<CT? Y <.k)ZjZka—j—k+CT > (j)Zij—j +CT'?V,
1.0 |<m j=0

<CTY* (T 23V + T ZnZoVo + TV Zo Vi + TV? Z,, Vo + Vi)

m—1

m m
+er¥? Y (.k>ZjZkajk+CTZ<j>Zijj 3.8)

0<|(j,k)|<m j=1

for some constant C > 0.
From (3.5) and (3.7) we obtain that for any 7 € (0, 7] we have

Vo(t) < CoS20 + Cot 2 Zo(t) Vo (1)

Zo) = Cot'? sup (Vo)1 +1'225(0))?)
7€l0,1)

for some constant Cp > 0, while the initial data obey
Vo(0) = IVuvollgr =0 = M
Zo(0) =0.

Here we used that in view of (3.6), as long as Vv and Y are bounded in time, we have t_l/z(Y(t) -~ tY2 5 0as
t — 0. By the continuity in time of V() and Zy(¢), it follows that there exists



1578 P. Constantin et al. / Ann. I. H. Poincaré — AN 33 (2016) 1569-1588

I =T{(M)>0
such that
sup Wo(t) <3CoM (3.9
tel0,71]
1
sup Zo(t) < =. (3.10)
1€[0,71] 2

This is a time of local existence in H” (R?) for Vv and a.
At this stage, we assume that 7' obeys

T<T @3.11)

and we define

Bu =V +Zy= sup (Vyu(t) + Zy (1))
tel0,T]

for all m > 0. By (3.9)—(3.10) we have

1
By <3CoM + > (3.12)
Adding (3.4) and (3.8) we arrive at
By < C1Qp+C1TV?(1+ By +T"?By+ TB3) By,

m
+aT' a4 Y (.)B,-ij

O<j<m
m
+C1T3/2 Z <'k>BjBkijk (3.13)
0<|(j,k)|<m
for all m > 1, for some positive constant C; > 1. In view of (3.12) we may take
O<T=TBy)=TM) <T

sufficiently small, such that

1
C1T1/2(1+BO+T1/QBO+TB§)§E. (3.14)

We thus obtain from (3.13) and (3.14) that

By <2C1Qu + 20T (1 4+ TV Y <"_’)B,Bm_,

O<j<m
m
RIS <.k>BjBkBm_j_k (3.15)
0<|(j,k)|<m

forallm > 1.
Finally, denote

B, 8"

mis

IV, Y = Dllssr=)_

m>0

Multiplying (3.15) by §™m!™*, noting that since s > 1 we have ('}1)1_3 <1land (Jf"k)l_s <1, and recalling the initial
datum assumption (3.1), we arrive at
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Bj8/ By_j8m I

_ 12 1/2 7
IV, Y = Dllssr <20:M +2C,T2A+TYH Y 3 )P

m>00<j<m

B8 ByS* By_j_j8m—Ii7k
3/2 J m—j
+26T Z Z JIS kS (m—j—k)
m>00<|(j,k)|<m ’ :

<20/ M +2C,T2(1+TV3)|(Vu, Y = DIIS, 7
+2C, T2 (Vo, Y = DIy, 7 (3.16)

Here we used the discrete Young inequality £' s £ < ¢'. In order to conclude the proof, we note that the initial values
are Vg obeying (3.1), and Yo = I. Thus, at T = 0 we have

||(VU7Y_I)”(S‘S‘0§M7 (3.17)

and in view of (3.16), if T is taken sufficiently small so that

1

8CITY2(1 +TV*)M +32C313°M? < 7 (3.18)
we arrive at

Vv, Y — Dllss,r <4C1 M. (3.19)

In summary, we have proven that there exists 7 = T (M) > 0, given by (3.11), (3.14), and (3.18), such that

197" (¥ (1) = D\ 8"
D sup (||a;"Vv<r>||Hr+ S——
m=01€0.7] t

m!S

m

1)
<C Y 197" Vollar

m!S
m>0

=CM (3.20)

for some constant C > 0. This concludes the proof of the a priori estimates needed to establish Theorem 1.5.

Remark 3.1 (Justification of the a priori estimates). Here we show that by using an approximation argument we may
rigorously justify the inequality (3.20). Assume that the initial datum vy is real-analytic (e.g., a mollified approxima-
tion of the original datum) and it satisfies the inequality (3.17), i.e.,

o0 3m
DNVl — < M (321)
m=0 ’

for some § > O and s > 1. Then by [1,15] we know that the solution is real-analytic on [0, T7), where 71 > 0 (cf. (3.11))
is the time of existence of the solution v in H”*!, which under the assumptions of the theorem may be taken indepen-
dently of the mollification parameter, and in particular it is infinite when d = 2. Thus B, (t) < oo for all t € [0, T})
and all m > 0.

Let mo > 0 be an arbitrary integer, and define B,, = B,, for m € {0,1,...,mo} and B,, = 0 for m € {mo + 1,
mo + 2, ...}. Similarly, denote by £, the same type of truncation corresponding to 2,,, for all integers m > 0. Then
B, and Q,, satisfy the same recursion relation (3.13), i.e.,

By <Ci1Qu +CiT'*(1 4+ Bo+T"*By+TB})Bn

m\ — —
+o T 2a+1'2) 3 (j)Bij—j

O<j<m

m\ — — —
+C1T3/2 Z (.k>BjBkBm—j—k
0<|(j,k)|<m
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for all m > 0. Denote

00 = mo
= B (1)8™ B (1)8™
Smpy=_ == =

m=0 m=0

Note that Sy, is a continuous function of time and

Smo(0) <M (3.22)
Following the derivation in (3.16), we then obtain

Sm(t) <2CIM +2C,TV2(1+ T3S, 420,138,
for all > 0. By (3.22) and the continuity of S‘mo (t), we get

Smo(T) <4C 1M (3.23)
provided that T < T is chosen to obey (3.11), (3.14), and (3.18). The bound (3.23) may be rewritten as

mo

B, (t
Z m( )5’" <4CiM

m!s

m=0
for all ¢+ € [0, T], with T as above. Finally, since mo > 0 is arbitrary, from the monotone convergence theorem we
obtain

o0

B
Z '”(t)am <4C\M

m!s

m=0

for all ¢ € [0, T']. Passing to zero in the mollification approximation completes the proof.
4. Local in time persistence of the Lagrangian Gevrey radius

In this section we prove Theorem 1.1. For simplicity of the presentation, we give here the proof for d = 3. Fix
s >1and § > 0 so that Vyg € G 5 with norm M, that is, the quantity

Qui= Y [0*Volur

loe|=m
obeys
5/‘"
ngmu <M (4.1)
m>0 :

Fix T > 0, to be chosen later sufficiently small in terms of M, s, and §. Similarly to the previous section for m > 0
define

Vi =Vn(T)= sup Y [[0*Vo(®)llur, (4.2)
t€[0,T] ll=m

Zn=Zn(T)= sup 12 3" 13%(Y (@) = Dllar (4.3)
1€[0,T] -

In order to estimate Vv and its derivatives, we use the three-dimensional curl-div system (1.14) and (1.15) to write
(curl v)" = epkdv* = ff + itk Gim — YA + emjic (81 = V)"

— &ijk Bim — Y (8 j1 — Yo (4.4)

divv = (8 — Yo' (4.5)

From (4.4)-(4.5) we conclude that for o € Ng we have
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10% Vvl < ClO% @ |17 4+ ClIO* (&ijk (Sim — Y™ (8 j1 — YO ) | e
+ Cl10% (emjk (80 — YD) | 1r + Cl10% &4k Bim — ¥/ || v
+ Cl18* ((Bix — Y V) |1 a7
Summing the above inequality over all multi-indices with |«| = m and taking a supremum over ¢ € [0, T] we arrive at

Vin < CQuy + CT Zy ZoVo + CT Z3 Vi + CT V2 2oV, + CTV2 2,V
+er'2 Y% (g) sup (12198 (Y = D)llr 0" P Vvl )
]

0<j<m |a|=m,|B|=j,p<a te[0,T
o
+cr Yy » <ﬁ )
0<(j,k)<m |a|=m,|B|=j,B<a,|y|=m—j—k,y<a—p 14

x sup (i7 2P Y = Dllart ™ 2107 (Y = Dl 0% Vv )
tel0,T]

<CQu+CTZyZoVo+ CTZ3Vi +CTY? 2oV, + CTV? 2,V

rerr Y ( >z Vaej +CT Y <;’k)zjzkvm_,-_k, (4.6)

O<j<m 0<(j,k)y<m

for all m > 1. In (4.6) we have used that if {ay}, {by}, {c«} are non-negative multi-indexed sequences, then

s () () (2 -

la|=m,|B|=j.B=c 1Bl=j lyl=m—j

and

SR 3

la|=m,|B|=j.B=a,|y|=m—j—k,y<a—p
m
5(jk> Z.aﬂ > by Z. ca |- (4.8)
\BI=j Iyl=k o[ =m—j—k

These inequalities follow e.g. from [14, Lemma 4.2] and [15, Lemma A.1] and the fact that ( ﬂ) (‘l?‘) Indeed, for
(4.7) (the proof of (4.8) being analogous), we have by using the substitution y =« — 8

I M i o

la|=m,|B|=j,B<a [Bl=j ly|=m—j
< )Z > apby. 4.9)
|Bl=Jj ly|=m—j

Note that when m = 0, the bound (4.6) reads as
Vo < CoS2 + CoTV2(TV2 2% + Zo) Vo (4.10)

for some constant Cq > 0.

As in the two-dimensional case, in order to bound Z,, we appeal to the integral formula for Y (t) — I, namely (3.6).
We apply 8¢ to identity (3.6), sum over all multi-indices with || = m, divide the resulting inequality by #'/? and take
a supremum over ¢ € [0, T']. By appealing to (4.7) and (4.8), similarly to (3.8) we obtain

Zn <CTY2(TZ3Viy + T Zy ZoVo + T2 Zo Vi + T2 2,y Vo + Vi)

terit Y (.k)z ZiVin—j— k—i—CTZ(J)Z Vi 4.11)

0<|(j,k)|<m Jj=1
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when m > 1, and
Zo < CoT'?(1 +T'?Zp)*Vy (4.12)

form = 0.
Once the recursive bounds (4.6)—(4.10) and (4.11)—(4.12) have been established, we combine them with the initial
datum assumption (4.1), and as in Section 3 obtain that there exists T = T (M) > 0 such that

%Y (@) — D g\ 8
N e
SoreEl0.T] t |oe|!

lor|

’

1)
<CY 19*Vuollar

T
=0 lo|!

for some constant C > 0. This concludes the proof of the a priori estimates needed to establish Theorem 1.1.
5. Example of Eulerian ill-posedness in the analytic class G s

In this section we prove Theorem 1.3. The idea of the proof is similar to the example given earlier in Remark 1.2,
but addresses the fact that functions whose holomorphic extension have a simple pole at £i§ do not lie in G 5 (a fact
encoded in the sum over m, as opposed to a supremum over m, defining our real-analytic norm, cf. (1.17) and (5.1)).
To address this issue we integrate such a real-valued function four times, so that the holomorphic extension to the strip
of radius 8 (where 8 = 1) around the real-axis is also a C? function up to the boundary of this strip (cf. (5.5)). The
proof then proceeds by cutting off in a Gaussian way at infinity (cf. (5.9)), which is compatible with real-analyticity,
and then periodize the resulting function so that we are dealing with a finite energy function (cf. (5.13)). Verifying
that the resulting function ¢ yields the necessary counterexample to prove the theorem follows then from a direct but
slightly technical calculation.

Let f, g be two 2w -periodic functions. Recall (cf. [8,2]) that the function defined by

u(xy, x2,x3,1) = (f(x2),0, g(x1 —1f(x2)))

is an exact solution of the Euler equations posed on T3, where T = [, 7] with the initial datum
uo(xr, x2,x3) = (f(x2), 0, g(x1)).

Also, for a 2w -periodic function ¢ and for § > 0 by definition we have that

ee]

8}1‘!
Ielcrs =D | D2 190l | 5.1)

m=0 \|a|=m

Note that H>(T3) ¢ C°(T?) in view of the Sobolev embedding. Without loss of generality we fix § = 1 throughout
this section.

We start with a few considerations on the real line R. For a function F € L'(R) we normalize the Fourier transform
as

F(&) = F(x)e *8dx.

|
R

Consider the two decaying real-analytic functions

2 1
M=y T

h(x)—iex (—ﬁ)
2 NG p 4 )

and



P. Constantin et al. / Ann. I. H. Poincaré — AN 33 (2016) 1569-1588

These functions have explicit Fourier transforms that are given by

hi (&) = exp(—|&])

and

hay(€) = exp(—[&[%).
Define

hx) = Ry () — (1 — )P4 ) - %(—A)”z) ()
In view of the above formulae we have that

h(&) = exp(—[&]) — (1 — €]+ %mz - %ISP) exp(—[£[%).

Note that

25051
24

h(g) = +0(P)  as  |E[—0

and

2
h(&)=exp(—|&]) + O (exp (—'STI)) as |&] — oo.

Lastly, we define
X X X X3
H(X):////h(X4)dX4dX3dx2dx1,
0000

so that

4

d
WH()C) =h(x).

By taking the Fourier transform of the above equation we arrive at

_he)

A =16 -
€)=y

1 3 7
i (eXp(—IEI) - (1 — &1+ 5|§|2 - g|5|3) exp(—|s|2>> :
Clearly,

sup | &)+ sup (I¢[* exp(&DIA©)]) < Co
[El=1 €11

1583

(5.2)

(5.3)

54)

(5.5)

(5.6)

(5.7)

(5.8)

for some constant C > 0. The function H however is notin L' since it grows as |x| — 0o, and the above computations

are formal. To fix this issue, we set

2

®(x) = exp (—%) H(x).

(5.9)

This function is smooth, and decays as |x| — co. Moreover, in view of (5.7) and using the explicit Fourier transform

of the Gaussian, we have

T IN
<f>($)=/exp<—(s 277) >H(n)dn
R

—m2\ 1 3 7
=fexp<—(S 2’7) )W(exm—mn— (1—|n|+§|n|2—6|n|3)e><p(—|n|2)>dn-
R
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We claim that

sup |b(&)|+ sup (1&1* exp(l£DI©)1) = Ci (5.10)
51=<1 1§1=1

for some universal constant C; > 0. In order to check whether (5.10) holds, we write

(& —n)?
2

&|* exp(|E)D(§) = — / exp (— )exp<|s| — Inhlgl*
R

y 1—(1—|n|+%|n|2—%|n|3>exp(—|n|2+|n|)d
In|*

)

decompose the above integral in the regions

1 1

{|n| < Z}’ {Z <Inl < |s|3/4}, [l <mi<igr}. nl = 1gn

and use both the decay resulting from the Gaussian factor and the decay coming from (5.8).
A useful observation that shall be needed below is that we have

v (2k)!
161" exp(— 1D 2y =
which by Stirling’s estimate
Qm) P T12e™m < ) < en™ 1271, neN (5.11)
yields
1 x 1
11" expIkD | 2y = 77 (5.12)

Now, we proceed to construct a periodic function with a finite G ; norm. First, we build a 2 -periodic function ¢
by using the Poisson summation applied to the function ®. More precisely, let

o0
o(x) = Z d(x — 2mr). (5.13)
m=—0oQ
Clearly ¢ is periodic, and its Fourier series coefficients obey
1 .
p(k) = —=(k), (5.14)
¢ 2
for all k € Z.
Therefore, using estimates (5.10) and (5.12), with the Poisson summation formula, we have that
dﬂ lﬂ
lellG,, = @ —
L1 ; dx” HZ(T) n!

4" +2

< Clolysm +CY ‘d" +H !
= Cllell s 2 dxn? i P

. R 1
< Cligluser +C 3 (TP 9@ 2y + K200 2 2))

n!

L2(T) dxnt2

n>5
n ~ 1
= Cliglsen +C 2 (161 S@ll2erzn) + NEM2S@ N 1206121)) -
n>5 ’

and thus
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lellG,, = Cllellgser

1
+C Z(nw—“ exp(— &Nl 2ep=1y + IIEN" exp(—|§|)||Lz(|§|Zl>)

n!
n>5

n—H =2\ 1
<Clglpsmy+C ((n EIVZa _2)1/4) n!

n>5
1
= Cliglmsa +C Y =g
n>5
<C, < . (5.15)

Note that [l¢||G, ; = oo for any analyticity radius § > 1, since
—_— =0
—_N1/4 5
—r (n—2)/%n!

whenever § > 1, and the estimate in (5.15) may also be turned into lower bounds.

Proof of Theorem 1.3. Consider

g(x) =9p(x) (5.16)

where ¢ is as given in (5.13), and define

Sf(x) =sinx (5.17)

Since f is entire, we have that || f|lg, , < oo for any § > 0. With the definitions of f and g above, it follows from
(5.15) that

luoll,,, < oc.

Note that in view of the periodicity in x; and x;, the functions f(x;) and g(x;) have finite energy (i.e., H 2(T3)
becomes H*(T), up to a multiplicative constant), and the multi-index summation in (5.1) becomes a simple sum over
n > 0. Thus (1.19) is established.

In order to establish (1.20), we assume, for the sake of obtaining a contradiction, that for some 7 € (0, 1/10] we
have [lu(t)llG,, < oo. We fix this value of ¢ € (0, 1/10] throughout this proof.

Consider the function

Y(x1,x2) 1= 0; u3(x1, X2, x3,1) = g (x1 — £ (x2)). (5.18)
The inequality [lu(t)]lG, , < oo implies
> ||a“w||Hzm <00
a>0
It follows that for any R € (0, 1), the joint in (x1, x2) power series of ¢ at the origin
VLX) = ) amax]'xl (5.19)
m,n>0
converges absolutely in the closed square of side length R at the origin
Cr={(x1, x2): [x1] = R, |x2| < R}

and defines a real-analytic function of two variables in this square. Thus, we may consider the complex extension

Y(z1,22) = (x1 + iy, x2 +iy2) = Z aAm 22y

m,n>0
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which converges absolutely when |z1| < R and |z3| < R. Fix

Ri=1-7 (5.20)

which clearly belongs to (0, 1), and is thus an allowable choice for R. Also, fix
x;1 =0 and 72 =0+ilog?2.

Since ¢ € (0, 1/10), we have |z2| =log2 < R;, so that by the above consideration,

lim |Y(iy2,ilog2)| < oco. (5.21)
y—>—R,
In order to complete the proof by contradiction, we shall next show that in fact (5.21) is false, and in fact we have
lim |y (iyz,ilog2)| = oco. (5.22)
y2—>—R;
The remainder of this proof is devoted to establishing (5.22).
First observe that sin(i log2) = 3i /4, and thus
Y iy, ilog2) = ¢" (i(y2 — 31/4)).
Next, note that by the definition of R;, (5.20), we have
3t

V2=

4
Thus, proving (5.22) amounts to showing that

—1t  as oy —> —R;.

lim |¢"(iy)| =00 (5.23)

y—>—1*t
which is what we establish below. In view of (5.9), (5.13), and the Leibniz rule, we have that

(PW(Z) — CDW(Z) + Z dDW(Z _ 2m71) (5.24)

meZ\{0}
and
2 2 2
@ (z) = exp <—?> (H"(2) =3zH"(2) +3(z" = DH'(2) + 23 — z9)H (2)) (5.25)

for any complex number z with |z| < 1. Next, note that by (5.4) and (5.6), we have
H" (2) =h1(2) + &)

where
&) = (1 — (=AM 4 %(—A) — %(—Aﬁ”) ha(z) (5.26)

is an entire function (since its Fourier coefficients are given by a polynomial times a decaying Gaussian). More-
over, letting £1(z) = [y Eo(w)dwi, £2(2) = [ fy" Eo(w2)dwadwy, E3(z) = [5 fo" Jo Eo(w3)dws dwr dwi, and
@ = o 3" J7 fo Eo(wa)dws dwz dwy dwy, we immediately obtain that

E@) =E1(2) —32E2(2) + 322 — DE(2) + 23 — 22)E4(2) (5.27)

is also an entire function. On the other hand, we may explicitly compute the integrals of 4 as

Z

2
Hi(z) :/hl(wl)dwl = \/;arctanz

0
z wi

2 1
Ha(z) = //h](wg)dwzdwl = \/;(zarctanz — Elog(l ~|—z2)>
00
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Z Wy wy

1 /2
H3(z) =///h1(w3)dw3 dwydw; = 5\/;(Z+ (12 — D) arctanz — zlog(1 +z2)>
000

Z W) wy w3

’H4(z)=////h1(w4)dw4dw3dw2dw]
0000

12
12V
which implies that

H(z) :=H1(z) — 3zHa(z) +3(z° — DH3(2) + 23 — 2HHa(2)

(512 +22(z% — 3)arctanz — 322 — 1) log(1 + zz))

12 2 4
== ;(z(—18 3322 — 524
+2(15 — 4522 + 15z* — 2% arctan z + z(39 — 282% + 3z*) log(1 + zz)). (5.28)
In summary, with the definition of £ in (5.27) and of H in (5.28), we have that
2
" (z) = exp (— %) (H(@) + E@)). (5.29)

Letting z =iy, and using that arctan(iy) = i arctan y, we arrive at

2

®"(iy) = exp <y7> (H(iy) + E(iy)). (5.30)

Since £ is an entire function, we have that SUP,e[—1,0] |E@iy)| < C < 0o. Writing

2 D)
H(iy)=i,/—y2arctanhy+L Z (=18 — 33y2 — 5y
T 12V 7w

i 2 2 4 2
+ —/ — B9+ 28y~ + 3y )(2arctanhy+y10g(1—y ))
12V m

i |2 2 4, .6
+ g Z (=244 11y* 4+ 12y* 4+ y®) arctanh y (5.31)
b

and observing lim,_, _;+ (2 arctanh y + ylog(l — y2)) = —log4 and lim,_, _1+(y + 1) arctanh y = 0, we arrive at

lim [H(iy)| =00 (5.32)
y—=>—1t
since arctanh has a logarithmic singularity at y = —1. Combined with the above, it follows from (5.32) that
lim |®"(iy)| =00 (5.33)
y—>—1t

which in turn shall imply that (5.23) holds.
Indeed, the only remaining part of the proof is to show that

: s
Vlnju Z |®" (iy — 2mm)| < oo.
’ meZ\{0}
The above holds since for each m # 0 we have that
|HGy — 2mm)| + |EGy — 2mm)| < P(m)

uniformly for |y| € [1/2, 1], where P is a polynomial, and since

iy — 2mi)? 1
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which makes the sum over m # 0O finite. In order to obtain the first bound, we use (5.31) and the formula
1
arctanz = Ei(log(l —iz) —log(l +iz))

where the complex domains of the above logarithms are cut on [0, co) and (—oo, 0] respectively. O
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