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Abstract
We consider a family of dispersion generalized Benjamin—Ono equations (dgBO)
ur — 3y |D|% + [u*du =0, (t,x) eR xR,

where ﬁ“\u = |&|%% and 1 < a < 2. These equations are critical with respect to the L2 norm and global existence and interpolate
between the modified BO equation (o = 1) and the critical gKdV equation (o = 2).

First, we prove local well-posedness in the energy space for 1 < o < 2, extending results in Kenig et al. (1991, 1993) [13,14] for
the generalized KdV equations.

Second, we address the blow-up problem in the spirit of Martel and Merle (2000) [19] and Merle (2001) [22] concerning the
critical gKdV equation, by studying rigidity properties of the dgBO flow in a neighborhood of the solitons. We prove that for o
close to 2, solutions of negative energy close to solitons blow up in finite or infinite time in the energy space H 3.

The blow-up proof requires both extensions to dgBO of monotonicity results for local L2 norms by pseudo-differential operator
tools and perturbative arguments close to the gKdV case to obtain structural properties of the linearized flow around solitons.
© 2011 Elsevier Masson SAS. All rights reserved.

Résumé
Nous considérons une famille d’équations de Benjamin—Ono a dispersion généralisée (dgBO)
up — 3x|D%u + |u**du =0, (1,x) eR xR,

ou m = |&|%0 et 1 < o < 2. Ces équations sont critiques par rapport a la norme L? et a I’existence globale et peuvent étre
vues comme des interpolations entre I’équation de Benjamin—Ono généralisée critique (o = 1) et I’équation de Korteweg—de Vries
généralisée critique (o = 2).

D’abord, nous montrons le caractere bien posé de ces équations dans I’espace d’énergie pour 1 < o < 2, étendant les résultats
de Kenig et al. (1991, 1993) [13,14] pour les équations de Korteweg—de Vries généralisées.

Ensuite, nous étudions le phénomene d’explosion dans I’esprit de Martel et Merle (2000) [19] et Merle (2001) [22] concernant
I’équation de gKdV critique, en étudiant les propriétés de rigidité du flot de dgBO dans un voisinage des solitons. Nous montrons
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que pour o proche de 2, les solutions d’énergie négative proches des solitons explosent en temps fini ou infini dans I’espace
d’énergie H 3.

La preuve de ce résultat d’explosion est basée d’une part sur 1’adaptation a dgBO de résultats de monotonie de normes L2 locales
par des méthodes d’opérateurs pseudo-differentiels et d’autre part sur des arguments de perturbation pour obtenir des propriétés
structurelles du flot linéarisé autour des solitons lorsque 1’équation est proche de gKdV.
© 2011 Elsevier Masson SAS. All rights reserved.

1. Introduction

We consider the following dispersion generalized Benjamin—Ono equations (dgBO)
up — | D)% + |u**0u =0, (t,x)eRxR, (1)

where |D|% is such that |D|%u = |£|*% and 1 < @ < 2. Formally, the following three quantities are conserved for
solutions

/u(t,x)dx =/u(0,x)dx, @)
M(1) =/u2(t,x)dx = M(0), 3)
E(t)=/<||D|gu|2—ﬂ)(t,x)dx:E(O). )
(x+1DQRa+1)
Recall the scaling and translation invariances of Eq. (1): if u(¢, x) is a solution of (1) then, for all 1o > 0, x¢ € R,
g (12 6) = Ao Fu(hg @71 2% (x — x)) s also a solution of (1).

In particular, note that for any Ao > 0, xg € R, [lus,, x,llz2 = lull 2, which means that (1) is a family of L? critical
equations interpolating between the critical Benjamin—Ono equation (also called modified Benjamin—Ono equation)

up — | Dlu + u?du =0, (t,x)eRxR, (5)
and the critical generalized Korteweg—de Vries equation

w+3u +u*d,u=0, (1,x)eRxR. (6)
1.1. Local well-posedness in the energy space

Recall that the local Cauchy problem is known to be well-posed in the energy space H % both for the critical gKdV
equation — see Kenig, Ponce and Vega [14] — and for the critical (BO) equation — see Kenig and Takaoka [15]. The
first objective of this paper is to present a local Cauchy theory for (1) in the energy space H2 for 1 <« < 2.

Theorem 1 (Local well-posedness in the energy space). Let 1 <a <2 and A > 0. Let ugp € H 3 be such that
||u0||H% < A. Then there exists a unique solution u € C([0, T], H2) N Z7 of

uy — 0 |D|%u £ [u)?*0,u =0, (t,x)eRxR,
u(t=0)=uy, xekR,

(7
where T =T (A) > 0. Moreover, the map uo+— u € C([0, T], H%) N Zr is continuous.

Theorem 1 is proved by a contraction argument in Z7, see the proof of Theorem 1 for the definition of this
functional space. The linear estimates, mainly taken from [12] and [14], are gathered in Lemma 1.

Remark 1. Together with Theorem 1, we obtain in this paper a property of weak continuity of the flow of Eq. (1) in
the energy space, see Theorem 3. See also [19] and [4] for the cases o = 1, 2.
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In this paper, by solutions of (1), we mean H 2 solutions in the sense of Theorem 1. For such solutions, it follows
from standard arguments that the two quantities M (u(¢)) and E(u(t)) defined in (3), (4) are conserved as long as the
solution exists (see also Remark 2).

1.2. Blow-up in finite or infinite time

The second objective of this paper is to study global well-posedness versus blow-up for Egs. (1), i.e. in the focusing
case. Recall that Egs. (1) are critical with respect to global well-posedness in the following sense. For fixed 1 < o < 2,
the power 2« + 1 of the nonlinearity in (1) is the smallest power for which blow-up is possible in the energy space,
whereas from the critical Gagliardo—Nirenberg inequality

/|u|2°‘+2<Ca</|D(5u|2)(/u2>°‘7 ©

it is a standard observation that small (in L?2) solutions of (1) are global and bounded from Theorem 1. Note that
inequality (8) is easily proved using Fourier analysis and scaling arguments. See Proposition 1 for the value of the
best constant in (8), related to soliton solutions of (1).

Following Martel and Merle [19] and Merle [22] concerning the critical gKdV equation, we look for blow-up
solutions close to the soliton family, which we introduce now.

We call soliton any traveling wave solution u (¢, x) = Qj,(x —xp — Aa2t) of Eq. (1), with A9 > 0, x9 € R, Q;,(x) =

_1 _2
Ay “ Q(hy “x) and where Q solves:
1 o
|D|"‘Q—|—Q—2a—_HQ2“+1=O, QeH?, Q>0. )

For the critical gKdV case («¢ = 2), it follows from standard ODE arguments that there exists a unique (up to transla-
tions) solution of (9), which is

151/4
B cosh1/2(2x).

Moreover, Weinstein [28] proved that the function Q provides the best constant in estimate (8) for o = 2.

For 1 < o < 2, existence of a positive even solution of (9) is known by variational arguments, see Weinstein [29,31]
and Proposition 1 of the present paper. Such a solution is called a ground state of (9). Amick and Toland [1] proved
uniqueness of the solution of the Benjamin—Ono equation (BO)

Uy — ¢ |Dlu+udu=0, (,x)eRxR, (11)

Q(x) (10)

but their argument does not adapt to (9). By a different and very general argument, Frank and Lenzmann [5] recently
proved uniqueness of the ground state for a large class of equations |D|*Q + Q — cQftl =0 including (9) for all
aell,2).

Now, we state our second main result.

Theorem 2 (Blow-up in finite or infinite time). There exists ag € [1,2) such that for all a € (ay, 2), the following
holds. Let Q be the unique even positive solution of (9) which minimizes the constant Cy in (8). There exists By > 0
such that if u(t) is an H? solution of (1) satisfying

E@0)<0 ad [0)< [0+
then u(t) blows up in finite or infinite time in H?, i.e. there exists 0 < T < +00 such that lim;_, 7 ||u(t)||H% = -+o00.

Note that from Gagliardo—Nirenberg’s inequality with best constant (see Proposition 1) E(u#(0)) < 0 implies that
f u2(0) > f Q2. Therefore, we prove blow-up in finite or infinite time for any u(0) such that E(u(0)) <0, f Q2 <
f u2(0) < f 0?% + By, which is a large class of initial data close to Q up to the invariances of the equation (see
Lemma 9).
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Theorem 2 extends to Eq. (1) the main result in [22]. We follow the same strategy based on rigidity properties of the
nonlinear flow around solitons. First, we prove a nonlinear Liouville property around the soliton as a consequence of a
linear Liouville property. See Section 5 where we extend the main results of [19]. Then, in Section 6, we prove blow-
up in the sense of Theorem 2 by a contradiction argument, using the nonlinear Liouville property and the additional
invariant [‘u(t) = [u(0), as in [22].

Now, we discuss how techniques developed in [19] and [22] have to be adapted to Eq. (1) to prove Theorem 2.

1. Monotonicity properties of local L? quantities. These arguments were developed in [19] and [22] in order to
study the variation in time of the L? norm of the solution in various regions of space (on the left or on the right,
in some sense, to the soliton). For the critical gKdV equation, these monotonicity arguments are mainly based on
the Kato identity and refined estimates on the nonlinear term in this identity. For Benjamin—Ono type equations,
such localization arguments are subtle to adapt due to the nonlocal character of the linear operator. Such L?
monotonicity arguments were developed in [11] to prove asymptotic stability of the solitons for the BO equation,
but the arguments in [11] seem to work only for the operator |D]|, i.e. for « = 1 in (1). In the present paper, we
extend these results to any o € (1, 2) using tools from pseudo-differential calculus. Section 4 is devoted to these
arguments.

2. Weak continuity of the flow. In addition to the local Cauchy theory, we need the weak continuity of the flow of
(1) in several key limiting arguments. See Theorem 3.

3. Linear Liouville property. The proofs in [19] and [22] for the gKdV case depend crucially on a linear rigidity
property of the ground state (hereafter called linear Liouville property). By perturbative arguments, we are able
to extend the linear Liouville property for gKdV to (9) for & < 2 close enough to 2 (i.e. when the model is close
in some sense to the critical gKdV equation). See Proposition 3. In this paper, we rely on the simplified approach
of [17].

It follows from the arguments of this paper that Theorem 2 holds true for any 1 < « < 2 if the linear Liouville
property is assumed. Indeed, it is the only part in the proof of Theorem 2 where we need perturbative arguments
close to the gKdV case. In particular, the monotonicity arguments and the overall strategy work for any 1 < « < 2.

Remark finally that in addition to [19] and [22], two further works ([20] and [21]) provide refined information
about the blow-up phenomenon for the critical gKdV equation close to the soliton family. Indeed, in [20], the soliton
Q is found to be the universal blow-up profile in the context of Theorem 2. The proof is based on an additional rigidity
property of the gKdV flow around solitons in a blow-up regime. Finally, [21] proves blow-up in finite time, together
with an upper estimate on the blow-up rate, provided that the initial data has some space decay. However, note that
the blow-up problem for the critical gKdV equations is not yet completely understood, in particular the question of
the exact blow-up rate. The case of the nonlinear Schrédinger equation is by now much better known, see Merle and
Raphaél [23-25] and references therein. For simplicity and brevity, we do not try here to extend results of [20] and
[21] to dgBO equation.

1.3. Plan of the paper

The paper is organized as follows. In Section 2, we prove Theorem 1. In Section 3, we study the stationary problem
(9) in the general case 1 < o < 2 and obtain further properties in the perturbative case where « is close to 2. In
Section 4, we present L? monotonicity properties for the model (1) for all « € (1, 2). In Section 5, we deal with
solutions close to a (bounded) soliton and finally in Section 6, we prove Theorem 2, i.e. for « close to 2, blow-up in
finite or infinite time for negative energy solutions close to solitons.

2. Local well-posedness in the energy space
2.1. Proof of Theorem 1

We denote the Fourier transform by F(f)(§) = f(g) = f e~ ixg f(x)dx.
We introduce the group W, (¢) defined by

F(Wo) f)(E) =" B f&), 1<a<2.
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Then, we claim (or recall) the following linear estimates (we use classical notation from [14]).

Lemma 1. For 0 < T < 1, there exists C > 0 such that, for all ug € L? | then

(i) sup | Wo (1)uo| ;2 < Clluoll 125
t
(i) [1DI% Wa (t)uo]| o 2 < Clluoll 2
(iii) for all ugp € HY?, ||Wq(H)uo ||L30L; < CT1/2||M()||H%;

for 0 < B < a2, there exists y > 0 such that,
(iv) (1D We 0o 2 < CT lluoll 2
v) for all ug € H*/?,

3x Wol(t)uo ||L$OL% < CTV ”uO"H"‘/Z;

. + 3 «
(vi) forallug e H?" | where Bt > 11 H W (t)uo ||LEQL%O < Clluoll ga+;

forallhe LLL2,

t

(vii) |D|"‘/Wa(t—t/)h(t’) dr’ <Clihllyes
0 LeL?
t
(viii) sup |D|°‘/2/Wa(t—t/)h(t/)dt’ <Clhlipiz;
O<t<T o 12 T

for 0 < B < a, there exists y > 0 such that,

(ix) <CT Il 2

2
L¥Ly

t

|D|P / We(t —1)h(t)dt’
0

there exists y > 0 such that,

(%) sup

<CTV A2
0<t<T T

j Wo(t —t")n(t") dt’

L3

forall h € LLL3. such that 9,h € L1L3.,

(xi) <Cllohllyypz -

L2

t
/ Wt — £')a,h(1') di’
0

Proof. (i) is the classical conservation law, and (ii) (sharp Kato smoothing effect) is proved in [13, Lemma 2.1].

By Sobolev embedding

[We0uo()[* < €[ WaOuo,5 < Clluol? o

a
2 2

Integrating (12) with respect 7, we obtain (iii).

857

12)
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To prove (iv), we first write ug = uo,1 + uo,2 where o, 1(5) = X‘§‘<Mﬁ0(§) for M > 0 to be chosen. Con-
sider ||| D]# Wy (t)uo, 2llpoez2 and let vo2 such that o2 (§) = fio2(£), so that we have |D|¥?Wy(t)vpo =
|D|PW, (t)uop2. Using (ii), we see that, since g < «/2,

|11 Watuo2| e 2 < Clivoall 2 < CMP= 2 ug] 2. (13)

Iél‘)‘/2

Consider now | D|Pug 1. Then, ||| D|Puo. 1|l a2 < CMP+/2||ug|| ;2. From (iii),

1D W01 | 2 < CT2MPH 2 ug] 2. (14)

Choosing M® = T~1/2 estimate (iv) follows from (13) and (14).

Writing |D| = |D|'=%/2| D|%/2 we use (iii) and (iv) and the fact that | — /2 < /2 to prove (v).

In [13, proof of Theorem 2.7, p. 332], it is proved that if || ~ 2¥ (or || < 1 for k = 0) we have, for iy with that
support

[ W o] 350 < €240 ug) . (15)
Also in [12, Theorem 2.5], it is proved that

| W 0o 1420 < C[1DI o] - (16)
Write now % = % + % then 6 = % — 1€ (0, 1), by interpolation, we get

[ Wertut0]] a0 < €22 g 2 = €O g (17)

which implies (vi). Note that (17) is more precise for g supported in |§] =~ 2k
Estimates (vii) and (viii) are proved in a similar way as (3.8) and (3.7) in [14]. We omit their proofs.
Letd e C°,0 = 1for || <1,0y(5) =05 /M), Uy () =1—60p(§) where M > 1. Write h = hy pr +ho p, where

R (1,6) = 0 (€)1, §). Write ho.ur by (o) (1.8) = i 4y (1,8). Thus |DIP 3 Walt — ()l w (1)) di' =
| D fot We(t — t/)ﬁz,M dt'. Let ny (§) = %WM (&). Using a dyadic partition of unity in frequency space and Bern-

stein inequality, we claim [ |ny| < CM B-o
Thus

lh2allpy e <CME PRl e (18)

so that by (vii),

t
|D|5/Wa(z—ﬂ)h2,M(t’)dﬂ <CM°"'3||h||LiLzT. 19)

2
L®LY

Next, we consider |D|P [j Wy (t — t')h1,p(¢') dt'. Then, let us define iy (&) = |61P (£)0y (€) where (£)2 =1 + |£]%
Then, [[umll2 < CM B+3/2 Moreover, for a fixed 7, we have by Sobolev embedding,

|D|5/W (t =" )him(t) /W t —t')(D)DIPhy m(t)dt’

L3

< c/||,m>,<h(f)||LE ar
0

T
<CMP32 f [n()] 1 de' = CMPF 2R

<SCT'PMPER R Ly s (20)
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Hence, pick M so that M*+3/2 = 7=1/2 (19) and (20) prove estimate (ix).
We obtain (x) by duality to the case 8 =0 of (iv). Let g € L}CLzT, gl 2= 1. Then

T T

// Wa(t)uo(x)g(t,x)dxdtsz up(x)Wy(—t)g(t,x)dt dx. 21
0 0

So estimate (iv) is equivalent to

<CTV||g||L{_L2T- (22)
L2 '

X

/T Wy (—1")g(t', x)dt’

Fix 0 <t <T,letg(t, x) = xj0..(t")h(¢, x), then

t
/Wa(—t/)h(t’,x)dt’ < CT”||h||L}L%. (23)
0 L3

X

Apply now W, (t) to the left-hand side, which is an isometry in L2, to obtain (x).
Let P, be a projection on frequencies ~ 2% (or < 1 for k = 0), which is smooth on Fourier transform side. Consider

t
Tih(x, 1) = / Wy (t — 1) Peoch(-, 1) dt’;
0

T
Teh(x,t) = / Wy (t — ') Pedsh(-, 1)) dt’. (24)
0

By (vi), localization in frequencies and (viii) we have, for % -4 <Bt<4%,

T
IITkhIILgaL;o = H Wa(t)/ Wy (—1") Pech(-, 1) di’
0

L(%"‘L‘}O

T

< CoHFT—e/) f | DI*2Wo (1) Pedsh(-. 1) di’
0

L3

T
< CRFT—a/D) /|D|°‘/2Wa(T —t')Pedyh(, 1) dr’
0

L3
< C2k(ﬁ+_a/2) ”axh”Lle . (25)
x=T
Using the version of Christ and Kiselev’s lemma in Molinet and Ribaud [26, Lemma 3], we obtain
+_
I Tihll ez < C2XP =P8 2. (26)

The sum of right side of (25) being convergent, (xi) follows. O

We are now ready for our well-posedness result in the energy space, Theorem 1.

Proof of Theorem 1. Let Z7 be the space defined by the maximum of the following norms,

sup |lu 2 D|%u T77||u 2 T77|0u 2 ull ;2
ongT” | ger2, H| | ||L;>OL2T, l ”Li"Lr’ [|0x ”Lf?ch’ l ||oncL<%o,

for some y > 0 to be chosen.
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Fix ug € H*/?, |lug|| yyar2 < A. For R, T to be determined, let Bg 7 = {v € Z, ||lv|lz, < R}. Let
t
@y (V) = Wy (Hug £ / We(t — ') (Jv1**8,v) (¢') ar'. 27)
0

We will show that, given A, we can find R, T such that @,,(v) : Bg v — Bg,7 and is a contraction there. First,
note that (i), (ii), (iii), (iv) (with 8 =1/2), (v), (vi) show that || Wy (t)ugllz, < CA, for some y > 0.

Now, we work on the Duhamel term. It is easy to see that, using (vii), (viii), (ix) (with 8 =0 and g = 1), (x), (xi),
we have

<cflwr o]z + N0l )
Zr

t
/Wa(t—t’)|v|2°‘8xvdt’
0

<CTY vl1%, <Vl Zy, (28)

L2LY

for some y > 0. We now choose R =2C A and T so that C(2CA)2°‘TV <CA= %R, which gives @, : B v — BR,T.
For the contraction property, we estimate

[0, v — [w*dew| < (101 = [w*)dyw]| + |[v[**8, (v — w)| (29)

since |[v]2 — |w|*| < Clv — w|(Jv]?* ' + |w|>*~!) and « > 1, this allows to conclude the proof (we argue similarly

for [[v]**v — |w|**w|). O

Remark 2. From Theorem 1, it follows that for any initial data in H %, we can define a maximal solution to the
problem. Moreover, either this solution is globally defined or it blows up in finite time.

From the previous arguments and estimates, it is standard to obtain the property of persistence of regularity, i.e.

if the initial data belongs to some H*, for s > %, then the maximal solution u(¢) of the equation belongs to H® as

long as it exists in H 3. In particular, by density arguments and continuous dependence upon the initial data, we can
approximate any H 2 by smooth solutions in C ([0, T'], H 2), which allows us to prove rigorously the conservation of
mass and energy (3) and (4).

2.2. Weak continuity of the flow

Theorem 3. Let 1 < o < 2. Let {u,}, be a sequence ofH% solutions of (7) in [0, T1; assume that u,(0) — ug in H?
weak. Assume also that (without loss of generality) ||uy (O)HH% <A, ||u0||H% < A, T <T(A)asin Theorem 1. Then,
if u(t) is the solution of (7) corresponding to ugy, we have

Vi e[0,T], un(t)—u(t) in H? weak.

Note that for = 1, the result is proved in the final remark of [4] (see also [7]) and for o = 2, it was proved by
different arguments in [19].

Proof. For 1 < o < 2 we remark that a slight modification of the proof of Theorem 1 gives us the local well-posedness

inH? forl <o <a. Then, the proof is identical to the one in Theorem 5 of [11], using this remark. O
3. Properties of the ground states and perturbation arguments

In this section, we first recall or prove general results about ground states for (1) for all 1 < o < 2, mainly by
classical variational arguments. Then, we prove specific results for « close to 2 by perturbation of the well-known
results for gKdV.
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3.1. Construction and first properties of the ground states

Proposition 1. Let 1 < o < 2. There exists a solution Q € H 3 (R) N C*®(R) of (9) which satisfies the following
properties

(i) First properties: Q >0 on R, Q is even, Q' <0 on (0, +00).
(ii) Variational properties. The infima

[ IDS ([ v .
lemf{ f|v|20‘+2 ,forveHZ}, (30)
Jg:inf{E(v),forveH% such that /vzz/Qz}, (31

are attained at Q (J, =0).
(iii) Linearized operator: let L be the unbounded operator defined on L*(R) by

Lv=|D"v+v— Q*v.

Then, L has only one negative eigenvalue g, associated to an even eigenfunction xo > 0, LQ’' = 0 and the
continuous spectrum of L is [1, +00). Moreover, the following holds

inf{(Lr), n), forne H? such that /nQ - o} = 0. (32)
Finally, let Q;(x) = )»_al Q()»_%x)for all » > 0 and
d 1
AQ:—(—QA> :—(Q+2xQ’) then L(AQ)=-20. (33)
di =1 o
(iv) Decay properties:

C
VxeR, Q@)+ (1+Ix)|Q @]+ (1+x*)]Q"x)] < ( (34)

Lo
Definition 1. An even positive solution of (9) in the sense of Proposition 1 is called a ground state.
Before proving the above proposition, we recall the following classical result.

Lemma 2. Let 1 < o < 2. Let K (x) be such that I%(E) =e &%, Then, K is a real and even function, K > 0 on R and
K'(x) <0 forx > 0.

Proof. For « = 1,2, K(x) is known explicitly. This result is not trivial for 1 < o < 2 but known in probabilistic
literature: K is the law of stable distribution, special cases of distribution of class L (see Gnedenko and Kolmogorov

[6, Theorem, p. 164]). Yamazato [33] proved the unimodality of distribution of class L, i.e. K'(x) <O forx >0. O

Remark 3. It follows in particular from the previous lemma that the operator |D|* for 1 < o < 2 satisfies properties
(L1)g/2, (L2) and (L3) of [31].

We also recall the following identities satisfied by any solution of (9).

Lemma 3. Ler Q € H % be a solution of (9). Then,

2 _ e 2 _ o 2042
/Q _a/|D2Q| _(2a+1)(a+1)/Q : (35)

In particular,

_ 2712 _ 1 2042 _
E(Q)_/|D2Q‘ (2a+l)(a+1)/Q =0
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Proof. Multiplying Eq. (9) by Q and integrating, we first find

/|D2Q| +/Q2 m/Qz"‘“. (36)

Second, note that by Plancherel and integration by parts, for all u € S, one has

e =-=5 [1psf

Thus, multiplying the equation of Q by x Q’ and integrating, we obtain

— 2 — 2a+2
(o 1)/|D of /Q (2a+1)(ot+1)/Q 37
Combining (36) and (37), we find (35). O

Sketch of the proof of Proposition 1. The existence of a solution Q of (9) satisfying (i), (ii) and (iii) follows from
Weinstein’s arguments [29-32] and Lemma 2. Property (iv) follows from Amick and Toland’s arguments, see [1].
Let us sketch the proofs. (i): Follows by Theorem 3.2 in [31] and Remark 3.
(ii): As in [29,32], a suitable solution Q(x) is obtained by minimizing the functional jj (v), defined for v € H 3 by

([1DZv?)([ v}

f|U|2°‘+2
Note that by Theorem XIII.50 in [27], Lemma 2, Remark 3, and Lemma 6 in [31], forall v € H %,
(IDI*[v*, [v[*) < (1DI*v, v),

J1w) =

where v* the symmetric decreasing rearrangement of v. Thus, in the minimization procedure, one can always assume
that the minimization sequence is composed of nonnegative and even functions. It is not possible here to use the decay
properties of H'! radial functions as in [29], since such an argument is limited to space dimensions larger than or equal
to 2. One rather uses the concentration—compactness approach [16] on a suitable continuous family of variational
problems related to jj(v), as in [31].

Once a nonnegative, symmetric decreasing, minimizer vy of jj is constructed, we verify that for some constants
a,b >0, Q(x) =ay(bx) satisfies

|D|aQ+Q—;Q2‘¥+1—O QeH?, 0>0, Q' <0on (0,+00), O even
20[+] - ’ ’ ’ ’ ’ )

and j;(Q) = inf{j; (v) forv € H3 }. By Lemma 3, we have E(Q) = 0. In particular, the definition of J; implies that
forallve Hz2,

1 20+2 f_vz)a/ a 2
(2a+1)<a+1)/'”' <<IQ2 D2l (38)

which is the sharp Gagliardo—Nirenberg inequality in this context, and which means that if [ v? < i Q?, then
E(w) >0
Note that also that for two different solutions Q and Q of (9), both minimizers of Jji, wehave || Q]2 = 0| 12
(iii): Exactly as in the proofs of Propositions 4.1 and 4.2 of [31] and Proposition 2.7 of [29], we obtain that

O:inf{(Lv|v), forve H?, /vQ:o},

and (L Q, Q) < 0, so that there exists exactly one negative eigenvalue g of L, related an even eigenfunction yo which
can be taken to be positive. Moreover, the continuous spectrum of L is [1, +00).

Finally, from the equation of Q; (x + x¢) = )L_é Q(X_% (x 4+ x0)), we have

|D|%Q5.(x + x0) + A2 0 (x + x0) = Q2“+l(x+xo).
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Differentiating with respect to x¢ and taking xo = 0, A = 1, we find L Q' = 0, differentiating with respect to A, and
taking xo =0, A =1, we find L(AQ) = —-20.

(iv): Proof of the decay property. For this part, we first recall the following facts from [3]. For a function F : R — R,
we denote by f: Rﬁ_ — R (R2 =R x [0, +00)) the extension

2 2 -« 2
f(x,00=F(x) onRR, Bxf+3),f+78yf=0 on R7.

Then, from [3], there exists a constant C, > 0 such that, on R,

Cy|D|“F = — lim y'™%3, f.
y—>07t

This generalizes a classical observation for o = 1.
Next, following [1,2], if Q is solution of (9), and ¢ (x, y) is its extension to Ri, then g satisfies

l—«
8%6]—}—83,6]—{—78),41:0 onR2,

1
lim yl_o‘Byq =Cy <q — qu‘”l) ony=0,

y—0+

lim |q(x,0)|=0.
o

|x]—+
From [3] and [1,2], we are led to set
+00

-1
Ga(x y)=( / - ) e / Ot 0+ @)
’ I4+a I+a
(14272 @2+ (y +w)?) >

. 2
so that g (x, y) satisfies on R7
+00
/ Go(x — 2, 9)¢* (2, y) dz.

—00

61()c,y)=20H_1

From this expression, we get the decay estimate (34) following exactly the same arguments as in pp. 23-24 of [2] and
using immediate estimates on Go. O

Now, we recall Frank and Lenzmann’s recent uniqueness result.

Proposition 2 (Uniqueness of the ground state and Kernel property). (See [5].) There exists a unique ground state
of (9). Moreover,

Ker(L) = span{Q'}.

Recall that the result in [5] is general and not restricted to the L? critical case.
Finally, we recall a direct consequence of the spectral theorem and Propositions 1 and 2.

Lemma 4. For some constant (. > 0,
Yoe HE, /UXOZ/UQ’ZO = (Lv,v) > plvl3,. (39)
3.2. Linear Liouville property by perturbation around the gKdV case
We have summarized in Proposition 1 standard results about the ground states of (9) which hold for any 1 <o < 2.

To study the nonlinear flow of (1) around the solitons, we will also need the following fundamental rigidity property
of the linearized flow around a ground state.
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Definition 2 (Linear Liouville property). We say that L satisfies the linear Liouville property if any H 7 bounded
solution w(t) of

w; =0y (Lw), (t,x)€eR,
such that
Ve>0, 3B >0, Vi €R, / lw(t, x)|*dx < e (40)
Ix|>B
is necessarily w(t, x) = c¢o Q' (x) for some ¢y € R.
The linear Liouville property was proved for « =2 in [19] and [17] by Virial type identities and the variational

characterization of Q. Note that it is a stronger property than the Kernel property stated in Proposition 2. We are able
to prove this property for o < 2 sufficiently close to 2 by perturbation arguments.

Proposition 3. There exists ag € [1, 2) such that for all g < o < 2, the following properties hold.

(i) There exists a unique (positive, even) ground state solution Q = Qa1 € H' of (9) and
Qo) =~ Q) asa— 2" in H.

.. .o . o
(ii) Variational characterization of Q:Yu e H?,

Eu) =0, /u2=/Q2, /||D|%14|2=/||1)|%Q|2 = u=40(—x0), xR 41)
(iii) The linear Liouville property holds true.

Proof. The proof of Proposition 3 is perturbative. Let us denote by Q|2 the unique positive even solution of (9) given
by (10).

(1) Let o, — 2 be an increasing sequence and for all n, let Q|4,] be a solution of (9) given by Proposition 1. First,
we claim that lim,_, 1o Q[a,] = Q|2]- Indeed, from (38) applied to a given function w, we obtain [ Q[za] < C. Then,

by Lemma 3, || Qjq,,] ||H017n < C, and using the equation of Q{g,], it follows that Q4,1 € H' and || Olallgt <C.In

particular, there exists V € H', a weak limit in H' of a subsequence of Q|4 still denoted by Qya,]. It is easy to see
that V # 0, using Lemma 3. Indeed, since

/ 01 < Cll Qa1 17% f oL, -
it follows that Qy,1(0) = || Q[e,1llL> = c¢1 > 0 and since weak H ! convergence implies uniform convergence on
compact sets, we obtain V (0) # 0.

Moreover, we easily check that V satisfies Eq. (9) with &« =2 and thus by uniqueness, we deduce V = Q|;.
To obtain the strong convergence, we just observe that

follows from the following consequence of Lemma 3
_1 (7]
[(n + D Q2ay + 1] </ Q[zan]> = Jj1,1en1 (Qfe,1)

2
<jl,[a,,]<Q[21)+jl,[Z](Q[zp=[15]—l( / Q%ﬂ) :

This gives L? strong convergence. To obtain H' convergence, we just use the equation of Qlq,] and interpolation
argument.
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Let us give a direct proof of the uniqueness of the ground state for « close to 2. We consider two sequences Q|q,]
and Q [a,] Of solutions of (9) as in Proposition 1. By the first observation, we have Q(q,] = Q2] and Qja,] = Q2] in
H'(R). Moreover, by the equation satisfied by Q|q,] and Q[a,, we have

[1D1%" (Q1ay — Q[a,,])”Lz < CllQlay) — Oty 2- (42)
Let
w, = Qlon] — Q[an] .
I Qta) — Oty ll 1

By (42), the sequence wy, is bounded in H > (say o, > 3/2). A more precise computation using the equations of Q[q,,]
and Q[q,] shows that the function w,, satisfies

X ~
I L1 wnll g1 = |1 D1 wp 4+ wn = Qg™ wa | 1 < Cll Qo) = Qlaill 2

. . . . . . 3
where we observe a special cancellation. Using this estimate, the bound of the sequence (w,) in H?2 and standard
Fourier analysis, we find

li L
,m (Li2ywp, wy) 2 =0.

It is known that (39) holds for « = 2, moreover, it can be rewritten as

2 2
YveH?, (L[z]v,v)>%||v||§{. —C</UX0) —C<fUQ/) .

By parity properties, we observe [ w, Qb] = 0. By the previous equation, and (39), we have

/wm[——@xww—;@%mwwwm—;%,med&

and thus lim,—, 4 f wy X0,[21 = 0. Since ||wy || z1 = 1, we find a contradiction for n large enough.

Therefore, there exists ag € [1,2) so that there is one and only one solution of (9) satisfying the properties of
Proposition 1. See [5] for a general proof.

(i1) Variational characterization. It follows from the arguments of the proof of Proposition 1. Indeed, for such a
function u, |u| is a minimizer of J; and satisfies the same equation as Q. By the uniqueness result of (i), it follows
that |u| is a translation of Q. Thus, u being continuous, it is a translation of Q or —Q.

Using a similar argument and possibly taking o closer to 2, we can prove directly that Ker(L4]) = span{ QE o) for
o € [ag, 2].

(iii) Now, we prove the linear Liouville property for « close to 2. The proof is by contradiction and similar to
(i), using a compactness argument. For the sake of contradiction, we assume that there exists an increasing sequence
o, — 2 and functions wy, (¢, x) satisfying

(wy)r = (L[oz,l]wn)x ,

wn(t)ian(t)QEan]’ tsz]g”wn(t)HH"‘T" < G,

Ve >0, 3dB,(¢) > 0, Vt e R, / |wn(t,x)]2dx<6
|x|> By (€)
We introduce several auxiliary functions defined from w,,. First, set
f Q[an wy (1)
f(Q[a,,])z [on]”

Wy (1) = wp(t) —

satisfying
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(i)n)l = (L[Oln]lzjn)x + 8n(t)QEan]’

Bu0) 20, suplliny ()] e <C. fwan;an,:o,
teR

Ve >0, 3By(e) > 0, Vi € R, / |, (2, )| dx < e.
|x|> By (€)
Moreover, using monotonicity arguments on wy () as in Section 4 of the present paper and Lemma 4 in [17], we find
(o, >3/2)

C
Vxo> 1. Vi €R, /|uvn<r,x>|2dx<sup||uvn<r>||iz—3~
teR |xo|2

[x]>x0

In particular, by Fubini, we obtain
- 2 - 2
vVt eR, / x|, ()|~ < C sup|| i, (1) | 2
teR
Multiplying the equation of W, by xw, and using the argument of Lemma 3, we find, for C > 0,
d - 2 o 2 - 2
" /x(wna)) < —C|IDIE )22 + € |n )]

and thus, for all r € R, f:“ |||D|%1D,Z (t)||%2 < Csup, g 1wy (t)||%2. Therefore, from standard arguments, using the
equation of w,,,

sup| @, ()] oy < Csupl|ia ()] 2.
teR teR
for a constant C > 0 independent of .
Let 1, be such that ||w, (#,)]l ;2 = % sup; g |, (¢)]l ;2 and set
Wy (ty +1,X)

wy(t,x) =—"—"7—"—"—,
sup, e lwn () 72

so that we have
(@)t = (Liay)Dn)x + (1) Ol 1

1
Jin @[> 5. suplin) ] <€ [ 004, =0
/wnL[a,,](Ql[ixn]),

1
f(Q/[O,n])2

Vx> 1, V7 € R, f|wn(t,x)|2dx<

>0

gn(t) =

[SI[o%)

|xo

Finally, we set
t
W (1) = By (1) — Ol | f 5 (s) ds,
0

so that
(ﬁ)n)l = (L[an]wn)x,

. 1 . .
i@ ]2 5. 180 <. [ 2010}, =0

Vxo > 1, /|1Z)n(0,x)|2dx< C3.

|xol2
[x]>x0



867

C.E. Kenig et al. / Ann. 1. H. Poincaré — AN 28 (2011) 853-887

We are now able to pass to the strong limitin H! ™, forany 0 < 1~ < 1.

W (0) = wo #0,

and we define the solution w(t) of

w(0) = wy.
. Moreover,

(W), = (Ly)x,
By well-posedness argument in H'~, we have 0, (1) — @(t) in H'~

_ _ 1
Sn S)=— | DL ).
(1) = 8(n) f(sz])szm 21(Qf2)
Set w(1) = () + Qfy, [y 5(s) ds. Then
VieR, w,(t)— w()inH',
wy = (Lpgyw)y + SQ/[z],
-

(0) £0, / D(0)Qy =0,

Vi eR, ¥xo > 1, f o, x)|* dx <
Ixol2
But the existence of such a w is a contradiction with Theorem 1 in [17], i.e. the linear Liouville property for the gKdV

[ [>x0

case (see also [19]). O
4. Modulation and monotonicity for solutions close to solitons

In this section, we consider 1 < « <2 and Q is the ground state solution of (9).

(43)

4.1. Modulation
Lemma 5 (Modulation of a solution close to the family of solitons). There exist C, €y > 0 such that for any 0 < € < €,

ifu(t) is an H? solution of (1) such that for t; < tp and Ao(t) > 0, po(t) € R, defined on [t1, 2],
Vielt,il, |u®) = Qin (- — po@) ||H% <e,
then there exist A(t) > 0, p(t) € C'([t1, 12]) such that
1 2
n(t, y) =re(Ou(t, A 1)y + p(1) — Q) (44)
(45)
(46)

satisfies
v €11, 1], /Q’(y)n(t,y)dy=/><o<y>n<r,y)dy=0, In®] 5 <Ce,

A
MO, lpo(t) — p(1)| < Ce.

A1)
Moreover, setting

1
An= E(” +2yny),

t
dr’
5= e

0 ATa (1)
the function n (s, x) is a solution of

A P A P
ns = dy(Ln) = >~ A0 + (A— - I)Q/ + - An+ (7 - 1>ny — 3y (R)
1 Q2a+1 _ QZan’

20 s
[Q+nl™(Q+n) Yot

1
where R(n) = Yt
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and the following holds

ps(s) ‘ ‘)» s (5)
-1
‘X%(s) HED

2 l
n-(s, y) 2
c</ T2 dy) < Cln®| ;.- (47)

Sketch of the proof of Lemma 5. This result is completely proved for o« =2 in [18]. For 1 < o < 2, the proof is
exactly the same. In particular, the existence of the modulation parameters (A(¢), p(¢)) such that (45) hold is based on
the implicit function theorem.

Then, the equation of n(¢), A(t) and p(¢) is easily obtained from the equation of u(¢), and the estimates (47) on Ag,
o5 follow from the equation of n multiplied by xo and Q’. Indeed, let us first introduce

1 2
v(t,y) =re (Du(t, ray + p(1)).
Then, v(¢, y) satisfies

o A, o
—3,(ID|"v) + [v/*d,v —AZJZTZAU 2 =0

2042

A v

. . . . 2042
Using the new time variable s, since A o ds = dt,

1 A
<|D|"‘v+v — 1+—2| v[**v ) = TSAU-}- (f—i — 1>ayu.

Now, expanding v = Q + n and using the equation of Q, we find

= (Ln)——AQ—i—<——1>Q’+%An+(f—§—l)ny

A
20+1 _ 2
2012 Q ")'

To prove (47), we multiply the above equation by x¢ and then by Q’ and we use the orthogonality conditions (45).
Indeed, using decay properties of xo and Q' (proved as in Proposition 1(iv) and (AQ, xo) = —i(A 0, Lyxy) =

(0, x0) #0, (Q', x0) =0, (AQ, Q') =0, we obtain
A P
- = - IDIInlle,
Ao

2 % A
e ) el
A Aa 1+y A

and for ¢p small enough, we obtain (47). O

1 20
-0 (2 +1IQ+n| (Q+n) —

+ +

4.2. Monotonicity argument on u(t)

This section contains the main new argument of this paper, i.e. the extension to Eq. (1) of the L? monotonicity
arguments proved in [19,22] for the gKdV equation and in [11] for the BO equation. With respect to the gKdV case,
the difficulty comes from the nonlocal character of the operator in (1). Note that in [11], using special symmetry
arguments and harmonic extensions, we could overcome the difficulty created the nonlocal operator |D|. For the
general case of Eq. (1) with 1 < o < 2, we can prove similar results using pseudo-differential operators tools. This is
the objective of this section.

Using the standard notation (x)2 =1+ x2, we set, for 1 3 <r< 2(oz + 1) to be chosen later

X

ds
w(X)=/W, o) = —f

—00

For A > 1 to be chosen, let

X
palx) = <P<Z>

We now claim the following L? monotonicity results.
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Proposition 4. Let r € ( %, %(a + 1] and 0 < pu < 1. Under the assumptions of Lemma S, assuming in addition
Vieln,nl, rr)<2 (48)

for €9 = €o(i, r) small enough and A = A(u,r) large enough, there exists Co = C(u,r, A) > 0 such that for all
xo > 1,

(i) Monotonicity on the right of the soliton:

f u? (12, X)pa(x — p(t2) — x0) dx

< / W21, )pa(x — 1) — u(p(2) — p(n)) — xo) dx + xgc—‘ll (49)
(i) Monotonicity on the left of the soliton:
/ (12, )pa(x — p(2) + p(p(t2) — p(11)) + x0) dx
</u2(t1,x)<pA(x—p(tl)—i-xo)dx—i-xz(i—(il. (50)
0

The case o = 1 is treated in [11] by different techniques. For o = 2, the error term is in fact exponential in x¢. See
e.g. [19].

Proof. Let u(¢) be a solution of (1) under the assumptions of Lemma 5. By standard regularization arguments (density
arguments and continuous dependence of the solution of (1) upon the initial data), we may assume that u#(¢) is smooth
(see Remark 2). We prove (49). Estimate (50) is then deduced from (49), L2-norm conservation and the symmetry
x — —x, t = —t of the equation.

ForO<pu <1,xo>1andanyt € [t, 2], x € R, set

1
F=x—xo=p0) = (o) =p®), Mp®)=Mpaxn)=7 / W (1, X)a (%) dx.

By direct computations, we have the following generalization of the well-known Kato identity [10]

% o) =5 lp,/u%p;,(f)dx+/M,M¢A(;)dx -
- H; lp’/“zwil(f)dx —/(3x(—|DI“u) (2 Yuga (F) dx
- M;1”’/“2%@)“+/(—IDI“u)(ux<pA(i)+u<pg(;z)) dx

+ ﬁ f |u** T2, (F) dx. )

Two terms in the right-hand side of (52) are treated by the following two lemmas.

Lemma 6. Let a € [1,2], and r € (%, %(oz + 1)]. There exists C > 0 such that, for all u € S,

(“;1) /(|D|%(¢u))2+C/u2<p’(x)dx.

[ ipruunpw < -
Lemma 7. Let @ €[1,2], and r € (%, %(a + 1)]. There exists C > 0 such that, for all u € S,

/(—|D|“u)u<p/(x)dx < —/(|D|%(¢u))2+C/u2<p/(x)dx.
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Assuming Lemmas 67, we finish the proof of the proposition. First, note that from Lemmas 6 and 7, by changing
variables (x’ = x/A), we find for any u € S,

-1 o C

f (—1DI*u)uxga () < — & > ) / (D15 (uy/y))* + e / el (x) dx, (53)
o C

f(—|D|“u)u<pg(x)dx < —/(|D|7(u,/<p;))2+ F/u%p;,(x)dx. (54)

By (52), (53), (54), we find

o c - 1 i
MU0 < —E(pta - F)/uzmmx)dw mfw R/, () dx.

Note that from (47) for €p small enough

1 1 11

Ps
— < ——,
22 22| 1022

In particular, since A < 2, p; > 1/5. Choosing A large enough, we find

Pr —

1—u . 1 -
M) < L), / PO D+ s / U2, (5 dx.

The constant A > 0 is now fixed.
Now, we estimate the nonlinear term as in [19], using the decomposition (44) and the decay of Q (34). Let ag to
be fixed later. We decompose the nonlinear term as follows

/|u|2°‘+2gof4(£)dx =1+1I,

I= / lu?**2¢, (X)dx and = / u|>*2g), (%) dx.
lx—p(1)>aq lx—p(t)] <ag

On the one hand
2 -
1< [u@) ||L(Z°(|x—p(t)|>a0)/uz(p;l(x)
_1 _2 -
< (1o ¥ oy + |20 25 ) 2% ) / W20/, ()

< 2o(Ilel* . +||n||i%o)/u2<og<i)
L*®(|y| =2~ @ ap)

1
<C 2a + 201” /MZ / <
< p’(”Q”Lw(m;z—%aO) IIUIIHj) Pu(X) <

—u )
pz/uzwk(x),

for ap large enough and €p small enough (recall that A(f) <2, 1 <o < 2).
On the other hand, ap being now fixed, by (44) and (47),

Thus, by the definition of ¢4
1< ) 2 1O ey < Corbro + 1o02) = p0)

Estimate (49) is thus obtained by integration on [t, f2]. O

Now, we prove Lemmas 6-7.
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Proof of Lemma 6. We use commutator arguments and pseudo-differential operators tools. We recall here some
well-known results which can be found for instance in Hormander [9, Chapter 18]. For simplicity we denote by
(ulv) = [u(x)v(x)dx and [[u]|* = (ulu).

We denote by S$”4 the symbolic class of symbol defined by

a e C®(R?),

kqB k (55)
Vk, B € N, 3C g > 0 such that |axaé a(x, &) < Crplx)*@E)m=>P,

a(x,&H)e S & {

Following Hormander’s notation, we have $™9 = S((x)9(¢£)™, g) where g = % + %. We define the operator
associated to a by the following formula for u € S,

a(x, D)u = L/e““fa(x,s)ﬁ(s)das (56)
27

where the Fourier transform is defined by u (&) = f e~ *§y(x) dx. We recall here some results about the pseudo-
differential calculus.

Leta(x,&) € ™49, 3C >0, Yu € S then |[a(x, D)u| < C||(x)?(D)"u]. (57)

Leta(x, &) € ™19, there exists b(x, &) € ™7 such that a(x, D)* = b(x, D)
moreover, there exists ro(x, £) € "33 guch that

b(x,§) =a(x,§) + ll.axasa(x,%') - %Bfaga(x,é) +ro(x,§). (58)

We recall that A* is the unique operator satisfying for all u and v in S, (Aulv) = (u|A*v). We remark that
3,(3561()6,3;') c Sm—l,qfl and agaga(x’%-) c Sm72,q72.

Leta(x,&) € §"9 and b(x,€) € 54" then there exists c(x, &) e smtm'.q+q’

such that a(x, D)b(x, D) = c(x, D). 59)
Remark that following (56), we have a(x, D)D = c(x, D) where c(x, &) =a(x, £)E.

Leta(x, &) € $™9 and b(x, £) € S"™4 then there exists c(x, £) € §"™ " ~Latd' -1

such that [a(x, D), b(x, D)] = c(x, D) moreover

/ ’ 1
there exists ro(x, &) € §"1" ~24%4 =2 guch that c(x, &) = —{a, b}(x, &) + ro(x, &). (60)
l

We recall for operators A and B we have [A, B]=AB — BA and {a, b} = d:adb — 0xadgb. In some cases we have
exact formula, for instance [D, a(x, D)] = :T((%Ca)(x, D).
In Lemma 6 u is real-valued but it is convenient to write the integral in the following form

i
/(—IDIO‘M)MM(X) = Im(p(x)Dul|D|"u) = —5((|DI°‘<PD — Do|D|*)ulu). (61)
Let x € C°(R) such that 0 < x < 1, x(€) = 1 if [€] < 1 and x(§) =0 if |£] > 2. We set

T =|D|*¢D — D¢|D|* =T, + T, where
Ti =|D|*(1 — x(D))eD — De(1 — x(D))|D|*,
T, = |D|*x(D)pD — Dpx(D)|D|*. (62)

The proof of Lemma 6 follows from (61), (62) and the two following claims.

Claim 1. There exists C > 0 such that for all u € S we have
i(Tiulu) = (@ — 1)(@|DI*(1 — x(D))¢pulu) + R (63)
where R satisfies |R| < C|l¢u|>.
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Claim 2. There exists C > 0 such that for all u € S we have

i(Taulu) = (a — 1)(@|D|* x (D)pulu) + R (64)
where R satisfies |R| < C||¢u/|>.
Proof of Claim 1. In the following we set a(x,&) = p(x)|£|“(1 — x(£)) and we have a(x, &) € S0 With this

notation we have T} = a(x, D)*D — Da(x, D). Following (58), the symbol of a(x, D)* is a(x, &) + ,l.ax dsa(x, &) —
%Bgaga(x, £) 4+ ro(x, &) where ro(x, £) € S*~373. We obtain, following (60) and remark below,

1 1
=[a(x, D), D] + - (d:0¢a)(x, D)D — E(a)fag)a(x, D)D +ri(x, D)

=i(dya)(x, D) + %(axaga)(x, D)D — %(aﬁaga)(x, D)D +r{(x, D) (65)
where r1(x, &) = ro(x, £)& € =273  §%=2"_ We have, by (57)
2

|(r1 e, Dyulu)| = |((x)"r1(x, D)ul(x)""u)| < C (;’)r (66)

because (x)"r;(x, D) = ry(x, D) where ra(x, &) € SO
We remark that the symbol of (8§8§a)(x, D) D is real-valued, we can apply the following claim.

Claim 3. Let b(x, &) € 8™, real-valued then there exists C > 0 such that for all u € S, we have

I (b(x, Dyulu)| < C|[¢x) T (D)"T u>. (67)

By definition (Tyu|u) = 2i Im(Dula(x, D)u), it is sufficient to consider the imaginary part of the term of (65). In
particular Im((afaga)(x, D)Dulu) and we have (838§a)(x, £)t € §*~ -2 Claim 3 gives

2
2

Nlu

|tm((6202a) (x, D) Dulu)| < C|[(x)~3(D) T u] (68)

following (57) and (x)_% (g)% csT 3 c §0--2r,

Proof of Claim 3. We have 2i Im(b(x, D)u|u) = ((b(x, D) — b(x, D)*)ul|u). By (58) we have b(x, D)* = b(x D) +
ro(x, D) where ro(x, &) € S~ 14-1. We have 2i Im(b(x, D)u|u) = ({x ) (D)* ) ro(x D)ul|({x ) ( ) T u)
and following (59) (x)’; (D)~ T ro(x, D) = c(x, D) where c(x, &) € s 4t . We conclude by (57). O
Following (65), (66), (68) and notation of Claim 1, we have
(Tiulu) = (i ((3ca)(x, D) — (3:9¢a)(x, D)D)ulu) + R. (69)
We have

(3xa)(x, §) — (3cdea) (x, £)& = @' () |E|* (1 — x (§))
—ag' MIEIIEP (1= x(®) + ¢’ WIEI" X&)
=1 )¢’ @IEI" (1 = x (&) +¢' 1§ X' ©). (70)
We have ¢’ (x)|£]% x' () € S% 72 because x’ is compact supported in R \ 0. We have
2

|("())IDI*x" (D)ulu)| = |((x)" @' () IDI* x" (D)ul(x) "uw)| < C (71)

(x)’

following (59) and (57). By (69), (70) and (71), we obtain
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(Tiulu) = (1 — @) (i¢*|DI*(1 = x(D))ulu) + R
= (1= a)((ig|DI*(1 — x (D)) gulu) + (i¢[¢. IDI*(1 — x(D))]ulu)) + R. (72)
Following (60), we have i[¢, |D|“(1 — x(D))] = c(x, D) + ro(x, D) where c(x,&) = {¢,E|( — x ()} =
—¢'(x)0: (1E1*(1 — x(§))) and ro(x,§) € §*72772 C 8% then |(ro(x, D)ulpu)| < C|l{x)"ul|>. We have
d(xX)c(x, ) € S L=2=1 = gL.=2r+1 anq real-valued, we can apply Claim 3 to obtain |Im(¢(x)c(x, D)ulu)| <
C|l{x)"ul||>. With (72), this proves Claim 1. O
Proof of Claim 2. Since [D, a(x, D)] = %(axa)(x, D) for any a(x, D),
T» =|D|* Dy (D)p(x) — ¢(x)|D|* Dx (D) +i|D|* x (D)¢' (x) +i¢’ (x)|D|* x (D)
=[IDI*Dx (D), p(x)] +2i$|D|*x (D)$ + i[[IDI* x (D), ¢]. ] = A1 + A2 + As. (73)
We remark that D|D|* x (D)u = g * u where g(§) = |£|*& x (§).

Claim 4. Let A| =[|D|*Dx (D), ¢], then there exists C > 0 such that for all u € S,
i(Ajulu) = (a4 1)(¢|D|* x (D)¢pu|u) + R (74)
where |R| < C||(x)™"u||>. In particular,

i((A1+ Apulu) = (@ — 1)(¢|D|* x (D)pulu) + R. (75)

Proof. We have, by a direct computation [|D|* D x (D), ¢Ju(x) = f g(x —y)(e(y) —e(x))u(y)dy. To prove Claim 4
we need the following two claims, proved below.

Claim 5. There exists C > 0 such that we have

00 — o) = xy>r_<yx>, +0(x,y) (76)
where Q(x, y) satisfies
)
|Q(x,y)|<C% iflx—ylél(m+(y)), )
({x) + (y))2r+! 2
— 1
10(x, y)| < c+c<';‘>r<yy)'r iflr = 31> 3 () + ). (78)

We remark that if [x — y| < 3({x) + (y)) then (x) ~ (y) and if |x — y| > $((x) + (¥)) then (x — y) ~ |x — y| ~
(x) +(y).

Claim 6. Let Ku(x) = f O(x,y)g(x — y)u(y)dy, there exists C > 0 such that for all u € S we have

_ 2

|(Kuluw)| < C|(x)"ul". (79)

Following Claims 5 and 6, we have Aju = ¢ (h * (¢pu)) + Ru where |(Rulu)| < C||(x) " u|/* and h(x) = —xg(x).
By definition of g we have

1 ;
h(x)=g/—xe”fs|5|“x(s>ds

1

= f e (¢™€)& & 1" x (&) dt

T

== f ¢ 9 (19 1 (£)) dE. (80)

In the last equality we use that £|£| is a C! function, and we have O (EIEI“x () = (@ + DIEI*x (&) +EIEI“ X/ (8).
Then we have h(x) = hy(x) + ho(x) where le(g) =—i(a+ 1E|*x (&) and fzg(é) = —i&|&|%x/(§). We have ¢ (h; *
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(pu)) = —i(a + 1)(¢|D|* x (D)pu)(x). This term gives the first term of the right-hand side of (74). We have ¢ (h; *
(¢u)) = (¢D|D|*x'(D)pu)(x) and by (59), D|D|*x’(D)¢ is an operator with symbol in §0.—r (we recall x’ is
supported in 1 < |§] < 2), we have by (57), |(D|D|*x’(D)pu|pu)| < C|| (x)~"u||?. This proves Claim 4. 0O

Proof of Claim 5. By definition ¢ is bounded then (78) is obvious. We have ¢ (y) —¢(x) = fxy (s;Zr ds then Q(x,y) =
yo_1 1
fx (m—zr — W)ds We have

L _ 1 1 ( 1 B 1 ) n 1 ( 1 _ L) @1
()2 @ )\ ) () O \(s)r )
We have (s) < (x) 4 (y) because s € [x, y], and (s) > inf((x), (y)) ~ (x) ~ (y) ~ (x) 4 (y) if [x — y| < 3((x) + (¥)).

To prove (77), it is sufficient to prove

1 1
AT TR ®2

Writing (Sl), - (xl), = f; Y (t)dt where ¥ (1) = at(ﬁ), we have [ (¢)] < Cﬁ, this gives (82). O

G

s — x|

Proof of Claim 6. Writing ((Ku)(x)|u(x)) = ({(x)" K({(y)" {(y)~"u)(x)[{x)"u(x)), it is sufficient to prove that
(x)" K ({y)"v)(x) defines a bounded operator on L?. The kernel of this operator is H(x,y) = (x)" ()" O(x, y)g(x —
y) = Hi(x,y) + Hy(x, y), where Hy and H, are H restricted respectively to the regions |x — y| < %((x) + (y)) and

x —yl = %((x) + (y)). Following Lemma A.2, we have [g(x — y)| < W
From Claim 5 we have ’
(x)"(y)"|x — y|?
Hi(x, <C
e S o e e
C
<
{x — »)*((x) + ()
C
NG ®y
and
(x)" ()" ( Clx —y|>
H>(x, <C C+
[t | < CEem O F Ty
r r C
b ) = Hy(x, y) + Ha(x, y). (84)

(x —y)et2 - (x — y)et!

We claim [ H3(x, y)dy < C (and by symmetry [ H3(x, y)dx < C). Indeed,
/H3(x,y)dy < f Hi(x,y)dy + f H3(x,y)dy
[yI<|x| [y[>1]x]

<cwre? [ prayrew [ orePay<omreh <c
[yl<lx] [y]>]x]

The same estimate is trivially true for H; and Hy. Thus, by Schur’s lemma, the operator with kernel H is bounded
onL?>. O

Claim 7. Let A3 =i[[|D|* x (D), ¢1, @], there exists C > 0 such that for all u € S we have

|(Asulu)| < C||(x) " u. (85)

Proof. We set h(x) = % f eYE|E|Y x (§) dE. Following Lemma A.2, there exists C > 0 such that |2(x)| < (x)%“ We
have [[|D|* x (D), ¢], plu = fh(x — ) (¢ (x) — ¢ ()*u(y) dy. We need the following claim to continue.
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Claim 8. There exists C > 0 such that

— 1
60 =80 < Ct T i =y < (4 ),
1 1 . 1
60 =80 < ot o =313 5(10 + ).

Proof. We have ¢(x) — ¢ (y) = f}x £(s)ds where ¢ = d;(—) and we have |¢(s)| < % Ifjx—yl < %((x) + (),

(s)” s)r+1
we have (s) ~ (x) ~ (y) ~ (x) + (), this gives the first inequality. The second one is obvious. O

We argue as in the proof of Claim 6. Let R(x, y) = (x)"h(x — y)(¢ (x) —p (¥))*(y)" = Ri(x, y) + Ro(x, y) where
R and R are R restricted respectively to the regions |x — y| < %((x) +(y)and |x —y| > %((x) + (y)). Itis sufficient
to prove that R defines a bounded operator on L?.

We have

()" () 1x — y?
x = y)eti((x) 4 (y)2+2
C

N (%0

x)” ()" ( I I )
Ry (x, <C +
Rl <\ mr o

C{x)’ C{y)
I N N e e o
By symmetry, it is now sufficient to prove that R3 defines a bounded operator on L?. We have

/R3(x,y><x>‘%dx<6<y>‘f and /R3(x,y)<y>"dy<c<x>‘

|Rl(-xv )’)| < C(

and

= R3(x, y) + Ra(x, y). (87)

D=

(88)

ifr < “T'H Using a variant of Schur’s lemma (see e.g. [8, Theorem 5.2]), the operator with kernel R(x, y) is bounded
onL?. O

By (73), Claims 4 and 7 we obtain i(Thulu) = (o — 1)(¢|D|* x (D)pulu) + R where R satisfies the required
estimates to prove Claim 2. 0O

Lemma 6 follows from Claims 1 and 2. O

Proof of Lemma 7. We have

/(—lDlau)W/dx = (—¢*ID|*ulu) = (—¢|D|*pulu) — ($[@, |DI*Julu). (89)
As the left-hand side is real, we can take the real part of the last term and we have

2Re(¢[¢. IDI* Julu) = (¢[¢. IDI" |ulu) + (ulp[.|DI*]u)

= (¢[¢, IDI*Julu) — ([¢, IDI*]pulu) = ([¢, [¢, DI*]]ulu). (90)

By pseudo-differential calculus (60), the symbol of [¢, [¢, |D|*(1 — x(D))]] is in §¥~2~2"=2 c §%=2" and then it
satisfies

([ [ 101 (1 = x (D) Julue) | < €[ ) "] oD
The term ([¢, [¢, | D|* x (D)]u|u) < C||{x)"u||> by Claim 7. This proves that
[ IDr g’ ax < <11 @] + i~ ulf ©2)

and completes the proof of Lemma 7. O
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4.3. Monotonicity result on n(t)

For future use, we also state a monotonicity result for n(¢), restricted to the regular regime, i.e. the situation where
the solution stays close to a fixed soliton.

Proposition 5. Let r € (%, %(a +1)]and 0 < u < 1. Under the assumptions of Lemma 5, with the restriction Ao(t) = 1,
for €9 = €o(u, r) small enough and A = A(u,r) large enough, there exists C = C(u,r, A) > 0 such that for all
xo > 1,

/ (52, Y)[@a ()»% (s2)y — x0) — @A (—x0) ] dy
< / > (s1. ) [0a (A (s1)y — X0 — pa(s2 — 1)) — @a(—x0 — pa(s2 — s1))] dx

In ()17,

. 93
(X0 + (52 — )2 5

S1

Sketch of proof. Using Lemmas 6-7, the proof is similar to the one of Proposition 2 in [11], the only difference being
the additional scaling parameter A(s) (close to 1) in the present situation. Let

- 2 1 -
F=rE()y —xo—pl2 =9,  My() =3 / 1 ()[04 () — pa(=x0 — (2 — ))].
Using the equation of n(s) (see Lemma 5), Lemmas 6—7 and estimates on ¢4, as in [11], one finds

Cln(I3,
(x0 + p(s2 — )2
and the result follows by integration on [sg, s2]. O

/
M (s) <

5. Nonlinear Liouville property and asymptotic stability

This section is devoted to the regular regime: we study rigidity properties of the nonlinear equation (1) in a neigh-
borhood of a soliton. In this section, op < @ < 2, where «y is given by Proposition 3 and Q denotes the ground state
solution of (9). Note that we could also work with a general 1 < o < 2, assuming the linear Liouville property.

5.1. Nonlinear Liouville property

Proposition 6 (Nonlinear Liouville property). Let ag < o < 2. There exists € > 0 such that if u(t) is a global (t € R)
solution of (1) satisfying for some x¢(t),

vieR, |u@) -0l —xo(t))”H% <k, (94)
V6 >0, 3B >0, Vt € R, / |u(t, x —xo(t))|2dx <8, (95)
|x|>B

then u(t,x) = Q,(x —xp — Aazt) for some xo € R and some Ao close to 1.

Proof. The proof of Proposition 6 is by contradiction. Assume that there exists a sequence u,(t) of global H b
solutions of (1) close to a translation of Q for all time and such that their decomposition parameters 1, (¢), A, (1),
pn(t) given by Lemma 5 satisty

SURI?(PW(S)— 1|+ ||nn(s)|}H%)—>O as n — 400, (96)
S

M # 0, o7
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(98)

Vn, V8, 3B, s >0, Vi € R, | (2, % + pu (@) dx < 8.

‘x|>Bn,8

We follow the strategy of [11], proof of Theorem 2. Define 0 # b, = sup g 7.(s)|l 2, by — 0 as n — +o0. Then,

there exists s, such that |7, (s,)|[;2 = %bn. We set

Nu(Sp +5,5)
wy (s, y) = B —
n

and we claim the following convergence result for the sequence (wy,).

’

Lemma 8. There exists a subsequence of (w,), denoted (w,’) and w € C(R, L2(R)) N L®(R, L%(R)) such that

Vs eR, wy(s)— w(s) in L2(R) weak as n — +o0.

Moreover, w(s) satisfies for some continuous functions B(s), y(s),

ws = (Lw)y +B()Q +y()AQ onR xR,

w # 0, /XOU):/Q/U}ZO,

C
w’(s, y)dy < —

o
0

<

Vs eR, Vyg>1,
[yI>y0

Sketch of the proof of Lemma 8. We proceed as in [11, proof of Proposition 5].
atl o =g and s — —o0) and (98), it follows that

Decay estimate. From Proposition 5 (with r = *3=,
Ch? c
Yyo>1, Vs eR, / m(s. y)dy < —2, / wh (s, y)dy < —. 99)
Yo Yo
[y1>yo0 [y1>yo
Local smoothing estimate. As in [11], we obtain using the equation of w;, (s)
(100)

1

/ / D% (wa (s, y)e' ) dyds < C.

0
Compactness in L2. Following (99) and (100), there exists 7, € [0, 1] and a subsequence of (w,,) still denoted by

(wy), so € [0, 1] and wy, € L? such that

in L2, T, —> So asn — 4o00.

Wy (T,) — Wy,

Moreover, [ wy, Q' = [ wg,xo=0.

Next, note that
1A 1
+ _E(AQ + by Awy) + b_(p_n; - 1>a)(Q + bpwy)
n

1
Wps = ay (Lwy) — 8y (ER(bn wn)) by o 2
n

1 ~ -~
= 8y(Lwn) - 8y<b_R(bnwn)> + B Q/ +vnAQ+ anri +b,Gp +bnﬂnwny + by Awy,
n

where
p —wa L"), B —i(@—l) Fo =B~ )0
n_f(Q/)z n ’ l’l_bn )\‘é ’ l’l_bn n n ’

1 , - 1 Aps |
J/n=m wnL(Xo), Vn:b_)»_ Gn=b—(Vn—Vn)AQ~
n n n
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Set

’

Wy (s) =wp(s) —AQ / Vu(s")ds' — Q' / (ﬂn (') + Zf ¥ (s") ds”) ds’,

n Tn Tn

then
. - 1 - ~
Wps = 0y (LWy,) — 8y(b—R(bnwn)) + by F, + b,G, + buBnwny + by yn Awy,.
n

Consider w(s, y) the unique global solution of

wy =0y(Lw) onR xR, w(sp) =ws, onR.
Then (see proof of Lemma 9 in [11]), we have

Vs eR, wW,(s)— w(s) inL? weak.

Finally, Lemma 8 is proved with

w(s,y) =w(s, y)+AQ/ ds + 0 /( /J/(S”)ds”>ds/

where

] s
_ ~ , ’ _ ~ "\ ds' ".
S0

We finish the proof of Proposition 6 by observing that the function w(s, y) constructed in Lemma 8 contradicts the
linear Liouville property, thus reaching the desired contradiction. Indeed, using the strategy of the proof of Corollary 1
in [17], we obtain

w(s,y) =a()AQ +b(1)Q".
But since [wxo= [ wQ' =0, we obtain a(t) = b(r) = 0 and thus w = 0, which is a contradiction. O

5.2. Asymptotic stability in the bounded regime

The next proposition is not used in the proof of Theorem 2 but it is stated as a consequence of Proposition 6 and
the monotonicity arguments of Section 4.

Proposition 7 (Asymptotic stability). Assume ag < o < 2. There exists € > 0 such that if u(t) is a global (t € R)
solution of (1) satisfying

Vi € R, xioréfRHu(t) — Q(.—x0)||H% <e, (101)
then there exist L(t) > 0, p(t) € R such that

n(t, y) =rs (Ou(t, Aa (0)y + p(1)) — O(y)
satisfies

nt)—0 in H% ast — +oo.

Except for the presence of the scaling parameter, it is similar to the proof of Theorem 2 from Theorem 1 in [11]. It
is also close to the original proof for the gKdV equation in [19]. We thus omit the proof.
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6. Finite or infinite time blow-up in the energy space

In this section, we prove Theorem 2 following the strategy of [22] and using the classification result given by
Proposition 6.
Let o € (g, 2] where «g be given by Proposition 3. Consider an initial data #(0) € H 2 (R) such that

E(u(0)) <0 and 0<,3(u(0)):/u2(0)—/Q2<,30,

where fg is small enough (to be chosen) and u(¢) the corresponding solution of (1). Let [0, T), 0 < T < 400 be the
maximal interval of existence of u(¢) as a solution of (1) in H2 (for t > 0).

We need the following variational result concerning negative energy H 2 functions, with L? norm close to the L?
norm of Q.

Lemma 9. There exists By > 0 such that for all v € H%, if E(v) <0 and B(v) < Bo then there exist xg € R, Ag > 0,
€ = +1 such that

1 2
| @ —ergo(rg (x +x0))| 4 <3B),

where §(B) — 0 as B — 0.

We omit the proof since it is similar to the one of Lemma 1 in [22], using (41).

By conservation of mass, of energy and under the assumptions on u(0), for By small enough, it follows from
Lemma 9 applied to u(¢) for all ¢ € [0, T'), that u(¢) is close to Q) (x — po(t)) for some Ag(t), po(2). Without loss
of generality, and by continuity in H %, we assume that u is close to +Q (up to scaling and translation), by possibly
considering —u instead of # and using the invariance of the equation.

Now, from Lemma 5, possibly taking Sy smaller, there exist A(¢), p(¢) on [0, T) such that, for all ¢ € [0, T),

n(t, y) =15 (Ou(t, Aa (1)y + p(1) — Q)

satisfies
[ @omunay= [ roemt.nay=o. (102)
[n®,,5 < Cypw), (103)
)y (p—Z—l)‘<C B(u(0)). (104)
A A

Note that Lemmas 9 and 5 only give ||n|| e < C8(B(0)), where §(B) is defined in Lemma 9, but not explicit. Actually,
in this context, this estimate can be refined to get (103) by using energy arguments, exactly as in the proof of Lemma 3
in [22].

Now, we prove that

e cither the solution u(f) ceases to exist in finite time 0 < T < +o0o and consequently by Theorem 1,
lim, 7 U ()], g = +00;

e or it exists for all time and then lim;_, 4 ||u(?) || s = +00.

a
2

The proof is by contradiction. Assume on the contrary that the solution u(z) is globally defined in H I fort >0
and that there exists an increasing sequence #,, — +00 and c¢o > 0 such that

|lu@] 5 < co. (105)

We proceed in four steps to reach a contradiction.
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Step 1. Renormalisation and reduction of the problem. We recall that ||u(¢)|| ;2 is bounded and we define

t= yinjgnwﬁun(t)ny < 00.

Note first that £ > 0. Indeed, for all time #, [ |u(t)|***? > —(a + 1)(2e + 1) E(u(0)) > 0 and by the Gagliardo—
Nirenberg inequality (8), we obtain £ > 0. From the definition of ¢, there exists #y such that

|IDIZuto)]| > <1+ Bo) and Vr=1o, [IDIZu(@®)] > = €1 — Bo).

. . . - b2
We consider the following rescaled version of u(z, x): let A = % and

it x) = heu(Rtat + 19, Ao x).

Note that || Q||i2 < ||L_t(0)||i2 <l QII%Z + Bo, E(i(0)) <0, B@(0)) < Bo, (r) is still a solution of (1) in H? defined
forall + > 0, and for all > 0, || |D|%12(t)||Lz > (1-— ,30)|||D|% Q|| ;2. Moreover, there exists a sequence #,, — 400,
such that

Jim [1DFa) ] 2= [1D1FQ] 2 and - lim sy — b = oo,

m

Let 7(¢), A(¢) and 5(¢) be the parameters of the decomposition of ii(¢) given by Lemmas 9 and 5. Then, for By > 0
small enough,

V>0, A()<2.
From the bound of i(z,,) in H %, there exists i O eH % such that after possibly extracting a subsequence (still denoted
by (tm))

ﬁ(tm, .+ ,o(tm)) —u(0) in H? asm — +o0.

Taking Bp small enough, it is clear that u#(0) is close to Q and in particular cannot be zero. Let now () be the
maximal solution of (1) in H 5 corresponding to #(0) given by Theorem 1. We denote by (—77, 7>) the maximal
interval of existence of i(¢). Without a further analysis through Steps 2—4 below, we do not know if #(¢) is globally
defined for t > O or ¢t <O.

Step 2. First properties of the limiting problem.

Lemma 10. The following holds

0<B(#0) <po and E(i(0)) <O0. (106)
Proof. Let
U (X) = il (tm, X + p(t)) — @(0) in H? as m — +oo. (107)

By weak convergence
,B(ft(O)) < liminf B(v,,) < Bo.
m——+00

The positivity 8(i2(0)) > 0 is a consequence of the negativity of the energy of #(0) and (38), which we prove now.
Let x € C°(R) such that 0 < x <1, x(x) = 1if [x| < 1 and x (x) = 0if [x]| > 2. Let xa(x) = x (x/A), for A > 1.
Then,

o l
E(n) = | (1D1% vm) /332 -

14+ a)Qa+1) / [om X272 + E (o (1= x4)) + R + R s

where
R = 1D v |72 = [ (IDIZ v ) /Ha 32 = [1D1% (0 (1 = X)) |25
P _ 1 2042(1 _ L2042 _ 1 _ 20042
Ra = (1+a)(2a+l)f|vm| (1= 202 — (1 — x)2*2).
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First, we control the term R,, 4. Note that from standard arguments, for all u,

Q

1D12 (1 = xau| = | (1 = x)IDIZu|| < C|[IDIZ, (1 — x)]u| = C|[IDI%, xa]u| < — llull,

IR

A
and so
C
= llull®.
A2

[1DIE (1 — xau|* < (1+A5) | (1 = x)IDIFu +
Combining these two estimates, we get

Ria>=CA % [lun|? ¢ > ~CA™E,

Next, we control Iém, A- By weak convergence in H % and the properties of x4, we have

. 1 ~ 2042 2042 2 ~
lim R = [ 10 1 — 202 (1 — a+2) — R,4.
m,A (1+a)(2a+1)/| )] (1— x4 (1= xa)7") A

m—+00

Moreover, from the definition of x4, the following holds lim4—, 4 R 4 =0.

Finally, by (38) (Gagliardo—Nirenberg with best constant), we have E(v,,(1 — x4)) = 0 since for A large and By
small, for all m, [ v2 (1 — xa)* < %f 02

Therefore,

_ @ 1
0> E(@0) = E) > [ (1010 |32 = ey [ el
—CATE[a O]}, + Rn.a
and passing to the limit as m — 400, we get

o 1
0= (@) > | (1D 50) Vil ~ G aaa s | 110

Finally, passing to the limit as A — +o00, we obtain 0 > E(u(0)) > E(u(0)). O

22 _CATH@)|;, + Ra

Lemma 11. Forall t € (—T1, Tp),
ﬁ(tm+t,,5(tm)+.) —u(t) in H%(R) as m — +0o0. (108)
Moreover, if n(t, x), x(t) and p(t) are the parameters of the decomposition of u(t, x), then for all t € (—Ty, T»),

Atm +1) = A(D), p(tm +1) = p(tm) = p(1). (109)
The first part of Lemma 11 follows from Theorem 3. By Lemmas 10 and 9, u(¢) is close to Q (up to scaling and
translation) for all t € (—T1, T2), and we can apply Lemma 5 to obtain a refined decomposition of #(¢) around Q,

denoted by 7(z), X(1) and 5(¢). Then (109) follows from standard limiting and uniqueness arguments which we omit.
See [22], Lemma 8, Corollary 2 and references therein.

Step 3. Decay properties of the limiting problem by monotonicity properties.

Lemma 12. For all t € (—Ti, T), for all xo > 1,

2O 20509 < ool (110)

Proof. The main ingredient of the proof is Proposition 4 applied to u(¢). Fix u = % r= “—erl A large enough, and
letCo=C (%, r, A) > 0 be the constant given by Proposition 4.

First, we prove the decay estimates on the right. Let t € (—T1, T2) and m be such that #,, +¢ > 0. From (49) applied
tou,tr =t, +tand t; =0, we have



882 C.E. Kenig et al. / Ann. I. H. Poincaré — AN 28 (2011) 853-887

fﬁ2(tm +1,0)@a(x = ptm + 1) — x0) dx

1 C
< /122(0,x)(pA (x —p(0) — E(:a(tm +1) - p(0)) —x0> dx + x—2r(il :
0

Thus, passing to the limit as m — +o00, using p(t,, + t) — +00 when m — +00, we have

. _ _ C
hmsup/ i (tm + 1, )04 (x — pltm + 1) — x0) dx < Zr(il . (111)
m——+00 X0

It follows from the previous estimate and Lemma 11 that
~ - Co
[ P xoate - 50 o) ax < 5.
X
0

Second, we prove decay estimate on the left. Let € (—T7, T>) and let m, m’ be such that t,,, > t,, + ¢. Using (50),
we obtain

1
/’/_‘z(tmv X)pa (x — p(tm) + E(E(Im) — p(tw +1)) +x0> dx

Co

< /ﬁz(sz +1,09a(x — pltw +1) +x0)dx + ——.
X,

0

By Lemma 11, we have on the one hand, for m’ fixed,

lim inf / 7 (. X)9.0 (x = Pt + 5 (3t) — 5(0) +xo) dx > / (1),

m—-+00 2

and on the other hand, using (111),

1imsup/122(tm/ + 1, )94 (x = plty + 1) + x0) dx

m’'— 400
~2 ~ C()
< [ @, x)pa(x — (1) +xo0) dx + ——-
X
0
It follows that
y ~ 2Co
ot sty 2
X
0

Lemma 12 is now proved. O
Step 4. Conclusion of the proof by rigidity properties. From (106) and Lemma 9, we have
|%(0) — 1] <8(Bp), where lim §(Bo) =0. (112)
ﬁ0—>0
We claim the following lemma to be used as a bootstrap argument on the behavior of A (7).
Lemma 13. Assume further that for —T) < —t; <0<t <15,

- 1
Vie(—t1,n), |kt)—1]< > (113)

then for some € > 0,

Vte(—t1,1), 7)€L (R) and /|ﬁ(r,x)|dx<(:ﬂ5. (114)
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Assuming Lemma 13, we finish the proof of Theorem 2. Using the invariant

Vi e (=T, 1), /ft(t) = / u(0)
and Lemma 13, we prove that the solution i (#) is global (i.e. T = T> = 00) and
[A(0) = 1| <8(Bo),  lim §(Bo) =0.
Bo—0

By (113), (114), for all € (—1#1, t2), we have

‘/ﬁ(t)—/Q;(,) < CHS,

and so since[sz)ﬁf

0.
h()e —A0)7] < /Q;(O)—/Q;(,)

Therefore, by a standard continuity argument, (112), (113) and thus (115) are satisfied on (—771, T5). Thus, () is
bounded on (—T7, T5) in H 3, which proves that 71 = T, = oo, and means that u(¢) is global. Moreover, (115) is
satisfied for all + € R. By Proposition 6, & has to be a soliton but this is a contradiction with E (i1(0)) < 0, since the
energy of a soliton is zero. This concludes the proof of Theorem 2 assuming Lemma 13. Thus, we only have to prove
Lemma 13.

< CBE. (115)

Proof of Lemma 13. We prove the result for ¢ € (0, #2), the proof being the same for negative times. Let 0 < € <
%(a — 1) small to be chosen later. As long as (113) is satisfied, we have by Lemma 12,

X f 72 (1, x + () dx < Clg 7.
|x|>x0

Integrating this estimate in xo and using the Fubini theorem, we obtain

/|x|1+€ft2(t,x+,5(t))dx<C. (116)
By the definition of 7(#) and the decay properties of Q, as long as (113) is satisfied, we obtain

/ Ix|' €52 (r, x)dx < C. (117)

In particular, by Holder inequality,

f|ﬁ(r>| < ||r7||zoo/|ﬁ<r)|‘*

e 0 L = SN\ T
< IInIILoo</|n(t)| (14 [x]) 79 ) (/(1+|x|) )

< Cllll g0

and the result follows from ||77]| Lo < ||ﬁ||H% and Lemma 5. O
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Appendix A
In the appendix, we gather the proof of standard results for reader’s convenience.

Lemma A.1. Let r > % and o > —1. Let

1 ; 1
8(x) = gur (x) = IDI“( > ) and  h(§) =/e‘”‘g 5 dx  sothat §(§) = [E["h(£).
(x)=r (x)=r
Then
(i) There exists C > 0 such that
C
}ga,r(x)| < W

(ii) The function h is continuous, and for any M > 0, there exists Cp; > 0 such that |h(€)| < T’
Moreover, h € COO(R\ {0}) and for all B € N, g > 0, there exists Cg 4 > 0 such that

’ h(E)| <

ISI’S(?E)

Proof. The proof is standard. Clearly # is a continuous and bounded function. By integration by part we have

. 1
(&) V(&) = / (00" () = d

= [ <ax>N((X;,) dx. (118)

We have |(8:)" (1 15)] <
part of (ii).

Let x € C°(R) such that 0 < x <1, x(§) =1 if [§] <1 and x(§) =0 if [§] > 2, we set hy(§) =
fe*”‘S e x()dx, hy — h umform]y and in particular in D’, then 8S hy — 8S hin D'. Let M > 0 to be fixed
below, We have for some non-important constants C,

B
oo = [ () o
. B
zcﬂ’”’fay(e_”g)<j>2rx<%)dx
. B 1
= Y c,g,Ml,MZ/elea%((j) >NM23£42( )(%)dx. (119)

Mi{+My=M

WL,HV which is an integrable function and so £V A (&) is bounded. This gives the first

We have 13" (125)1 < -
IfM; > 1, the integral is restricted to N < |x| < 2N and we have

e (i )t () < s

m
then these terms goto 0if 2r — B+ M — 1 > 0.

(120)

It My =0, W is integrable if 2r — § + M — 1 > 0. This implies that
B
MqB —ixe M| X
& 8§hN(§)—>Cﬂ’M/e 59, <<x>2r)dx

uniformly and since £/ 85 hy — &M 85 h in D', we obtain

. B
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If we take M = B we obtain the second part of the estimate (ii) if |£] < 1. If we take M = 8 + g we obtain the second

part of the estimate (ii) if |£] > 1.
Now, we prove (i). We set g - (x) = %(gl (x) + g2(x)) where

g1(x) = / e EIERE) (1 — x(8)) dE,

Q)= f eE|EIh(E) x (§) dE.

Following (ii), |£|*h (&) is integrable, thus g1 is continuous and bounded and for all M > 0,

C
l8f (11" h &) (1 — x®)))] < o

moreover, by integration by part, we have
g1 = [ ife0f (1@ (1~ x(©))) de.

(123) and (124) give that xP g1(x) bounded for all S.

To estimate g we assume x > 1, the case x < —1 follows by the same way. We set x§ = 0. We have

g(x)=x"9"1 /ei“|a|°‘h<g>x <z> do =x"9"1 (k1 (x) + kz(x)) where
X x

k1<x)=fe"°x<o)|o|“h<3)x<3> do
X X
. (o} o
khy(x)= / e“’(l - X(o))|o|“h(—)x <—> do.
X X

Obviously kj is bounded. By integration by part we have

ko (x) = / (—id0)™ (") (1 = X(G))IUI“h<%>x(%) do

= Z /eif’af,vl((l—X(U))IGI"‘)xNzlJFNS(352’1)(%)(353)()(%)‘10-

Ni,N2,N3

We have 85 (1 = x(0)|o|")] < 5=
If N3 > 1, x < |o| <2x and we obtain
C

1
o 0= rom) s @ (£ ) 20 (3 o < e

which is bounded if N > o + 1.
If N3 =0, following (ii), we have

1 C
[l = romery g () (§) om < [ iz oo

which is bounded for N large enough. This proves (i). O

(122)

(123)

(124)

(125)

(126)

(127)

(128)

Lemma A.2. Let p(§) a homogeneous function of degree > —1. Let x € C°(R) such that 0 < x <1, x(§) =1 if

€] < Land x(§) =01if |§]| > 2. Let
1 ix&
k(x) = ol “p(&)x(§)dé
g
then for all g € N, there exists Cy > 0 such that for all x € R

C
q q
|a" k(x)| < (x)B+a+1"

(129)

(130)
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Proof. The proof is standard. We have 97k (x) = % feixg(ié)qp(é)x(é)dé and as (i&)? p(¢) is homogeneous of
degree 8 + ¢, it is sufficient to prove Lemma A.2 for ¢ = 0. We shall prove the estimate for x > 1, the case x < —1
follows by the same way. We set y = x£ in integral, we have [ e/*¢(i£)7p(€)x (§)dé = ﬁ [ p(x(X)dy.
Lemma A.2 will be proved if we prove that fe”’p(y)x(%)dy is bounded. We set J; = fe”'p(y)x(y)x(%)dy and
D = feiyp(y)(l - X(y))x(%) dy. We remark that J; does not depend of x if x is large enough. We prove that J is
bounded by integration by part. For N > § + 1 we have 9,Y¢'” =i’ and by integration by part we have

h= Y Cnmwn [ o) p(3)a) (1 —x(y))w(853x)<;) dy. (131)
N1+N+N3=N ’

If N > 1 we integrate on compact domain and these integrals are bounded.
If N3 > 1 in these integrals we have x < |y| < 2x and

. 1 y _Ny— _
P p(1 —x(y))m(ai“*x)(;)‘ <Clx PN <! (132)
then these integrals are bounded.
If No=N3=0
[y y —
eV p(y(1 —x(y))x(—)‘ <ClyPN(1-x) (133)
X

and this function is integrable. This proves Lemma A.2. O
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