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Abstract

We prove that any 1+ transformation, possibly with a (non-flat) critical or singular region, admits an invariant probability
measure absolutely continuous with respect to any expanding measure whose Jacobian satisfies a mild distortion condition. This is
an extension to arbitrary dimension of a famous theorem of Keller (1990) [33] for maps of the interval with negative Schwarzian
derivative.

Given a non-uniformly expanding set, we also show how to construct a Markov structure such that any invariant measure defined
on this set can be lifted. We used these structure to study decay of correlations and others statistical properties for general expanding
measures.
© 2011 Elsevier Masson SAS. All rights reserved.

1. Introduction

In this work we propose a general construction of Markov structures for non-uniformly expanding transformations.
A distinctive feature is that these Markov structures capture all trajectories with expanding behavior.

In particular, we are able to use them to prove existence of ergodic invariant measures absolutely continuous with
respect to any expanding reference measure with Holder continuous Jacobian. In the special case when Lebesgue
measure is the reference, this yields the physical measures of the transformation. Our Markov structures open the
way for further development of the ergodic theory of this class of systems. In this direction, we construct Markov
transformations induced from the original one, and we prove that any expanding invariant measure of the initial map
lifts to invariant measure of these Markov transformations.

Markov partitions were the principal tool for analyzing the qualitative behavior of uniformly hyperbolic (Axiom A)
or even uniformly expanding systems (see [51]). For uniformly hyperbolic dynamics, the systematic introduction of
these partitions was due to Sinai [52-54] and Bowen [12,13] and became a key technical tool in the ergodic theory
of uniformly hyperbolic/expanding systems (see [14]). Sinai, Ruelle, Bowen used Markov partitions to associate
these dynamical systems with symbolic ones, prove existence and uniqueness of equilibrium states, and several other
properties, in a neighborhood of every transitive hyperbolic set. Recall that a Markov partition foramap f: A — A
isacover P ={Py,..., Ps} of A satisfying
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(a) int P, Nint P; =P if i # j;
(b) if f(Pj)Nint P; # ¢ then f(P;) D P;.

Our setting is much more general than the classical family of uniformly expanding maps. Indeed we assume our
systems to be non-uniformly expanding. In this setting one cannot expect, in general, the existence of a classical
finite Markov partition as there exist parts of the system that spend arbitrarily large time to present some expanding
behavior. Nevertheless, we shall prove the existence of a quite similar partition that will be called an induced Markov
partition. An induced Markov partition is an at most countable cover P = { Py, P>, P3, ...} of A satisfying

(a) int P, Nint Pj =P if i # j;

(b) for each P; thereis an R; > 1 such that
(b.1) if € < R; and fE(P;) Nint P; # @ then f*(P;) C P;;
(b.2) if fRi(Pj)Nint P; # @ then fRi(P;) D P;.

Let us be more precise about the kind of systems we will deal with in this paper. Formal statements will appear later.
Let f: M — M be a C'™ transformation outside some critical/singular set C C M (the case C = @ is a possibility).
A positively invariant set H C M is called expanding if every point x € H satisfies

n—1

limsup%Zlog}|(Df(fi(x)))_l‘|_l >0 1)

and if H satisfies the condition of slow approximation to the critical set, i.e., for each ¢ > 0 there is a § > 0 such that

n—1
lim sup — Z —logdists(f7/(x),C) <e ()
n—>+oo N =0
for every x € H, where dists(x, C) denote the §-truncated distance from x to C defined as dists(x, C) = dist(x, C) if
dist(x, C) < & and dists(x, C) = 1 otherwise.

A probability measure is called expanding if there is an expanding set 7 such that u(H) = 1. If f is a C!*
endomorphism then any invariant measure satisfying (1) almost everywhere is automatically an expanding measure
(Corollary A.3).

Given any expanding set H, we construct an induced Markov partition P of H with respect to f (or an iterate of
it). Associated to this partition there is an induced map

F:A— A, F@x)=fR® ),

which is Markov, with an appropriate upper bound on the inducing time.

Given any reference measure v which gives positive weight to H, we can use the induced Markov map to construct
f-invariant probabilities absolutely continuous with respect to v, and study decay of correlations and others statistical
properties.

A crucial point to be noted is that every f-invariant measure w that gives positive weight to H can be lifted to the
level of the induced map (the induced map does not depend on the measure ).

We also give several examples of expanding measures and applications of these results.

1.1. Statement of main results

Let M be a compact Riemannian manifold of dimensiond > 1 and f : M — M a map defined on M.

The map f is called non-flat if it is a local C'* (i.e., C'** with o > 0) diffeomorphism in the whole manifold
except in a non-degenerate critical/singular set C C M. We say that C C M is a non-degenerate critical/singular set
if 38, B > 0 such that the following two conditions hold.

IDf vl

o < Bdist(x,0)™#  forall ve Ty M.
v

1
(C.1) 3 dist(x, )P <
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For every x, y € M \ C with dist(x, y) < dist(x, C)/2 we have

(C2) |log| Df )~ —log| DF ()| < dist(x, y).

B
dist(x, C)#
If dim(M) =1 and f satisfies the usual one dimensional definition of non-flatness (see [36]), then it also satisfies
the definition given above.
In the whole paper, a measure will be a countable additive measure defined on the Borel sets. A measure u is called
f-non-singular if fyu < p, where fiu (= o f~1) is the push-forward of u by f.
Let f be a non-flat map with critical/singular set C C M. A finite measure u is called f-non-flat if it is f-non-

singular, u(C) =0, J,, f (x) is well defined and positive for p-almost every x € M, and for p-almostevery x, y € M\C
with dist(x, y) < dist(x, C)/2 we have

Juf(x) <
Juf() |~ dist(x,C)P

‘log dist(x, y).

1.1.1. Expanding sets and measures
Definition 1.1. A positively invariant set H C M (i.e., f(H) C H) is called A-expanding, A > 0, if

n—1

1 el
limsup 3 “log|[(Df (f'(x))) N7t s, 3)
n—oo i—0

for every x € H, and H satisfies the slow approximation condition, i.e., for each & > 0 there is a § > 0 such that (2)
holds for every x € H.

An expanding set is a positively invariant set but, in general, it is not a compact one. In the one-dimensional case
(3) reduces to the Lyapunov exponent of f on x to be bigger than A, i.e.,

n—oo

-1

1 n
limsup — Zlog\f/(f”(x)ﬂ = limsup|(f")/(x)| > A.

n i=0 n—o00
Definition 1.2 (Expanding measures). We call a measure p (non-necessarily invariant) a A-expanding measure (with
respect to f) if u is f-non-singular and there exists a A-expanding set H such that w(M \ H) =0.
Theorem A (Existence of absolutely continuous invariant measures). Let f : M — M be a non-flat map. If [ is
an f-non-flat A-expanding measure, A > 0, then there exists a finite collection of  absolutely continuous ergodic

f-invariant probabilities such that p-almost every point in M belongs to the basin of one of these probabilities.

Recall that the basin of measure 1 is the set B(n) of the points x € M such that

1 n—1 .
im - J(x) =
rzEToonZ(pOf (X)_/(pdn,
j=0
for every continuous function ¢ : M — R.

1.1.2. Markov partitions
Let f: U — U a measurable map defined on a Borel set U of a compact, separable metric space X. A countable
collection P = { Py, P, P3, ...} of Borel subsets of U is called a Markov partition if

(1) int(P;) Nint(P;) =P if i # j;
(2) if f(P;) Nint(P;) # ¥ then f(F;) D int(Pj);
(3) #{f(P); i e N} <o0;
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(4) flp; is a homeomorphism and it can be extended to a homeomorphism sending P; onto f(P);
(5) lim,, diameter(P,(x)) =0 Vx € ﬂn>0 FWU; P

where P, (x) = {y; P(f/(y)) =P(f’(x)) YO < j <n} and P(x) denotes the element of P that contains x.

Definition 1.3 (Induced Markov partition). A countable collection P = { Py, P>, P3, ...} of Borel subsets of U is
called a induced Markov partition if it satisfies all conditions of a Markov partition except the second one which has
to be replaced by the following

(2) foreach P; € P there is an R; > 1 such that
(2.1) if € < R; and int(f*(P;)) Nint(P;) # ¥ then int(f*(P;)) C int(P;) or int(f*(P;)) D int(P;));
(2.2) if fRi(P) Nint(Pj) # 0 then fRi(P;) D int(P)).

Definition 1.4 (Markov map). The pair (F, P), where P is a Markov partition of F : U — U, is called a Markov map
definedon U.If F(P)=U VP € P, (F,P) is called a full Markov map.

Note that if (F, P) is a full Markov map defined on an open set U then the elements of P are open sets (because
F(P)=U and F|p is a homeomorphism VP € P).
Consider a measurable map f : M — M from M to M (or, more in general, from the metric space X to X).

Definition 1.5 (Induced Markov map). A Markov map (F, P) defined on U is called a induced Markov map for f on
U if is there is a function R : U — N ={0, 1,2, 3, ...} (called inducing time) such that {R > 1} = UPeP P, R|pis
constant VP € P and F(x) = fR® (x) vx e U.

If an induced Markov map (F, P) is a full Markov map, we call (F, P) an induced full Markov map.
Given an induced Markov map (F, P), an ergodic f-invariant probability u is said liftable to F if there exists
F-invariant finite measure v < p such that

R(P)-1
w=>y_ > flolp,
pPeP j=0

where R is the inducing time of F, v|p denotes the measure given by v|p(A) = v(A N P) and f*j is the push-forward
by f/.

Definition 1.6 (Markov structure). A Markov structure for a set U C M (or X) is an at most countable collection
§ = {(F;i, P;)};i of induced Markov maps such that if u is an ergodic f-invariant probability with ©(U) =1 then
3A(F;, P;) € § such that u is liftable to F;.

Theorem B (Markov structure for an expanding set). Let M be a compact Riemannian manifold and f: M — M a
non-flat map. Let A > 0 and 'H be a A-expanding set. Then there is a Markov structure § = {(F;, P;)}i for H. Fur-
thermore, denoting the domain of F; by U; and its inducing time by R;, we have the following additional properties.

(1) If A >0 then §={(F1,P1), ..., (Fs, Ps)}, that is, § is a finite collection of Markov induced maps.

(2) U, is a connected open set Vi.

(3) Each (F;,P;) € § is a full Markov map, i.e., is a Markov map with F;(P) = U; YP € P;. In particular, every
P € P; is a connected open set Vi.

(4) Foreach (F;,P;) € § there is A; > 0 such that

log| (DF: )| > a wxe | P
PeP;
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As an expanding set H is positively invariant, it follows from Theorem B that every ergodic f-invariant probability
having ©(H) > 0 is liftable to one of the full induced Markov map Fi, ..., F; given by Theorem B.

It is important to observe that in Section 5 we introduce the zooming sets and the theorems above are corollaries of
Theorems C, D and E for zooming sets. The zooming sets (or measures) generalize the expanding ones and allows us
to deal with non-exponential expansions.

1.2. Overview of the paper

In Section 2 we introduced the notion of nested sets adapted to the kind of pre-images we want to deal with (for
example, pre-images with some contraction).

In Section 3 we study the ergodic components for non-(necessarily) invariant measures for maps on metric spaces.

In Section 4 we obtain a statistical characterization of the liftable measures for a given induced map.

Although we are basically interested in expanding measures (Section 1.1), we weakened the expansion condition
to permit more flexibility in the applications. For this we introduce the zooming measures in Section 5.

In Sections 6 and 7 we show most of the results for zooming sets and measures. In particular the existence of
induced Markovian maps for zooming sets (Theorems D and E) and the existence of an invariant measure v<yu that
is absolutely continuous with respect to a given zooming measure with some distortion control (Theorem C).

Section 8 is dedicated to the definition and properties of expanding measures, as well as to establish the connection
between these measures with the zooming ones. The existence of an absolutely continuous invariant measure for
a given expanding measure, the induced Markovian maps for expanding sets and so on are consequences of the
analogous result for zooming measures and in this section we use the zooming results to get the expanding ones.

In Section 9 we give many examples of expanding and zooming sets and measures. We give also some applica-
tions of the results of the previous sections. In particular, we study the decay of correlations for general expanding
measures.

2. Nested sets

The notion of nice interval, introduced by Martens in [35], is a useful tool in the theory of real and complex one-
dimensional dynamical systems (see, for instance, [36,46]). A nice interval is an open interval / such that the forward
orbit OT(31) of the boundary of I does not return to 1, i.e., O+ (d1) N I = @. Note that nice intervals are natural and
easy to construct for interval maps. For instance, two consecutive points of a periodic orbit define a nice interval. Its
main property is that there are no linked pre-images of a nice interval, that is, if /1 and I, are sent homeomorphically
onto an open nice interval I by f"! and f”2 respectively then either Iy NI, =@, I; C I or I, C I.

In the multidimensional case, the boundary of topological open balls are connect topological manifolds and if a
chaotic transitive dynamic is not much symmetric, it is natural to expect that this dynamic will spread these boundaries
to the whole manifold, forbidding any “nice ball”. In general, the same seems true for sets whose the boundary is not
totally disconnected.

In this section we present the abstract construction of nested sets. This reformulates and generalizes the concept of
nice interval. In Section 5 we show their abundance in the presence of some expansion (see Lemma 5.12).

Let f : X — X be a map defined on a complete, separable metric space X. Fixed some K C X, aset P C X is
called a regular pre-image of order n € N of K if f" sends P homeomorphically onto K. Denote the order of P (with
respect to K) by ord(P).

Let us fix in all Section 2 a collection &y of connected open subsets of X (for instance, & can be the collection
{f"(Vu(x)); x € H, and n € N} of all hyperbolic balls of X, see Proposition 8.2). Foreachn € Nand V € &y consider
some collection &, (V) of regular pre-images of order n of K. Set &, = (£,(V))veg,. We call the sequence & = (£;,),
a dynamically closed family of (regular) pre-images if f*(E) € &,_¢ VE € &, and YO < £ < n. Given Q € &, we
denote f"|o by f© and we denote the £-inverse branch of associated to Q, (f"|g)~!, by f~2.

Let £ = (&,), be a dynamically closed family of pre-images. A set P is called an £-pre-image of a set W C X if
there is n € N and Q € &, such that W C f"*(Q) and P = f~2(W), where W is the closure of W.

Remark 2.1. Two distinct £-pre-images X1 and A, of some set X' C X having the same order cannot intersect. Indeed,
write n = ord(X]) = ord(X>) and for each i € {1, 2} write X; = f~2i (X), with Q; € &,. Let P = 72 (01N ),
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for j =1, 2. It follows that P; N P, D Xj N X3 # (. Of course Py # P, otherwise X> = f~22(X) = (f"|p,) ' (X) =
(f"lp) X)) = f721(X) = X). Thus PyN 3P, # W or P,NIP; #¢. Assume that Py N3Py #@. So, @ # (P N
aPy) C f"(P1)NA(f"(P2)) C(Q1NQ2)N3(Q1 N Q2) =0. An absurd.

Definition 2.2 (Linked sets). We say that two open sets U and U are linked if both U \ U, and U, \ U; are not
empty sets.

Note that two connected open sets U and U are linked if and only if 9U; N U, and U; N dU; are not empty sets.

Definition 2.3 (£-nested set). A set V is called £-nested if V is an open set and V is not linked with any £-pre-image
of V.

The fundamental property of a nested set is that any £-pre-images Py and P, of it are not linked (see Corollary 2.6).
We can extend the concept of £-nested set to a collection of sets in the following way.

Definition 2.4 (£-nested collection of sets). A collection A of open sets is called an E-nested collection of sets if every
A € Ais not linked with any £-pre-image of an element of .A with order bigger than zero. Precisely, if A; € A and P
is an £-pre-image of some Aj € A, then either A| and P are not linked or P = Aj.

It follows from the definition of an £-nested collection of sets that every sub-collection of an £-nested collection
is also an £-nested collection. In particular, each element of an £-nested collection is an £-nested set.

Lemma 2.5 (Main property of a nested collection). If A is an E-nested collection of open sets and Py and P, are
E-pre-images of two elements of A with ord(Py) # ord(P,) then Py and P, are not linked.

Proof. Let £; = ord(P;) for j =1, 2. We may assume that £; < £, and, by contradiction, assume that P; and P, are
linked. Let, fori = 1,2, p; € P;NdP3_;, Q; € &, and A; € A be such that P; = f‘Qi (A;). As &€ is a dynamically
closed family of pre-images of elements of &, Q = f‘1(Q3) € Evy—¢, and P = fa(Py) = f~2(A») is an E-pre-
image of Aj. On the other hand %1 (Py) = A; € A. As fl(p1) e fFO(P)NA(fO(P))=A1 NP and f“(py) €
FO(P)NA(FE(Pr)) = PNJAy, it follows that P and A are linked, but this is impossible because A is £-nested. O

Corollary 2.6 (Main property of a nested set). If V is an E-nested set and Py and P, are E-pre-images of V then P;
and P are not linked. Furthermore,

(1) if P1 N Py £ ¥ then ord(Py) # ord(P»);
2) if P ;Cé P> with ord(Py) < ord(P,) then V is contained in an E-pre-image of itself with order bigger than zero,

ford(Pz)—ord(Pl)(V) cV.

Proof. Lets suppose that P| # P, are £-pre-images of V and set £; = ord(P;) for j =1,2. By Remark 2.1, £; # (5.
Thus, we may assume that £; < £>. By Lemma 2.5 it follows that P; and P, are not linked.

Now, suppose in addition that P; C P>. Then V = le (P) C fel (P) (f@1 (Py) is an E-pre-image of V') and this
will imply that f2~4 (V) c f2(P)=V. O

2.1. Constructing nested sets

In this section (Section 2.1) let A be a collection of connected open subsets of X such that the elements of 4 are
not contained in any £-pre-image of order bigger than zero of an element of A.

A finite sequence K = (P, Py, ..., P,) of E-pre-images of elements of A is called a chain of E-pre-images of A
beginning in A € A (Fig. 1) if

(1) 0 <ord(Py) < -+ < ord(Py—1) < ord(Py);
(2) A and Py are linked;
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Fig. 2. On the left side it is shown a ball A (in grey) and the boundaries of the pre-images of A that belong to the chains. On the right side A* is
shown.

(3) Pj_1 and P; are linked V1 < j < n;
4) Pi#PjVi#j.

Denote by chg(A) the collection of all chain of pre-images of A beginning in A € A. As the elements of A are
connected and open, it is easy to check the following remark.

ni
Jj=n

Remark 2.7. If (Py, Pi, ..., Py) € chg(A), with A € A, then o Pj is a connected open set YO < ng <ny < n.

For each A € A define the open set

r=av U Us @

(Pj)jechg(A) j

Proposition 2.8 (An abstract construction of a nested collection). For each A € A such that A* # (¢ choose a con-
nected component A’ of A*. If A" ={A’; A € A and A* # (0} is not an empty collection then A’ is an E-nested
collection of sets. (See Fig. 2.)

Proof. Suppose that A’ # (. By contradiction, assume that there exist Aj, A, € A and an £-pre-image P of A/, with
ord(P) > 0, such that A’1 and P are linked. So, as A’1 and P are connected sets, Ip € P N 8A’1. Let o = ord(P) and
let E € &, be such that P = f~E(A)}). Setting Q = f~F(A,), we get P C Q.

Claim. Q C A;.

Proof. First note that 0 N A} D Q NA| D PN A} # . On the other hand, if Q N9 A # #, the unitary sequence (Q)
will be a chain of £-pre-images beginning in Ay, i.e., (Q) € chg(A}). But this is a contradiction to the definition of
A} because Q N A} D QN A} # 0. Thus, 0 NdA; =¢. As Q and A; are connected sets and Q N A; D Q # 0, we
get Q D Ay or Q C Aj. The first option is not possible because (by hypothesis) the elements of A are not contained
in any £-pre-image of order bigger than zero of an element of A. Therefore, Q C A;. O
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Fig. 3.

As p € 9A", for a given ¢ > 0 there exists a chain (Qo, ..., Q) € chg(A}) such that dist(p, U?:o Q) <e.(See
Fig. 3.) On the other hand, as P and Q are open sets and p € P C Q, taking ¢ small enough, P N (U;fzo Q;) #¥ and
SO,

OnNODOmNP#Y, (3)

forsome 1 <m < n.As QoU---UQ,, is a connected set (Remark 2.7) and QoN(X\ Q) D Q9N (X\ A1) # @ (because
Qo and A are linked), there exists 0 < j < m such that Q;N3dQ # @. So, setting £ =min{0 < j <m; Q;N0Q # 0},
it follows that Q¢ and Q are linked. Indeed, Q¢ cannot contains Q, otherwise A’ N (Qp U ---U Q,) # @ and this
contradicts A} C Aj.

We have two cases, either ord(Q¢) < ord(Q) or ord(Qy) > ord(Q). Suppose first that ord(Q¢) < ord(Q). By the
minimality of £, Q # Q; Y0 < j < £. Thus, it is easy to check that = (Qo, ..., Q¢, Q) € chg(A1). As QN AT D
Q0 N A} # @, the existence of the chain /C is a contradiction to (4) and so, this case cannot occur. For the second case
(ord(Q¢) > ord(Q)), consider the sequence K = (f¥(Qy), ..., f¥(QOm)). It is also easy to check that IC € chg(A3)
(note that, as f¥(Q) = Az, f¥(Q¢) NdA2 = f¥(Q,N3Q) #¥). But,as f¥(P)= A} C A3, it follows from (5) that
fP(Qm) N A5 D f¥(Qm N P)#W, contradicting (4) again and concluding the proof. O

An easy way to assure the existence of nested sets (or collections) is to show that the chains have small diameter,
where the diameter of a chain (P;); is defined as the diameter of | J; P;.

Corollary 2.9. Let € € (0,1/2) and let A = B,(p) be a connected open ball with radius r centered in p € X such
that f"(A) ¢ A ¥n > 0. If every chain of €-pre-images of A has diameter smaller than 2er then the set A*, given
by (4) contains the ball By(1—2¢)(p). Moreover, the connected component A’ of A* that contains p is an E-nested set
containing Br1-2¢)(p).

Proof. Set A= {A}. As f"(A) ¢ A Vn > 0, it follows that A is not contained in any &-pre-image of itself (with
order bigger than zero). Let I" be the collection of all chains of £-pre-images of A. If (P;); € I" then | j Pj is
a connected open set intersecting dA with diameter smaller than 2er. Thus, [ j Pj C By (0A), V(Pj)j € I'. As

a consequence, A* = A \ U(P,-);e]" Uj P; D A\ B:(0A) D B,(1—2¢)(p) is a non-empty open set. Taking A’ as the

connected component of A* that contains p (and so, contains B, (j—2¢)(p)), it follows from Proposition 2.8 that A’ is
an E-nested set. 0O

3. Ergodic components

Before constructing the Markov partition using the adapted nested sets, we need also some preliminary knowledge
of the so called ergodic components for non-(necessarily) invariant measures. This knowledge is important to assure
good statistical properties for these nested sets with respect to the class of measures that we are working on.

Let u be a finite measure defined on the Borel sets of the compact, separable metric space X and let f: X — X
be a measurable map. A subset U C X is called an invariant set (with respect to f) if f~!(U) = U, and it is called a
positively invariant set if f(U) C U.
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Definition 3.1 (Ergodic components). An invariant set U with w(U) > 0 is called an ergodic component (indeed, a u
ergodic component with respect to f), if it does not admit any smaller invariant subset with positive measure, that is,
if V C U is invariant, f’1 (V) =V, then either (V) or u(U \ V) is zero. The measure u is called ergodic if X is an
ergodic component.

We stress that in the definition of ergodic measure and ergodic components we are not assuming the invariance of
the measure p with respect to f. Let us give some examples of non-invariant ergodic measures.

Example 3.2. Given any p € X \ Fix(f), the Dirac measure 8, is ergodic and non-invariant (Fix( f) is the set of fixed
points of f). More in general, given a finite subset U C (’); (p) of the pre-orbit of a point p € X, let u = # quu 3.
If £f~1(U) # U then p is an ergodic probability but not invariant.

Example 3.3. Given an ergodic (not necessarily invariant) measure u, let Y C X be such that u(Y)u(f “L(y) \Y) > 0.
Then p|y, the restriction of w to Y, is non-invariant and ergodic.

Example 3.4. By Martens [35], the Lebesgue measure is ergodic and non-invariant for every non-flat S-unimodal
map f without a periodic attractor. In particular when f is an infinitely renormalizable map the Lebesgue measure is
ergodic but there is no absolutely continuous invariant measure (for multimodal maps, see Blokh and Lyubich [9,10]
and van Strien and Vargas [55]).

Following Milnor’s definition of attractor (indeed, minimal attractor [37]), a compact positively invariant set A will
be called a p-attractor, or for short, an attractor, if its basin of attraction Bf(A) = {x € X; wy(x) C A} has positive
measure and, in contrast, the basin of every positively invariant compact subset A’ ; A has zero measure. Here, w 7 (x)
denotes the w-limit set of x € X.

A collection P of sets with positive measure is called a partition mod p of U C X if this collection covers U
almost everywhere (u(U \ |Jpep P) =0) and (P N Q) = 0 for every P, Q € P with P # Q. The diameter of a
partition P is defined by diameter(P) = sup{diameter(P); P € P}.

Proposition 3.5 (Ergodic attractors). Given an ergodic component U C X, there exists a unique attractor A C X that
attracts almost every point of U. Moreover, w ¢ (x) = A for almost every point of U.

Proof. Let P; be any finite partition (mod w|y) of X formed by open subsets and with diameter(P;) < 1 and such
that (Jp P P O X (see Lemma A.1). We will construct by induction a sequence of partitions P; < P, < --- of X
in the measure-theoretical sense. Thus, suppose that the collection P,_; has already been constructed. Set, for each
PePy1,Up={xeX; wof(x)N P # @}. As u|y is ergodic and f_l(Up) = Up (because wr(x) = w(f(x)) Vx),
either Up or X \ Up is a zero measure set.

Given P € P,_, we define a partition Pp (mod u|y) of P as follows. If u(Up) =0, we set Pp as the trivial
refinement, i.e., Pp = { P}. On the other hand, if u(Up) > 0, we choose any Pp 1n the collection of finite partitions
(mod pu|y) of P € P,_1 formed by open subset of P with diameter smaller that 1 5 diameter(P) and U 0ePp 0=P.
Now, define

={Q ePp; PePy_1}.

For each n € N, set Py ={P € P,; U \ Up is a zero measure set} and K, = Jpcp= P.As K1 D Kz D
- D K, D -+ is a nested sequence of non-empty compact sets, A = (), K, is also a nor’;—empty compact set.
By construction, for almost every point x € U and Vrn € N, ws(x) C K, and ws(x) N P VP € P,;. Moreover, as
diameter(P) < 27" VP € Py, it follows that sup{dist(y, Or(x)); y € A} <27" and wys(x) C K, C Byn(A) =

{p € X; dist(p, A) < 27"} for every n € N and p|y almost every point x. Thus, ws(x) = A for p-almost every
pointx e U. O

Consider for each point x of a positively invariant set U C X, a subset U (x) C OT (x) of the positive orbit of x.
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/ U

Fig. 4. U is an ergodic component with its attractor A and its omega-U set Ay.

Definition 3.6. The collection U = (U (x))xev is called asymptotically invariant if for every x € U,

(1) #{j eN; f/(x) elU(x)} = o0, and
Q2) UX)NOFT(fH(x) =Uf(x)) NOF(f*(x)) for every big n € N.

Definition 3.7 (w7 4). Given an asymptotically invariant collection U = (U (x))xeu, define for each x the omega-U
limit set of x (omega-U of x, for short), denoted by wrz/(x), as the set of accumulation points of I/ (x) and, that is,
the set of points p € X such that there is a sequence n; — +00 satisfying U (x) > f"/ (x) — p.

It is easy to check that wys(x) is a non-empty compact set but not necessarily invariant.
We say that the asymptotically invariant collection & = (U (x)) ey has positive frequency if lim sup %#{1 <j<
n; fl(x)eU(x)}>0,forevery x e U.

Definition 3.8 (w . 7¢). If U is an asymptotically invariant collection with positive frequency, define w, 774(x), the
set of U-frequently visited points of x orbit, as the set of points p € X such that limsup %#{1 <j<n fix)e
U(x) NV} > 0 for every neighborhood V of p.

Lemma 3.9. Let U = (U(x))cr be an asymptotically invariant collection defined in an ergodic component U and let
A C X be the attractor associated to U. There is a compact set Ay C A such that w y14(x) = Ay for p-almost every
x € U. Furthermore, if U has positive frequency then there is also a compact set Ay 1y C Ay such that wy ri(x) =
Ay iy for p-almost every x € U.

Proof. We construct the compact sets A7y and A 74 in the same way we did for A in the proof of Proposition 3.5. For
Ay the only difference is that we have to change w ¢ (x) by wrz/(x) in the proof. Note that the key property of w £ (x)
used there is that ¢ (x) = ws(f (x)) and we also have the same property for w4, i.e., wf(x) = w714 (f(x)). (See
Fig. 4.)

For A4 14 we have, of course, to change in the proof wf by wy ri (again wy r1/(x) = wy £y (f(x)) Vx) and
we have also to change the definition of the set Up. For this we proceed as follows. Given a point x € U and a set
K C X denote the U-visit frequency of x to K by ¢x (x) = limsup %#{0 <j<n; fi(x)e KNUX)}. Set, for
each P € P,—1, Up ={x € U; ¢5(x) > 0}. As we are using limsup in the definition of ¢x, we get pg (x) > 0 or
¢x\k (x) > 0. This is important to ensure that K, # ¥ Vn (see proof of Proposition 3.5).

To finish the proof, we remark that every point of A} 7y = (), K, is accumulated by the sequence { /" (x); n € N
and f"(x) € U(x)} for almost every point x € U and so, A 34 is contained in Az which is contained in A. Moreover, if
B is an open set with BN A, 34 # ¢ then for any big n there will be some element P of P such that P C B. Therefore,
by construction, limsup 1#{0 < j <n; f/(x) € BNUX)} > limsup 10 < j <n; f/(x) e PNUX)}>0. O

As defined in Section 5, a measure p is f-non-singular if the pre-image by f of any set with zero measure has
also zero measure ( f,u << ). The ergodic measures that appears in Examples 3.2 and 3.3 are not in general f-non-
singular. The lemma below gives a way to construct new f-non-singular ergodic measures.
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Lemma 3.10. If 1 is an f-non-singular ergodic measure (not necessarily invariant) then ﬁ W\ g is an f-non-
singular ergodic probability whenever E C X is a positively invariant Borel set with positive measure (i.e., f(E) C E
and w(E) > 0).

Proof. As in Example 3.3, ﬁ W|g is an ergodic probability. We need only to show that this probability is f-
non-singular. Given ¥ C X, we have u(f~'(Y) N E) < u(f~ ') N f~YF(E))) = u(f~1(¥Y N f(E))). Thus, if
wle(¥) =¥ NE)=0then 0 < ulg(f~1(Y)) < u(f~1(¥Y N f(E))) =0 (because u is f-non-singular). As a
consequence, ﬁlﬂE is f-non-singular. O

Lemma 3.11. Let i be a finite measure. If there exists some § > 0 such that every invariant set has (. measure either
zero or bigger than §, then X can be decomposed into a finite number of (u ergodic components.

Proof. Let W C X be any invariant subset of X (for example, W; = X) with non-zero i measure and let F(Wy)
be the collection of all invariant subsets U C W with p measure bigger than zero. Note that 7 (W) is non-empty,
because W; € F(Wj). Let us consider the inclusion (mod ) as a partial order on F(Wy).

Claim. Every totally ordered subset I' C F(W)) is finite. In particular, it has an upper bound.

Proof. Otherwise there is an infinite sequence yo D y1 D ¥3 D -+ - with u(yx \ vk+1) > O Vk.Butas ), u(vk \ Yk+1) =
w(yo) < oo, it follows that w(yx \ vk+1) < 8 for k big and this contradicts our hypothesis as every yx \ yk+1 is an
invariant set. O

From Zorn’s lemma, there exists a maximal element U; € F (W) and this is necessarily an ergodic component.

As W, = X\ U] is an invariant set, either it has zero u measure or we can use the argument above to W, and obtain a
new ergodic component U, inside X \ Uj. Inductively, we can construct a collection of ergodic components Uy, ..., U,
while (X \ Uy U---UU,) > 0.But, as u(U;) > §, this processes will stop and we will get the decomposition of X
into x ergodic components as desired. O

Proposition 3.12 (A criterion for ergodicity). Let u be an f-non-singular finite measure. If there exists some § > 0
such that every positively invariant set has . measure either zero or bigger than 8, then X can be decomposed into a
finite number of u ergodic components. Moreover, the attractor associated to each ergodic component has positive (L
measure.

Proof. As every invariant set is positively invariant, it follows from Lemma 3.11 that X can be decomposed into a
finite number of u ergodic components.

From Proposition 3.5 each ergodic component U of X is the basin of some attractor A. Let us, for instance, suppose
that ;1 (A) = 0. In this case, one can choose an open neighborhood V of A such that (V) < § and an integer n¢ such
that w(U’) > 0, where U’ = {x € U ; f"(x) € V Vn > ng}. Note that u( f"(U")) > 0 because u is f-non-singular. As
U’ is positively invariant, f0(U") is a positively invariant set with 0 < (0 (U")) < u(V) < 8, but this is impossible
by ours hypothesis. So, (A) > 0 (indeed, u(A) >45). O

We end this section relating the number of u ergodic components with respect to f to the number of u ergodic
components with respect to f¥.

Lemma 3.13. Let  be an f-non-singular finite measure. If U is an ergodic component with respect to f then U
can be partitioned in at most k ergodic components with respect to f*. Furthermore, if Uy, U C U are ergodic
components with respect to f* then Uy = £~/ (Uy) (mod p) for some 0 < j < k.

Proof. First we will prove by induction that U can be partitioned (mod ) in a finite number of ergodic components
with respect to f¥. Of course this claim is true for k = 1. Thus, suppose by induction that forevery 1 < j <k —1we
can decompose U (mod w) in a finite number of ergodic components with respect to f/.
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If U is ergodic with respect to f¥ there is nothing to prove. Thus, we may assume that there is an invariant set
Y C U (thatis, f%(Y) =Y) with 0 < u(Y) < u(U).

Let {ji,..., js} be a maximal subset of {I,...,k} (with respect to the inclusion) such that (Y N f~/1(Y) N

SN 7)) >0.Set Yy =Y N f(Y)n---N f755(Y). Note that £~¥(¥;) = Y;. Furthermore, by maximal-
ity, if u(f~4(Y1) NYy) > 0 then f~4(¥)) = Y1 (mod p). Let a; = min{l < £ < k; f~4(¥;) = Y1}. Of course,

I(U“1 1f Iy = U‘” 1f J(Y1) (mod ). As U is ergodic component for f, we get

ar—1

U=J £ (mod ).

Jj=0
Claim. Y is an ergodic component for f%.

Proof of Claim. Suppose that Y;’ C Yy is f% invariant and (Y1 \ Y7') > 0. As f~91(Y; \ Y1) =Y\ Y, we get
1(Ua‘ 1f I\ vy)) = Ua‘ 1f J(Y1\ Y1) and, as U is ergodic component for f, U Ua' L =i\ 1)
(mod ,u) Thus

a;—1 a;—1
You(f o) =n@ =) u(f(n\v)), ©6)
Jj=0 j=0

because u(f_i(Yl) N f_/(Yl)) =0V0<i<j<a —1 (here we are using that 2 is f-non-singular). As

n(f~I () = w(f~/ 1\ Y1) Vj, it follows from (6) that u(f~/ (Y1) = u(f~/ (Y1 \ Y1) Vj and so,
u)=0. O

Denote by U the collection of all ergodic component U C U with respect to some iterate f/, j=1,...,k — 1. By
induction ¥/ is finite and so, § = min{u(ﬁ); Uel}>D0.

From the claim above follows that if U is not an ergodic component with respect to f* then every f*-invariant
set Y C U with 0 < u(Y) < w(U) contains some element of I{. Thus, every positively invariant subset of U has
1 measure either zero or bigger than §. Applying Lemma 3.11 to u (indeed to & = u|y), it follows that U can be
decomposed into a finite number of . ergodic components with respect to f*.

To ﬁmsh the proof of the lemma, let W C U be an ergodic component with respect to K. As f=%(W) =W

FAUSZO I (W) = U2 £/ (W), Thus, by the ergodicity of U, U = UiZo £~ (W) (mod p). Note that, if
W C U is an ergodic component with respect to fk and (W N f~/(W)) > 0, then W = f~ /(W) (mod [THR
because f~ KW N fiw)) = W N f~/(W) and W is ergodlc with respect to f%. As U = U f F(w)

(mod w), we can conclude that any ergodic component W Cc U with respect to fX is (mod ) an element of
Wt Py o

4. Characterizing the liftable measures

In this section we obtain a statistical characterization of the liftable measures for a given induced map (see Corol-
lary 4.6). Differently of Zweimiiller’s results [66], this characterization is given by a statistical condition, condition
(7), not by the integrability of the induced time with respect to the reference measure (the one that we want to lift).
This is important to avoid an additional condition of integrability of the induced time with respect to the reference
measure (in our context this is not a natural condition).

Let X be a compact separable metric space and f : X — X a measurable map defined on X.

Definition 4.1 (Markov map compatible with a measure). We say that a Markov map (F, P) defined on an open set
Y C X is compatible with a measure u if

(D) wu(¥Y)>0;
(2) pis F-non-singular;
(3) u(Upep P) = u(Y) (in particular, u(3P) =0 VP € P).
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We say that a measure p has a Jacobian with respect to the map f : X — X if there is a function J, f € L'(w)
such that

R ) = [t du
A

for every measurable set A such that f|,4 is injective. When the Jacobian exists, it is essentially unique. In general,
the Jacobian may not exist, but if, for instance, p is an f-invariant measure and f is a countable to one map then the
Jacobian of p with respect to f is well defined (see [40]).

Definition 4.2 (Markov map with -bounded distortion). We say that a Markov map (F, P) defined on an open set
Y C X has bounded distortion with respect to a measure p (for short, has u-bounded distortion) if (F, P) compatible
with u, u has a Jacobian with respect to F and 3K > 0 such that

‘10 JuF(x)
JMF()’)
for u almost every x, y € P and for all P € P.

< K dist(F(x), F(y)),

The remark below is a well-known fact about projections of invariant measures of induced maps, see for instance
Lemma 3.1 in Chapter V of [36].

Remark 4.3. Let (F, P) be an induced Markov map for f defined on some ¥ C X and let R be its induced time. If v
is an F-invariant finite measure such that f Rdv < oo then

R(P)—1 ) +oo
n=>_ Y fllp (=Zf*’(v|m>,,~})>

PeP  j=0 j=0

is an f-invariant finite measure.

Note that, if (F, P) is compatible with a measure p, the o-algebra generated by {F~"(P); P € P and n > 0} is
equal to the Borel sets of U (mod ). Thus, using for example Lemma 4.4.1 of [1], it is easy to obtain the following
result.

Proposition 4.4 (Folklore Theorem). Let i be f-non-singular measure. If (F,P) is an induced full Markov map for
f with u-bounded distortion then there exists an ergodic F invariant probability v < . whose density belongs to
L (w). Indeed, log j—l‘i € L°°(/L|{3_v>0}).

m

Moreover, if the inducing time R of F is v-integrable, then n =3 p.p ng(;)_l f*j (v|p) is a p absolutely contin-

uous ergodic f-invariant finite measure.

In Theorem 1 we obtain an absolutely continuous F-invariant measure v replacing the condition of bounded dis-
tortion (that appears in Proposition 4.4) by u being f-invariant and the statistical condition (7). Furthermore, this
statistical condition assures that projecting v by the dynamics of f we recover w. That is, every invariant measure
satisfying (7) can be lifted (indeed this is necessary and sufficient condition, see Corollary 4.6).

Theorem 1. Let (F, P) be an induced full Markov map for f defined on an open set B C X. Let R be the inducing
time of F and | be an ergodic f-invariant probability such that w({R = 0}) = 0 and (’)?(x) N (’);r»(y) 0 =
O}'(x) N O"F'(y) % 0 for w almost every x,y € B. If there exists ® > 0 such that

1 .
limsup;#{Ogj <n;ff(x)e(9;(x)} =6 @)

for w almost every x € B then there is a non-trivial (£ 0) finite F-invariant measure v such that v(Y) < u(Y) for all
Borel set Y C B and such that [ Rdv < oL
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Proof. Let B ={x € B; F/(x) Upep P VJj = 0}. Of course, B is a metric space with the distance of X and
B = B (u mod).

Let W be a collection of subsets of B formed by the empty set @ and all ¥ C 8 such that ¥ = (F| pl)_1 0--+0
(F| px)_l (®B) for some sequence of Py, ..., P; € P. That is, the elements of WV are the empty set and all homeomor-
phic F pre-image of 8. Note that JV is a collection of open sets of 8. Given Y C B and r > 0, let W(r, Y) be the
set of all countable covers {/;} of Y by elements of VW with diameter(/;) < r Vi. Itis clear that W(r,Y) @ VY C B
and Vr > 0.

Given a Borel set Y C B, let t(Y) € [0, 1] be such that

1 ,
7(Y) =limsup —{0 <j<n f/lx)eyn O;(f”(x)(x))},
n—+oo N
for p almost every x € X, where 7(x) = min{i > 0; f!(x) € B}. As u is ergodic and O}f(x) N (’);’-(y) 0 =
O"It x)nN O“FL (y) # 0, for u almost every x, y € B, it follows that 7(Y) is well defined.

Claim 1. The function t has the following properties.

(1) =(@) =0;

(2) t(B) =26 >0;

3) (Y1) < t(Y2) whenever Y| C Y, are Borel subsets of *B;

@) (U2, Y) < X2, t(Y) YY), Ya, Ya, ... Borel subsets of B;
(5) t(Y) < u(Y) for all Borel set Y C *B;

(6) T(F~Y(Y)) =t (Y) for all Borel set Y C B.

Proof of Claim 1. The first four items follows from (7) and the definition of t. From Birkhoff Theorem follows the
fifth item. Indeed, (YY) = lim %#{O < j <n; fi(x) €Y} for every Borel set ¥ C 9B and . almost every x. Thus,
T(Y) < u(Y) for every Borel set Y C B. To check the last item considers a Borel set ¥ C B. As Fix)eY &
Filx)e FFL(Y)Vj>1andVx € B, we get t(F~1(Y)) =t(Y). O

Following the definition of pre-measure of Rogers [47], T restricted to WV is a pre-measure (Definition 5 of [47]).
Given Y C ‘B, define

V() =supu(¥) (= lim v (),

r>0

where v, (Y) = infrew . y) 2 ez T(I) and W(r, Y) is the set of all countable covers Z = {I;} of ¥ by elements of W
with diameter(/;) < r Vi. The function v, defined on the class of all subset of 8B, is called in [47] the metric measure
constructed from the pre-measured T by Method II (Theorem 15 of [47]).

As (F,P) is a Markov map,

either [y ChhorhbCly or I1NhLh=0, VI,LeW. ®)

Thus,

v(Y)= inf Y z(D),

IeW.Y) 1o
where W(r, Y) = {{I;} e W(r, Y); I; N I; =0Vi#j}.
Claim 2. v(Y) < u(Y) for every Borel set Y C *B.
Proof of Claim 2. Let Y C B. As we are working only with countable additive measures defined on the Borel

sets (see Section 1.1), u is a regular measure. So, u(¥Y) = ianeW(r,Y)M(UIeI I) =infz %,y Yorernd) =
ianeW(r Y) Y orer T =v(Y) forevery r > 0. Thus v(¥) < u(Y). O
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It follows from Claims 1 and 2 that v restricted to the Borel subsets 9B is finite and non-trivial, i.e., v # 0. Indeed,
v(@) =0 <06 <1(B) < v(B) < u(B). Therefore, Theorems 19 and 3 of [47] assures that v restrict to the Borel
subsets of 28 is a countable additive measure.

Before we show that v is F-invariant (Claim 3) let us introduce some notation.

Notation 4.5. Let Y being Borel subset of 8B and r, " > 0.

o GivenZ e W(r, Y), set F*Z ={(F|p)~"(D}sez. pep-
e GivenZ € Vy(r, Y)and x € %Llet T (x) be the element of 7 that contains x, if x € Zlel’ 1. Otherwise, Z(x) = @.
o GivenZ e W(r,Y) andZ' e W(r',Y),define TNy I' = {Z(x) NZT'(x); x € Y}.

Given 7 € W(r, Y)andZ' e W(r’, Y), follows easily from (8) that
INyZ e W(min{r,r'}, Y). ©9)
Furthermore, (8) and Claim 1 give

(1) < min (), Y =(H}. (10)
)3 (>, ¥ )

IeInyZ’ (= Iel’

Claim 3. v is F-invariant.

Proof of Claim 3. Let Y be a Borel subset of B. Let be a sequence of a; > az > --- > a; \ 0 a sequence of positive
real numbers and 71, 75, ... a sequence of covers of ¥ by elements of VV satisfying the following properties.

(P1) v, (V) vy (V) V) 2 1,
(P2) va,-(Y)<V('Y)<va,-(Y)+(1/j) vjz1,
(P3) Z; e W(a;,Y)Vj >1.

Given ¢ > 0, let § > 0 be such that
&
P - 11
M(U ><6’ (an
PeP

where Py ={P € P; u(P) <$é}.
Set Py ={P € P; u(P) = 8}. Of course, ng :=#Pp < 0o. For each P € Py, let 0 < b, < diameter(P) be such
that

vor ((F1p) 1)) < ((F1p) 1)) < vpp ((FLp) 1Y) + 6%0 (12)

and let Jp € W(bp, (F|p)~1(Y)) such that
_ _ &
vy, ((Flp) ' () < Y-t < ((FIp) I + o (13)
JeJp 0
As bp < diameter(P), it follows from (8) that J C (F|p)~'(B) = P NB VJ € Jp. Thus, for every P € Py we
have
(Flp~'nc | JcP.
JeJp
As UJEJP J C P and F|p is a homeomorphism, it follows that {F(J)};c7, € W(rg, Y) VP € Py, where rp =
diameter(B). So, by (9),
Jo:= () {FD},cq, €W0B. V)

Y
PePy



904 V. Pinheiro / Ann. I. H. Poincaré — AN 28 (2011) 889-939

and
Ziny Joe W(aj, Y) forevery j > 1.
Given P € Py, note that
{(FIP) T (D} g iny g =K1 Orp Tp Ny Ko, (14)

where Yp = (F|p)~'(Y), Ki = {(F|p)""(D)}sez; and

_ —1
k2= O {(FIp T (FD)} g,
P£OEP,

It follows from (9) and (14) that

{(FI) ™ (D} gy, € W(bP. (FIR) I X)), VP €Po. (15)
Furthermore, by (10) and (14) we get

> ()< Y ), VPeP. (16)
TE((F1p) ™ (D}iez;0y 79 1eJp
Using the definition of vy, (15), (16) and (13), we obtain for all P € Py that
vp, (Flp) ™' (1)) < > ()

16{(F|P)_1([)}1€Ijﬂyjo
— _ &
= 2 t(FITD) < Y0t < (FITHON) + (17)
1,0y T 1edp 0
Therefore

v(F'w) - ) r(l)'

]EF*(IijJQ)

SDv(FITTm)=>] > r((Flp)“(I))‘

pPeP PEPIGIjﬂyJ()

<Y PERDNTTM) - Y r(<F|p)—1<1>)|

PePy lteﬂij

+ Y wW(EDTO)+ Y Y (FITID)

PcP; PPy IEIjﬂyj()

<Y P(FEIDTTD) - > r(<F|p)‘(1>)‘

PePy IGIjﬂyJO

+ 2 w((FITT@)+ Y > u(EFIlnTID).

PePy PePy IEI/'ﬁyJO

* *k

AS * g M(UPQ'PI P) and alSO *ok g ZPEP] M((F|P)_1(UI€IjﬂyJ0 1)) g ZPEP] ILL(P) = M(UPGP[ P)7 lt fOI'
lows from (11) that

v(FT') = Y

1eF*(Z;iNy Jo)

< D W(FIDTTO) = D T((Flp) D) +e/3.

PePy Iezjﬁyjo

kkk
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By (12) and (17),
sk < |V((F1p) 7 (X)) = v, (FI) D) [+ oo, (FI) ') = Y o((Flp) ™ (D) <3i.
IEIjﬂyjo "o
Therefore,
v(F~L(r)) - Z <3 (18)

IEF*(Ijmy%)

Let j > 3/¢. Using the properties of 7 (Claim 1), the fact that Z; Ny Jp € VNV(aj, Y), (P2) and (18), we get

v<Y><§+va_,(Y> <y e

IEI Ny Jo
1y > (Fi) = —+ Yoot (Z(Fm (1)>
J 1€Ziny Jo 1€T; ﬁyjo PeP
1
<s+ Y S dEn i) = >, D
J IEI myjo pPeP IGF*(IjﬂyJ())

< } +v(F'(1)) + %g <v(F7I(D)) +e.

Thus, given a Borel set Y C B, we can conclude that v(Y) < v(F~Y(Y)) + ¢ for every ¢ > 0. That is,
v(¥) < v(F_l(Y)) for all Borel set Y C ‘B.

To conclude the proof of Claim 3, let us assume the existence of a Borel set L C B such that v(L) < v(F “LLy).
Asv(B\ L) <v(F~1(B\ L)), we obtain v(B) = v(L) + v(B\ L) < v(F~ (L)) + v(F~'(B \ L)) = v(B), which
is an absurd. O

Now, suppose that [ Rdv € (y +o0], for some 5 <y € R. As v is F invariantand R > 0, it follows from Birkhoff
Theorem that 35 C B with v(‘B) > 0 such that for every X € ‘B there is some n, € N sat1sfy1ng Yi—oRo Fk (x) >vyn

Vn > ny. In this case, for every n > yn, (= n,) and every n Jj <n we get Zk oRo Fr(x) > yj = e Ip >
Thus,

J

1

supy j = 0; ZRoFk(x) <n} < ;n<@n,
k=0

forall n > yn, and allgce%. .
Because {j > 0; Zk 0RoFk()c) <n}={0<j<n: fi(x) GO}'(x)} and sup{j > 0; ZIJ(ZORoFk(x) <n}=
#{j >0; Zk o R o F¥(x) < n}, it follows that

j
#0o<j<n ff'(x)eolt(x)}zsup{j>o; ZRoFk(x)<n}. (19)
k=0

So, for every x € %, we get
1 .
limsup—#{0< j <n; f/(x) e Of ()} <o. (20)
n

But this is a contradiction. Indeed, as v < pu, we have by hypothesis that v({x € B; (20) holds}) =v(B \ {x € B;
(7) holds}) = 0. This proves that f Rdv < ©®~1. To finish the proof of the theorem, we extend v to B by setting
v(B\8)=0. O

Using Theorem 1 we obtain the following characterization of the liftable measures.
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Corollary 4.6. Let (F, P) be an induced full Markov map for f defined on an open set B C X. Let R be the inducing
time of F and | be an ergodic f-invariant probability such that w({R = 0}) = 0 and O}' x) N (’)}" #0 =

(9; x)N (9; (y) # @ for w almost every x,y € B. The following statements are equivalent.

(i) There is an F-invariant finite measure v < |4 such that yu = Tif) *j(v|{R>j}).
(ii) For p almost every x € B, limsup, %#{O <j<n flix)e O}'(x)} > 0.
(iii) For w almost every x € B, limsup, % sup;{j = 0; Zi:o Ro FK(x) <n} > 0.
(iv) There is an F-invariant finite measure v < | such that 0 < f Rdv < 0.

Proof. By (19) follows that (i) < (iii). As u =}~ e fl (v|(r>j}) implies that [ Rdv = j’:o?) fl lrsPX) =
w(X), it follows that (i) = (iv). We get (i) < (iv) from Proposition 4.4. As (ii) = (i) follows from Theorem 1, only
(iv) = (iii) remains to be proved. '
Suppose that (iv) holds. For every n € N and each x € B :={x € B; F/(x) € UPEP PYj>0} letiy(n) =
sup]{] 0; Zk oRo Fk(x) < n}. Thus, for every x € B,

ey 1 no( i
—— > RoFm>- . ( : ) @1)
i) +1 = 1T R\ 1

If, by contradiction, hmsupn Zsup;{j = 0; Z/{:OR o F¥(x) < n} =0 for pu almost every x € B, then
lim, n/iy(n) = oo for u almost every x € B. Using (21) it follows that lim supk ,i Zkfg) Ro F/(x) = oo for u
almost every x € B. This contradicts (iv) as, by Birkhoff Theorem, lim sup, % Z -0 "RoFJ (x)= f Rdv < oo for v
for a.e. x € B and so, u({x € B; llmsupk T ijo RoFi(x)<oo})>0. O

Lemma 4.7 just below will be useful to bound the space average of the induced time by having some information
about the time average of the induced time. This will be necessary for projecting an invariant measure of the induced
map onto an f-invariant measure.

Lemma 4.7. Let {G ;} jen be a collection of subsets of X suph that fj xX)€G ;YO j<nVxeGy Let BCX
and let x € B be a point such that #{j > 0; x € G and f!(x) € B} =o0. Let T : O*(x) N B — OT(x) N B be a
map given by T (y) = 80 (y), with 1 < g(y) <min{j e N; y e Gj and f/(y) € B}. Then

j
#{1<j<n:xeGjand fi(x)e B} <#1j>0: Y g(T"(x)) <n
k=0

Moreover, if limsup,, %#{1 <j<n; xeGjand f/(x) € B} > ©® >0 then

n—1
Jj 1
11111210%f ZogoT x) <O~
Proof. GivenneN,set I, ={1<j<n|xeG;j and f/(x) e B}and X, ={j >0; Zk 0g(Tk(x)) nj.

As Iy =0 = X, we have #I < < #X9. By induction, assume that #I"; <#X'; YO < j < n. To prove that #I, <
#X, we may assume that n € I, otherwise #I,_; = #I,, and so, #I, = #Fn_l <#XY,_1 <#X,. Let £ = max{j;
jeX,_1}ands = Zi 0g(Tk()c)) Ass<n—1andx € G,, we have Tt (x) = f*(x) € G,—s. Moreover, we also
know that f*(x) € B, f"~*(f*(x)) = f"(x) € B and so, g(f*(x)) < n — s and, as a consequence, ZZH g(Tk(x)) =
S0 8(TF(x)) + (T (x)) < s+ (n —s) < n. Therefore, £+ 1 € X, \ 5, and so, #I}, = #,_1 +1 <#5,_ +
1<#X, (asn eIy, I, ={n}U I;,_1), completing the induction.

Assume now that limsup, 1#{1 < j <n; x € G; and f/(x) € B} > © > 0. If liminf, 1 >/ ¢ o TF(x) > ©1,
there is some 7 such that "}_, g o T*(x) > @ ~'n Vn > no. In this case, if ng < On < j < n then Zk _08° Tk(x) >
o lj= @_I%n >n.So, #X,(x) < On Vn = ng and, as a consequence of #I, < #X, Vn,
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ay-contraction

ag-contraction

ag-contraction

cxl -contraction’

Fig. 5. A zooming time for x € Z4(«, 8, f).

1 . 1
limsup —#{1 < j <n; x € G; and f/(x) € B} =limsup —#I, < O,

n—+oo 1 n—+oo 1

contradicting our hypotheses. O
5. Zooming sets and measures

In this section we introduce the notion of zooming times. This notion captures and weakens the geometric aspects
of the hyperbolic times (Section 8), allowing more flexibility in the applications and examples.
Let f: X — X be a measurable map defined on a connected, compact, separable metric space.

Definition 5.1 (Zooming contraction). A sequence o = {a, }1<nen of functions o, : [0, +00) — [0, +00) is called a
zooming contraction if it satisfies the following conditions

e a,(r)<rVr>0andVn > 1;

o a,(r) <ap(F)VO<Lr <¥and Vn > 1;

e oy oty (r) <opym(r)Vr>0and Vn,m > 1;
L4 SUPogrgl(Zf,o:] a,(r)) < oo.

For instance, an exponential contraction corresponds to a zooming contraction «, (r) = A"r with 0 <X < 1. We
note that we can deal with polynomial contractions (¢, (r) =n~%r, a > 1) and also with contractions that becomes
in small scales as weak as we want (a,(r) := (l +r11 ﬁ)zr defines a zooming contraction and lim,_,q “"(r) =1, see
Example 9.14).

Let o = {a,}, be a zooming contraction and § > 0 be a positive constant. (See Fig. 5.)

Definition 5.2 (Zooming times). We say that n > 1 is a («, §)-zooming time for p € X (with respect to f) if there is a
neighborhood V;,(p) of p satisfying

(1) f™sends V,( p) homeomorphically onto Bs(f"(p));
(2) dist(f7(x), /() < anj(dist(f" (x), f*())), for every x, y € V,(p) and every 0 < j < n.

The ball Bs(f"(p)) is called a zooming ball and the set V,(p) is called a zooming pre-ball. Denote by Z, («, 8, )
the set of points of X for which 7 is an (&, §)-zooming time.

Definition 5.3 (Zooming sets). A positively invariant set A C X is called a zooming set if (22) holds for every x € A.
Definition 5.4 (Zooming measures). A f-non-singular finite measure p defined on the Borel set of X is called a

weak zooming measure if p almost every point has infinitely many (o, §)-zooming times. A weak zooming measure
is called a zooming measure if
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1
limsup—#{lgjgn; er,'(a,(S,f)}>0, (22)
" :

for yu almost every x € X.

Definition 5.5 (Bounded distortion). We say that a weak zooming measure x has bounded distortion if 3p > 0 such
that, Vn € N and u almost every p € Z,(a, 8, f), the Jacobian of f”* with respectto w, J,, f", is well defined on V, (p)
and

Ju f" (%)
Juf"()’)
for p-almost every x and y € V,,(p).

‘log < pdist(£" (), £ (),

Remark 5.6. We use the connectivity (indeed, local connectivity is enough) only in the proof of Lemma 5.12 (the
local connectivity is necessary to apply Proposition 2.8, where A = {B,(x)}). This lemma assures the existence of
nested sets containing a given point x € X. Thus, to obtain all the results of Sections 5, 6 and 7 we can remove the
additional hypotheses above if the existence of sets like (B, (x))* can be ensured in another way.

Lemma 5.7. The zooming times have the following properties.

() If peZj(a,d, f) then ffz(p) €Zj_¢(a, 8, f)forall0< L < j.
) IfpeZj(e,d, f)and f/(p) € Z¢(,é, f) then p € Zji(a, 8, f).
() If p €Zje({anln, 8, f) then p € Zj({an}n, 8, f).

Proof. Follows easily from the properties of zooming times. [

It follows from Lemma 5.7 that if x € Zguq j({atn}n, 8, f), with 0 < j < k, then fl(x) € ZimUantn, 8, f) C
Zp({ctkntn, 8, fk) Thus,

k—1
timsupZ (el 3. £) € | £~ (1im sup Zion (1t 3. 1))

k=1
< U £ (timsupZ (feeala- 6. £4)). (23)
j=0 "
Let Z be the set of all points of X with positive frequency of ({ct, },, §)-zooming times, that is, (22) holds.

Notation 5.8. Denote by £z = (£z,, ) as the collection of all (@, §)-zooming pre-balls, where £z , = {V,,(x); x €
Z, (o, 8, f)} is the collection of all («, §)-zooming pre-balls of order n. One can check easily that the collection of all
(o, 8)-zooming pre-balls is a dynamically closed family of pre-images as defined in Section 2.

Given x € X and 0 < r < § let (B, (x))* be the set defined by (4). If x € (B, (x))*, it follows from Proposition 2.8
(taking A = { B, (x)}) that the connected component of (B, (x))* which contains x is an £z-nested set.

Definition 5.9 (Zooming nested balls). If x € (B,(x))*, define the (a, §)-zooming nested ball (with respect to f) of
radius r and center on x, denoted by B}(x), as the connected component of (B, (x))* which contains x.

Note that, as we have contraction in any zooming time, B, (x) cannot be contained in any zooming pre-image (with
order bigger than zero) of itself. So A = { B, (x)}, in the definition above, is indeed a collection of open sets as desired
on Section 2.1.

Remark 5.10. As two distinct £ z-pre-images of the same set cannot intersect (Remark 2.1), the order of the elements
of a chain are strictly increasing. That is, if (Py, ..., P,) is a chain of £z-pre-images of B, (x) then 0 < ord(Pyp) <
ord(P;) < --- <ord(Py).
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Definition 5.11 (Backward separated map). We say that f is backward separated if for every x € X we have

dist(x, U7 emn {x}) >0 Vn>1. (24)

j=1

For instance, every continuous map f with bounded number of pre-images (sup{#/f~'(x); x € X} < 4+00) is
backward separated.

Lemma 5.12 (Existence of zooming nested balls). If for some 0 <r < §/2 we have Zn>1 an(r) < r/4 then the
zooming nested ball B} (x) is well defined and B} (x) D B;/2(x), Yx € X. Furthermore, if f is backward separated
and supr>0(zn>1 an(r)/r) < 400 then for each x € X there exists 0 < ro < §/2 such that B} (x) is well defined
Y0 < r <rg and, given any 0 <y < 1, one can find 0 < r, < rg such that B} (x) D B, (x) and Y0 <r <r,.

Proof. If Zn>1 a,(r)y <r/4,0 <r < §/2, as the order of the elements of a chain of A ={B,(x)}, 0 <r <3, are
strictly increasing (Remark 5.10), the diameter of any chain is smaller than Zn>1 oy (diameter(B; (x))) < r/2. Thus,
using Corollary 2.9, we get B} (x) D B, /2(x).

Let suppose now that f is backward separated and supr>o(zn>1 a,(r)/r) < 4o00.Given 0 <y < 1, let ng e N
be such that Zn>no a,(r) < (1 —y)r/2. Let x € X and ¢ > 0 be such that inf, dist(x, U'jm:l Fie)\ {x)) > &,

ry = % min{e, 8§} and 0 < r < ). Note thatif j <ngthen B,(x)NP =@ VP € £z ; (because PN (U'}(’:l i (x)) #Y
and diameter(P) < r < /2). Thus, every chain of £z-pre-images of B, (x) begins with a pre-image of order bigger
than ng. By Remark 5.10, the diameter of any chain is smaller than Zn>n0 o, (diameter(B, (x))) < (1 — y)r and, as a
chain intersects the boundary of B, (x), we can conclude that a chain cannot intersect B, (x). So, (B, (x))*, and also
B (x), contains By, (x). O

Notation 5.13. Given any sequence of sets {Uy,},, denote by limsup, U, the set of points that belong to infinitely
many elements of this sequence, i.e.,

limsup, U, = ﬂ U U;.

n=1j>n

Using the notation above, f-non-singular finite measure u is weak zooming if (X \ limsupZ,, (o, 8, f)) =0 (see
Definition 5.4).

If x € X has a zooming time, we can define the first zooming time of x as min{n; x € Z,(«, 8, f)}. It is easy to
show that, if u is a finite f-non-singular measure and the first zooming time is well defined for p-almost everywhere,
then u is a weak zooming measure. That is,

M(X\UZj(a,S,f)>=0 = (X \limsupZ,(a,s, f))=0.

j=1

Notation 5.14 (The zooming images set). Denote the collection of zooming images of f by 3 = (3(x))xelimsupZ,, (.5, /)
where 3(x) ={f™(x); m e Nand x € Z,,(«, 8, f)} is the set of zooming images of x by f.

It is easy to see that if x € Z,,(, 8, f) then ™~/ (x) € Znu—j(@,d, f), V0 < j < m. Thus, using this information
and Lemma 5.7, one can prove that 3 is an asymptotically invariant collection. Indeed, if x € Z and my is the first
zooming time for x then {f™(x); m > 2 and x € Z,,(«, 8, )} = {f"(f(x)); m > max{mg — 1,1} and f(x) €
Zy(a, 8, fH}

In the lemma below, let i be a weak («, §)-zooming measure with bounded distortion (see Definition 5.5), where
a={an}n.

Lemma 5.15. Suppose that for some 0 < ro <3/2 and p € X the (o, §)-zooming nested ball B} (p) is well defined
connected open set and contains By ;2(p). If U C X is positively invariant, w(U) > 0 and u({x € U; By,2(p) N
;) # 0)) > 0 then (1(Byy2(p) N U) = (Byy 2(p)) > 0.
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Proof. Let p > 0 be the distortion constant that appear in Definition 5.5 and let K C {x € U; B,,(p) Nw;(x) # ¥}
be a compact set with positive 1 measure.

Given £ > 0 choose an open neighborhood V O K of K such that u(V \ K) < u(K)/€. Choose for each x € K
a zooming time n(x) such that V) (x) C V and Fr 0 (x) e By 2(p). As V() (x) is mapped diffeomorphically by
S onto Bs(f"™)(x)) and Bs(f"™(x)) D B, (p) (because ro < 8/2), set, for each x € K,

-1 N
W@ = (F"Nv000) " (B ()
By compactness K C W(x) U---U W(x;) for some xq,...,x,; € K. As B;‘O (p) is a nested set, we can assume that
W(xj) N W(x;) =@ whenever j #i. Thus, at least for one j we have u(W(x;) \ K) < u(W(x;))/€. Otherwise,
p(VNK) Z p((U; WEND\NK) =32, n(WEH\K) 230 n(Wx;)) /e =plUJ; W(x;))/€ > u(K)/L. Therefore,
for each ¢ € N we can find some pre- ball W, which is sent by some iterate f" of f diffeomorphically onto B} (p)
and with the distortion bounded by p. Furthermore, u(We \ K) < u(Wy)/€ VL. By the bounded distortion we get
w(BL(p)\U) _ uBl(p)\ ["(K))  w(We\K) p

< <p <—=—=0.
w (B (p)) w (B (p)) nw(We) 14

As B* (p) D Bry2(p) and pu(Byy,,(p)) > 0 (because w is f-non-singular), we conclude the proof. O

Corollary 5.16. If u is a weak zooming measure with compact support and bounded distortion, then there is € > 0
such that every positively invariant set has either p-measure bigger than & or equal to zero. Furthermore, if f|supp
is transitive, continuous and K C supp w is a compact positive invariant set with (K) > 0 then K = supp .

Proof. Let i be a weak (o, §)-zooming measure with compact support and bounded distortion, where « = {o, },,. Let
U be a positively invariant set with u(U) > 0.

First, assume that Zn>1 a, (ro) < ro/4 for some 0 < rg < 8/2. It follows from Lemma 5.12 that for every p € X
the (a, §)-zooming nested ball B} (r) is well defined and contains By,/2(p). Let p be any point on the support of
w such that u({x € U; wys;(x) N By, 2(p) # @}) > 0 (of course at least one of such point exist). It follows from
Lemma 5.15 that

1(U) = p(Bry2(p) NU) = i(Brys2(p)) > 0. (25)

Let & :=inf{u(Byy/2(x)); x € supp u}. Itis easy to see that ¢ > 0, & does not depend on U and p(U) = € > 0.

Assuming that U is compact and f|supp, 1s transitive, we claim that By,,,2(p) N suppu C U. Otherwise,
(Bry/2(p) \ U) is an open set with (B,,,2(p) \ U) N supp u # ¥. Thus, by the definition of the support of a mea-
sure, i (Byy/2(p) \ U) > 0, contradicting (25). Now, it is easy to see that U = supp 1. Indeed, let ¢ € supp u be such
that w(q) = supp p. Then there is n > 0 such that f"(q) € (By,/2(p) Nsuppu) C U. As U is positive invariant and
compact, we get supp . =w(q) C U C supp

In the general case (that is, when we do not know if Zn>1 o, (rg) <ro/4),letrg = % and f: fk, where k > 1 is
such that 3, ~ | @kn (r0) < o

By (23), there is 0 < j < k such that u(f’j(limsupm Zm {akntn, 8, fk)) N U) >0 and, as u o f’1 <« u and
fWU)CU, we get

/L(lim SUpZyy ({tkn s 8, £¥) 0 U) > 0. (26)

Taking /% = iljimsup  Zyn ((axn}n.6, 4)» 1 1S €8SY to see that /1 is a weak ({&y }n, §)-zooming measure with respect to f,

where &,, = o, . Moreover & has compact support, bounded distortion and Zn>1 ay(ro)/ro < 1/4. As fN (U) C U and,
by (26), i (U) > 0, we can apply the particular case and get ¢ > 0, not depending on U, such that u(U) > (U) > e.

When U is compact and f |Supp u 18 transitive and continuous, there is a finite number of transitive components
for f supp - that is, supp e = My U --- U M, where M; is compact, positive invariant, and f |m; is transitive V.
If we consider i restrict to one of those components say M, such that ,u,l m;U) = w(M; NU) > 0, we can apply
the particular case to the f positive invariant set U=Un M; and get U= supp /| M; =suppu N Mj. As U =
Uu- UfS(U)_(supp,uﬂM])U ~U f¥(suppu N M;j) =suppu N(M;N---U f5(M;)) =supp u, we end the
proof. 0O
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As a consequence of Proposition 3.5, Proposition 3.12, Corollary 5.16 and Lemma 3.9 we have the following result.

Theorem 2. If 1 is a weak zooming measure with bounded distortion then X can be partitioned into a finite collection
of n-ergodic components. Inside each p-ergodic component U there exists a fat attractor A (i.e., w(A) > 0) such that
wf(x) = A for u-almost every point x € U.

Furthermore, there is a compact set Ay C A such that wy,;(x) = Aj for w-almost every point x € U and, if i is a
zooming measure, there is a compact set A ; C Ay such that wy 5 ;(x) = Ay ; for p-almost every point x € U.

Corollary 5.17. If u is a weak zooming measure with bounded distortion and f|supp . is transitive and continuous
then wy(x) = supp u for w-almost every x.

6. Constructing a local inducing Markov map

Sections 6 and 7 are the kernel of this paper. Most of the results for zooming sets and measures are proved in these
sections, and from them we will obtain their analogues for expanding sets and measures. The existence of an invariant
measure v<u that is absolutely continuous with respect to a given zooming measure with some distortion control
is given by Theorem C. In Theorem D we prove the existence of Markov structures for zooming sets. The existence
of global induced Markov maps for zooming sets is given in Section 7 by Theorem E. Note that our approach to
construct induced Markov map for dynamics with some hyperbolic behavior has to be very different from the one of
Alves, Luzzatto, Pinheiro [5,6], Gouézel [31], Pinheiro [45] and Young [61]. That is because this construction in those
papers depends in an essential way on the good relation between the diameter and the volume (Lebesgue measure) of
balls and this is not true for general zooming (or expanding) measures.

Let X, f, 8, a = {au}, and 3 = (3(x))xelimsupZ, (.8, f) be as in Section 5. Let

A ClimsupZ,(«, 6, f) C X
n—o00
be a positively invariant set.

Let A be an (¢, §)-zooming nested open set. Assume also that diameter(A) < §/2. For example, if Zn>1 o, (r) <
r/4 for some 0 < r < §/4 (or if f is backward separated and sup, Zn>1 a,(r)/r < +00) we can take A as any
zooming nested ball B (q) given by Lemma 5.12.

It is sometimes useful not to use all the zooming times but a sub-collection of them in the construction of the
induced Markov map (for instance, this is necessary in the proof of Theorem E). This motivates the definitions below.

For each x € A consider a set 3(x) C 3(x). We say that n is a 3-time for x if f"(x) €3(x). A zooming pre-ball
V,, (x) is called a 3-pre-ball if n is a 3-time for x. Let £z C £z be the collection of all 3-pre-balls V,,(x) for all x € A
and all 3-time for x.

Definition 6.1. We say that 3 = (3(x)) e is a proper zooming sub-collection if

(1) 7 is asymptotically invariant;

(2) 3(x) C 3(x) forall x € A;

(3) 3 has positive frequency whenever 3 has positive frequency;
“) & =z is a dynamically closed family of pre-images.

The zooming collection itself is an example of a proper zooming sub-collection. Another example of proper
zooming sub-collection that we are interested in is the following. Fixed £ > 1, set f = f* and &@ = {@,},, where
a, = ayy,. For instance, denote the collection of (a, §)-zooming images of f by 3 £ = (G (xX))xelimsup, Z, (@5, 1)
and the collection of (&, 8)-zooming images of f by 3 7= G7()) relimsup, z,@s, fy- 1t follows from Lemma 5.7
that limsup, Z¢, (@8, f) C limsup, Z, (@, 3, f). Thus, taking Zf(x) = {f”(x); f[”(x) € 37(x)}, the collection
3=5f = (Zf(x)) xelimsup, Zg, (.8, f) 1S @ proper (&, 8)-zooming sub-collection for the map 7.

Essentially, sub-collections will be necessary only in the proof of item (2) of Theorem D (when mg > 1) (and
also in Remark 8.8) to acquire more contraction on the pre-balls (changing « for & and f for f) maintaining the
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Fig. 6. A = B} (x).

contraction (and distortion control) for each iterate of the original map. We emphasize that for all the other results we
do not really need to work with sub-collections. _

Now, let 3= (3(x))xea be a proper zooming sub-collection and let £z C £z be the collection of all 3-pre-balls.
Given x € A, let £2(x) be the collection of £z-pre-images V of A such that x € V.

The set £2(x) is not empty for every x € A that has a 3-return to A. Indeed, if x € A and f"(x) € A N3(x) then
Bs(f"(x)) = [ (Va(x)) D A (because diameter(A) < §/2). Thus, for each 3-return time of a point x € A we can
associated the £z-pre-image P = (f"lvn(x))fl(A) of A withx € P.

Definition 6.2. The inducing time on A associated to “the first £ z-return time to A” is the function R : A — N given
by
min{ord(V); V € 2(x)} if 2(x)#03,

0 if 2(x)=0. 7

R(x) ={

Note that R(x) is smaller than or equal to the first 3-return time to A, i.e., R(x) <min{n > 1; f*(x) €3(x) N A}.

Definition 6.3. The induced map F on A associated to “the first Ez-return time to A” is the map F : A — A given
by

F(x)= fR®%), vrxeA. (28)

As the collection of sets £2(x) is totally ordered by inclusion, it follows from Corollary 2.6 that there is a unique
1(x) € £2(x) such that ord(/ (x)) = R(x), whenever §2(x) #£ .

Lemma 6.4. If $2(x) # 0 £ 2(y) then either [ (x) N1 (y) =@ or [ (x) = 1(y).

Proof. We claim that, if 2(x) # 0, I(x) DV VV € £(x). Indeed, if I(x) g V with V € 2(x), as ord(/ (x)) <
ord(V), it follows from Corollary 2.6 that A is contained in an £z-pre-image of itself of order bigger than zero. But
this is impossible because we have contraction in the zooming times, i.e., the diameter of an £z-pre-image of A has
diameter smaller than the diameter of A. (See Fig. 6.)

Let x,y € X with 2(x) # 0 # §2(y). As I(x) and I(y) are gg—pre-images of A,if I(x) N I(y)# @ then I(x) D
I(y) or I(x) C I(y). Thus, I(x) N I(y) # ¥ implies that I (x) € 2(y) or I(y) € §2(x). In any case, by uniqueness,
Ix)=1(). O

Definition 6.5. The Markov partition associated to “the first £ z-return time to A” is the collection of open sets P
given by

P:{I(x); xeAand.Q(x);é(/)}. (29)

The corollary below shows that P is indeed a Markov partition of open sets.
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Corollary 6.6 (Existence of a full induced Markov map for a zooming set). Let F be given by (28), R given by (27)
and P by (29). If P # @ then (F,P) is an induced full Markov map for f on A.

Proof. By construction the elements of P are open sets. By Lemma 6.4, P satisfies the first condition of a Markov
partition for F. As F(P)=A D Q VP, Q € P, P also satisfies the second and third conditions of a Markov par-
tition. On the other hand, as F|p = f ord(P )|p and P is an E. z-pre-image of order n = ord(P), there is a zooming
pre ball V,(x), x € Z,(«, 8, f), containing P and F|p can be extended to a homeomorphlsm between P and A (be-
cause f”|Vn ) isa homeomorphlsm) Given x € ﬂn>0 F7"(Upep P), set Pj = = P(F/(x)). As diameter(P, (x)) =

diameter(F|;l1 o F|;21 e F|P (A) < ]_[ —1 Yord(P;) (diameter(A)) < Sayn Ord(Pj)(diameter(A)) — 0, we con-

clude that P is a Markov partition for F. Finally, as {R > 0} = Jp.p P and F(P) = A VP € P, it follows that the
Markov map (F, P) is indeed an induced full Markov map. O

Let u be an («, §)-weak zooming measure with u(X \ A) =0 and let U C X be a u ergodic component. Let A
be the attractor associated to U and Ay C A the compact set such that w3(x) = Ay for u-almost every point x € U
(given by Proposition 3.5 and by Lemma 3.9 applied to U =3%).

Lemma 6.7. Let (F,P) be as in Corollary 6.6 and suppose that A N\ Ay # @. Then (F,P) is an induced full Markov
map defined on A and it is compatible with |y .

Proof. Let p € AN Aj. As p € wy7(x) for u almost every x € U, we get uly(U \ Un>0 f7"(A)) = 0. Thus, as
mly o f~h K ply, ply(A) > 0.

By Corollary 6.6, we only need to show that u|y(A \ Upep P) = n((A\ Upep P) NU) =0. As p €
wyy(x) for p almost every x € U, it follows that £2(x) # ¢ for pu almost every x € A. Thus, uly({R =0}) =
wlu(A\Upep P)=0. O

Theorem 3. Suppose that for some 0 < ro < /2 and every x the (o, 8)-zooming nested ball B} (x) is well defined
and contains Byy;2(x). Let A C limsup, Z(«, 8, f) be a positively invariant set and 3 = (3(x))xea a proper (a, §)-
zooming sub-collection. Let u be an («, §)-weak zooming probability with bounded distortion and w(A) = 1. Let
U C X an ergodic component for  and Ay be the compact set such that wy3(x) = Ay for j-almost every point
x € U (given by Theorem 2). Let A be an («, §)-zooming nested open set with diameter(A) < ro/2 and such that
ANAy#0.

If (F P) is the induced Markov map associated to “the first £ z-return time to A” (as in Corollary 6.6) then (F, P)
is an induced full Markov map with p-bounded distortion. Furthermore, there exists v < i an ergodic F-invariant
probability with log u € L*>® (pL|{ dv >0}) and v(A) = 1.

Proof. Letus show that, as . has bounded distortion, |y (A) = (A). To prove this, let p € AN Az. By Lemma 5.15,
W(Byo/2(p) NU) = 11(Byy2(p)). As diameter(A) < r0/2, A C Byyy2(p). So, ]y (A) = u(A).

As uly(A) = u(A), Lemma 6.7 implies that (F,P) is an induced full Markov map defined on A compatible
with w.

[,L F(x)

Finally, as |10gJ FO) | < pdist(F(x), F(y)),Vx,y € P and VP € P (because P is contained in a zooming pre-ball

of order R(P) and p has bounded distortion at the zooming times), we obtain that (F, P) has u -bounded distortion.
Applying Proposition 4.4, we obtain an F-invariant ergodic probability v < u with log i € L>® (u,|{ dv >0}) and,

of course, v(A)=1. O

Given 0 > 0and n € N, let Z, (e, 8, 6, f) be the set of points x € X such that #{1 < j <n; x € Z;(a, 5, f)} > On.
Thus, the set of points of X with infinitely many moments with 6-frequency of (c, 8) -zooming t1mes (with respect

to f)is
+o0

limsup Z, (. 8.0, f) =[] | Zu(.8.0. f).

j=1n>j
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If w is an («, 8)-zooming measure with bounded distortion, X can be decomposed in a finite collection of
{U1, ..., U} of u-ergodic components (Theorem 2). By ergodicity, 30; > 0 such that

1
limsup —#{1 < j <n; x€Zj(e. 8, )} =6
n

for p almost every x € U; Vi. Furthermore, if 3 = (3(x))xe4 is a proper zooming sub-collection and (X \ A) =0,
there are also 6y, ..., 6, > 0 such that

1 - ~
limsup —#{1 < j <n; jisaj-timetox}>6;
n
for u almost every x € U; and all 1 <i <s. Thus, we get the following remark.

Remark 6.8. Let A be a zooming set and 3 = (3(x))xca a proper zooming sub-collection. Let i be a zooming measure
with p(X \ A) = 0. If u has bounded distortion or, more in general, has a finite number of ergodic components then
36 > 0 such that

1 ~ . ~
limsup —#{j < n; isaj-timetox} >0
n

for p almost every x € X. In particular, for every zooming measure p with bounded distortion (or having a finite
number of ergodic components) there is & > 0 such that

M(X \ limsup Zp (a, 3, 0, f)) —0.
m

Theorem 4. Suppose that for some 0 <ro < 8/2 and every x the (a,d)-zooming nested ball B} (x) is well de-
fined and contains Byj>(x). Let A C X be an («, §)-zooming set and w an ergodic f-invariant zooming probability
with n(A) = 1. Let 3= (3(x))xea be a proper (a, 8)-zooming sub-collection and AL 5 the compact set such that
wy £5(x) = Ay 3 for u-almost every point x € X (given by Lemma 3.9 applied to U =73). Let A be an (a, §)-zooming
nested open set with diameter(A) < ro/2 and such that AN Ay 5 # 0.

If R is “the first £z-return time to A ” and (F, P) is the induced Markov map associated to R (as in Corollary 6.6)
then (F,P) is a full induced Markov map compatible with p and there exists an F-invariant finite measure v << [
(indeed, v(Y) < u(Y) for every Borel set Y C A) such that f Rdv < 400 and

Ry
n=- > H Olgs i,

=0
Wwhere y = Zj_:()) f!(V|{R>,/})(X)~

Proof. Let A3 be the compact set (given by Lemma 3.9) such that wz3(x) = Az for p-almost every x € X. As
A, 3 C Az, we have AN Ay # (). Thus, it follows from Lemma 6.7 that (F, P) is an induced full Markov map defined
on A and compatible with p (see Definition 4.1).

Let B={xeA; F/(x)e Upep P, Vj = 0}. Because p is f-invariant (in particular, f-non-singular), we get
A =B (mod ). As AN A, 3#¥and uis f-ergodic, there is @ > 0 such that

1 .
limsup—#{1<j<n; xeGjand f/(x) e A} > O

n—oo N

for u almost every x € A, where G j = {x € A; j is a3-time to x}. Thus, taking B = A, g = R and applying the first
part of Lemma 4.7 to f we get

{ j
limsup —#{ j > 0; ZRoFk(x)gn} >0 (30)

n
n— 00 k=0

for p almost every x € A. Because
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J
j20: ) RoFFx)<nt={0<j<n: fi(x)eO0f)},
k=0
it follows form (30) and Theorem 1 that there exists a non-trivial F-invariant measure such that v(Y) < u(Y) for
every Borel set Y C A (in particular, v <« u) with [ Rdv < +o0. Thus, n = Z;:g £ (Wl(g=}) is an f-invariant
finite measure (see Remark 4.3). Note that, if n(Y) > 0 for some Borel set Y C X then v(f~/(Y)) > 0 for some j >0
and, as v < w, w(Y) =u(f~7(Y)) > 0. Thus, n < u. As p is f-ergodic probability, we get

M_mﬁ_mZﬁk( l(R>j})- |

Lemma 6.9. For every k > 1,

lim sup Zy, ({2}, 8,6, f) Uf (hmsukam({an}n,S 0/k, f))

c Uf (hmsupZ ({Olkn}nv‘sve/k’fk)>'

Proof. Let k > 1. For each x € limsup,, Z,,({ax}s, 6, f) and 0 < i <k, set Ny(i) ={kj +i; jeNand x €
Zijvi({ontn, 8, )}. So, x € Ziy({ap}n, 8, f) & me Uf;& N, (i). Note also that N, (j) NNy (i) = @, whenever i # j.

So, for each x € limsup Z,, {otn }1, 8,0, f) C limsupZ,, {&,}n, 8, f) one can choose £(x) € {0, ...,k — 1} such
that limsup,, %#{1 <j<m; jeNg(£(x))} = 0/k. Otherwise, limsup,, %#{1 <j<m x €Zi({aphn, 6, f)} <0,
contradicting x € limsup Z,,({an}n, 8,6, f). As j € Ny(l(x)) & x € ZjkroyUanln, 8, f) & @) €
Zix({an}n, 8, f), it follows from Lemma 5.7 that

JeN(t®) = %) eZii({andn, 8, ) € Z;j({oknn, 8, £5).

Therefore,

lim sup %#{1 <Jjsm; fl(X)(x) € Zi;j ({an}n» 8, f)}

m

1
> lim sup %#{1 <j<m; {90 e Zi(laknta, 8, )} > 0/k.

m

As a consequence, if x € limsup,, Z,({an}., 8, f) then f¢®(x) e limsup,, Zy({aknln, 8,6/k, f¥), with
0<t(x)<k. O

Corollary 6.10. Ler i be an f-ergodic («, §)-zooming measure (not necessarily invariant). For each k > 0 there is
a positively invariant set E C X with w positive measure and such that ﬁ wlg is an ({agn}, 8)-zooming ergodic
probability with respect to . Furthermore, if w is f-invariant then E is a p-ergodic component with respect to f*,
ﬁME is f*-invariant and p = (Zl;;(l) froule.

Proof. It follows from Remark 6.8 that 30 > 0 such that (X \ limsup, Z,(e, 8,6, f)) =0. By Lemma 6.9, there
is 0 < j < k such that u(f~ /(Z)) > 0, where Z =lim sup,, Z,({atkn}, 6,0/ k, . As p is f-non- singular (by the
definition of zooming measure), we get M(Z) > 0.

Because j has at most k ergodic components with respect to f¥ (Lemma 3.13), there is one of these ergodic

components Eg C X such that u(Eg N 2:;) >0.Set E=EgN Z As 2> fk(ZN) and fk_l(Eo) = Ejy, we have
f¥(E) c E C Ey. Because WlE, is fk—ergodic and fk-non—singular, it follows from Lemma 3.10 that ﬁulg =
ﬁ(MEoNE is a probability fk-non-singular and fk-ergodic. Of course ﬁulg(g) =1 and so, ﬁME is an
({otkn }, 8)-zooming ergodic probability with respect to f¥.
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Suppose now that u is. f-invariant. In this case, as E C f —k(E), it follows that E = f —%(E) (mod ). Thus,
changing E by () >0 fI*(E), it follows that E is a p-ergodic component with respect to f*. So, it is easy to

conclude that u|g is fk-invariant and pu = (Z];;(l) f/'*),u|E. O

Theorem C (Existence of invariant zooming measures). If i is a zooming measure with bounded distortion then
there exists a finite collection of ergodic f-invariant probabilities absolutely continuous with respect to u such that
u-almost every point in X belongs to the basin of one of these probabilities.

Proof of Theorem C. By Theorem 2, X can be partitioned in a finite collection of u-ergodic components with respect
to f. Let U be one of these ergodic components. Choose any 0 < rp < 6/2 and let k£ > 1 be such that Z:;Xf apn(F) <
7/4 for ¥ = ro/4 and for ¥ = ry.

By Lemma 3.13, U can be decomposed into a finite collection of disjoint ergodic components with respect to f*.
As U is invariant (in particular, f(U) C U), it follows from Lemma 3.10 that x|y is f-non-singular. Thus, |y is
an ergodlc (a, 8)- zoommg measure From Corollary 6.10, there is E C U C X, with f(E) C E and u|y(E) > 0,
such that i = M(E)ulg mu(E) (ly)|E is an (a, 8)-zooming ergodic probability with respect to f £k, where
o= {akn}n - - -

Denote the set of (@, §)-zooming images of f by 3 = (3(x))xea, Wwhere 3(x) = {f"(x); ne Nand x € Z, (@, 8, f)}
is the set of (&, §)-zooming images of x by f and A = limsupZ, (&, 8, f).

By Theorem 2, there exists a fat attractor A (with respect to f ) such that @ f~(x) A for ji-almost every point x € X.
Moreover, there are compact sets A 3, A7 C A, with Ay 5 C A3, such that w 7 7(x) = A3 and w, 70 =AL3 for
fL-almost every point x € X.

Let r =ro/4 and choose any pointg € Ay 3. As A1 3 C Ay, we get B (¢) N A3 D Bl (q) N Ay 5 # ¥, where B/ (q)
is the (a, 8)-zooming nested ball with respect to f, radius r and center on g (see Definition 5.9 and Lemma 5.12).

Taking A = B}(g) and & as the collection of all (oz 8)-zooming pre-balls with respect to f (see Notation 5.8), let
R be the first £-return time to A (with respect to f ) given by (27), let F = f 7R be induced map associated to R and
let P be the Markov partition given by (29).

Applying Theorem 3 to f o, A = B(g) (note that diameter(A) = ro/2), (F, P) and [, we obtain an F-invariant
measure v < it To prove the existence of an f -invariant ergodic probability 77 < [ we need only to show that the
induced time R is v integrable (see Proposition 4.4).

Let B = {x € B’ (q); Fi(x) e Upep P VJj = 0}. Note that ,u(B*(q) \B) =v(B(g) \'B) =0. Let B be the set
of x €B such that limsup,, n#{l <j<n; xeZj@,s, f) and ff(x) €B}>0.As Bl (q)NAy3# 0, v(B\B) =
a(B\B) = 5

Taking Gj =7Z; (@,6, f),g=Rand T = F, it follows from Lemma 4.7 that

n—1

hmlnf ZR o F/(x) <400
j=0

for every x € B. By Birkhoff’s Ergodic Theorem, [ Rdv = lim,, 1 o Z R o F/(x) for v-almost every x € B. Thus,

J Rdv < +o00. As a consequence, the projection 77 = Y p.p ZR(P) lf*

invariant finite measure.

Taking n = % Z";;(l) fi7, it is easy to see that n is f-invariant finite measure and 7 < j. So, to finish the proof of
the theorem we only need to verify that U belongs to the basin of 7.

By Birkhoff’s Theorem, n(B(n) N U) = n(B(n)) > 0 and, as n < u, we get w(B(n) NU) > 0. As B(n) is an f
invariant set and U is a u ergodic component with respect to f, we conclude that U = B(n) (mod p). O

(v|p) is a ; absolutely continuous f

Before we begin the proof of Theorem D which gives the existence of a Markov structure for a zooming set, we
want to emphasize a difference between the proof of Theorem C and proof of Theorem D.

In both proofs we begin with a reference measure p and we need to show the existence of an induced invariant
measure v < @ and also the v integrability of the inducing time R. In the hypothesis of Theorem C, we have a
zooming measure 1 with bounded distortion, but we do not know if w is invariant. On the other hand, in Theorem D,
we want to study zooming measures for which we do not know anything about distortion, but we know that they



V. Pinheiro /Ann. I. H. Poincaré — AN 28 (2011) 889-939 917

are invariant measures. In the proof of Theorem C the existence of v is given by Proposition 4.4 (this proposition is
used to prove Theorem 3) and in the proof of Theorem D the existence of v is assured by Theorem 1 (this theorem is
central in the proof of Theorem 4). In both case, the estimate to get the integrability of the inducing time is given by
Lemma 4.7 (this lemma appears in the proof of Theorems 3 and 4).

Theorem D (Markov Structure for the zooming set). Every zooming set A admits a finite Markov structure § =
{(F1,P1),...,(Fs, Ps)}. Furthermore, each (F;,P;) € § is a full Markov map defined on some connected open set
Ui (also the elements of 'P; are connected open sets). Furthermore, denoting the induced time of F; by R, Vj, § has
the following additional properties.

(1) Thereis some mqo > 1 such that each F; is defined on an ({otygn }n, 8)-z00ming nested ball B* with respect to ™0
(mo =1, if f is backward separated). Moreover

Rj(x) < min{n >1; x € Zpgu(, 8, f) and " (x) € B’-’}.

(2) Each P €Pj is a connected open set, V1 < j < s. Furthermore, there is an (a, §)-pre-ball V,, with respect to f,
where n = R|p, such that P = (f"|v,)~ 1(73.,) C Vy,. In particular,

dist( (), £10)) < ( > ak) dist(F;(x), F;(y)) V¥x,yeP.

k>n—¢
(3) If n is an ergodic (not necessarily invariant) zooming measure with bounded distortion and ;L(B;‘.‘) > 0 then
3K > 0 such that
JuFj(x)

og TuFiO) < K dist(Fj(x), Fj (),

for i almost every x,y € P, all P € Pj and 1 < j <s.

Proof of Theorem D. If f is backward separated and sup, . Zn>1 a,(r)/r < 0o, choose any 0 < r < %i’o, where rq
is given by Lemma 5.12, and set mo = 1. Otherwise, choose 0 < rg < §/2, set r =rp/4 and let mg be an integer big
enough such that Zn>1 mon (F) <T/4for7=rgand 7 =r. Setalso f = f"0,0 =0/mo, &; =, ; and & = {&}};.

Let 3 be the proper zooming sub-collection for f given by 3= (3(x)) where

xeA
) = {f"(x); neNand x € Zyg,(a, 8, f)}

and

A=AN limsupZ,, . (a, 8, f) C ANlimsupZ,(«, 8, f).
n—o0 n—0oo

One can easily check that 3 is indeed a proper (@, §)-zooming collection with respect to f(see comments just below
Definition 6.1).

As X is compact, one can find g1, g2, ..., gs € X such that {B}(q1), ..., B}(gs)} is a finite cover of X by (<, §)-
zooming nested balls, with respect to f

For each1 < j <y, let F B*(q]) — BJ(q;) be the induced map (with respect to f) on B*(qj) associated to “the
first E-return time to Bl (q /)” glven by (28), where Ei is the collection of all 3- pre-balls V,,(x, f) (with respect to f )
such that x € A and n > 1 is a 3-time (with respect to f ) for x. Note that V,, (x, f ) is an (&, 8)-zooming pre-ball of
order n with respect to f and also an (e, §)-zooming pre-ball of order mon with respect to f

Let R be the inducing time of F (with respect to f ) and let P; be the Markov partition associated to “the first
E-return tzme to B (q;)” (see (29)).

Set, for every x € B}(q;), F;(x) = f’”oR i (x). As f f’”0 itis easy to see that (Fj, P;) is also an induced full
Markov map with respect to f Wlth inducing time R; = moR Of course, asitis a Markov map, (F;,P;) = (F] ,Pi).

Remark 6.11. Note that § = {(F1, P1), ..., (Fs, Ps)} is a finite collection of induced full Markov maps for f and
satisfies the following additional properties.
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(1) Each Fj is ~deﬁned on a connected open sets. Indeed, each F; is defined on an (a, 8)-zooming nested ball with
respect to f.

(2) Forevery 1 < j <s,each P € P; is a connected open set. Furthermore, setting n = R |p, we get P C V,(x, f )
for some x € P N Zmon (o, 8, f) N A, where V, (x, f ) is an (&, 8)- zoomlng pre-ball of order mon with respect to
f (and also a (&, §)-zooming pre-ball of order n with respect to f ).

Thus, to finish the proof we only need to show that § is a Markov structure for A.

Let u be an ergodic f-invariant probability such that u(A) > 0. By ergodicity, u(A) = 1 (we are also using that
A is positively invariant and p is invariant). As p is f-non-singular (because p is f-invariant) and A is an (¢, §)-
zooming set, it follows that u is an (¢, §)-zooming measure. ~

It follows from Corollary 6.10 that there is a u-ergodic component U C X with respect to f such that ;f = ﬁ ulu

is an (@, §)-zooming ergodic invariant probablhty with respect to f and u = (Zm‘) ! flouly.

By Proposition 3.5, there exists an f attractor A C X which attracts zi-almost every point of X and such that
oF; ~(x) = A for ji-almost every x € X (indeed, as i is f invariant, A = supp it). By Lemma 3.9, there are compact
sets A, yand Ay, with A 37 C Ay C A, such that wFy 7(x)=Ayand 0 73 z(x) = Ay 5 for [i-almost every x € X (see
Definitions 3.7 and 3.8).

Let 1 < jo <'s be such that B} (gj,) N A1 # ¢. It follows from Theorem 4 that (F io» Pjo) 18 an induced full
Markov map (with respect to f) defined on B}(gj,) and compatible with ji. As a consequence, (Fj,, Pj,) is an
induced full Markov map with respect to f* (defined on B (gj,) and compatible with i1). Also by Theorem 4, there
exists an Fj -invariant measure v < ft such that

1
n==y fi (V|{R =)
e
~ _ +oo 7j ~
where y = =0 fi (V|{R,-O>,i})(X)'

It follows from the relation R, = moR Jjo that

{Rj, > moj +k}={Rj, > moj}, (€1}

VO<k<mpandVj > 0.
Setting y =y /u(U), we get

mo—1 mo—1

k=0
_ ) (& o \ES
( SN DU LIENIRET O SN D
7/ k=0 0 j=0
1 Mo, I +o0 1 Foomo— 1
k k
=, Z meOH WIRjy>moj) = Z Z fE (VI(R > moj+k})
k=0 j=0 (31) j=0 k=0
1 “+o00
= _Zf:(v|{Rj0>n})a
Y n=0

finishing the proof of Theorem D. O
7. A global induced Markov map
In [5], Alves, Luzzatto and Pinheiro study the decay of correlations of non-uniformly expanding maps using a local

induced Markov map. Using a global induced map, Gouézel [31] could improve the results of [5] to deal with decay
faster then super-polynomially. The advantage of a global induced map is the possibility of dominating the induced
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time by the first hyperbolic time. In this section we construct a global induced map (adapted to any zooming measure)
with the induced time smaller or equal to the first zooming time with respect f or, when we do not have enough
backward contraction, with respect to a fixed iterate of the original map.

Consider a connected, compact, separable metric space X. It was introduced in Section 2 the notion of an open
set being nested and this notion can be extended straightforwardly to essentially open sets. A Borel set A is called
essentially open if int(A) D A, that is, the closure of the interior of A contains A.

Definition 7.1 (Essentially open linked sets). We say that two essentially open sets U; and U, are linked if their
interior are linked.

Let f: X — X be a measurable map and £ = (&,), be a dynamically closed family of pre-images.
Exactly as we have done to open sets, we say that a collection of essentially open sets A is a £-nested collection if
every A € A is not linked with any £-pre-image of an element of 4 with order bigger than zero.

Note that a collection A = {Ajq, ..., A} of essentially open sets is £-nested if and only if the collection int(A) :=
{int(A1), ..., int(A;)} is an E-nested collection of sets as in Definition 2.4. As a consequence, we get the following
remark.

Remark 7.2. Lemma 2.5 is also valid for collections of essentially open sets. That is, if 4 is an £-nested collection of
essentially open sets and P; and P, are £-pre-images of two elements of .4 with ord(P;) # ord(P,) then P and P,
are not linked.

Let 6 > 0 and let & = {&, }1<nen be a zooming contraction (Definition 5.1).
Assume that there exists a set C C X, called critical set, such that f is injective on each connected component of
X \ C and such that C does not intersect any (&, §)-zooming pre-ball, i.e., V,,(p)NC =08 Vp € Z,(«, 8, f) and Vn > 1.

Remark 7.3. Instead to assume the condition above that C does not intersect any (o, §)-zooming pre-ball, one may
consider in Theorem E a set A C limsup,, ch (e, 0,8, ), where Zf (e, 8,0, f) is the set of points x € X such that
#Hl1<j<n xe Z?(a, 8, f)} 26n,0 >0and Zg(cx, 8, f) CZy(, 6, f)istheset of all (&, §)-zooming points p € X
such that C does not intersect f (Vi ( p)) for every 0 < j < n. In this case we have replace the sets Zy; (e, §, f) and
Z;(@,$, f) in item (6) by respectively zfj (a8, f) and ZJC. @,s, f).

Theorem E (Global zooming induced Markov map). Given an (¢, §)-zooming set A C X there are an induced Markov
map (F,P) defined on X with induced time R, a finite partition Py of X by essentially open sets and an integer £ > 1
satisfying the following properties.

(1) Foreach Q € P there exists P € Py such that int(Q) C P.

(2) F(P) € Py VP € P (in particular, the elements of P are essentially open sets).

(3) Given P €P there is a zooming pre-ball Vg(p)(x), x € Zg(py(ct, 8, f) N A, such that F|p = (fR(P)|VR(P)(x))|P.
In particular,
(3.1) dist(F(x), F(y)) > 8dist(x,y) Vx,y€ P and VP € P;
(3.2) forallx,ye P, PP and 0 <n < R(P),

dist(f" (x), f"(¥)) < ar(py—n dist(F (x), F(y));
(3.3) if wis (o, §)-zooming measure (not necessarily invariant) with bounded distortion (with respect to f) and
w(X \ A) =0 then 3p > 0 such that
‘lo JuF(x)
JuF(y)
for w almost every x,y € P and VP € P.
4) If wis an f-invariant measure with w(A) > 0 then u|ﬂj>0 U ((R>0)) is an invariant measure with respect to fl.
(5) Every ergodic f-invariant zooming probability u with ((A) > 0 is liftable to F.

< pdist(F(x), F(y)),
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(6) There is a good relationship between the tail of the partition and the tail of zooming times, i.e.,

n
{R>n}ﬂACA\UZgj(a,8,f).
j=1
Furthermore, if we do not need F satisfying item 3.2 then we can get

n
(R>nynac A\ Jz;@.s. ),
j=1
where & = {ap, }n.

Proof of Theorem E. Choose 0 < r() < §/2 and set r = ro/4. Let 5o = diameter(X)/r and let £ be an integer big
enough such that Z ~ 10 (rp) < 64A . Thus, Z —1 ¢ (2r) < Z —p0gj(ro) <ro/(64s9) =r/(1650).

Set f = f*, & =ayj and & = {@;},. Denote by Ez 7= (5’2 Fdns where €z 7, = {Vy(x, ) xe€Z,@,s, f)}
is the collection of all (&, §)-zooming pre-balls with respect f of order n. Let us denote the order with respect to f
by ord 7.

Let {ql, ..., qs} C X be amaximal r/2-separated set and consider the collection A = {B,(q1), ..., Br(gs)} of open
balls. As we have contraction in zooming times, the elements of A are not contained in any €z 7-pre-image of an
element of A with order bigger than zero (see Notation 5.8).

As f is injective on each connected component of X \ C and C does not intersect any («, §)-zooming pre-ball,
a chain K of £z 7-pre-images of A cannot have two pre-images the same element of A with the same order,
that is, if Q and P belongs to K and fo4Q(Q) = ford)(P) then ord #(P) # ord #(Q). This implies that in
each chain the number of pre-images of a given order j € N is bounded by the number of elements of A4, i.e.,
s = #A < diameter(X)/(r/2) + 1 =259 + 1 < 3sp.

As Y, &, (2r) < r/(16sp), every chain of 52, f—pre—images of A has diameter smaller that r/4. Indeed, if
(Po, -, Py) € che, +(By(g:)) then

ord(Py,) ord(Py)

diameter(U Pj) < Z Z diameter(P;) < Z sa;(2r) < %

j i=1 ord(P;)=i i=1
Thus,

(Br(g))" = Br(qi) \ ( U U Pj) > Bayr (q),

(Pj)j EChSZ'J;‘(Br (gi)) J

forall 1 <i <s.

Let A'={A1,..., Ay}, where A; is the connected component of (B, (g;))* containing B3 /) (gi). It follows from
Proposition 2.8 that A’ is an £ z 7-nested collection of sets. Moreover, as {q1, ..., g5} C X is maximal r/2-separated,
A’ is a cover of X by opens sets.

Setting P* ={A;N---N A} and, for 1 < p <,

PW:{A[IQ..-OAI'KJ\< U AklmmAkp+1>71<ll<<lg)<s},
1<k < <kp 1 <s

it follows that P := P! U .- U P* is a partition of X by essentially open sets. Note that, UPePo aP C Uj’:l 0A;.

Claim 4. Let Q be an Ez’f-pre-image (with respect to f) of some A; € A" with ordf(Q) > 0 and let P € Py. If
QN P # ) then Q C int(P).

Proof of Claim 4. Suppose that Q N P # @ and Q ¢ int(P). As Q is a connected open set, Q N d P # (. Thus, there
exists Ay € A" such that Q NdA, # 0. As A'is £z 7-nested collection of open sets and ord 7(Q) > 0, Ax C Q. As

diameter(Q) < (Z ord f 15 o) diameter(A;) < r/8. But this leads to a contradiction because B(z,4)-(px) C Ag. O
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Claim 5. If Q| and Q) are &€ z. f—pre—images (with respect to f) of respectively Py, P> € Py then Q1 and Q2 are not
linked. In particular, Py is an € z. f—nested collection (with respect to f) of essentially open sets. Furthermore,

(1) if Q10 Q2 # ¥ then ord 7(Q1) # ord 7(Q2);
(2) if Q1 & Q2 then ord 7(Q1) > ord 7(Q2).

Proof of Claim 5. Note that if Q1 N Q> # @ then ordf(Ql) #* Ordf(Q2). Otherwise P; N P, =

£ @Y (01 N Q) # @. This shows the first item.
Suppose that int(Q1 N Q2) # ¥, with Q1 # Q». We may assume that Py # P, (if P; = P», the claim follows from
Corollary 2.6). Set ; = ord f(P ) (with respect to f ) for j =1, 2. By the first item, assume for instance that g1 < g».

_ Write Qy = (f2|Vy, (x. /)71 (Py), with x € Z,,@. 8, f). Let Aj, € A’ be such that int(Py) C A, and set
Aj, = (92| Ve,(x, f))"1(A),). Thus,

int(Py 0 F91(R 1)) D int(Py 0 F1(02)) = F¥1 (int(Q1 N Q2)) # 0. (32)

As fm (Z j) isan Ez f—pre-image of Aj, with order g, — 1 > 0, it follows from Claim 4 that int(P;) D
FPUA ). So, int(Py) D int( %1 (Q2)). Using (32), we get

FF1(int(Q1)) = int(Py) D f¥1 (int(Q1 N o).

As a consequence, int(Q1) D int(Q»).
So, we obtain that int(Q; N Q») # ¥ and g < g, implies that int(Q) D int(Q») (or, if o > o, int(Q) C
int(Q2)). From this we conclude that Q| and Q; are not linked and also the second item of the claim. O

As in the proof of Theorem D, let 3 be the proper zooming sub-collection for f given by 3= (3(x)), . 5. where

o) = { {f:”(x); neNandx €Ze (.8, /) if we need item 3.2,
{f"(x); neNandx €Z,(a, 8, f)} otherwise,
and
~ ANlimsup,_, o Zey(a, 8, f) if we need item 3.2,
- { ANlimsup,,_, o, Zn (@, 5, f) otherwise.

Remark 7.4. If we are considering the hypothesis of Remark 7.3, i.e., A C limsup, Zg (e, 8, ), we only have take
Z?(., 8,.) instead of Z (., 8,.) in the proper zooming sub-collection 3. Note that 3 will remain a proper zooming
sub-collection. Indeed, as ij(., 8,)CZ(.,$4,.)and A Climsup, Zf (a, 0,8, f),itis easy to check this alternative 3
satisfies Definition 6.1. Of course, in this case, A must be
A Nlimsup Zgn (o, 6, f) if we need item 3.2,
n—oo

A ﬂlimsung(&',é, f) otherwise.

n—oo

It is clear that A is f -positively invariant. Also note that Aisa large portion of A. Indeed, it follows from (23) that
ACAUF Y AU U F~EDA).
As a consequence
p(A)>0 = A >0

for every f-non-singular measure .

Let £ C &z 7 be the collection of all 3-pre-ball V,, (x, f ) (with respect to f ) for all x € A and all 3-time n for x
with respect to f

Define an inducing time R:X— {0,1,2,...} on X as follows. Given x € X, let §£2(x) be the collection of all
E- -pre-images Q of any P € Py such that x € Q. Thatis, Q € £2(x) if x € Q and there are n e N, y € Aand P € Po
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such that Q = (fn|v,,(v f)) L(P), where n > 1 is a 3-time (with respect to f) for y. Note that V;,(y, f) is both an
(@, §)- -zooming pre-ball of order n with respect to f and an («, §)-zooming pre-ball of order ¢n with respect to f. If
2(x) A0 let R(x) mln{ordf(V) V e 2(x)} and let R(x) 0 whenever £2(x) =

Note that if x € A then R(x) is smaller than or equal to the first 3-time of x, i.e., R(x) min{n; n is a3-time (with
respect to f) to x} = min{n; x € Z¢,(«, 8, f)}. Thus,

{R=nynAc A\|Jz;@. 5. /) c A\ |JZy(@.5. f). (33)

Jj=1 j=1

Define the induced map F on X associated to the first £z time by

Foo = FROG0), vreX. (34)

If 2(x) # 0, it follows from Claim 5 that the collection of sets £2(x) is totally ordered by inclusion. Moreover,
there is a unique Q € §2(x) such that ordf(Q) = ﬁ(x). In this case, set I (x) = Q.

Also by Claim 5, ordf(l(x)) < ordf(J) VI(x) #J € £2(x) and Vx € X. Furthermore, if I(x) N I(y) # @ then
I(x) = I(y) (see the proof of Lemma 6.4 which is analogous).

Proceeding as in the proof of Corollary 6.6, one can easily conclude that

={I(x); x € X and 2(x) # 0}

is a Markov partition for F. Besides, defining R(x) = Zﬁ(x) and F(x) = fRW(x) = fﬁ(")(x) = I?(x), one can see
that Py, P, F and R satisfy the first four items of the theorem.

Remark 7. 5 For future references we note that P|; = {P N /T; P € P} is an induced Markov partition of A with
respect to f £t (this follows from Claim 5).

Let 1 be an f -invariant measure with ©(A) > 0. To check the item (4) set £ = ﬂ }T_f ({R > 0}). As f_l(E) )

ED A we get f Y(E) = E (mod w) and w(E) > M(A) > 0. Thus u|g is f 1nvar1ant
To prove the last item we will construct a local Markov map induced from F.

Constructing a local induced map from the global one. Let u be an f-invariant ergodic probability with p(A) > 0.
By ergodicity, u(A) =1 (we are also using that A is positively invariant and w is invariant). As A s ]7 positively
invariant and p is also f invariant, | % i is f invariant. On the other hand, as X can be decomposed into at most £
- ergodlc Components with respect to f, there is a u-ergodic component U C A.

Thus, & = u(U)M|U is an (@, §)-zooming ergodic invariant probability with respect to f , ﬁ(/T) =1and u =
iz Fomlu.

By Proposition 3.5, there exists an f—attractor A C X which attracts ;i almost every point of X (indeed A = supp it
because [ is finvariant) By Lemma 3.9, there are compact sets Ay 5 and Az, with Ay 3 C Ay C A, such that

-~(x) Ay and Wy 73 >(x) = A, 3 for ii-almost every x € X (see Definitions 3.7 and 3.8). Let 1 < jjo < s be such
thatAjoﬂA_H, #Q

As in (27), , we define the first £-return time to A ; jo (with respect to f ). Premsely, given x € A, let £29(x) be the
collection of &- -pre-images V of Aj, suchthatx € V (ie,x €V = f”|V )~ (AJO) for some y € Zy, (a0, §, )N A
and n € N) and define the first £-return time to A j; as the map Ry : A j, — N given by

~ minford(V); V € £2¢(x)} if 2¢(x) #£ 0,
Roewy = | ™™ b0 # (35)
0 if 2o(x) =
Thus, the induced map Fo on A j, (with respect to f) associated to “the first E-return time to A jo_ is given by
Fox) = FR® (), vrea,. (36)

We claim that Fj is also an induced map with respect to F.
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Claim 6. For each x € A j, there is %(x) € N such that fo (x)= f;(x) (x).

Proof of Claim 6. By definition, V € 2o(x) if and only if Jy € Zp (e, 6, f) N A such that x € V =
(f”lvn(y’f))’l(AjO), where n = ordf(V) and V, (y f) is the (o, §)-zooming pre-ball with respect to f of or-

der ¢n “centered on y” (as noted before, V,(y, f ) is also an (oz §)-zooming pre-ball with respect to f of order
n “centered on y”). If P is the element of Py that contains f"(x) we get P C B,g(f”(y)) = f”(Vn(y f)) (be-
cause diameter(P) < r9/2 < §/4). Thus, V' := (f |Vn(y,f)) 1(P) € 2(x) and ordf(V ) = n. As a consequence,

0< R(x) < Ro(x) Vx € Aj,.
Let x € A j, be such that m := Ro(x) > 0. In this case set s = Zf;gl R o F"(x), where
j—1

px =max{ j > 1; ZRoF”(x)<m
n=0

Let P € P be such that Fo(x) € P and let y € Zym (e, 8, £) N A be such that Iop(x) = (F™ly,, 0. 7) " (A jy). where
Ip(x) € £2¢(x) is the unique element of £2¢(x) such that ord f(lo(x)) =m = Ro(x) (see the comment just above
Lemma 6.4). As P C &}, C By(f" (1) = " (Viu(y. ). 1 := (F" . 1) (P) € 2(x). Thus, [*(1) € 2(f* ()
and, as a consequence, R(f*(x)) < m — s (because ordf(fs(l)) =m — s). On the other hand, as F#*(x) = f(x)
and R(F®r(x)) +5 =Y | Ro F"(x) > m, we get R(f*(x)) > m —s. Thus, R(f*(x)) = m — s. This implies that
Rox) =m=R(f*(x)) +5=3" Ro F"(x),ie., Fox) = TR (x) = FA®  where k(x) = gx +1. O

Now, to finish the proof, we will show the existence of an F-invariant finite measure v < u such that u =

}iﬁf!(vlubj}). 5

Because Z,@ 1 @n(ro) < ro/8, the (@, 8)-zooming nested ball B (x) (with respect to f) is well defined and
contains By, (x) for every x € X (Lemma 5.12). As diameter(A j,) < %ro, Ajy ﬂ~A+5 # ) and [ is an ergodic ]7 -
invariant (&, §)-zooming probability, we can apply Theorem 4 and obtain a finite Fp-invariant finite measure vo < [
with [ Rodvy < 400 and such that

= ~ Zf* (V0|{R0>1})

where y = Z+ of* (ol (o= 1)) (X). As Fo(x) = FE(")(x) and fzdvo fﬁodvo, it follows from Remark 4.3

that v = 7 F (v0| {Ro> j}) is an F-invariant finite measure (note that v is not necessarily a probablhty)

Moreover, it is stralghtforward to check that f* (vl{R>n )= w Z f* (( 728 F*] (v0|{R0>j}))|{R>n}) = 7
:{;’8 ﬁ’(v0|{§0>n}) = 1 (see, for instance, Lemma 4.1 of [66]). That is

+o0
= FrOlFen)
n=0
Proceeding as in the end of the proof of Theorem D (or alternatively, using Lemma 4.1 of [66]) we get
1 +o00
==Y fIOlR=n):
Y n=0
where y = 1/u(U). O
8. Expanding measures

Let M be a compact Riemannian manifold of dimension d > 1 and f : M — M is a non-flat map with a criti-
cal/singular set C C M.
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Hyperbolic times. The idea of hyperbolic times is a key notion on the study of non-uniformly hyperbolic dynam-
ics and was introduced by Alves et al. [2,4]. Let us fix 0 < b = £ min{1, 1/8} < 1 min{1, 1/8}. Given 0 <o < 1
and ¢ > 0, we will say that n is a (o, €)-hyperbolic time for a point x € M (with respect to the non-flat map f
with a B-non-degenerate critical/singular set C) if for all 1 < k < n we have H;;rll—k I(Df o f7(x)~"| <o* and

dist, (f"*(x), C) > o’*. We denote the set of points of M such that n € N is a (o, €)-hyperbolic time by H, (o, €, f).
Proposition 8.1. (See [4].) Given A > 0 there exist 6 > 0 and ey > 0 such that, for every x € U and ¢ € (0, &),
#{1<j<n; xeHj(e ™4 e, f)} = 0n,

whenever 13"~ Mog (D (f1 ()~ I7! > 1 and Z;%;(l) —logdist: (f/(x),C) < 155-

It follows from Proposition 8.1 that the points of an expanding set (recall Definition 1.1) have infinitely many
moments with positive frequency of hyperbolic times. In particular, they have infinitely many hyperbolic times.
The proposition below assures that the hyperbolic times are indeed zooming times.

Proposition 8.2. (See [4].) Given o € (0, 1) and € > 0, there is § > 0, depending only on o, ¢ and on the map f, such
that if x € Hy (0, €, f) then there exists a neighborhood V,(x) of x with the following properties:

(1) f™ maps V,(x) diffeomorphically onto the ball Bs(f"(x));
(2) dist(f"~7 (y), f"7(2)) < I dist(f"(y), f"(2)) ¥y, 2 € Va(x) and 1 < j <n.

The sets V,,(x) are called hyperbolic pre-balls and their images f"(V, (x)) = Bs(f"(x)), hyperbolic balls.
Given o € (0,1), e > 0 and 6 € (0, 1], define H, (0, ¢, 0, f) asthe set x € H, (o, &, f) suchthat #{1 < j <n; x €
Hj(o,¢, f)} = 0n.

Remark 8.3. It follows from Proposition 8.1 that if x is a A-expanding point then there are ¢ > 0 and 6 € (0, 1) such
that x € limsup H, (e */*, ¢, 0, f). That is, every A-expanding point x belongs not only to limsup H, (e ~*/4, ¢, f) but
also to limsup H, (e */*, &, 6, f). In particular, if ;1 is a A-expanding measure then there exists ¢ > 0 and 6 € (0, 1)
such that

w(M \ limsup H, (e_k/4, &,0, f))=0.

The proof of Lemma 8.4 just below is easy and straightforward. For instance, replacing det Df by J, f, the proof
proceeds exactly as in the Lebesgue case of Proposition 2.5. of [45].

Lemma 8.4. If i is an f-non-flat measure then there is p > 0 such that
L f"(p)
J, “ f(q)
for every x e Hy (o, ¢, ) and p-almost every p and q € V,(x).

‘log < pdist(f"(p). f'(@))

By Proposition 8.2, given o € (0, 1) and ¢ > 0, there is § > 0 such that if n € N is (o, €)-hyperbolic time for x € M
then n is an ({o,}n, 6)-Zooming time to x, where o, (r) = /2. Thus, using together Propositions 8.1 and 8.2, we
get the following remark.

Remark 8.5. If A > 0 and H is a A-expanding set and gy > 0 is given by Proposition 8.1 then for every 0 < ¢ < g9
there is 8 > 0 such that  is an ({et,},,, 8)-zooming set, where o, () = e~/ Furthermore H C H, (e /%, ¢, f) C
Zy(a,8, f)Vn>1.

In particular, every A-expanding measure is an ({o,},, §)-zooming measure. Furthermore, using Lemma 8.4, we
obtain the following lemma.
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Lemma 8.6. Given A > 0 there is § > 0 (depending only on A and f) such that every f-non-flat A-expanding measure
is an ({an}n, 8)-zooming measure with bounded distortion at the zooming times, where o, (r) = e~ W/8ny

Proof of Theorem A. The proof of Theorem A follows straightforwardly from Lemma 8.6 and Theorem C. O

Remark 8.7. If in Theorem A we set A = 0, then the results will be the same with one difference only: the collection
of measures is not finite but countable.

To prove the remark above, let M’ be the set of points y € M such that Eq. (3) holds for every x € U,'ZS ).
As o f~V <, p(M\ M’) =0. For each 0 < n € N, let M,, be the set of x € M’ such that

1 n—1 ) T 1 1
linnlsolip;ZIOg“(Df(fl(x))) 1“ ] €<n+1’;]'
i=0

Note that M,, is an invariant set Vn € N, i.e., f~1(M,) = M,,. Let N C N the set of n € N such that u(M,,) > 0. For
each n € N, we can apply Theorem A to 1|y, . Thus, we only have to consider the collection of all measure v such
that v is /|y, absolutely continuous ergodic f-invariant probabilities for some n € N.

As remarked in the introduction of [45], any multimodal map that satisfies Keller’s hypothesis [33] also satisfies the
slow approximation condition to the critical set and the expanding condition, that is, satisfies (for Lebesgue measure)
the hypothesis of Theorem A.

Proof of Theorem B. This theorem is a direct consequence of Theorem D and the fact that the A-expanding set
H is an («, §)-zooming set, where & = {at }n, @, () = e~ /Y"1, § is given by Proposition 8.2 and @ is given by
Proposition 8.1. The case A = 0 follows directly from the case A > 0 by taking any sequence X, N\ 0 and setting the
Markov structure as

F={(F.,P); (F,P)€F(hy) andn e N},

where §(A,) is the Markov structure for A,,. O
The Markov structure in Theorem B satisfies the following additional property.

Remark 8.8 (Induced time x Hyperbolic times). In Theorem B, every P € P; is contained in a hyperbolic pre-ball of
order R; (P), i.e., thereis &; > O such thatif P € P; then P C Vg, (p)(x), where Vg, (p)(x) is an (e_)‘f/4, &;)-hyperbolic
pre-ball for some x € H. Moreover, there is m; > 1 (m; = 1 Vi, if f is backward separated) such that

Ri(x) <min{n > 1; x € Hp,p and ™" (x) € U},

where Hy;;, is the set of points having m;n as an (e7hi /4

, &)-hyperbolic time for f.
9. Examples and applications

The purpose of the current section is to give examples of expanding and zooming measures and also to give some
illustrative applications of the theorems and ideas previously developed.

For now, consider a compact Riemannian manifold M of dimensiond > 1. Let f : M — M be a non-flat map and
C C M its critical/singular set.
Definition 9.1. We say that a point x € M has all Lyapunov exponents positive if

lim sup % log” (Dfn (x))fl ” -1 > 0.

A perionic point p of period n is a repeller if and only if Df"(p) is well defined and the absolute value of any
eigenvalue of Df"(p) is bigger than one. As
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hm ”((Df (»)~ ) " = =min{A~"; 1 is an eigenvalue of Df"(p)}, (37)

the periodic point p is a repeller if and only if there is ng > 1 such that p is a periodic point for f [0 with period
n and such that log ||(Df” NP> 0ovxe (9+(p) (for this take any prime ng € N big enough).

Lemma 9.2. If p is a periodic repeller of period n > 1 and (’) (p) NC =0 then given any Ao > O there exists
£ > 1 such that p is a periodic point of period n with respect to f £t and (’) (p) is a Ag-expanding set for f.
Furthermore, there are § > 0 and 1 > o > 0 such that (9; (p) Climsupy Zy ({asj}j, 3, (f)s) Vs> 1

Proof. Letm > 1and setCym = U'}:Ol f77(C), the critical set of f™. As O;(p) NC =0, we get (’)F(p) NCym =40.
From this, it follows that, for every 0 < § < dist(O}' (p),Cym)andall y € O; »),

1 ; 1
lim —,Z—logdist(g((f’") (x),Cpn) = lim —,Z—logdist(g((f )(p) Cpm)=0.

LR U

Thus, (9]7 (p) satisfies the slow approximation condition with respect to f™ (and the critical set of f™), for every
m>1.
Let ng be such that log [[(Df™(x))~'|~' > 0, Vx € O}'(p). Set

ap = min{log|| (Df”"o()c))_1 ||_1; x € O;(p)}

and

ar = min{log| Df )~ x € OF(p)).

Let £ be a big prime number and write £ = mnon 4 r with 0 <r < non. As m goes to infinite with £, one can take
£ big enough so that mag + nonay > Ao. By chain rule, we get log I(DfE(p)~HI~! > Ao. Of course, p is a periodic
point with period n for the map f fe. _

Of course that (’) (p) is a positively invariant set with respect to f. Moreover, as (9]7( p) NC =0, it follows that

i—1
1% -1 1 ~io -1
lim = log|[(D F*(y) = lim —log|(D £’ (p)
Jim 5 Seel (07 ) " = jim el (27 )|
forall y € (’); (p). Thus, (’)]7 (p) is a Ap-expanding set with respect to f

Let § > 0and 0 < o < 1 be such that O;E(p) C liminf; Zj({o2m}m, S, f). From Lemma 5.7 follows that

O (p) Clin}ianj({azsm}m,S,F), Vs e N.

For each y € O; (p), let t, € N be such that f”)‘ (y)=¢q € O}r(p) and let Uy be an open neighborhood of y
such that f”‘ lu, is a diffeomorphism Let my € N be such V—(q) C fs" (Uy) for all ({02””},,,, d8)- zooming time
for g (with respect to f ) bigger than m,. Taking my big enough we can be assured that dist( f* £ (x1), | 5 (x2)) <

oS 6= dist(FYEH (x), 0+ (x3)) for all x1,x2 € (F|y,) ' (Vi(g)) and all 0 < j < k + ty, where k is a
({e*™},,, 8)-zooming time (with respect to f s) for g and Vi (y) is a zooming pre-ball (also with respect to fs ). From
this follows that k + ¢, is a ({o°"},,, )-zooming time (with respect to f¥) for y. O

Recall that the a-limit set of a point x, denoted by ay(x), is the set of accumulating points of O;(x) =
U‘;O:O f~7/(x), the pre-orbit of x. As there is a substantial number of example of dynamics exhibiting periodic re-
pellers whose «-limits have non-empty interior, the proposition below show an easy way to find expanding measures
with big support in the topological sense (non-empty interior).
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Proposition 9.3. Let f : M — M be a non-flat map and C its critical/singular set. If there is a periodic repeller p
contained in the interior of its a-limit set and such that (9]7 (p) NC = O then there is an open neighborhood A of
p and an uncountable collection M of ergodic invariant probabilities such that if © € M then all of its Lyapunov
exponents are positive and the support of  contains A. Furthermore, 3¢ > 1 such that every p € M is an invariant
ergodic zooming probability for f ftand

13 PR
lim = >~ log | D7 (7 () 7' >8

j=0

for w almost every x € M.
Proof. Let ¢ be as in Lemma 9.2 and f: f¢. 1t follows from Proposition 8.1 that there are 8 and 6 > 0 such that

1 ~
limsup —#{1 < j<n; x e Hj(e_61°g2, 8, f)} =60
n—oo N
for every x € O;(p).
From Proposition 8.2 it follows that each (e~%1°22 §)-hyperbolic time is an _(a,8)-zooming time and every
(e=01022  5)_hyperbolic pre-ball is an («, §)-zooming pre-ball (all with respect to f ), where o = {«,} and o, () =

(1/8)"*(r). In particular, (9 (p) is an (¢, §)-zooming set.

Noting that ), a,(r) < r/4 Vr >0, let 0 <r < /4 be small such that B,(p) C int(as(p)). Thus A := B (p) is
an (o, 8) -zooming nested ball (with respect to f ) containing B, 2(p).
Let 3= (3(x))xehm supH, (e-6loe2 5. 7) be the collection of zooming images of f that are (e~01°¢2, §)-expanding

images and let £ be the collection of all 3-pre-balls. Let R be the “first E-return time to A7, F be the induced map
associated to the “first £-return time to A” and P be the Markov partition associated to the “first £-return time to A”
as in Definitions 6.2, 6.3 and 6.5 (all this definitions applied to f instead to f). By Corollary 6.6, (F, P) is an induced
full Markov map for f~ on A with inducing time R.

As the zooming points are dense on A (because O;( p) isdense), {R > 0} = |Jpp P is an open and dense subset

of A.LetB = ﬂj>0 F~I({R > 0}), that is, B is the set of points x € A such that F/ (x) € A Vj > 0. Of course, B is
aresidual set of A. Furthermore, ‘B is a metric space with the distance induced by the distance of M and its topology
is the induced topology.

Let W be the collection of subsets of 9B formed by the empty set # and all ¥ C B such that ¥ = (F|p,) ' o---0
(F| p_y)’l (®B) for some sequence of Py, ..., P; € P. Note that V generates all open sets of B.

Let A be the collection of all sequence of numbers {ap}pcp satisfying ap € (0,1), Y pepap = 1 and
Y pepaprR(P) < oo.

Choose any {ap}pcp € A. Given any Y € W \ {#, B}, there is a unique sequence Pj, ..., Py € P such that ¥ =
(F|p1)_l 0--+0 (Flpx)_l(%). In this case, define v(Y) = Hj’:l ap;. Set also v(¥) =0 and v(*B) = 1. It easy to see
that v(AU B) = v(A) +v(B) forevery A, B € VYW with AN B = 3. Moreover, v(A) < v(B) for every A, B € W with
A C B. As W generates the Borel algebra of B, v can be extended as a measure on the Borel set of 8. Furthermore,
v is F-invariant. Indeed, given Y € W, say Y = (F|p1)_l o---0 (Flpx)_l(%), we get

v(FT'@) =v(F'((Flp) ™ o0 (Flp) ™ (B)))
=Y v((FIp) ((Flp) " o0 (Flp) ' (B)))

PeP
= Z apdap,...ap;, =ap, ...ap Z ap =U(Y).
PeP PeP

——
1

Note that if x € B and Py, Py, P2, ... is the itinerary of x by F (i.e., P; is the element of P that contains F J (x)
Vj = 0) then x = (V52 Cy(x), where Cy (x) = (F|py) " o-+-0(F|p;)~'(B) is the n-th cylinder containing x. As

w(F(Cy(x))) apap,...ap, 1
= =— Vn>0,
m(Cpr(x)) ap,apap,...ap, ap,
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one can prove that the Jacobian of F with respect to u, J, F'(x) is well defined and it is constant on every P € P
(indeed, J, F|p = ap). This implies that Ju” (x)

JuF™(y)
that p is ergodic with respect to F.
As [Rdv=7pcp R(P)v(P) =) pcp R(P)ap < o0, it follows from Remark 4.3 that

=1 for all y € C,(x). As a consequence, one can easily conclude

R(P)-1
=y > Folp
PeP j=0

is an f~ -invariant finite measure. Furthermore, as v is F-ergodic, it follows that i is f-ergodic.
Applying Corollary 4.6, we conclude that

1 ~
lim sup —#{0 <j<n flx)eO0f)}>0 (38)
n
for 11 almost every x € A. If for some n and i we have f" fn (x) = F'(x) then, by construction, x belongs to some
(e~6log2 8) hyperbohc pre -ball Vn (y f ) with respect to f As a consequence, n is a zooming time for x (with
respect to f) and 1 L Z/:o log |D F(f7 ()~ 7! = ((e=01082)1/2)~1 = 8 whenever f € O (x). Thus

lim sup l#{Oéj <n; x€Zj(a,d, f)} >0 39
n n
and
n—1
lim sup — Zlog”Df f/(x)) ||_l >8 (40)

for [t almost every x € A. As [i(A) > 0, it follows by ergodicity that (39) and (40) holds for & almost every point
xeM.
One can easy check that u = Zf;%) f*j i is an ergodic f-invariant measure such that (39) and (40) holds for

almost every point x € M. Therefore,  is a zooming measure (with respect to f ) and it follows from (40) that all
Lyapunov exponent are positive for p almost every point of M.

Of course distinct elements of A give rise to distinct ergodic F-invariant probabilities. By ergodicity these proba-
bilities are mutually singular and so the f-invariant measures generated from them are also mutually singular. So, as
A are uncountable, this process gives an uncountable collection of f-invariant measures.

To finalize the proof, note that u(U) > v(U) > 0 for every open subset of A, because every open subset of A
contains a non-empty ¥ € W, and v(Y) > O for all # # Y € W. This implies that suppu D A. O

Definition 9.4. A map f : M — M is called strongly topologically transitive if we get Un>0 f"(U) = M for all open
setU C M.

Theorem 5. Let f : M — M be a C't map, possible with a critical region C. If f is strongly topologically transitive
and it has a periodic repeller p ¢ O}' (C) then some iterate of f admits an uncountable number of ergodic invariant
expanding probabilities whose supports are the whole manifold.

Proof. As f is strongly topologically transitive, oy (x) = M for every point x € M. In particular, if p is a periodic
repeller, we get a s (p) = M > p. Thus, we can apply Proposition 9.3. Let A, £ and M be given by Proposition 9.3.
Let © € M. As f is strongly topologically transitive, given any open set U C M there is n > 0 such that f="(U) N
A#@P. Thus w(U) =pn(f~U)) = u(f~"(U) N A) > 0 for every u € M (because A C supp ). This implies that
suppu =M Y € M.
Given u € M, we have that

I 1l
— J
hmn§ log|Df(f/ ) | =38

j=0
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for ;v almost every x € M. As the equation above implies that there are no negative Lyapunov exponents with respect
to any iterate of f and for u-almost all point, it follows from Lemma A.2 that u is an expanding measure with respect
tof. O

Corollary 9.5. If a C'* map f : M — M, possibly with a critical region C, is strongly topologically transitive and it
has a periodic repeller p ¢ O}" (C) then the set of periodic repeller is dense on M.

Proof. This corollary follows from Theorem 5 and the fact that the support of any expanding invariant measure is
contained in the closure of the periodic repellers (see Lemma A.5 of Appendix A). O

Example 9.6. (See Fig. 7.) Let f : [0, 1] — [0, 1] be given by

[g) ifx <1/2,
f(x)_{l—g(l—x) ifx>1/2,

where g(x) =x + 2x2.

The map f can be seen as a C* map of the circle S! = R/Z and this map is topologically conjugated to the
uniformly expanding map % (x) = 2x (mod Z). Thus, f is strongly topologically transitive. Note that f has expanding
periodic points. Indeed, f has a periodic point p € (0, 1) of period two (because & does) and, as Df 2(x) > 1 Vx €
(0, 1), it follows that p is an expanding periodic point. Thus, follows from Theorem 5 that some iterate of f admits
an uncountable number of ergodic invariant expanding probabilities whose supports are the whole circle.

In [62] Young shows that for maps like f of Example 9.6 % Zf;ol 8 fi(x) converges weakly to the Dirac measure at
0 for Lebesgue almost every x. In particular, f admits no invariant measures that is absolutely continuous with respect
to the Lebesgue measure. Furthermore, the Lyapunov exponent is zero for Lebesgue almost every point, contrasting
with the existence of an uncountable number of ergodic invariant probabilities whose supports are the whole manifold
and whose Lyapunov exponents are positive.

Example 9.7. Let F : [0, 172 — [0, 1]? be the skew product given by

F(x,y) = (f), A +x)¢(()

where f is asin Example 9.6 and ¢ (y) = 1/2 — |y — 1/2] is the “tent” map of slope one. Taking any periodic point p €
(0, 1) for f,itis easy to see that ¥ (y) = G(p, y) is a uniformly expanding map, where (f"(x), G(x,y)) = F"(x, y)
and n is the period of p. Thus taking any periodic point ¢ € (0, 1) with respect to 1, it follows that (p, ¢) € (0, 1)
is an expanding periodic point of F'. It is not difficult to check that F'| ;o 12) is strongly topologically transitive and
so it follows from Theorem 5 that some iterate of F' admits an uncountable number of ergodic invariant expanding
probabilities whose supports are F ([0, 1]%).
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As in Example 9.6, the scenario of the expanding invariant measures of Example 9.7 is much richer than the
Lebesgue measure scenario. Indeed, as

(") K )

(/T2 + @)
it follows that the Lyapunov exponents of a point (x, y) are lim sup % log|(f™)(x)|, the Lyapunov exponent of x with
respect to f, and lim sup % log ]_[?;(1)(1 + fI(x)). As limsup % log |(f™)'(x)| =0 and 0 < limsup % log ]_[?;(1)(1 +
fj (x)) < limsup % Z;'-;(l) fj (x) = 0 for Lebesgue, a.e. x € [0, 1] (Theorem 5 of [62]), we conclude that the all
Lyapunov exponents for Lebesgue almost every point are zero.

One can find other examples of expanding measures in, for instance, [11] and [29].

Let us apply Theorem 5 to unimodal maps. For this, we note that every non-flat S-unimodal map f : [0, 1] — [0, 1]
without a periodic attractor has an expanding periodic point p € (0, 1). Moreover, one can show that a non-flat S-
unimodal map f has an expanding periodic p € (0, 1) \ OJJ? (c) with dense pre-orbit if and only if f is not an infinitely
renormalizable map and f does not have a periodic attractor. Thus, we get from Theorem 5 the following corollary.

DF"(x,y):(

Corollary 9.8. If f : [0, 1] — [0, 1] is a non-flat S-unimodal map then one and only one of the following alternatives
can occur.

(1) f has a periodic attractor.

(2) f is an infinitely renormalizable map.

(3) f admits an expanding invariant probability whose support has non-empty interior (indeed an uncountable num-
ber of these probabilities).

The corollary above shows that the dynamic of any S-unimodal map in the complement of the Axiom A and the
infinitely renormalizable maps exhibits uncountable many non-trivial expanding measures, even when there are not
SRB measures.

Theorem 6 (Markov structure for expanding sets of local diffeomorphisms). If f : M — M a C'T map is a local
diffeomorphism then the set of points with all Lyapunov exponents positive admits a Markov structure.

Proof. Let A > 0 and, for each £ € N, let A, be the set of A-expanding points of M with respect to f¢ (as f is a
local diffeomorphism the slow approximation condition is automatically satisfied). It follows from Lemma A.4 that
(Uren A¢ contains the set of points with all Lyapunov exponents positive (indeed, it is equal). As each A, has a
Markov structure with respect to f* (and so, a Markov structure with respect to f), it follows that | J,. A¢ has a
Markov structure with respect to f. O

9.1. Maps with a dense expanding set

Besides the previous examples there are many examples of maps with a dense expanding set. Indeed, most of the
results of the so called “non-uniformly expanding maps” was done with the hypothesis of an expanding set of full
Lebesgue measure, in particular, a dense expanding set. This is, for instance, the case of Viana maps (see Example 9.11
below).

The crucial property used in the proof of Proposition 9.3 and Theorem 5 is indeed the existence of an expanding (or
zooming) set that is dense and also some condition to spread open sets to the whole manifold. In the theorem below
the hypotheses are chosen to obtain these properties again.

Theorem 7. Let f : M — M be a transitive non-flat map with #f ~'(x) < oo Vx € M. If f has a dense i-expanding
set, .. > 0, then there is an uncountable collection of ergodic invariant )'-expanding probabilities, \' > /8, whose
support are the whole manifold.

Proof. Given any x € H,, (e=M4, e, f),let V,,(x) is the (eM4, 8)-hyperbolic pre-ball of center x and order n, where
g, 8 > 0 follows from Propositions 8.1 and 8.2. Note that
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is a residual set, where H, = H, (e */*, ¢, f). Thus, the set of points x € W that are transitive (w(x) = M) is also
a residual set (because the set of transitive points is residual). Choose a transitive point ¢ € W. As g € W, there are
sequences ny — oo and x; € Hy, suchthat g € V,, (xx) Yk € N and limg_, o f* (xx) = p, for some p € M. Of course
that x; — ¢, indeed, dist(xt, g) < e~ */®m § Vk.

Let o = {an}n, where a,(r) = e~ */3"r. As f is backward separated (because #f ~!(x) < oo Vx € M) and as
Sup,g Zn>1 a,(r)/r < 400, we can choose any 0 < r < ro and consider the (e, §)-zooming nested ball B (p),
where 0 < rg < §/2 is given by Lemma 5.12.

We claim that there is A C B} (p) dense in B (p) and such that every x € A has as hyperbolic return to B (p),
that is, given x € A there is s > 1 such that x € H; and f*(x) € B} (p). Indeed, for each y € B}(p) and y > 0 one
can find ¥ € O*(q), say ¥ = fi(q), so that dist(¥, y) < y/2. Taking k > i big enough so that dist(f*(xz),y) =
dist(fi (xx), f1(q)) < y/2, it follows that dist( ' (xx), y) <y, fi(xx) € H,,—; and Fri(xy) € BX(p).

Now, the proof follows as the proof of Proposition 9.3 with a single difference. Here we do not need to consider an
iterate f = f* of f. Taking f: f and A = B} (p), construct the induced map F and everything else as in the proof
of Proposition9.3. 0O

9.2. Decay of correlation and the Central Limit Theorem

In [5,6] Alves, Luzzatto and Pinheiro study the decay of correlation associated to the decay of the tail of expanding
moments. There it was proved that a polynomial decay of the tail of expanding moments, measured by the Lebesgue
measure, implies a polynomial decay of correlation for the absolutely continuous invariant measure with respect
to the Lebesgue measure (the SRB measure). It was also proved that the Central Limit Theorem holds for the SRB
whenever the tail of expanding moments decays more then quadratically. In [31] Gouézel complemented this study for
Lebesgue measure by showing that an exponential (or a stretched exponential) decay of the tail of expanding moments,
measured by the Lebesgue measure, implies an exponential (or a stretched exponential) decay of correlation for the
SRB measure. Here our construction permits to extend the results of these works for general expanding measures.

For Theorem 8 below, let f : X — X be a measurable map, backward separated, defined on a compact, connected,
separable metric space. Let § > 0 and let « = {«,,} be a zooming contraction with sup{% Y pan(r); r>0} < oo.

Let u be a reference measure. Assume that u is an (o, §)-zooming measure with bounded distortion. Without
loss of generality, we may assume that f|supp . is transitive. By Corollary 5.17, w(x) = supp u for p-almost every
x € X. In this case, it follows from Theorem C that there is a unique ergodic invariant measure v < w. Furthermore,
supp v = supp u.

By Theorem 2, there is a compact set A ; C supp u such that wy | r,;(x) = Ay ; for -almost every point x € X.

Take any p € Ay ; and 0 <7 < §/2 small. For p-almost every x € B, (p) let z,,(x) be the first zooming return to
B, (p), that is,

Zp(x) :min{n >1; f"(x) € B, (p) and x € Z,(cx, 6, f)}.

Theorem 8 (Decay of correlation and Central Limit Theorem for zooming measures with local estimative). For any
given functions ¢,V : X — R with ¢ Holder and v bounded, we have the following estimates for the decay of
correlation

Cor(¢,xpof")='</¢1pof"dv—/¢dv/de

(D) If ulzp > n}=0®™Y) for some y > 0, then Cor(¢p, ¥ o f")=0n"7).
(2) If nl{zp > n} = O(exp(—pn?)) for some p,y > 0, then there exist p > 0 such that Cor(¢,y o f") =
O (exp(—pn”)).

Furthermore, if u{z, > n} = O(n™") for some y > 1 then the Central Limit Theorem holds for any Holder function

¢: M — Rsuchthat po f £ o f — 1 forany .
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Proof. Of course there is a natural identification of an induced full Markov map with u-bounded distortion (see
Definitions 4.2 and 1.5) with a Young Tower. Thus, this result follows from the existence of a full Markov induced
map (F, R) such that x can be lifted (Theorems 3 and D) and from Theorems 3 and 4 of [62]. O

Remark 9.9. Although there is no explicit reference to the stretched exponential decay in the statement of Theorem 3
of [62], Young proofs can be adapted to the general case (see the comments in the proof Lemma 4.2 of [31] and also
the comments in the begging of Section 4 of the same paper).

For Theorem 9 below, let f : X — X be a measurable map defined on a compact, connected, separable metric
space. Let § > 0 and let ¢ = {¢;,} be a zooming contraction.

Assume that there exists a set C C X, called critical set, such that f is injective on each connected component of
X \ C and such that C does not intersect any («, §)-zooming pre-ball, i.e., V,,(p) NC=0Vp € Z,(x, 8, f) and Vn > 1
(alternatively, we may consider Remark 7.3).

Let the reference measure  be an (o, §)-zooming measure with bounded distortion. In this case, 30 > 0 such that

1
limsup—{j <n; x€Zj(a,d, f)} >0
n o n
for p-almost every x € X.

As before, we may assume that f|supp . iS transitive. So, @(x) = supp u for p-almost every x € X and there is
a unique ergodic invariant measure v < u (also supp v = supp u).

For p-almost every x € X and any € > 1, define

z¢(x) =min{n > 1; x € Zg, (e, 8, f)}.

Theorem 9 (Decay of correlation for zooming measures with global estimative). There exists £ > 1 such that for
any given functions ¢, : X — R, with ¢ Holder and  bounded, we have the following estimates for the decay of
correlation

Cor((ﬁ,lﬂof”)=‘/¢1ﬂof"dv—/¢dv/l/fdv

() If uf{zg > n} = 0O m™Y) for some y > 0, then Cor(¢p, ¥ o f")=0(mn"7).
(2) If ul{ze > n} = O(exp(—pn?)) for some p,y > 0, then there exist p > 0 such that Cor(¢,y¥ o f") =
O (exp(—pn")).

Proof. Let (F,P), R and Py be the global induced Markov map, the inducing time and the finite partition of M by
essentially open sets given by Theorem E. To construct the Young Tower [61,62] (or equivalently, an induced full
Markov map with p-bounded distortion) we can proceed as in the proof of Theorem 4.1 of [31]. In this theorem a
global induced Markov map as in Theorem E induces a Young Tower with essentially the same estimates of the tail of
the partition. We note that the Lebesgue measure is not important to the proof. Indeed the fundamental ingredient of
Theorem 4.1 of [31] is the Lemma 9.10 below.

The construction of the local induced Markov map associated to the global one was already done in the proof of
Theorem E, this is precisely the induced map Fo given by (36) and defined in the connected open set A j,.

To emphasize f instead of its iterate f: & set t(x) = Eﬁo and Fo(x) = fTW(x) = Fo(x).

Let k(x) = £k(x), where k(x) is given by Claim 6. Thus, Fo(x) = F¥® (x). Set #;(x) = 2{;(} R(F'(x)), for every
J < k(x). Of course that 7(x) = #x(x)(x).

Let P" be the partition of M given by P" = ﬂ;‘;ol F~(Pp). As A Jjo 1s contained in a v-ergodic component U C M
with respect to f* (see the proof of Theorem E), there is some L > 0 such that every element of Py contains an element
of P" whose image under F" is A j,. From the distortion control it follows that there exist constants Cp, ¢ > 0 such
that

u({r =tjOr...or T =ty _1; t,...,Lj—1,T > tj_l}) >¢
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and

M({lj+1 —ti>n; t,..., t.,-}) < Co,u({R > n}).

Thus, applying Lemma 9.10 and Theorem 3 of [62] the theorem follows (see also Remark 9.9). O

Lemma 9.10. (See Gouézel [31].) Let (X, ) be a space endowed with a finite measure and k : X — N and
fo, 11,12, ... : X — N measurable functions such that 0 =ty <t; <ty < --- almost everywhere. Set T(x) = t(y)(x),
and assume that there exist L > 0 and € > 0 such that

wlr=tjor...ort=tjgr_1; t,...,tj_1, T>tj_1} > €. 1
Assume moreover that there exist a positive sequence u,, and a constant Cq such that

wltiv1—t; >n; t,...,t;} < Couy. (42)

Then

(1) If u, has polynomial decay, u{t > n} = O (uy).
) Ifun =e="" with ¢ > 0 and 1 € (0, 1], then there exists ¢’ > 0 such that u{t > n} = O(e=<"").

Example 9.11 (Viana maps). An important class of non-uniformly expanding dynamical systems (with critical sets)
in dimension greater than one was introduced by Viana in [59]. This class of maps can be described as follows. Let
ap € (1,2) be such that the critical point x = 0 is pre-periodic for the quadratic map Q(x) = ag — x2. Let S' =R /7
and b : S' — R be a Morse function, for instance, b(s) = sin(27s). For fixed small & > 0, consider the map

~

f: S'xR— S! xR,
(s,x) —> (8(), 4 (s, x))

where § (s, x) = a(s) — x? with a(s) = ag + ab(s), and § is the uniformly expanding map of the circle defined by

g(s) = ds (mod Z) for some integer d > 16. It is easy to check that for ¢ > 0 small enough there is an interval

I C (—2,2) for which f (S! x I is contained in the interior of S! x I. Thus, any map f sufficiently close to f in the

CY topology has S' x I as a forward invariant region. We consider from here on these maps restricted to S x I.
Most of the results for f € N are summarized below:

(1) 3H c S x I, with full Lebesgue measure on S! x I, and A > 0 such that  is a A-expanding set with respect to
f [59] (indeed, to be coherent with the estimate (43) we may assume that H is a 2A-expanding set);
(2) foreach 0 <c¢ < 1/4 and € > O there are constants C(c, €) and §(x) > O such that

Leb({x; he(x) >n}) < Clc, g)e eV

for every n > 1 [3,59], where

j-1 j-1
he(x) =inf} j > 0; 5 > tog| Df(f400) ™| 7 = A and % Y —logdistse) (f*(x).C) < g}; (43)
k=0 pary

(3) flg(s1x1 is strongly topologically transitive and has a unique ergodic absolutely continuous invariant (thus SRB)
measure whose supportis (S x I) [2];

(4) the Central Limit Theorem holds for f [5];

(5) the correlations of Holder functions decay at least like e—c'vn , for some ¢’ > 0 [31].

Of course Viana maps satisfies most of hypothesis of the theorems in this section (Section 9). In particular, it
follows from Theorem 7 that there is an uncountable collection M of ergodic invariant probabilities such that all
Lyapunov exponents of every u € M are positive and the support of any u € M is the whole manifold. Furthermore,
every u € M is an f invariant ergodic zooming probability and
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n—1
.1 j —1y-1

— J
hmn;:()log”Df(f @) | =2

for u almost every x € M and every u € M.

We can also apply Theorems A and B to the Viana maps. From Theorem A, we conclude that all non-flat expanding
measure admits an absolutely continuous invariant measure (in particular one can apply this theorem to obtain the
SRB measure). Furthermore, we can apply Theorem 8 (or Theorem 9, if we take into account Remark 7.3) to study
the decay of correlation and the Central Limit Theorem of zooming (in particular, expanding) measures with bounded
distortion.

Theorem 10. If f is a Viana map then there exist an uncountable number of ergodic invariant expanding measures
with exponential decay of correlation and whose support is the whole f(S' x I).

Proof. The construction of the collection of expanding measures given by Theorem 7 or Theorem 5 comes from that

proof of Proposition 9.3. This measures are associated to an induced full Markov map (F, P) defined on a topological

ball A and to the collection A of all sequence {ap}p, satisfying ZPEP ap =1 and ZPEP apR(P) < 0o, where

R is the induced time of F. As one can see in the proof of Proposition 9.3, each a = {ap}p, € A generates an F-

invariant measure v, and also an f-invariant measure u,, with v, < .. Moreover, we have a very good distortion
Jog F" () _

control of J,, F" in every cylinder C,. Indeed TGy = 1 Vy € Cp,(x) (see details in the proof of Proposition 9.3).

Let a = {ap}p, € A be any sequence satisfying lim,, %log(zpepn ap) =y <0, where P, ={P € P; R(P) =n}.
Thus, v,({R > n}) = Zj>n Va(ZPer ap) = O(e”7") and it follows from [62] that ., has exponential decay of
correlation. O

9.3. Expanding measures on metric spaces

In Sections 1.1 and 8 we deal with expanding sets and measures on Riemannian manifold because the standard way
to define these objects is using the derivative of the map. Precisely, using || (D f )~1I71. So, to extend the notion of
expanding sets or measures we need to rewrite this expression in terms of the distance. For this, note thatif f : M — M
is differentiable at a point p € M then

“1y-1 .. Jdist(f(x), f(p))
” (Df(p)) ” - h;il};lf dist(x, P) :

Thus, given a metric spaces X and Y and amap f : X — Y define

s F ()
D= fp) =it =

where we are using the notation dist to assign the distance on both spaces. Define also

D* f(p) = limsup S3HS ). /(D))
x—p dist(x, p)

Of course one can rewrite the expanding condition (3) in terms of D™ £, that is,
1 & ,
limsup = > "log(D™ ) o £/ (x) >0, (44)
n—oo N %
j=0

and use this condition to define the expanding condition on a metric space. The critical/singular set C can be defined
as the set of points x € X having D~ f(x) = 0 or DT f(x) = o0o. In the condition of non-degenerateness we only need
to replace the expressions (C.1) and (C.2) by

(C.1) %dist(x, 0 <D™ f(x) <D f(x) < Bdist(x,0)~P.
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and

(C.2) llogD™ f(x) —logD™ f(x)| < dist(x, y).

B
dist(x, C)#

It is straightforward to check that, Proposition 8.1, Proposition 8.2 et cetera remain true if we change ||(Df) ™| ~!
by D~ f. In particular, the expanding sets and measures with this definition are zooming sets and measures. As a
consequence, if X is a connected, compact, separable metric space there are results analogues to Theorems A and B
for this context (see Remark 5.6 if X is not connected).

Definition 9.12. The map f is called conformal at p € X if D* f(p) =D~ f(p). In this case the conformal derivative
of fat pis

. dist(f(x), f(p))
Dfp) = xlgl}? dist(x, p)

It is easy to check that the chain rule holds for the conformal derivative. Moreover, it is obvious that one can rewrite
the expanding condition (3) or (44) in terms, if it exists, of the conformal derivative D f.
An example of a conformal in this definition is the shift with the usual metric.

Example 9.13 (Expanding sets on a metric space). Consider the one-side shift o : Z;r — Z; with its usual metric,
that is,

= [ = gl
dist(x,y) = )

n=1

where x = {x,}, and y = {y,},,. It is easy to verify that o is a conformal map and that Do (x) =2 Vx € Z;’

As we could have expected, every positively invariant set (in particular the whole Z; ) and all invariant measure
for the map o of the Example 9.13 are expanding.

In this paper we are basically interested in zooming and expanding measures. As we saw, the set of zooming
measures contains the expanding measures. Now we will give examples of zooming sets and measures that are not ex-
panding, i.e., examples of sets and invariant measures that are zooming with only a polynomial backward contraction.

Note that if f : X — X is a conformal map defined on a compact metric space X and D f < 1 then it follows by
compactness that given any ¢ > 0 there is § > 0 such that

dist(f (x), f()) < (1 + &) dist(x, y)
Vx,y € X satisfying dist(x, y) < 8. So, given any & > O there is § > 0 such that if x,y € X, n > 1 and
dist(f/(x), f/(y)) <8 VO < j <n then

dist(f"(x), f”(y)) < (1 + &) dist(x, y),

that is, D f < 1 prohibits any exponential backward contraction. In particular, it does not admit any expanding set or
measure.

Example 9.14 (Zooming but not expanding). Consider the one-side shift o : Z;’ — Z;‘ with its usual topology.
Consider the compatible metric given by

0 ifx=y,
@, )% ifx#y,

where x = {x,},, y = {yu}s and ¢ (x, y) = min{n > 1; x, # y,}. It is easy to verify that ¢ is a conformal map and
that Do (x) =1 Vx € Zf In particular,

dist(x, y) =

1
hm —logID)U (x)_hm Zlog]D)a o (x) =0, ‘v’xez .
n=0



936 V. Pinheiro / Ann. I. H. Poincaré — AN 28 (2011) 889-939

So, o does not admit any expanding set or measure. In contrast, given any p € Z; and x,y € Cy(p) =
{g€X3: PL=4qi... pn=aqn}, we have ¢(07/x,07y) =p(0"x,0"y) + (n — j), for 0 < j < n. Thus,

. ; ) 1 dist(c"x,c"y)
,/dlst(o/x, afy) = <= ; -
¢(0"x,0"y)+(n—j) 14 (n— j)i/dist(c"x,c"y)
and so,

1
14+ (n— j)Jdist(c"x,0my)

As a consequence, the cylinder C,,(p) is an (&, 1)-zooming pre-ball for p, where o = {a,,}, and o, (1) := ( 1 )2

1+nr
one can check that «, oot ; (r) = a1 7 (r)). This implies that every positively invariant set of Tisan o, 1)-zoomin
J +j p Ty p y 2 g
set and any o -invariant measure is (o, 1)-zooming.

2
dist(ojx, ajy) = < ) dist(o”x, a”y).

9.4. Future applications

Recently there was an increasing development of the study of the thermodynamic formalism beyond the uni-
formly hyperbolic context (including countable Markov shift) by several authors (this list is certainly not com-
plete): Araujo [7], Arbieto, Matheus, Oliveira, Varandas, Viana [8,38,39,57,58], Bruin, Keller, Todd [16,15,17-19],
Buzzi, Paccaut, Sarig, Schmitt [22,20,21,48-50], Dobbs [30], Denker, Keller, Nitecki, Przytycki, Rivera-Letelier,
Urbarniski [23,26,24,25,27,28,46,56], Leplaideur, Rios [34], Pesin, Senti, Zhang [41-44], Wang, Young [60], Yuri
[63-65]. In many cases, a natural place to look for an equilibrium state is the set of expanding measures. Thus, we
believe that the results presented in this paper can be useful to the program of extending the thermodynamic formalism
to the general non-uniformly hyperbolic setting.

Acknowledgements

We thank V. Aratjo, P. Branddo, A. Castro, S. Gouézel and K. Oliveira for comments and for useful conversations.
We thanks also IMPA, Brazil, and Universidade do Porto, Portugal, for the hospitality (specially J. Alves, M. Carvalho
and J. Rocha) and the opportunity to present and discuss this work. We are specially grateful to P. Varandas, M. Todd,
M. Viana and J. Palis not only for useful conversations but also for the incentive.

Appendix A
The proof of the following fact can be found in, for instance, [32], Lemma A.6.8.

Lemma A.1. Let X be a connected, compact, separable metric space, |1 be a finite measure defined on the Borel sets
of X and U C X be a measurable set with u(U) > 0. Given any ¢ > 0 there exists a finite partition P (mod ) of U
satisfying the following:

1. P={Bi1,..., By}, where By, ..., By are open sets of X with diameter(B;) <& Vj;
2. UjB_jDU;

3. BjN By =0 when j #k;

4. n(@Bj)=0Vj.

Now, let M be a compact Riemannian manifold of dimension d > 1.
Lemma A.2. Let f: M — M be a C'F map. If i is an f-invariant ergodic probability with all of its Lyapunov expo-

nent finite (i.e., limsup % log ||(Df" )™ > —o0 for w-almost every x) then w satisfies the slow approximation
condition, that is, for each ¢ > 0 there is a § > 0 such that
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n—1
lim sup ! Z — log dists (fj (x), C) <e,
=0

n—+oo N i

for w almost every x € M.

Proof. Let C be the critical region of f (of course we may assume that C # ¥J). As f is C'*, C is a compact set
and also det Df is Holder. That is, 3ko, k1 > O such that |det Df (x) — det Df (y)| < ko dist(x, y)kl Vx,y € M. Given
x € M there is yy € C such that dist(x, yy) = dist(x, C). Thus, we get |det Df (x)| = |[det Df (x) — det Df (yy)| <
ko dist(x, yx)k' = ko dist(x, C)¥1. That is, log|det Df (x)| < logko + k1 logdist(x, C). Let m = dimension(M) and note
that [|[A~1||7" < |det A| < ||A||™ for every A € GL(m, R). Thus, ifflog|det Df|du = —o0, it follows from Birkhoff
that

1 —1y— 1 1 “1y—
limsup — log|[(Df" (x)) 1|| g — limsup — log|[(Df" (x)) 1|| "
n—oo N m p—soco N

1n7] .
m — J -
ghmn;)logmeth(f (x))| lo%e)

for p-almost every x, contradicting our hypothesis. So, —oo < [ log|det Df|du—logko < ki [ logdist(x, C) du(x) <
k1logdiameter(M). As the logarithm of the distance to the critical set is integrable, it follows that

/logdistefn x,0)du(x) = / logdist(x,C)du — 0
{x; logdist(x,C)<—n}

when n — oo. This implies (by Birkhoff) the slow approximation condition. 0O
From Lemma A.2 follows the Corollary A.3.

Corollary A.3. Let f : M — M be a C'* map. An ergodic invariant probability w is an expanding measure if and
only if (1) holds for u almost every x € M.

The lemma below is a remark that appears in Section 1.1 of [4].

Lemma A4. Let f: M — M be a C' local diffeomorphism and let . be an f -invariant probability. If for j-almost
every x € m we have

lim log|Df"(x)v| >0, V[v|=1, (45)
n—0o0

then there exist an iterate f = ft of f such that
lim lnillog”Df(fj(x))il||71 >0 (46)
n—-oon
j=0
for p-almost every x € M.

Proof. By the compactness of M, (45) implies that there is A > 0 such that for each x € M 3In, € N satisfying
log |Df"(x)v] =21 V|v| =1 and Vn > n,, that is,

log|(Df" @)~ =20 Vi,

Let K = |mincep log |(Df"(x))~'||~!| and let ¢ > 0 be such that e(1 + K /1) < 1. Let £ > 1 be so that u(U) > 1 —e¢,
where U = {x € M; log |[(Df*(x))~!||~' > A}. Thus,

/log” (DY dp > an) = K (1 — @) =A(1 —e(1 + K /1)) > 0

and the proof of the lemma follows from Birkhoff. O
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Lemma A.5. The support of any ergodic invariant expanding measure [, with respect to a non-flat map f: M — M
(possibly with a critical/singular region C), is contained in the closure of the set of periodic repellers of f. Further-
more, for each € > 0 there is a periodic repeller whose orbit is e-dense on the support of |L.

Proof. Let u be an ergodic invariant expanding measure and p € M be a p-generic point. Thus, w(p) = supp u. By
Proposition 8.2, there is a sequence n; — oo of hyperbolic times for p and a sequence of hyperbolic pre-balls V,; (p)
with f"/ mapping V,;(p) diffeomorphically onto the ball Bs(f"/(p)).

Let m > 1 be big enough so that {p, f(p),..., f™(p)} is §/10 dense on supp . Given any ¢ > 0, let kg
be big enough so that {f™(p), f™t(p), ---, fX(p)} is &/2-dense on suppu. Let 0 < rop be small so that
™ Byy(p) is a diffeomorphism and diameter( f/ (Bry(p))) < 6/10 YO < j < m (as x is an expanding point,

note that {p, f(p),..., f™(p)} N C =1). Choose 0 < r < /3 so that B.(f"(p)) C f"(Br,(p)) and let U =
f™ By ( p))’1 (B-(f™(p))). Note that every ball of radius §/2 and center on a point of supp i contain at least one of
the pre-images U, f(U), ..., f™(U) = B, (f™(p)) (because {p, f(p), ..., f™(p)} be §/10 is dense).

Let k > ko be a very big hyperbolic time for f”(p). Thus, the diameter of the associated pre-ball Vi (f™(p))
is smaller then r/2 and so, Vi (f™(p)) C B,(f™(p)). As noted before, Bg/z(fk+m(p)) contains the closure of
some f*(U). So fX(Vi(f"(p)) = Bs(f*"(p)) D f*(U). Let W = (f*ly(pmpn) ™ (f*U)) C Vi(f™(p)) C
B, (f™(p)). Thus, f*+™=S maps W C U diffeomorphically onto U. Furthermore, as we can choose k as big as
we want, the expansion of f¥|y is as big as we want. On the other hand, we can loose expansion only on the transport
of fS(U)to f™(U) = B,(f™(p)) and this is at most m steps. Therefore, it follows that g = (f¥"~5|y)~! is a con-
traction. In particular, f¥*"=5 has a repeller fixed point § € W. Of course, 7 is a periodic repeller for f and, as the
diameter of W is as small as k is big, g is as close of f™(p) as we want. From this follows that {g, f(¢), ..., fho ()}
is e-dense. O
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