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Abstract

We prove some symmetry property for equations with Hardy terms in cones, without any assumption at infinity. We also show
symmetry property and nonexistence of entire solutions of some elliptic systems with Hardy weights.
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1. Introduction

Let 2 C R", n > 3, be a smooth domain and Dl’z(.Q) denote as the completion of C2°(§2), the set of smooth
functions with compact support in §2, under the norm |[lu[lp1.2gy = ( f o |Vu|*)1/2. The Hardy—Sobolev inequality

[4,14] asserts that for ¢ € [0, 2] and 2*(¢) := 251"__2”, there exists C > 0 such that for all u € DV-2(£2)

20\ 7o
c( ] dx> ' </|Vu|2dx. 1)
2 2

x|

The best constant of (1) is defined by

|u|2*(t)
Ci(2) :=inf{/|Vu|2dx‘ueDl’z(.Q),/ o dx=1}.
X
2 2

If t =0, (1) becomes the classical Sobolev inequality. The best constant Co(R") and extremal functions of Sobolev
inequality have been obtained explicitly by Aubin [1] and Talenti [31]. Moreover Cy(£2) = Co(R") for any §2 and
Co(£2) is never attained unless cap(£2) = R” (see, e.g., [30]). If r =2, (1) is the classical Hardy inequality which is
known not to possess extremal functions.
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The best constant C;(§2) for 0 < ¢ < 2 is delicate, which depends on the properties of §2. In the entire case, C; (R")
was first computed in [16] and extremal functions were identified by Lieb in [21]. For a general domain 2 it was
shown by Ghoussoub and Yuan in [14] that if O is in the interior of §2, then C,(§2) = C,;(R") and C,(£2) is achieved
if 2 = R". However, things are different when 0 is on the boundary of £2, which was first studied by H. Egnell [11].
Egnell considered open cones of the form C :={x e R": x =rf, 6 € ¥ and r > 0} where X is a connected domain
on the unit sphere $”~! in R”, and proved that C,(C) is achieved for any 0 < ¢ < 2 even if C # R". So Ci(RY) is
achieved where R’} £ {x e R": x, > 0} is the upper half space. The upper half space, is of special interest, since it
was identified in [12,17,18] as the limiting space after blow-up in the case where 2 is bounded and 952 is smooth
at 0. The curvature of the boundary at O then plays important roles. It was proved by Ghoussoub and Robert in [13]
that C,(£2) (0 <t < 2) is achieved if the mean curvature of 92 at O is negative. Complementarily, due to Pohozaev
identity, nonexistence occurs if £2 is star-shaped with respect to 0.

We consider rotationally symmetric cones §2, which are defined by

2.5 x=(x",x,) € R* ' xRT: x, > alx’

, where constant a > 0}. ()
By Egnell’s theorem, C;(£2,) is attained V¢ € (0, 2), i.e. the equation

u2*(t)—1 (x)

—Au(x) = — in £2,,

x| 3)
u =0, in £24,
u=0, on 052,

always has a least energy solution in D'2(£2,,) for any 0 < 7 < 2. One natural question is whether all the solutions (not
only the least energy ones) of Eq. (3) have corresponding symmetry. We give an affirmative answer in Theorem 1.1.
In the following we use Dllo’f(.Q) to denote the set of functions # which satisfy, on all compact set K of 2, u €
L2/ =2 (K) and Vu € L*(K).

Theorem 1.1. If u € Dllo’f(ﬁa) is a solution of (3), then u(x', x,) is symmetric under rotations around the x, axis.
Namely, u(x', x;) = u(x’', x,) if |x'| = |X'|. Moreover u(x’, x,) <u(x’,x,) if |x'| > |%'|.

Remark 1.1. When a =0, i.e. 290 = R’} , the symmetry property was proved by Ghoussoub and Robert in [13] under

the assumptions that u € CZ(R:’L) nc! (R—’i) and limsupy, |, 4 Ix"~'u(x) < oo. Theorem 1.1 does not make any
assumption on u near infinity.

A generalization of Hardy—Sobolev inequality (1) is the following Caffarelli-Kohn—Nirenberg inequality [4], which
asserts that for all w € CZ°(IR"), there is a constant C > 0 such that

2
C(/urﬂﬂwwdx)“ </|x|—2“|Vw|2dx 4
R» Rn

where
2n
n—24+28—a)
The best constants and minimizers to Caffarelli-Kohn—Nirenberg inequality (4) have been extensively studied. We

refer to [7,8,17,18] and references therein. The minimizers w(x) of (4) are closely related (see, e.g. [8]) to the least
energy solution of the following equation:

u2*(t)fl(x) MZ*(S)fl(x)

n—
—oo<a<T, 0<B—a<l and ¢g=

—Au(x)=>b + . in £2,
x| x|®
. )
u=0, in §2,
MZO, on BQ,

where b is a constant and 0 < s < ¢ < 2. When §2 = £2, it has been proved by Bartsch, Peng and Zhang in [2] that
Eq. (5) always has a least energy solutionif 0 <s <t =2and b < (n — 2)2 /4. The existence of entire solutions of (5),
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1e. 2= ]R’_;, has been proved by Musina in [24] when s =0, =2,0<b < (n — 2)2/4; by Hsia, Lin and Wadade in
[17)whens =0<ft<2,b>0;and by Liand Linin [18] when0 <s <t <2,b e R.
Our proof of Theorem 1.1 can also be applied to obtain symmetry property of solutions of Eq. (5) with b > 0.

Theorem 1.2. If u € Dllo’f(.{_Za) is a solution of (5) in 2, with b > 0, then u(x’, x,) is symmetric under rotations
around the x, axis. Namely, u(x', x,) = u(x’, x,) if |x'| = |X'|. Moreover u(x’, x,) <u(X', x,) if |x'| > |%'|.

Remark 1.2. When 2 =R’} and under the assumption that u € HO1 (£2), the completion of C2°(£2) under the norm
lull gy = (fQ |Vu|? + u?)1/2, the symmetry property was obtained in [17] in the case that s =0 <t <2, b > 0,
and in [8] in the case that0 <s <t =2, b < (n —2)%/4 (can be negative). Theorem 1.2 does not make any assumption
on u near infinity, but with the assumption that b > 0.

We extend the above Eq. (3) to the following Lane—Emden systems with Hardy weights:
{—Au(x)=|x|_svp(x), x eR",
—Av(x) = |x|"ul(x), xeR"

We first recall the case s =t = 0 which has been studied by many authors. It has been conjectured that, see for
example de Figueiredo and Felmer [9], the following critical hyperbola:

(6)

n n
+ =

p+1 qg+1
is the dividing curve for existence and nonexistence of solutions of system (6). This conjecture was verified for positive

radial solutions (see, e.g. Mitidieri [23], Serrin and Zou [27,28]). de Figueiredo and Felmer [9] proved that system (6)
has no positive solutions provided that

n—2, p>0,¢g>0 (7N

n—2 n—2"n-2
See also [23] and [26] for other nonexistence results.
Recently the general case for s # 0 and/or ¢ # 0 has been investigated independently by de Figueiredo et al. [10]
and Liu and Yang [22], where it is indicated that the dividing curve between existence and nonexistence is given by
the following “weighted” critical hyperbola:

n+2 n+2 n+?2
O<P7q<—, (p’CI)#< >'

n—s n—t
+ =
p+1 qg+1
Both papers considered the Dirichlet problem of system (6) in a bounded smooth domain, via an approach of fractional
Sobolev spaces. See also [5], where nonexistence of solutions and existence of symmetric solutions in balls were
studied.
We say u > 0 and v > 0 are weak solutions of system (6) if (u, v) € D

n—2, p>0,q>0. 3

1,2
loc

(R") x Dy;2(R") and

/ww:/ur%%, Vp € C(R"),

R~ R»
/VvV¢:/|x|_’uq¢, Vp € C(RY).
R” R®

In the rest of the paper we will always assume system (6) satisfies

0<s,t<2, (s, 1) # (0,0), 0<p<2s)—1 and 0<gq<2"@¢)—1. ©)]
Theorem 1.3. Ifu,v € Dll U’f RN CMR"™) and u, v > 0 are weak solutions of system (6) then u, v are radial. Namely,
u(xr) = u(x), v(xy) = v(x2) if |x1| = [x2]. Moreover u(xy) < u(x2), v(x1) <v(x2) if [x1| = |x2l.

Remark 1.3. If (p,q) # (2*(s) — 1,2*() — 1) and u, v € D;O’(?(R") are weak solutions then u, v € C*(R") for some
a > 0. See Appendix A for details.
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Consequently, we have the following nonexistence result.

Theorem 1.4. If u, v > 0 are weak solutions of system (6), then u = v = 0 provided that:
n+2—s—t

_ 10
n—24|s—t (10)

O<p,g<

Remark 1.4. Under condition (10), (p, q) is below “weighted” hyperbola (8).

We can also obtain symmetry property for system (6) in the upper half space with Dirichlet boundary condition.

It can be viewed as, like before, the limiting spaces after blow-up in the case where the boundaries of domains are
smooth at 0.

—Au(x) = |x|vP(x), inRY,

—Av(x) = |x|"'u?(x), inR,

u,v>0, inRY,

(1)

u=v=0, on dR’ .

Theorem 1.5. Ifu, v € Dlla’f (R_’i) satisfy (11) wifh p,q > 1, thenu(x’, x,) an~d v(x’, x,) are sy~mmetric under rotations
around the x, axis. Moreover, u(|x'|, x,) <u(|X'|, x,) and v(|x’|, x,) < v(|X'], x,,) if |x| = |%].

As remarked in [5], systems of type (6) are related to the double weighted Hardy-Littlewood—Sobolev inequality
(see e.g. Stein and Weiss [29] and Lieb [21]).

The proofs of our theorems use the method of moving spheres, a variant of the method of moving planes which are
developed through the works of Alexandrov, Serrin [25] and Gidas, Ni and Nirenberg [15]. We make use of ideas in
the proof of Liouville-type theorems given in [20,19,6], to fully exploit the conformal invariance of the problems. We
also make use of the “narrow domain idea” from Berestycki and Nirenberg [3].

2. Equations with Hardy terms
2.1. Proof of Theorem 1.1 if 2, =R/}

We first consider the case when a =0, i.e. £2, =R’} . We make a remark about regularity of u. By standard elliptic
estimates,

u € C*(R1\0).

If u(xg) = 0 at some point xo in R, then u is identically zero, by the strong maximum principle. Hence we always
assume that

u(x) > 0.
For any ¥’ € R"~!, define
x=(x,-1).
Let
n—2 2 =

be the Kelvin transformation of u# with respect to the ball B(x, A) with center x and radius A. By direct computations,
we have for x € BT (¥, ) £ B(¥,A) NRY,

2%()—1
32| >”%f>(w
|

_ — 2(x—x
x — BP1E + 20D
[x—x|

—Aug;(x) = (

x|

We start with a lemma, which is similar to Lemma 4 in [6].
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Lemma 2.1. VA € (1, |X]|), we have

)\2
- _lekz(xﬂe) > (13)
v = X15x + |
forall x € BY(x, A).
Proof. The proof is the same as that of Lemma 4 in [6]. We include it here for convenience. (13) is equivalent to
Ax] = [A%x + (Jx — %2 =A%) %),
which is equivalent to (by taking square on both sides)
—22%x - x < (|x—x| —A2)|x|
which is equivalent to
—223(x — %) - & < (Ix — 37 + %) %%
The last inequality holds since
223 (x — %) - & <2A7%|Ix — X 205 PAlx — % < (Ix —XF+ 2% 1F2 O
Lemma 2.2. V|x'| > 2, there exists Ao(X) > 1 such that for any X € (1, Ao(X)),
uz (x) >u(x), VxeBT(X,A).
Proof. By Lemma 2.1,
2*([) 1
(x) L
—Auz(x) = 7, Vx e BT (x,A).
|x[
Thus
2*(H—1 2%(1)—1
u (x)—u ()
—A(ugp(x) —u) > 2 m . VxeBt@E ). (14)
X
Denote
w) =uz\(x) —u, w, =max{0, —w,}.

We first require that 1 < Ag(x) < /2, then we have |x| > 1, Vx € BT (x, A). In the following part, as well as in the
proof of Lemma 2.3 below, we make use of the “narrow domain idea” from Berestycki and Nirenberg [3].

Multiplying both sides of (14) by w,  then integrating on BT (x, 1), we have, using w, =0on (Bt (x, 1)) and
the mean value theorem,

2 (t)— l(x) 2 (t) 1( )
_2 _
|Vwk| dx < / o w,
B*(%,1) B*(x,1)
n +2 2% () — —\2
< ur O=2(y
| (w7)
BT (¥,
<C(n, x)‘BJr(x A) n w, ’

L" P2 (BH(F0)

/ |Vw;| dx,

Bt (%)

<C(n,x)|
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where C(n, x) denotes various constants depending only on n and x. Now we can choose Ag(x) > 1 but very close
2
to 1, then C(n, )| BT (X, 1)|» is small, and we have

1
/ |Vw;|2dx < 3 / |Vw;|2dx.

B+ (%)) Bt (x,})

This implies Vw, =0in B¥ (x, A). Since w; =0o0n d(B1(x,1)), w;, =0in BT (x,1). O
Define

M) :=sup{p |1 < p < x|, and uz (x) > u(x), Vx € BT (X, 1), VI <1 < u}.
By Lemma 2.2, A(X) is well defined for all |X’| > 2. Moreover 1 < A(X) < |%|.
Lemma 2.3. V|X'| > 2, A(X) = |X|. Namely,

uzga(x) = u(x), VxeB*()E,)»), V0 < A < |x]. (15)

Proof. We argue by contradiction. Suppose that A = A(X) < |X| for some %. Then
ug;(x) Zu(x), Vxe BT, ).
Since “f,i(x) > u(x) on B(X, 1) N dR", we have, by the strong maximum principle,
ug () >u(x), VxeBT(X,1).
For é > 0 small, which will be fixed later, let
K :={x e B*(x, ) |dist(x,0(B"(x, 1)) =8}
Then
b:= n}(in wj > 0.
Consider A < A < A+ € < (A + |X|)/2, where the value of € = €(8) < & is chosen so that
wpg onK, VA<i<i+e<(h+]x])/2. (16)

We use the “narrow domain techniques” again. Multiplying w, to (14) and using integration by parts on
(BT (x, \)\K, then we have

/ [V [Pdx <Cn, %, %) / w072 (w)’
(Bt (x,\)\K Bt(x,1)
2 2
n 2,

<C ,)_L7_ BT X, A K n
< Cn, 2, D)|(BT (X, M)\ L7=2 (BT (%, M)\K)

wy |
; |Vw; |* dx,

B+(E M\K

< C(n 1, 0)| (BT (& M)\K

where C(n, A, X) denotes various constants depending only on 7, A and X. Now we can fix the value of § so that
C(n, »,%)|(BT (%, A))\K|% < % Then we obtain, as before, w, =0 on (BT (X, A)\K, i.e.

wy, >0, Vxe (BT M)\K, VA<i<i+e.

This and (16) contradict the definition of A. O
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Proof of Theorem 1.1. For any x; < 0 < x|, we set X = (¥1,0,...,0,—1) and A = |x| = /|%1]2 + 1. (15) with
x =(x1,0,...,0, x,) leads to, after sending x| — o0,

u(—x1,0,...,0,x,) > u(x1,0,...,0,x,), Vx,>0.

By the symmetry of the equation, up(x) := u(Ox’, x,,) satisfies the same equation for any orthogonal matrix
O € 0O(m—1),sowe have

MO(_xl,O,-'-,OJCn) >MO(x170,-~-aO,xn), Vxn >07

which implies u is symmetric under rotations around the x,, axis.

For any 0 < a < x1 < X1, we set X = (x1,0,...,0,—1) and A = /|%] —a|? + L. (15) with x = (x1,0, ..., 0, x,)
leads to, after sending x; — oo,

ua —x1,0,...,0,x,) > u(x1,0,...,0,x,), Vx,>0.
This implies u(|x'|, x,) < u(|X'|, x,) if |x"| > |X’|. Theorem 1.1 is proved when £, =R’,. O

2.2. The case 2, # R’

We do a small modification of the method used in Section 2.1. For any 0 # %’ € R"~!, define
x=(x,0).

Note that x ¢ £2,. Let uz ; be the Kelvin transformation (12) of u with respect to the ball B(x, A) with center x and
radius A.

Lemma 2.4. If A < |X'| and x = (X', x,,) € 2, N B(X, A), then

A2(x — %)
lx — x|?

€ 2. A7)

Proof. (17) is equivalent to

x> a|A2x/ + (Ix — x> - AZ))E’

3

which is equivalent to (by taking square on both sides)
PREEES az(k4|x/|2 + 2)»2(|x —x*- Az)x/ X+ (Ix = - )»2)2|)E’|2).

So it suffices to show

02— %) ® < (| =&+ 1) [F)
The last inequality holds since
02— &) B <R — | 2R Al —F| < (= F )P+ F)]. o

Proof of Theorem 1.1. By Lemma 2.4, uz ; (x) is well defined in £2,. Thus we can run exactly the same procedure
as that in Section 2.1, replacing B (x, ) by B(x, A) N £2,, to get

uga(x) Zu(x), VxeB(x,A)N82, YO<Ai<]x].

This implies, as before, that u(|x’|, x,) = u(|%’|, x,) if |x’| = |X’|, and u(|x'|, x,) < u(|%’|, x,) if |x’| > |X’|. Theo-
rem 1.1 is proved. O
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2.3. Other symmetric domains

Another symmetric domain for Eq. (3) other than cones would be the unit upper half cylinder:
S:={(x',xn eR"): |x/| <1, x, > 0}.

Ifo<ue D}O’CZ(E) is a solution of Eq. (3) in S we can also prove

Proposition 2.1. u is symmetric under rotations around x, axis.

Proof. In this case the moving sphere method is not suitable since the Kelvin transformation of S with respect to
large balls will no longer stay in S itself. Fortunately we can apply one version of moving plan method. As before it
suffices to show

U(XTy ooy Xn—1,Xp) = UX], ..., —Xp—1,Xp). (18)
We choose moving hyperplanes like the following:

Iy = {(xl,...,xn_l,x,,) \x,- eR,i=1,...,n—2; xn—f—l:kxn_l}.
I passes through (0, ..., 0, —1) but never passes 0. Denote

Sr={xeS: x,+1 <kx,_1}.

When k > 1, Xy #  and it is bounded. For any x € X, let x' be the reflection point of x with respect to /; and define
uy (x) = u(x'%). Direct computations yield that

2%(1)—1

I
—Auy, > k|x|t , Vxe X

Then the proof of Theorem 1.1 would be applied to prove (18). O
2.4. Scalar equation with multiple Hardy terms

Proof of Theorem 1.2. If we examine the proof of Theorem 1.1, we note that the number of Hardy terms with positive
coefficients does not interfere with the moving sphere method and “narrow domain techniques”. Actually the same
proof works for the following equation with ; > 0,0<t;, <2,i=1,...,m:

m
—Au=Y " bilx| T O 4 x T uF O i 2,

i=1 (19)
u=0, in £,

u=0, on 052,

for any positive integer m provided that it admits a solution. O
3. Lane-Emden systems with Hardy weights
3.1. Radial symmetry

In this section we will prove Theorem 1.3. First by standard elliptic regularity theory,
u, v € C*(R"\{0}).
Recall that in Theorem 1.3 we assume

u,v e C(]R”).
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Suppose u(xp) = 0 for some point xg € R”. If xg % 0 then by the strong maximum principle and continuity,
u(x)=0in R". If xo =0 and u(x) > 0, Vx # 0, noting that —Au(x) > 0 in R"\{0} and {0} has zero (Newtonian)
capacity, we have

u(0) =liminfu(x) > 0.
x—0

So u(x) > 0 or u(x) =0. In view of system (6) v =0 if u =0. Thus either u = v =0 or u, v > 0 in R". Hence we
always assume that

u,v>0 inR".

For 0 # x € R", we let uz , and vz ) be the Kelvin transformation (12) of u# and v with respect to the ball B(x, A).

Lemma 3.1. VA € (0, |x|), we have

A2 (x— x)l (20)

—¥l2
b — F21% + 20

forall x € R"\ B(x, \).
The proof of Lemma 3.1 is the same as that of Lemma 2.1.

Lemma 3.2. For every x € R"\{0}, there exists Lo(x) > 0 such that for all 0 < A < Ao(X), we have uz ;(x) < u(x),
Vi (1) S V), Vix — %] > A

Proof. Since u, v are super-harmonic, by the maximum principle
liminf(|x|"2u(x)) > 0, liminf(|x|"2v(x)) > 0.
[x]—00 |x|—o00

Noting that # and v are smooth near x and continuous in the whole space, the rest of the proof is the same as that of
Lemma 2.1in[19]. O

Define
AE) = sup{/L | 0<p<|x|, and uz (x) <u(x), vir(x) <v(x)foral|x —x| 2, O<A < /,L}
By Lemma 3.2, A(X) is well defined for all ¥ 0. Moreover 0 < A(X) < |X|.
Lemma 3.3. For all X # 0, A(X) = |X|. Namely,

wpn () <ulx),  viax) <v), Vi e RU\B(,A), Y0 <A< |3l 1)

Proof. We prove by contradiction arguments. Suppose the contrary, that there exists x € R"\{0} such that 0 <
A(x) < |x|. Without loss of generality we assume s > 0. Using Lemma 3.2 and p < 2*(s) — 1 we have, for any
A€ (0, [xD),

—Auz(x) < Vix — x| > A.

| |3 x)»’

Indeed, for |[x — x| > A,
A\ A2 —X)
—Aug(x) = = —Auli+>—"—Z2
' |x — x| lx — x|?

r\"? 1 2=
=<|x ﬂ) = ”p<x+ |x( W))
- - —

% + 20D

|x—
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A n+2—pn-2) |x|s 1 »
= - —_— Vs, (x)

|x — x| |i+)»2(xtx)|x x| XA
|x—%|?

(> 2 x|s 1 »
X |x_)z| |x+k2(x x)|5 |x|\" xk

1 p
< X U);y)h(x)

where p < 2%(s) — 1 is used in the first inequality and Lemma 3.1 is used in the second inequality.
By the definition of A(x),

V() — Vg ) =0, Vix — X[ > A@X).

Hence
1
—Au(x) — M;,X(i)(x)) | x[* — (V") =] A(x)(x))

when x # 0 and |x — X| > A(X).

Since A(X) < |x], all u, Ug 5% U and vg 3 ) are smooth near 9 B(x, A(x)). If there exists xg # 0, |xo — x| > A(X)
such that u(x9) = uz i(x)(x0), then by the strong maximum principle and continuity u(x) = Uz 5 %) forall |[x —x| >
X(x). Hence for x % 0 and |x — X| > A(X),

2s s
! VP (x) = —Au(x) = —Auz ) (x) < ( » - ) al _ ! vl (x).
! | % +

x| x — x| R s |x]s x4
|x—x|?
By the proof of Lemma 3.1, there exists y with |y — x| > A(%) such that v(y) < Vs, X()E)(y). But this contradicts the
definition of A(X). So we have
u(x) >ug 5 5(x),  Vix —X| > A(x) with x #0.
Since —A(u(x) — ”i,i(;)(x)) > 0in B°(x, )_\()E))\{O} and {0} has zero (Newtonian) capacity, we have
u(x) > ug 55 (), Vix— x> A(F).

By Hopf lemma and the compactness of 3 B(X, A(¥)) we have

3
35 @~ Uz i@l i) 20> 0

where v denotes the out normal of dB(X, A(X)) and b is a positive constant. With noting that u(x) is uniformly
continuous in any compact set of R”, we can show, by exactly the same proof of Lemma 2.2 in [19], that there exists
€1 > 0 such that

u(x) —uz(x) >0, VAFE) <A <A(X)+er, [x—X| = (22)
Similarly, there exists €, > 0 such that

v(x) — vz (x) >0, VAFE) <A <A(X)+e, [x—X| = (23)
Estimates (22) and (23) violate the definition of A(X). O
Proof of Theorem 1.3. Denote 0,,_; = (0,...,0) € R"!. For x; <0 < Xy, we set X = (x1,0,-1), A = |x| = x1.
(21) with x = (x1, 0,—1) leads to, after sending x; — oo,

u(—=x1,0,-1) <ulxr,0,-1), v(=x1,0,—1) < v(x1,0,-1). (24)
For 0 < x; <a < x1, we set X = (x1,0,-1), A = X1 —a. (21) with x = (x1, 0,—1) leads to, after sending x; — oo,

u2a — x1,0,—1) <ux1, 0,—1), v(2a — x1,0,-1) <v(xg, 0,—1). (25)
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By the symmetry of the system, up(x) := u(Ox) and vp(x) := v(Ox) satisfy the same system for any orthogonal
matrix O € O(n). Hence up and vo satisfy (24) which implies # and v are radial about the origin; and satisfy (25)

which implies that u(x1) < u(x2), v(x1) < v(x2) if [x1] = [x2]. O

3.2. Nonexistence

Let u, v > 0 be solutions of system (6). For simplicity, we denote u(r) as u(x) and v(x) as v(r) for |x| =r, since

both of them are radial functions. Then u(r) and v(r) satisfy, in R"*\{0},
(rn_lu/(r))/ — _rn—l—svp(r)’
(r"flv/(r))/ = " ().

Here ' means the differentiation with respect to r.

To get nonexistence, first we derive a Pohozaev-type identity for (26).

Lemma 3.4. Solutions u and v of system (26) satisfy, for R > 0,

Rn—s Rn—t —t —t
R"u’v’+ _Up-H + uq+1 + n Rn_lv/u—i— n—2— n Rn—lvu/
p+1 q+1 p+1 p+1

R
n—s n—t
— _ ) n—s—lp—&—ld.
(p+1+q+1 v )>/r o
0

Proof. Multiplying rv’(r) to the first equation of (26) and integrating from ¢ to R, we have

R R R

n—s, p+1 _

"u'(r)v/(r)‘R —/r"_lu’v’—/r"u’v”drz—r v () 20 /r"“v_lvp“dr.
€ p+1 . p+1

& & &

R

Similarly, multiplying ru’(r) to the second one and integrating from ¢ to R, we obtain

R R n—t, g+l m (R R
r”u/(r)v’(r)iR _ [rn—lu/v/ _/ no'u dr — T VI (r) i n—t /rn—t—luq+ldr
& qg+1 e g1 '
& & &
Adding (28) to (29), and using
R R
/(u’v/)/ :r”u’v/|f —/nr"ilu/v’
& &
it yields
s _ R
(Fnu/v/—}— rte vp+1 + r luq+l>
p+1 qg+1 R
R R R
I _{—_sl /r”_s_lva dr + —n;i /r"_’_luqul dr — (n—2) / Py dr.
p & q & &

(26)

27

(28)

(29)

On the other hand, we multiply v to the first equation of (26) and u to the second one and integrate from ¢ to R, to get

R R

- R — 1—s
P lu/vL3 —/r” lu’v/dr:—/r" 1 svp+1’

& &

R R

_ R _ -

r" 1v/u‘s _fr" 1L/v’a’r:—/r” 1=ty a+1,
&€ &
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A direct substitution yields that

n—s n—t —t —1
(%v”"’l + %uqﬂ + 2 n 1rn_lv’u + (n 2= )r"_lvu’>
p q p

R

- —1

=—(r"u"v’ R—i—(n “ 4 —n—2>/r"_s_lvp+1dr.

( ) b (n—2)
&

Since u, v e H'(B(0, 1)),
liminfe2u’(e) =0 and liminfe?2v'(e) =0.
e—0 e—0
Taking liminf,_, on both sides of (30), and with the help of (31) we obtain (27). O

We will use the Pohozaev identity (27) to prove Theorem 1.4.

(30)

€29

Proof of Theorem 1.4. Step 1: We need some rates of u, v, u’ and v’ near infinity. First we obtain some rates of u
and v, following from [26]. We denote C as various positive constants that depend only on , s, #, p and g. Note that

u, v are continuous near 0 under condition (10), by Remark 1.3.
Clearly, with the help of (31),

.
r"ilu/(r):—/r"flfsvp(t)dt
0
r/2
<—/t"*1*"v1’(t)dt
0
r/2

g—vl’(r/z)/z"—l—sczr
0

rn—s
= —vp(r/Z) m
where p > 0 and that v is non-increasing are used. Hence
1-s
W () < ————— (/).
(n—s)2"—s

Integrating (32) from r to 2r, we have
2r
u(r) —u2r) > C/rl_sv”(r/Z)dr

r

2r
>Cv1’(r)/tl_“dt
r

> CoP(r)yr?™
which implies
u(r) = Cri=svP(r).
Similarly

v(r) = Critul (r).

(32)

(33)

(34)
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Connecting (33) and (34), it yields

u(r) = Cri=svP(r) = Cr¥=sr@=0pryr4 (r). (35)
If pg < 1, then either u = 0 which implies v =0, or

! PO = u! TP > CrP BT s 0o asr — 00
which contradicts that u € C(R") (Remark 1.3). So

ux)y=vx)=0 if pg<1.

In the following we assume that pg > 1. Then from (33) and (34) we have

s=24p(—2) t=24q(s—2)

u(ry<Cr ra-1 | v(r) < Cr pi-T | (36)

Secondly, we obtain some estimates for ’(r) and v'(r) from (36).

r

[t /<r>!—’—fr"‘1‘fv"(r>dr

0

r
<vp(0)+/Tn—1—s+M P=24q(=2) 4
1
<VP(0) + C + CF" P H T (=24l =2) logr

where we put logr in case that the last exponent is zero. Hence

|/ (1] < (vP(0) + €)' 4 Cp T TG 1o (37)
Similarly we can have an estimate for v’ (r):

V(1] < (9 (0) + C)r! " 4 o AT D) g (38)

Step 2: Via direct computations, the left-handed side of (27) will go to zero as R — +oo if the following three
inequalities are all satisfied:

i) n+1—s+pqp1(t—2+q(s—2))+1—t+
(i) n —s+ p+11(t—2+q(s—2))<0
(i) n—t + q+11(s—2+p(t—2))<0

pqq_l (s =2+ pt—2)) <0;

In the following we let

o = min(s, 1), B =max(s,t).
Clearly
1 1 1
Pt (2—t+q(2—s))/w(2 B) and n—a>n-—s.
pq—1 rq —

This implies that (ii) holds if

(p+ 1)(q +1)
pq —
Similar (iii) holds if (39) is true.

2-p)> (39)
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Furthermore,

(2—t+q(2—s))+pqq_l(z—z+p(2—s))>(1+w>(2_ﬂ)

pq—1 pq—1

from which we can see that (i) holds if (39) is satisfied.
Since pg > 1, max(p, g) > 1 and consequently
(p+ D@+  max(p,g)+1
pg —1 ~ max(p,q)—1°
So (39) is satisfied provided that

max(p,q)+1 n—«
>
max(p,q) — 12— B

which is equivalent to

3

n+2—pf—-—a n+2-—s—t
n—2+B—a n—2+Is—t|
So under condition (10), the left-handed side of Pohozaev identity (27) will go to zero as R — 400, which implies
v=0.Sou =0. Theorem 1.4 is proved. O

max(p,q) < (40)

3.3. Half space

In this section, we prove Theorem 1.5. Recall that we assume
1<p<2@) -1, 1<g<250) —1.

The following proof is a small modification of the proof of Theorem 1.1. From elliptic estimates and the maximum
principle,

u,ve CP(RI\0), u(x)>0, v(x)>0.

For any %’ € R*1 let ¥ = (x/, —1) and uz . (x), vz (x) be the Kelvin transformation of u and v.
By Lemma 2.1 and direction computations, we have VA > 1, Vx € Bt(x,A) £ B (x,A)NRE,

vf’)\(x) —vP (%)
[x[*
ul () —u?(x)

|x|*

—A(uzp () —u(x) >

’

41)
—A(via(x) —v(x)) >

Lemma 3.5. V|X'| > 2, there exists o(X) > 1 such that for all ). € (1, Ao(X)), we have uz ; (x) = u(x), v (x) = v(x),
Vx € BT (X, 1).

Proof. Denote
wy (1) = uz (x) — u, wi (u) = max{0, —w; ()},
wy (V) = vz (x) — v, w, (v)= max{O, —w)\(v)}.

We first require that 1 < Ag(x) < /2, then we have |x] > 1, Vx € BT(x, 1).
Multiplying w; (1) to (41) and integrating on B (x, A), we have, using the mean value theorem,

_ 2 _ 1 — _
|Vu)k (u)| dx <C(n,x) / v? lwk (w, ()
BT (%)) BT (%))
2

<C(n,%)|BT(x, 1)

Vw; (1) HL2(B+(;2,A)) ||Vw;(v) ||L2(B+(x,;\))’
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where we used p > 1. Similarly,

2
n

/ |Vw;(v)|2dx <Cn, )[BT (x M| | Vw; ) ||L2(B+(x,x)) | Vw; () ||L2(B+(x,x))'

Bt (%)

Now we can choose Ag(x) > 1 but very close to 1, to force w; (u) = w, (v) =0in BT (x,A). O

Define
A@) :=sup{u |1 <p <%, and uz,.(x) > u(x), vi(x) > v(x) forallx € BY(¥,1), VI <1 < pu}.

By Lemma 3.5, A(X) is well defined for all |X’| > 2. Moreover 1 < A(X) < |X|.

Lemma 3.6. V|x'| > 2, A(X) = |X|. Namely,

Uz (x) 2 u(x), via(¥) =v(x), VxeBT(E,N), VO<A<[| (42)

Proof. The proof is similar to that of Lemma 2.3. The only difference has been shown in the proof of Lemma 3.5. We
omit the details here. 0O

Proof of Theorem 1.5. By Lemmas 3.5 and 3.6, the proof is the same as proof of Theorem 1.1. O
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Appendix A. Regularity

In this appendix we will prove Remark 1.3. The proof is based on standard Sobolev embeddings and bootstrap
arguments.

Proposition A.1. Under (9) but (p, q) # 2*(s) — 1,2*@) — 1), and ifu, v € Dllocz (R™) are weak solutions of system
(6) then u, v € C*(R") for some a > 0.

Proof. We only need to show that u, v are Holder continuous near 0. Without loss of generality we assume p <
2*(s) — 1. Denote, for simplicity, L” as L¥ (D) where D is the unit ball centered at 0. By Sobolev embedding
ve L2/(n=2)

Suppose v € LA with A| = nzfnz We will use bootstrap to find out Ag1. We choose a decreasing and positive
sequence {g;} — 0 and will fix &1 small in Claim 1 below. Since |x|™* € L"~#)/s |x|~t e LO*=&)/! by Holder
inequality

vP (n — Sk)Ak

— e L% where By= —— %
x[* SAk+ p(n — &)

By W7 theory and the first equation of system (6),

- 1 1 2
ueWrBos LB if = =-5——->0
Bk* B, n
This implies
ud (n— Sk)Blf*

— € Lck where Cp = ———————.
] CTIBE tqn—en)
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By W27 theory and the second equation of system (6),

ok 1 1 2
ve Wl s LG if === ——>0.
Cy Cr. n
Define
Ap1 =CF

Combining the formulas together we have

L p+ u 2 + ! 2 (A.1)
Ak_H_q Ay n—¢g n n—er n ’

Claim 1. Ay4 > Ay if By, Cy <n/2.

Proof of Claim 1. By our assumption that p < 2*(s) — 1,
(n=2)pg<n+2—-25)g <n+2-2t—2qs+4q,
which implies

pg—1 2 gs t 2q
< .
A n n n n

Fix an ¢ to be small enough such that

-1 2 t 2
max<0, qu ) <—-= g + —q. (A.2)
1

By (A.1) Claim 1 is equivalent to

-1 2 t 2
pa— - 2 95 _ +1 (A3)
Ay n n—e& n—¢& n

We can see from (A.2) that (A.3) is satisfied. Claim 1 is proved. O
Claim 2. After finite steps, either Cy >n/2 or B >n/2.

Proof of Claim 2. If not, the sequence { A} is increasing by Claim 1. Denote A = limy_, oo A (Which could be +00).
Letting k — oo in (A.1), we have

A n n n n
Noting that
2n
A> ,
n—2
we have
2 —2t
(n—2)p>L—2s+4>n+2—2s,
q

which violates our assumption about p. Claim 2 is proved. O

By Claim 2 and Sobolev embeddings, we immediately get that either u € LY, Vy < oo orv e LY, Vy < co. Hence
u,v € C® for some a > 0 by the W7 theory. O
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