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Abstract

We introduce a method to find, in a systematic way, rank-one convex polynomials. We show how it works in several examples.
It can also be applied to convexity along general cones.
© 2008 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

It is well known that quasiconvexity is a fundamental concept for vector problems in the Calculus of Variations
[7,3]. Two important related convexity conditions are polyconvexity (a sufficient condition [2]), and rank-one convex-
ity (a necessary condition [7]). Even these two types of convexity, though more manageable, are not easy to check
on explicit examples [4,6]. In particular, rank-one convexity is an appealing property as it is like the usual convexity.
Namely, we say that ¢ : Ml — R is rank-one convex provided that

e(t1&1 + né) <heE) +he5)

whenever t; > 0, t; + 1, = 1, and & — & is a rank-one matrix. M stands for the space of m x n matrices. If ¢ is
smooth, the rank-one convexity is equivalent to the Legendre-Hadamard condition

ATVZp(E)A >0,

for every A € A, & € M, where A is the rank-one cone.

Deciding when a given function is or is not rank-one convex is not an easy task. Our aim is to provide a way to
determine (at least in some specific situations) the rank-one convexity of functions of a particular structure.

Our method can be applied to the following situation. Let

pi - M—>R, i=1,2,

be two polynomials such that
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1. the combination

P(&) = @1(5) — cp2(8) (D

for any constant ¢ € R is coercive with superlinear growth;
2. ¢y is strictly convex.

The basic important problem we would like to address is
Problem 1. Determine the range of the constant ¢ so that ¢(£) is rank-one convex.

For a general parameter c, it is possible to determine the range of this constants for which the corresponding family
of functions are rank-one convex. In fact, the rank-one convexity of (1) is then equivalent to

ATV201(6)A — cATV?py(8)A > 0,

or to
ATV? A
ﬂgl, Ae A, EeM.
ATV2¢1(5)A
If
1 1 . ATV2pr(5)A
—(resp. — | = inf (resp. sup)—————,
c_ Cct AeA, EeM ATV291(5)A

then it is easy to derive

Theorem 1. Let

¢ =¢1—Cy2,

where @; are smooth and ¢y is strictly convex. Then ¢ is rank-one convex if and only if

1. ¢ € [c_, cyl, if g2 is neither rank-one convex nor rank-one concave (alternatively, we can write: AT V2@, (£)A
attains both positive and negative values);
2. ce (_OO, C+], lf‘
e ATVe®A
AeA teM AT V20 (§)A
3. celc_,+00), if
ATV (6)A
SUp s =
AcA tem AT V21 (H)A

)

Remark 1. We will make the assumption that if }_ = —00 (resp. i = +400) then c_ =0 (resp. ¢4+ =0).

Though the proof of this result is straightforward in these terms, it is quite remarkable that these optimal constants
can be computed explicitly in specific examples, as we show in Section 3.

Before that, we also provide an appropriate description of this theorem in terms of laminates. This seems interesting
as this strategy looks more promising for other situations like polyconvexity and, even, quasiconvexity. The proof of
this theorem from this point of view can be found in Section 4.

2. Alternative route: Laminates

We know that laminates are the class of probability measures which play a fundamental role with respect to rank-
one convexity through duality with Jensen’s inequality [8]. In this section it is presented the result of the previous one,
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from the point of view of laminates. We think that this gives further insight into the problem, specially because it is
more easily visualized. To state the main result in terms of laminates requires some notation.
Let A(&p) denote the set of laminates with barycenter &j. Consider the linear mapping

T:A®E) R, T(uw= (/(ﬁl(é)du@),/wz(&)du(é“)).

It is clear that T'(A(&p)) is a convex set in R2. If (x, y) designate usual coordinates in R?, and we put

x0 = ¢1(&0), Yo = ¢2(80),

we know, due to convexity of ¢, that
T(A&)) C {(x.y) € R%: x > xo}.

Even more, because of strict convexity of ¢1, the intersection of 7' (A(£p)) with the vertical line x = x¢ is the unique
point (xp, yo). Then solving Problem 1 is equivalent to determining the best constants c_, ¢4 so that

T(A(0)) C C((x0, y0), c—, 1),
for every &y € M, where C((x, ¥), c1, ¢2) is the cone in R2? defined by
C(F M ere0) ={(r, ) eR* ci(x =D +F <y <calx —F) +7,x > 7},

For s € [0, 1], we consider our basic first-order laminates

1 1
s = §8§0+sA + 53,5073/\,

for A of rank one. Finally, consider the plane curve

1 1 1 1
o5 () =T (uy) = (5@@0 +54) + 20160 = 5A), 592060 +54) + S¢2(60 — sA>>.
A stands for the cone of rank-one matrices.

Theorem 2. Let ¢ be as in Theorem 1 and

1 1 ot ( )&5/"5‘”(0)
—\ resp. — = mn resp. Sup)——.
Cc_ P C4 AeA, §eM P p 'OLI(A,EO)(O)

Then ¢ is rank-one convex if and only if

1. c € [c—, cy], if 07 attains both positive and negative values;
2' ce (_OO, C+]’ UC

. &Z(A’EO) (0) o
AeA, geM &I(A,é()) (0) ’

3. ce€le_,+0), if
(A,
sup 702( EO)(O) =
e gem &5 (0)

Remark 2. Obviously, we have that

A,

/%0) = AT Vg (§0) A,
where

rank(A) < 1.
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3. Examples

We now want to solve problem

ATV2, (&) A

inf . _—
AL e SUP) g A

subject to the restriction
rank(A) < 1.

To fix ideas, consider the minimization problem as a partial double minimization problem. If we minimize first in
A € M, the above quotient is always a quotient of two expressions which are homogeneous of degree two in A, where

ATV2p1(50)A > 0.
So, we can consider the equivalent problem
min AT V? A
min ¥2(0)
subject to the restrictions
ATV (E)A =1,
A, rank-one.

In the particular case of 2 x 2 matrices, we can replace the rank-one condition on A by the more quantitative condition
ATDA = det A. Anyhow, this minimum is attained since the function to minimize is continuous, and the domain is
the intersection between a compact set and a closed set.

Let us stick to the 2 x 2 situation for the sake of this short discussion. If «, 8 are Lagrange multipliers, we put

L(A,a. ) = ATV’ 03 (50)A — (AT V201 (50)A — 1) — BAT DA.

From first-order optimality conditions, if A is a critical point of the objective function, one obtains
ATV (A =,

where o can be recovered from solving the following system

(V2p2(60) — aV31(50) — BD)A =0,

ATV (E)A =1,

ATDA=0.
« will be a function of &, and to finish, we would have to compute the infimum with respect to the variable & € M?*2.
In the case where the ¢;’s are polynomials, the above system of equations is indeed a parametric system of polynomial
equations, where & is the parameter, and A, «, B are the variables to solve for. There exist several algorithms which
deal with the problem of describing the solutions of these systems in terms of the parameters, such as comprehensive
Grobner bases [11], triangular sets decomposition [10] and rational parametrizations [9]. The description of the generic
solutions of this systems is in general difficult and is beyond the scope of this work. Here we will deal with a simple
example, whose system can be solved with several recent symbolic mathematical softwares.

For a more general situation, we can replace the matrix A by a ® n even under the constraints |a| = |n| = 1. In this
case, we would have to solve the problem
infminnn ® aV2<p2 (¢p)a®n

& a

subject to the constraint

n ®aV2(p2(Eo)a ®n=1.

We can then use optimality conditions to make some progress in the calculations. However, one has to keep track of
the dependence on a and &y when solving the minimization problem for n. In general, it is not so easy to compute the
range for the constant ¢ through this approach.
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In the case of 4th degree homogeneous polynomials, we can easily overcome this difficulties. For this special
situation, we can take advantage of the fact that ATV2<p,- (&0)A is also quadratic in &y. In other words, we can write

ATV29;(80)A = &1 M (A)&,

where M;(A), for i =1, 2 is a matrix whose entries only depend on A € A. This is a huge advantage, as in this case
we can perform first the minimization in &y, and then in A, avoiding in this way to include the additional rank-one
restriction, but still dealing with quadratic problems. We want hence to compute

: ( & Mz(A)§o>

min | min —————— ).

AeAN&eM &5 M1 (A)So
To evaluate the first minimum, we can now fix

£ Mi(A)go =1,
and calculate

min &g M2 (A)éo

)

subject to this restriction. Notice that this minimum is attained, as the smallest eigenvalue of V2¢; (&) is strictly
positive. If « is a Lagrange multiplier, we put

L(A, @) = &5 Ma(A)éo — (&5 Mi(A)éo — 1),
and from first-order optimality conditions, if & is a critical point, one obtains

£y Ma(A)é) =a,
where « are the solutions of

det(M2(A) —aM;(A)) =0.

Notice that in this case this condition is a necessary and sufficient condition for the existence of minimizers.
o will be a function of A, and to finish we have to compute the minimum with respect to this variable A € M with
rank(A) < 1.

3.1. Classical examples
We deal first with some classical examples [1,3,5].

Example 1.
0 M2 SR,

given by
9(&) = [61* — cl§ | dets.

If A € M?>*? is such that |A| = 1, by putting
A= (‘C’ Z) :

we get here that

2ad bd —ac cd—ab  f+a*+d?
My | b4 —2bc —t - - ab—cd
VTl ed—ab —L-pP-cr —2be ac —bd

I+a>+d> ab—cd ac —bd 2ad
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and

2+4a>  4ab 4ac 4ad
4ab  2+4b*  4bc 4bd
4ac 4bc  244c¢*  4cd
dad 4bd ded 2+ 4d?

To obtain the values of o we have to solve the equation

det(Ma(A) — aM;(A)) =0.

Mi(A) =

But if we now perform the substitution
A = (cosfq,sinf;) ® (cosHy, sinby),

with 01, 6> € [0, 2], the above equation becomes

9
— —12a% +48a* =0,

16
and the maximum and the minimum values are, respectively, o = ‘/TE and o = —‘/Tg. So, ¢ is rank-one convex if and
only if

c [ 4 4 }
ce|l——,—|
V3 V3
In the case of convexity, it is known [1] that ¢ is convex if and only if

e[ 442 4[2]'

373
Example 2.
@ M2*2 5 R,
given by

@(&) = |&|* — c(det&)”.

If we proceed as in the previous example, and put

a b
=(20)
for A € M?*2 with |A| = 1, M, (A) will be the same as before, and
2d> —2cd —2bd 2ad
—2cd 2¢*  2bc  —2ac

—2bd 2bc 2% —2ab
2ad —2ac —2ab 2a4?

M>(A) =

For
A = (cos b, sinf]) ® (cosby, sinby),
with 01, 6, € [0, 2], we have
det(Ma(A) — aMi(A)) =384a’ (=1 +2a) =0,

and so, the maximum value of « is % and the minimum is 0. In this case, it is clear that ¢ is rank-one convex if and
only if

ce(—o0,2].
The range for the constant ¢ for which the corresponding ¢ is convex is given by

cel[—4,1].
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3.2. New examples
We now present some other examples to stress our main result.

Example 3. For
0 M2%2 R,
put
p(&) = &* - c(rg)*,

where tr& represents the trace of the matrix &. For

a b
a=(20)
with A € M>*2, |A| = 1, M| (A) is given above, and

12@+d)? 0 0 12(a+d)>
0 00 0
0 00 0
Ra+d)?* 0 0 12(a+d)?

In the rank-one directions

M>(A) =

A = (cosfy,sinf;) ® (cosby, sinby),

where 0y, 0, € [0, 2], we have

det(Ma(A) — aM;(A)) =0

& 7680° (—4 + 2008(92)2 —16 cos(61)2 cos(0)* + 2005(02)4 + 200s(91)2 + 2003(61)4
+ 8cos(62)% cos(8))? — 4cos(B)) cos(6y) sin(8y) sin(62) + 16 cos(8)* cos(B2)*
— 8¢0s(01)> cos(82) sin(8)) sin(B2) + 16cos(0;)> cos(62)° sin(8)) sin(62)
— 8cos(61) cos(62)? sin(By) sin(62) — 16cos(62)? cos(81)* +a) = 0.

1627

Consequently the maximum value for « is 4. Regarding the minimum value of «, notice that ¢; is convex and so ¢ is

rank-one convex if and only if

.
cel|—o0, -]|.
GF

¢ is convex if and only if

(-==:3]
cel|—o0,=]|.
9]

Example 4. An example with a non-homogeneous polynomial
¢ :M>? > R,

defined by
9(§) = &) + 151> — c(w)’.
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we have
REx+w)?+2 0 0 12(x+w)?
Vg1 6) = X ) X
R2x+w)? 0 0 12(x+w)?+2
and
6(x+w) 0 0 6(x+w)
o®=| o oo o
6(x+w) 0 0 6(x+w)
In addition, for
a
A |?
C
d
and
o o o 1%
p_|0 0 -3 0
1o -3 o o)
10 0 0

the first-order necessary conditions will be the parametric system of polynomial equations
(6x + 6w — 1200(x + w)* — B)a + (6x + 6w — or(12(x + w)? +2))d =0,
—2ab+ Bc=0,
Bb —20c=0,
(6x + 6w —a(12(x + w)> +2))a + (6x + 6w — 12a(x + w)* — B)d =0,
(a(12(x + w)* +2) + 12d(x + w)?)a + 26 +2¢% + (12a(x + w)? + d(12(x + w)> +2))d =1,

ad —bc=0
which give us the real solutions
3
«=0. x+w)

o= —5"—,
6(x +w)?+1
which by its turn provide the range of the constant ¢ to be

6[ 276 2\/6]'

33
For convexity, we have
. 23 243
37 3

Example 5. An example for 2 x 3 matrices

@ M2*3 5 R,
given by

0(&) = E]* — clEP(En + 8 + E3r)

where Szsz, j =1,2,3, represents the 2 x 2 minor that is obtained from &, by removing the j column. If A € M2x3
with [A] =1 we set

a C e
A:(b d f)'
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We have
40> +2  4ba 4ca 4da 4ea 4fa
4ba 4P +2  4cb 4db 4eb 4fb
Mi(A) | 4ca 4eb 442 4dc 4ec 4fc
2 4da 4db 4dc  4d>+2  ded 4fd
4ea 4eb dec ded  4e*+2  4fe
4fa 4fb 4fc 4fd 4fe  Af242
and
3ad +3af —bc —be+cf —de —ca—ea+db+ fb
—ca—ea+db+ fb ad+af —3bc —3be + cf —de
My(A) —ba +af +dc+cf —1 D2+ fb—c? —ec
2 a2—6a+d2+fd+% ba —be —dc —de
—ba —ad +de+ fe —%—bz—a’b—ec—e2
a2+ca+fd+f2+% ba+bc—cf — fe
—ba+af +dc+cf a2—ea+d2+fd+%
—%—bz—i—fb—cz—ec ba —be —dc —de
ad +af —3bc —be+3cf —de ca—db—ec+ fd
ca—db—ec+ fd 3ad +af —bc —be+cf —3de
—bc —be —dc+ fe —%—}—ea—db—dz—e2
T4ca—fb+c?+ f2 ad +af +dc — fe
—ba —ad +de+ fe a2+ca+fd+f2+%
—%—bz—db—ec—e2 ba+bc—cf — fe
—bc—be—dc+ fe %+ca—fb+c2+f2
—%+ea—db—dz—e2 ad+af +dc— fe
ad+af —bc —3be +cf —3de ea— fb+ec— fd
ea— fb+ec— fd ad +3af —bc —be+3cf —de
For

A = (cos b1, sinf]) ® (cosB; sin b3, sinb; sinbh3, cosH3),
01,0, €10,2m], 03 € [0, ], we have
o? (21 + 12sin6, cosbr — 1600? + 2560 + 640 sin 6> cos 932 cosbtr — 64 sin 6, sin 63 cos 03
+ 12sin6; sin#3 cos#3 — 12 sin b, cos 932 cosfy — 64a? sin 6> cos b
+ 64a? sin 63 cos B3 cos 9y — 12sin 03 cos B3 cos 92) =0.

The roots « are

]

N 7tan? 63 + 7 + 4sin 6 tan 63 — 4 cos 6, tan Oz + 4 sin 6> tan? 63 cos 6
o =
16(tan2 63 + 1)

V3
=0 o=+—,
4
and consequently the maximum and minimum values for o are o = % and o = —% respectively (obtained from

maximizing and minimizing, respectively, the above quotients in 6>, 63) so, in this case we have ¢ rank-one convex if
and only if

4 4
ce|l—,=|.
33
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Remark 3.

1. In this case it is harder to compute the constants for convexity than for rank-one convexity, following this ap-
proach. In fact, we were not able to recover those constants.
2. As rank-one convexity is invariant under transposition, that is, f : M"*" — R is rank-one convex if and only if
fT:M™™ — R given by
T T
fr@&=rE")

is rank-one convex, one can trivially compute the constants for the 3 x 2 example implicitly given by Example 5.
4. Main proof

This section is devoted to the proof of Theorem 2.

We will use the characterization of rank-one convexity through Jensen’s inequality for laminates [8] so that we are
interested in determining the exact range for the constant ¢ so that Jensen’s inequality holds for every laminate and ¢
in (1). The key point is that we can control the slope of the secants that pass through the image of the barycenter by
the slope of its tangents through zero. In this terminology, secants are related, somehow, to quasiconvexity whereas
tangents at the origin reflect rank-one convexity.

We divide the proof in several steps.

Step 1. If p is a laminate, then by definition [8], there exists a sequence of sets of pairs {()Lf.‘, A?)}lgigk, verifying
the (Hy) condition [3] such that

*
T ST
i

weakly in the sense of measures. So if

w(fsduk@) < fgo@)duk@),

holds for all k£ and for some value of ¢, then by taking weak-* limits on both sides of the above inequality (¢ is, in
particular, continuous), we have

w(/édu(é)) <[¢(s>du<s>, Vie A

for the same value of c.

Step 2. We will now prove that it suffices to use first-order laminates to determine the range of c. We argue, in
particular, that building finite-order laminates recursively from first-order laminates does not reduce the range of the
constant c.

Our hypothesis is that c¢ is such that

w( / sdu@)) < / o0& dun(t) @)

for every
w=~Ada, + (1 —1)34, with rank(A; —Ar) <1;
and we want to prove that, for the same value of ¢, we have

<p< f sduN@)) < [ 0(&) dun (®), 3)

for every finite-order laminate

N
UN = ZMM[-
i=1
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We proceed by induction (keep in mind that the value c is fixed but arbitrary). For N = 2, (3) is just (2). Suppose now
that (3) holds for every probability measure associated with (Hy_1) conditions. Then, if {(klN , AlN Vi satisfies
the (Hy) condition, we can assume, without loss of generality, that rank(A; — Az) < 1 (we drop the superindex for
simplicity), and by the induction hypothesis, we have

N
/ PE)duE) =Y rip(A)
i=1

M a2
M—H»zw ! A+ A

N
¢<A2)> + ) hig(A)

i=3

=()»1+?»2)<

N
A2
> (4 +x2)¢< Ar+ A2> + ) hip(A)
i=3

1
A+ A2 A+ A2

>¢(éxmi>=w</sdu(s>).

In fact, notice that we can further simplify the situation (since ¢ is continuous), because (2) holds for a value c if and
only if

w(/é@(é)) </<p($)d,u(§) “)
for every

1 1
w= ESA' + ESAZ with rank(A| — Ap) < 1,

holds for the same value of c.
After a change of variables, we can write down this measure as

1 1
H=2051a+ 505-4,

where rank(A) < 1. For s € [0, 1], we can take

1 1
W= s = ESEO-FSA + ESEO—SA

with rank(A) = 1 and |A| < 1 (for |A| > 1 just use the fact that £ € M is arbitrary and that ¢ is continuous). By
dealing with this class of measures (which will play the role of “generators”), we can determine the exact range for
the constant ¢ that we are interested in.

Step 3. For s € [0, 1], consider

1 1
Hs = §5§0+s,4 + §3sofm,
and the corresponding plane curve
o0 () = T (1y)
with end-points

(¢10), p2(£0))

and
1 1 1 1
(E(Ol Go+A)+ 5(/)1(50 —A), E(/D(So +A)+ Efpz(éo - A)>.

If 0 and p; are defined as above, then finding all ¢’s such that

/ ) diiy(€) > w( / Sdus($)>,
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is equivalent to finding all ¢’s for which we have
A .€0) (S) (A &) (0) ( (A.&) (S) (A &) (0))
for every §p € M, A € A with |A| < 1, s € [0, 1]; or, if we consider ¢ > 0 (the other case is similar), that

1 A ,60) (S) (A 0) (0)
(A o) (S) (A o) (0)

forevery §o e M, A € Awith |[A| < 1,5 € (0,1]. If
0.2(14»50)(3,) _ UZ(A’§O) (0) < O

then ¢ > 0, and we do not have any additional constraint. Otherwise, we can set

A, A,
Sup 2( EO)(S) ( EO)(O) L<l
AE0.5€(0,1] ( 50) gy (A S0y ot T

Since

oi(s) = %‘Pi (&0 +sA) + %wi (60 —sA),
it follows

0i(0) =0,
thus it is obvious that

(A o) (s) — (A ) (0) 0','2(.4,5()) (0) (5)

sup 2 sup — .
A, £9,5€(0,1] (A SO)(S) (A S0)(0) Ag Ol (A,%0) (0)

Step 4. To finish the proof, we have to show that the equality holds. First we will suppose that the supremum on
the left side of (5) (and where we can suppose s > r > 0, otherwise there is nothing to prove) is indeed a maximum
and that a strict inequality holds

| o480 (5) — o480 () 02<A 500 g7y — <A 0 6, (460 (0)

— = max - > sup — .
Cr Adose.1] g R (o) <A B0y o FE gy <A ) Ak 1D (0)

Then there has to be a point sg € (0, s*) such that

S A A8
o, V(s — *"(s0)
oA

(5 — 0"V s0)

5 (02(E — S*A*) +@2(8; +5*A) — 3(@2(Ef — 50A") + p2(&] +50A%) 1
L1 — 5" AN T o1& +5°A%) — L1 — 0A") + pi1(&g T 50A")  cx

But because &5 — soA™ and &7 + soA™ can be regarded as new barycenters of first-order laminates, it is clear, by
definition of i, that

0 0y (8 — s0A*) — (5% — 50)A*) + L _Sofﬂz((éo —50A™) + (5™ + 50)A*) — 2. (&) —SoA*) 1
01 ((EF — 50A%) — (5% — 50)A*) + T2 01 (&) — 50A%) + (s* + 50) A*) — @1 (] —SoA*) C+

and

Sgs 02 (5 + 50A%) — (s* +50)A*) + 5 +s°§02((§o +50A%) + (s* —50)A™) — 2 (& +S0A*) 1
S2001((EF + s0A%) — (% + 50) A*) + S50 01 (BF + s0A%) + (5% — 50) A*) — 01 (&7 +S0A*) c+
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From here and because ¢ is strictly convex (and so, in the above fractions both denominators are strictly positive), it
is trivial to obtain
(A*,E ( AT &)
(5% - " (so )

D - (“°<s) c+

R

(A*

which contradlcts the above strict inequality, leading to the desired conclusion, that is

(A o) (s) — (A §0) (0) (A &) 0) 1

max Uy, = -
A fose(0.1] <Aso>(s) (As(n(o) Af(,l(Asm(O) s

Now it remains to prove the case where we have a genuine supremum on the left side of (5). This can only happens if
the supremum is obtained by taking |§| — oo. Suppose

! ")~ ) -0 5O
— = sup = lim X > sup —
C+  Ags5€(0,1] ol(A’E)(s) - ofA’E)(o) &]—>00 A,5€(0,1] U(A ) (5) — fAf)(o) Ag 61490

e o4 (5) — 014 0
s—0 4 E O'(A 5)(6,) ](A’é)(o) ’

Then there exists § > 0 such that
400 1
M AAD0) o
We also have that for each & > 0, there exists k = k(¢) € RT such that for |£| > k(e),
- (A S)(s) (A 5)(0) y L ~
ASER] a(A () — (A D) e

We take ¢ = §, and for & such that |&| > k(8) one has

(A’S)(S) _ (A»g)(o) 1 8 UZ(A’S)(O) 1
max > — >S8Up o =
A.se(0.1] O'(A S)(s) (A 5)(0) cy g 61490 o
As for such &

= (AL6)

o257 (0)
SUPp —5 % < - - 387
A 61490) ¢

then for each A there must exist a point sg € (0, 1) for which

A, A,
im ( S)(S) _ ( 5)(30) N i s
550 Gr(A S)( )y — 1(z‘Lé)(SO) cy

Using again the fact that £ — s9A and & + s9A can be regarded as new barycenters of first-order laminates, one has

e —904) — 6 = s0)A) + 500 ((E —504) + 6 50)A) o€ —s0d) _ 1
550 90,01 (& — 59A) — (5 — 50)A) + 3001 (5 — 50A) + (5 +50)A) — o1& —s0A)

and

lim — (s +50)A) + 2@ ((§ + 504) + (s — 50)A) — 92(€ + 50A)
5250 5001 (€ 4 504) — (s +50)A) + S+S°<p1((€ +504) + (5 — 50)A) — @1 (& +50A)
Consequently, there exists 71 > 0 such that for each s € B(sg, r1)
SHO @2((& —504) — (s —50)A) + 52 02((€ — 504) + (s +50)A) — 2(& — SOA) 1
*“Ow((é — 50A) — (s —s0)A) + 5 %((s T+ G Fs0A) i€ ) o

——3
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and a r» > 0 such that for each s € B(sq, 1)

202((E +50A) = s+ 50)A) + F002((E +50A) + (s = s0)A) — ol +s0d) _ 1

3001 (€ + 50A) — (5 + 50)A) + 5201 (& +50A) + (5 — 50)A) — 91§ +50A) Ot

For each s € B(sg, r), where r = min{ry, 2} and noticing that ¢ is strictly convex, one can get

A, A,
02( é%)(s)—oz( S)(so) 1

A, A, =
01( é%)(s)—al( E)(so) C+

— 28,
which is absurd.
Acknowledgements

The work of the first author was supported by PhD grant 83371 from Fundagdo Calouste Gulbenkian (Portugal),
while the second author was supported by project MTM2007-62945 from Ministerio de Educacién y Ciencia (Spain)
and by project PCI08-0084-0424 of the JCCM (Castilla La Mancha).

References

[1] J.J. Alibert, B. Dacorogna, An example of a quasiconvex function not polyconvex in dimension 2, Arch. Rational Mech. Anal. 117 (1992)
155-166.
[2] J.M. Ball, Convexity conditions and existence theorems in nonlinear elasticity, Arch. Rational Mech. Anal. 63 (1977) 337-403.
[3] B. Dacorogna, Direct Methods in the Calculus of Variations, Springer, 1989.
[4] B. Dacorogna, J. Douchet, W. Gangbo, J. Rappaz, Some examples of rank one convex functions in dimension two, Proc. Roy. Soc. Edinburgh
Sect. A 114 (1-2) (1990) 135-150.
[5] B. Dacorogna, P. Marcellini, A counterexample in the vectorial calculus of variations, in: Material Instabilities in Continuum Mechanics,
Oxford Sci. Publ., Oxford Univ. Press, New York, 1988, pp. 77-83.
[6] S. Gutiérrez, A necessary condition for the quasiconvexity of polynomials of degree four, J. Convex Anal. 13 (1) (2006) 51-60.
[7] C.B. Morrey, Quasiconvexity and the lower semicontinuity of multiple integrals, Pacific J. Math. 2 (1952) 25-53.
[8] P. Pedregal, Laminates and microstructure, Eur. J. Appl. Math. 4 (2) (1993) 121-149.
[9] E. Schost, Computing parametric geometric resolutions, Appl. Algebra Engrg. Comm. Comput. 13 (5) (2003) 349-393.
[10] D. Wang, Elimination Methods, Texts and Monographs in Symbolic Computation, Springer, 2001.
[11] V. Weispfenning, Comprehensive Grobner bases, J. Symbolic Comput. 14 (1992) 1-29.



	Finding new families of rank-one convex polynomials
	Introduction
	Alternative route: Laminates
	Examples
	Classical examples
	New examples

	Main proof
	Acknowledgements
	References


