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Abstract

We consider solutions to the incompressible Navier—Stokes equations on the periodic domain §2 = [0, 2713 with potential body
forces. Let R € H! (.Q)3 denote the set of all initial data that lead to regular solutions. Our main result is to construct a suitable
Banach space S such that the normalization map W : R — §7 is continuous, and such that the normal form of the Navier—Stokes
equations is a well-posed system in all of S:‘. We also show that S{’; may be seen as a subset of a larger Banach space V* and that
the extended Navier—Stokes equations, which are known to have global solutions, are well-posed in V*.
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1. Introduction

The Navier—Stokes equations describe the dynamics of incompressible, viscous fluid flows. These equations con-
tinue to pose great challenges in mathematics. In particular, the problem of the long time existence of regular solutions
is still open. One of the main difficulties in studying the three dimensional Navier—Stokes equations is the analysis
of the role of the nonlinear terms in the equations. It is therefore appropriate to consider the simplest case when that
role is minimal. One such case occurs when the solutions are periodic in the space variables and the body forces are
potential.

The asymptotic behavior of the regular solution u(r) = S(r)u’ of the Navier—Stokes equations in the periodic
domain with potential forces where u° is the initial data was studied in a series of papers [5—7]. It was shown that the
regular solution u(#) possesses an asymptotic expansion, namely,
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W)
normal (1) S; W(0,")
000,
Sext (1) V*
Fig. 1. Commutative diagram.
00
w(t) ~ Y Wy(t,ul)e™, ast— oo, (1.1)

n=1

where W, (z, u®) is a polynomial in # whose values are divergence-free trigonometric polynomials. For more details,
see (2.10) and the explanations afterward.

Associated to such an asymptotic expansion are the normalization map W (x°) and the normal form for the Navier—
Stokes equations, which is an infinite system of finite dimensional ordinary differential equations. The polynomials
W, (t,u% in (1.1) may be explicitly computed from W (u9) using a recursive formula deduced from the nonlinear terms
of the Navier—Stokes equations. The image of the normalization map and the solutions Snormal(t)é of the normal form,
where £ is the initial data, were originally studied in a Frechet space S4. Briefly, Sy = D,2 RnH where R, H is
the eigenspace of the Stokes operator corresponding to the eigenvalue n or, if n is not an eigenvalue, the trivial linear
space {0}. Since the topology of component-wise convergence associated to the Frechet space S4 is very weak, more
precise analysis may be obtained by studying the normalization map and the normal form in a subspace S of 54
endowed with a stronger norm-induced topology.

In our previous paper [3], among other things, we constructed a suitable Banach space S%, a subspace of S4, on
which the normal form is a well-posed system near the origin. The norm ||i||, of & = (u,);2 , € S} is of the form

o0
litlle =" pull Vil 12 (1.2)

n=1

where £2 = (0, 27)3 is the domain of periodicity and (Pn);2 is a sequence of positive weights. In that study, we
also defined a system of the extended Navier—Stokes equations which is appropriate to the study of the asymptotic
expansion of § (H)u® as well as the solution Snormal(t)é of the normal form. In addition, we proved that the semigroup
Sext(t) generated by the extended Navier—Stokes equations leaves invariant a Banach space V*, which is defined
similarly to §%. A missing piece of our study in [3] is an affirmative answer to the question whether W (u®) belongs
to §%. Also the properties and relations of W, S(¢), Snormal (f) and Sex(#) in the above star spaces had only begun to
be addressed and studied.

The current paper is a continuation of [3]. Our main result is to obtain a choice of weights p, such that the norm
given by (1.2) yields a Banach space S C Sa which contains the image of the normalization map. Moreover, we
establish the everywhere continuity properties of Spormal (7), Sext(f) and W with respect to this norm. We summarize
our results in the commutative diagram (Fig. 1), where all mappings are continuous. The precise definitions of the
maps and spaces in the diagram are given in Section 2.

Our results imply that for each regular solution u(#) the series

o

Z ope ™ ” W, (t, u(O)) || < 00.

n=1
However, the weights p, decrease very rapidly and the main question of whether the asymptotic expansion
ZE’;I e MW, (t, u(0)) actually converges in V to the solution u(z) is still open.

This paper is organized as follows. Section 2 recalls the definitions and properties of the asymptotic expansions,
the normalization map and the normal form. In Section 3, we study the extended Navier—Stokes equations and show
the conditions on the weights p, given in [3] restated here as Definition 2.1 ensure that Sex(¢): V* — V* is con-
tinuous. The estimates obtained in this section will be used later in the study of the normalization map and the
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normal form. Section 4 contains our study of the normal form. In particular, we show that Spormar (¢) : §% — S and
0(0,-): 8} — V™ are also continuous with respect to any of the norms given by Definition 2.1. In Section 5, we study
the normalization map, construct a new norm and prove our main results. Namely, we construct norms satisfying
Definition 2.1 of the type specified in Definition 5.2 for which the normalization map W:R — S} is continuous.
Appendix A provides a number of lemmas on numeric series needed for our norm estimates as well as a useful global
estimate for the difference of two regular solutions of the Navier—Stokes equations.

2. Preliminaries
2.1. Mathematical setting

The initial value problem for the incompressible Navier-Stokes equations in the three-dimensional space R* with
a potential body force is

ou
ot
divu =0,

u(x, 0) = u’(x),

where v > 0 is the kinematic viscosity, u = u(x, t) is the unknown velocity field, p is the unknown pressure, (—V¢) is
the body force specified by a given function ¢ and u®(x) is the known initial velocity field. We consider only solutions
u(x, t) such that for any 7 > 0, u(x) = u(x, t) satisfies

+@-V)u—vAu=-Vp -V,
2.1)

u(x+Le;) =u(x) forallxe R3, j=1,2,3, (2.2)
and

/ u(x)dx =0, (2.3)

2

where L > 0 is fixed and £2 = (—L/2, L/2)3. We call the functions satisfying (2.2) L-periodic functions. Throughout
this paper we take L =27 and v = 1. The general case is easily recovered by a change of scale.

Let V be the set of all L-periodic trigonometric polynomials on 2 with values in R® which are divergence-free as
well as satisfy the condition (2.3). We define

{ H = closure of V in L?(£2)3,

V =closure of Vin H'(£2)3,

where H'! (£2) with1 =0, 1,2, ... denotes the Sobolev space of functions ¢ € L?(£2) such that for every multi-index
o with |a| < the distributional derivative D%¢ € LZ(Q).

For a = (aj, az, a3) and b = (b1, ba, b3) in R3, define a- b = a1b; + asbs + azbz and |a| = /a-a. Let (-, -) and
| - | denote the scalar product and norm in L2(£2)3 given by

o) = [0 vwdx =)' u=ue). v=v() e L2@),
Q
Note that we use | - | for the length of vectors in R? as well as the L2-norm of vector fields in L>(£2)3. In each case
the context clarifies the precise meaning of this notation.

Let P; denote the orthogonal projection in L?(£2)? onto H. On V we consider the inner product ((-, -)) and the
norm ||| defined by

3
(o)=Y /dex and fJull = ((u,u)'?,

oxp  0xi

foru =wu(-) = (uy,up,u3) and v =v(-) = (v, v2,v3) in V.
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Define the Stokes operator A with domain D4 = V N H?(£2)3 by
Au=—Au forallu € Dy. (2.4)

The inner product of u, v € D4 and the norm of w € D4 are defined by (Au, Av) and |Aw|, respectively. Note for
w € Dy that (2.3) implies the norm |Aw| is equivalent to the usual Sobolev norm of H 2(£2)3. We also define the
bilinear mapping associated with the nonlinear term in the Navier—Stokes equations by

B(u,v) = Pr(u-Vv) forallu,veDjy. (2.5)

A classical result tracing back to Leray’s pioneering works on the Navier—Stokes equations in the 1930’s (see, e.g.,
[11-13]) is that for any initial data u’(x) in H there exists a weak solution u(x, ) defined for all x € R and 7 > 0
which eventually becomes analytic in space and time and |[u(-, )| g1 ()3 converges exponentially to zero as t — 00
(see also [1,9,4]). Thus there is #y > 0 such that the solution u(t) = u(, t) is continuous from [fy, o0) into V and
satisfies the following functional form of the Navier—Stokes equations

du(t)
dt

where the equation holds in H. We say that u(¢),t > fo, is a regular solution to the Navier—Stokes equations on
[70, 00). We denote R the set of all initial value u° € V such that there is a (unique) solution u(¢),t > 0, satisfying

+ Au(t) + B(u(),u()) =0, 1> 1,

du(t
ZE ) + Au(t) + B(u(®), u(t)) =0, >0, (2.6)
with the initial data
u@ =u’ev, (2.7

where the equation holds in H, and u(¢) is continuous from [0, co) into V. In other words, R is the set of all initial
data u® € V such that the solution u(r) of the Navier—Stokes equations (2.6) is regular (hence also unique) on [0, 00).

We recall that the spectrum o (A) of the Stokes operator A consists of the eigenvalues A1 < Ay < A3 < --- of the
form A; = |k|? for some k € Z3\ {0} where j =1,2,3,.... Note that A; = 1 = |e;|* and hence the additive semigroup
generated by o (A) coincides with the set N = {1, 2, 3,...} of all natural numbers. For n € N we denote by R, the
orthogonal projection of H onto the eigenspace of A associated to n. Thus,

R,H ={ue€ H: Au=nu}.
If n is an eigenvalue of A, then R, H is generated by functions of the form
(af +iad)e ™ + (af —iad)e ®¥, keZ?, kP =n,
where
ap,ap €R? and a) -k=af -k=0.
Otherwise R,, = 0. For example, R7 =0, Rj5 =0, R3 =0, .... Define
Phb=Ri+Ry+---+R, and Q,=1-P,. (2.8)

2.2. The asymptotic behavior of solutions

Let us recall some known results on the asymptotic expansions and the normal form of the regular solutions to the
Navier—Stokes equations (see [5—7,10] for more details). First, for any uY € R there is an eigenvalue ng of A such that

lu@l*

Jlim s =0 and  lim u(r)e" = w,, ®) € Ry H \ {0}. (2.9)

Furthermore, u () has the asymptotic expansion

u(t) ~qi(e”" +q)e ™ +q3()e > 4 -, (2.10)
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where ¢ (t), also denoted by W;(t, u%), is a polynomial in ¢ of degree at most j — 1 with values trigonometric
polynomials in H. This means that for any N € N the correction term 1 (t) = u(t) — Zjvz 14 (t)e /! satisfies

|ﬂN+1(t)| = O(e_(NJrs)t) ast — oo for some ¢ =gy > 0. (2.11)

In fact, ity 11 (¢) belongs to C1([0, 00), V) N C*®((0, 00), C*®(R?)), and for each m € N

N1 ”Hm((z) = O(e_(N“)’) as t — oo for some & = ey, > 0. (2.12)

Define the normalization map W by Wu® = W, w® @ Wou® & ---, where Wj(uo) = Rjq;(0) for j € N.
Then W is an one-to-one analytic mapping from R to the Frechet space Sy = R1H @ RoH @ - - - endowed with the
component-wise topology.

The case (2.9) holds if and only if W (uo) = Wz(uo) == no_l(uo) =0and W, (uo) # 0. In this case

q1=4q2=""={4ny—1 = 0 and qny = wno(uo) = Wno(uo)o
If % € R then the polynomials g () are the unique polynomial solutions to the following equations

4+ (A= gj)+Bj®)=0, treR, (2.13)
with

Rjqj(0) = W;w’), (2.14)
where the terms B (¢) are defined by

B =0 and Bj()= Y B(g(®),q ) forj>1. (2.15)

k+l=j

Given arbitrary & = (1), € Sa, the polynomial solutions g;(t, £) of (2.13) satisfying the initial condition

R;q;(0) =§;, are explicitly given by the recursive formula

t
n

_ _p—1d
qj<t,s>=s,~—ijﬂj<r>dr+Z<—1>"“[<A—j)(l—R,)] = R)B;. (2.16)

0 n>0

for j € N. Here [(A — j)(I — R;)17"~ ! is defined by

. —n—1 ak ik-x
[(A= DT -RH]™" u= Z.ngk
Ik|%#

for u = Z|k|z¢ j axe’™* e V. Above I denotes the identity map on H.
Note that, with our notation, for u® € R, we have Wiz, ud) = q;(t, W (u%)) forall j e Nand ¢ € R.

Finally, the S4-valued function é(t) = (&, (t));',":l = (W, (u (t)));'loz1 = W(u(t)) satisfies the following system of
differential equations

dé (1) _

T HAE(0) =0, .
dSn(t) P P :
- +Asn(r>+kﬂZ:anB(qk(o,s(r>),q,-(0,é(r)))=0, n>1.

This system is the normal form of the Navier—Stokes equations (2.6) associated with the asymptotic expansion (2.10).
It is easy to check that the solution of (2.17) with initial data EO = (é,?)flo:l € Sy is precisely (R,qx(t, éo)e_”’)flozl.
Thus, formula (2.16) yields the normal form and its solutions.
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2.3. Complexification of the Navier—Stokes equations

We introduce the Navier—Stokes equations with complex times and their analytic solutions (see [1,8]). Let X be a
real Hilbert space with scalar product (-,-) x. Define the complexification of X as

Xc={u—+iv: u,veX}
with the addition and scalar product defined by
(Ui +iuz) + (1 +iv2) = (u1 +v1) +i(uz + v2)
and
(&1 +i5) (w1 +iuz) = Guy — Sup +i(Sui + S1uo)
for uy, us, vy, v2 € X and {1, §&» € R. The complexified space X is a Hilbert space with respect to the inner product
A+ iv,u' +iv)xe = (@, u)x + @, 0)x +i[ (v, u)x — (u,v)x],

where u,v,u’,v' € X. When X = H or X = V, we obtain the complexified spaces Hc and V. We keep the same
notation for their corresponding inner products and norms.
The Stokes operator may be extended to Dy = (Da)c as

A(u+iv)=Au—+iAv, u,veDy.

Similarly, B(, ) can be extended to a bounded bilinear map from V¢ x Dy to Hc by
B(u+iv,u'+iv')=Bu,u’) — Bv,v') +i[B(u,v) + B(v,u)]

foru,v eV, u’,v € Dy. Note that unlike the real case we have
(B(u,v),v)2£0, foru,veDg..

The Navier—Stokes equations with complex times is defined as

d
Z(;) + B(u(?). u(©)) + Au(g) =0, 2.18)
with the initial condition
u(o) =u*, (2.19)

where ¢y € C and u* € V¢ are given. Here d/d¢ denotes the complex derivative of Hc-valued functions.
2.4. The extended Navier—Stokes equations

The u, () = W, (¢, u®)e ™" must satisfy the following system of equations
duy (1)

0 + Au,(t) + B,(t) =0, >0, (2.20)
1n (0) = u, 2.21)
where
Bi(t)=0 and B,(t)= Z B(uj(t), uk(t)) forn > 1. (2.22)
Jjt+k=n
One can extend u,,(¢) for t > 0 to u, (¢) for ¢ € C with Re¢ > Re y. Then
dun(é‘) A _
Az + Au,(Z)+ B,(¢)=0, ¢e€C, Re¢ >Reg, (2.23)
un(So) = uy,, (2.24)

where ¢p € C, u}, € Vc and
Bi(¢)=0 and B,(Q)= Y B(uj(@),ux()) forn>1.
Jj+k=n
Above, Re ¢ denotes the real part of the complex number ¢.
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2.5. Prerequisites

The following spaces are introduced in the previous studies [3,5-7] of the normalization map and the normal form
of the Navier—Stokes equations. Let V¢ and (R, H)c, for n € N, be the complexifications of V and R, H, respectively
as in Section 2.3. Define the complex linear Frechet space

V(go = {1z = (un)zozlt Up € V(C}v
its subspace
(Sa)c = {it = (un)yy: un € (RyH)c} C VE°

and recall that the real linear space VX is VOV OV H---.

Let S(z,19): R — R be the semigroup generated by the Navier—Stokes equations (2.6) with initial time #9. We
denote S(¢t) = S(¢, 0).

Let Sext (¢, ¢0) : V° — V° be the semigroup generated by the extended Navier—Stokes equations (2.23) with initial
complexified time ¢p. Also denote Sext(¢) = Sext(¢, 0).

Let Snormal(t) : S4 — S4 be the semigroup generated by the normal form of Navier—Stokes equations (2.17).

Recall W:u € R — W(u) € Sa. Define the following maps

W(t,)iue R (Walt,ue ™) 2 € V>,
Qt,):E €Sar> (qu(t,E)e™™) " € V™.

The studies of W and Shormal () in the above Frechet spaces can be made more precise by strengthening the
topology. To this end we introduce the normed subspaces V3, V* and S7 as
Ve={ue Ve llull. <oo}, V*=VENVE Si=S4nV?%,
where then norm |||, has already been defined in (1.2) depending on a sequence of positive weights p;,.
Clearly V%, V* and % are Banach spaces.
Concerning the choice of p, in defining the weighted norm in (1.2), we recall as Definition 2.1 the particular
sequence (0,)°° , constructed in [3].

n=1

Let C; be the positive constant introduced in Appendix A and define
1
- 24c,

Note that g9 and Cj are essentially the same constant. We write &9 when we are focusing on something being small
and C| otherwise.

€0 (2.25)

Definition 2.1. Let (a,,);2 | be a sequence of numbers satisfying

o0
@120, @, >0 forn>1 and Y a,<1/2. (2.26)
n=1
Construct the sequence (pn)ff’: | as follows: let p; =1 and for n > 1 define
o, =min{prp;: k+ j=nandk, j € N}. (2.27)
Then let
0 ind 1 il 1 (2.28)
< =0, miny 1, , h>1, :
Pn = On 16ggmax{1, L3, Cin3/2}
where
L3, =2C1e*(C2/2)" n*(n — 2)![(n — 2)*/* + n/?], (2.29)

and the positive numbers ag and C; are defined in Lemma A.2.

We summarize some results from [3]. Let p, be as in Definition 2.1 and the norm ||- ||, be defined by (1.2). We have
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Fact 2.2. Sexi(7) leaves V* invariant for all 7 > 0.

Fact 2.3. There is a neighborhood O of the origin in S% such that Q(0,-): O — V* and Syormal(t) : O — S fort >0
are well-defined and Lipschitz continuous.

3. The extended Navier-Stokes equations

o0
n=1

In the first part of this section (p, is a sequence of positive numbers satisfying

Pn = Kn min{PkPﬁ k+j=n}, «,€01], n>2. (3.1

Note that the particular choice of p, used as the weights given in Definition 2.1 satisfy condition (3.1). After de-
riving some basic estimates which will be used throughout this paper, we show how they quickly lead to the Lipschitz
continuity of each Sex((#) near the origin in V*. We finish by showing for «,, satisfying the additional condition (3.39)
that Sex((?) is continuous in the whole space V*, that is, the extended Navier—Stokes equations are well-posed in V*.

First, we have the following version of Proposition 3.1 in [3]. The proof of the estimates with weights p,, is the
same as in Lemma 3.3 below in which we only use the fact that

pn <min{pgpj: k+j=n}, n=2. 3.2)

Proposition 3.1. Let §p € C and u* = (uy,);2 | € V7. Let () = Sext (¢, So)u*. For s € (0,00), 0 € (—n/2,7/2) and
n € N, we have

Pn |un (G0 + s€') | < yne5 <, (3.3)
oA NP
| on u,,({0+,oe.0)| 0 < Vn 7 (34)
| onttn (S0 + pe') || cosf
where
— * _ * Cl
n=pilail, vo=palisll+——> 37wy (3.5)

k+j=n
However, taking into account the factor «;,, in (3.1), we derive the following refined version of Proposition 3.1.

Corollary 3.2. The conclusions (3.3)—(3.4) in Proposition 3.1 hold true for y, defined by

N Cik
yi=plleill. va=pallegll+ —— > wy;. (3.6)
cosf
k+j=n
Proof. Define
1 Ci . a
=il v =+ 3 vy, G-D
cosf Pl

Proposition 3.1 applied with (3.7) in place of (3.5) and p, = 1 for all n € N implies
lun (o + se®)|| <y Pes 8.
Moreover plyl(l) =y and
C1K 1 1
o < palgll+ ——= " pry oy
cosf
k+j=n
implies by induction that p,y," < y, for all n € N. Therefore
on a0 + 56| < P Ve 00 < 50,

Similar arguments obtain (3.4) with y,, defined by (3.6). O
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The difference of two solutions of the extended Navier—Stokes equations also satisfy estimates similar to those in
Proposition 3.1 and Corollary 3.2.

Lemma 3.3. Let & € C and i* = u})°,, 7* = ()%, € V. Let i({) = Sext(¢, £0)i*, 9(8) = Sext(¢, £0)T*. Let

n=1" =
W*=u* — 0" = (wy) and w =0 — v = (wy,) - ,. Fors € (0,00), 0 € (—m/2,m/2) and n € N, we have

pullwn (@ +5e™)| < pne™ <" (3.8)
and
p 02
[on Awy, (S + pe'®)| 0 Mn
Il onwn (S0 + P€i9)|| = cosf’

(3.9)

where

. Ci
pe=pulwill = pallwpl + —— 30 k@it vi), (3.10)
k+j=n

where Yy 4, Yn,v are defined as in Proposition 3.1, namely

1
cosf
k+j=n

* * C
viw=pluil, Vau=pallgll+—— D VeuVju (3.11)

. Ci
yo=olvil vao =onlvil+—— 3 veaviee (3.12)
k+j=n

Proof. We will prove (3.8) and (3.9) by induction. First, when n =1,
WL pw =0, wi () = w*
— w; =0, w =wj.
dc 1 1(%o 1
Hence wi($p+¢) = e_waf for Re¢ > 0. It follows that
[wi@o+0)| <e Rewill, Re¢ >o0. (3.13)
Also, d||w1]|/ds + cos@|Aw;|?/||wi || = 0, thus (3.9) holds for n = 1.
Now, let N > 1 and assume for induction that (3.8) and (3.9) hold forn =1,2, ..., N — 1. We have

d
awN + Awy + Z (B(wg, uj) + B(vg, wj)) =0.

d¢ k+j=N
Hence, with ¢ = ¢o + se'? we obtain

dw . .
TN 4 e Awy + elf Z (B(wg, uj) + B(vk, wj)) =0.

ds k+j=N
It follows that

1dlwy|?
2 ds

+cosOlAwn > < Crllwyll Y- [lwill Awgl? | Auj| + ol Ave] 2| Aw;]].
k+j=N

For k € N and s > 0 denote
i (s) = puuk Qo +5€'?),  Di(s) = prve Qo +5€'%),  Wi(s) = prwi (Lo + se').
Using the fact that py < pxp; for k + j = N, we obtain

Ld[byl?
2 ds

+cosO| Ay > < Crllbyll Y [Ibill/ Ay |2 | Adj| + 19kl A |2 | Add ] (3.14)

k+j=N
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Then we have

dlby | Ay
0S0 ——
ds iy
| At |'/? | A | R
<Cr Y. [ g I | e 2 | el 4 a1
L il a1l
| Aty |/ |Ad;| . R R
+C1 Y [ o 10 174 | g el ([ 4 114
L Il
|Au)k|2 1/4 |Aﬁ|2 R 1/2 R . 1/4
<cl( > NTARL > ”,’” i | > Il
k+j=N Wk k+j=N uj k+j=N
|Ai}k|2 . 1/4 |Alf)'|2 . 1/2 . . 1/4
+c1< > AL > ”@;’” 19| D Illid;l)
ktj=N 1Yk ktj=N " k+j=N
Using Proposition 3.1 along with the induction hypothesis
d||u Ay |?
Il ooq AN
ds iy
s |Ad2 M |Aij |2 12 4
< Cie 4sc059< Z m)/jyu Z i ” Z MkVju
ktj=n "k “i k+j=N
s | AD ““ Ad; 2\ A
+Cre 4”“0( > T > TR 2 Yeohtj)
ktj=N K ktj=n "I k+j=N
We have
174 A (o) a
||wN(s)||<e—“°“’||wrv||+e—“°59c1< > um,u) [/ > ooy Ve
k+j=N krj=n 1k
5 R 12F s 1/4
|Aiij (p)|? _
" [/ 2 Ty e /e Pap
o k+j=N " P 0
14 e
N _;c050C1( > Mﬂ/ku> [/ > N RTTRRRG
k+j=N k+j=N k(P
5 12 s 1/4
Adj(p)]?
X[/ > o y"’”dp} [/e_pmed’)} |
o k+i=N ie 0
Hence

Cq Cy
~ —s5cos6 .~ —scos6 —scos6
[in ()] < e byl +e ™ —— 3" iy +e T — > wiven
cosf & cosf &
k+j=N k+j=N

C
—scosf ) .~ —scosf
<emseos {IIwNII tooss 2 MWt m)} =0y,
k+j=N
Integrating (3.14), we obtain (3.9) for n = N by similar estimates, thus completing the induction. O

Similar to Corollary 3.2, we derive the following version of Lemma 3.3 in which the estimates depend on &,
explicitly.
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Corollary 3.4. The statements in Lemma 3.3 hold true for

C1K
pr=pilwil, e =pallwll + —
cosf

> i+ vio). (3.15)
k+j=n

where Yy u, Yn,v are defined as in Corollary 3.2, namely

* Cikn
yia=piluils vua=palluyll+ —= Z VeV ju (3.16)
k+j=n
i o aeq o C1kn 3.17
Yiw = p1lvil, yn,v—pn||vn||+Cosek§nyk,vyj,v. (3.17)

Proof. The proof is almost identical to the proof of Corollary 3.2. O

The estimates in Lemma 3.3 are adequate for establishing the Lipschitz continuity of the Sex(r)it’, when i is
close to the origin. We recall as Lemma 3.5 some basic estimates from Proposition 3.9 of [3].

Lemma 3.5. (See [3].) Given N € N and ug eV,n=1,...,N. Letu,(¢),n=1,..., N, Re¢ > 0, be the solutions
to the extended Navier—Stokes equations (2.23) with ¢y = 0 satisfying u, (0) = ug Denote

$a (@)= pilu;j@]. Sp=8:(0)., n=1,....N, Rez > 0.

j=1

Suppose Sy < gg. Let

yvi=pilull,  va=paludl +6C1 > wny; 1<n<N, (3.18)
k+j=n
Pr=vi.  Ta=wm+3C1 Y %y, l<n<N. (3.19)
k+j=n
Then
Pn ”un(t)” < Vneita t>0,1<n<N, (3.20)
onllun(@)|| < Twe™ R, ¢eE, 1<n<N, (3.21)

where the domain E is defined in (A.5), and

Xn:?jszi:y,- <48y, I<n<N. (3.22)
k=1 k=1
In particular,
Sn(t) <28, 120, 1<n <N, (3.23)
and
Su(¢) <4S,e” "8, e E, 1<n<N. (3.24)

Theorem 3.6. Let Byx(g9/2) be the open ball in V* of radius ey/2 centered at the origin. Then the map
Sext(€) : By+(g0/2) — V* is Lipschitz continuous for all { € E. More precisely,

| Sext 0)it® = Sexe)D° |, < 27" (|i® = s, £ >0, (3.25)
[ Sext(©)it® — Sext (©)P°], < 4e™ R4 )a® — °).., ¢ €E. (3.26)

for any i°, 10 € V* such that ||ii°||, < €0/2 and ||2°]|, < €0/2.
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Proof. Let ii({) = Sext()it’, 9(¢) = Sext(¢)0°. Let w° = it® — 30 = (w)>® | and w = it — ¥ = (w,)>°,. Let

pwi=pillwll, = palwl+Cr D kWi vin), n> 1, (3.27)
k+j=n
and
fi=pu1,  fn=pa+3C1 Y Gt Pie), n>1, (3.28)
k+j=n

where y; ., Vju (respectively y; o, V; ) are defined as in Lemma 3.5 for i (respectively 9?).

Claims.
on|wa@) | < pne™, t>0,n>1, (3.29)
on|wn ()| < fne™ R, ¢eE, n>1, (3.30)
oo oo
D i <2) s <AIE°,. (331)
n=1 n=1

After proving these claims, then inequality (3.25) (respectively inequality (3.26)) follows from (3.29) (respectively
(3.30)) and (3.31).

Proof of the claims. Let it = (u,)% |, i’ = (u0)2 , v = (v,)%2, and ?° = (V)% ,. Let

n=1> n=1>

n
0 0 0
Snu=Y_pillufll,  Spp= Zp,nv,,n, Snw = Zp,nw,n.
j=1 j=1 j=1

Since Sy 4, Sp,v < €0/2 for all n € N, Lemma 3.5 implies

00 00 00 00
Z Yn,u < €o, Z Yn,v < €o, Z ]7n,u <2¢ and Z 77n,v < 2eyp.
n=1 n=1 n=1 n=1

We also have

n—1 n—1
Z/L/ Snw+C1<ZMj>Z(V/u+V/v) Snw"‘Cl(ZM/)(ZSO)—Snw 122”/’

Jj=1 Jj=1 Jj=1 Jj=1

thus ijl wj <28y, Letting n — oo gives the second inequality of (3.31). Now, summing up (3.28),

n ) n anN n—1 ) } n n } n 1 n 3
;w<§uj+3cl<;u,~>;(m+y,~,v)<;u,~+3cl<;u,~><4so>=;u,+5;M,~.

Hence Z 1l < ZZJ | mj <48y . Letting n — oo yields the first inequality in (3.31).
Applying Lemma 3.3 with (o =0, s =¢ and 6 =0, we have

pallwn O < phe™, >0, n>1, (3.32)
where
W=pilwlll,  w)=pallwgll +C1 D ) ). >, (3.33)
k+j=n
vea=piludl, vl =l +Cr D v (3.34)
k+j=n
vy =pil0l v =pallogl+C1 Y v vy (3.35)

k+j=n
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Note that the above y,f{ w y,g » given in Proposition 3.1 and used in Lemma 3.3 are not the same as y;, ;,, ¥u,v givenin
Lemma 3.5 and used in the current theorem. However, based on their formulas, we have y,gu < Y and )/,2 o < Vv
Hence /1,2 < Uy, and therefore (3.29) follows from (3.32).

Let¢ =1+ sel? € E, then cosf > 1/(3€"). Applying Lemma 3.3 with ¢y = #o, we have

P | wa(to + se') || < fin(to)e <, (3.36)
where [i1(f9) = p1llwy (to) Il

fin (t0) = pu || wn (t0) | +3C1e® Z ik (00) (7j.u (t0) + Pju(t0)), n>1, (3.37)
k+j=n

where y1 ,,(t0) = p1llu1 (t0) |I;

Vo (10) = pu | un (t0)|| +3C 1" Z Ve (10)Vju(to), n>1, (3.38)
k+j=n
and y; ,(to) are defined similarly using v, (fo).
It is known that (cf. proof of Theorem 3.7 in [3])
J7j,u (o) < ?j,ue_to and fj,v(tO) < fj,ve_lo-
Hence by (3.29) and by induction, one can show i (f) < e 0 = fije™,
fin(t0) < pne™® +3C1e° D" e O (Fjue 0 + Pipe ) = fipe 0, n> 1.
k+j=n

Therefore (3.30) follows from (3.36). The proof is complete. O

Our next goal is to study the extended Navier—Stokes equations in the whole space V* rather than only near the
origin. For that purpose we require that the positive numbers k, in (3.1) satisfy

lim «,/" =0. (3.39)

n—o00

Note that (3.39) holds true for the weights defining V* given in Definition 2.1 because of the rapid growth of L3 ;.
First recall Theorem 4.3 in [3], the existence theorem in V* for the extended Navier—Stokes equations. Note that
the constant M appearing here results from using Lemma A.3 in place of Lemma 4.2 in [3].

Theorem 3.7. (See [3].) Let % e V*. Then Sext(t)ﬁo € V* forall t > 0. More precisely,

|Sexc ||, < Me™, >0, (3.40)
where
o0
M =[|i||, + C1 Y rn(n — 1M, (3.41)
n=2
Mo = max{1,2C1ic, (n — 1)} max{1,2]1a°|I, ). (3.42)

We establish the well-posedness of the extended Navier—Stokes equations now.

Theorem 3.8. Sex (1) is continuous from V* to V*, for t € [0, 00). More precisely, for any i° € V* and & > 0, there is
6 > 0 such that

[ Sext()7° = Sexe()° |, < €™,

for all 1° € V* satisfying ||0° — i®||, < 8 and for all t > 0.
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Proof. Given i € V*. Let 1° € V* such that [|u® — 00|, < 1. Let it(t) = Sexc()it?, 9(t) = Sex(1)v° and w =it — v =
(wn)y2 ;- Let Yiuus Vv and u, be defined by

viw=pll, Vo= palupll+Ciin Y VeuViuwr 7> 1, (3.43)
k+j=n
viv=pl0l Yaew=pallvdll+Ciin Y VewViw. n> 1. (3.44)
k+j=n
and
pr=pilwdll,  pn=pallwpll + Cikn D mkWju+ vjw)- (3.45)
k+j=n
Taking ¢o =0, s =t and € = 0 in Corollaries 3.2 and 3.4 we obtain
Pn ||un(t) ” < Vn,ueit’ Pn “ Un(t)” < Vn,veits t >0, (3.46)
and
Pn ||wn([)|| g,une_t» t>0. (3.47)
Let
hi=pi(lufl+1001),  hw=pa(lupll + 1001) + Cicw Y hihj, n> 1. (3.48)
k+j=n

Noting that w1 < y1,u + y1,0 =h1 and Yk uVju + YewVjv < Ve + Vi) (Vju + Vj.v), One can prove by induction
that

Yau + Voo < h, andthen pu, <h,, neN.

By Lemma A.3, we have

o o
Dk Ul 4+ 1200+ C1 Y kn(n — My,
n=1

n=1

where Mo = K max{1, 2(|ii°||, + |2°]l,)} and K = max{1,2Ck,(n — 1): n > 1}. Hence ||To|lx < |litollx + 1 implies

o0 N o0
S by < ME 20+ 14 C1 Y ka(n — D[2K 211 +1)]"
n=1

n=1
which is finite and independent of @°. For N > 0, considering 3", _ s, We have

Do <Y pullwpll +Cr Y kw0 1k W+ Vi)

n>N n>N n>N k+j=n

ZKH< > hkhj>

o
0
<D pallwpll 4+ €
n=1 n>N k+j=n

<lwlle +M*C1 Y~ k.
n>N

Given ¢ > 0. Let N = N (||i°||,) be sufficiently large such that
€
C1M2 Z Kn < 7
n>N
By virtue of (3.45), u; < @], and u, < |0°], + M Z;l;% wj,n> 1, where M = C1 M (sup,>, kn) > 0. Therefore
tn < O, || 0O, for all n € N, where 6, are positive numbers defined recursively by

n—1
Or=1, Oy=14+M) 6;, n>Ll
j=1



C. Foias et al. / Ann. I. H. Poincaré — AN 26 (2009) 1635-1673 1649

Take 8 = &/[2(1 + 3, 6,)]. For [|w°]|, = [|iZ® — 8°|l < 8, we have

N
Zun Zun + D M < ||w°||*(1 +Zen> +CIM? ) kn <e/2+e/2=¢.

n>N n=1 n>N

Therefore, inequality (3.47) implies [|w () ||, <e ™" Y oo un <ge ' foralls >0. O

For the complexified extended Navier—Stokes equations the following estimates are important for our study of
the normal form of the Navier—Stokes equations and the normalization map in subsequent sections. Combining the
estimates in Proposition 3.6 and the proof of Theorem 3.7 in [3] we obtain

Proposition 3.9. Let (u, (¢ ))OO | Jor Reg“ > 0 be the solution to the extended Navier—Stokes equations (2.23) with
¢o = 0 and initial condition u, (0) = un € Ve forn € N. Then

puun )] < yue™. 10, (3.49)
pn|un @) < Fwe” R4, ¢ €E, (3.50)
where
vi=pilufll,  va=pallugll +Cicn Y ny), (3.51)
k+j=n
B=vi.  Ta=wa+3Cikn Y BT (3.52)
k+j=n

Proof. Inequality (3.49) was obtained in Corollary 3.2. Given ¢ =1 + se'? € E, let
Cikn

710 = pi | V(1) = pn|un ()] + 050 Z Ve@)y(0). (3.53)
k+j=n
It follows from Corollary 3.2 that
Pn |Jun(t + 5€) || < Put)e 5. (3.54)
Claim.
Vn(t) < Pne™". (3.55)

Clearly 71() = p1llur1 (|| < y1e™! = pre~". For induction, assume y;(t) < pre”" for all k < n. Since ¢ =1t +

¢ € E, we have e~/ cos6 < 3. Therefore
- _ Ciknpe™ . —
Ta(t) <e ’{yn + ﬁ > Vij} < Pne (3.56)
k+j=n

Combining (3.54) and (3.55) yields (3.50) foralln e N. O
Similar arguments using Corollary 3.4 yield

Proposition 3.10. Le ii°, 1° € V° and w(§) = (wy)?2 | = Sext(0)it® — Sex(£)0°. Then we have

on||wn )] < pne™, 120, (3.57)
on | wa (O] < fine™ R, ¢ €E, (3.58)

where
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wr=pilwlll,  n=pallwpll +Cikn D wkWiu + Vi), (3.59)
k+j=n
fr=p1, = +3Cikn Y ik Fiut P, (3.60)
k+j=n

and y;j , and y; , (respectively y;, and y; ,) are defined as in Proposition 3.9 for i? (respectively 1°).
The complex version of Theorem 3.8 then easily follows.
Theorem 3.11. For any § € E, Sext(¢) maps V{ to V& and is continuous.

As a consequence of the study of the extended Navier—Stokes equations in this section, we show the explicit
continuous dependence on the initial data of the regular solutions S(¢)u® with small norm ||u°||. Our explicit estimates
will be used in proving the continuity of the normalization map in Section 4.

Corollary 3.12. Suppose u®, v° € V¢ satisfy |u®|| < €0/2 and |v°| < e9/2. Let w(¢) = S()u® — S()v° for ¢ € E.
Then

lw@® | <2w’le”™, >0, (3.61)
lw@)| <4lw’lle R, ¢ eE. (3.62)

Proof. Let i = (1°,0,0,...), ?° = v°,0,0,...), w° = #° — ¥° and let p, = 1 for all n € N. Let ii(¢) =
Wn (032} = Sext(©)it® and 5(2) = (4 (£)52; = Sext(¢)0°. It is known from [3] that S(0)u® =02 u,(¢) and

S0 =30 vy(0). Let SO =37 lwlll, Sy = Y7 _; mk and Sy =Y"}_, fix. By Proposition 3.10

n n n—1 n—1
D ome <Y Il +C (Zm) (Z Yiu+ yj,v>. (3.63)
k=1 k=1 k=1 j=1
By Lemma 3.5, we have
n n
D v <2l <o, D70 <4l <20, (3.64)

j=1 j=1

and similarly,

n n
Y oviw<en, DT <260 (3.65)
j=1 j=1

Therefore
Sn < 8y +260C1Su—1 < Sp + (1/2) 81

since 2e9gC1 = 1/12. By induction, we obtain §,, < 252. Letting n — oo we obtain (3.61).
Similarly, using the formula of [,

Sn < S +1260C1 8- 1= S, + (1/2)5,-1.
By induction, one can prove S‘n <25, < 45,9. Letting n — oo gives (3.62). O

4. Solutions to the normal form

In [3] we proved that there are positive numbers p,, n € N, such that the solution Snormal (£)& of the normal
form (2.17) is in S for all # > O when ||& | is small. The numbers p,,n > 1, are of the form (3.1), namely,
p1=1, pn =knmin{prpj: k+j=n}, n=2,

for some particular numbers «,, € (0, 1].
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In this section, we find a condition on k; under which Snormal(t)§ belongs to $% for all # > 0, whenever § €Sy
This says that the semigroup Spormal(?), ¢ > 0, generated by the solutions of the normal form of the Navier—Stokes
equations leaves invariant the whole space S7 . Furthermore, we establish the continuity (but not necessarily Lipschitz
continuity) of each Syormar(f) as a map form §% to S%, which means that the normal form is a well-posed system.

We take &, € (0, 1] satisfying

lim nk,/" =0. 4.1)

n—0o0

Note that condition (4.1) is more stringent than (3.39). Moreover, the weights explicitly defined in Definition 2.1 also
satisfy this more stringent condition.

Theorem 4.1. Let & = (£,)°° | € S%. Then Snormai (1)& € S for all t > 0. Moreover;
” Shormal (t)é H* < Me_t, t>0, 4.2)

where M is a positive number depending on ||€||, and the sequence (o) ;-
Proof. Let

xi=m=y =y =p1l&l

and n > 1, we recursively define

Xn = pull&nll, 4.3)
Nn = Xn + Kkn Dy Z ?k];js 4.4)
k+j=n
Yo =1+ Cikn D W) (4.5)
k+j=n
Pa=Vn+3Cikn Y TV (4.6)
k+j=n
D, = C120n32Cy =227, 4.7)

where the constants ag and C; are defined in Lemma A.2.

Claims.
pn ”‘Zn (07 é}) || < 77n, ne Nv (48)
pn”un(t)” =ﬂ)n||d||‘1n(t’é)e_m <ywe”', neN, >0, 4.9)
P [un (@) || = pu|gn (2. E)e ™ || < Fwe R, neN, ¢ eE. (4.10)

Indeed, following the proof of Lemma 6.2 in [3], we obtain

pn”Qn(Ové)ngn +kn(D1,n + D2 ) Z 771()7]7

k+j=n
where
o0
n* 2 2 2
Dy, =Ci(n— 2)3/4ch* /e* “(t 4+ ap)" 2 dr,
0

0
_ 3/2 n’ n—2 2r n—2
Dy, =Cin Icz e (|‘[|+ao) dr.

—00
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Elementary calculation shows Di,n 4+ D3, < Dy and hence (4.8) follows. Then (4.9) and (4.10) follow by the virtue
of Proposition 3.9 with u =qn(0, £).
Note that

Xn<'7n<3/n<)7n-

For each n, summing up (4.4)—(4.6) gives

J7n < xp + Ky (Dy +4C1) Z J7kj7j
k+j=n

From (4.1),
Tim {k, (D, +acp)" =o. @.11)

By Lemma A.3 and (4.11), we have ) .~ | 7 = M < oo. Then it follows from (4.9) that
o0
||Snormal(t)‘i:| Z“e Qn(t g)” ZZVn <Me™,
=1
forallr >0. O '
Theorem 4.2. The map Snormal(t)§ is continuous in é foreacht > 0.

Proof. Let & = (&,),en and ¥ = (Xn)nen be in 8% - Let

yi=vi=pr = =p1l& = xll- (4.12)
Forn > 1, let

Yn = pnllén — Xnlls 4.13)

Vi = Yn + knDp llk(l;j,é + );j‘x)’ (4.14)
k+j=n

tn=va+Cikn Y k(i + Vi) (4.15)
k+j=n

fin=pn+3Cukn Y Pz + 70 (4.16)

k+j=n

where y; ¢ and y; ¢ (respectively y; , and y; ,) are defined by (4.5) and (4.6) for £ (respectively j). Let u,(¢) =
gn(¢,E)e™¢ and v, (¢) = ¢, (¢, x)e™"¢, n € N. Following the proof of Lemma 7.3 in [3], we obtain

Pn ”Mn(o) —v,(0) “ < Vn. 4.17)
Then by Proposition 3.10

pn|un (@) = va O] < pne™, >0, (4.18)

pn[[un(@) = va @) | < fne™ R, ¢ €E. (4.19)
Since yj ¢ < Ve, Vi < Vjx and y, < v, < Uy < fip, it follows from (4.13)—(4.16) that

fn <yn+&n Y k(Fje + i) (4.20)

k+j=n

where

Kn = kn(Dp +4C1). 4.21)

The proof now proceeds as in Theorem 3.8. O
We close this section by remarking that the proofs of Theorems 4.1 and 4.2 also show

Proposition 4.3. The map Q(0, -): S% — V* is well-defined and continuous.
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5. The normalization map

In [3], we did not know whether W (1) belongs to some S with appropriate o, for even small [|°||. In this section
we show provided the weights p, satisfy the additional conditions in Definition 5.2 below for n € N that W (u?) € S
The continuity of W as a map from R to such a space S is also established.

5.1. The range of the normalization map

Let u® € R and let u(t) = S(t)u® be the regular solution to the Navier—Stokes equations with the initial data ud.
Let u, (1) = W, (t,u%)e ™ forn € Nand r > 0. Then the asymptotic expansion of u(¢) is

u(t)~2un(t) =ZW,,(t,u0)e_'” as t — oo. (5.1)
For n > 2, denote

n—1

n—1
iin(t) =u(t) — Zuk(t) =Stu’ — Z Wi(t, u®)e ™.

k=1 k=1
Let B, () be defined as in (2.15) with g, (1) = g, (¢, W) = W, (t, u). Explicitly, B1(¢) =0 and forn > 1
Ba) =Y B(Wit.u®), Wit u®)) =" > B(ur(t).u;()). (5.2)
k+j=n k+j=n

Let ug =W, (0, u®) forn e Nand i® = (ug)iozl. Since W, (7, u%) = qn(t, W (u%)) for n € N we obtain
=00, wu®) and () -, =Sex(®)ii®, t>0. (5.3)
Similarly, for complex times ¢ € E we write u, (¢) = W, (¢, u®)e ™" forn € Nso that (1, (£))° | = Sext({)it®. Recall
that the set E is defined in (A.5).
We start with a recursive formula of W, (uo).
Lemma 5.1. Let u° € R and u(t) = St)u®. Then
Wi %) = lim e'u(r) = lim & Ryu(r), (5.4)
t—>00 —>00

where the limits are taken in the V norm.
Forneo(A) andn > 2 we have

00
Wn(uo)anﬁn(O)_ et Z RyB(ug,uj)dt
0 k,j<n—1
k+j>n+1
9]
—/e'”R,,[B(u, iin) + B(iin, u) — B(ity, iin)]dt. (5.5)
0

Proof. Eq. (5.4) follows from the asymptotic expansion of the solution u(#). In particular, from (2.12) we obtain
li2 () || = O (e~ 1+ and from (2.16) we obtain Wi (%) = Ry Wi (®, 0) = W, (°, 1) for all ¢ > 0. Therefore

[Wi@®) — &' Riu@®)|| = | RiW1(0,u’) — &' Ryu(t)||
< [Wi0,u”) —e'u@|
< [Wi0,u) = Wi, u®) | + |||
<0+ 0@ ) >0 ast— oo.

Similarly || W1 @®) — e'u(z)|| — 0 as t — oo.
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Letn >2and n € o (A). We know from (5.1) given € € (0, 1) that ii,, (t) = W,, (¢, u®)e ™ + O(e~"+9") as t — oo.
By (2.16),

t t
Wy (uO) =R, W,(t, MO) + / RyBn(r)dt = emRn’Zn(t) + O(e_gl) + / RyBn(T)dT.
0 0

Letting t — oo gives
t
W, @®) = lim [e"’Rnan(t)+ / R,,ﬂn(r)dri|. (5.6)
11— 00
0

Recall from (2.20) and (2.6) that
du

dt

du
dtm+Aum+ Z B(ug,u;j)=0, m=1,2,...,n—1.
k+j=m

+ Au+ B(u,u) =0,

It follows that the remainder i, (t) = u(t) — ZZ;% uy (1) satisfies

diiy, - - - -

o Al B, i) + B, 1) = Blin, @)+ Y Blui,uj) =0, (5.7)
k,j<n—1
k+j=>n

Then R, A =nR,, on Dy implies

d -
(@ Rafi) +€" Y RyBlukuj) +e Y RuBlu,uj)
k+j=n k,j<n—1
k+j2n+1

+ emRn[B(uv un) + By, u) — B(uy, ﬁn)] =0
after applying the projection R, to (5.7) and multiplying it by ™. Integrating yields
t

entRnﬁlz(l)+/Rnﬁn(T)dt

0
t t
:R,,ﬁ,,(O)—/e’” > RnB(uk,u,-)dr—/e”fRn[B(u,ﬁn)JrB(an,u)—B(ﬁn,an)]dr. (5.8)
k,j<n—1 0
k+j2n+l1

Since u, = W, (¢, u®)e™ where W, (z, ug) is a polynomial in ¢ then (A.2) implies

e > | RuBaoup| < D Cremn H luglllu |l < g(t)e
k.jsn—1 k,j<n—1
k+j>=n+1 k+j>=n+1
where ¢ (¢) is a polynomial in ¢. Thus, the limit
o0
" > RyB(ug,uj)dt
0 k,j<n—1
k+j>zn+1
converges. The argument that the last integral in (5.8) converges as t — oo follows from the estimates (5.36)—(5.38).
In fact, explicit bounds for each of the terms appearing on the right-hand side of (5.8) will be given in the proof of
Lemma 5.6. Now, letting + — oo in (5.8) and using (5.6) we obtain (5.5). O
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To estimate the integrals on the right-hand side of (5.5), we not only need to have good estimates of the integrands
for large 7, but for small t as well. Therefore the energy inequality for regular solutions to the Navier—Stokes equations
will play a crucial role in our estimates.

We recall from [3] that if ||u®|| < &g then u® € R and

lu)| <2u’lle™, ¢>o0, (5.9)
lu@)| < 4lulle R, ¢ eE. (5.10)

For general u® € R, the energy estimate is

t/
|u(t/)|2+2/||u(r)||2dr <lu, =10 (5.11)
t
By Poincaré’s and Gronwall’s inequalities
@] <e W, >0, (5.12)
hence
t/
2f“u(r)”2dr <|u]? <e WP, =10, (5.13)
t
In particular,
o0
Z/Hu(r)uzdt < u?. (5.14)
0

Denote log"‘ o =log(max{l, «}) and let
to = to(u”) =log™ (2|u°|/0) + 1. (5.15)

Taker =ty — 1,1 =19 in (5.13). It follows that thereis a t; € (9 — 1, fo) such that ||u(t))| < |u(tg—1)| < e~lot! |u0| <
€o/2. Then by (5.9),

Jutto)| <2|u] < eo. (5.16)
Hence it follows from (5.9) and (5.10) that

Jutto+1)|| <280e7 ", T >0. (5.17)

lutto +¢)| < 4ege™ B¢, ¢ €eE. (5.18)
If lu|| < o, we simply take 7o = 0. Note that

¢ < go = go®) & max{e, 2¢[lu’ /&0 (5.19)

Definition 5.2. Let («;,)7° , be a fixed sequence of real numbers in the interval (0, 1] satisfying
lim (c/)!/?" =0. (5.20)
n—o0
We define the sequence of positive weights (p,);2 | by
KnPp_i

== = > n> 1, (521)
" max{L,, L}}

p1=1,

where (i,,)";o=2 and (f,;,)sozz are defined by (5.56) and (5.90), respectively, and depend only on the constants Cy, C»
and ao.
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Note that I:,, >3 and I:; > 1 for all n > 2. Therefore the sequence (o, ff:l is decreasing and p, < K,’, forn > 1.
Define
Pn
Kn = —; 5 s
min{pep;: k+ j =n}

n>=?2.

Then k, < ,on,on__z1 <k, Z,;l <« < 1. Thus (3.1) holds as in Sections 3 and 4. Moreover,

n
. 1/2
lim Kn/
n—o0

"—0 and subsequently  lim n/c,l/n =0. (5.22)
n—o0

Therefore p,, and «,, satisfy (3.1), (3.39) and (4.1) for any choices of sequences (in)Zo:z and (li;1 ZO:Z such that I:n >3
and lN,;l > 1, in particular, for the choices given by (5.56) and (5.90). Note also that

o o
Z Kk, and Z on  are finite. (5.23)
n=1 n=1

Moreover,
172" n
Dn/ < (const-n)"?" -1 asn— oo

implies that

o
> iy Dy < 0. (5.24)
n=1

Definition 5.3. We denote for each u° € R,

NMn = Pn H W, (0, MO) , neN, (5.25)

vi=ni,  va=m+Ci Y ny, n>1, (5.26)
k+j=n

Y1=7Y1, Vn="¥n +3Ci1ky Z Vi, n>1. (5.27)
k+j=n

It follows from Proposition 3.9 that

P [un @ = pu | Wa(t, u®)e™ | < yue™, >0, (5.28)
| tn ()] = ou | W (6. u®)e™ | < Jne™ RS, ¢ eE. (5.29)
Consequently, by Lemma A.2,

pu[un (@) < nFne ™ [C2t +ap)]"”", 1> 0. (5.30)

Definition 5.4. For u® € R and n > 1, denote

n—1
My @) = W)+ — " mi, (5.31)
n—1 =1
= 271/2
M, ) = {|M0|2+2—(Zyk) } : (5.32)
n—1 \ k=1
=10 n—1
M, ) =4e0+ —— Y P (5.33)
Pn—1 k=1

We need the following recursive inequalities for estimating the right-hand side of (5.5).
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Lemma 5.5. Let u® € R and N > 1. Then

liin O] < My @,
2N

l+ . 1>0,

lin o+ )| < My@®)e " 5

N-1 2
(Zn) = M),
=1 \ k=1

)
[lax@Par <t +
0

e @]

[ ¥l o] dr < 26N Ly Juto |t )

fo
o

/ Niin ()| di < N0 LY N ),
0]
where

2(2n)! , e(4n)!

2n 7 Y e I neN.

n=

Proof. First, note that

N—-1 1 N—-1
lin O < Ju@) |+ > Jux®|| < Ju@)]| + —
- PN-1 =

since pj,, is decreasing. Taking # = 0 in (5.40) yields (5.34).

Second, since ¢ € E implies 7o + ¢ € E, then by (5.18) and (5.29) forn =1,2,..., N

N—1 —i
lin o+ 0| < Juto+ O + Y Jutto+ )| <e™ Ref( Zn)

k=1

for ¢ € E. Given any € > 0 then
lin o+ )| < |ins1to+ D) + Jun o + )|
<O + oy 'Nywe VOO [Cato + 7 +ap) |V
— O(e—(N—E)‘[)
as T — 0o. Now Lemma A.1 implies

P
||ﬁN(l0 + ‘L')“ < <480 —+ p Z J/k)e (N—e)T
N

£ [2V=0)

1
_ + 2

k=1

and taking € — 0 yields (5.35).
Third, squaring (5.40) and integrating yields

/ jonolar< f falor s zyk} .

0

Then (5.36) follows from the energy inequality (5.14).

— 1, we have

1657

(5.34)

(5.35)

(5.36)

(5.37)

(5.38)

(5.39)

(5.40)

(5.41)
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Fourth, from (5.9) and (5.35) we obtain

[ luollanolar=e* [ ¥t + o] fixo + o] dr
1o 0
< y L2V
éeNtO/eNr(2||u(t0)He_r)(MN(uo)e_Nr 1+§ )dt
0

< 26N Ly u(to) | My ),

since
e - 2n X , e2
/e*’ 1+—| dr< /(t’/2)2”e*’ 247 = ;' 2n+1)=Ly.
2 22n
0 0
Fifth,
x® ) % y L [2V)2 y
/eN’”L?N(t)” dtéeNtO/eNT{MN(uo)e_NT 1—|—§ } dt:eN'OL}\,MIZV(uO),
fo 0
since
co 4n 2n
_nt T e F(4n+l)_ ,
0

The proof is complete. O
Our main recursive step is

Lemma 5.6. Let u® € R. For N > 1 let My = My @), My = M,’l(uo) and My = My u®). We then have

N-1 2
LO,N - -
[ Wi )] < My + ;sz 1)<§ Vk) +eMOL©O, N) {1+ [P + My* + M3},
- k=1

where L(0, n) defined by (5.43) below for n > 1 are positive constants independent of u® and p,.

Proof. If N ¢ o (A), then Wx (1% = 0 and (5.42) holds. We now consider the case N € o (A). By (5.5),

o
[wn )] < law@ ] + [ 3 Ry dr
0 kj<N-1
k+j>=N+1
Ji
o0 o0
+/eN’(||RNB(u,zzN)H + ||RNB(12N,u)H)err/eN’HRNB(ﬁN,aN)H dt
0 0
Jo J3

= |an O + Ji + 22+ Ja.

According to Lemma 5.5, we first have ||iy (0)|| < My ).

(5.42)
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Estimate of J;. By using inequality (A.2), the fact ,012\,_l <min{pgp;: k, j < N — 1}, and the estimates (5.30) of
lux (t) ||, we obtain

o
_ ~ o~ . k+j-2 _— i
Jlg,z)]\,27]C1N3/4/eNr Z yky/k][Cz(t—f-ao)] I DT gt
kj<N—1
k+j>N+1
o

— ~ ~ 2(N—-1)—-2 _ i
o2 N / MNN-12 Y G +a N et ar

0 kj<N-1
k+j>N+1

o0

N-1 2
< p;,2_1C1N3/4(N - 1)2< Z )71() C%N_“/e_f(r +ag)*N 4 dr.
k=1 0
Forn e N,

0 o0
C1n3/4(n _ 1)2C§n—4fe—f(r +a0)2n—4 dt g C] an_4n3/4(n _ 1)2/6_-[’-‘,-(1()1,/2}’1—4 df/ — L(l,n),
0 0
where L(1,n) = e CC3" *n3/4(n — 1)>I"(2n — 3). Hence

N-1 2
Ji <py?y LA, N)( > h) .

k=1

Estimate of J,. By (A.2),

o
h< / 2NN u ||y 0| dt
0

fp oo
= (f+/>2C1N3/4eNt |lu@)|||in @] dt = It + J22.
0

fo

For J>,1 we use (5.36) and (5.14)

f 12 , o 1/
o <2C1N3/4eN’°</Hu(l)”2di> (/Ilﬁzv(f)}|2d’>
0 0

<V2C N34 N 010 My,
< L2, N)eMu®| M), where L(2,n) =+2Cin¥*, neN.
For J,» we use (5.37) and (5.16)

2

Jop SACIN AN Ly My (u®) |uto) |
< 4C180N3/46‘N10MNLN
=L@3,N)eNMy where L(3,n) =4Cieon>*L,,, n e N.

Estimate of J3. By (A.2)

In) o0
3 <C1N3/4<f+/>eN’||ﬁN(z)||2dt:13,1 + J32.
0

fo
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For J3,1, we use (5.36)
J3.1 SCIN*eNo M2 = L4, N)e""M)?  where L(4,n) = Cin*/* neN.
For J3 2, we use (5.38)
J32 <SCINY*eNOMEL LY, = L(5, N)eNOM3,  where L(5,n) = Cin**L, neN.

Combining the above estimates we obtain

La. Ny (=N
Wy @®)] < My + ;2 )<ZJ7k)

N-1 k=1
+eVO{L©2, N)|u®|M)y + L3, N)My + L(4, NYMy} + L(5, N) M3},
Inequality (5.42) easily follows with
L(O,n)= max{L(l, n), %L(Z, n)+ L4, n), %L(S, n)+ L(5, n)}
forn>1. O
Definition 5.7. Given u° € R. Let

~ 0
x1=ni =y =y =ptlu’|.

Forn > 1, let

n—1 n—1 2 n—1 2
xnzpn||u°||+x,;( i +K;<Zf,;*) +x,;ggll+||u°||2+<2f,;*) }
k=1

k=1 k=1
nn_-xn "l‘K,/an )7k*~]>'kv
k+j=n
vi=mi+Cu, Y Vv
k+j=n
VE=y +3Cik, Z Vi Vi
k+j=n

where D,, are defined as in (4.7) and g is given in (5.19).

Our next goal is to prove that p, ||£, || < x, for all n € N. In fact, we have

Lemma 5.8. Let u® € R and let xy, 1%, y,¥, 7,* be defined as in Definition 5.7. For all n € N, we have

P | W @®)]| < x,

P |un )| = ou | Wa (0, u®) || < n,

Pn|un @] = o | Wa(t, u®)e™ || < yFe™, >0,

P |un ()| = pu | Wz, e ™™ | < 7re™RE, ¢ eE.

(5.43)

(5.44)

(5.45)

(5.46)

(5.47)

(5.48)

(5.49)
(5.50)
(5.51)
(5.52)

Proof. Let &, = W,(u%),n € N and W(u°) = & = (£,)>,. Using the notation in Definition 5.3 and inequalities

n=1"

(5.28)—(5.29), it suffices to prove that

onllénll < xp, Ungﬂ;, )/n<3/,f, )7n<)7:, neN.
For n = 1, we have by (2.16) that

u1(0) = W1(0,u’) = q1(0,8) = &.

(5.53)

(5.54)
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Therefore (2.23) implies
up(t)=&e”" and w1 Q) =§1e". (5.55)

From Lemma 5.1, | W; @®)|| = |W; @®)| = limy_ o0 €' |u ()| < |u°] < ||u®]|. Therefore (5.53) holds for n = 1.
For induction, let N > 1 and assume (5.53) holds forn =1,...,N — 1. Let T, = (3_}_; 7)/pn, n > 1. Then,
from Definitions 5.3 and 5.4 we immediately have

My <O+ Tty M2 <P+ T2, My <deo+Thot, M2 <3263 +2T2 .
It follows from Lemma 5.6 that
IENI < P + =1} + {LO, MTy_ } + VL, N){1+ [u®1* + (1u®1* + Ty_;) + 32e5 +2T5_1)}
<Nl + Ty + Ly T3_y + Lyvgh {1+ 1’1 + T3, .
where
L, =max{1, L(0,n)} max{l +32¢§,3}, n>1, (5.56)

are positive constants greater than or equal 3, independent of #° and depending only on C;, C; and ag. Multiplying

by pn, we derive
1 2
)7k> }
1
=1

k= k=1
N—

N—1 2 N-1 2
< o 1] +K,’v< 7:‘) +K,’V< k) +K,’vg{¥{1 + 11> + (Z k) }
k=1 k=1 k

by the induction hypothesis. Thus the first inequality of (5.53) holds for » = N. Applying the arguments used to obtain
(4.8) in the proof of Theorem 4.1 with equations (5.45)—(5.48) in place of (4.3)—(4.6) we obtain

M = | Wa (0, 10) | = pun |4 0. 8) || <},
the second inequality of (5.53) for n = N. Now the last two inequalities of (5.53) follow easily. The induction is hence
complete. O

—_ =

N-1 N-1 2 N
PN IEN T < o (1] +K;V<ka) +K’N<ka) +K;Vg{¥{1+ 1> + (Z
k

Theorem 5.9. For any u® e R, W (u°) S In other words, the range of the normalization map is contained in the
Banach space S%.

Proof. It is clear from Definition 5.7 that x,, < n} < y,f < yf for all n € N. For each n, summing up (5.45)—(5.48)
and noting that go > 1, K,/l < 1, we obtain:

n—1 n—1 2 n—1 2 n—1 2
7 < poallu +K,;<ka*) +x,’,(2f;) +x,;g3{1 + 1”1 + <Zf£‘) } +1,(Ds +4cl><Z?k*>
k=1 k=1 k=1 k=1
n—1 2
<pn||u°||+ﬁ,i‘g6’{l+||u°||2+(Zﬁ*) }
k=1

where & =/ (D, + 4C + 3) is independent of u°. Let a, = p, |u®|| and X = /1 + [|u®||2. We then have
n—1 2
vE<an+k} gl {X2 + (Z ;7,:‘) } (5.57)
k=1

Note that - | a, is finite by (5.24) and (5.20) implies lim,_, « (&;})'/?" = 0. Applying Lemma A.5 we obtain
that Zzo: 1 Vi is finite. Thus (5.49) in Lemma 5.8 implies

o o o0
[Wah =3l Wa] < 3o < 3700 < 0.
n=1 n=1 n=1

Therefore W (1°) € §%. O
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Regarding the commutative diagram in the Introduction, we also obtain
Corollary 5.10. For any u® € R then (W, (0,u®))>, € V*, i.e, W(0,R) C V*.

Proof. This follows from the proof of Theorem 5.9 since

an [ Wa(0.u%] —Znn Zyn <co. O

n=1

Remark 5.11.~N0te that the results up to now, in particular, those of Theorem 5.9 and Corollary 5.10, are valid for
any choice of L/, in Definition 5.2 such that L/, is independent of uo.

In our study of the continuity of the normalization map below, it will be necessary to specify a bound K (u°)
on ) 7Y in terms of Il only. For this purpose, we introduce the following function K{(r, s) based on (5.57),
Lemmas A.4 and A.5.

Definition 5.12. Given r > 0 and s > 1. Let k;, = «;,(D, + 4C1 4 3)s". Let a| = pir and a;, = p,r + k;,(D, +4C| +
3) 4+ k! (1 +r?) for n > 1. Define

o o
Ki(r,s) = Za,; +a? Zk;,MW—“, (5.58)

n=1 n=1

where o = sup{a,: n € N} and M =3 sup{l, o, ko n > 1}.

Note that K (r, s) is finite and is increasing in each variable r and s. In addition, if we let
n—1 2
di=d, and d,=d, +k;<2dk) forn > 1, (5.59)
k=1
then Y _,7, dy < Ki(r,s) by virtue of Lemma A 4.
Lemma 5.13. Given u® € R. Let ty > 0 and gy > 1 satisfy
|uto)|| <eo and € < go. (5.60)

Then all the results in Section 5.1 hold true for these particular values of ty and go. Furthermore, using the notation
set in Definitions 5.3, 5.7 and 5.4, we have

Z <K =K1 (14°]l, go)- (5.61)

Consequently,

M, (u®) < 4ep+

M, u®), M), u®) < [1u®) +
Pn—1 Pn—1

(5.62)

Proof. Due to (5.57), Lemma A.5 and Definition 5.12, Zn LV < ZOO_ dn, < K, where the d,, are defined by (5.59)

n=1

for r = ||u°|| and s = go. Hence inequality (5.61) holds true. The other inequalities in (5.62) follow easily. O

Remark 5.14. A bound K (u°) for >~ 7. can be obtained from Lemma 5.13 by taking K u®) = K1(JJu®|l, go@®))
where go(u?) is given by (5.19).



C. Foias et al. / Ann. I. H. Poincaré — AN 26 (2009) 1635-1673

5.2. The continuity of the normalization map

We now study the continuity of the normalization map W : R — 7. Let u’ € R be fixed. We show that W is

continuous at u°. For the rest of this section we assume, unless otherwise stated, that
WeR and [0 —ul) <1.
Let
) n—1
u()=SOu’, i) =wit,u®)e ", i) =u) =Y u;),
j=1
n—1
v(®) =S, v =W, 00, T) =v(E) =Y v,(0).
j=1
We have for any € > 0 that

ldn@® | =0 """ and ||#,(t)] =0 "), t— cc.

Let
0 0 0y00
ud =u,(0), v)=v,0), =), = )%,
W=U—V, Wy=Uy—Vy, Wy=Iy— Uy,
w'=u" =% wd=w,0)=ul -0

Note that i’ = Q(0, W (u?)), 8° = Q(0, W (1)) and (u, (1)) | = Sexc()it’, (v (1)) ; = Sext(#)2°. Corollary 5.10

implies that i, 10 € V*.

To estimate || W(uO) — W(vo) I+ we begin with a recursive formula for the difference W, (uo) - Wy (vo) similar

to (5.5).

Lemma 5.15. Let u®, v° € R and n € o (A) with n > 1. Then we have

W ®) — W, 0°)

o o0
= Ry, (0) —/e’” > Ru[Bwi.uj) + Bvp. w; /e’”R [B(w, iin) + B(iiy, w)]|dt
k,j<n—1
0 k+jj>’:1+1 0
o0 o
fe’”R B(v, Wy) + B(ib,, v) dt—i—/e’”R [B(Wn, iin) + B(Vy, wn)]d
0 0

Proof. We have from (5.6),
t
Wn (u()) - Wn(vo) = tgrgo{emRnwn @)+ / Ry [IBn,uo (r) — IBn,v0 (T)] dr } s
0

where B, ,0(7) and B, ,0(7) are defined by (5.2) for u® and v0 respectively.
Recall from (5.7) that for n > 2,

du

d"+Aun+ > Blu,uj)+ B, iin) + Bl u) — By, iin) =0,
k,j<n—1
k+j=n

dv,
dt

+AB+ Y B, )+ B, By) + BBy, v) — B(By, ) =0.

k,j<n—1
k+j>n
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Then w,, satisfies the equation

d s

dt" +AB, + Y [Blug.uj) — B, v))]
k,j<n—1
k+j>=n

+ B(w, ity) + B(v, Wn) + Biin, w) + B(Wn, v) — [B(Wn, n) + B(Uy, wn)] =0.
Hence
t
entanI)n(t)—i-/Rn[,Bn,uo(r)—,Bn’vo(f)]dr

0
t

t
:Rnﬁ)n(O)—/e’” > Rn[B(wk,uj)+B(vk,wj)]dt—/e'”Rn[B(v, Wn) + B(iy, v)]dt
k. j<n—1

0 k+]j>nn+1 0

t 1
— f ¢""Ry[B(w, iiy) + B(ity, w)]d7 + / ¢"" Ry [ B(Wy, iin) + B(n, Wy)]dr.
0 0
Letting + — oo and using (5.68) give (5.67). O

In estimating the integrands on the right-hand side of (5.67), we use the estimates obtained in Section 5.1 applied to
both u° and v°. However, 70(v°) and go(v?) given by formulas (5.15) and (5.19) respectively, may vary for different v°.
For our convenience, we fix for the rest of this section

to = log™ (8(Ilu’|l + 1)/e0) + 1 > 0, (5.69)

g0 = max]e, 8e([|u’] + 1)/e0}. (5.70)
Similar to (5.16), we have

Juteo|

Since e < gg and by (5.71), the condition (5.60) in Lemma 5.13 is satisfied for both u® and v°. Therefore any results
in Section 5.1 applied to u° or v° are understood with 7y and go taking the values in (5.69) and (5.70) respectively.
By (5.71) and Corollary 3.12,

v(t0)|| < e0/2 (5.71)

’

Jwto+ )| <2|wo)|e™", >0, (5.72)
[wto + )| <4|wo)|e R4, ¢ eE. (5.73)

Definition 5.16. Define y; ,, ¥j,« and y; ,, ¥ v as in Definition 5.3 for u® and v° respectively. Let

Vn = pullwill = on | Wa(0,u®) = W,(0,0°) |, neN, (5.74)

M=V a =+ Cikn Y ke Wjat Vo), n> 1 (5.75)
k+j=n

fv=p1,  fin=pn+3Cn Y kGt o) n> 1 (5.76)
k+j=n

Applying Proposition 3.10 with i2® and ° given by (5.64), we have

pn|wn | < pne™, 1> 0, (5.77)
pnlwn @] < ne™ R, ¢ €E. (5.78)
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Consequently, by Lemma A.2,

pu|[wn ()| < nfine ™ [Catt +ap)]"”", 1 >0. (5.79)

The following are some estimates similar to those in Lemma 5.5.

Lemma 5.17. Let n > 1, we have

@ O] < K, (5.80)
2n
o+ 1) <Kue " (1+ %) , >0, (5.81)
Jnt0+ 0] < e (14
fo
/ | wn )| dr < K2, (5.82)
0
where
1 n—1
Kp = |w©]| + o > w (5.83)
k=1
—to h—1
Ko =4|w(to)| + = i > i (5.84)
Pn—1
k=1

1 n—1 24172
K;={2N2|w(0)|2+2—(zuk>} , (5.85)

n—1 \ k=1

where the positive number Ny = Nz(uo) is defined in Lemma A.8.

Proof. The derivations of inequalities (5.80) and (5.81) are almost exactly like (5.34) and (5.35). Inequality (5.82)
follows from Lemma A.8 using similar techniques. O

The analogue of Lemma 5.6 is

Lemma 5.18. Given u® € R. Let v° € R such that ||u® — v°| < 1. Then there is M = M (u®) > 1 such that for each
n>1,

n—1
pn | W @) = Wa 00| < a0 +K,;M"{|w0| + Jwo) | +3Zm}. (5.86)
k=1

Proof. We derive from (5.67)

[e ¢
[Wo @) — W, ) || < | Rt (0)]| +/e"f > |RuBwi, uj) + Ry Bwg, w)) | dt
0 k,j<n—1
k+j>n+1
Ji
[e¢) o
+/e”’HR,,B(w,12n)~|—R,,B(12,,,w)” dt~|—/e”’HR,,B(v,d)n)+R,,B(1I;,,,v)” dt

0 0

J J3



1666 C. Foias et al. / Ann. 1. H. Poincaré — AN 26 (2009) 1635-1673

oo
[ IR B )+ Ry G )
0

Ja
= | Rywn (O] + J1 + T2 + J3 + Ja.
First, [|R,w(0)|| < Ky, by (5.80).

Estimate of J;. Using inequalities (A.2), (5.30) and (5.79), we obtain

-1

L(6.n) o L(6.n) .

I <=5 > @it Pi) < 5 (K@) + K") Y i
Pr-1 k j<n ktj>n Pr-1 k=1

where L(6,n) = L(1,n).

Estimate of J,. Using (A.2), we have

1o [oe]
hg(/+/)%mﬁ%ﬂWmMMNWw=hJ+h;
0 fo

For J,1, use (A.21) and (5.36)

0 12¢ 1o 12
Joa <2C1n3/4ent0[/“w(t)“zdt} {/”ﬂ”(t)nzdt}
0 0

<2013/ /N, [w(0)| M), (1) = L(7, n)e"/Na|w(0)| M}, (u?),
where No = N»(u) is defined in Lemma A.8. For J2.2, use (5.72) and (5.35)

oo
2n
Jon < 2Cln3/4/e"’0e"f(2||w(z0) ||e—f){1f4n(u°)e—"f<1 1 %) }dr
0

<4C e |w(to) || | Mu ) Ly = L(8, n)e™ | w(to) | My (u®).

Estimate of J3. By inequality (A.2),

0]

J3 <2C1n3/4(/+
0

For J3 1, use (5.14) and (5.82)

fo 1/2¢ o 1/
B <2C1n3/4e”f0{/”v(r)”zdt} {/Hi)n(t)szt}
0 0

<2034 0K = L9, n)e™ 0| K.
For J3 2, use (5.9) and (5.81)

/ ) [o@lno) | de = 55,1 + 3.

]

2

o0
2n
J32 < 2C1n3/4e"’0/e"1{2||v(t0) ||e_f}{lg,,e_'”<l + %) }dr
0

<2014 |v(to) | Lu Ky = L(10,n)e™ | v(t0) | K-
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Estimate of J4. By inequality (A.2),

J4<C1ng/4</ /) (lan O] + |02 @) [|0n @) | dt = Ja1 + Ja2.

For Jy4,1, use (5.36) and (5.82)
fo

1/2( to
Ja <C1n3/4€m°{f2||’1n(t)||2+2”5n(t)”2dt} {f||i’n(t)||2dt}
0

0
< V204 e (M), %) + M, (00K,
= L(11,n)e" (M), ) + M, (v")) K|,
For J42, use (5.35) and (5.81),

o0
Jyp < Cynd/4ento / 8_"1(1\;1;1(“0) + Mn(vo))len
0
= L(12, n)e" (M, ) + M, ")) K,

Combining the inequalities above, we obtain

n—1
L
( P (K W)+ K0 > ik

nfl k=1
+ L3, n)e" |/ Na|wO | M, (u®) + [ w(t0) | Ma ) + 0° K],

+ [lv(o) | Kn + Ky (M, @) + My, 0%) + Ky (M, () + M, (0%) ] (5.87)

1/2

4n
dt

1435
2

(W @®) = W, )| < K +

Note that all constants which depend on v° depend on it through the norms |v°| or || 0| Since ||u® — v°|| < 1, these

constants may all be estimated in terms of |u°| 4+ 1 and ||u®|| + 1. More specifically, let M; = K1(||u®|| + 1, go), then
Lemma 5.13 yields K @®), K% < M; and
M M
— < —=,
Pn—1 Pn—1

M, ), M), (u®), M, (%), M, (v°) < [Ju®] + 1+ (5.88)

- - M M
M, (%), M, (v°) < 4e0 + <—=,
Pn—1 Pn—1

where My = M + ||u0|| + 1 4 4e9. Therefore, there are positive numbers Mo = go (uo), M and M, depending only
on u? so that inequality (5.87) gives

(5.89)

n—1
(W @®) = W, )| < K + L©.m@M) > i

2
Pr-1 k=1
M: M> ek 3My, . 2M
+L(l3,n)M(’}{,/N2|wOI—2+||w(t0)“—2+ 0°n L k! 222 4K, 2}.
Pn—1 Pn—1 2 Pn—1 Pn—1
Hence there is M = M (u®) > 1 such that
1
L(6 M '«
W @®) = W )| < 1wl + === fix
n—1 k=1
0
w”| + [|w (¢ 1
+ L3, pypr ) I Wl ZVk+Z/Lk+ZMk
Pn—1 ,on 1\

L n—1
< Jwll + =5— s {|w |+||w(ro)||+32uk}
n—1

k=1
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where
L, =max{1, L(6,n) + L(13,n)} (5.90)

0

does not depend on u°, v° or p,. After multiplying by p, and using (5.21) we obtain inequality (5.86). O

Remark 5.19. Unlike inequality (5.42) in Lemma 5.6, estimate (5.86) in Lemma 5.18 involves the term ||w ()|l
where 7y may well be nonzero. Hence ||w(#)||, in general, does not depend on wOl explicitly and neither does
W (u®) — W (°)]|,. However, for the continuity of W, we only need

||w(t0) || -0 asv’—>u’inV. (5.91)

Note that g is fixed for all v° satisfying (5.63) and the regular solutions of the Navier-Stokes equations in our context
depend continuously on the initial data (cf. [14]). Therefore (5.91) holds true.

~ . ~ 0 e 0 .
Lemma 5.20. Let y;u, y;ju (respectively y]?k)v, y;jv) be defined by (5.44)—(5.48) for u” (respectively v"). Note again
that go is given by (5.70) instead of (5.15). Let

yi=vi=uj=j;=p|wll+Nspr|w’l'/?, (5.92)

where N3 = N3(u°) is defined in Lemma A.8. For n > 1 let

n—1
= oallwCll sy ML [wO| + [wito) | +3) " i ¢ (5.93)
k=1
vi=yn iy Dy Y AT AT, (5.94)
k+j=n
% % / * ok *
wr=vr+Ciey Y wk W Vi (5.95)
k+j=n
~ % * ’ ~ %k~ ~%
fr=ws+3Cik, Y BT, TR (5.96)
k+j=n

where M = M(uo) > 0 be given in Lemma 5.18. Then

Pn [ Wa@®) = Wo )| vy va <V e Suf, i <jif nel (5.97)
Proof. By induction. Case n = 1, similar to (5.54) and (5.55) in Lemma 5.8 we have w{(¢) = (W) w0 — Wy (v%))e—¢
for Re ¢ > 0. Thus it suffices to prove

[W1@®) = Wi @O || = [ Wi ®) — Wi 0°)] < lw®]l + N3wP| /2.

This indeed follows from |W; (%) — Wi (v°0)| = lim;_ o €' | R1w ()], by (5.4), and inequality (A.22). For the induction
step with n > 1, the key estimate is

Pn | Wi ) = W )| < 3. (5.98)

This follows from Lemma 5.18 and the induction hypothesis fi; < [if, for k < n. By (4.17) in Theorem 4.2, we have

Vn < Pn H Wn(uo) - Wy (UO) H + 6y Dn Z llk(];j,u + J;j,v)
k+j=n
which is less than or equal to v;; by (5.98), the induction hypothesis, the relations «, < i, and ynu < 7, > Vv < V'
where the latter two are analogues of (5.53). The last two inequalities of (5.97) follow easily. O

Theorem 5.21. The normalization map W : R — S is continuous.
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Proof. Given u® € R, let v¥ € R satisfying [[u® — v°| < 1. We set the notation as in Lemma 5.20. Then by
Lemma 5.13 the sums Y 2| 7 and Y2, 7 are bounded by a positive constant depending only on [u®]|, namely,
K1 (Jlu®|| + 1, go) (see Definition 5.12). Summing up (5.93)—(5.96), we have
n—1
i < pullw® |+ &M 1w’ + [wo) | + ) ik ¢ (5.99)
k=1
where M = M(u®) > 1 and & = «,(3 + D, +4C}). Note that |w®], [[wP[| < 2[lu®|| + 1 and [|w(zo) | < 0. By (5.20)
limnﬁoo(ir’l‘)l/zn = 0; hence, Lemma A.7 implies Y oo, i < M* = M* %) < 0.
Now, by using Remark 5.19, an induction argument shows that i} — 0 as u® — 00| — 0 for each n. The same

arguments as in Theorem 3.8 show that for any & > 0, there is § > 0 such that if ||u® — v°| < § then ZZOII iy <e.

Consequently || W(uo) — W(v0)||* < ¢. Therefore the normalization map W is continuous at . O

Since W (0, -) = Q(0, -) o W, Theorem 5.21 and Proposition 4.3 imply
Proposition 5.22. The map W (0, -) : R — S7 is continuous.
Remark 5.23. Combining the estimates obtained in this section with the techniques used in Theorem 7.4 of [3] one
can impose stricter conditions on the p, than given in Definition 5.2 and also show that the normalization map is
Lipschitz continuous near the origin of V. We leave the subject of this and finer properties of the normalization map
for our future research.
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Appendix A

First, we recall some inequalities involving the nonlinear terms in the Navier—Stokes equations (see e.g. [3] for
their proofs). There is an absolute constant C; > 0 such that

|PB(u,v)| < CinHullllv]l, u,ve Ve, (A1)
| PaB, v)| < Cin¥*ullllv]l,  u.ve Ve, (A2)
|B(u,v)| < Crllull'?1Au)?|v]l, ueDac.,veV, (A3)
| B, v)| < Crllull?|Aul'?|Av], u,ve (Da)c. (A4)

The following region in the complex plane is used in [2,3] to describe the domains of analyticity of the solutions
of the complexified extended Navier-Stokes equations:

E = {t +se'?: cosh > 1/(3e’), t>0,520, |0 < 71/2}. (A.S5)

The next two lemmas are some Phragmen—Linderl6f type estimates obtained in [3]. The first is Corollary B.3 of [3].

Lemma A.1. Suppose u(¢) is analytic in E,

lu@)| <M, ¢eE, and |u@®)|<Ce™, >0, (A.6)
for some positive numbers M, C and n. Then
¢ 2n
lu)| < Me™ |1+ 3| 1> 0. (A7)

Combining Corollary B.6 and Lemma 5.1 of [3] we have
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Lemma A.2. Let n € N. Suppose q(¢), ¢ € C, is a polynomial of degree less than or equal to (n — 1) and

le™q )| <Me™Re¢, ¢ €E, (A.8)
where M is a positive number. Then

lg(@)| < MnCI (121 +a0)"”", ¢ eC, (A.9)

where Co and ag are fixed positive constants.

Estimates on ag and C; given in Lemma 5.1 and Lemma B.4 of [3] indicate that

(4 +21+g(0) + g(r)vV/4 + g(1)2)?
8g(1)v/4+ g(1)? ’
where g(7) = V3e™? and T > 2 + 2+/2. Thus, we may take ag = 192 and Cp = 196.

Lemma 4.2 of [3] is used repeatedly in this paper. We recall this result with a simplified proof which can be easily
adapted for the subsequent lemmas.

1
ao=f+§g(f)2 and Cp >

Lemma A.3. (See [3].) Let a, >0, n €N, and let (k,);°, be a sequence of positive numbers satisfying

lim k)" =o0. (A.10)

n—oo

Letd) =ay and d, = a, + k, Zkﬂ:n didj, n> 1.If Y7 | ay is finite, then

oo o o
Zdn<2an+2kn(n—l)M{)’<oo, (A.11)
n=1 n=1 n=2

where My = max{1, 2k, (n — 1): n > 2} max{l, 222021 a,}.

Proof. We claim that

d, <M"/K, neN, (A.12)
oo o l o0
Zdn<2an+ﬁ2kn(n—l)M”<oo, (A.13)
n=1 n=1 n=2

where K and M are positive numbers satisfying
K >2max{(n — Dky: n >2}, M > max{(2Ka,)"/": n > 1}.

We prove (A.12) by induction. Clearly, the inequality holds when n = 1. Let n > 1 and assume that (A.12) holds for
k=1,2,...,n—1. Then

dy <ap+ky
k+j=n
Therefore (A.12) holds for all n € N. Then (A.13) follows immediately. To prove (A.11), take K = max{1, 2«,(n — 1):
n>2}and M = Kmax{l,ZZ,‘zo=1 ap}. Note that K > 1 and M > 1, hence M" > M > 2K a,, for all n € N. Thus
(A.11) follows from (A.13) and (A.10). O

MKMI M" (Ka, k,(n—1) M"
= — 4 = Tl
K K K

M K S K

The following lemmas generalize Lemma A.3 to other numeric series.
Lemma A 4. Let (an);il and (kn)flo:2 be two sequences of positive numbers. Let d| = a1 and d,, = a, +ky (ZZ;} dip)?,
for n > 1. Suppose
lim k% =o. (A.14)

n—oo
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If Y 02| ay is finite, so is Y ooy dy. More precisely,

o o0 o
D dn < an Yk M*F D <o, (A.15)
n=1 n=1 n=1

where o = sup{a,: n € N} and M =3sup{l, o, kyo: n > 1}.

Proof. Let S, =Y ;_, dx. Note that S} = a; and

Sp=an+ Sp—1 +kuS2_|, n> 1. (A.16)
We prove by induction that

S, <aM® ™', neN. (A.17)

One can see that (A.17) holds when n = 1. Let N > 1 and assume (A.17) holds for all n < N. Using the induction
hypothesis and the fact that 2V 1 <2V — 1, ay <, M >3 and kya/M < 1/3, we then have

Sy <an —i—Ol]\42N71_1 +kNOl2M2N_2

N_ an 1 kNOl
— M2 1 _
¢ <aM2N—1 "Mt M )

1 1 1
< 0[M2N_1<§ + g + g) =0[M2N_1.

Thus (A.17) is true. Using (A.17), we obtain

o0 o0 o0
Zd” < Zan + ana2M2n+l_2.
n=1

n=1 n=2

The last sum is finite due to (A.14), hence (A.15) follows. O
For the numeric sequences appearing in the study of the range of the normalization map, we have

Lemma A.5. Let X,Y > 0, (an)fli | and (kn)fli2 be two sequences of positive numbers. Let di = a and

n—1 2
d, = a, +knY”{X2 + (de> }
k=1

forn > 1. Suppose lim, o0 kp/> = 0. If Y02 | ay is finite, so is Y _no | dy.

n=1

Proof. Assume > o2 | a, < co. Take aj =ay and a, = a, + k,Y"X2, n > 1. Also take k;, =k,Y", n > 1. Note that

we still have 32 | a/, is finite and (k},)'/>" — 0. By the preceding lemma, > °% | d, <co. O

The following are similar results to Lemmas A.4 and A.5 applied to different types of sequences arising from the
study the continuity of the normalization map.
n—1

Lemma A.6. Let (a,)7 | and (k)32 , be two sequences of positive numbers. Let dy = a1 and dy, = an + k) _j_, di

n=1

forn > 1. Suppose lim,,_, o k,l,/" =0.If Y o2 an is finite, so is Y oo | dn. More precisely,

d, <M", neN, (A.18)
o0 o0 o0
Zdn<2an+2kn(n—l)M"_l <00, (A.19)
n=1 n=1 n=2

where M > max{1,2k,(n —1): n > 1} and M > max{(Zan)l/”: n e N}.
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Proof. We see that (A.18) holds for n = 1. Let N > 1 and assume (A.18) holds for n < N — 1. We have

M" k, —1
dy <ay +hy(n = DM < T %

Hence (A.18) is true and (A.19) follows obviously. O

MmN < MV,

Lemma A.7. Let X > 0, (an);'lO | and (kn)flo:2 be two sequences of positive numbers. Let di = a and

n—1
d, = a, + k, (X + de)

k=1
forn > 1. Suppose limy_ o0 kp/" = 0. If Y02 | ay is finite, 50 is Y ey dy.

Proof. Leta| =aj and a), =a, +k, X, n > 1. We have ), | a, < oo. Then apply Lemma A.6. O

Finally, for the sake of the completeness of this paper, we recall with a proof some commonly known facts about

the regular solutions of the Navier—Stokes equations.

Lemma A.8. Given u® € R. Let v° € R such that ||uO — v0|| < 1. Let w(t) = S(1)u® — S(1)v°. Then there are positive

numbers N1 = N (uo), Ny = N2(u0) and N3 = N3 (uo) independent of v0 such that
lw(®)| < Ni|w©)|e 2, >0,

2
)

/||w(r)||2dr < Na|w(0)
0

|Riw)| < e (|[Riw©)| + N3|w(©)]|'?), >0

Proof. The positive constant C in this proof is generic and is independent of «° and v°. First we know that

(0.¢]
f|Au<r>|2dr < Ol (1 + max Ju()[*) = Notu®) < oo.
0

The equation for w is
dw
dr

From (A.24) we have

+ Aw + B(w,u) + B(v, w) =0.

%|w|2+2||w||2 < ClwPllw]'?|Aul < Cllw|[|w]| Aul.
Hence
%|w|2+ lwl* < Clwl*| Aul?.
By Poincare’s inequality and then Gronwall’s inequality
lw(t)|* < [w(©) e +C o 1A@PdT 1y 0) e~ e No = N2|w(0) e .

Thus, we obtain inequality (A.20).
Integrating (A.26) and using estimate (A.20), we have

t t
/||w(r)||2dr < |w(0)|2+C/N12|w(0)|2|Au(t)|2dr
0 0

2 2
< |w©)| (1 + CN{Ng) = N2 |w(0)|".
Letting t — oo yields inequality (A.21).

(A.20)

(A21)

(A.22)

(A.23)

(A.24)

(A.25)

(A.26)
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From (A.24), we derive %le + Riw + R B(w, u) + Ry B(u, w) =0, which yields

EZ|R1w| + |Ryw|* < |(B(w, u) + B(u, w), Rjw)|. (A.27)
Since Rp H is finite dimensional, all the norms in Ry H are equivalent. Therefore

|(B(u, w), R1w> + <B(w, u), R1w>| < |(B(u, Riw), w)| + |(B(w, Riw), u)‘

< Clwllul [V(Riw) || oo ) < Clwllul [V(R1w) 1)
< CIRywl|w]lul.
<

By (5.12), ¢/ lu(t)| < |u°] and e’ |Ryw(t)| < |u®| + |v°|. We now have from (A.27)

1
' Riw®)|* = |Riw©)]* < c/e2f|R1w(r)||u(r)|}w(z)|dr

0
t

< Cf(luol + ) 6O { Ny [wO e} do
0
< CON a1 (21u°] + 1) [w°] = N3 [wP).

Hence e? |Rjw(t)> < |[Rjw(0)[> + N3 |w(0)], we obtain (A.22). O
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