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Abstract

We discuss the existence of a diffeomorphism ¢ : R” — R” such that
i =f

where f, g:R" — AK are closed differential forms and 2 < k < n. Our main results (the case k = n having been handled by
Moser [J. Moser, On the volume elements on a manifold, Trans. Amer. Math. Soc. 120 (1965) 286-294] and Dacorogna and Moser
[B. Dacorogna, J. Moser, On a partial differential equation involving the Jacobian determinant, Ann. Inst. H. Poincaré Anal. Non
Linéaire 7 (1990) 1-26]) are that

— when n is even and k = 2, under some natural non-degeneracy condition, we can prove the existence of such diffeomorphism
satisfying Dirichlet data on the boundary of a bounded open set and the natural Holder regularity; at the same time we get
Darboux theorem with optimal regularity;

— we are also able to handle the degenerate cases when k& = 2 (in particular when r is odd), k =n — 1 and some cases where
3<k<n—-2.

© 2008 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.

Résumé

Nous montrons I’existence d’un difféomorphisme ¢ : R" — R” satisfaisant
e () =f

ou f,g:R" — Ak sont des formes différentielles fermées et 2 < k < n. Nos résultats principaux (le cas k = n a été discuté
notamment dans Moser [J. Moser, On the volume elements on a manifold, Trans. Amer. Math. Soc. 120 (1965) 286-294] et
Dacorogna et Moser [B. Dacorogna, J. Moser, On a partial differential equation involving the Jacobian determinant, Ann. Inst.
H. Poincaré Anal. Non Linéaire 7 (1990) 1-26]) sont les suivants.

— Sin est pair, k =2 et sous des conditions naturelles de non dégénérescence, nous montrons I’existence et la régularité dans les
espaces de Holder d’un tel difféomorphisme satisfaisant de plus une condition de Dirichlet. On obtient aussi le théoreme de
Darboux avec la régularité optimale.

— Par ailleurs quand k = 2 et n est impair ou k = n — 1, ainsi que quelques cas particuliers ou 3 < k < n — 2, nous montrons
I’existence locale d’un tel difféomorphisme satisfaisant, en outre, des conditions de Cauchy.
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1. Introduction

In this article we discuss the existence of a diffeomorphism ¢ : R” — R” such that

P =f e))
where f, g : R" — A* are closed differential forms (i.e. df = dg =0),2 <k < n (the case k = 1 is rather special and
will also be discussed)

g= Z 8iyoip (X) dx"' Ao Adxlt

1<ip<<ig<n
and similarly for f. The meaning of (1) is that
Z Girin (0(0)) d@'t A - A dg't = Z fiyoin ) dX™T A A
1<ip < <ig<n 1<ip << <n

When k =2 and n = 2m is even, then the celebrated Darboux theorem (cf. for example, Abraham, Marsden and
Ratiu [1], McDuff and Salamon [11] or Taylor [17]) states that if g = wy is the standard symplectic form, namely

m
wy=g= dei Adx™Ti
i=1
and f:R" - A% with df =0 and f(p) = g(p) for a certain p € R”", then there exists a diffeomorphism ¢ defined
in the neighbourhood of p such that

¢*(g)=f and ¢(p)=p.

This fundamental result was generalized by Moser in his seminal article [13] for the case k = n and k = 2 with n
even, obtaining also a global result. He proposed to solve (1) by studying the flow associated to an appropriate vector
field u;, namely

{ o) =ur(@ (), €01,
@o(x) =x.

A solution of (1) is then given by ¢ = ¢1. Now (for the notations see below) the vector field is recovered through two
linear equations, namely

do = f —g (2)
meaning that o : R" — A% and for every t € [0, 1],
wsftg+ (1= f]=c. 3)

The first one is a system of /inear differential equations and is, at least locally, solvable since df = dg = 0. The second
one is just a linear system of algebraic equations and Moser observed that it is well posed (in the sense that, whatever
« is, there exists a unique u; solving (3)), under some non-degeneracy conditions, only when k =n or k =2 and n
even. Of course one could consider, with essentially no change, a more general closed homotopy f;, with fy = f and
f1 = g, and then the two equations read as

d
d(th—Eft and utthzott

but we will here, for the sake of simplicity, restrict our attention to the homotopy f; =tg + (1 — 1) f.
The case k = n after the paper of Moser received considerable attention notably by Banyaga [2], Dacorogna [4],
Reimann [14], Tartar [16], Zehnder [19]. Eq. (1) takes then the following form

8(p(x)) det Vo (x) = f(x).
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e next important step, still for k = n, appeared in Dacorogna and Moser [7], where it was shown how to handle

both the boundary value and regularity problems. It should be emphasized that the flow method, as elegant as it is,
does not allow to handle regularity problems and in [7] it was necessary to combine a fixed point argument and an
iteration procedure. The exact statement can be found in Theorem 12 below. Posterior contributions can also be found
in Burago and Kleiner [3], McMullen [12], Riviere and Ye [15] and Ye [18].

6]

(@)

2.

2.1

Our purpose in the present report is twofold.
In the non-degenerate case when k = 2 and n even, the other non-degenerate case being k = n and already solved
in [7], we can handle full boundary condition (meaning Dirichlet condition) as well as regularity in Holder spaces.
This is a delicate point and requires fine approximations of Holder functions, a subtle fixed point argument and an
iteration scheme. Our main results are Theorems 15 and 18. Although we will treat mainly contractible domains,
we point out at each stage how our results can be extended to topologically more complex domains.
We also show how to deal with degenerate problems. There we mostly obtain local results, though, in some
particular cases, we can treat global problems. We are, however, able to impose Cauchy data (but, in general,
neither Dirichlet data nor regularity) and not just the value at one point as in Darboux theorem. If we impose
Cauchy data, then, of course, we need to assume that the tangential parts of f and g coincide. We achieve this
goal by solving Eqgs. (2) and (3) simultaneously and not separately as Moser did. This is indeed a more flexible
procedure, since (2) is underdetermined while (3) is overdetermined. In particular, only under some minor non-
degeneracy conditions, we can also handle the cases:
— k =2 and n odd with maximal rank (cf. Theorem 20),
— k=n —1 (cf. Theorem 21),
— we finally suggest through simple examples that our method applies to higher degenerate case when k = 2 or

to the case of k forms with 3 <k <n —2.

A systematic study of these last cases will be undertaken elsewhere.

Preliminaries and notations
. Notations

We will denote a k-form g :R” — AK by
g= Z Qi () dXTA - Adx

1<ij<<ig<n

or sometimes by

g=) grdx’

1Ty

where T = {(i1,...,ix): 1 <iy <--- <ix < n}is the set of strictly increasing k-indices. More generally we assign

me

wh

No

aning to g;,..;, for any k-index by

8iy iy = (Sgna)giq(l)---ig(k)

ere o is a permutation of {1, ..., k}.
(DIfge AF, 1 <k <n,and u € R" then u s g € A*~! (also denoted by some authors by i,(g)) is defined as

k
uig= Z 8iiip Z(—l)rflu"’ dx"VA - AdXTUAAXTFUA o A dx
r=1

1<ij<<ig<n

n
= (=Dk! Z Zgil...,-kuik dx"U A Adx

1<ij<<ig1<nix=1

te that when k = 2, we have

non
ngZ—ZZgijujdxi.

i=1 j=1
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(2) It will often be convenient to represent ¥ — u 1 g as a matrix operating on a vector. We therefore introduce the
antisymmetric representation of g € AX as the matrix g € RGZD* g0 that, by abuse of notations,
uig= (—l)k_lgu.
For example when k = 2, we have
g§=(gj) eR"" withgi; =—gji.
Our terminology “non-degenerate” and “degenerate” refers to the fact that g is invertible or not.
We then consider
A';_l ={we AL e R withu s g = w}.
We easily find that if g # 0, then, for every 2 < k < n,
k<dim AL <n

and in general, if 3 < k <n — 1, it can take any of the intermediate values, but (k + 1). So that when k =n — 1, the
dimension cannot be maximal, more precisely, if g # 0 we always have

dim A} > =n—1.
When k =2, the dimension is necessarily even, this means that there exists an integer 1 </ < [n/2] such that
dim A} =21.

Therefore when k = 2, the matrix g € R"*" is always singular when n is odd.
It will sometimes be more convenient to express the set A;, in terms of the kernel of g the antisymmetric represen-
tation of g and its dimension by the rank of g. Namely

A;, = (kerg)L and dimAé =rankg.
(3) If g: R" — Ak is such that
g= Z Giyoip XA - AdxE
1<y < <ig<n

then

k+1 L .
dg = < (—l)V_l 8811~'zy{;11iy+1'-~tk+1 ) Al A A dk
Z Z xlr
y=1

i) <-<ig+1

and, for v € R",

k+1
» . . .
gAv= Y (Z(—l)” gil...iy_]iy+].4.ik+|v’V)dx”/\--~/\dx’k“.
y=l1

i< <ift]

If v is the outward unit normal to the boundary of a set §2, we call g A v the tangential part and v 1 g the normal part
of the form g.
(4) For f, g € A¥ we write inner product as

(f; g) = Z fi1~~ik8i1~-ik eR.
1<ip < <ig<n
(5) To avoid burdening the notations, we will sometimes, by abuse of notations, identify a 1-form with a vector
field in R” and a n-form with a function.
We now gather some simple algebraic and analytical formulas that follow from the above definitions and that we

will use throughout.
(i) For every f € A%, g € A*~! and u € R”, then

(figru)y =D u g0
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(i) Let f € A¥, g € Al and u € R", then
us(fAg=wsfHng+=D"wag) A f.
(iii) Let f € C1H(R"; A¥) be closed
f=Y frdx'
1Ty
and u € Cl(R"; R™), then
dus f1="Y " frd[u sdx"]+ " (grad fr: u)dx’.
1T} 1€7;
So, in particular, when k =2
diusfl= > fijldu' ndx) +dx' ndul]l+ Y (grad fijiu)dx' Adaxl.
1<i<j<n 1<i<j<n
(iv) Let 0 < k < n be an integer, £2 C R” be a smooth domain and f, g € C'(£2; AX) satisfying f = g on 942, then
df hv=dgAv onaf2

where v is a normal to 952.
2.2. Function spaces and Holder approximations

We will use the following functional notations. Let £2 C R" be an open set and r a non-negative integer.
(1) Let 0 < @ < 1, we denote by C"*(£2) the usual set of Holder functions and by C"*(£2; AF) the set of k-forms

g= Z 8iyiy dx"' Ao Adxlt
1<ij <<k <n
so that g;,...;, € C"%(£2).

(2) The set C®(£2) will denote the set of analytic functions and C®(§2; A¥) the set of k-forms whose components
are in C®(£2).

(3) The sets Diff" (£2; R"), Diff**(£2; R") and Diff*(£2; R"), denote the sets of diffeomorphisms ¢ so that ¢ €
C"(£2;R") and ¢~ ! € C"(¢(£2); R"), C"* and C® respectively. When ¢(£2) = £2, we just let Diff (£2), respectively
Diff"* (£2), Diff®(£2).

In the sequel we will have to approximate closed forms in C"%(§2; A¥) by smooth closed forms in a precise way
and we will need the following theorem.

Theorem 1. Let 2 C R" be a bounde_d smooth contractible domain, 0 < <a <1, p=2q>r,q=22,r>1and
1 <k < n be integers and g € C*(82; AR N CPY(382; A¥) with dg = 0. Then for every € > 0, there exist g€ €
C®(2; AN CP*(2; A% and a constant y=y(p,q,ra,B,2)>0suchthatdgc =0, g Av=gAvonds2 and

lg® = gllcraa) < Ve’ Plgll con ),

4 -
g llcre(m < ép—_q[Hchq.a(ﬁ) +e’ | gllcrapa)]-
Before starting the proof of the theorem, we need the equivalent of the theorem but for functions.

Lemma 2. Let 2 C R" be a bounded smooth domain, 0 < 8 < « < 1, p>q >r >2beintegers and u € CTY(2)N
CP%(382). Then for every € > 0, there exist u® € C*°(2)NCP*(2) and a constant y =y (p,q,r,a, B, £2) > 0 such
that u® =u on 952 and

€ = ullerp gz < Vel Pllull cpa iz

14 _
||u€||cp,a(§) < Ep——q[”u”C"‘a(§) + €? q||u||cp,a(ag)].
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Proof. We first find (see Hérmander [9]) v€ € C*°(£2) and a constant y1 such that

e %
I —ullrsmy < et Plullcpe and [0l cpagg) < or=q llcon@):

We then fix the boundary data as follows. Let u€ € C*(£2) N CP*(£2) be the solution of
Au = Av¢ in £2, Alu¢ —v€]1=0 in £2,
=4
uc=u on 082 u® — v =u—1v¢ onasf2.
The solution satisfies Schauder estimates
€l cragy < v2[ IVl crag) + lullcrepe],
llu€ —v° ||Cr.ﬂ(§) < v2llu — UG”cnﬂ(aQ) < yallu — v ||Cr»ﬁ(§)‘

The combination of the estimates on € and v¢ gives the result. O
We can now go back to the proof of Theorem 1.

Proof. Step I.Itis easy to see that, since £2 is contractible, we can find G € C4T14(2; Ak~ nCcP+le(32; Ak
and a constant y such that dG = g,

1G o < VIglcra@, and [Gllcrepa) < ylglcrapa-

This is easily obtained by an appropriate use of Theorem 3 below and we leave out the details.
Step 2. Applying Lemma 2 on each component of G, we get G€ as in the lemma. Setting g€ = dG¢, we have the
claim. O

3. Variations on the Poincaré lemma
3.1. The case without constraints
We start with the following theorem (cf. [5]).

Theorem 3 (Dacorogna). Let r > 0, 2 < k < n be integers and 0 < a < 1. Let 2 C R" be a bounded smooth con-
tractible domain and v denote the outward unit normal. The following two conditions are then equivalent.
(i) o Either2<k<n—1and f € C"*(82; A¥) with
df =0 in2 and fAv=0 onof2;
e ork=nand f € CY(2) with

/f(x)dx:O.
Q

(ii) There exists w € C™t1%(2; A=Y satisfying
{ dw=f in$2,
w=0 on 052.

Remark 4.

(i) When r =0, the constraint df = 0 has to be interpreted in the sense of distributions.
(i) We now briefly discuss the case where £2 is not contractible, but only open and connected. To this aim we first
define, for 0 < k < n, the set of harmonic k-forms with Dirichlet boundary condition as the vector space

Dy(£2) :={y € C°(2; AX) N C"($2; A*): dyy =0, 6y =0in 2 and ¥ A v =0o0n 352}
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Note that we always have for connected £2
Do(£2) ~{0} and D,(£2)>~R.
Furthermore if 1 <k <n — 1 and if the set §2 is contractible, then
Di(£2) ~ {0} c AF,
while for general sets we have
dim Dy (2) = B, —«
where By are the Betti numbers of §2 (cf. Duff and Spencer [8] and Kress [10]). Theorem 3 remains valid for

such general sets if we add the following necessary condition

f(f; V)dx =0, Vi e Dr(£2).
2

Observe finally that when k = n in Theorem 3 we therefore have no new condition.

(iii) Although there are infinitely many solutions w, the actual construction singles out a precise one and in fact we
can construct a linear isomorphism of Banach spaces L: X — Y where (when 2 < k < n — 1 and similar ones
when k =n)

X ={weC(2; A¥): w=0o0na},
Y={feC(2; A*™"): df =0in 2 and f Av=0o0n 32},

that associates in an isomorphic way to every w € X aunique f = Lw € Y such that dw = f.

(iv) The theorem, with an easier and more direct proof, is still valid when k = 1 and regularity holds even in C”
spaces.

(v) The theorem is also valid for unbounded smooth domains such as the half plane.

3.2. The case with constraints

We start with the simplest case of constant constraints. In the sequel we let
H={xeR" x" >0}

and v = —e, will denote the outward unit normal.

Theorem 5. Let 2 <k <n, beR" withb" A0 and f € C’(E; Ak), r >0, with
df =0 inH and fAre,=0 onoH.
Let w € C"(H; AK=1) be defined by
X" b

w(x) = / [be]<x+b(t—z—:)>dt.
0

Then w is the unique solution of
dw=f in H,
bow=0 inH,
w=0 onoH.

If. moreover, {f; ¢ Ab) =0 for a certain ¢ € A*~1, then w also satisfies

(w;¢)=0 in H.

Remark 6. The constraint b 4 w = 0 can be seen as (Z:;) independent equations. When k = 2, there is only one
independent equation and it is of the form (w; b) = 0.
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We now consider the case of non-constant constraints and, in general, one can expect only local solutions. We start
with the case k = 2, which requires less stringent smoothness assumptions than the cases 3 < k < n (cf. Theorem 8
for this last case). Although we will state the following results in the half plane H, both theorems mentioned below
can be proved, by flattening out the boundary, for any smooth domain £2.

Theorem 7. Let r >0, a € C" LY (H; AY) with a,(x) # 0 for every x € H and f € C™*(H; A?) with
df =0 inH and fAe,=0 ondH.
Then there exist € > 0 and w € C™*(H N B¢ (0); A') satisfying
dw=f in HN B:(0),
(w;a)=0 in HN B:(0),
w=0 on 0H N B¢(0).
Proof. Set
w=u-+dv
where (this has a solution u € C"t1%(H; A') by Theorem 3)
{du =f inH,
u=20 ondH
and
{ (dv(x)ra()) =3I a5 = —(u@):a) ifx" >0,
v(x)=0 if x* =0.

This last problem has a solution, v € C"t1%(H N B.(0)), and thus w € C"“.
Note that from v(x) = 0 when x" = 0, we deduce that

d
8—;(x1,...,x”_1,0) =0 foreveryi=1,...,n—1.

Since u =0 on d H and a,(x) # 0, we deduce from the differential equation and the above identities that
av

(xl,...,x”_l,O):()

axl‘l

so that dv =0 when x" = 0. This concludes the proof of the theorem. O
We now discuss the case 3 < k < n. The result and the proof below are still valid if k = 2.

Theorem 8. Let a* € C®(H; A¥™), a=1,...., (}75), with

—1
_ (i r=1 () =y ()
A=A@)= (“jlmjk,zn(x))lgjl<-~<jk_2gn—1 € R4-2/7 k-2

invertible for every x € H and f € C®(H; A*) with
df =0 inH and fAre,=0 onoH.
Then there exist € > 0 and w € C®(H N B (0); AF—1) satisfying
dw=f in HN B:(0),
(wi;a*)=0 in HNB(0), A=1,...,({2)),
w=0 on 0H N B.(0).
Proof. Set

w=u+dv
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where (this has a solution u € C®(H; A1) by Theorem 3 or by Theorem 5)

{du:f in H,
u=0 on dH.

The form v:R" — A*¥=2 is defined as follows. Choose first
Vjpejean =0 forevery 1 < ji <--- < j_3 <n—1

(if kK = 3, one just reads v, = 0 and if k = 2, the above constraints do not exist) and then solve, using Cauchy—
Kowalewski theorem, the system of equations

{ (dv(x);a*(x)) = —(u(x);a*(x)) ifx" >0, A=1,..., (Z:;),
v(x)=0 if x™ =0,
More precisely first observe that with our choice of v, we have
v= Z Vi jies dx/' Ao Adx T2
1< i< <jr—2<n—1
then

LI TP . . )
dv= Z [Z%d}f’ AdxIU A AdxI2?

I<ji<<jk—2<n—1L =1

= Z (—l)k%dﬂ1 Ao Adx =2 Adx"
X

I<ji<<jk—a<n—1
n—1 v )
JUedk—2 g0 i i
+ — 2 dxt | AdxY A A dx TR
IR AT
I<ji<<jk—2<n—1Li=1
‘We therefore obtain that
Lo k A OV jis A
<dv, a ) =(=D Z Ajyejy—an T8

. - ax"
1< ji < <jk—2<n—1

av \*
=Dt A + ¢
(=D ( aw) g
where A is as in the statement of the theorem and g” is a term that does not involve derivatives of v with respect to
the variable x”. Note that the system

[dv);a* () = —fut);a* (@), a=1,..., (Z - D

can therefore be seen, since A is invertible, as

, (uza') g'
= = (—DFrta~! : + : if x" > 0,
dx" n—1 n—1
(u’ a(k—z ) g k-2
v=0 ifx"=0

n—1
(recall that we are considering only the vj,...;, , with 1 < ji <--- < jr—2 <n — 1 and thus aax”,l € R(k—Z)). Since all

the coefficients are analytic, we have locally a unique analytical solution in the neighbourhood of x = 0.

We also note that ;—“, =0atx"=0foreveryi=1,...,n — 1 and that also Bax”,, =0 at x" =0, since there u =0

X

and g* = 0; so that dv =0 when x" =0. O
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4. Abstract results

4.1. Necessary conditions

We give here some elementary necessary conditions, whose proofs are straightforward.

Theorem 9. Let 2 C R" be a smooth domain, 1 <k <n, f,g€ CI(S_Z; Ak) withdg =0in §2 and ¢ € Diffl(ﬁ; R™)

be such that ¢*(g) = f in $2, then
df =0.

Moreover the two following results hold.

() If 2 is bounded, ¢(2) = 2 and n = mk with m an integer, then

/ _ /gm
2

Q
where f" = fA--- A f.
| —;

m-times

(i) If (x) =x for x € 082, then
fAV=gAvV onads2.

4.2. The flow method

We have the following abstract result, which is the theorem of Moser [13] with the additional consideration on the

boundary data. In several textbooks the flow method is also called the Lie transform method.

Theorem 10 (Moser). Let 2 C R" be a bounﬁed smooth domain (v denoting the outward unit normal), r > 1 and
1 < k < n be integers and f; € C'([0, 1]; C” (82; A¥)) (respectively f; € C1([0, 1]; C"%) with 0 < a < 1) satisfying,

foreveryt € [0, 1],
dfy =0 in2 and fiAv=foAv onds2.

Assume that there exists u; € Cl([O, 1]; CT(£2; RY)) (respectively u; € Cl([O, 1]; C™%)) verifying, for every t € [0, 1],

d
d[u,Jf,]z—Ef, in2 and u; =0 onods2.

Then there exists ¢ € Diff’ (§2) (respectively ¢ € Diff"%(§2)) such that

P (fix) = folx), xe.
and

p(x)=x, x€0d82.

Proof. We solve (cf. [13])

{ LX) =u (g (x)), 1€[0,1],
@o(x) = x.
The above system has a solution ¢; satisfying, for every ¢ € [0, 1],

o (f)=fo in2 and ¢(x)=x onas.

This concludes the proof. 0O

“4)
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4.3. The fixed point method

The following theorem is particularly useful when dealing with non-linear problems, once good estimates are
known for the linearized problem. We give it under a general form, because we will need it this way in Theorem 15.
However in many instances, one can choose X1 = X» = X and Y; = Y> =Y in the statement below (in which case
the hypothesis (Hyxy) below reduces to requiring that X is a Banach space and Y a normed space). Our theorem will
lean on the following hypotheses.

(Hxy) Let X1 D X» be Banach spaces and Y7 D Y> be normed spaces such that the following property holds: if
X1
uy —>u and |luy|lx, <r,
then u € X, and
llullx, <liminf[juy | x,-
V—>00

(Hp) L:X,— Y is alinear isomorphism of Banach spaces and there exist k1, ko > 0 such that for every f € ¥»

127" F]ly, <killflly,, i=1,2.

(Hg) Q:X>— Y>issuch that Q(0) =0 and for every u, v € X, with [lu||x,, [[v|x, <1, the following two inequal-
ities hold

[ow) — 0wy, <e(llullx,, lvlix, )l —vix,, ®)
low| v, <c(llvllx,, 0)lIvlix,, (6)
where c: Ry x Ry — R, is continuous, separately increasing and ¢(0, 0) = 0.
Theorem 11 (Fixed point theorem). Let X1, X2, Y1, Y2, L, Q satisfy (Hxy), (Hr) and (Hp). Then, for every f € Y»
verifying
2max{kr, ka}e(2kill fllvy, 2k1ll fllvy) <1 and 2kl flly, <1, (N
there exists u € Xo such that

Lu=Q@)+ f and |ulx, <2ki|lfly, i=12. ®)

Proof. We set
N@w)=Q)+ f.
We next define
B={ueXa ulx, <2kl flly,, i =1,2}.

We endow B with | - || x, norm; the property (Hxy) ensures that B is closed. We now want to show that L-'N:B—> B
is a contraction mapping (cf. Claims 1 and 2 below). Applying Banach fixed point theorem we will have indeed found
a solution verifying (8) and the proof will be complete.

Claim 1. Let us first show that L~ N is a contraction on B. To show this, let u, v € B and use (5), (7) to get that

LN = LT'N)|y, <k [N@ = Ny, =ki|ew) — 0],
<kie(lullx,. Ivllx,)llu —vlix,
<kie(2kill vy, 2kl f Dl e — vlix,



1728 S. Bandyopadhyay, B. Dacorogna / Ann. I. H. Poincaré — AN 26 (2009) 1717-1741

Claim 2. We next show L~!N : B — B is well-defined. First, note that

[Z7INO |, <K INOy, =kill £,

Therefore, using Claim 1, we obtain
IZ7'N@ |y, <L7IN@ = LT'NO) |, + L' NO)

1
< Ellullxl + kil flly, <2kl flly,-
It remains to show that

LN |y, <2k flirs.

Using (6), we have

IZ7INW |y, <k |N@|,, <k QW] + kIl flly,
< kae(llullx, . O)llullx, + kall fllv, < 2k3¢(llullx,. O) I f NIy, + k2ll £ Iy
=ky(2kac(llullx,.0) + 1)[ flly,
< ko (2kac (k11| £ llvys 2kill fllyy) + D)L F Ny,
<2k f v,

This concludes the proof of Claim 2 and thus of the theorem. O
For the sake of illustration we give here an academic example loosely related to our problem.

Example. Let 2 C R” be a bounded smooth contractible domain and 0 <o < 1. Letr > 1 and 1 <k <n —2be
integers. Consider the form w : R” — A* where

w= Z wy dx!
1Ty

where 7 is the set of ordered k-indices. Let I1, ..., Ix+1 € 7¢, then there exists € > O such that for every f €
C*(82; AFH1) with

| flicre <€, df=0 and fAv=0 onds
there exists w € C" 1% (2; A¥) satisfying

{dw—l—/\ff} dwp =f inf2,
w=0 on ds2.

The proof is immediate if we set

X=X1=Xp= {w c C’“"”(S_Z; Ak): w=0on 8.(2},
Y=Y =Y,={feC*(2; A"""): df =0in 2 and f Av=00nd},
L equal to the operator constructed in Remark 4 (Lw = f being equivalent to dw = f) and

k+1

Q) = )\ day,.
r=1
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5. The non-degenerate cases
5.1. The casek =n

For the sake of completeness we recall here, without proof, the result of Dacorogna and Moser [7] (see also
Dacorogna [6]).

Theorem 12 (Dacorogna—Moser). Let r > 0 be an integer and 0 < a < 1. Let 2 C R" be a bounded connected
open set with a C" > boundary consisting of finitely many connected components. Let f, g > 0 in 2. Then the two
following statements are equivalent.

(i) f,geC*(82; A") and

/f(x)dx:/g(x)dx.
2

Q
(ii) There exists ¢ € Diff" 1% (2) satisfying
p*(g(x)) = f(x), xe€,
o(x) =x, X €082.

5.2. The case k =2 in even dimension

We now consider the case where f, g : R” — A2 with
f= Z fij dx' Adx) and g= Z 8ij dx' Adx/.
1<i<j<n 1<i<j<n

We denote by f, g € R"*" their antisymmetric representations. As we have already seen the rank of these matrices is
always even and therefore these matrices can be invertible only when the dimension #n is even. The most favourable
case, that we will discuss now, is therefore when n is even and the rank of these matrices is n. The other cases are
studied in Section 6.2.

We give three theorems, the first one (Theorem 13) with the help of the flow method, which has the advantage
of having a simple proof, the second one (Theorem 15) with the fixed point method which gives sharp regularity
estimates and the last one is a version of Darboux theorem with optimal regularity (Theorem 18).

Theorem 13. Let n > 2 be even and §2 C R" be a bounded smooth contractible domain (v denoting the outward unit
normal). Let r > 1 be an integer, 0 < o < 1 and let f, g € C"*(2; A?) satisfy
df =dg=0 inf2 and fAv=gAv ondf2
and, for every t € [0, 1],
rank[tg + (1 — 1) f]=n, inS2.
Then, there exists ¢ € Diff"%(82) such that
e (@)=f in2 and ¢(x)=x onds.

Remark 14.

(i) As we mentioned in the introduction, with almost no change, we can consider a general homotopy f; with
fo=f. fi=gs.
dfi =0, fiAv=foAv ondf2 and rank[f,]=n in 2.
Note that the non-degeneracy condition rank[ f;] = n implies
f?.¢"? >0 inQ.
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(i) The non-degeneracy condition
rank[tg+ (1 —1)f]=n foreveryt€[0,1]

is equivalent to the condition that g f ~! has no negative eigenvalues.
(iii) Although we have only considered contractible domains §2, the theorem (with the boundary data) remains valid
for smooth connected sets under the additional hypothesis (cf. Remark 4)

/(f; ) dx = /<g; Vydx, Vi € Dy).

2 ko)

Proof. We solve

{dw:f—g in £2,
w=0 on 052

with the help of Theorem 3. We then recover the vector field u; (this is possible since rank[rg + (1 — ) f] = n) through
ut_n[tg+(1 —t)f]:w.

The result then follows at once from Theorem 10. Note, in passing, that, although w is smoother than f and g, the
vector field u; has the same smoothness as f and g. O

Theorem 15. Let n > 2 be even and 2 C R" be a bounded smooth contractible domain. Let r > 4 be an integer and
O<a <. Let f,g e CH¥(82; A>) N C™2%(32; A?) satisfying

df =dg=0 inf2 and fAv=gAv ondf2
and, for every t € [0, 1],

rank[t1g + (1 —0) f]=n in Q.
Then, there exists ¢ € Diff" ™14 () such that

o) =f in2 and @ex)=x ondf.
Remark 16.

(i) The same remarks as in the previous theorem hold. Note also that the extra regularity on f and g holds only on
the boundary.

(i) With the same method, the regularity assumption on the boundary, namely f, g € C rt2.o (082; AZ), can be weak-
ened and replaced by f, g € CS’H(B.Q; A2) with0 < «,0 < 1 and

r+2+a=2s+60>r+14+a.

The conclusion ¢ € Diff"+1:%(§2) is still valid provided (denoting the integer part of x > 0 by [x] and its frac-
tional part by {x} = x — [x])

2 2
r=>24 , whenao > )

s+0—r—1—«a s+0—r—1—«a
2 2
r=3+ , Wwhen o < .
s+0—r—1—«a s+0—r—1—«a

Thusr >4, whens=r +2and 6 =«.
(iii) Although our proof will use Theorem 13, we could avoid it by several applications of Lemma 17 that follows.

The proof of Theorem 15 relies on the following key lemma.
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Lemma 17. Let n > 2 be even and 2 C R" be a bounded smooth contractible domain._Let r>0bean integ_er and
0 < B <o < 1. Then there exists y =y (r, a, B, 2) > 0 such that for every g € C"t2%(2; A?) and f € C"*(2; A?)
satisfying the following hypotheses:

df =dg=0 inf2, fAv=gAv ondf2 and rank[gl=n inS2,
14
1@~ s max{ligller2all ()~ i crete, 1}

lf—gllcos <

there exists ¢ € Diff t1-%(2) such that

@) =f in2 and ¢(x)=x onds. 9)
With exactly the same proof of that of the lemma, we can obtain Darboux theorem with optimal regularity.

Theorem 18 (Darboux theorem with optimal regularity). Let r > 0 be an integer and 0 < o < 1. Let n =2m > 4,
2 C R" be a bounded open set and p € S2. Let wq be the standard symplectic form

wy = i dx' Adx™T
i=1
Let w € C™Y(2; A?) be such that
do=0 and w(p)=wg.
Then there exist a neighbourhood V of p and ¢ € Diff +1*(V; R") such that

e (wy))=w inV and ¢(p)=p.

Proof of Theorem 18. Step 1. As we already mentioned the proof is almost identical to that of the lemma, which will
be given below. We start by choosing V a sufficiently small neighbourhood of p and we define the sets

X = Cl’ﬂ(V; IR”) and Y| = C°~ﬂ(\7; Az),

X, =C"tM(ViR") and Y, ={beC"*(V;A?): db=0inV}.
The remaining estimates and conclusions are exactly those of the lemma and in particular we get that there exists
¥ € Diff T1%(V; R") such that ¥*(wp) = w in V, provided

14
1@0) I 1.6 max{llwoll craz.e | (@0) "Ml crater, 1}

lo—wollcos < (10)

(Of course, here, [[(@0) ~'llc1.6 = [(@0) 'l co and [lwo |l cre2.a = llollco.) Setting @ (x) = ¥ (x) + p — ¥ (p), we have
indeed proved that ¢ € Diff" 1% (V; R") and
¢*(wo) =w inV and @(p)=p.

Step 2. Now it remains to check that under the hypotheses of Darboux theorem, namely w € C"* with dw =0
and w(p) = wo(p), we have automatically that ||@ — wp||co.s is as small as we want and thus (10) is satisfied. Indeed
choose € > 0 small and the neighbourhood V, smaller if necessary than in Step 1, such that

x —y|<e forx,yeV.

Let O <_,3 <o and h =w — wq. Since w(p) = wo(p) and w, wy € CY%2 then there exists k > 0 such that for every
x,yevV,

|h(x) = h(»)| <klx = y|* =klx — y|*Plx — yIf <ke* Plx -yl
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Since h(p) = 0, we can indeed choose € > 0 sufficiently small so that

Y
1@0) I 1.6 max{llwollcr2e | (@0) ~Hl orene s 1}

llw —wollcop = llhllcos <
This concludes the proof of the theorem. 0O
We now turn to the proof of the lemma.

Proof of Lemma 17. The lemma will follow from Theorem 11. We divide the proof into four steps; the three first
ones to verify the hypotheses of the theorem and the last one to check the conclusions of the lemma from the one of
the theorem.

Step 1. We first extend g to R" with the same regularity. We then define the spaces as follows

X1 =C"P(2;R") and Y, =C"(2; A%,
Xo={aeC ™ (2;R"): a=00n 32},
Y,={beC"*(2; A*): db=0in 2 and b Av=0o0n 32}

It is easily seen that they satisfy hypothesis (Hyy) of Theorem 11 (see [6]).
Step 2. We next define a linear operator L : X» — Y, which associates in an isomorphic way any element a € X»
to a unique element b € Y, through the equation

La=dla_.gl=0.

This is indeed well defined according to Theorem 3 (cf. also Remark 4) and to the fact that rank[g] = n. Moreover we
can find a constant K| > 0, independent of g, such that if

k=K@ s and kai=Ki|@7

Ccrtla

then
||L_1b||xi<kl-||b||yi fori=1,2;

so that (H;) of Theorem 11 is satisfied.
Step 3. The central part of the lemma is to define the operator Q and to check the property (Hgp) of Theorem 11.
This requires a more subtle linearization than the one in [7] and we divide the proof into five substeps. For this we let

c(r,s) = Kallgllcr+2a (r +5)

where K, > 0 will be an appropriate constant that is independent of g.
Step 3.1. With the definition of L in hand, we now rewrite (9) as follows. Setting ¢ = Id + u, we rewrite the
equation ¢*(g) = f in the equivalent form

Lu=du.gl=f—0d+u)*g+du.g]
=f-g+[g—Ad+u)*g+du_gl]
=f—-8g+0
where
Q) :=g—(Id+u)*g+du_gl
In order to get the right estimates, we rewrite Q () in the following way
Ow)(x)=gx) — Zg,'j(x + u)(dxi +dui) A (dxj —l—duj) +d[u gl
i<j

=glx)—glx+u)— Zgij(x —l—u)[dui Adx! +dx! /\duj] — Zgij(x +u)dui Adu’ +d[u 1g].

i<j i<j
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We then appeal to the formula
dlusgl= Zg,-j [dui Adx! +dxt A duj] + Z(gradgij; u) dx' Andx?
i<j i<j
to obtain
Q) (x) =Y [8ij(x) — gij (x +u)][du’ Adx +dx' Adu’]
i<j

- Z[gij(x +u) — gij(x) — (grad gij (x); u)] dx' Adx! — Zg,-j(x +u)du' Adu’
i<j i<j

= 01(u)(x) — Q2(u)(x) — Q3(u)(x)

where

Q1(u)(x) := Z[gij(x) —gij(x +u())][du’ Adx! +dx' Adu'],

i<j

Qa(u)(x) ==Y [gij(x +u(x)) — gij (x) — (grad g;; (x); u(x))] dx’ A dx/,
i<j

Q3)(x) =Y gij(x +u(x)) du' Andu’.
i<j

Step 3.2. We therefore have to check property (Hg). Clearly Q(0) = 0. Moreover Q : X, — Y>. Indeed we have to
check that dQ(u) =01in £2 and Q(u#) A v =0 on d52. The first condition follows immediately since dg = 0 and

dQu)=dg— dd+u)*dg+ddlu s g].

The second one is true since # = 0 on 952. Indeed clearly Q'l(u) =‘Q2(u) =0 on 042 and, since u =0 on 952, each
of gradu’ and gradu’ is parallel to the normal v. Thus, du’ A du’/ =0 on 952 for every i < j, which implies that
Q3(u) =0 on 9£2. Thus, we have, in fact, proved that Q(#) =0 on 952.
Step 3.3. Before starting our estimates, we recall some basic inequalities for Holder functions (see Hormander [9]).
In the sequel y will denote a generic constant. We have
luvlicre <y[llullcollvlicre + lullcre vl o],
lg oullcre < yliglcra 1+ lullcre + ulliF]

and

+ +
R I e — vl o

Igou—gouvlicre <yllglerie(l+ lullcre + llvlicre + llul
+ ligllcrllu = viicra].
When r = 0, the second inequality should be replaced by
g o ullcon < y[llglcoallulg + liglico]-

Step 3.4. We now ihow the estimate (5) in (Hg). We, in fact, will prove the stronger estimate, namely that, for
every v, w € C"t1*(2; R") with lvllcie < 1and [[wlcrp < 1,

QW) = 0w) || cop < Kallglcas(Ivllcre + lwllcrs)llv = wlicre.
Evidently it is enough to prove that, for each p=1,2,3
10,@) = Qpw) | cos < Kaligliczs (Ivllcrs + lwllcrs) v — wlicrs.

In the sequel, K> will denote a generic constant that does not depend on g, v and w. We begin with Q1 , we have
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[21() — Q1(w) ] cos

> 86 Ad +w) — gi; AD][dw’ A dxd +dx A dw]

i<j

= [gij(d +v) — gi; (Ad)][dv Adx! +dx' Adv]]

. C0.8
i<j
< Z H [g,-j(ld—i— w) —g;jId+ v)][dwi Adx! +dx! /\dwj] ”CW
i<j
+ ) | [gij(d+ v) = i AD][(dv' Adx/ +dx' AdvT) — (dw' Adx! +dx' Adw)]| o
i<j

and hence (bearing in mind that |[v||c1,5, [wllc1.s < 1)

101() = Q1(w) | o < Kallgllcrellw — vlicosllwlcre + Kallglcrsllvllcosllw — vl cres
< Kaliglezs (Ivllers + llwllers) v — wllens.

For Q; we proceed in the following way. We first observe that

1
d S
Q2(U)=Z/E[(gij(x+tv) — t{grad g;j (x); v)) dx’ A dx']dt
i<j 0

1
= Z/[(gradgij (x +1tv) — grad g;; (x); v)dxi A dxj] dt.
i<j 0
We therefore obtain
1

|02() = Q2(w) | o < Z/ (grad gi; (x + tv) — grad g;j (x); v)
i<j 0
_ (gradgij (x + tw) — grad g;; (x); w>||CO,/3 dt
1
< Z/ {|[{grad gij (x + rv) — grad gi; (x + tw); v)| o6
i<j 0
+ |[(grad g;j (x + tw) — grad g;; (x); v — w)HCO,ﬁ}dt
and hence
1
| @2(0) = Q2w) | pos < K2 / {|lerad gij (x + 1v) — grad g (x + tw) | o s IVl co
i<j 0
+ | grad gij (x 4 tv) — grad g;j (x + 1w) | collvll co.s
+ ||gradgl~j(x + tw) — gradgij(x)”COﬂ lv — wllco
+ || grad gij (x + tw) — grad g;; (x) | qo lv — wllcos } a2
This leads to (recall that ||v|| 1.6, [w]lc1e < 1)

|Q2(v) — Q2(w) | co.s < K2ligllc2sllv — wlicosllvlico + Kallglle2llv — wllcollvll cos

+ K2l gllc2ellwlicosllv — wllco + Kallgllc2 lwllcollv — wil cos-

We therefore have the estimate

|2(v) = Q2(w) | co.s < Kallgllczp (vl cre + llwllcre) v — wllcrs.
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It remains to prove the estimate for O3, namely

|Q3v) = Q3w) | cop = | D gijAd + w)dw' Adw! =" g;;(Id +v)dv’ Adv?

i<j i<j cop
< Z ||g,-j(Id+ w)(dwi Adw! —dv' /\dvj)”COﬁ
i<j
+ > [(8ij(Ad + v) — gi; (1d + w)) dv’ A dv | o
i<j

which leads to (recalling that ||v||c1.6, |[wllc1s < 1)
103() = Q3(w) | cos < Kallgllcos (lvllcrs + lwllers) lv — wllens
+ Kallgllergllv — wllcos |l grad vl cos
and thus
103(0) — Q3w | co.p < K2ligllc2s (vl crs + lwllers) v — wlers

proving the estimate for Q3. o
Step 3.5. We finally establish the estimate (6) in (Hp). We have to prove that, for every v € crtle (@ R") with
lvllcre <1,

o]

The estimate is proved exactly as in Step 3.4 and we leave out the details.
Step 4. The hypotheses of Theorem 11 having been verified, we conclude that if

cra S K2liglleraallvlicrsrallviicns.

min{1/(8K{K2K3), 1/(2K1)}
1@~ llcrs max{ligllerea (@)~ orite, 1}

I f—gllcos <

1 1
< — min{ —— ,1},
2K (1@ s 4K 1 K2 K318l crv2e 1 (8) ™ I orea
where K3 > 1 is such that

|| ||c1ﬂ Ks|l. ||cr+10t

Then there exists ¢ € C"1#(£2; R") satisfying (9) and y can be taken as

_ 1 1
= mmny—-——, — (-
4 {8K2K2K3 2K1}

By further restricting y we can easily show that det(Dg(x)) # 0 for every x € 2 and llullcrp < 1/2. This last
condition leads to the fact that ¢ = Id + u is globally one to one, maps §2 onto §2 and thus ¢ € Diff *1-*(2). O

We can now conclude the proof of Theorem 15 by an iteration scheme involving appropriate regularization.
Proof. We divide the proof into three steps.

Step 1. We start with a preliminary computation. Let s be a positive integer and & € C**(£2) with h > ho > 0 in £2,
it is easy to see, by induction on s, that there exists a constant y; > 0, independent of %, such that

] S Al RIS
H @12[ o = e }

5—j
h CS.O( ]=0 O hO

Denoting by adj g the transpose of the matrix of cofactors of g so as to have

_—1_adjg
& = detg
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we find that there exists a constant y, > 0, independent of g, such that
Cs.o }

Combining the two estimates we obtain that there exists a constant y3 (depending also on mindetg but not in any
other way on g) such that

[@~]
Step 2. Choose 0 < < «. We next regularize f and g with the help of Theorem 1 and construct for every

€ >0, f€,g° € C""2%($2; A?) such that df€ =dg® =0, f*Av=g"Av=gAv=fAvondsf2 and (where
va=ya(r,a, B, £2) > 0is a constant)

@7

-2 -1
coe < yz[||g||cs.a||g||"co gl
C

detg detg

= —1
I detglicse < yaliglcseligliyo -

criia <Va[lglcreie (g + gle?) + terms(ligllcra, llgllco)].

g€ — gl < vae " Pliglcraa),

||g€||c0‘ﬂ(§) < )/4||g||C0.ﬁ(§)s ||8€||c1,ﬁ(§) < V4||g||c1,ﬂ(§)v
”ge”(jr.a(g_)) < V4||g||cr,u(§),

v
€

I8N errie@) < =[lglcra@) +€lglcriapa),

I8 Ncr2e@ < S LIgllcnaz) + € llcraape)]

and similarly for f and f€. Moreover by further restricting € we can assume that
rank[tg + (1 —1) f] =n, foreveryt € [0, 1].

Observe now that, for € sufficiently small, the orders of magnitudes are
[~

so that

~ 1 ~ 2
crle(@) — € and ”g6 ”CH—ZJY(E) =€ 7,

1 3

~

~ r—l4+a—p
Ig€llcr+2all(8) " Hicrtrall ()~ Hicre

and g€ —gllc1s e

Therefore, by still further restricting €, we can assume, since r > 4, that (where y is as in Lemma 17)

14
189~ llcrs max{ligellcreze l(€) " lcrita, 1}

g€ — gllcos <
and similarly for f€.

Step 3. We then appeal to Lemma 17 to find ¢1, @3 € Diff +1*(£2) such that

Pi(gc(x) =gx), xe€$, and {(p_if(fe(x))=f(x), x €8,
@1(x) =x, X €IS p3(x) =x, x €dN.

We finally use Theorem 13 to find ¢; € Diff 1% (§2) such that

03 (gc(x)) = f(x), xef,
P (x) =x, x €9L2.

The claimed solution is then given by

p=¢; oprogps.

This achieves the proof of the theorem. O
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6. The degenerate cases
6.1. The case k =1

We discuss here the very elementary case where kK = 1 and we can proceed in a direct way. We have

n n
f=) fidx and g=>) gdx'.
i=1

i=1
Proposition 19. Let 2 C R”" be a smooth simply connected domain. Let r > 1 and f, g € C"(£2; A') with
df =dg=0 and f1,g1#0.
Then there exists a diffeomorphism ¢ € Diff t1(2; R") satisfying
P (9) = f.
If, in addition, f ANv =g AV on 352, then ¢ can be chosen so as to verify

p(x)=x onds2.

Proof. By hypothesis, we can find F, G € C"*!(£2) such that
dF=f and dG=g.

Therefore the equation ¢*(g) = f will be satisfied if we can solve the equation ¢*(G) = F, which reads as
Gl =F

and is not anymore a differential equation. Note that if f Av =g A v on 92, then we can choose F = G on 9§2. We
then let ¢ = x’ for every i =2, ..., n and we recover ¢! by solving

G((pl,x2,...,x”) :F(xl,...,x").

This is possible if the function r — G (¢, x2, ..., x") is monotone for every x2, ..., x", which happens if g # 0in £2.
Moreover the solution is a diffeomorphism if f] # 0 in £2. The boundary data is satisfied since F = G on 9§2. O

6.2. The casek =2

We now investigate the case
f= Z ﬁjdxi/\dxj and g= Z gijdxi/\dxj.
1<i<j<n 1<i<j<sn

We first recall that the rank of a 2-form is always even and therefore a 2-form f in odd dimension necessarily satisfies

rank[ f]<n —1 orequivalently dimker[f]> 1.

We only give a result concerning forms of maximal rank in odd dimension, meaning that rank[ f] = n — 1 or equiva-

lently dimker[ /] = 1. Other more degenerate cases can be handled similarly, the details will be discussed elsewhere.
Note that

rank[1g + (1 — 1) f]=n—1
implies that there exists a = a(t, x) such that
ker[tg +(1— t)f] = span{a}.

We also let H = {x € R": x" > 0} and v = —e,, be the outward unit normal. Although the theorem is stated for the
half plane, it can be, in a straightforward way, adapted to smooth domains 2.
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Theorem 20. Letr > 1,0 <a < 1, n odd, f, g € C"*(H; A?) withdf =dg =0 in H and
ker[tg + (1 — 1) f] = span{a}

where a € C"t1-%([0, 1] x H; A) with a,, # 0. Then there exist € > 0 and ¢ € Diff** (H N B¢(0); R") verifying
9" (g)=f in HNB(0).

Moreover if f Ne, =g N e, on dH, then ¢ can be chosen so that
p(x)=x, x€dHN BA0).

Proof. We immediately deal with the Cauchy data problem. We solve the problem by the flow method, so that we
only have to find the appropriate vector field. First use Theorem 7 to find &, € C"*(H N B¢(0); A such that

dhy, = f —g in HN B:(0),
(hy;a)=0  in HN B(0),
h; =0 on dH N B:(0).
Then find u; by solving
M;J[lg+(] —t)f] = h;.
This is indeed possible since (h;; a) = 0.

Restricting, if necessary €, we solve then the problem by the flow. O

6.3. Thecase3<k<n—-2

We here discuss two simple examples showing that our method may, in some cases, apply to the more difficult case
3 <k <n—2. A systematic study will be undertaken elsewhere. The first example concerns the case k odd, while the
second deals with the case k even.
Example. Let n = 2m be even, f, g:R" — A% and b:R" — A! satisfying
df =dg=0 and db=0 inH,

where H = {x € R": x" > 0} (in order to ensure Cauchy data we have to assume that f Ae, =g A e, on dH) as well
as

tg+ (1 —1)f isnon-degenerate for every ¢ € [0, 1].
Let 1 <! < m — 1 be an integer and consider the k = (2/ + 1)-forms

F:fl/\b and G:gl/\b.
We claim that there exists a diffeomorphism ¢ such that

¢*(G)=F
@if f Ae, = g ANe, on 0 H, then we can also guarantee that ¢ (x) = x on d H). The result will be local. In some special
cases, the result can be global, if, for example, we can apply below Theorem 5 instead of Theorem 7.

Step 1. We let

ar=tg+(—1)f and a=t3+1—10f.

The matrix a; is, by hypothesis, invertible. We then locally solve, by applying Theorem 7,
dw = [ —g,

{ (w;a; by =0
@if f Nep, =g A e, on dH, we can also impose that w; = 0 on d H, provided (Eszb)” # 0) and we recover the vector
field

u; sa; =w; orequivalently u, =—a, w;

(if f ANe, =g ANe, on dH, we obtain that u; =0 on 0 H).
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Step 2. Observe that

up 2 b = (ug; by = —(a, 'wy; b) = —(wy; @, ' b) =0.

We thus deduce that not only
dus(tg+A—-0f))=f—g

but also
d(u, _Ib) =d(ut a (tb+(l —t)b)) =b—-b=0.

Therefore solving

d (¢1)
—_— = U
dt(pt (Y1

leads to
pi(@)=f and ¢f(b)=>b

and hence to

oi(g' Ab)=f' Ab.

Example. We now discuss another example in the same spirit. Let n = 2m be even, 1 </ <m — 1 and

A= Z Aij(xl,...,le)dxi /\dxj,

1<i<j<2l

a= Z aij(szl,...,x")dxiAdxj,
20+1<i<j<n

b= Z bij(xy“,...,x”)dxi/\dxj

2A+1<i<j<n

with a and b closed and

rank[tZ; + (1 - t)&] =n—-2l=2(m—1) foreveryte[O0,]l1].

Finally let f, g :R" — A? be such that
f=A+a and g=A+0b.

An easy computation shows that there exists a diffeomorphism ¢ such that

0" (G)=F where F=fAdx'A--Adx? and G =g Adx" A--- Adx?.

6.4. The casek=n—1

1739

We introduce some notations that are more appropriate to the present context. It is convenient here to write any

g:R" — A" ! of the form
g= Z 8itin_ dx'V A oo A dxin
1<iy < <ip_1<n
by the missing term. More precisely, we let
i+1

n

dxt = dx' Ao AdXTU AdXTUA A dx

so that we have

n
g= Zgledx’.
i=1

Recall also that if g 7 O then necessarily rank[g] = n — 1. We then have the following result.

and g = gl..i—li+1-n
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Theorem 21. Let H ={x e R": x" >0}, f,g € C®(H; A" 1) with
df =dg=0 inH and f;,8,>0 inH.

Then there exist € > 0 and ¢ € Diff*(H N B¢(0); R") satisfying
9" (g)=f in HN Be(0).

If, in addition, f; = g, on 0H, then ¢ can be chosen so that
p(x)=x, x€dHN B0).

Remark 22. With the proper adaptation, the theorem is valid if H is replaced by a smooth domain £2.

Proof. We only discuss the case with Cauchy data, the other one being handled in exactly the same way.
Step 1. We start by fixing the notations. For u € R” and g :R"” — A"~! we have that

uig= Z [(—l)i_lg]cui + (—l)jglezﬂ]dxi7
1<i<j<n
where, as before,
dxl =dx' A Adx TV AT A oA dx T Ad T A A d
and
n 88"
_ i—198] 1 n
dg = [;(—1) gi|dx Ao Adx
i=
Similarly any /& : R" — A"~2 of the form
h= > Riyoiy_y dX™ A - A dxn—2
1<ij<<ipo<n

will be written as

h= Y hydx"

1<i<j<n
where
hi =hiimlidl,j=1+1n-
Hence
1] i— 18]117 j
dh= Y (1)/ Ldx +(—1) —rdx’|.
1<i<j<n dx

Now assume that g:R” — A"~! with for example g; # 0, and & :R” — A"~2 are given and satisfy the following

(*73) = (*;") constraints

gihi + &h7, — ]hl;:0 forevery 1 <i < j<n.

1 jn
(Note that when j = n, the equation is trivially satisfied, so that there are indeed only (”51) equations.) Then a solution
u e R" of u 1 g =his given by
(=D g + (=D gu”

i

u' = foreveryi=1,...,n—1.
8h
Step 2. We may now proceed with the proof. First solve by Theorem 8, for every ¢ € [0, 1]
W=f-g in H N B(0),
f;h:/%—f’ht fjih;;:o in HNB0), 1 <i<j<n,
h=0 on dH N B:(0)

where fl=tg+ (1 —1)f.
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Step 3. Then use the above computations to find u,. For example, choose u} =0 and
_1yi—lpt
P
g+ (-0 f;
Step 4. Choosing € smaller, if necessary, we then solve
{ S =u (o), €01,
@o(x) =x.
This concludes the proof of the theorem. O

foreveryi=1,...,n— 1.
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