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Abstract

This paper considers a system described by a conservation law on a general network and deals with solutions to Cauchy problems.
The main application is to vehicular traffic, for which we refer to the Lighthill-Whitham—Richards (LWR) model. Assuming to
have bounds on the conserved quantity, we are able to prove existence of solutions to Cauchy problems for every initial datum
in L}OC. Moreover Lipschitz continuous dependence of the solution with respect to initial data is discussed.
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1. Introduction

Various fluid dynamic models were developed in the literature in order to describe the evolution of vehicular traffic
in roads. They treat traffic from a macroscopic point of view: just the evolution of macroscopic variables, such as
density and average velocity of cars, is considered. The Lighthill-Whitham—Richards (LWR) model (see [34,37]),
introduced in the 50s, is the prototype. It is based on the conservation of the number of cars and it consists of a single
partial differential equation in conservation form.

From 1975 several second order models, i.e. models with two equations, were considered, see for example [1,13,
25,27,36,38-40], while a third order model was presented in [28]. An extension to multipopulation can be found;
see [7]. We refer the reader to [6,24,29] for a general presentation of the various models.

More recently, a growing attention was devoted to extensions of the same models to networks; see for in-
stance [4,11,12,21-23,30-32]. The interest was also motivated by other applications: data networks [19], supply
chains [18,26], air traffic management [5], gas pipelines [2,14,15]. Here we focus on the LWR model on a network,
but the results are of use to other research domains.
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The main interest is in the Cauchy problem for a complex network. In some previous papers [12,19,21,24], ex-
istence of weak entropic solutions was proved only for networks with nodes with at most two incoming and two
outgoing arcs and some specific dynamics at nodes.

Our construction is based on the wave-front tracking method; see [9,17,33]. More precisely, first we consider
Riemann problems at nodes, which are Cauchy problems with constant initial data on each arc. Notice that the only
conservation of cars is not sufficient to determine a unique solution. Thus one has to prescribe solutions for every initial
data and we call the relative map a Riemann solver at nodes. Then it is possible to construct approximate solutions
using classical self-similar entropic solutions for Riemann problems inside arcs and an assigned Riemann solver at
nodes. As usual, the approach relies on three estimates: the number of waves, the number of wave interactions and
total variation of the solution. While these estimates are straightforward on a real line (see [9]), they become difficult
to be proved on complex networks (see [24]). In particular one has to rely on estimates on the total variation of the
flux of the solution.

We provide a general strategy to overcome the technical problems: three key properties of Riemann solvers are
defined (see Definitions 8—10), which guarantee the needed bounds and thus the existence of solutions to Cauchy
problems. Our approach is valid for general networks, with no limitation on the type of nodes: in particular we extend
all results of the literature. The main technical novelty is to get bounds on the total variation (in space) of solution flux
via bounds on the positive variation (in time) of incoming fluxes at nodes.

To prove the validity of our approach, we show that the three key properties are shared by various Riemann solvers
proposed in the literature. In particular, we consider three different kind of solutions at J, which we call Riemann
solvers RS1, RS> and RS3. The Riemann solver RS was proposed for vehicular traffic in [12]. It prescribes first
a fixed distribution of traffic in outgoing arcs, and then the maximization of the flux through the node. The Riemann
solver RS, was introduced for data networks in [19]: first one maximizes the flux through the node and then prescribes
a distribution of traffic. The Riemann solver RS3 models car traffic at T-junctions; see [35]. Thanks to finite velocity
of waves, one can reduce to treat the case of a single node, with arcs of infinite length.

The continuous dependence of solutions with respect to initial data is an open problem in the case of Riemann
solver RS1. We remark that, in general, the Lipschitz continuous dependence with respect to initial data does not
hold; see [12,24]. As regards the Riemann solver RS;, we prove the Lipschitz continuous dependence with respect
to initial conditions, by viewing L' as a Finsler manifold and considering “generalized tangent vectors”. This method
was proposed by Bressan [8] and improved in [10].

The paper is organized as follows. Section 2 contains the main definitions and notations. Section 3 deals with
Riemann problems at the node J, while the Riemann solvers RS, RS> and RS3 are analyzed in Section 4. In
Section 5 there are the statements of the main result about existence of solutions to Cauchy problems in the network,
while in Section 5.1 the wave-front method is briefly described. Sections 5.2 and 5.3 give, respectively, some bounds
on the total variation of the flux for approximate solutions and the proof of the existence of a wave-front tracking
approximate solution. Section 5.4 contains the proof about existence of a solution to the Cauchy problem, while
Section 6 deals with the Lipschitz continuous dependence of the solution with respect to initial conditions. Finally
Appendix A contains some technical results.

2. Basic definitions and notations

A complex networks is formed by a collection of arcs and nodes. However, relying on finite velocity of waves, one
can reduce to consider Cauchy problems for single nodes; see Theorem 4.3.9 of [24]. Thus, from now on, for sake of
simplicity, we focus on a single node with arcs of infinite length.

Consider a node J with n incoming arcs Iy, ..., I, and m outgoing arcs I,,+1, ..., I,4+,. We model each incoming
arc I; (i € {1,...,n}) of the node with the real interval I; = ]—o0, 0]. Similarly we model each outgoing arc I;
(je{n+1,...,n+ m}) of the node with the real interval /; = [0, +oo[. On each arc I; (I € {1,...,n + m}) we
consider the partial differential equation

(o) + f(p)x =0, (D

where p; = p;(t, x) € [0, pmax], is the density of cars, v; = v;(p;) is the velocity of cars and f(p;) = vi(po;)p; is the
flux. Hence the datum is given by a finite collection of functions p; defined on [0, +o0o[ x I;. For simplicity, we put

Pmax = 1.
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On the flux f we make the following assumption

(F) f:10,1] — R is a Lipschitz continuous and concave function satisfying

L fO)=f(1)=0;

2. there exists a unique o € ]0, 1[ such that f is strictly increasing in [0, o[ and strictly decreasing in o, 1].
The definitions of entropic solutions on arcs and weak solutions at nodes are as follows.

Definition 1. A function p; € C([0, +o0[; L} (1)) is an entropy-admissible solution to (1) in the arc [ if, for every

loc

k € [0, 1] and every ¢ : [0, +oo[ x I; = R smooth, positive with compact support in ]0, +-o0o[ x (I; \ {0}), it holds

+00
<% <%
/ f(lpz - klg + sgn(pr — k) (f (o) — f(k))a> dxdt > 0. 2
0 I
Definition 2. A collection of functions p; € C ([0, +0o0[; L}oc(ll)), where [ € {1, ...,n+ m},is a weak solution at J if
1. foreveryl € {1, ...,n + m}, the function p; is an entropy-admissible solution to (1) in the arc I;;
2. foreveryl € {l,...,n+m} and fora.e. t > 0, the function x — p; (¢, x) has a version with bounded total variation;
3. fora.e. t > 0, it holds
n n+m
Y Foie,02) = " f(pi(t,04)), 3)
i=1 j=n+1

where p; stands for the version with bounded total variation of 2.

For a collection of functions p; € C([0, +oo[; L} (I})) (I €{1,...,n+m}) such that, for everyle{l,...,n+m}

loc
and a.e. t > 0 the map x — p;(z, x) has a version with bounded total variation, we define the functionals

n
ra:=y_ f(eit,0-) )
i=1
and
n—+m
Tot.Var. /() := Y _ Tot.Var.(f(pi(t.")). 5)
=1
It is clear that these functionals are well defined for a.e. positive time. By definition we easily derive the bound
0< I () <nf(o) (6)
forae.t > 0.
We now define a set of matrices to describe solutions at nodes. First consider the set
n+m
A:=1A=\{aji}i=1,..n, j=n+1,..ontm: 0 < aji < 1Vi, j, Z aji=1Vig. @)
j=n+1
Let {ey, ..., e, } be the canonical basis of R”. For every i =1, ..., n, we denote H; = {e,-}i. If A € A, then we write,
forevery j =n+1,...,n+m,a; =(aji,...,a;;) €eR" and H; = {aj}J-.Lethbethesetofindicesk= k1, ..., k),

1<e<n—1,suchthat 0 <k; <ky <--- <ky <n+m and for every k € K define
¢

Hy = () Hy,-
h=1

Writing 1 =(1, ..., 1) € R” and following [12] we define the set
N:= {AE.A: 1¢Hlf‘ foreverykelC}. (8)
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Notice that, if n > m, then 91 = (. The matrices of 91 will give rise to a unique solution to Riemann problems at J.
For later use, define also the set

n n+m
O={0=(01,...,004m) ER"™: 0, >0,....0u4m >0, Zel: Z 9]-:1}. )
i=1 j=n+1

3. The Riemann problem

Fix 01,0, ..., pntm,0 € [0, 1]. Consider the Riemann problem at J
+ 0 )=0
P T a0 =0"ycq  am). (10)
01(0, ) = p10,

Remark 1. The Riemann problem (10) can be interpreted as a collection of initial-boundary value problems, one for
each arc, with coupling conditions. Concerning this type of problems for conservation laws, we refer to [3] and to [20]
for general theory.

Conditions 2 and 3 of Definition 4 ensure that, on each arc, an admissible solution to the corresponding initial—
boundary value problem is achieved. See also Remark 2 below.

A solution to the Riemann problem at J is defined following Definition 2, i.e.

Definition 3. A solution to the Riemann problem (10) is a weak solution at J, in the sense of Definition 2, such that
p1(0,x) =py o foreveryl € {1,...,n 4+ m} and for a.e. x € .

We are now ready to introduce the key concept of Riemann solver at J.

Definition 4. A Riemann solver RS is a function
RS: [0, 11"*™ — [0, 171%™,
(;01,0, ey pn+m,0) — (P15, ﬁn+m)

satisfying the following

LY f) =50 F ()

2. forevery i € {1, ..., n}, the classical Riemann problem
pr+ f(P)xy=0, xeR, >0,
| pio, ifx <O,
p(o’x)_{ﬁi, ifx >0,
is solved with waves with negative speed;
3. forevery j € {n+1,...,n + m}, the classical Riemann problem
o+ f(Px=0, xeR, >0,
_ 0js ifx <O,
’O(O’x)_{pj,o, if x >0,

is solved with waves with positive speed.

Remark 2. By Definition 4, a Riemann solver produces a solution to the Riemann problem (10), which conserves the
mass at J and which generates waves with negative speed in incoming arcs and waves with positive speed in outgoing
arcs.

To effectively describe a solution to Riemann problems at J, a Riemann solver needs to satisfy the following
consistency condition:
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Definition 5. We say that a Riemann solver RS satisfies the consistency condition if

RS(RSE(P1,05 - -+ Pntm,0)) = RS (P10, - - -, Pntm,0)
for every (01,0, -+ Pn+m.0) € [0, 1771,
Now we can state the three key properties of a Riemann solver, which will ensure the necessary bounds on approx-

imate solutions (via wave-front tracking) and thus the existence of solutions to Cauchy problems. First we need some
additional notation.

Definition 6. We say that (p1,0, ..., Pntm.0) is an equilibrium for the Riemann solver RS if

RS(IOI,O’ cees ,0n+m,0) = (,01,0’ cees Pn+m,0)~
Definition 7. We say that a datum p; € [0, 1] in an incoming arc is a good datum if p; € [0, 1] and a bad datum
otherwise.
We say that a datum p; € [0, 1] in an outgoing arc is a good datum if p; € [0, o] and a bad datum otherwise.

The first property requires that equilibria are determined only by bad data values, more precisely:

Definition 8. We say that a Riemann solver RS has the property (P1) if the following condition holds. Given

(01,05 -+ Putm,0) and (0] g, -+, P} 1, o) tWo initial data such that p; o = p] , whenever either p; o or p;  is a bad
datum, then
RS(/OIO, R :On+m,0) = RS(pi’Ov R p,;.‘.m’()) (11)

The second property asks for bounds in the increase of the flux variation for waves interacting with J. More
precisely the latter should be bounded in terms of the strength of the interacting wave as well as the variation in the
incoming fluxes.

Definition 9. We say that a Riemann solver RS has the property (P2) if there exists a constant C > 1 such
that the following condition holds. For every equilibrium (01,0, - .., Pn+m,0) of RS and for every wave (o;,0, 01)
(I €{1,...,n+ m)}) interacting with J at time > 0 and producing waves in the arcs according to RS, we have

Tot. Var. ¢ (+) — Tot. Var. s (f—) < Cmin{ |f(,ol,o) — f(o1)

ri+)—rai-l}. (12)

)

Finally, we state the third property: a wave interacting with J and provoking a flux decrease on a specific arc should
also gives rise to a decrease in the incoming fluxes.

Definition 10. We say that a Riemann solver RS has the property (P3) if, for every equilibrium (p1,0, ..., Pn+m.0)
of RS and for every wave (p;.0, p1) ({ € {1,...,n 4+ m}) with f(o;) < f(pi0) interacting with J at time 7 > 0 and
producing waves in the arcs according to RS, we have

ri+) <ri-). (13)
4. Riemann solvers

In this section we present some different Riemann solvers for the Riemann problem (10), proposed in recent
literature. We verify for all of them the three key properties stated in the previous section.
Let us first illustrate some common facts to all Riemann solvers. Introduce the following sets and notations

1. foreveryi € {l,...,n} define

o — { [0, f(pi,0)], ifO<pio<o,
;=

0. f(@)]. ifo<pio<l; (14)
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2. forevery je{n+1,...,n+ m} define

[0, f(o)], if0< pjo<o,
0 = ) ’ 15
j {[o,f(pj,on, ifo <pjo<l; (13)
3. foreveryl € {1,...,n+ m} denote
Y = max §2;. (16)

For a flux satisfying (F), we define:

Definition 11. Let 7 : [0, 1] — [0, 1] be the map such that:

L. f(z(p)) = f(p) forevery p € [0, 1];
2. t(p) # p forevery p € [0, 1]\ {o}.

Clearly, the function 7 is well defined and satisfies
0<p<o «<— o<t(p)<l, c<p<l «— 0<t(p)<o.

Then we can state the following:
Proposition 1. The following statements hold.

1. Foreveryi € {1,...,n}, an element y belongs to $2; if and only if there exists p; € [0, 1] such that f(p;) =y and
point 2 of Definition 4 is satisfied.

2. Forevery j€{n+1,...,n+m}, an element y belongs to §2; if and only if there exists p; € [0, 1] such that
f(pj) =y and point 3 of Definition 4 is satisfied.

Proof. From 2 of Definition 4, p; € {p;.0} U]t (pi.0), 1]if p; o <o, while p; € [0, 1] otherwise. By definition of £2;,
the first statement follows.

Similarly, by 3 of Definition 4, p; € {p;.0} U [0, t(p;,0)l if pj0 > o, while p; € [0, o] otherwise. By definition
of £2;, the second statement follows. O

4.1. Riemann solver RS,

In this subsection, we consider the Riemann solver introduced for vehicular traffic in [12]. The construction can be
summarized as follows.

1. Fix a matrix A € 9t and consider the closed, convex and not empty set

n n+m
={...ve[[2: A ...y e [] sz,-}. (17)
i=1 j=n+1
2. Find the point (y1, ..., ¥,) € §£2 which maximizes the function
E(yi,...ov)=v1+-+¥a, (18)

and define (Vuq1, ..., Yogm) :=A-(J1,...,7.)!. Since A € N, the point (71, ..., 7,) is uniquely defined.

3. Foreveryi € {l,...,n}, set p; either by p; o if f(pi0) = i, or by the solution to f(p) = y; such that p; > o.
Forevery j € {n+1,...,n+mj},set p; either by p; 0 if f(0;0) = y;, or by the solution to f(p) = y; such that
pj < o. Finally, define RS : [0, 11" — [0, 11" by

RSE1(P1,0: -+ Putm,0) = (P15 -5 Py Prt1s -+ Prtm)- 19)

We now verify the consistency condition as well as properties (P1)-(P3).
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Lemma 1. The function defined in (19) satisfies the consistency condition
RS1(RS1(p1,0,-- - Pntm,0)) = RS1(01,0 - -+ Putm.0) (20)
for every (p1,0, ..., Pntm.0) € [0, 11"

For a proof, see [12,24].
Proposition 2. The Riemann solver RS satisfies property (P1).

Proof. Fix two initial data (1.0, .., Pptm.0) and (,oi’o, e p;1+m’0) with the property that p; ¢ = ,ol/’O whenever
either p; o or /’1/,0 is a bad datum. For every [ € {1, ...,n 4+ m}, consider £2; and £2; the sets (14)—(15) respectively for
the initial data (p;.0, - - -, Pntm.0) and (,0170, e, ,o’/Hm’O). We easily deduce that £2; = §2] forevery l € {1,...,n+m}.
Indeed if p; o or pz/,o is a bad data, then p; o = pz/,o and so §2; = /. If p; o is a good datum, then also '01/,0 is a good
datum (and vice versa) and so £2; = £2/ = [0, f(0)]. Consequently we have the thesis, since the solution depends only
on these sets and on the matrix A. O

Lemma 2. Fix an equilibrium (p1.0, - . ., Pu+m.0) for RS1 and consider, for some l € {1, ...,n+m}, p; € [0, 1] such
that the wave (p1, p1,0) has positive speed if | < n, while the wave (py.0, p1) has negative speed if | > n. There exists
a constant C > 1 such that

n+m

S 1FGB) = Flono)| + | £ = £o0| < C| £ (o) = f(p1.0)

h=1
h£l

where

, 2y

(B1s -« vy Pugm) = RSE1(01,0, - -+, PI=1,05 PL> PI+1,05 - - - s Prtm,0)-

Proof. Denote with £27 and with §2 the sets, defined in (17), respectively for the initial data (1,0, ..., Pntm.0)

and (p1,0,..-, 0, ---, Pn+m.0). It is easy to see that, by construction, 27 C §2 or £2 C £27. We have two different
possibilities:
L. maxq,  yyee- EW1, -0 vn) =maxy,, yye2 E(V1, -0 V),

2. max(y,, .. y)eR- E(1, .. vn) #FmMaxXy,, . ye2 EW1, oo, Vi),

where E is the linear function defined in (18). If

max E(yl,...,yw)= max Ey1, ..., ),
(V15w Yn)ESR2™ V1500 Yn)ESR2

then, since A € 1, there exists a unique

P1s e V) = (f(P1.0)s - - f(on0)) € 2N K27

such that
EWi,...,vn)= max  E(yp,...,ya)= max Ey1, ..., V).
(V1o V) €827 V1o V) €82
Therefore there is only one wave, produced by RS at J, in the arc [;. Hence
n+m
D 1F @) = Flono| + [ £ = Flon)| = | £ = o] =] (pro) = £ 1)
h=1
hl

and the conclusion follows.
Consider the other case, i.e.

max  E(y,...,yn)#F  max  Eyi, ..., V).
(V15w Yn)ES2™ (V15w Yn)ESR2
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Denote with (y,,...,¥, ) € £~ and with (y1,..., ¥,) € £2 the points of maximum of E respectively on £27 and
on §2. Clearly, we have that (y; , ..., v, ) = (f(01,0)s--+» f(0n,0))s (V) +---s ¥, ) €327 and (y1,..., V) € 082.
Since the directions of the faces of 27 and £2 depend only on the coefficients of A and the difference between the
two sets depends only by the variation of a single constraint, then there exists a constant C such that

(Voo ¥ ) = Gt 7| S C fCo10) = f (01|
Hence
n+m n+m
Z | FBn) — flono)| + | (o) — f(on)]| < Z|f(/3h) — flono)| + | £(B) — (o)
h=1 h=1
h£l

< ZCZ 17 = viol +|f (B = flop)| < @C + D) f(or,0) = £ (o0

i=1

and the conclusion follows. O
Proposition 3. The Riemann solver RS satisfies property (P2).

Proof. Fix an equilibrium (p1.0, ..., pn+m,0) for RSy andl € {1,...,n +m}. Assume ! <n, p; € [0, 1] is such that
the wave (p;, pi.0) has positive speed and interacts with J at time 7, the other case being similar. Define

(ﬁls e ﬁn+m) = RS(pl,Ov ce s PI—1,05 PL> PI+1,05 -« -5 IOI‘L—‘rm,O)'
Lemma 2 implies that

n+m

Tot. Var. 7 (i+) — Tot.Var.  (i—=) = Y _ | f(8n) = f(on.0)| + | £(B) — f(o0)] = | £ (or.0) — £ (o1)]

h=1
h#l

<(C=D|f(pro) = fo1)].
Clearly we have I'(t—) = > i, f(pio) and I'(i+) = > 7, f(p;). Since the direction of the faces of the set £2,

defined in (17), depend only on the matrix A € 91 and the solution for the flux lies on the boundary of §2, we have that
|I"(t—) — I"'(t+)| is proportional to

n+m

D 1F B = flono)| + | £ = Flon| = | £(pro) = £ (o)
h=1
h#l

and so the conclusion follows. O
Proposition 4. The Riemann solver RS satisfies property (P3).

Proof. Fix an equilibrium (01,0, ..., Pnt+m.0) for RSy and [ € {1, ..., n + m}. Consider just the case / < n, the other
case being similar. Assume that p; € [0, 1] is such that the wave (p;, p;.0) has positive speed, interacts with J at time 7
and f(po1) < f(p1,0). Define

D1, -+ Pntm) =RS(P1,0, - -+, PI=1,05 LI+ PI+41,0 - - - » Pntm,0)-

The Rankine-Hugoniot condition implies that p; < p;,0 and so p; is a bad datum. Call 2~ and 2% respectively
the sets (17) for the initial data (p1,0, ..., Pn+m.0) and (P1,0,-.., P, ..., Pn+m,0). Since p; is a bad datum and
f(p) < f(p1,0), then 2% C 27 and so

ra-)=>_flpio) =Y f(p)=TIG+).

i=1 i=1

The proof is finished. 0O
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4.2. Riemann solver RS,

In this subsection, we consider the Riemann solver, introduced in [19] for data networks; see also [24]. The con-
struction consists of the following steps.

1. Fix 0 € ® and define

n n+m
max max
Finczzyi , I = Z Vi s
i=1 j=n+1

then the maximal possible through-flow at the crossing is
I'=min{l G, Lou).

2. Introduce the closed, convex and not empty sets

n n
12{()/1,---,]/")61—[9,':Zyizf},
i=1 i=1

n—+m n—+m
J:{(Vn+ly---vyn+m)e 1_[ Qj: Z Vj:F}'
j=n+1 j=n+1
3. Denote with (yy, ..., ¥,) the orthogonal projection on the convex set / of the point (I'6y, ..., I'6,) and with
(Yn+1s - - - » Yn+m) the orthogonal projection on the convex set J of the point (I'6,,41, ..., I'6,4m).

4. Foreveryi €{1,...,n}, define p; either by p; o if f(p0i0) = yi, or by the solution to f(p) = y; such that p; > o.
Forevery j € {n+1,...,n+m}, define p; either by p; 0 if f(p;0) = ¥;, or by the solution to f(p) = y; such
that 5; < o. Finally, define RS> : [0, 11" — [0, 11" by

RS2(,01,0» ceey pn+m,0) =(p1s---» Pn, ,6n+h ceey ﬁn+m)~ (22)
The following result holds.

Lemma 3. The function defined in (22) satisfies the consistency condition
RS2 (RS2(p1,0: - - -+ Putm.0)) = RE2(01,0: - - -+ Putm.0) (23)
fOr every (p1,07 ceey pn+m,0) S [Oa 1]n+m'

Proof. Consider (01,0, -, Pn+m.0) € [0, 11", call Iy jnes To.0ur» To the numbers defined in 1 of RS, and call Iy
and Jj the sets defined in 2 of RSj;. Let

(519 ey lsn+m) = RSZ(P],O, ey pn+m,0)

and

Prseoes Vntm) = (F BV s [ (Dutm))-

Similarly to above, call e, Tour, I', the numbers defined in 1 and 7 and J the sets defined in 2 with respect to the
initial condition (p1, . .., Pn+m). In order to prove (23), we need to consider the following possibilities.

1. FO = FO,inc < FO,out«
2. I'p= FO,out < FO,inc~

We restrict to the first case, since the second one is completely symmetric. For every i € {1,...,n}, p; € {pi.0,0}.
More precisely, if p; 0 < o, then p; = p; o, while if p; o > o, then p; = 0.

Applying RS> to the point (o1, ..., Pntm), we deduce ine = 10 incs Tour = T0.0us I’ = T0, I = Ip, and Jo C J.
More precisely, Iy > 10,04 if and only if there exists j € {n +1,...,n+m} such that pj o > o and p; < 0. Define

A~:{je{n+l,...,n+m}: Pj0>0, ,5.,'<a}
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and B = fn+1,...,n+m}\ A. We easily deduce that the projection of (Ip0y, ..., [o6,) on Iy is the same as the
projection of (I"0y, ..., '6,) on I. We also claim that the projection of (I06,,+1, - - ., [00n+m) on Jy is the same as the
projection of (I"6,41, ..., ['Gy+n) on J. In fact, if J = Jy, then the claim is obvious. Assume therefore that Jy g J.
If we denote with Pc the orthogonal projection on a closed and convex subset C of R, then

Unt1s ooy Vutm) = Prg(DOpg1, oo, I'Ougm).
Therefore, if we choose a point (x;41, ..., Xn4+m) € Jo, then the scalar product
(IOp+1 = Vnt1s oo I'Oppm — Vntm) - Cnk1 = Vut1s ooy Xnem — Votm) < 0.
Notice that J \ Jy is given by points (¥,+1, - - ., Yn+m) Satisfying
fpjo) <vi< f(o)

for some j € A. Since Vi < f(pjo) forevery j € A, then for every point (f,41, . . ., Xn4m) of J such that Xj > y; for
some j € A, there exist ¢ > 0and a point (X;41, ..., Xp4m) € Jo such that x; > y; for some j € A and

(inJrl — Vntls - e in+m = VYtm) = E(Xnt1 = Vat1s -+ s Xntm — Vontm)-

This fact permits to conclude that

(F9n+l - J7n+l s e F0n+m - )7n+m) ' (inJr] - )7n+] seeey in+m - 77n+m) <0
for every (Xp+1, ..., Xn4+m) € J and so
()7n+]’ cees )7n+m) = PJ(F9n+la cees F0n+m)'

This concludes the proof. 0O
Before proving (P1)—(P3), we need to prove some technical lemmas about projections.

Lemma 4. Fix N e N\ {0}, a set P = ]_[;Vzl[O, aj), where a; > 0 for every l € {1, ..., N}, and an N-dimensional
vector (U1, ..., 0n) such that 9; > 0 for everyl € {1,..., N} and ZIN=1 V=1 For 0 < A< ZIN:I aj, denote with
1,...,¢n) = Pr(AVy, ..., ADN) the orthogonal projection of (A, ..., AVy) on the set

N
IT={(1.....yN)EP: Y yi=A¢.
=1
Then the value ¢ (I € {1, ..., N}) depends on A in a continuous way. Moreover, for all but a finite number of
0<A< le\il ay, the derivative of {; with respect to A exists and satisfies %Q = 0.

Proof. The continuity of §; w.r.t. A is trivial. The differentiability of ¢ w.r.t. A is instead granted for all values
of A such that locally the projection P7(A®D1, ..., Avy) either is (A, ..., A¥y) or lies in the same face of Z. By
linearity, this happens for all but a finite number of values of A. Thus we are left with last statement.

The conclusion is evident if Pz(Adq, ..., Avy) isequal to (ADq,..., A¥y). So assume that

Pr(AD1, ..., ADN) £ (AD, ..., ADN),

i.e. (¢1,...,¢n) belongs to the boundary of Z. Moreover the case N = 1 is trivial, so we consider N > 2.
Sin(_:e U > 0 for every k € {1,..., N}, then { > O for every k € {1,..., N}. Assume, for simplicity, that there
exists k € {1,..., N — 1}, such that

Sk = ay,
for every k = k+1,...,N,and ¢k < ag otherwise. The vector ({1, ..., {n) can be written in the form

A(ﬁ]’ ""ﬁN)+t(v]’ ""UN)’
where ¢ > 0, (v1,...,vy) depends on A and on a; and it satisfies ZlNz1 v; = 0. Hence, for every k = k+1,...,N,
we deduce that

. ap — N A

Uk
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and
ap — N A
Since the projection minimizes the distance, in order to find (¢1, ..., {,), it is sufficient to minimize ¢ (or equivalently

to maximize 012\1) under the constraints

ar — A -
=——F—vy, k=k+1,...,N, 24
U= AN + (24)
2
| |T =1, (25)
N
> u=0. (26)
=1
We apply the Lagrangian multiplier method to maximize vlzv under the constraints (24)—(26). For simplicity, define
f= 012\/’ gk = Vk — a“Nk:g’;vé\vN fork=k+1,....,N, gyy1 = Zfil v and finally gy42 = [[(v1, ..., vn)]I*> — 1. So
we deal with the critical points of the function
N+2
f+ ) Mgk
k=k+1
depending on the variables (v, ..., vy), where the coefficients A belong to R. Differentiating the previous function

with respecttov; (i =1, ..., IE), we find that

AN+1 + 2AN42v; =0,

which implies that v{ = --- = vy = v for some v # 0, since Ay 11 and Ay are nontrivial. Thus Egs. (24) and (26)

imply that
_ Av
V= ———-,
k
where
N—-1
— N A
A=1+ ) Ik ﬁ" -
k=k+1 an N
Hence, foreveryi =1, ..., k,
d

0 0 ay —9OyA Avy
—§i=M(Al9i+fvi)=M(Al9i— T >

oA UN k
a —OnA
= (Ap; - NTIND 4
A k
O (a9 - L i (ax — 0x A)
= — ] — = ap —
A i A g k k
k=k+1
| N
=10 + z Z v >0,
k=k+1
while, for every i =k+1,..., N, we have %{i =0. O
Lemma 5. Under the same assumptions as Lemma 4, the value ¢, for 1 € {1, ..., N}, depends in a continuous way
on ay for h € {1,..., N}. Moreover, if | # h, then for all but a finite number of ay, it is differentiable and it holds

19}



1936 M. Garavello, B. Piccoli / Ann. I. H. Poincaré — AN 26 (2009) 1925-1951

Proof. The proof of continuity and differentiability of ¢; w.r.t. aj is similar to that of Lemma 4. Thus we consider
only the last statement.

The case N =1 is trivial, hence we assume that N >2 and [/, h e {1, ..., N} with [ # h. If (¢1, ..., ¢n) is equal to
A(Dq, ..., 0n), then the claim is obvious. Assume therefore that

@C1seeEN) # AW, .. ON).
In this case (¢1, ..., {n) belongs to the topological boundary of P contained in the space Y ;_, yi = A.

As in the proof of Lemma 4, we deduce ¢ > 0 for every k € {1, ..., N} and assume there exists ke {1,...,N—1},
such that ¢ = a, for every k = k+1,...,N, and Lk < ay otherwise. Again (see the proof of Lemma 4) we write
@1, ..., en) =AW, ..., 9n8) +1(v1,...,vy), and deduce v; = --- = v; = v for some v # 0.

Now, notice that %g =0ifi >k+1and i h. While, if i <k, then

i i (AD; +tv;) 0 (tv)
= ) Vi) = — (t0),
day Gi day, ! ! day

since A is fixed. Thus %Ci is independent from i and, finally, the equation ) ;_, ¢; = A implies that
0
@Ci <0;
so the proof is finished. O

Remark 3. Note that, in Lemma 4, we assume that every a; (I € {1, ..., N}) is fixed and that the coefficient A varies.
On the contrary, in Lemma 5, we assume that A is fixed and that the coefficients a; vary.

Proposition 5. The Riemann solver RS, satisfies property (P1).

The proof is similar to that of Proposition 2; hence we omit it.

Lemma 6. Fix an equilibrium (01,0, - . ., Pu+m.0) for RS2 and consider, for some l € {1,...,n+m}, p; € [0, 1] such
that the wave (py, p1,0) has positive speed if | < n, while the wave (p; 0, p;) has negative speed if | > n. Then
n+m
Z | f(n) — fon0)| + | f ) — flon| = | f(or) — f(pr0)] (27
=
where

(B1s -+ Pntm) = RE2(01,05 - -+ s PI=1,0 P> PI+1,05 - - - » Prtm.0)-
Proof. In this proof we use the following notation.

o I I, I'",I and J~ denote the numbers and the sets defined in points 1 and 2 of Section 4.2 for the initial

inc" 'OW’

condition (01,0, - - - » Putm,0)-

o I[N, Iyt '™, It and J* denote the numbers and the sets defined in points 1 and 2 of Section 4.2 for the initial
C_Onditi_on (:5_1 v ﬁn-l-_m)'

® e, I, I’y I and J denote the numbers and the sets defined in points 1 and 2 of Section 4.2 for the initial
COnditiOn (101,05 vy Pl e e pn+m,0)~

® £2j 0 denotes the set defined in (14) or in (15) with respect to pp o for h € {1,...,n +m}.

e §2; denotes the set defined in (14) or in (15) with respect to p;.

Notice that I = I't. We have the following two possibilities.

1. Ty < T

2. T > Ty

inc
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We deal only with the proof of the first case, since the second one can be treated in the same way. Assume, therefore,

. < Ty, Inthiscase I'" =T}, and p;o < o forevery i €{l,...,n}. There are two different situations: / < and
: >Anssume first / < n. We noticed that p; o < o and so p; < o, since the speed of the wave is positive. We have
Fine = Ty — f(p1.0) + £ (1) (28)
and
T, our =TI o;t

If Ty < oy, then no wave is produced in incoming arcs and at most m waves are produced in outgoing arcs. The
total variation of the flux due to these waves is

n+m
PRVICAENIOIE
Jj=n+1
Therefore
n+m
S1FGw = Flono)| + | £ = o] = | £ — Fpr0)]
il
n—+m
=—|fo) = floo|+ D |fpjo) = F(B].
Jj=n+1

If f(pr) < f(p1.0), then I’ < ' and the sets J C J~ differ only for the values of I", I" ™, since the wave (p;, 01.0)
does not affect £2; o forevery j € {n+1,...,n +m}; hence we apply Lemma 4 and deduce that f(p;) < f(p;,0) for
every je{n+1,...,n+m}.

If instead f(p;) > f(p1,0), then I’ > '™ and, with similar considerations as the previous ones, we have that
f(pj) = f(pjo) forevery j € {n+1,...,n+ m}. Therefore, we have

n+m

> £ = fono)| + [ £ ) = Flon| = | £ (o) = £pro)]
h=1
hl

n+m
=sgn(f (o) — f(p1.0)) - <_f(Pl) + f(pr0) + Z (f(B)) — f(m,o)))

Jj=n+1
=sgn(f (o) — f(pro) (= f o) + flpro)+ T —T7)
=sgn(f (o) — f(or0)) (= f (o) + f(oro) + I = Iy)

an(f (o) = £ (o1.0)) (= f (o) + £(p1,0) + Tine — Tye) =0,

where we used Eq. (28) and the equahty I’ = I't. Thus the conclusion follows in the case e < Iy
If Fpe > Tyyesthen ' =Tt =T, = (,M, and e > T > I, .. Moreover we deduce that f(p;) > f(p1,0) and so
the total variation of the flux due to the interacting wave is, in thls case, equal to

| (o) = floro)| = fon) — fpr0)-

Since I = I,,;, then in the outgoing arcs there is the formation of at most m waves and the trace of the flux of the
solution at the node is the maximum possible. This implies that f(0;) > f(p;0) forevery je{n+1,...,n+ m}.
Therefore the total variation of the flux in outgoing arcs after the interaction produced at J is given by I — ch

By Iy > I, in the incoming arcs there is the production of at most n waves. In this case, the trace of the solution
in an incoming arc is a good datum (see Definition 7), since p; o < o foreveryi € {1, ..., n}, p; < o and the speed of
the produced waves is negative. Then f(pp.0) = f(pn) forevery h € {1,...,n}, h #1 and f(p1) < f (o).

Without loss of generality, we may assume that the interacting wave is in the arc [, i.e. [ = 1; hence the total
variation of the flux due to the waves is
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n+m
SFG) = flono)| + | £ = Fon| = | £(or) = fpr0)]
2l
n+m
=17 Gw) = fono)| + 1B = foD] = f (er) = f(p1.0))|
h=2
=Y [fi0) = fFBD]+ T = Ty + f(o1) = F(B1) — f(p1) + £ (p1,0)
i=2

n

=Y (o] =Y [fG)]+T =Ty
i=1

i=1
= Z[f(pi,o)] -rt+r-r,.
i=1

=I,. —I't+r-r,.=0.

mc mc
Thus the conclusion follows provided Tine > Ty Therefore the case I <n is completed.

Assume now [ > n and, without loss of generality, [ = n + 1. We consider three different situations.

Ifr,, < Tour, then I' = Tye = I, and so nothing happens in incoming arcs. If I, = Tz, then both Pr+1.0
and p,+1 are good data and this is not possible by the velocity of the wave. Since the wave (0,+1.0, orn+1) has negative
speed, then I',,; < oy The only possibility is that p,1,0 is a bad datum, p,+1 € [0, pu+1.0[ and so f(on+1) >
S (pu+1.0). Moreover, since the wave (0,41, pn+1) has positive speed, then f(o,+1) = f(On+1). Therefore

n+m
D £ G = flono)| + | £ = Flon| = | £(or) = f(pro)|

h=1
h#l

n+m
= Y £ 0j0) = FBH]+ | FBus1) = £ onrD| = | £ (onr1) = £ (oa11.0)]
j=n+2
n—+m
= Z | £(0j,0) = FB)|+ Font1) = fBns1) — f(ont1) + f(Pns1,0)
j=n+2
n+m
= > £ (0j0) = £BD] = fBur) + F(Pus1.0)-
j=n+2
Since I' = '™ and £210C £2;, we may apply Lemma 5 and deduce that f(pjo0) = f(pj) forevery je{n+2,...,
n + m} and so

n+m
D £ = Flono)| + £ B0 — fod| = | £ (o) = f(p10)]
hal
n—+m n—+m
=Y [Fwol- X [f6p]=r-—rt=o
Jj=n+1 j=n+1

and so we have the thesis in the case I',,; < Tyy.
Itr,, > Ijom = I, then py11,0 < Puy1 and f(opy1) < f(0u+1,0), since the wave (0n+1,0, Pn+1) has negative
speed. Thus I" = I';, . and no wave is produced in incoming arcs and also no wave is produced in the arc I,,y1; i.e.

On+1 = Pn+1- Moreover 2, C £2;,0 and so, by Lemma 5, we have f(p;j0) < f(p;) forevery j e{n+2,...,n+m}.
Therefore
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n+m

E | £Bn) = fono)| + | £ o) — £ (o] — | f (o) — £ (p1,0)]
h=l
h£l

n—+m
= > £G5B = Fj0| = | fous1) = flont10)]
j=n+2
n+m
= > [f6B) = f0j0)]+ f(ons1) = F(Pust1.0)
j=n+2
n—+m
= > [fp)—flpj)]=r-Ir"=0
j=n+1
and so we have the thesis in the case I7,,, > Tyt > ..
If Iy > Tow and Iy < T, then ppi1.0 < ppt1 and f(op+1) < f(0n+1,0), since the wave (0p+1,0, on+1) has
negative speed. Moreover I" = Iy, and so no wave is produced in I,,41, waves with decreasing flux are produced in
incoming arcs, and waves with increasing flux are produced in outgoing arcs, i.e. pp+1 = pn+1, f(0i) < f(pi,0) for
everyi € {l,...,n}and f(0;) = f(pj0) forevery j e {n+2,...,n+m}. Hence

n+m
D 1F ) = Flono)| + £ B — f 0| = £ o) = F(p10)]
el
n n+m
=Y 1) = fool+ Y. [fB) = fi0)] = |f(ons1.0) = f(oas1)]
i=1 Jj=n+2
n n+m
=Y [fi0) = fB)]+ D [FB) = F0j0)]+ fons1) = f(Put1.0)
i=1 j=n+2
n—+m
=I" =TI+ > [fp = flojo)=I"=rt+r+—r-=o,
Jj=n+1

and we have the thesis in the case Iy > [py and Tpye < Ty
The proof is thus finished. O

Proposition 6. The Riemann solver RS, satisfies property (P2).

Proof. Fix an equilibrium (p1,0, ..., pn+m.0) for RS> and consider, for some / € {1, ...,n+m}, p; € [0, 1] such that

the wave (py, p1,0) has positive speed if [ < n, while the wave (p;,0, o;) has negative speed if / > n. Assume that the
wave interacts with J at time # > 0 and define

(B1s -+ Pntm) = RE2(01,0 - -+ s PI=1,0 P> PI+1,05 - - - » Prtm.0)-
By Lemma 6 we have
n+m
Tot. Var. ; (i+) — Tot.Var. ; (i—=) = Y _ [ f(dn) — f(pn.0)| + | £ (BD) — f(o0)| = | £ (or.0) — £ (o1)]|
i
= f(or0) = flpD| = | f(pro) = flpD| =0
and so (P2) holds. O

Proposition 7. The Riemann solver RS, satisfies property (P3).
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Proof. Fix an equilibrium (1,0, ..., Pnt+m,0) for RS2 and [ € {1, ..., n + m}. Consider just the case [ < n, the other
case being similar. Assume that p; € [0, 1] is such that the wave (p;, p;,0) has positive speed, interacts with J at time
t>0and f(p) < f(p1.0). Define

D1, -+ Pntm) =RS(P1,0, - -+, PI=1,05 PI+ PI+41,0 - - - » Pntm,0)-

The Rankine—Hugoniot condition implies that o; < o0 and so oy is a bad datum. Call I"~ and 't respectively the
values, defined in point 1 of the procedure for RS>, for initial data (01,0, . .-, Pntm.0) a0d (01,0, -+, Os - - - Pntm.0)-
Since p; is a bad datum, then "~ > I' " and so

raE-)=>y_flpio) =Y fp)=TIE+).

i=1 i=1

The proof is finished. O
4.3. Riemann solver RS3

In this subsection, we consider the Riemann solver, introduced in [35] to model T-nodes. Consider a node J with n
incoming and m = n outgoing arcs and fix a positive coefficient 1"y, which is the maximum capacity of the node. The
construction can be done in the following way.

1. Fix@ € ®.Foreveryi €{1,...,n}, define

Fi :min{yimax’ max}

Vi +n

where the numbers y,"** are defined in (16). Then the maximal possible through-flow at J is

n
r=>"r.
i=1
2. Introduce the closed, convex and not empty set

I= {(yl,...,y,,) e [Tio. 11 >y = min{r. 1y} ¢

i=1 i=1

3. Denote with (yi,...,¥,) the orthogonal projection on the convex set I of the point (min{l’, I';}6y,...,
min{[", I';}6,) and set (Vnt1, ..., V2n) = V15, Vn)-

4. Foreveryi € {1,...,n}, define p; either by p; o if f(pi 0) = yi, or by the solution to f(p) = y; such that p; > o.
For every j € {n+1,...,n+m}, define p; either by p; o if f(0j0) =y}, or by the solution to f(p) = y; such
that p; < o. Finally, define RS3:[0, 11" — [0, 11" by

R33(P1,0, cees pn—l—m,O) = (01 -+ Pns Pnd1s--» Pntm)- (29)

The following result holds.

Lemma 7. The function defined in (29) satisfies the consistency condition

RS3(RS3(p1,0. - -+ Putm,0)) = RSE3(01,0: - - -+ Putm.,0) (30)

for every (p1.0 - - -» Pn+m.0) € [0, 1771,
For a proof, see Proposition 2.4 of [35].
Proposition 8. The Riemann solver RS3 satisfies property (P1).

The proof is similar to that of Proposition 2; hence we omit it.
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Proposition 9. The Riemann solver RS3 satisfies properties (P2) and (P3).

The proof is completely similar to the proofs of properties (P2) and (P3) for the Riemann solver RS, and so
omitted.

5. The Cauchy problem

In this section, we deal with the Cauchy problem at the node J. Fix n initial data for incoming arcs p1,0, ..., o0 €
BV(]—00,0]; [0, 1]) and m initial data for outgoing arcs p,+1.0, .., Pntm,0 € BV([0, +o00[; [0, 1]). Consider the
Cauchy problem at J:

d 0
EPZ(I,XH— af(pl(h)f)) =0, xel\ {0}, r>0, (.....n+mh 31)
p1(0, x) = po,i(x), x€el,

The main result is the following theorem.

Theorem 8. Consider the Cauchy problem (31) and a Riemann solver RS satisfying the consistency condition and
the properties (P1)—(P3). Then there exists a weak solution at J (p1(t,x), ..., Pn+m(t, X)) such that

1. foreveryle{l,...,n+m}, p1(0,x)=po,(x) fora.e x € Ij;
2. fora.e. t >0,

RS(,O[(t, O_)v cee pn-‘rm(t’ 0+)) = (pl(t7 0_)5 cee pn+m(ts 0+)) (32)

The proof of the theorem is given in next sections. In [12,19,24,35], existence of solutions was proved for Riemann
solvers RS, RS> and RS3 for a node J with at most two incoming and two outgoing arcs.

Remark 4. Notice that, under the hypotheses of the paper, every weak solution at J (p1 (¢, x), ..., Pp4+m (¢, X)) admits
strong traces (p1(¢,0—), ..., pp+m(t,04)) for a.e. t > 0; see [3, Lemma 1].

5.1. Wave-front tracking

Since solutions to Riemann problems are given, we are able to construct piecewise constant approximations via
wave-front tracking algorithm; see [9] for the general theory and [24] in the case of networks.

Definition 12. Given ¢ > 0 and a Riemann solver RS, we say that the map p = (01,¢s---s Putm.e) 1S an
g-approximate wave-front tracking solution to (31) with respect to RS if the following conditions hold.

1. Foreveryle{l,...,n+m}, p; . € C([0, +o0[; Llloc(ll; [0,1D]).
2. Foreveryl e {l,...,n+m}, p;¢(t, x) is piecewise constant, with discontinuities occurring along finitely many
straight lines in the (¢, x)-plane. Moreover jumps of p; ¢ (¢, x) can be shocks or rarefactions and are indexed by

T =85 UR(1).

3. Foreveryl €{l,...,n+ m}, along each shock x(#) = x; 4(¢), o« € S;(¢), we have
Pre(t, x1,0(D)=) < pre(t, x1,0(0)4+).
Moreover
i J(oue(t, x1,0()=)) = [(pr1,e(t, x1,0(1)+))
X1,a(t) — - - <e.
PLe(t, x1,0()—=) — p1,e(t, X1, ()+)
4. Forevery !l € {1, ...,n + m}, along each rarefaction front x(¢) = x; o(¢), @ € R;(¢), we have
I51,€(t’ xl,a(t)+) < ﬁl,s(t’ xl,a(t)_) < ﬁl,s(t» xl,a(t)"‘) +e.
Moreover

X.a(®) € [ (1t x1.0(0)=)), [ (01,61, x1.0(0)+))]-
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5. Foreveryl e {l,...,n+m},

16160, = p0s ) 1)) < &-

6. Forae.t>0
Rs(ﬁl,é‘(tv 0_)7 ceey 15}’l+m,€(t5 0+)) = (ﬁl,é‘(tv 0_)5 ceey ﬁl‘l+m,€(t7 O+))'

Fix a Riemann solver RS satisfying the consistency condition and the properties (P1)-(P3). For every
le{l,...,n + m}, consider a sequence pp;, of piecewise constant functions defined on /; such that pg;, has
a finite number of discontinuities and lim, —, 4 p0,1,» = po,; In L}O 15 [0, 1]). For every v € N\ {0}, we apply the
following procedure. At time r = 0, we solve the Riemann problem at J (according to RS) and all Riemann problems
in each arc. We approximate every rarefaction wave with a rarefaction fan, formed by rarefaction shocks of strength
less than % travelling with the Rankine—-Hugoniot speed. Moreover, if ¢ is in the range of a rarefaction shock, then
its speed is zero. We repeat the previous construction at every time at which interactions between waves or of waves
with J happen.

Remark 5. By slightly modifying the speed of waves, we may assume that, at every positive time ¢, at most one
interaction happens. Moreover, at every interaction time, either two waves interact in an arc or a wave reaches the
node J.

Remark 6. For interactions in arcs, we split rarefaction waves into rarefaction fans just at time ¢ = 0. At the node J,
instead, we allow the formation of rarefaction fans at every positive time.

Let us introduce the concepts of generation order for waves, of big shocks and of waves with increasing or decreas-
ing flux. We need these definitions in the proof of existence of a wave-front tracking approximate solution and in the
bounds for the total variation of the flux.

Definition 13. A wave of p,, generated at time t = 0, is said an original wave or a wave with generation order 1.

If a wave with generation order k > 1 interacts with J, then the produced waves are said of generation k + 1.

If a wave with generation order k > 1 interacts in an arc with a wave with generation order k’ > 1, then the produced
wave is said of generation min{k, k'}.

Definition 14. We say that a wave (p;, o) in an arc is a big shock if p; < o < p,.

Definition 15. We say that a wave (p;, p,) interacting with J from an incoming arc has decreasing flux (respectively

increasing flux) if f(p;) < f(p,) (respectively f(o1) > f(pr))-
We say that a wave (p;, p,) interacting with J from an outgoing arc has decreasing flux (respectively increasing

flux) if f(or) > f(pr) (vespectively f(or) < f(pr)).

5.2. Bounds on the total variation of the flux

The aim of this subsection is to give a bound to the total variation of the flux for an approximate solution. Fix
a Riemann solver satisfying the properties (P1)—(P3). Let us start with some technical results.

Lemma 9. The following statements hold.

1. Assume that a wave with decreasing flux, connecting p; with p,, reaches J from an incoming arc. Then (p;, py)
is a shock wave and p; is a bad datum.

2. Assume that a wave with decreasing flux, connecting p; and p,, reaches J from an outgoing arc. Then (o, py) is
a shock wave and p, is a bad datum.
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Proof. Let us consider an incoming arc and a wave (p;, p,), which reaches the node J with decreasing flux. The wave
has positive speed and so p; < p,. Since f is decreasing in [o, 1] then p; < o. It means that the wave is a shock wave
and p; is a bad datum.

The situation for an outgoing arc is completely symmetric. 0O

Corollary 1. If a wave generated at J returns to J without interacting with waves with generation order 1, then it has
decreasing flux and produces a decrease of I'.

Proof. Consider a wave generated at J, which does not interact with waves with generation order 1. Since the network
is composed by a single node, then the speed of the wave can change only if the wave interacts with waves with
generation order k£ > 2, i.e. with waves produced by J. Under these assumptions, the speed of the wave can change
sign, only in the case the wave is a big shock or it interacts with a big shock; see Lemma 4.3.7 of [24] (see Appendix A).
In any case, the wave is a big shock when it returns to J. Moreover it must have positive velocity if it is in an
incoming arc, while it must have negative velocity in the other case. Therefore it is a wave with decreasing flux and
the conclusion follows by property (P3). O

Lemma 10. Assume that a wave (py, p;) interacts with J at a time t > 0, then
Tot.Var. ¢ (t+) < (C + 1) Tot. Var. s (1 —), (33)

where C is given by property (P2) of the Riemann solver RS.

Proof. By property (P2), we get
Tot.Var. s (i+) — Tot.Var.  (i—) < C| f (o)) — f (o).
Therefore we have
Tot.Var. s (i+) < Tot.Var. s (i—) + C| f (o)) — f (o)
=Tot.Var. p(i—) — | f(or) — f(pr)| + (C+ D|f (o) = f(pr)]

<max{C + 1, W[ Tot.Var. (=) — | £ (o) — £ (pr)| ]+ max(C + 1. 1)| £ (o) — (1)
= (C + 1) Tot.Var. s (f—),

and this concludes the proof. O

Lemma 11. Assume that a wave (py, p,) interacts with J at a time t > 0. Then

L+ <E-)+(C+2)|fon) — flpr)], (34)
where C is given by property (P2).
Proof. The variation of I" at 7 is the sum of the variation of the fluxes for the incoming arcs. Therefore
I(i+) — I'(f—) < Tot.Var. s (i4) — Tot.Var. (=) + 2| f (o1) — f ()|
Hence, by (P2), it is bounded by (C + 2)| f(o1) — f(por)|. O
The next lemma gives a bound for the positive total variation of I".
Lemma 12. We have
Tot.Var.” I'(-) < (C + 2) Tot.Var. s (0+), (35)

where C is given by property (P2) and Tot.Var.™ I" () denotes the positive total variation of T.
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Proof. By property (P3), an increment of the functional I” can happen only when a wave with increasing flux interacts
with J. Moreover a wave, generated at J, can come back at J only with a decreasing flux. Indeed, consider the case of
an incoming arc, the other one being completely symmetric. Assume that a wave with increasing flux (o;, p,-) interacts
with J. Since f(p;) > f(pr) and the velocity of the wave is positive, then we deduce that p; > p,. By contradiction,
if p; > o, then clearly p, € [0, T(p;)[ and so (p;, pr) is a rarefaction wave, whose velocity is not positive. Hence
p1 < o and p, is a bad datum. By [24, Lemma 4.3.6] (see Appendix A), the wave (p;, p,) is not a wave coming back
to J. More precisely, it is a wave, which can be generated by interactions between original waves, but no one of these
interacting waves is produced at J.

If two waves interact in an arc, then, by the construction of the approximate solution, the total variation of the flux
diminishes after the interaction. Therefore, the previous considerations allow to conclude, thanks to Lemma 11. O

Lemma 13. For C given by property (P2), we have
Tot.Var. I"(-) < 2(C + 2) Tot. Var. £ (0+) + nf (o). (36)

Proof. It is a direct consequence of Lemma 12 and of the bound (6). O

Lemma 14. For every t > 0 we have
Tot.Var. ¢ (t) < Cy Tot.Var.  (0+) + Cnf (o), (37
where C1 =14 2C(C +2) and C is given by property (P2).

Proof. Notice that the functional Tot.Var. s can increase only when a wave interacts with J and, by property (P2) of
the Riemann solver RS, produces a variation of I". If we denote with g(¢) the function Tot.Var. ¢ (¢), then the positive
variation Tot.Var.* g(-) of g is bounded by C - Tot.Var. I'(-). Thus, by Lemma 13,

Tot.Var.t g(-) <2C(C +2) Tot.Var. s (0+) + Cnf (o)

and so, for every ¢ > 0,

Tot.Var. (¢) < Tot.Var. r(0+) 4+ 2C(C + 2) Tot. Var. £ (0+) 4 Cnf (o)
= C Tot.Var. 7 (0+) + Cnf (o).
The proof is finished. O

5.3. Existence of a wave-front tracking solution

In this subsection, we prove the existence of a wave-front tracking approximate solution. We have the following
proposition.

Proposition 10. For every v € N\ {0} the construction in Section 5.1 can be done for every positive time, producing
a %-approximate wave-front tracking solution to (31) with respect to RS.

Proof. For every [ € {1,...,n 4+ m} and every v € N\ {0}, call p;, the function built by the previous procedure.
Moreover, forevery l € {1,...,n+m}, v e N\ {0}, k € N\ {0} and for every time ¢ > 0, define the functions N; , ()
and M; k. ,(t), which count respectively the number of discontinuities of p; (¢, ) and the number of waves with
generation order k of py , (¢, -).
Assume, by contradiction, that, there exist v € N\ {0} and T > 0 such that

n—+m

D NLs(t) < o0

=1
for every ¢ € [0, T[, and

n+m

lim sup Z Np5(t) = +o0. (38)
t—T— 1=1
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Note that, for every time ¢,

n—+m n+m

D Mot <Y Mias(04) < +oo.
=1 I=1

Indeed, Z}’ilm M; 1,5(¢) is locally constant and can vary only at interaction times in the following way:

1. if at 7 > 0 a wave with generation order 1 reaches the node J, then

n+m n+m

Z M 50+) = Z M 50-)—1;
=1

=1
2. if at 7 > 0 two waves with generation order 1 interact in an arc, then

n+m n+m

D Mg+ =) M) —1;
=1

=1
3. ifat f > 0 a wave with generation order k| interacts with a wave of order k; in an arc with k| + k3 > 3, then

n+m n+m

D Mg+ =) Mis(E-).
=1

=1

Moreover, for every [ € {1, ...,n + m} and for every k > 0, the function M j ;(-) is decreasing inside the arcs. For
every k € N\ {0} and for every time ¢ > 0, we have

n+m n+m n+m

D Mis () < (K'Y M5 (040) = (K3)* 1Y N (04) < oo,
=1 =1 =1

where K; = (n + m)v. This bound is due to the fact that each wave with generation order k can interact with J and
produce at most v waves with generation order k + 1 in each arc (in the case of rarefactions).

Now, there exists 0 < n < T such that no wave with generation order 1 interacts with J in the time interval
(T —n, T).Eq. (38) implies also thatin (T" — n, T') there are an infinite number of interactions of waves with J. Since
waves of generation order 1 do not interact in (T — n, T'), the only possibility is that a wave with generation order
k > 2 comes back to J producing waves of order k + 1, some of which come back to J producing waves of order k + 2
and so on. Moreover by Lemma 4.3.7 of [24] (see Appendix A), if a wave of generation order k > 2, interacts with J
from an arc in (T — n, T'), then, after the interaction, the datum in that arc is bad, since the wave cannot interact with
waves of generation order 1 and come back to J. In an arc a bad datum at J can change only in the following cases:

1. an original wave interacts with J from the arc;
2. a wave, which is a big shock, is originated at J on an arc and the new datum at J is good.

Obviously in the time interval (T — n, T') the first possibility cannot happen; so only the second possibility may
happen. Assume that there exist ¢, € (T — n, T') with #; < , such that a big shock is originated at J at time ¢; in
an arc and comes back to J at time #,. In this arc, the datum before #; is bad, since a big shock is originated at time #;.
Moreover the big shock comes back to J at time #,, and so an original wave cannot interact with the big shock; hence
the bad datum of the big shock does not change. Therefore, in that arc after the time #,, the datum is bad and is the
same as the datum before #1. Thus every arc I; may take only a precise bad value p;, otherwise good values. The key
point is that, at every time ¢ € (T — 7, T), there are finitely many possible combinations of bad data at the node J
(obtained choosing the arcs which present a bad datum at J, the precise value being fixed). By property (P1) (i.e. the
image of RS depends only on the values of bad data) we deduce that, for t € (T — n, T), p;(¢) at J may take only
a finite number of values, thus waves produced by J have a finite set of possible velocities.

Denote with G the set of all / € {1,...,n 4+ m} such that p; (¢, 0) is a good datum for every time ¢ in a left
neighborhood of T'.
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Consider I € G. We claim that there exists a constant Cj > 0 such that Nl-’;)(t) < (7 for every time ¢ in a left
neighborhood of T. Indeed the number of different states, which can be produced at J, is finite by the previous
considerations. Since all states are good, there is a minimal size of a flux jump along a discontinuity. Then the total
number of discontinuities is necessary bounded by Lemma 14.

Considernow [ € {1,...,n+m}\ G.If p;.7(t,0) is a bad datum for every time 7 in a left neighborhood of 7', then
clearly Nj ;(¢) is uniformly bounded in the same time interval. The other case is that a big shock is originated in the
arc I; and comes back to J infinitely many times. We claim that there exists a constant Cj > 0 such that N ; () < C;
for every time 7 € [f}, 72], where 71 and 7, are the times, at which a big shock respectively is originated at J in /; and
comes back to J. In fact, in the time interval ]f1, #2[, the datum Ps. 7(t, 0) is good and the number of possible different
states, between J and the big shock, is finite. Therefore, as before, if the number of discontinuity cannot be bounded
by a constant, then also the total variation of the flux cannot be bounded and this is not true, by Lemma 14.

This concludes the proof by contradiction. O

Remark 7. Notice that the proof of the previous proposition shows that the number of waves of a wave-front tracking
approximate solution is uniformly bounded, while the interactions can be accumulated at time 7 .

In the case of Riemann solver RS1, it is also possible to prove that the interactions do not accumulate at 7'. In fact,
consider a wave interacting with J from an arc I; (I € {1, ...,n + m}) at time 7 > 0. Then, by [16, Lemma 1], there
exists a constant C > 0, depending only on the matrix A € 91, such that

| (i4) — T(i—)| = C| £ (on i+, 0)) — f(pon(G—. 0))]

for every h € {1,...,n 4+ m}, h # [. This estimate permits to conclude in similar way as in the end of the proof of
Proposition 10, by using Lemma 13.

5.4. Existence of solutions
This subsection is devoted to the proof of Theorem 8.

Proof of Theorem 8. Fix an ¢-approximate wave-front tracking solution p, to (31), in the sense of Definition 12,
with respect to a Riemann solver RS satisfying the consistency condition and the properties (P1)—(P3).

By Lemma 14, we deduce that there exists a constant M > 0, depending on the total variation of the flux of the
initial datum, such that

Tot. Var. s (-) < M.

Foreveryl € {1,...,n+m} and every v € N, using the concept of generalized characteristic introduced by Dafer-
mos [17], we construct a curve Y;, bounding the region of influence of waves generated by the node J on the
approximate solution p;,,,. More precisely, we follow the generalized characteristic emanating from 0 at time 0, stick-
ing to the boundary of [; each time Y; , is at 0 and the characteristic speed is positive (respectively negative) if I; is
an incoming (respectively outgoing) arc. The curve Y7, : [0, 4-00[ — I; then satisfies

1. ¥1.,(0)=0;
2. in Di’v ={(t,x) €[0,+oo[ x I;: |x| = Y;,,(¢)}, the function p; , depends only on the initial condition;

3. in Dlz’” = [0, 400l x I} \ Dll’v the function p;,, depends also on the data from other arcs and on the Riemann
solver RS.

By uniform Lipschitz continuity, possibly by passing to a subsequence, the curves Y;, converge uniformly as
v — +o0o to some Lipschitz continuous limit curves. Thus, for every / € {1,...,n + m}, there exist two sets
D{, Dé C [0, 4o00[ x I;, which are “limits” of the regions Di’”, Dé’”, in the sense that meas(DiADi’”) — 0 and
meas(DleDé’”) — 0, where A indicates the set-theoretic symmetric difference.

Foreveryl e {1,...,n+m}, p;,, converges to a limit function p; in L }OC on Dll by the theory of conservation laws
on a real line; see [9].
Now recall that, forevery / € {1,...,n+m} and v € N, p;, € L*™. Therefore, possibly up to a subsequence, on Dé

the sequence p;,,, weakly converges to a limit function p; in L' and f(p;.,) strongly converges to f; in L' for some f;.
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By [24, Lemma 4.3.6] (see Appendix A), for every ¢ the set Dé’v N {(t,x): t =t} contains at most one big shock.

This permits to conclude that o; ,, strongly converges to p; (being f invertible possibly subdividing furtherly Dlz’”).
Finally, the vector (o1 (¢, x), ..., pn+m (¢, X)) is a weak solution at J satisfying 1 and 2 of Theorem 8. O

Remark 8. In the case of Riemann solver RS», when a wave interacts with J at time 7, the total variation of the flux
does not change, i.e.

Tot. Var. y(t—) = Tot.Var. y (+).

For a detailed proof of this fact, see Lemma 6. Therefore the constant M in the proof of Theorem 8§ can be chosen
equal to Tot. Var. r (0+).

6. Dependence of solutions on initial data

It is known that the Lipschitz continuous dependence of the solution to the Cauchy problem (31) with respect to
the initial datum in general does not hold in the case of Riemann solver RS;. More precisely in [12,24] there is
a counterexample to the Lipschitz continuous dependence property in the case of a node with two incoming and two
outgoing arcs.

On the other side, the Lipschitz continuous dependence of the solution to (31) with respect to the initial datum was
proved in the case of Riemann solver RS, and simple nodes in [19]; see also [24]. In this section we want to prove
that the property holds for every type of nodes.

Let us introduce the concept of Finsler manifold.

Definition 16. Consider a differentiable manifold M and, for every x € M, anorm || - ||, on the tangent space T, M.
The manifold M is said a Finsler manifold if

1. || - |lx depends in a continuous way on x;
2. forevery x € M and v € T, M the Hessian of the function

is positive definite at v.

Given a Finsler manifold M, a metric d is naturally defined by

1
d(x,y) =Qi&1fy) / |y ©)]| a0
0

where £2(x, y) is the set of smooth curves y : [0, 1] — M such that y (0) =x and y (1) = y.

Our main idea is to put a Finsler type structure on L' (R), which measures the norm of generalized tangent vectors
and is not defined on the whole space, thus not ensuring the second property of Definition 16. To do this we first focus
on piecewise constant functions and define “generalized” tangent vectors in terms of shift of discontinuities. Still we
can define a distance among piecewise constant functions, which happens to coincide with the usual L' metric and
thus can be naturally extended to the whole L!. The difference is in the differential structure at the base of this new
metric, which will permit to prove the Lipschitz continuous dependence.

Consider a curve y:[0, 1] — L! taking values on the set of piecewise constant functions with N discontinu-
ities, indicating by x1(0) < x2(0) < --- < xn(0) the discontinuity points of y(6). Then y admits as tangent vector
(v,8)(0) € L' x RY if the following holds:

y@+h,x)—y(@,x)

h 9
x; (0 +h) —x;(0)
S

L' 9v(9,x)i}}imo for a.e. x,
—

(0) = 1i j=1,...,N.
i (9) hlil%) l
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In this case we write y(0) = (v, £)(0). Notice that y is not differentiable according to the usual differential structure
of L', since the L'-limit of (y (@ + h) — y(0))/h does not exist (indeed such ratio converges to a finite sum of Dirac
deltas).

The norm of (v, £)(0) is defined by

N
|, &)O)| = [v@)] 1 + Y _|E®)|]y 6, xi+) — v ©, xi—).
i=1

The norm of (v, &) measures precisely the infinitesimal L' displacement of y .
Then, for every couple of piecewise constant functions u, u’ € L' we can define the distance:

1
du,u’) = (2211411;’) / [y ®)]de
0

where £2(u, u') is the set of curves y : [0, 1] — L' admitting piecewise smooth tangent vectors (thus having a piece-
wise constant number of discontinuities), such that y (0) = u and y (1) = u’. We easily get that d coincides with the
usual L'-distance (since we defined suitably the norm of tangent vectors). Then d can be extended to the whole L'
using the usual L!-distance, namely we can set

du,u’)y=inf{|lu — w1 +dw,w") + |w —ull;1: w, w piecewise constant].

Moreover d can be recovered just using curves with tangent vectors having a zero L' component. More precisely:

Lemma 15. Given u,u’ € L! piecewise constant, let us indicate by §(u, u') the set of curves y:[0,1] — L
y(0) =u, y (1) =u', admitting piecewise smooth tangent vector (v, &) such that v = 0. Then it holds:

1 1
_inf /||))(9)||d9= inf /||y(e)||de=d(u,u/)=||u—u/||L1.
.Q(u,u’)o -Q(M,M)O

Proof. Consider the curve defined for ¢ € 10, 1[ by
y() = u(x)X]—oo,tan(m—%)] + u/(x)X]tan(m—%),+oo[a

where x is the indicator function, and setting, by continuity, ¥(0) = u and y (1) = u’. Then clearly y admits
a piecewise smooth tangent vector (v, &) with v = 0. Indeed, for every ¢ such that x(¢) = tan(mw¢ — %) is neither
a discontinuity point of u nor of u” we get

(oo er-3))

and so

ly®]| = 7r|:1 + tan? (m - %)] ' (x (1)) —u(x@®)].

Moreover, the norm of y spans exactly the area contained between the graphs of u and u’ so that:

1
/||y'(9>|| do =llu—ull,
0

which gives the conclusion. O

Remark 9. The technique of generalized tangent vectors was used in [10] for systems. In that case one has to introduce
weights in the definition of the norm of a tangent vector. Therefore the metric d happens to be equivalent but not equal
to the L' metric. Moreover Lemma 15 does no more hold true.
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Now the main idea to prove Lipschitz continuous dependence is the following. We consider the same Finsler
structure on the set L (]_[’”’" I). Given two initial data p(0) and p’(0), we focus on wave-front tracking approximate
solutions p, (1), p,,(t). We fix a sampling procedure for the first step of the wave-front tracking, for instance sampling
the initial datum at points j/v, j € N. For every vy € §2(p(0), p’'(0)) we can define y; to be the evolution of y; at
time ¢: for t > 0 and 0 € [0, 1], y4(0) is the wave-front tracking approximate solution to (31), evaluated at time ¢,
starting from the initial condition y(0). It is easy to prove that y; admits, for a.e. 6, a tangent vector (v, £); such that:

[, &):@] < [v. &)o®)]. (39)

Then, denoting by §2; the set of all the evolution curves of vy, which varies in £2(0(0), p'(0)), we get

1
d(pv(®), py (1)) = inf f |7©)] a6

2(pv (1), P, (1))
0

1 1
<igrff||y'(9>|| do =igf/||(v,5)t(9)|! df

< /||(v £)00)] d6 = d(pu(0), p,(0)).

9(0(0) p "(0)

Passing to the limit in v and recalling that d coincides with the usual L' metric, we conclude the Lipschitz continuous
dependence on initial data.

Let us now pass to estimates on the shift of waves along wave-front tracking approximate solutions. We start with
a definition.

Definition 17. Fix £ € R and a wave (p;, p,) of an g-approximate wave-front tracking solution to (31). We say that &
forms a shift for the wave (p;, p,) if we consider the same e-approximate wave-front tracking solution, except for the
position of the wave (p;, o), which is translated by the quantity £ in the x-direction.

The proof of the continuous dependence is based on the following general lemma.

Lemma 16. Fix an s-approximate wave-front tracking solution to (31) p. with respect to a Riemann solver RS,

satisfying the consistency condition. Assume that a wave (p, , p, ) in an arc Iy (k € {1,...,n+ m}) interacts with J
producing waves (,51+, ,51+) in (possibly) all the arcs of the node J. If the interacting wave in Iy is shifted by &, then
all the produced waves at J are shifted by SZJF (I €{1,...,n+m}), which satisfy the relations

At =t
+ P =P

_— 40
L - rih 0

5

f(ﬁk_)—f(ﬁk_)‘
foreveryl e{l,...,n+m}.

Proof. Note that, applying the shift £, the interaction of the wave (0, , o, ) with J is shifted in time by

— 0
f(ﬁk‘) — ()

The shift in time of the waves generated by this interaction must be the same and so the proof easily follows. O

S

Theorem 17. Fix 6 € ©® and consider the Cauchy problem (31) with the Riemann solver RS». There exists a unique
(p1(t, %), ..., pptm(t, x)), weak solution at J, such that



1950 M. Garavello, B. Piccoli / Ann. I. H. Poincaré — AN 26 (2009) 1925-1951

1. foreveryle{l,...,n+m}, pi(0,x) = po,(x) fora.e x € Ij;
2. fora.e.t >0,

RS2 (p1(2.0). ... puym(t.0)) = (012, 0). ... paym(t.0)). (41)
Moreover the solution depends in a Lipschitz continuous way on the initial datum with respect to the L'-topology.

Proof. As explained above, we can restrict to estimate the L!-distance among wave-front tracking solutions. For this,
it is enough to show that

[, &)@ < |, &0o®)|

for every t > 0 and 6 € [0, 1]. We prove the latter estimating the evolution of the tangent vector norm at each time.
Moreover, by Lemma 15, we can restrict the study to the evolution of shifts.
Fix a time 7 > 0 and, without loss of generality, treat the following cases:

(a) no interaction of waves takes place in any arc at 7 and no wave interacts with J;
(b) two waves interact at # on an arc and no other interaction takes place;
(¢) a wave interacts with J at 7 and no other interaction takes place.

In case (a) the shifts are constant, while in case (b) the norms are decreasing by Lemma 2.7.2 of [24] (see Ap-
pendix A).
Assume now that a wave (,61j , ,515 ) interacts with J at time 7 from the arc /;. Using Lemmas 6 and 16, we deduce

n—+m
[@.&@] - lw.e@ =3 1&g 2" - At - 1&g |15 = 57|
=1
n+m
_ [Z
=1
=0,

f60 = F6) A
—1lezllp = 5o
FG) — 1) 7 ller =

where (,51+ , ,6[+ ) is the wave produced in the arc [; after the interaction. This estimate permits to conclude. O
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Appendix A. Technical lemmas

In this section we report the statements of Lemmas 2.7.2, 4.3.6 and 4.3.7 of [24], for readers’ convenience.

Lemma 2.7.2 of [24]. Consider two waves, with speeds L1 and Ay respectively, that interact together at t producing
a wave with speed A3. If the first wave is shifted by &1 and the second wave by &, then the shift of the resulting wave
is given by
A3 =22 A —A3
- + . 42
)»1—)»251 M—M& (42)

Moreover we have that

Ap3&3 = Ap1&1 + Apzé, (43)

where Ap; are the signed strengths of the corresponding waves.

&

Lemma 4.3.6 of [24]. If an arc I} of a node J has a good datum, then it remains good after interactions with J of
waves coming from other arcs. Moreover, no big shock can be produced in this way. If an arc I} has a bad datum, then
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after any interaction with J of waves coming from other arcs, either the datum of I; is unchanged or a big shock is
produced (and the new datum is good).

Lemma 4.3.7 of [24]. If a wave produced from a node J on an incoming arc I; comes back to J, interacting only
with waves produced by J, then the wave connects a bad left datum to a right good datum. The converse is true for
outgoing arcs.
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